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Chapter 3
Independence and Exogeneity.

TECHNICAL APPENDIX 3.1.

The 2TSF Exponential specification.

We present here the calculations only for our contributions to this specification.

A. eq. [3.3]: The distribution function F, (&) of the composite error term.

The three-component error density is

So

f(e)=wl, +p,l, = Fg(g)zt//lj l,ds +W2J' l,ds

2
W, = —1H7u eXp{Zo;j}' Il=exp{g/0u}<l)(—ai(8+avz/au)j

w \

v, = 1 exp{zcjz},I2:exp{—g/aw}CDLO_i(g—avz/aw)j

O-W +GU w \

In Owen (1980), p. 409, (eq. 101,000), we find the indefinite integral
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Jexp {rx} @ (o) dx :%exp{yx}q)(gx) - Eexp{ 7 }q)[&(_lj

14 252 o

To calculate F, (6‘) we want the definite integral

y 267

_[_XOOEXpVS}(D(éS)dS :%GXP{J/X}Q(&x) - 1exp{ 7’ }@(éx—lj

7/ S——0

1. 1 e y
_;Sllrﬂcexp{ys}q)(&) + —exp{?;z} lim cD[és—gj

Looking at our integrands |, 1, , in order to determine the limits, we have to consider

alternating pairs of signs for y,o .

A) For integrand |, the corresponding signs are y =1/0, >0, & = L <0

\Y

lim qD(&s—%j =®(0)=1. So the

general formula to be used, after eliminating the zero-terms, is

In this case, limexp{ysj®(ds)=0-1=0,

4

I;exp{VS}CD(és)ds =%exp{7/x}®(5x) _ lexp{y_zz}q)(é‘x_g] N lexp{ e }

where we have used the reflective symmetry of @ () .

We have
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v

[ 1ds = IioeXp{S/O'u}q)(—Ji(S-i-sz/o-u )jds _ Eoﬁ/"“ exp{s/a, —af/aj}CD[—ains

\

=exp{-o}/o?} .[MVZ/G” exp{s/c,} @ (—i] ds
O,

—00
v

which is now in the appropriate form to use Owen's formula. The correspondence of

coefficients is y =1/, >0, § = 1 <0.We get
o

\

\

J-s l,ds = exp{—avz/of}{au exp{g/o-u+o-v2/o—uz}q)(_i_o-_]
- o, O

' u

+ o, exp{%of/of}@(

O,

:I;Ilds = o, {exp{g/au}QJ[—Gi—G—Vj+eXp{—%af/af}®(aiﬂ

\ u

and

N

€ 1 2
e s eXp{zii }{exp{g/%m[—fv—j—:}exp{—%af/af}@(aivﬂ

u

o, {exp{zaz}exp{g/ﬁu}q)[_aiv_z_:}rq)(givﬂ

o, T 0, u

[=

<q,\,

We turn now to the second integral.

B) For the integrand |, the corresponding signs are y =-1/c, <0, §=—>0
o,

'
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In this case, lim exp{ys}®(5s)=0, lim CD[&‘S—%} =®(—0)=0. So the general

formula to be used for |, is

J.jwexp{}/s}CD(&)ds = %exp{yx}cp(gx) - %exp{;’_;}q)(&_gj

We have

[ [ onl-sfo o[ Js-ot/on) o= [ e f-sio,-otozjol 2|6

\ \

=exp {—O'VZ/O'VZV} J.S_UVZ/GW exp{-s/o,}® (ij ds
i o

\Y

which is now in the appropriate form. Matching coefficients, we have

O,

S—O'VZ/O'WJ

J.:O I,ds = exp{—af/afv}{—aw eXp{—&‘/O'W +O'V2/0'V2V}®(

2
. awexp{%af/a;}@[m&ﬂ

O, Ow

\ v

-0, {—exp{—g/aw}CD(%M]%XD{_%G? / ““zv}q)(aiﬂ

and

£ 1 2 _ 2
l//zJ._w l,ds :GW exp{zao%}aw {—exp{—g/o-w}q)(‘cj‘z_ﬂ]+exp{—%0'vz/0j}®[O_i] }

) \

loj &£ ol E O
= Y D] — | — ex expi— o ———+
(TW+O'U|: (O'\J p{ZGVZV} Pl=elou] [JV JWJ }

So the cumulative distribution function of the composite error term is
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fg(s)ds:x//lj'gwllds + z//zr |, ds

—0 — —o0

O & 62 & O,
w d| = | - v _ o —— ¥
+ 0W+UL[ [ij eXp{zavzv}exp{ 8/0W} [O-v UW]}

E (2) - q{i] - exp{zif}exp{g/au}m(_i_ﬂj

w u

o, o & o,
—~ exp{za2 }exp{—g/aw}cb[;——J

o, T0, W

Using the shorthands used also for the density,

we arrive at

B3 F.(¢) = cb[;] L % epajolb) - — % epla)o(b,)

o, +0 o, +0

B. The composite error density and firm-specific measures.
Equation [3.9]: E(eW |8)

The conditional density of the positive error term is given in the Appendix of

Kumbhakar and Parmeter (2009) as
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Aexp{-Aw} ®(w/o, + )
X2

f (W|€) =

So the expected value we want is

E(ew|g) _ J-ooew Aexp{—Aw} @ (w/o, + ) v
0 X2

=(4 1) ] exp{(1-2)w} @ (w/, +f) dw

We can proceed assuming A>1, which is the most likely case. Since

d (exp{(l—/’t)w}) = (1-2)exp{(1—-2)w}dw we can write

E(e"]s) = i j:cI)(w/aV +p)d (exp{(1-4)w})
Integrating by parts,
E(e"]¢) = (1_:11);(2 [exp{(l—/”t)w}q)(w/aerﬂ)‘g"

- [ en{-2wd[o(wa, )]

o) - Leela- st pyatvie)
- o) + [eolt-aiswa - p)(w)

Define Z= W=W/o, and subtract B from the variable of integration to obtain



E(e"]¢) = [(D(ﬂ) + j;exp{(l—;t)av (W—,B)}(;S(W)dvv}
Calculating the integrand we have

exp{(1-4)o, (W-pB)} (W) = %exp{(ﬂ,—l)avﬂ} exp{—%wz —(z—l)avw}

So
A

E(e"le) = =) {(D(ﬁ) + %e(“)%ﬁ J.;exp{—%wz—(ﬂ—l)aVW}dW}

Using the relevant formula from Gradshteyn and Ryzhik (2007) (p.336), we obtain

j:exp{—%wz _(1_1)ovv~v}dv~v = \/%exp{%(ﬂ—l)z 05}{1‘6” ((i_flz)av +%ﬂ

= 2Zew{ 203 ot | [1-0((1-1)e, + )]

Inserting into the full expression and simplifying constants we obtain

E(e"|e) = (/1_’1)%2 {(D(,B) + exp{(ﬂ—l)avﬂ + %(,1—1)2 Gf}[l—(l)((;t—l)av + ﬁ)ﬂ
Here ﬂz—[i+ﬂ].50 (/1—1)0'V + f = 9oy ﬂ—av £ S =-b-o,
o, O, Oy u o, oy

Inserting into the expression we obtain



(")) = {db(ﬁ) . exp{(ﬂ—l)ovﬂ ¢ 22y o-VZ}CD(bﬂyv )}
Manipulating further the exponent expression we have

(A-1)o,p + %(4_1)2 ot = (A-1)o, [,8 ‘ %(ﬂ—l)av}

~(3-Y,| f+(2-1)a, - (4-1)a, |= (1Y, -b-0, - 2(3-1), |

Now given how composite coefficients are defined here we have

b+ = — Ao, . Using this relation we get

(A-D)o 8 + 2(2-1) o} =(—b—ﬂ—av)[—b o - %(—b—ﬂ—av)}
~(-b- -av)[-%b-%av v %,B} = 2o+ o, Albro,- p)

So finally we obtain

A

o ol o

Equation [3.12]: E(ewi e |€i) :

Since the variables are conditionally dependent, we set Z=W-U and we want to

obtain

E(e"e™|s)=E(e]e)= f:ez f,.(z|e)dz
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We note that z is independent of V, while we have &£€—2Z =V. Then the joint density

function of z and ¢ can be obtained as

f,.(z,6)="f,,(z,6—2)=1f,(2) f,(£—12). So the conditional density function we need

is

It is a known result that the density of z, the difference of two independent

Exponential random variables, has two branches,

exp{z/o,} z2<0

exp{-z/o,} z>0

We also have that f, (8 - Z) is a normal density function, while f, (6‘) is known. So
[“et, (z16)dz=] et (z16)dz + [ et (z]e)az

_ 1t ! L D'_Oezez"’“exp{—%(g—z)z}dz

f‘S (8) o,+t0, o, 27

L 1
+ J.O ele ¥ wexp{— 207 (5_2)2}dz}

We calculate each integral in turn.

(g—z)z}dz =.[_Owexp{1;0“ z}exp{— = (g—z)z}dz

u \

0 1
Il = J_weZeZ/Gu exp {_ 262

\Y
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=exp —igz J'O exp 1+o, Z5exp —izz+iz dz
207 - o 207 o’

\ u

=exp{— ! g IO exp —iz2 exp 1+G“+i ztdz
207 0 207 o, o’

=exp<— ! g jwex 1 22 bexp{— 1+U"+i z\dz
—o® Plo o &P 207 P o, o’

Combining formula 6.3(13) p. 313 from Erdelyi et al. (1954) with expression 9.254(1) p.

1030 from Gradshteyn & Ryzhik (2007), we have that

I:exp{—azz}exp{-bz}dz%“"{Ta}@(_é)

In our case,

Inserting these we obtain

exp- — 1 g’ jwex _ 7% Lexp< — 1+O-”+i z\idz
P 207 0 &XP 207 P o, o’

v

1, 1le
=exp{ — J27mexpi == + + = —
p{ 2(758 }O-V " p{Z ol o, 2



exp{

271

u

:Ilza\,\/ﬂexp{(1+q‘)g + (1+G“):O-"2}q)£_(—

For the 2nd integral we have

\

* 1 -1, 1 2 [ 1-o
_[0 e’e exp{—r‘z(g—z) }dz _jo exp{— .

1 oo 1 l-0, ¢
=exp{—27_vzgz}_.‘o exp{—zav2 zz}exp{—{ = —U—vzjz}dz

Matching coefficients here,

)o, &
O-U O-V

and so

__1 J'wexp __1 exp{ — 1-a,
207 0 207 o,

2 o, w

2 f—
1252}0V«/§exp{16—2 @ O-w)g L1
v O

=exp<{ —
Xp{ 20

1_ 2
:>|2=avx/27rexp{( ZWZ — — =
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Bringing it all together, while simplifying the constants o, /27,

f.(¢)o,+o,

_[:Oezfz|g(2|8)dzz 1 1 [exp{(l-'-o-“)g N (l+o-uzzaf}q)[_(1+0'u)o'\, _ij

Using the shorthands already in use, we can compact the above into

[3.12]: [ e*f, (z]¢)dz=

Zle

Oy

: exp{(1+au)[aﬂ v 205 j}db(b“ —av)+exp{(1—o-w)[a2i - 2‘22 j}@(bZi ‘o,

eXp{aﬁ}q)(bn)+9Xp{azi}q)(b2i)

Equation [3.13]: Pr (W > u) .

Pr(w>u)= _[: (Yo, )e J:O (1o, )e ™ dvdu

e [ o 2 o[22 oo

u w

1 o, +0 0,0, o,
:—Iexp—Mudu: v .1= =
o, " 0,0, o,(o,+0,) o,+0

[3.13]: Pr(w>u)= Tw
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Equation [3.14]: PF(Wi > U, |8i) .

We want to calculate Pr(zi > O|gi ) = I: fe (z]¢g)dz

From before, we have that

exp{-z/c,} 1 exp{— 1 (g_z)z}

t(2)f,(e-2)  o,+o, o2z 25?7
f (&) - exp{a,} ®(b) +exp{a,} @ (b,)
UW+O-U

- exp{a,}®(b) +exp{a,l ®(b,)

The only term that contains z is the rightmost exponential expression in the numerator

so we integrate using the relevant formula from Gradshteyn and Ryzhik (2007) (p.336),

2 2
oo ool o)

2
=o,\2rx -exp{az +-2 5
20,

20, O,

fo(b)

Substituting in the integral,
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O_ngexp{ ) Vz}ax/_exp{ ;} (b)
expia,j®(b) +expia,} @ (b,)

_ B eXp{az}q)(bZ)
=B Pl i) = o) e (e o)

C. Skewness and Excess Kurtosis of the composite error term in the 2TSF

Exponential specification.

C.1 Skewness.

For the composite error term &=V + w— U, the skewness coefficient y, is

71(8):E(g3) [VarVarT/2 [E(e)]
:sign{yl(g)}zsign{E( *)-3E(s)Var(s)-[ E(e) ]}

Set z=w-u and use where appropriate the symbols y,o for the mean and
standard deviation respectively. Use also the assumption that the three components

are jointly independent, and that the odd moments of v are zero, E(v)= E(v3) =0.

