BINOMIAL TESTS FOR SEQUENCES OF POINTS
FALLING BETWEEN SYMMETRICAL QUALITY
CONTROL LIMITS

P. Tzortzopoulos

The active presence of assignable causes affecting the population mean of varia-
bles, fraction defective and number of defects can be signalled by binomial tests
conducted on sequences of points falling in the band between symmetrical control
limits of the statistical quality control charts Np, p, G and X. Three FORTRAN 1V
computer programs produce the critical values needed for the application of such
lests which assume that constant size samples are used and certain population para-
meters are known.

I. INTRODUCTION

During the last 50 years various statistical methods have been em-
ployed in the service of quality control’. The well-known control charts,
proposed originally by Shewhart (1931), are still used extensively having
proved very effective and simple in their construction and interpretation.

A typical control chart is formed by three parallel lines of which
the central one is drawn at a level corresponding to the population mean;
the upper and lower lines are the so called upper control limit (UCL)
and lower control limit (.CL) respectively.

A production process is tested for the active presence ol assignable
causes by drawing random samples and determining whether the ob-
served critical quality characteristics appear in the area demarcated
by the control limits; if they do, the statistical decision is made thal
assignable causes are not present. In the case of sample observations
falling outside the limits, the presence of assignable causes is statistically
accepted.

The two control limit lines are either symmetrically located al S
standard deviation units on each side of the central line or spaced in
such a way that —under conditions of statistical control— the probability
of an observation falling outside the upper limit equals the probability

1. See, for instance, Burr (1976).
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of Talling outside the lower limit. The limits of the lirst case are called
symmetrical while those of the second are termed probability limits.

The occurence of a sample point between the limits is never a gua-
rantee that no assignable causes are in action at the time of drawing the
sample. The same is true in the case where a sequence of such points is
found between the limits. This means that the active presence of assig-
nable causes might be signalled not only by points falling outside the
limits but also by conducting suitable statistical tests on the distribu-
tion ol those found between the limits. As a matter of fact the well-
known theory of runs? has been used for such investigations3.

The present paper refers to the same problem; it concerns the di-
stribution above and below the central line of the control chart of a
sequence ol points, all lying between the control limits, the purpose
being to identily extremities that indicate the presence of assignable
causes. The relevant statistical analysis is based on the binomial distri-
bution; it makes use of the three control lines mentioned above —which
are common in control charting— and works explicitly with the pro-
bability of any point falling between the central line and the upper
control limit when all the assignable causes remain inactive.

This paper does not take into account the number or length of
runs and it does not require that the central line be necessarily at median
values.

The whole investigation refers to the control charts Np, p, C and X,
their control limits being at S standard deviation units on each side of
the central line — with the constraint that the lower control line of the
first three charts cannot be set at negative levels.

2. THIE Np AND p CONTROL CHARTS FOR ATTRIBUTES

The designed quality characteristics ol manufactured products are
observed as variables or attributes. Variables are those characteristics
which in practice can be measured and expressed in numbers by appro-
priate measuring means. Attributes are not measurable; in this case
each inspected item is simply classified into two classes, conforming and
non-conforming to the attribute specifications. However, all the qua-
lity characteristics belonging to the category of variables may be techni-

2. Mood (1940).
3. Mosteller (1941).
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cally changed to attributes; this is done by «go-not go» gages or other
similar classifying mechanisms.

[ the case where the inspected item is classified to the non-conform-
ing class, with respect to one or more attributes. the item is terme d defec-
tive. Considering the universe of product units that under agiven condi-
tions can be produced, a certain number of them will inev itably be defec-
tive because of the uncontrolled role of a stable system of numerous,
independent and unidentified chance causes associated with the pro-
duction process; the corresponding fraction of such defective units
has the standard value = In the short run —when no technological,
managerial or other changes take place— = deviates from its standard
level only as a result of systematic effects exercised by assignable causes.
Thus, the produect quality is tested by inv estigating the active presence
ol assignable causes. To this end, random samples of size n are drawn
from the prmlmlmn line, the defective units contained are identified,
counted and the corresponding fraction of defectives is calculated. Sta-
tistical theory is employed to test the significance of the sample findings.
The basic tools, in this respect, are the statistical distribution of number
or fraction of defective units and the corresponding control charts.