We have

E( 3) ¢)Var(e [E ] V+Z) 3,uz(dv2+022)—,uf
=E[(V+Z)(V2+2VZ+ZZ)}—3,LJZ(JV2+022)—,UZS

3 2 2 2 2 3 2 2 3
=E[v +2V°Z4+VZS+ 2V +2vZ° + 2 ]—Byz(aeraz)—y

z
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=307, +E(2°) -3, (07 +07 ) 11}
=E(2°)-3u,07 — 11}

—E (w—u)(w2 —2uw+ uz)]—3(,uw —,uu)(szv +O'uz)—(ﬂw — M, )3

Ws)—E(us) — 3qu(W2)+3yWE(u2) — 3(,uw—uu)(afv+af) — (yw—,uu)3

= E(W —2uW” +wu’ —uw’ + 2u°W—u*)=3( 1, — 14, ) (05 + 02 )~ (14— 14, )’
(
(W)—E(u®) = 3u, (0% + 2 ) + 3u, (07 +48) = 3( s, =14, ) (0% + 02 ) = (1 —14,)°

Decomposing, simplifying and taking common factors,

=E(W)-E(u®) -3u0-3uu; + 3u,00 + 3

- 3,LIW(GV2V +O'u2) + 3y, (O'\f,+05)— (:uw —Hy )3
= sign{7, (¢)} =sign {E (W)~ E () ~3u,4, (14, 4,) - 34,00 + 31,00~ (4, ~11,)'|

For the 2TSF Exponential specification, W~ EXp (II/O'W), u~Exp (]/ o, )

we have that =0 = i’ =0’ = Var(x), E (X3) =60° . Using these we have

Sign{n(r?)}=8ign{6ﬂfv—6ﬂf =3ttty (fy = 1) = 3ty + 344, _(ﬂw—ﬂu)s}
=Sign{3ﬂ$—3ﬂ3 _(ﬂw—ﬂu)(3ﬂwﬂu +( 4, — 14, )2)}

=Sign{3(:uw —,uu)(,u\f, T Mk, +:uuz) _(zuw_:uu)<luv%+:uwﬂu +luuz)}

=sign{u, — 4, }

So the skewness of the composite error term will be positive iff 1, > 1, = o, >0, .
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C.2 Excess Kurtosis.

The density of the composite error term in the 2TSF exponential specification is

1 e o’ g O e o g O
f(e = lexpl S+ D 2 [ exp—— D -2
(&) epson GU+O'W|: p{au 265} ( o, GJ p{ o, ZO'VZV} (GV o, H

The density becomes an even function in & when o,=0,=0,

ExpSpec, Sym 2(7 20 2 o O'V o P O_V >

and so symmetric around ¢ =0. At £ =0 we have

1 ol o, o 1 o, 9
= exp{ S H D L | + D =L | |=Zexp] = tD| -
ExpSpec, Sym 25 p{zo_Z}{ ( O'j ( O'J:| o p{Zo-z} ( O')

f(e)

f(£=0)

where m (O'V / O') is the Mill's ratio of the standard normal distribution.
The variance of the composite error under symmetry is Var (&) = of + 20°.

The value of the density of a zero-mean normal random variable y at zero having the

same variance as & is

i¢(120j _ g _ .
o, \O; (a/a\,z +20'2)\/Z a\/ﬂ (0'5/0'2)+2
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For the composite error term to exhibit positive excess kurtosis, the value of its density

at zero should be larger than the corresponding value of a normal random variable having

the same variance. Therefore, and setting z= o, / o we must have

1 (y 1 :
f— f(8=0) ExpSpec, Sym > 6_¢(;:O]:> o 27Z'm(2)> O'\/Z\/m
1
= m(z) >
72 +2

Birnbaum (1942), improving on the better known results of Gordon (1941), showed that

a tighter than Gordon's lower bound for the Mill's ratio of the standard normal is

2
(z +4)—z 2
2 (22+4)+z

Combining, a sufficient condition for the positive excess kurtosis result to hold is that

2

1
(4/22+4)+z - \/22+2
:>4(zz+2) > (zz+4)+22«/22+4+z2
= 222+ 4 > 22«{22+4 = 72+2 > 24/22+4

= 2J2°+2 > («}22+4)+z

:>(22+ 2)2> 22(22+4) = 7'+ 47% + 4> 7% + 477

which holds. QED.
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TECHNICAL APPENDIX 3.II.

The Half-normal 2TSF specification.

A. The composite error density, eq. [3.18].

We have the composite error term & =V + W — U, where
v~N(0,67), w~HN(c;) ,u~HN(o,)

jointly independent. For this Appendix we identify for added clarity o, =o,, and
o,=0,.
We start with the density of Z=w-uU, the difference of two independent Half-

normals. This distribution has been studied in a wider context in Papadopoulos (2015b).

From there, we have the density

Sigzﬁ(z/sh)d)(%(z/sh)] . 220
f,(z)= 5, =07 +07 [1]
Si¢(z/sh)q>[_%(z/sh)j, 220

Both branches are two times a Skew-normal density, with zero location parameter,

same scale parameter but different skew parameter.

Thensince 6=V +2z = v=¢—-2 and f,,(v,2)=f,(v)f,(z) we have that

wo f,(¢—2)f,(z)dz

7=
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[2]

+ io(yigz{ga_ stigb(z/sh)d)(—/lhl(z/sh))dz

o

where we have set 4, =—.
o
2

For a general skew parameter A, the integrand in both integrals takes the form

a(2r)” 1
Setting =0’ + o +0. =0+, ,and C =Qexp{—(i

o,S, 2\ o,

2
j }, i.e containing the

terms that do not depend on the integrating variables, we have

2 2
1( z 1( z gz | (s, 1 s , ¢ aals,
A(2) _Cexp{—z[s—j _E[a_j +G—V2}LO ¢5(y)dy:Cexp{—§—G282 Z +?z}jw #(y)dy

h v *h v

Next, we change the order of integration in the two integrals of the density.

1 2 /sy,
For the integral J.ZO}OOC exp{—a 32 5 z° +izz}r*‘ ¢(y) dydz we have

Gv Sh Uv s

—0<72<0 —00<y<0
{—oogysﬂhz/sh}—>{(sh/ﬂh)yszso}

w 1 &2 —Atals,
while for the integral I OC exp {—EZ_SZ 7% + iz z}j “ ¢( y) dydz we have
Z= G h O— —00

' v



0<z<w —00<y<0
1 —
—0<y<-A"z/s, 0<z<—(s,4,)Y

Now the outer limits of integration are the same so we can write the two inner integrals

under one outer integral,

A0 0 1 s , ¢
fg(g)—CJ'y_w¢(y){J'z(Sh/%)yexp{—zaz—ssz +?z}dz

Note that the two inner integrals have the same integrand as well as consecutive

intervals of integration and so we can combine them in one,

0 ~(snn)y 1 52 g
f.(e)= C.[y:_w¢( y)L(Sth)y exp {—ET 72 4+ — z}dz dy

O-v sh v

...and decompose them again suitably:

\ \

O = 18 , ¢
fg(8)_CJ‘y——oo¢(y)|:J‘Z—(Sh/Ah)yEXp{_§O-2—s§Z +?Z}d2

v v

© l SZ 2 &
- expsi————=2"+—1zdz |d
J‘Z=*(shﬂ»n)y p{ 2028 o } } y

The inner integrals in [3] are now solvable by using a formula provided in Gradshteyn

and Ryzhik (2007) (p.336),

I:exp{—%wz —7w}da)= 756" {1—erf (7/\/3+%)}
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The solutions for the two integrals will differ only in their error-function argument due

to different lower limits of integration.

We match common coefficients:

118 o
45 2078 252 1 T
NG o,S , 028’ &Y & ) NG —-£ 0,5 s
5:vh/5:vh_= hg, —_“Zvch _ h &
s\2 4 2s’ (G\,Zj 2s°c? 4 o’ V2 So'v\ﬁ
We first calculate the error function arguments.
For the 1st inner integral of [3] we have
m S s(sy/4)
m=(s = 1-erf| yJo +——= |=1-erf| ——n _ g4 2
(h/ﬂh)y (7/ 2\/?} ( SGV\E \EO'VSh y
S
=1—erf = —S—hg+( /ﬂ“)y
V2| so, o,
S
:1_2(1{_ L g+(/ﬂ“)yJ+1=2®[ > g (/A“)y]
So, o, so, o,

For the 2nd inner integral of [3] we have

B ) my S _S(Shﬂ'h)
m=—(s,4,)y= 1 eff[7*/g+2\/gj ' erf[ soN2 2o, yJ

Shop oy S
g+ Zhy

1| s sA, 1
=l-erf| ——=| "¢+ =y ||=1l+erf| =
{ \/ELJV ¢ o, yD (\/ELJV o,
s,

=1+2q>[ gy (S/ﬂh)yJ—lzﬂD[s—hs—k —yj
so, o, so, o,

1)

Then the solutions to the two inner integrals are



\/;:z/sihexp{ Sy gZ}ZCD[S—hg—MY} m=(s,/4)Y

J:exp{—%wz —7a)}dw:

x/;GV—s“exp{ 5 52}2613[5—““%}’], m=—(S4)Y

s\2 28°c?

v

We now bring together all the terms in [3] that do not depend on the remaining

integrating variable, y:

NA) 25°0

'

o,S s! 4(2z)" 1 e o,S s
CVr = 2expi S5 6” (= expl—=| —— | pm 2 2exp gszh o
S S o

For compactness we also define temporarily a= S , A= S , A= %
s o, Ao, o,
Inserting all results back into [3] we obtain
4 0 0
f()=9(e/s)| [ 4()(az ~y)dy - [ p(y) @ (az + 2y) el | 4

The solution to the two integrals of [4] is given in Owen (1980), p. 403. The general

solution adapted to our notation is

f_oﬂ(y)fb(aﬂﬂy)dy=%{®(J1af7j—ZT(\/%,zﬂ

where T () is Owen's T-function tabulated in Owen(1956).
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So
2ol )l )

ac g
|| = |- 2T | —= ., 4
(4/1+222J (,,/1+2,2 ]
But now the two terms in the curly brackets represent each a Skew-normal distribution

function in the variable ¢ . Both have zero location parameter.

~ ﬂf1+/1f

The first one has scale parameter @, =
a

1+ A

a

and skew parameter —4,.

The 2nd has scale parameter @, = and skew parameter A,.

With this notation we can write the density of the variable & as

[3.18]: fg(e):§¢(g/5)[(31(8; 0,m,-4) - G,(£: 0,0, 4,)]

which is eq. [3.18] of the main text, and where G ( ) denotes a Skew-normal distribution

function.

At this point we have four composite coefficients (S,a,ﬂl,ﬂ?)for the three variances

involved. To obtain a one-to-one reparametrization we calculate as follows:

2
S 02
I+ — s,|-t ol +sl+o”
J1+ A2 40, SO, ALl +° o VoY
w, = = = =
© o a S 20,5, o
h
SO, o,
\/010 +<72 S +0' \lcf (71+(72 +0o7s _S\/sﬁ(0v2+022)_s\/(0'5+0'22)

0; S, oSy oS, O
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Defining 6, =— , 6,=—% (and so S=4lo; + o7 +0; = o 4f1+6’2+¢92
_54/1+¢922

1

we arrive at @, as shown in the main text.

For the skew parameter we have 4 =

s 0'V4/1+012+922 _(9_2 —
o, = (01 /az)o'v = 7 4¢1+6’1 + 06,

For the 2nd Skew-normal distribution function, we have

2
T 2
j Savalauz+ﬂhzsz \/(720' +0'1 Sh +O'v)

w, =
a o,S, 0,S,
sol(of+ol)roist s\si(ol+of) s\(ol+at)
0,5, 0,5, o,
2
S«/1+ o;

0,

The skew parameter A, can be written as

2 2
S _ Gv(61/02)4/1+:91+6’2 :z_l y—1+912+922‘

O-v Gv 2

A, =

So by using (S, 6,, 6,), we can eliminate & and treat (@, ®,, 4, 4, ) as shorthands. The

main benefits of this reparametrization is that a) the skew parameters do not depend on $

and b) the density of &depends on 6, 6, only through the Skew-normal distribution

functions. These simplify somewhat the calculations needed in the rest of the paper.
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A.2. eq. [3.21] : Alternative expression for the Skew-normal distribution function.

Consider the distribution function of a bivariate standard Normal random variable,

e=& . ) (oo 1 1 3
cDZ( - ,O,pj_jw L—Zﬁﬁexp{ —2(1_102)(vz+w2 2pvw)}dwdv

where one of the two standard Normals is evaluated at zero and the other at (¢—-¢&)/o,
where ¢ is a random variable and & , o are constants.

Separating we have

e=& . ) qeae 1 v 0 W o
d)z( = ,O,p)_LO —Zﬁmexp{ —2(1_p2)}j%exp{ 2(1_/02)+1102W}dwdv

2
0 w V
We calculate the inner integral |, =| expq— + 2w dw.
& N 2(1—/02) 1- p?

Swapping the limits of integration and multiplying by minus one we obtain

OO 2
Iy :IO exp{—2<lvjp2)—1f:;2 w}dw

This has general solution J? exp {— % o’ — 7/60} do=Jroe” [l— erf (7/\/5 )}

Matching coefficients we have
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Substituting we have

1-p2  |1-p? i v J1-p°
Iy =7 ﬁp exp{ 2/’ (1_/?/)2} \/2}{1—erf{1"’p2 ﬁp H

Inserting this into to bivariate double integral we obtain
— £— o‘«/ 1} -0 2 2y,2 _
@2(8 é,o;pj:.[( N2l P pexp— v -~ (EXP pV2 ) Py |dv
o T 2mfl-p’ 21=p%)) " [202-p")] \N1-p7
(&0 1 1 2} —p 1 (0o -p
= ——exXpy—=V O ——==V |dv == 2¢(vV)D v |dv
'LO 2z p{ 2 L/]? ] 2J.‘°° 7(v) [ 1-p?
jZQZ(ﬂ, 0: p) - J‘E £¢(ﬂjq) —p_V-¢ dv
e B e 1-p> ©

The right-hand side now represents the distribution function of a Skew-normal random

—pP
4/1—,02 .

We note that if the correlation between the two standard Normals is positive then the

variable ¢ with location parameter &, scale parameter o and skew parameter A =

resulting skew parameter in the Skew-normal will be negative, and vice-versa.

Solving for p we obtain p = . Hence, we arrive at

-1
N1+ 22
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[3.21]: G(g,g,o,z)=2q>2(ﬂ,o;p: 4 j 6]

o N1+ A2

which is eq [3.21] of the main text, with & =0, that inserted in [3.18] leads to [3.22].

B. Skewness and positive excess kurtosis of the 2TSF Half-normal density.

B.1 Sign of Skewness.

Earlier, we have obtained that

sign {7, ()} =sign {E (W)~ E(u®) =3u,a4, (4, —4,) - 314,05 + 3,07 = (s, ~11,)’}

For the Half-normal specification, &=V +w-U, W~HN (SW), u~HN (Su )

wehaveyz\/zs, uzzgsz, 02:(1—3j32, E(x3)=2\/zs3
T T T T

So here, the expression to the right becomes

2\/2 ;—2\/253 ~ 3t 44, (ﬂw—ﬂu)—3ﬂw(1—gj85v + 34, (1—3}5—(%—%)3
T T T T

’2
Taking common factors and using u# =,[—S
T

_ E 33 _ _ 20 _E 2 _E 2
---—2\/;(% $7) ~ (4= 14,)| Beausty + (12, — 14, | 3uw[1 ﬂjsw - 3%(1 ﬂjsu
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_ E 3 Q3) Eg _ 2 2
_2\/;(sw s7) \/;”(sw s, )(s5+s,8, +57)

-3 g(l—gjsj + 3 g(l—gjsj
v v v T

002 122 402 o022 s oy_ (204 Ve e \(<2 )
_{2\/; \/;ﬂ 3\/;+3\/;7J(5w ;) 7;(;; j(sw s, )(s5+5,8,+57)

and so sign {7, ()} =sign{s, —s, }.
B.2. Positive excess Kurtosis.

In terms of Owen's T-function, the density in the 2TSF Half-normal specification is

written

fg(gi)=§¢(gi/s){ [®(s/m,) + 2T (6 4)]

~[@(s/a,) - 2T (5 ), 4;)])

o, o,
O==",0,=", s=\o? + 0 +0° = o, \1+0*+6;

4 <
[
+
SR
w
=
+
R

L Eﬁ 1+0>+ 67 Eﬂ 1+ 67 + 62
0 1 2 9 1 2
1 2

If o, =0, =0 weobtain 6, =6, =0/0,, © =0, =, :Safl+av2/02

A =4, =4 =s/o,. Note that A, >1. The density becomes
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f, (gi

e ) =206 1 [0(50,) + 2T (s 0, 2)]
- [0(a/a) - 2T (6o 4)])
=§¢(3i/5)T (a/@, 5 4)

The T-function is an even function with respect to its first argument. So the above

density is a product of two even functions and so itself an even function in ¢&;, and so

symmetric around & =0. But given that A, >1, by the tables of the T-function (see Owen

1956), we have that 8T (O y A >1) >1,and so

f, (0

o) =§¢(O)T (0; 4) >§¢(o)

Namely, the value of the density at zero will be higher than the corresponding value of

a zero-mean Normal density with the same variance. Therefore the symmetric f, (gi ‘UW:UU =6)

will exhibit positive excess kurtosis.

C. Conditional densities and expected values in the Half-normal

specification.

C.1. Eq. [3.27]: The conditional density f (W|8)

To obtain the density of the Half-normal variable W conditional on the composite
variable & we note that W is independent of £ =V —U. So the joint distribution of W and &
is

foe (w, &)= f, (w) f. (£). Since & =&+wW=> & =£—W, we have that
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fo: (W, e—w)=f, (W) f, (¢6-w) is the joint density of &and W. The density of W

conditional on ¢ is therefore

i (W|‘9): f.(2) - ] Eg)

f, (W) is a Half-normal density, f. (&—W) is eq.[10] of the main text, while f, (&) is

equation [18]. So we have

2 2 2
where S, =0, +0,.

o o lo O, 1
Note that —+= L L l __—

5, s\ol+o? so 1462 sfl+02 @

Also, we can write



0, _Go 6,5 1+6’§i: 0, S“/“gfi:ﬂ 1+¢92+¢92i:11i
S, S,o S, 6 o o, 1+ o 0 o 6 P @ @,

Set also o, = %% and insert all into the conditional density while multiplying and
S
dividing by 2 to obtain
_ 22 (w ¢ (w-¢)
[3.27]: f,. (wls)=(G,-G,) —¢| —-— |®| 4 8]
a)w ww 6()1 a)l

which is eq. [3.27] of the main text.

C.2. Eq. [3.29]: The conditional expected value E (W|€) .

We want to calculate

E(wle) =], wh,, (wlz)dw = [T w(G, -G, )1§¢[ﬂ - i}@(ﬂl (W_g)]dw 9]

We make the following change of variables:

w=o,W +(o,/o)e

Set W =— — — = dw = o, dw’

w=0=>wW =—(¢/m)

First we substitute in [9] only for the W outside the density:
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E(wle) I[mw+ w, /o) g]f (wle )dw

—J oW f, (W|g)dW + (a)w/a)l)e'f: oo (wle )dw

The 2nd intergal equals unity, so we eliminate it and complete the change of variables:

E(wle) = I:g/%) w (G, - G )_lj ¢(W*)<D[21 (a)vw +(wW/w1)g_8)Ja)de* + (0, /m)e

2]

E(W|5) = (o,/o)e
(6 -6)'2,[ (ﬂi(a’w—@)g+ A0, W*de* [10]

2
, @,

The integral in [10] can be solved by using the relevant equation from Owen (1980) p. 404,

which is

[x(x)(a-+bx)dx :J1_t:b2 ¢[Jlib2j®[xm+\/iLsz—gzﬁ(x)CD(a+bx)

Owen provides the indefinite form. Evaluated at limits (C, 00) the above becomes

J'cwx¢(x)<l>(a+bx)dx= b ¢[ a j(l)(oo)—¢(oo)CD(oo)

J1+b?  \\1+b?

[cm ab j+¢(c)®(a+bc)

1+ b2

\/1+ b? [\/1+ b?

b

:\/1+b2 \/1+b2[

n;bﬂuibzk(cm%?“}¢<c>@<a+bc>

/ \ ;/
H
+
(=3
l\)
_|_
QD
o
\—/
I__—I
/—\
v
A
QD
+
o
(9]
~
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We now match coefficients between [11] and [10] and calculate the various expressions.

az—ﬂi(w‘”z_wl)g : b=M , c=—(¢/w)
@ o,
a+bec = j1(a)wz_a)l)‘c; - A% (g/a)l) = iz(a)w—a)l—a)l)é‘ = _ﬁg
(O} , , 0}

Then c+b(a+bc) = —(g/a)l) - Mig: _i
o o 2]

The last equality comes from

0 P Qo 0s, o 1
_2 i i—# and a)w E_l 2 s _1= —_ :>a)wa)l =S§
s S ss, @

f 2 ? 2
Syve, andso c+b(a+hc)= _aNIvE &

We also have o, =
6, S
We turn to
0,0, © 1
J1+b? —\/1+[2—0)WJ = \/1+6?22 (ﬂj :—,%sz+<922012 =
S, S S
1 1 of s
=EJS§+(1+95)05 =g\/sg+(a\f+a§)0_—} =?2,/1+¢9f
0, 1+ 67
ctb(a+bc) ~ 5 ¢ 6 J1+&
= = g

So == = -
14D _Ssz N 5,1+

sy1+6;
We have that @, :9—1 = «fl+ 0 = @0 and that
S
2
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s = 0,\/1+67+06; .Inserting both into the expression and rearranging we obtain

c+b(bc+a) 6 \/1+012+6?22 av\/1+022 ;

—J1+Db? 0, w, S,
2 2 2 2 2
6, 1/1+6?l +6, _ 2, while av\/l+6?2 _ \/av +0, _1

0, S, S,

But

c+b(bc+a) 4,

=—£.

—J1+b? @,

Soin theend,

ﬂ’l(a)w —(01) £
2
a w,

JLeb? iszm

We also need to calculate

2 2 3
0,5, SS, 0,5,—S°S S 0 ,
L2 2 12 2=——2 We also have A =2 Inserting
s o so, so, @ S,

We have that @, —@, =

both and simplifying we obtain

0, s,
a S 5oy oo S, o, . S, o, e o, g:ig
Vb2 Lo g ®,0, 1+6] 9 5 L+6 s1+67 o,
S o,
Ao,
2
Finally, b == “ :iz 2! =, :SZCO""
1+b ESZ f1+612 s2 1+91 S2602

Inserting all the results in [11] and then in [10] (and using the fact that the Normal density is

an even function), we obtain
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2 o2 |

Note that we have obtained the two Skew-normal densities ¢, and g, that appear in the

density f, (8), but each multiplied by a different parameter. We can further simplify the

expression:

2

2 015

o’ 0,S, SS S’ s

_ -1 _ Z1%2 2 o2 _ 2 2 W 2

(a)w/a)l)—s—z, a)wa)l—s—o_——sz—av+0'2, 32 = 7 =0
1

So, reinstating also the subscript 7,

2
E(Wi |5i) = Z_i‘% +(Gy - Gy )_1 [(O'vz +0'22)91i +079, :|

2
B Z-_;gi + (G, - G, )_1[(52 _O-lz)gli +07 0y ]

01 — 9y !
= S; & 126; 22. + SZgli (Gll Gz.)
. _ 0y _ Oy 01 — 9ai .
and with y; = : = , =W, — W, =——— , wearrive at
Vi Gli _Gzi & Gli _Gzi AERE I Gli _Gzi

[3.29]: E(\Ni |8i) = s’y + oy (Sizgi _l//ij [12]

which is eq. [3.29] in the main text.
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C.3. Unconditional expected values. eq. [3.51], [3.52].

Equation [12] is useful for another reason also: It provides a shortcut way to show that

1
E(—zgi —WJ =0, a result that will be needed later on. To prove this, note that
S

E ( E (W- |5i )) = E(w) = \/%‘71 by our initial assumptions. We now show that

[351]: E(s’wy)= Fal = E(w,)
T

and therefore, from [12], that

We have

[S Oai (Gu Gz. } S I ¢ & /S)(Gli - Gzi)gli (Gli -G, )_1d5i

© 2 2 A
=5’ Zd(&/s)—d(s /0 )D| —Le |de
J'_OOS¢( |/ )601¢( |/ 1) [ a)l |] i
Unifying the two Normal densities we have

—Wei]d{—ieijdgi

_ 2 o 2
E|s%0, (G, - G,) |- ——5°[ =
[5 91.( li 2|)} \ES Iw5w1¢[ Sw, w,

Bt T )

[13]

[14]
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The argument of the standard Normal distribution function can be manipulated so that it
includes the required scale parameter, with some resulting skew parameter other than /,.

But whatever this skew parameter will be, the integral has become a proper Skew-normal

density integrated over the whole of its domain, and so it equals unity. So we are left with

[sg (G- G \/7 \/7 s _ 24
(G~ Ga) 7 Jow? +5 J(1+9§) Nz o2+ 0
+S
0;

[901/1+02+92 \/’Cfl QED.

1+67 +6;

This also implies that E (12 & — l//ij = 0, and so
S

E(Sizgi_‘)”.j— 0 == : (E(W) E(u)) —E(yy —wy)=0

S%(E(w) E(u))——E(w)+E(wz.) -0

= [352]: E(s%w,)=E(u) [15]

C.4. Eq. [3.36]: The conditional expected value E (e‘W |g) .