The distribution of number and fraction of defectives
The number W of defective units in each sample, in case all kinds

ol assignable causes are absent, is a binomial random variable. b(n, =),
having the following discrete density function:

fw (W) = Iw(w;n, =)

= (ll).n“.(lﬁr)“ W for w—0,1,....n (1)
W

where = satisfies 0< = < 1 and n ranges over the positive integers. The
mean and variance of W are respectively nz and nx(1— r).

The sample fraction defective P—W/n is distributed as fol-
lows:

fe(p) = fe(p; n, =)

B ( ]">.(7:)“ (L— ) forw— 0.1, ... n (2)
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where p— w/n= 0/n, ..., n/n. The mean and variance ol P are re-
spectively = and =(1— =)/n.

Symmetrical control limits

The symmetrical control limits of the Np chart —the control chart
for the number of defective units— are placed about the central line
at equal distances of S standard deviation units:

UCLy — nx + SvVor (1 — x)
central value = nw (3)

LCLy = nt— S Vnx (1 — )

The corresponding control limits of the p chart —control chart for
the fraction of defectives— are drawn at the following levels:

UCLy = n+ SV =(1— =)/n

central value = =« (‘

e
~

LCLy = n— SV =(1— =m)/n

The symmetrical control limits of both charts are not probability
limits (except in the rare case of == 1/2). In practice S is usually set
equal to 3.

Points between control limits and their distribution

It has already been pointed out that a succession of random samples
producing a series of points, all fallingin the area between control limits
of one and the same chart, may be used to diagnose the presence of
active assignable causes. The distribution of such points in the two
successive areas demarcated by the three control lines is used for this
purpose. The theoretical foundation of the relevant analysis is summariz-
ed by the theorem and corollary that follow.

THEOREM I. 1f the random variable W is binomial, b(n, =), then
every increase (decrease) in = (ceteris paribus) leads to an increase (de-
crease) in the ratio

1

I

T2 ()

T

‘1
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where:
Pib, < w <b)=m >0

Pe(by, < W < by) =m >0

0 < l)l < l>2 \)3 <1

A proof of this theorem was given by Tzorztopoulos (1980). Pulting

g ) | g
b, = LCLw, by— nm and by,— UCLy, the following specific delinitions
are obtained:

7 — Pr(LCLw < w < nw) = Pr(LCL, <p <=x)
7w, — Pr(nm < w < UCLy) = Pr(z < p < UCL))

By means of theorem 1 it is easy to show that the following corollary
will always hold.

COROLLARY . If the random variable W is binomial, b(n, =), then every
increase (decrease) in = (ceteris paribus) leads to an increase (decrease)
in of the ratio

T

(6)

-

|
T T T

This corollary may also be proved independently of theorem | by
use of the first derivative of (1) and (2):

I (w) _ < n >7- (1 — =) ( W — 1% ) (7)
or w (1l — =)

O"’(l)) e < n )’7:“"-(1 S T:)n"np, i(lﬂ_ (‘\)
or np (1 — =)

Apparently, (7) and (8) are positive for w > nzw and p > =; they
are negative for w < nwand p < m.

Now, assuming that N independent samples of size n are drawn
consecutively and that their corresponding values of W fall in the area
LCLw < w < UCLw, for each sample the binary variable Z is defined
so that

Zi =1 il nt < w< UCLw or m<p< UCL,
()
Zi =10 il LCLw swsnm  or LCOL,<sps=

i=1,2...,N
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7. follows the point binomial or Bernoulli distribution:
f2(z) = (mg)?s (1 — my)t* for z = 0,1 (10)

where 7, is defined by (6) and varies in the range between 0 and 1.
For the N samples taken together, the sum

i=N

Y= X7 (11)
is binomially distributed, b(N, m,),
v (y) = Iy (y; N, my)
- < TY ) ¥ (1 — m)NY for y=20,1,.....,N (12)

As it will be shown in the sequel, Y is the basic random variable of the
l b
present investigation.