We want to calculate

je e (e )dw = j "(G,- G)12¢[£_ij®(ﬂl(w_8)]dw [16]

The calculation method here is to transform the integral so that it represents a known

moment generating function. To do this we first define the change of variables
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E(e™]e) = [ e (G,- G)1;¢(W—ij®(ﬂimj%dw

To ease notation we define temporarily & = £ o, , a= ¢ , b= A,
@, @ @
We have
E(e*W|g) =2(G,-G,) exp{———z}j e ¢(W) D (a+bw)dw
@

Now, since the integrating interval is [0,00), the ¢(W)®(a+bW) part of the integrand

can be considered as the density kernel of a truncated Skew-normal distribution, as defined
in Jamalizadeh, Pourmousa & Balakrishnan (2009), their eqs. [7], [8], [9], truncated from
below at zero. What is missing to obtain the moment generating function (MGF) is the
normalizing constant of the density (given in their eq. [9]). Denote this normalizing constant

¢". We can multiply and divide our expression by ¢’ to obtain
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2
E(e™]e) = 2(G,-G,) " exp {—%%}%f &% ¢ (W) @ (a-+bW) AW

Now the integral represents the MGF of this truncated Skew-normal distribution,

which is given by Theorem 2.2. eq. [13] in Jamalizadeh et al. (2009).

Denoting as earlier by ®@, ( N p) the bi-variate standard Normal integral with

correlation coefficient p, this MGF becomes, for the specific truncation [0,00) and in our

notation,

. 122 bé+a . b bé+a _ -b
MGF (&)=c’e* {®, L o0l p= -0, & p=
(£)=cee { (\/l+b2 r \/l+b2] (\/l+b2 v P \J1+b? )}

_ce¥lo §+aj_®£b§+a’_; __ b j
°e { (\/1+b2 “(1+b? S P J1+b?

and so

w =) _%822 1z2 bé+a bé+a ) -b
E - 2(G,- G it lp| 28 | g | 2ot g 5o
(e |8) (G-G,) e e { [»\/1+b2j 2(x/1+b2 “ip \J1+b? ]}

Note that the first bivariate distribution function collapses to the univariate standard
Normal distribution function since one of the variables goes to infinity. We calculate the

composite coefficients involved

b§+azjlww(i—ww]+_—ﬂig:i[%—a)\i—gjzﬁ((&—ljg—w@
o\ 2] o\ @ o \\ &

O, s5  ors; 0,5
Using also previous results we have bé+a= 2| ——2%¢ - L% |= -2 (8 + 012)
s, s S

Also 1+b? = % iy &7 from before.
S
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0,3, 2
S bf+a = & (‘9+O'1)_—¢92(g+0'12)__(5+0'12)
VL+b? S Hod? sy1+6] ,
2 +6é 1
S 1
b —s*m, ,
Also =—; from previously. We also have already calculated that
V1+b* S
SZ 2 SZ 2
C;)W =0’ = ?‘” =2 5o
S, S, @,
b ~o7 _ -6, __—06,  -0,0, _—0,0,
J1+b? 0,0, 05, hioz S \/14- g s \/62 +0 55,
S\J1+ 6, 2 1 2 v 1
S 1

[17]

which is eq. [3.36] of the main text.
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C.5. Eq. [3.37]: The conditional expected value E (eW |8) .

We want to calculate

E(e"|e) = [ e"f,, (wle)dw= [ e" (G, G, )%¢£ﬂ : ij@[ﬂl (W_g)jdw [18]

The calculation steps are exactly the same as before, the only changes are those that are

brought about by the change in the sign of €". So we arrive immediately at

2

E(eW|e>=2<Gl—ez>le‘%'ffIowe[“i+’”ij¢<w>®[%+%“@dw

—he bzﬂ

&
Setting {=—+0, , a= ,
a)l a)l a)l

where aand b are the same expressions as in the previous section, we have

6’2

E(e"]e)=2(G,-G,)" e_%”’fj': e ¢(W) @ (a-+bw)dw

and we arrive immediately at

\ G5 e (beta bé+a .. b
E :2 G _G2 £ 2§ @ -~ _®2 y ] =
(e |€) (G, Je e { (\/1+b2j [x/1+b2 &P \J1+b? J}

We need to recalculate only the composite coefficients that involve the parameter & .



b§+a:ﬂ(i+w@+—_ﬂlg =i(a)w + @ —eJ:i((&—l}s - a)vva
o \ o [0} o\ @ o, \\ o,
0 g2 o252 05
=hf+a= 2| -2 1% |- D% (. 52
é 52[ s 52 g2 ( 1)

Also y1+b* = % iy &’ from before.
S

0,3, 2
s ) ) (oo
\J1+b? S, 2 S, /1+ 6? ,
—«/1+49 1
S 1
Also m = %1% from before.
\/l+b2 55,
162 1 182 1(¢ ’
Finally, ——2+ Eérz :—5—2 —[—'FCOW] = —CUV%'F—W&'
| , 2\ o 2]

Substituting all into E (eW |8) we obtain

w - 1 » & — O,
537): E(e"la) - 2(6, - &, ) "erp S0 + s ‘D[‘( n l)J
[19]
] @2[_(8. —af)’_[w“i}p: %J
@, @, SS,

which is eq. [3.37] of the main text.

C.6. Eq. [3.28]: The conditional density f (u |8) .
Following the same approach as before, we note that U is independent of t =V +w. So

the joint distribution of U and t is f, (u,t)="f, (u)f (t) . Since e=t—u=t=c+u.

Then f,, (U, e+w)="f, (u)f (6+W) is the joint density of £and U. The density of U

conditional on ¢ is therefore
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f.. (U, e+u) _ (u) f, (e+u) 201
f

e AR A T

f, (u) is a Half-normal density, f, (8+W) is eq.[11] of the main text, while f, (8) is

equation [4]. So we have

1(uY 1f(s+u) ©1(eY 1|u* & _eu Uu* g
>l =13 Tl Tyttt
2\ o, 2\ s, 2(s 2|0, S sS S S

o, o, o, 1

Note that %2 _ = = —
8 sJol+o}  so, \/1+ 07 S\/].-i- 0 @

Also , we can write

8 0o ONWEL_ 6 NWEL 6 gl )1
= = = = 1 T 0; =
$ s s 60, o g1+ 6, o, 0, @, @,
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S
Set also o, = 92% and insert all into the conditional density while multiplying and

S

dividing by 2 to obtain

[3.28]: f,, (ule)=(G,- Gz)-lwiu¢[a)i . ijq{;? (u +s))

u

which is eq. [3.28] of the main text.

C.7. Eq. [3.30]: The conditional expected value E (u |8)

We want to calculate

u

E(ule) = [y ut, (ule)au =[] u<Gl—Gz>1§¢(i+i]®[%M]du

We make the following change of variables:

u=ou —(o,/o,)e

* u g *
SetU =— + — = du=@,du

o, o,

u=0=u =(¢/w,)

First we substitute in [22] only for the U outside the density:

E(ule) = I:[wuu*—(wu/w2)5] e (ule)du

= J.:%U* e (ule)du — (a)u/wz)gjow e (ule)du

[21]

[22]

The 2nd integral equals unity, so we eliminate it and complete the change of variables:
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E(ule) = j;wz wu (G,-G,)" w£¢(u*)CD

g @,

[ﬁz G _(wU/wz)Hg)Ja)udu* — (o, /@)

E(ule) = (G- G,) 24,

2
&l a
[, w; ;

” u*¢(u*)q>[/12(a)2_w”)g+ﬂ?”“ U*Jdu* — (@, /m,)e 23]
.

For the remaining integral we use again the relevant equation from Owen (1980) p. 404,

which we remind that evaluated at limits (C, oo) is (eq. [11]),

[ xe(0(arbse Loyl 2 Jo 2N yiojo(asno

We now match coefficients between [11] and [23] and calculate the various expressions.

aEﬂ’z(wzz_a)u)g’ b:ﬂzwu , CZE/C!)Z
@, @,
a, — )
a+bc=ﬂQ( — “)+ﬂ2a)“i—£2(a)2—a)u+a)u)g=£g
@, w, @, @, @,

Then c+b(a+bc) = (&/w,) L i[1+@J5 = i(1+6’12)g

@, 0, @, @, @,

The last equality comes from the previous results

ﬁ 4 £= 6; o, . _ 055 o, 1 2
2

=2 =
s, ® o @5 s ss, @,

We also have w, =

f 2 ' 2
Syi+d; and so c+b(a+bc) :MS

0, s

We turn to
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5 c+b(a+hc) S
o = -
S S, 1+6;

—J1+b® —2 1+ 67
S

N 2 e er?
We have that @ =——2 = [1+ 67 = D% andthat s = o, \J1+ 67 + 6
S

1
into the expression and rearranging we obtain

c+b(bc+a) _6?2\/1+¢9f+<922 av\/1+6?f ;

—J1+b? - 0, o, Sy

?  Inserting both

0,1+ 67 +6; _ . while o\1+6] _\ol+or )
Sl sl

But
6

c+b(bc+a) _ _ig

Sointheend ———~*
—J1+b? @,

AZ (0)2 — @, )
5 &
a ;
We also need to calculate \/_2 =
1+b S 2
—+1+6,
S
2 2 3
s, 0,S s°s, —0,S S 6,
We have that @, —@, = —+—-—21t= =1 21 -1 We also have % =—L_ Inserting
o, S so, so, @, S
both and simplifying we obtain
3
O s
a S,@, SO o,s os 0, 1
1-72 2 &= 1¥1 — 1v1 &= 1 = c=—¢
SS [0
—10'2«f1+ 07 5\/1+ 0, 1
o

J1+b? - =5, 1+ 67 B a)zaz\jl+022

2
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Using all the results we obtain

1o (AR ] oo )| -

We have again arrived at the Skew-normal densities whose distribution functions appear in

the density f, (8) Continuing the calculations and using the compact notations introduced

for these densities we have

2_2

S
E(ule) = S—za)“wl + 0,0, — (0,/0,)&
2

We can further simplify the expression:

2
2| 0,8
ol 0,5, SS; a2 s
(o,/0,) =%, o0 ="2"L=sl=0]+0], L= 5 =07}
s o, s s’

So, reinstating also the subscript i,

2 2
E(ui |5i) = G§W1i + (G\/2+612)l//2i - %gi =022W1i + (52_022)‘//2 - %gi
=[3.30]: E(ui |gi) = sy, — o) (Sizgi —y/ij [24]

which is eq. [30] of the main text.
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C.8. Eq. [3.38]: The conditional expected value E (e*“ |8) .

We want to calculate

E(ee) = [ e f,, (ule)du=[ e (G- G)lj¢[i+3j®[@(u+5)]du [25]

As previously, the approach is to transform the integral so that it represents a known

moment generating function. To do this we first define the change of variables

=}
1l
L | c

and calculate explicitly the Normal density:

@,

E(e*]e) = [ e (G- G,)" 2¢(a + i](b(ﬂ? M]da

2 -
1€ el

-1 —aw,0 _5;22 T, 1 —EU ﬂ'za) ~ ~
GZ) Io e € € ”2 Me (1)( a)z wz J

= 2(G, Ie{ “’2] $(0)® [ﬂ?g =it doﬁ
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Now, since the integrating interval is [O, ) the (15( ) (a+bu) part of the integrand

can be considered as the density kernel of a truncated Skew-normal distribution, as

previously. Multiplying and dividing our expression by ¢” we obtain

_1¢&
2

@\“

E(e*]e)=2(G,-G,) 1j e’ ¢'p(0)®(a+ba)dd

The integral now represents the moment generating function of this truncated Skew-

normal distribution, and for the specific truncation [O, oo) this mgf becomes

and so
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Also 1+b* = 8—14/1+ 0 from previously.
S

So =
2
\/1+ b SS:L él-l— 922 S\/l-i- 92 2]
-b -0, 0, _
Also = from previously.
J1+b* 8,

@, 2]
[26]
2
_ .| &% i+a).p=_o'1‘72
’ , , @, v 5,5,

which is eq. [3.38] of the main text.

C.9. Eq. [3.39] & [3.40]: The conditional expected value E (eWe‘” |8) .