Testing for the presence of assignable causes

When searching for the presence of assignable causes using Ny or
p control charts, the following hypotheses are usually tested:

H, : E(W) = nx against H, : E(W) # nm (13)
or

H,:B(P) == against H, : E(P) # = (14)

The alternative hypotheses may well be H,:E(W)>n=m, H,:
E(W) < nr, H, : E(P) >= and H, : E(P) <. The relevant statistical
tests may be called single-point tests, because they are carried out each
time a single point of the Np or p charts is produced; Hy is accepted if
the point in question falls in the area between the control limits —other-
wise it is rejected. Equivalent testing work can be conducted by the same
charts using the following hypotheses:

Hy : E(Y) = Nx, against H, : E(Y) # N, (15)
or
Hy : E(Y/N) = =, against H, : E(Y/N) # m, (16)

The testing of (15) and (16) requires N chart points, all forming a
sequence located between the control limits. Therefore, if each of N
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successive points fails to reject 11, of (13) or (14), the corresponding

hypotheses (15) or (16) are putl to l‘he test; now Hg is rejected if, given

the available number of successive points, the value of Y is extremely

small or large for predetermined probability levels « otherwise 1
is accepted.

The two —sided rejection regions ol Hy— for both (15) and (16)— are:

Y < —1 4 Yy (17)

Y>> 1+ Yo (18)

where, Pr(Y < Y.,) < «/2, Pr(Y > Y, 5,) < a/2 and « expresses the
size of type | error associated with H, of (15) or (16).

1+ Y, s>Nor —1+ Yy, < 0, the corresponding rejection
regions do not exist.

One-sided tests may also be applied by means of the rejection re-
gions (17) or (18) with half the value of «- the alternative hypotheses
must be redefined accordingly (H; : 15(Y) > N=y, H, @ E(Y) < Nxy,

1 B(Y/N) > =y, Hy @ E(Y/N) < my).

In practice, the appllcatl()n of multi-point Y tests requires a proper
control chart, a series of N consecutive points— all falling between the
control limits— and the eritical values 1 4 Y, ., and —1 4 Y,,.
Such values depend on =, n, N, 7y, S and o; their mmput,aliu/n’;uquire;
extensive work involving the families of distributions (1) O (()1 a‘md
(12) and can be carried out accurately and quickly by #n m)mprldte\
computer program?. Such a program, called here BIN M/ has been '\ 1,\‘
developped by the author and is shown in Appendix B.|/" Y

The computer program BINOM 15

BINOM 1 is a program written in FORTRAN IV anc
the Np and p charts which have S-sigma symmetrical control limits;
it consists of the main program and the subroutines AREA and LIMITS

. Published statistical tables of the binomial distribution, if available, can
be uwd to calculate certain of the critical values in question. See Harvard University
Press (1955), Robertson (1960), Weintraub (1963). However, general use of such
tables or application of the well-known normal approximations should be avoided
as laborious and inaccurate,

5. BINOM 1 is an improved version of the original program introduced and
used by Tzortzopoulos (1980).
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The main program introduces the required values of N, n, =, S and «
(written as A1 and A2) and prints the results produced by the two sub-
routines.

The output of the program is a set of two pairs of critical values
K1-K4, K2-K3 and a corresponding set of probabilities B1-B4. B2-B3,
where

K1 = —1+ Yai K4 =1+ Yia (1)
K2 = —1 + Yao K3 =14 Yi a2 (20)
=Ki \f
moY (N )t
y=0 \ Y
i = 1,2 (21)
N T
Bi = yzf <L\ ) - (mh)Y - (1 — wh)NY
y=Ki\ Y
1= 3,4

The probabilities B express the actual size of Lype [ error correspond-
ing to the adopted values of Al and A2 (B1 < Al, B4 < A1, B2 < A2,
B3 < A2).