Setting Z=W—U we want to calculate E(eZ |8) To do this we need the conditional
density

f

-t

Now, V and z are independent so f,, (z,v)="f,(z)f,(v). Moreover

E=V+Z=>V=¢&—-17 .Then
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f,.(z,¢)="1,,(z,e-2)=1,(2) f,(6—2). We have the density f,(z) from before,

Sigb(z/sh)d)(%(z/sh)j 220
f,(z)= s, =+/07 + 07
Si(/ﬁ(z/sh)d)[—%(z/sh)], 720

and f,(£—2) is a Normal density. So

"o L (2/s,)0| ~ 22 (2fs,) | - p(e-2)
Al totarso -2 )| L ate- o)

1 v

Comparing the above with eq. [2] of this subsection of the Technical Appendix, we see

that this is essentially the same integration procedure we performed in order to obtain

f, (6‘), with the added term e’ inside the integrand and outside. So we can directly

1
f. (¢)

use eq. [3],

[27]
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st

with C =
Gv Sh

Using the formula provided in Gradshteyn and Ryzhik (2007) (p.336)
e G
exps—— o —yw rdo=+/7oe” |1—erf \/é_“+—
| p{ y { o+

the solutions for the two integrals will differ only in their error-function argument due

to different lower limits of integration. We match common coefficients

1 1 ¢°
—_ = —2 :> 5 = >
46 20,5 2s o,
2
o,S, , o8’ £ o’st 2¢ &%) olst s s &
Vo ==, == | = | =V |t =t > T2t
s\2 2s o 2s ol of) 28 s 2s% o7
o,S o,S S
7/«/_ __ 1+_ h _ h h
[ js\/_ T2 so2
We first calculate the error function arguments
For the 1st inner integral of [27] we have
Oy Sy Sh (Sh /ﬂh) y]

m:(sh/ﬂh)yzl—erf(}/«/5_+%j:1_erf( N2 soNZ 2o,

5(0/%) yD

_OySh Sy et
Gvsh

1
=l-erf| —
[\/2{ S So,

O'S S
=1-2p| - __Th o4
s so, o,
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For the 2nd inner integral of [27] we have

_ _ mo . 0SS g_s(shﬂh)
m=—(s,4)y= 1 erf(y\/ngz\/gj_l erf[ 2 o2’ Taos y]

=1—erf _i O_V_S"+S_hg+%y
V2| s so, o,

:1+2¢>[0V—S“+S—hg+% y]—1:2<l{av—sh+s—“g+% yJ
S  So o, S  So o,

v \ v

Then the solutions to the two inner integrals are

S So,

v v

,5 ols: & & & s, s (5/4)
Jr hexp{—2 +s_28+_h_2}2®[_h+_hg_a—y' m=(s,/4,)y

2(1)[0V—S“+S—“g+%y], m=—(s,4,)Y

S SO, 0

v \
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So
E(ez|5)= exp 0.5 ﬁg 4 4(e/5) ,[0 5(y)® S, S, (s/ﬂﬁ)y dy
. (€) 25> §° = s so, o,
y=—o s so, o,
Set temporarily aEO-VTSh+SS7h5, Z,lE/ihi_ , /12550_/11“.
. 1 olst st |4 0

E(e |e): f‘(g)exp o2 Tt E(/ﬁ(g/s)Uy_w¢(y)<1>(a—/11y)dy

J o) (a+dy)dy |

The solution to the two integrals is given in Owen (1980), p. 403. The general solution

adapted to our notation is

IOJ(V)CD(%+iy)dy=%{®{\/ff7]—ZTL/%,AH

where T () is Owen's T-function. So

eZ(g=(4/s)¢(g/s)ex szsﬁ+ig 1 a | a
-5 ool Yol ) )
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The terms in brackets are the distribution functions of Skew-normals with a non-zero

location parameter. We work the arguments

oy Sh +ig
a s so, c,S,
1+ 4]
J1+ 4 1+( s j Jﬂha +5°2 //Ln(j +2
%0,
2
__ 0S4 n Sn/hy _ Sn/hy (5v2+5)
s\jﬂ,fovz+sz s\//ihzaf+s s\/ﬂﬁa +s°
We have
0,
S, ——
Sp Ay _ ! 01 Sy _ O3 Sy _ 01 Sy
s\j ‘o2 +5° S\/al ¢2 s\/ala +05s? S\/alo' +o5s? S\/(O'l +0'2)(0' +02)
2
o,
o,S, _ 08 _o 1
S\/((712+(722)(6\/2+622) S8, SS,  @
So for the first term we have
2 2
a a I I
) 2T | ——, = ( V)—ZT ( “),—zl
N N 2 @

Next,
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o,S S
v*h + h &
a _ s so, _ : oS, N S, ;
2 2
\/1+/12 s A N e Lavﬂmzs%az
1+ —™ o o v
v v
GV
o’s S S
= v h h & = h (avz+5)
s\/&hzszﬂyv2 s\AZs’ +o! s\ A2s” + o7
We have
S, _ S, _ 0,5, _ 0,5,
2.2 2 2 2.2 2 _2 2 2 2 2
S\j’ﬂhs +o, s 0-—1282+0'f S\/GlS + 0,0, 5\/(‘71 +o-2)(o-v +O'1)
0,

$S,S, SS, @,

_0S8% _op _ 1

So for the second term we have

Bringing it all together,

2a2 2

E(ez |g):%em{?;h + z—g g}[G(é‘; -, w, —ﬂl)—G(g; -0l w,, ﬂq)]

S

[t otred) oteor |[Blei-ot o -4)-G(si=0t 0 4)]
- 2s? 2 [Gi(5:0, @, —4) — G,(&: 0,0, 4,)]

or



[3.39]: E(e’|¢)

_exp (0V2V+auz)[o-\f ] [G(s; -o2, w, —ﬂl)—G(g; -0, m, AZ)J
[Gi(:0,m,-4) — G,(5;0,m, 4,)]

and in terms of the bivariate Normal integral (simplifying the factor 2)

[3.40]: E(e’|¢)=exp {("W_J;G)("_2+ g] }x
S

D. The score of the log likelihood function.

We have

n

L(ely. X.q)= nln[éj —nins— 2—12 i:l(yi ~xB) + anln(Gli -G,)

i=1

The derivatives of the log-likelihood w.r.t the parameters are, in matrix notation where

convenient,
oL 1
— = —(Xy -X'Xp) - X 28
2B SZ( y B) - X'y [28]

S\ S

oL (1 , , ] 1(1 0, n j
—=—|=fe-—n-¢gy |=—-| =D& —n- ) sy, [29]
os 2 s 32; 21:
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oL 0 n |2 w/ef +67 i 1+ 62
o __ 6 /_ NI (G G A, e 30
691 /12 (1+92) ; { 7Z'¢( S gl}( 1i 2|) + 2’2 ( 012 l//ll + l//2| 8| [ ]

oL _ n NS e Vi 1+ 67
06, - A (1_|_ 92) n {\/7 [ S giJ(Gli Gzi) A [‘/’n 922 — Wy ] i} [31]

where we have kept ¢ =y, —X/p for compactness.

D.1. Derivatives w.r.t. regressor coefficients.

For the coefficient of the k-th regressor we have

o ~ 1 3 ] o€ o€,
—L== ! G, -G ' —
aﬂk 52 = (y| X|I3)X|k + ;( 1i 2|) [gh aﬂk gZ| aﬂk j
1 & ’ n 0 : 1 &
=_22(y| X|B)Xik+zl/li_g = _zz _XB Z‘//. ik
SR a1 OB ST
i n n

For the whole regressor coefficient vector this aggregates to

oL 1,0 g
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D.2. The derivative Z—L .
S

Y66 {2000 (-at)d - [T 2p() D ()t |

Remember that the skew parameters do not depend on S under the chosen

parametrization. Then

oL n 1 o2
= s + ?izl(yi—xiﬁ)
+ (G, ~G, ) 20 (6 /) D~ /wl)‘a(‘gé: )
n o(e 1 w,)

~ (G, ~G,)  24(& 1 ,) 0 (L, | @)

05

s\L+ 67 syL+ &

Now , @, = 2 y W) = P S
1 2
8((5"/601):82 G =—¢ b i=—(«S‘/a))
os  os\sfeer | Jrers

Inserting into the expression we have
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oL n 1g , 1
S ST Y AL WICHCH T AR YRS

1 n l n n
= _2"‘_3 Xﬁ szgﬂ//lu ZSiVIZi
i i1

oL 11y o2 X :
= Lo Y LS kB -0 S | 2
pa L

00,

The parameters 6, 6, appear only in the term In (Gli -G, ) of the log-likelihood.

oL o
— = —In(G,-G,) = (G, -G
601 891 n( 1i 2|) ( 1i 2|)

1 0

= — (G, -Gy) [33]
1

We calculate each partial derivative in [33] separately.

8 _i &lo _
a_egG“_aelfw 20(t) @ (~At)dt
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We have

[34]

¢(8im/a)l)%

Ol +6; (1+62+67) (67+6;)(1+67)

o(e ! w) p) 0 1 1
w =& L = & = / R
e 06, 01(3\/1_,_92] T (a/a)y
0 g aley oD (—At)
and so a_elelizglgli + L,J 2¢(t) 8491 dt
—At o(—=At o
so, S (5 SR 1
therefore
O g figq _ 90k 4
26, G, = 0, 9y 26, J. () (ﬂlt)
_& L 2 e\ 2 oy 2 2 2
S T (N e{e a7
_&4 _ 2 SJH:Mm ~ 0 _& g
g (1+/11)\/—60 Lo (E)t “a0 g% \E

(1+47) 26,

2
1+,112:1+%(1+912+9§)= .
1 1

Also

o a(%a/lwfng

1

00,

JL+67 +67 L1

el

o0,

6,

) {

612

(02+02)—f

2 1407 +6;

1201+ + 6 J}
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~(1+6; +6; )+ & (1+67) (1+67) 0 w?
:9,/1 0% + 62 (1+67 +07)+0; —— 2 — 2) __ 4o
A { O (1+ 62+ 6F) } 0.0 /0G0 Ok A
Therefore
G e 2 ¢(5i\/1”12/w1)9 @ & \/51 4
_Gi__li_\/: L1 -g. - == 1 (i/]_ 2 )
o6, " elgl z (012+922)c;>§ A, §° 49191 nzg(ef+9§)¢g Ml/wl
Moreover

2

- 1+6’—22(1+6?f+6?22
=22 e

) JGia ag e |(F+0)1+0) oo

) s\J1+62 /6, N

So finally

0. & 21 ¢

+67

S

S\L+67

G, =—0y

00, " g 7 1 (62 +62

0
We turn now to —G,, .
06,

=20(& | 0,) D (L | w,) =
1

Now

>"’[ E

(&1 w,)

[35]

ea

oD (A,t)
00,

dt

+ [ 2g(t)



and so

8 _ 01 &lw, G(D(ﬂ,zt)

6—0162i_ —@Sigm + J-_m 2¢(t) 26 dt [36]
D (At o(At 0

wso, S g ) g 2 o

0 3 6, 2

50,80~ " it 25, L Wl
___ 6 2 e i o _ :
Lt )@ae o [ (1 g i A2 )l 5 2
6 2 s\/1+=wwz~ N e
= 1+912 Sigzi (1+ﬂ, )@ae J t)d(t)
:—ig_g i 2 ¢(€ «/1+2? /a))

1+912 i192i (1 ﬂ?)\/_ae 2
We have

11 B g ap) - AL E) (H40)0 )
2

2
% 0; B 3 =(6F +62)

S

Also,



325

o
8(1a/1+912+922]
6. 26, «fl 0 + 07
Zf;: % 91{\/“‘91“95%1[1 X Lan i 2}
1 1

) 2 1+67+6;

1 1 o? A, 6 WA, + 67
=| 1+ GO+ A =[— + —1j =02
[‘92 P 0, \fl+ 07 +6; J A O

o7 +6;

and 1+ A’ | @,=~——2-. Putting it all together
S

2 2 02 02
iGm =— izgig2i + \/E - S —— Ay + 6, ¢ 1 T 0, P
o6, 1+6 7 (‘91 +‘92)(02 64 S

So

oL 1 0
8_9I = (Gli _Gzi) 1£(Gli _Gzi)
1

1

= (Gy _GZi)llﬁg' - ¢[ o <0, 5i}]

6" \zi(6+62) s

(Gllel)l{ié‘lgzl n \/Z( 52 21/12 +912 ¢[x/912+922 8.}]
T

1+6? 0 +6})a; 64 S

and re-arranging,

L s - JO2 + 6 2 2
%: ﬂl//li-'_igil//zi +(Gli_GZi)l\E( - ¢£ 1% EJ[S—M—QL}

o6, 6, 1+ 67 912+922) S ‘N2 64 A
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can be simplified. We have

2 2
The term [MJS—Z -1
6L o, 4

{Mﬁefji_e_lL Ay + 6 ] % 6,
w,

o4 A |\ O\1+62+ 62 )1+600 146 + 6
6, [21/12+l912 _1]_ 6, (1+9§+9§+9§ —1—efj
J+02+62\ 1+6 N 1+6;
0, (efwfj_ 0, 6*+06°
J1+62+62\ 146 1+ 4
So
L L Y T e R o| VO,
691 91 Wll 1 02 Il//2l i 2i 2.214-92 S i

or

oL __ o {/k[ﬁezw,w/z,} +(G, —Gy) \F¢[\/75i]] [37]

06, A, (1+67 6?

Summing over n we obtain the sample log-likelihood w.r.t. 6, .
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We follow the same steps as before, to calculate

a_l:i = iln(Gn _Gzi) = (Gli _Gzi )_lg(Gn _Gzi)

00, 06, )

26, = [ 2(t) > (~At)t

=2¢4(& /)P (e o) (géa)l) + J‘ia}l2¢(t)a®a(gﬂlt)dt

Now,

oata) 60 oy, 6] 126 1 | (o, %
s 00 1+6;

and so
0 &loy odb (—th )
7 Cim T At + [ 20—t [38]
2 2
Also,

8{62«/1+012 +022j
)

0D (-At) _ ¢(ﬂlt)a(a_;lt) __tp(a

= —tp(At) {«/1+92+92 m}

=4MM{§+%J

2
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Inserting into the integral of [38] we have

[ 2(1) 22 A g - 2¢(t)t¢(ﬂlt)(0i+%jdt

2

S etm - 2 e

We have previously calculated the value of \/1+ A =ﬂ\/012 +67 . Manipulating the
S

integral we have

T S

- \/7(21 i}@ WLO \/92:02 (\/92:92 Jdt

~ \/721 0, s’ ¢«/912+0§8
- \zle, 4, a)192+92 s

and inserting back into [38] we get

2 fez 02
iGli: 1002 &0y +\/Z[£+&ji S { 1 % 55] [39]

00, w\6, 4, a)12«912+<922¢ s

We turn to iG2i :
06,
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6, = 2 [ 2p(t) o (2 )t

=24(& | 0,)®(Le, /a)z)% " f:‘”z 2¢(t)8qj3(9/12t) o

Now,

&lw,
and so ) G, 5 &0, + 'Lo 20(t) 36, dt [40]
(1) S(A0) 8(?«/1+ 07 +¢922j
2
Also, 20, $(At)——= 0, = tp(A,t) )

0; 0,2 1+60>+6;

t¢(/12t)91{——\/1+912+022 +1(1 201+ 0 +6; ]} =t¢(ﬂzt)[—ﬁ . 92}

Inserting into the integral of [40] we have

[ (W(%t)[ %, ZJdt— %(—%+%}fj@t¢( L+t ) dt

Using the previous result and eliminating the scaling of & we

3 a)za/ef +922
Jl+/12 _—s

have
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00,

330

o R A
_\/;( 49% Zj\/ﬁwzj \/02+62 L«/ehez Jt

:_Jz(_ﬁJr@Ji s ¢[«/6’f+9§ g}

0, )0 +6’ s

Inserting this into [40] we have

KPS H A, e_j_ g q{/_ee] -
T\ 6, A

Bringing together the two derivatives [39] and [41] we have

0 0, 2(4 6,)1 ¢ NG
GZi: Zglgll — | =tz 2¢
1+ T 0

1i_8_6’2 0, 4 a)lz 912"' S

_igigﬁ +\/§(_£+&]i X ¢[a/l912+l9228i}
7

o, 0, A )6 +6; S

1 02 1i 92 2i i

+\/§ 2sz 2¢[«/012+4922 glj{(ﬁ+ﬁjiz+(ﬁ+ﬁjiz}
w0 +6, S 0, A ), 0, 4)o

@}i_—mwfi__ ) o _ g
@,  Oh o RN+ +6 (1+67) 1467 +62
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and

(i+§ji_ﬂl@+9§i_ 14624207 &2 1+62+20" 6,
0, 4

o 0,4, o O 1+ 67 + 62 s (1+¢922)_ (l+6?22) s2\[1+ 02 + 07

So

{[‘L&F*(L&F}“ 0 1+0:+200 g
0, h)a; \0, X)ol| 1e02+62  (1+6) $2[1+67+67

B 4, (1+9§+29§ _1] _ (02+67) o,

S+ G2 +02\ 1+0; s (1+6)4

Then i(Gli_GZi):_( b igzi]gi + F % ¢ 912_'_622 &
00 ﬂ.( )ﬂﬂ.

2
—< . +
) T 1+ 62 s

o _ @ 1 0
and a_:;z - a_ezln(Gli -Gy) = (G —Gy) 16_192(Gli -G,)

2

oL, 0, 21 — ¢, 4 1+6
o B S B el 4/9 1+ 54 (G, -G,.) —|w,. + 2y e
20, 1+922 { ¢( ( 2 g ( i 2|) Vi 922 Vo |&i

A

or

oL 6,
06, 1(1+67)

{\/z¢(\/912 +t922 %j(Gli _GZi)_l _ﬂl(l//li + 1;—2%2'//3 ]Si}
Vs 2

Summing over n we obtain the sample log-likelihood w.r.t. 6,.
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E. Concavity of the log-likelihood.
See Bergstrom & Bagnoli (2005) and also Brascamp & Lieb (1975), for the various log-

concavity results we draw upon.

El. Concavity w.r.t. the variable.

The log-likelihood for the typical observation (suppressing the subscript i) is

L(ely.x.q)= In[%] - Ins—%(g/s)2 +In{G,(£;0, @, -4) - G,(£;0,,, 4,)} [43]

and as a whole it is concave in the variable ¢ as mentioned in the main text. The first
three terms are just the components of a usual Normal specification (with different constant).
But we need to prove that the last term is separately concave in the variable, in order to
subsequently show that concavity in the parameters also holds. We have already shown that
the distribution function of a Skew-normal random variable can be expressed in term of a

bivariate standard Normal integral,

(e, &, 0, 4)=20,| £25 0; p= ‘EJ
(.6.0.2) (a Ny

The order of integration in the bivariate double integral can be reversed. Namely we can

write,

exp —;(v2 W -2 pvw) dvdw

EELT N R =

where we have also set £ =0 since this is our case.

Considering the inner integral here we have, again after swapping the limits and

multiplying by minus one,



2

pw v}dv

B v
P

This integral has also been solved previously. Performing the relevant steps, we arrive

at

(— 0; pj j p(w (\/18_,,2)_(\/1/)_\,\,,92) dw [44]

We match this general expression to our case. For the Skew-normal distribution

function Gl(g; 0, w, —ﬂi) we have

= J1+27 .%o

L - A, . Note also that

=

1 B :|.+/112 \/0'10 +O_2 o, +0; +Gz) 3 Szwf0'12+022
O'(«fl— P’ ) @, @, 0,0, 0,0,0,

«/al +0'2 «/01 +02 s \/al +O'2 \j¢912+6?22
s\/1+ 07 GUS\/O'E +0'22 0,58, S
Gl O-U 6
1

So G,(¢;0, 0, -4)= 2I0w¢(W)(D{—M821WJdW

S

Performing the same steps for the second Skew-normal distribution function

L:ﬂ?and 1 _ 1+ A7 . So here
A

G,(&;0,m,, 4,) we have
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1+ oS

2 __2 2 2 2 2
1 Ju g T oter (oioi+oi(ct+oi+ol) s foitor
O‘(afl—pz) @, @,

0,0, 0,0,

2 2 2 2 2 2 2 2
_ 81«/61 +0, _ Sl«fal +0; _ Sl\fal +0, _ \/491 +0;

S\/1+ o7 O'US\/O'UZ +o?’ 0,58 S
92

O_2 O_u

i.e. we end up with the same expression as before. So

Gz(g; 0, w, 4,)= 2.[000¢(W)CD[—*“91254_0§5+22W](:IW

Combining we obtain

G,(£:0,@,-4) — G,(¢:0,m,, 4,)=

= 2I0w¢(w){q{—wf:6§g—ﬂle - (D( 912:(922 8+/12WJ }dw

[45]

Define for clarity

hl(g,W)E’/912+022 ;

S

6% +6?
o A

and note that since the wvariable W varies in (—oo , 0] , we have

h, (g, W) > h, (g, W) \v (g, W) in the domain Rx R, which is a convex set and so concavity

can be defined. We are now looking at

G,(£:0, @, ~4) — G,(£10,m, &) = 2] p(w){®(n(c.w)) - B, (e,w))}dw  [46]
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Pratt (1981) has proven that for a univariate continuous distribution function F (Z)

that has a log-concave density, the bivariate function
H (Zl, Zz) = F(Zl) — F(Zz) , ;> 17, islog-concave in (Zl, 22).

In our case the distribution function is the standard Normal which has a log-concave

density and h (&,w) > h,(&,w) V (& W). So the bivariate function

H (hl(g,w), h, (g,W)) = <1)(hl(g,w)) - <ID(h2 (5,W))

is log-concave in (h1 (é‘, W), h2 (6‘, W)) . Moreover, since this holds for arbitrarily chosen

¢ and W, and since both hl(E,W) and h2 (E,W) are linear functions of (E,W), we obtain

that
F(g, W) = CD(hl(g,W)) - (D(h2 (S,W)) is log-concave in (E,W).

Re-writing eq.[46], we then have

Gy(£:0, @ ~4) ~ Gy(:0,0,, %) = 2| #(w)F (&, w)dw [47]

Now, the product of two log-concave functions is a log-concave function. Furthermore,
if a function is log-concave in two variables, then integrating out one of the two produces a

function that is log-concave in the remaining variable. So

G (£;0,m,-4) — G,(¢&; 0,, 4,) islog-concave in &. QED.
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E2. Concavity w.r.t. the parameters.
To transform the log-likelihood [43] into a function in the coefficients of interest we

proceed as follows:

We define the (l+ K ) x1 vectors z = [ y } and B =[1 B’]I and so we can write

~ 1 1 ~
£=P'z. Also, defining 7, ==, 8,=7,B, a,=[y, 8,] =¥,B , we have
S

(e/s)=y Bz =ajz.
We turn now to the last component of the log-likelihood,
H(£)=In{G,(£:0, @, -4) — G,(&; 0,0, 4,)}.

The variable ¢ enters the RHS in four positions,

In{Gl(g/a)l,(—ﬂq/a)l)g)—Gz(e/a)z,(/12/0)2)5)} .

1

_ 1
If we define y,=—, y,=— and T=[y, —=An 7, 47, ]
2] @,

then we have H (5)2 N (EF) , and since we have previously proven that H is

concave in &, N is concave in its argument since it represents a composition of H with an

affine mapping of &.But then N is also concave in I'since ¢I"can equivalently be seen as
an affine mapping of I'. So we have|:|(8): N(&T )= P(F) and P is concave in its
argument.

Defining Az[[l 0] [-4 0] [01] [0 /12]} and , v, =[n 72]', I’ can be written as
I'=A®y,, where ® denotes the Kronecker product. So P(A®ylz)is concave in its

argument. It is easy to verify that linear combinations of 7y,, produce at most a subset.of
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linear combinations of I, and so concavity holds also w.rt. 7y,, ie.

H ({;‘) =N (61“) = P(F) = P(A@ylz) =F (712) and F is concavein vy,,.
Define now the vector &z[;/o, Yir Vo 80]’ which is a one-to-one reparametrization of

the coefficients of interest q = [S, 6,0, B],, and note that collecting all the above results, we

can write a transformed log-likelihood in & as

f(g): In(%} +1Iny, — %(a{)Z)2 + F(15,)

Now 7,,8,,Y,can all be derived as linear transformations of & multiplied by an

appropriate for each case vector or matrix of constants. Specifically, setting

, 100 0] 0100
7, =[1000], T,= T, =

we have
0O 0 01 0010}

E(g)%m[éj +In(8) - 2 (§T) + F (1)

T

Note that all elements of § appear in E(&) .

2
Now, the natural logarithm is concave in its argument, the function(— E() jis

concave in its argument, and so is F . Since all these arguments are affine transformations of

€, all three components are concave also in &, and so their sum which is the transformed

log-likelihood (plus a constant), is concave in §. With concavity established and the other

regularity conditions, the ML estimator associated with L (é) is consistent for & . Since § is a

’
one-to-one reparametrization of ¢ =[S, 6, 0,, B] then, the ML estimator associated with

E(q)will be consistent for the vector q, given the MLE's invariance-under-

reparametrization property. The same property establishes consistency of the ML estimator

of the original parameters (O'u, o, 0y, B)
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F. Bias of the OLS Estimator and orthogonality conditions.

E.1. Bias of the OLS Estimator.

The OLS estimator for the beta coefficients is
b =(°5X) (173) =+ (%) ()

= E(BOLS)_B :I:E(Xixi, ):I_l E(x¢&)

The error term is assumed mean-independent from the regressors, and so uncorrelated,
E(x&)=E(X)E(&). Therefore E(Bos)-B=[E(xx/)] E(x)E(s).

The sample is assumed i.i.d. and so ergodic-stationary, implying that sample averages

estimate consistently the corresponding theoretical expected values. So (n_1X'X)_l (n‘1X’ ~1)
estimates consistently | E (X,X; )Tl E(x)-

Let X be the matrix of regressors without the constant term, and so X=[1 X] )
1 n 1-X 1 S’

n*X'X=n" [1 X]=n" = _ X
X' X1 XX Sy ntx X

71' _{1}
X1 =]
SX

where S, denotes the column vector holding the sample means of the non-constant

Then

regressors. Applying block-matrix inversion using the Schur complement of unity in this

matrix, M = (n‘lxx -5, S )_l , we have



Q/ -1 o/ -1 o/ -
(n_lx,x)_lz[} S } {1+st 'S, -S\M l}

S, n'XX -M'S, M
Therefore
- 1+§M7*S, -§M*[[ 1] [1+5,M'§, -S;M'S
(n—lxrx)l(n—lxr_l): + X,l— X X,l i P A 71—X X4_ X
-M S, M Sy -M7S, +MS,

0

= (nXX) " (nX" 1) = H
. E(s) _
It follows that E (BOLS)—B = 5 and so only the OLS estimator of the constant

term is biased and inconsistent.