Ezample. Tables 1-4 contain part ol the output of BINOM I for
n — 5(1)20 (5)50(10)100(100)500, N = 10(5)50(10)100, 7= 0.05, Al =
0.01, A2= 0.05 and S= 3. Now, assume that a population containing
59/, defectives is sampled with n= 15 units and that the observed num-
ber of defectives in each sample is depicted as a point in a 3-sigma Np
control chart: if N= 25 consecutive samples produce points between
the control limits and up to 7 or at least 20 of them fall above the central
line of the chart, assignable causes must be present (o= 0.01 4+ 0.01 =
0.02). As the tables show, though a= 0.02, the actual probability of
type I error, in this case, is Bl-+ B4 = 0.0091 4 0.0056 = 0.0147.
The same example shows that if more than K3 = 18 points fall above
the central line, assignable causes increasing the value ol = = (.05 are
present (x = 0.05, actual probability B4 = 0.0464). Similar two-tail
and one-tail tests may be applied easily using tables 1-4.

It must be observed that as n increases, other things being equal,
the value of K’s changes irregularly; this means thal interpolation is
not always a safe way to calculate K values missing from the tables.



3. THIE C CONTROL CHART FOR NUMBER OF DEFECTS

[n certain cases the main quality control interest is concentrated
on the number of defects rather than the number of defectives; the de-
fects are observed in constant size random samples of n product units
(m — 1.2.3,...) and their number ¢ may be zero or any non-negative
integer (¢ = 0, 1,2, ...). The basic problem of quality control is tackled
again by the usual three-line control chart which distinguishes samples
with extreme number of defects —indicative of active assignable cau-
ses— from the rest of samples— indicative of normal quality conditions.

The distribution of '

If all kinds of assignable causes are inactive and the chances ol a
defect occurring in any one sample are constant and small, while the
opportunities for defects per sample are numerous, the number ¢ is a
Poisson random variable with probability density [unction:

¢ = le(e) = Te(es n)

e ).‘/‘(' . ) o
forc=0,1,2, ..., ad inf. (22)
c!

where 7= 0: % is the mean and variance of C. Under given general
production conditions with absent assignable causes, the parameter
7 alone expresses the composite effect of all the random causes. Thus,
tests operated to ascertain displacements of 2 from its standard value
are also tests for the active presence ol assignable causes.

Symumetrical control limits

The three control lines of the symmetrical control chart Tor G are
drawn at the following levels :

UCLe = % 4+ SVA
central value = & (23)
LCLe = x— SV

Such S-sigma control limits are not probability limits because (22)
is a diserete and skew distribution. Again, S is usually set equal to 3.
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Points between control limits and their distribution

Any sequence ol points, all falling between the control Lhmits of a
agiven (i control chart, may be used to test for the existence of assignable

causes according Lo what has already been mentioned about it in con-
nection with the Np and p charts. The theoretical framework of the
relevant analysis is based on the following theorem and corollary.

THEOREM 11.

If Cis a Poisson random variable with mean and va-

riance equal to 2, then every increase (decrease) in n (ceteris paribis)
leads to an increase (decrease) in the ratio

-

T > 0

. ™
T3 -
Yl
where:
Pr(b, < C < b,) —
Pr(b, < C<by) = wi> 0
0 < b, <b, <by
Proof

From (22) the following are derived:

P('+1 ) ./\7 B
Pc C+1
P AQ-N

Px (N4 1)(N+2)...0

(Q and N are non-negative integers, ) > N)

A~ Prer +Pryat oo+ Pryn
Px
) )»7777 _+ *A‘_’ y 3 )\L
K+ 1 (K+1)(K+2) O (K4+1(K+2) ... (K+L)
B Pk+vn+t + Pryrsz + ... + Prinsm
Pk
ad! LA
R

(K4+1)(K+2). . .(K+L+1)

(K4+1)(K+2). . (K+L++M)
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R

(Klek~2ynﬂi~LJ

The lirst derivalive ol A with respecl Lo 2 takes the form
dA ( (L) ; , (L4 M) 7k v \
dy. A? (K<U.“H(+LJI) K (K L)
3 7 ;| AR ) B | A 20
<u<;1) UK (KL <K+I(K<I)H\-U
‘ |‘ ‘/‘L 1 /‘I.+l
"uvfnka+20 <(k71y”qu,w)

‘/.I.+.\l )
(KiIL.4K+I4+M)J

Now, for the first T powers of 7

the following relationship will always hold:
UY - DA22 2 — 2 [ O 4 Y > 0 (24)

where L and U are integers such that 1 < L <T. < U <7 primes
signify first derivatives with respect to 2.
Indeed,
i=L L
) AL— AU 37 () =
i1

i j=L
U y (-/~|-+| I) _\_‘ (J) (",_J+l 1)
j=1

1=1] ]

2 (U — ) atunt (2D)
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Since U >1 and 2 >0, the sum (25) is always positive; therefore, (24)
1s true.