F.2. An orthogonality condition from 8_L %
06, 60

We have obtained previously

oL 6 |2 [Je+e PR 1+ 6}
a—@m;{\/;¢( S gl}(Gll G, ) "‘22( o2 l//l'+l//2'j } [48]

oL n [ +92 4 1+ 62
—-G,.) - 2y & 49
8192 1_'_02 = { ¢£ J(Gll GZI) 21 [l//ll + 022 l//zl ng} [ ]

The MLE will set these equal to zero, so we can ignore the constant factor outside the

sums. Also note that the first components in each sum are identical. So we arrive at

o o 2, (1+6? A (1+6;
?@:a—@zo:;(% +ﬂzwz.Je=—Z[ﬂi%. %wm}%

Re-arranging we get
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612

By how the lambdas are defined we have the relations

0, & _ A _ A
h=hgh = h=hp= im0

Substituting

y 1+6; 3 > 1 (1462
ZH%WLZ?Z_}}% + {AZ_}“L%;)]%.J& =0

= Zn:(%(]ﬁ 0; +t922)l//li + %(14‘ 6 +922)W2ijgi =0

i=1 1 2

Since % = iz, the coefficient factors are the same, so we are left with

1 2

Zn:(t//liﬂ//m)gi:O: [3.50]: E[(wy+wy)e |=0

i=1

which is an orthogonality condition that is imposed by the MLE at the optimum.
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G. Correlation between a variable and its conditional expected value.
We want to show that Pearson's correlation coefficient between a random variable Y

and its conditional expectation related to another variable W, E (Y [\N) is
corr(Y,E(YW))=SD[E(YW)]/sD(Y)

_ Cov|Y,E(YW)]
SD(Y)-SD|E(Y W)]

Since by definition corr (Y E (Y IVV ))

it suffices to show that COV[Y, E (Y [\N )] = Var[E (Y [\N )] .

We have Cov|Y,E(YW)]=E[Y-E(YW)]-E[E(YW)]E(Y)
We also have E(Y)= E[E(Y [\N)] and Y = E(Y [\N)+eYW, where e€,, is the
conditional expectation function error and by construction E (eYW |W) =0.

Using these we have

Cou[ ¥ E( )= (E(Y W) e, ) £(v ) |- [E(r W) £[E(rW)]
= E(E(YW)) +E[ew E(rW)]-(E[E(YW)])
=Var [ E(YW) ]+ E| e -E(YW)]

Applying the Lavw of terated Expectations on the second term we have

e[ (YW )] =E{E e, E(Y W)W ]} =& (£ (YW )E e, Wj=E{E(Y W) 0} <0

QED. --
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TECHNICAL APPENDIX 3.I11.
A Corrected OLS/Method of Moments estimator for 2TSF models

without closed-form densities.

A. Central Moments and Cumulants of the composite error term.

We need to obtain the expressions for the 2nd, 3d, 4th and 5th central moment of

& =V+W-U, under the following general assumptions:

1. The random variable V has zero mean, is symmetric around zero and so it has all

odd moments equal to zero,

2. The random variables W and U have non-zero mean and non zero 2nd and higher

central moments,

3. The three random variables are jointly independent.

First, we set W=w—E(w), =u—E(), Z=W-0 and so E(W)=E(0)=E(2)=0
With this notation, (6—E(¢))=(v+2Z), and Z is independent of V. We can use the
convenient relations between central moments and cumulants x,

E(%)=r,=Var(x), E(%*)=x, E(X')=x,+3k, E(X)=x+10xyx, .

k(X +c)=c+x (X)
Cumulants have the properties
K (X+c)=k,(X), r=2

and &, (cx)=c"x, (x) and so x, (—-X)=(-1)" &, (X), r=2.
Also, for independent random variables

K (X+Y) =, (X)+5,(Y), & (X=Y)=r (X+(-Y))=x (X)+(-1) x (Y), r=2
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These will be used repeatedly below.

A.1. 2nd central moment.

E(g— E(g))2 =Val’(8) =K, (5) =K, (V+ Z) =K, (V)+K‘2 (Z) =K, (V)+K2 (W)+(—l)2 K, (U)

= E (&%) =i, (V) + 15, (W) + 1, (@) = Var(v) + Var(w) + Var(u)

A.2 3d central moment.

E(¢-E(6)) =, () =3 (V+2) =15, (V) + 5, (2) = 0+ 1, (2)
given the assumptions on the random variable V. Further,
K3(2) = 1y (W=0) = k5 (W) =15 (U), 50 E(&%) =15, (W) -1, (u)

A.3 4th central moment.

We note that for the Normal distribution x, =0.

A .4 5th central moment.

E(e- E(g))5 = K5(&) +10x; (&) K, (€)

= E(&°)-10E(&°)E(8") =1y (£) = i (v+2) = 15 (V) + 15 (W) = 5 (u)
But & (V)= E(vf’)—lozc3 (V)x;,(v) and E(v5)=1c3(v)=0.

So E(£°)-10E(&°)E(&%) = x (W) — 15 (u).
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B. Unbiased estimation of the central moments and the cumulants

of the composite error term.

We consider the linear regression model, in matrix form,
y=XB+¢&, €=V+w-uU

where X isa Nx K matrix including a constant term. We assume the error term is 5th-

order independent from the regressors, E (6‘ir |X) =E (Sir ), r=12,3,4,5. We also assume as
everywhere an i.i.d. sample. The usual regularity conditions apply.
We define the matrices P = X(X'X)_1 X', with typical element [h ji] and M=1 -P

with typical element [m i ] ,and my =-h;, m; =1-h; . Both these matrices are symmetric

i
and idempotent. P is the orthogonal projection matrix for X (the "hat" matrix) and M is the

"residual-maker" matrix, because My =&, .

B.1 Properties of the M and P matrices.

The following properties hold, (some because we include a constant term in X ):

For the P matrix,
. o 1
0<h; <1, and if the matrix includes a constant term then —<h, <1,
n

—% <h; < %, and if the matrix includes a constant term 1 —% <h; < %,
n

and the bounds are attained in special cases (see Mohammadi 2016).

We also obtain easily,
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PX=X = > h;=1 j=L..n 1]

MX=0=>"m;=0, j=1..n, [2]

the second equalities because we have included a constant term in the regressor matrix. With

a constant term included we have M-1=0, so we obtain
My=Me=M(s-E(¢)-1)=Mé =4, ,
and we will drop in the sequence the OLS-subscript.

The idempotent property implies, for m;,h, being row/column vectors of P and M

respectively

h'h,=h,, =h'h, =h;

! _ ! _ _1_
m’'m, =m;, = mm; =m; =1 hjj .

Due to symmetry the above imply also

n n n

2 =h; = Z_hjzc =h; (1_hii)’ my, =m; .

(=1 (=1,0#] (=1

Regarding the trace of these matrices we have, by applying the cyclic property of the

trace,

n n

tr{P} =Zhii =K, tr{M}=>m,=n-K

i=1 i=1

n n
Combining the above, we have ZZ iji =n-K.

i=1 =1
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This can be also obtained by the use of the Hadamard product (element-wise
multiplication), M® =M oM, which we will exploit in the sequence. One of its properties is

that the sum of the elements of the Hadamard product of two matrices A,B equals the trace
of AB": 1'(AcB)1=1tr{AB'} (see e.g.Styan 1973, eq. 2.8).

We then have

ZZm =1'(MoM)1=tr{MM'} =tr{MM} =tr{M} =n—-K,

j=1 i=1

where we have used the symmetry and idempotency of M. In words, the sum of all

squared elements of M equals its trace. The same hold for the other matrix,

n n

> > h:=1(PoP)l=tr{PP}=tr{P} =K.

j=1 i=1

Finally we show that P >0 = M — | . We have

@y ot W

W1 " Ok Jexx

a finite, non-stochastic well-defined matrix. With an ergodic-stationary sample, we

then get

plimP = plimF XQX’}. Analyze,
n
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Xy X X 0 Xy
X=| : - : .o X'=| .. :
X 0 Xk nxK Xk 0 Xk Kxn
Then,
Xy oo X @y W Xp o Xy
XOX' = . . . . . . . .
X 7 Xk ek L@k 7 Ok Jeo LXx 7 %ok Jken

Consider as an example, the upper leftmost element of this matrix product. It will be
K K K

[1’1]: leja)jl X + leja)jz Xp ot lejij Xk
=1 j=1 j=1

This sum of sums has K? number of terms in total, and they do not increase in number
as sample size grows (what increases is the dimension of the P matrix, which is nxn). The

same holds for all elements of X(2X'. So each divided by n, it will go to zero. Therefore
P——> 0= M—>I.
The fact that all elements of P tend to zero individually does not imply that the same

will happen to a matrix product in which P may appear (since then we will obtain sums of

N elements).
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B.2 Unbiased estimators for central moment and cumulants.

B.2.1. 2nd central moment.

It is an established result that, under our assumptions, we have

n i=1

E(%Zl:gz X):%E[(Mé)'(Méﬂx}:lE(é’M§|X):Var( |X)izn:m“ - ”_nK o’

Therefore, an unbiased estimator for the 2nd central moment/cumulant/ variance is

[357]: i, (e)=#,(e)= %Z c, =%Zn:m“ =K
i=1 i=1
B.2.2. 3d central moment.

We have

& =& =(mig) (mjg)=mjz&'m; (m)é)
#Z(miE) &4, (mé) £, (m\é)]

=m &4 :m'jé) A m

8.8 (mi&) &2 (m2) g2 (m'é) |

For say, the elements of the first row we have

diagonal: &’ (m'lé) =m, & +& Z:m“gI = E[gf (m’Jé)|X} = mle(éf |X)+O

i#l

and
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off-diagonal: &, &, (m 5) 51522m--§- = E[Eléz (m’.§)|X] =0

since in all elements, a 1st power of the centered error term will remain.

So
( 3|X) 0 Mj
( 3|X) m; :E(éf)mj
0 m,E(&7[X) 0
mj1 .
=E(&)[m}, - mi] t|=E(&)Xm;
mjn i=1
Therefore

and since C; is purely a function of the regressors,

e[ 23 |-(@) = () 232 @)

So an unbiased estimator for the 3d central moment/cumulant is

S|
5
=l

w

581 ()= ()=(e) 124 ©

—

Using the Hadamard product, C; can also be written as

[5]
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1 1, 1, 1
== >m, =~1(MoMeM)1=—1 [(MoM)oM]letr{M(z’M}
We now show analytically that ¢, ——1. We have

C, = %anzn:mi = lzn:mﬁ + %Zm?i where Zm‘; is a double sum.

=1 i1 [ ) j=i j#i

Continuing,

13 1
C;=— Z(l— h. )3 + —z m?i . For the first term we have
n4 n

j#i

%_Zn:(l— h) =3 (1-2h, +h2)(1=h,) == (1—h, —2h, + 202 +h? —h?)

[ ) [ )

Since h; <1, and not all h; can be equal to 1 since Z h, =K <n, we have
i1

Z h? < Z h, =K, Z h? < Z h;, = K. So all these sums are bounded and divided by n
i=1 i=1 i=1

i=1

they go to zero. It follows that lZ(l— h; )3 -1

i=1
1o, ,
——Z hi; . Now, since the off-
n

j#i

1
For the other component of C; we have — z m?i =

j#
diagonal elements of the P matrix are strictly smaller than unity in absolute terms, we have,

for a single row
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n n n
2 3 2 2 3 2
—hy <—hy <hj = — Z hji < - Z hji < Z hii
joLji joLji joLji

But the sum of the off-diagonal elements-squared in any row, are equal to h; (1— h; )

s0 we obtain
n

—hi (1= ) <= X % <hy(1-h,)

j=1, j#i

and for all rows divided by n

1< 1 18 1 1

_H;h”(l_h”) < H;mi < H;hii(l_hii) :>H§mi < H;hll(l_hu)‘
1 3 5 _ 1 3 2
= n;m” < - n;h”

1
Both terms in the absolute value go to zero, so —z m?i — 0. Therefore ¢c,—2—>1.

j#i

The above analysis verified that we can use directly the relevant probability limits,

c, =%tr{l\/l(2’|\/l} =%tr{(MC,M)|\/|}_P_>p|im%tr{(|n ° In)ln}=plim%tr{ln} =1

which is what we will use for the subsequent bias-correction factors.
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B.2.3. 4th central moment.

We have
~2 ~ o~ ~ o~
gl 81(92 eee glgn
A o > 2 & 2
g =get =mgEm, (mig) =my| 2% m; (m;é)
SO ~2
Enéy né2 &y
_~2 mr~2 ~ o~ m!~2 jadiad m"“z_
& \m;e & (M;e &8, (&
~ y ~ 2
-m. &8, (mjg) m.=m"Am.
J . j j j
c & (m'ég 2 ~ o= 2% 2 %
| éné1 i€ CPAULT & (M i

k=0

2
1 ~\2 3 ~ i ~ o~
Now, (mig) = ijigi =Zm;i€i +ijkmj(gkg(
i=1 i=1

where Z denotes a double sum, so it contains N(n—1) elements (we will keep this
k#(

notational convention in what follows).
We will use p, for the 4th central moment and o for the squared variance. Then

a) Diagonal terms of the matrix.

[11]: E(gf (m&) |x) = E{Efzn:mfiéf +2Ymm &, |x} —mip, 40> mE +0
i=1

k= il

[2,2]: E(§22 (m'jg)2 |x) = E[ggzn:mjﬁgf +&2Y m,m, &é |x} =m’,u, +a4zn:mj2i +0
i=1

k=0 i#2

n
etc. We have Z mj?i =m

i=1

i’ So we manipulate into

[1,1]: mfl,u4 —mjzlc)'4 +0'4Zn:mfi = (/14 —04)mf1 + o"‘mjj etc
i=1
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Also, we apply add-and subtract and obtain
[1,1] : (,u4 —c* ) mj?l + g4mjj = (,u4 -t ) mJ?l + g4mjj + (204m?1 — 254mf1)
= (1, -30" )M, + o'm; + 20'm,

b) Off-diagonal terms.