By putting U= L+ 1, L+ 2, ..., L+ M and using (24) repeal-
edly it is easy to show that dA/dz> 0; this completes the proof of
theorem I1.

At this stage the constants bl, b2 and b3 are replaced by LCL.,
7oand UCL: respectively. Then,

7 = Pr(LCL: < e <))
' = Pr(A < ¢ < UCL)

On the basis of theorem 11 and the above definitions the following
corollary can be proved easily:

COROLLARY. 1If the number of defects C is a Poisson random variable
with mean and variance equal to 2, then every increase (decrease) in
(ceteris paribus) leads to an increase (decrease) in the ratio

, T -
A ——‘—%f (26)
T+

The prool of this corollary may also be derived directly from the
first derivative of (22):

o o el

Ofclo) _ aeMcl) _ L’L[‘;L] (27)
A

Apparently, this derivative takes up positive values for ¢ > % and nega-
tive values for ¢ < .

Now assume that N consecutive measurements of C have been
obtained, all falling between the control limits:

LCLe ¢ € UCLc
For each measurement the binary variable Z is defined as before, i.e.
Zi=1 if A <c¢ < UCL¢
Zi=10 if LCLe<C e <A

i=1,2,...,N

b
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The sum varible Y is also defined in the manner expressed by (11);
7. and Y have densities (10) and (12) respectively with =," instead of =,.

Testing for the presence of assignable causes

The usual application of the C chart technique concerns the stati-

stical testing of:
H, : E(C)= % against H, : E(C) # ? (28)

By introducing Y, the equivalent of the above statistical operation
is testing the hypotheses

H, : E(Y)= N=n,’ against  Hy - E(Y) # Nz
(29)
or Hy:E(Y/N)=m= against M, : E(Y/N)# =)

The rejection of H; in the last case leads directly to the conclusion
that =," has changed from its original level; this means that 7 has chang-
ed as well. Thus, the rejection of Hg in (29) signals the presence ol assi-
gnable causes.

The rejection regions are those defined by (17) and (18); the reader
is referred to the relevant part ol previous analysis for more details.

Certainly, to test the hypotheses (29) one needs the necessary data
and the appropriate values of K and B which have already been discuss-
ed; the calculation of such measures can easily be effected by a suitable

computer program 6.

The computer program BINOM [1

The FORTRAN IV computer program BINOM Il has been develo-
ped to produce the required values of K's and B’s; it is a program simi-
lar to BINOM I —it consists of the main program and two subroutines
called again AREA and LIMITS. The main program introduces 30
values ol 2, one value of S, two levels ol o (written as Al and A2) and
14 values of N. The subroutines compute the critical values K1, K2, K3
and K4 and the actual probabilities B1, B2, B3 and B4.

It goes without saying that by minor alterations the program can
accept more values of 2, S, « and N; however, instead of such altera-

6. See footnote (4).
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tions, it is suggested to repeat the execution of the program for the re-
quired values of the parameters.

Exzample. Tables 5-8 show part ol the results produced by BINOM
[T for 2= 0.05(0.05)0.50(0.1)1.0(0.5)8.5, A1l = 0.01, A2 = 0.05, S =3
and N = 10(5)50(10)100. From the tables in question one can see, lor
instance, that a 3-sigma C control chart with A= 0.6 signals the pre-
sence of assignable causes if, among 25 consecutive points located bet-
ween the limits, up to 4 or at least 18 fall above the central line (o = 0.02).
It is also observed that though in this example the size ol type | error
was predetermined at o= 2(0.01) = 0.02, the nature of the binomial
distribution has actually reduced it to B1 4 B4 = 0.0033 + 0.0041 —
0.0074. The same tables can be used for one-tail tests.

It must be pointed out again that for given N, o and S the critical
values of K vary irregularly with 2; therefore, the usual interpolations
applied in practice for the omitted values of 2 should be avoided here.

4. THE X CONTROL CHART FOR VARIABLES

Very often the quality characteristic under investigation is a va-
riable; say X; in this case random samples ol constant size n are drawn
from the production process and the average X of each sample is caleulat-
ed and presented in the X control chart.

The distribution of X

According to the central limit theorem, the sample average X is
normal, N(w,s*/n), independent of the parent population distribution
where p and o* are respectively the population mean and variance;
if X is non-normal, X becomes normal when 2 is finite and n increases
without bound. In practice, however, X approximates normality even
at very small values of n, particularly if X does not deviate from norma-
lity a great deal .

Symmetrical and probability control limits

When p. and ¢® are known, the three lines of the X conrol chart
are drawn at the following levels:
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o . ©
UClx=p+ S~
v
central value = u. (30)
\ i G
[lCLx = u—S.—
v

Since X is normal, the symmetrical limits (30) are also probability

limits. Thus, if no assignable causes are active, the ratio
Pr(p< x < UCLX) o

Pr(LCLx < x < UCLXx) 2

(31)

holds for any values of n,6% S and n — the only minor reservation being
that of non-normal X combined with small n.
Points between control limits and their distribution

Assume now that N independent random samples of size n are
drawn consecutively and that all their X's fall in the region between the
limits:

LCLx < x < UCLx
IFor each sample the binary variable Z is delined so that
Zi =1 il n< x < UCLx

Zi—0 il LCLx < x<yp

The sum variable Y is defined again as (11). Z and Y have the den
sities (10) and (12) respectively with m; = 0.5.
Testing for the presence of assignable causes

The active role of assignable causes that affect p can be sensed
statistically by testing the hypotheses:

Hy o E(X)=p versus H, : E(X) # p (32)

This single-point testing work is carried out directly by the X chart and
is based on each x point falling inside or outside the area between the
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control limits (30). Kquivalent testing work is done by sequences of N
points all falling between the control limits and thus producing values
ol the variable Y ; the hypotheses to be tested in this case are:

Hy : E(Y) = N/2 versus  Hy @t E(Y) # N/2
or Hg:E(Y/N)=1/2 versus  Hy @ E(Y/N) # 1)2 (33)

Indeed, if X is N(w, ¢%/n), any assignable causes that increase (de-
crease) the value of w will also increase (decrease) the value 1/2 of the
ratio (31) on condition that the original X control chart remains un-
changed (this can be shown by derivation of the normal density fun-
ction).

Therefore, extreme values of Y can be used asindications of quality
deterioration (or improvement) caused by active assignable causes that
affect p.

Such values form the rejection regions (17) and (18), their boundaries
being the critical values K —as defined by (19) and (20)— obtainable
from the symmetrical binomial distribution for given N and «. An appro-
priate computer program has been prepared to serve the purposes of
caleulating any critical value of this type together with the probabilities
B, that may be ol interest both on the practical and on the theoretical
level 7.

The computer program BINOM 111

The program BINOM I11, written in FORTRAN IV, produces four
critical values presented in two pairs as L1 - L2 with probability levels
o= Al and « = A2 for the first and second pair respectively.

Since (12), with =; = 1/2 is a discrete probability density function,
BINOM IIT computes the actual probability levels P1 and P2, where:

P1 = Pr(Y < Ll1) = Pr(Y > L2) < Al first pair L1-1.2

P2 = Pr(Y < L1) = Pr(Y 2 L.2) < A2 second pair [1-1.2

Ezxample. As an example, part of the results obtained by BINOM

7. If extensive slatistical tables of the binomial distribution for = = 1/2 are
available, any K’s and P’s can be easily obtained from them. The well-known normal

approximations may also be used; Raff (1956) has shown that the error of such appro-
ximations is never greater than 0.05 if n(x)*/* > 1.07.
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I11 are presented in Table 9 with AT = 0.0005, A2 — 0.0025 and selected
values of N. The results show, for instance, that if 15 successive samples
of constant size produce values of X between the control limits and up to
I or at least 14 of them fall above the central line, the hypothesis H
ol (33) is rejected —cerlain assignable causes are in action (x — 2A1
= 0.0010). Tt is noted that, though in this example. o was set equal to
0.0010, the actual size of type I erroris 2P1 2(0.0004) — 0.000s.
The ecritical values produced by BINGM T apply to control h-
mits located at any symmetrical positions about the central line of the

X chart.

5. CHARTS WITH MORE THAN TWO CONTROL TIMITS

Instead of a single pair of symmetrical control limits two or more
might be considered. Sometimes in practice an inner pair of warning
limits is combined with another one, the latter consisting of the so called
action limits which are identical to those that have already been examin-
ed in this paper.

When using more than one pair of limits, multi-point Y tests may
he conducted by applying either the multinomial or the binomial distri-
bution. In both cases appropriate computer programs are needed to
produce the required critical values.

As an example, theNp control chart is presented here with = — 0.4
and n — 15: the chart is drawn with two pairs of control limits located
at 1.5-sigma and 3-sigma units about the central line. The population
mean equals 6 and the outer and inner control limits are respectively
6+ 5.69 and 6 + 2.85.

Now, assume that 100 consecutive points are found between the
outer limits of the chart in question dispersed in the depicted way; 45
points fall above the central line. this being an indication that the pro-
cess is under statistical control as the proposed two -sided test shows
(my= 0.3892, o= 0.05, Pr(Y < 28)- 0.015, Pr(Y > H0) = 0.016). The
upper three bands contain 90 points wich are not an extreme enough
case Lo reject the hypothesis that no assignable causes are present (two-
sided test, =, = 0.9097, a = 0.05, Pr(Y < 84) = 0.017, Pr(Y > 97) =
— 0.017). In the upper band 25 points are found; this number is extreme
in the sense that —if no assignable causes are present— the chances of
finding 25 or more points in the upper band are 4 in one million. There-

fore, the allocation of 25 points in the upper band strongly indicates the
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presence of assignable causes (7, = 0.0933, o — 0.05. Pr(Y < 3) — 0.013,
Pr(Y > 16) = 0.023).
The example shows that of the three tests only one refutes the
hypothesis that no assignable causes are in action. More binomial tests
can be applied, il required. on the same sequence ol points®.

8. As a matter of interest, 16 such tests are possible with charls having two
pairs of control limits. However, if enough warning criteria are used Lo evaluate a
given sequence of points practically all data will be «oul of controb. See Burr (1976
p. 86).
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TABLE 9

Control chart for the mean of variable X

A1=0.0005 A2 = 0.0025

N 11 L2 P1 1 L2 P2

5 —2 —=2 —2 —2 —2 —2

6 =2 —2 —9 —2 —2 —2

7 —2 —2 —2 —2 —2 —2

8 —2 —2 =19 —2 —2 —2

9 —2 —2 —2 0 9 19
10 —2 —2 —2 0 10 9
11 0 1 4 0 11 4
12 0 12 2 0 12 2
13 0 13 1 1 12 17
14 0 14 0 1 13 9
15 1 14 4 1 14 4
16 1 15 2 2 14 20
17 1 16 1 2 15 11
18 1 17 0 2 16 6
19 2 17 3 3 16 22
20 2 18 2 3 17 12
21 2 19 1 3 18 7
22 3 19 4 4 18 21
23 3 20 2 4 19 12
24 3 21 1 A 20 7
25 4 21 4 b 20 20
26 4 22 2 5 21 12
27 A 23 1 5 22 7
28 5 23 4 6 22 18
29 5 24 2 6 23 11
30 5 25 1 6 24 7

Comments

N = Number of consecutive sample points all located

between the control limits; of these points Y(=0,1, 2, ..., N) fall above the line
of the mean of X

11, L2: Number of points above the mean of X satisfying:

PR(Y. LE. L1) = PR(Y. GE.L2). LE. A1 (or A2)

P1, P2: Actual probability levels:

PR(Y. LE. L1) = PR(Y. GE. L2) = P1 (for A1), = P2(for A2)

P1 and P2 are multiplied by 10000

Assignable causes assumed to be absent

Negative signs mean that the corresponding values do not exist.
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