[k, c]: E(gk,,s( (m&)’ |x)= E{ékéfgmiéf n gkgfzmjkmjfgkmx} = 0+20"m,m,

k=(

We decompose the matrix E (A|X) in three additive matrices, the first being diagonal

and the second the identity matrix,

N

m, 0 O
E(AX)=(u,-30")| 0 0 E(A,[X)=cmjl,
0 0 mj
and
m;, mym;, - mym,
m;,m; :
E(A[X)=25* 2" nom =20'm,m;
m,m, mgm;, - m;
So
E(&}[X)=mE(A[X)m; =mi[ E(A,[X)+E(A,[X)+E(A,|X)]|m,
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2
m, 0 O
_ _ 4 ' .. 4 i 4 At '
=(u,=3c")mi| 0 . 0 |m;+ o'mymilm; + 20'm\mmim,
0 0 mj

. 1] _
and using m,m; =m;,

X)=(,u4 —30‘4)Zn:m?i + (74mi- + 204mi.

= E(éj1
i=1

:‘E(é?lx)=ﬂ4im}‘i £ 0“(3mi—32m?iJ (6]
So
1& 4
E(HZ‘QJ XJ=;14C41 + o*(3c,,—3c,,)
j=1
[7]

“iyyme =11'(|\/|o|\/|o|v|o|\/|)1=%1' (MoM)o(MoM)]lz%tr{M(z)M(z)}

To arrive at an unbiased estimator we must find a suitable estimator for the squared

. 4 .
variance, o~ . Consider the product
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[&#v]: 8282 =(mL2) (M) =m.&e'm, (&)’

| g2(mie) &8, (mé) £ (még) |
~ ~ 2 .
&, \M & *. :
=m. 21(2 ) : m.=m.Am,
6,8 (mE) &8 (mé) g (m.g)

This is the same matrix as previously, the only difference is that the outside vectors are

from a different observation. So we will end up with

n2 A2
E(egg

v

X):(u4—304)m'§ 0 0 |m, + o'm,m.Im. + 2c'm.m m/m.
0 0 m

n
4 2 N2 4 4
=(p, 30 )E mZmZ + o’m,m. + 2c*m,m,

i=1

n n
2 2 4 2 2
= ,u4§ m;m, +o (mwm§§+2mgvmv§—3§ méimvij
i=1

So

: 1
== 1);Zm,m , Cy=——— (MM, +2m,m,)

=1 n(n_l) E#V v

n
Note that Z Z m; mZ is the sum of the elements of the matrix product
E#v =1l

(M o I\/I)(I\/I o M) =M®M®  minus the sum of the diagonal terms i.e. its trace. So we can

write
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1’M(2)M(2)1—tr{M(2)M(2)}
G = n(n— 1)ZZ aMa = n(n—1)

Ezv i=1

For c,, we have that the first component of the double sum, Z m,,m,. , can be

E#V

obtained as

mem§§ = 1’[ZmJJ diag {m; jl — meJ = 1’(diag{mii}zl:mﬂ)l - Zl:mi
1= J=

<2 j=1

n n n

= 1'(diag{m; }(n—K))1 - gmi = (n—K)1'(diag{m,})1 - gmsz(n—K)z—gmfj

The 2nd component of the double sum, 22 m

E#V

4M,; , due to symmetry can be obtained

as

2;% e = (1' (MoM) )— zgm; = 2tr(MM)- 2j§n=;m§j =2tr(M)- 2j§n=;m;
—K)-23m,
j=1

So

n

1 1 2 N 2 2
Cor :mZ(mwm§§ +2m,m,. ) = 0D [(n— K) —;mjj +2(n- K)—ZZm”}

E#V j=1

e, (n—K)(n-K+2)-3377 m} (n—K)(n-K+2)-3tr{M®}
n(n-1) n(n—1)

Consider now the expression
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1& 1 222 1 22221% | =
=24 —mz‘% y (HZ n(n— 1)2 B Xj—

n = Exv 1 Exv

= Cy + O (3C42 - 3041) — HCy — O (C44 - 3C43)

This guides us for the adjustments we have to make. Consider the estimator

Ci —3Cys F Sy (3c,—3c,) 1 25252}
j ¢
Ca1Cas —3C4oCa | N = (C44 43) n(n-1) el

Its conditional expected value is

C41Cyy — 3C42 Cus (044 &#V

Cas —3Cys 1 Y _ (3C42 — 3¢, £822°
4 DR

_(3C42 3 AzAz }
j=1 (C44 43) n(n 1);

S
.Mj
M>
— N

— Cpy — 3C43 E
CuiCys — 3C4zc43

_ Cu — 3C43

4
= {,U4C41 +t o (3C42 -3¢,
C41Cay — 3(:42(:43

(3042 B 3041 )

3¢, —3¢,,)
_ 4 _3 ( 42 41
R e R e
_ Gy 3Cys . (3C42 — 3C41) _

- Cu1Cyy — 3C42C43 Hila ™ Mo (C44 - 3C43) e

Therefore an unbiased estimator for the 4th central moment is
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_ n 3c,, —3c
[3.59],[3.61]: 1[14 :ﬂ l éjl _ ( 42 41) 1 Z }252
C41Cyy _3C42C43 n= (C44 43) n(n-1) gV

1 1 1'M@PM®P1-nc
Cu==triMPM@L ¢, ==tr{M®, ¢, = 4 8
41 n { } 42 n { } 43 n(n—l) [ ]

(n—K)(n—K+2)-3nc,
n(n—1)

Cu =

At the limit we have ¢, -1, c¢,—>1 c,—0, c, >1so0

E#V

1 . A2 A
‘u4—)ﬁ{pllm Ze — 0pI| (_1)255 VZ}

We turn to obtain an unbiased estimator for the 4th cumulant &, = u* —3c* . Rewrite

S|
>

1 1
& - &kel: E[— &8 |X |=
j=1 : n(n 1) &=V 5 n Z n(n 1) ; §

=1

=(,u4—30'4)c41 + o3¢, - (,u4—3(74)c43 - o'c,

_ 4 4
=KCpy + 0°3C,— K,y — 0Cy

Here consider the estimator

SR

ECv
C41Cyy _3042(:43 N4 Cua n(n _1) E#v

Its conditional expected value is
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c _Fz _ﬁ;zégéﬂx

C41Cyy _3042043 n= Cua n(n _1) &=

1 A2A2
et G (- 1>§ }

C {
C41C44 3C42 C43 n =1

C 3c 3c
=¢E{zc4c41 + 043042 - K4C43—42 - 0'4 42 |X}
-3c,,C C
C41(:44 4243 44 44

C 3c
=—4 __F {K‘4C4l —K,Cyq i|X} =K,
C41Cyy — 3C42 Cys Cpa

Therefore, the fourth kapa-statistic

C 13 3c 1
[3.60]: x, (& =${_ &4 8287
(2) 2 o T &

C41Cay _3C42C43 n'= il

is an unbiased estimator for the fourth cumulant.

Consistency is also preserved since

1%4(5)—>ﬁ[1c4 + 3o0* —3(1(4-0 +o-4-1)]:1c4

B.2.4. 5th central moment.

We have
~2 o o .« o o
& & &, & &,
~ ~D A £, . 3
=523 =m"| 7" : m.(m’.g)
j i%i j . iUt
oo ~2
Ené &8, &n



~2 , ~\3 3 3
g(mg) &g (m8) £ & (m'é)
A3
_ ' ‘9281 m’Jg) _ [
=m . m; =mjAmj
~ o~ ’ 3 ~ o~ 1~ 3 2 ! 3
| Enéi m.e nér (Mye &y \mie |

Now, (m'jé)sz[izzl:mjigj (Z éj:(Zm E2 4+ > mm, EéE j(Zm gj

k=(

n n
-Sma + 3 ma St | + 3 ma Xy mm,ai)

k=0 (#k k(¢

We will use 4, 45, 45 for the 2nd, 3d and 5th central moment.

We calculate the elements of the matrix A

a) Diagonal terms, [5,5]: E(E; (m'jé)3 |X)

First,
( Zm,. 3 |X]:m?5:“5 + oty ) M =M (s — o ly) + oty ) M [10]
i i=1
Second,

n n
E [EEZ(m k& Z mfcéf j |X] : since &, never pairs in index with the inner sum,

k=( (#k

the only non-zero terms here will be those for which £ =k and so necessarily £ =k # (. So

E[g;z[mjkgkzmigf)xj _ 0+ E(mjgg;zmﬁgﬂx]: wam S

k=l =k (#& (£&

Third,
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n
E {5; (mjiéi Zz m; m; &&, |Xﬂ : here we will have four & 's in each final

i=1 k=(
element of the sum product. The non-zero terms will be those where two index-pairs appear,

so that no 1st power is present. Moreover, since the inner double sum contains products with

different indexes always, then we have only the cases £ =k # (=i and £=(#k=1.5S0
- 3 2520 3 | 2
E=k=(=1: E Z(mjia‘i mj§g§|X) =luzlugmj52mji (n—1) terms
| i i i#5
: 3 2520 3 | 2
E=(#k=1: E Z(mjia‘i mj§£§|X) :ﬂzﬂsmjgzmji (n—1) terms
| izé i i=$

and therefore

E [«% ;[mjiéZZm,—kmjﬁké IXH =24, pm,. Y M’ [12]

k(¢ (£33

Putting it all together ([10],[11], [12]) we have for the diagonal terms

[&.¢]: E(éﬁ(m’,-é)3lx)= M (45 = boly) + Hpbts D0 + fotsmy. >
i=1

(#&

n

2

+ 2y > mg
i#&

e (b = o pt5) + gty D G+ 3ty pmy >
i=1

(#&

=m

n n
=i, (45 = Hpbls) + Hoty ) 0 + 311,/ [Z mj, - mf;j

i=1

n
. 2 .
and since E m:, =m; we arrive at
(=1
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[£.£]: («% (m)2)’ IX) M, (s — Loty ) + ﬂzugzm + 3, M My — Bpums,  [13]

=1

b) Off-diagonal terms, [é,v]: E(§§§V (m’jg)3 |X)

First, (g g, Zm" g |xj =0 [14]

since a 1st power is always present.
Second,

k=( (#k

n n
E [555\, Z(m K& Z ijCE‘(Z j|Xj : we need to form pairs of indexes to obtain non-zero

elements. So we have the cases £=k,v=/ or £ =(,v=Kk. Then

E=k,v=": E[éﬁv [mjkékme(éfj|XJ = E(m;.m},2287|X) = wypym;m
k=l =k

E=(v=Kk: E(%EVZ(mjkékme[éme]: (m?.m;, &322 [X) = wopgmi.my,

k0 (#k

o 2.5 St - sy ) .

k(¢ (#k

E(E &, ( i IZijkmjfgk J ] here (£,V) must pair to (K, () to have non-
i1

zero elements. Due also to symmetry we get

k0

E(%%g( &> mm & & j j (ZmJI & (2m;.m, &2 V)|X]
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= ZE(mfgmjvégéf +m..m? 5§5V3|x): 2/12;13(m2 m, +m..m’ )

& i v g

So overall
[£.v]: E(égév(m'jgﬂx) :Byzys(migmjv+mj§mfv) [16]

Now we want to calculate m’j E (A|X) m; where the diagonal of E (A|X) is given by

[13],

n
[&.8]: mie (s — o) + uzue,; mj, + 3, (M my; = m3, )
and the off-diagonal elements by [16],
[&.v]=3pt,p (i, my, +mymf, )

As before, we break initially the matrix in a sum of three matrices with the first being

diagonal and the second the identity matrix,

E(&5[X)=m\E(AX)m; =m’ [ E(A,[X)+E(A,[X)+3um,E (As]X) |m,
m, 0 0 i

= (s — )M 0 00 mj+yzﬂ3(2mﬁi]m;|nmj+3y2y3m'jE(A3|x)mj
0 0 m =

3
MmyMmy — My

2 2
m2m,, +m,m%
E(A |X)= mZm. +m.m? :
3 j2Mj + MMy,

m3

mymy; — My

i1

i=1

z(ﬂs_ﬂzﬂa)zm?i + HHsMy; (Zm?i]—i_ 3ﬂ2ﬂ3m’jE(A3|X)mj [17]
i1
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We turnto E (A3 |X) which we decompose into

3 2 2 2 2
m,m; — my  mym,+mymy e mym, +mmg
2 2 . 2 2
m?,m., +m.,m: . mZ,m. +m.,m:
2l j2 1 j2" ' jn j2i  n | H H 3
, ) ) _mjjdlag{mji} - dlag{mji}
mZm, +m.m’ m,m. — m’
' i T it i it
2 2 2 2
0 m;m;, m;m;, 0 m;,m, m;,m;
2 2 2 2
mi,m; 0 m7,M;s m;,mi; 0 m;,Mi,
+ . + .
2 2
m,m; m;m, 0 m,m; m,mj, 0
_ ; ; 3 ; 3 ; 3
_mjjdlag{mji} - dlag{mji} - dlag{mji}—dlag{mji}
3 2 2 3 2 2
m;  mym, m5m;, m;  mymi, m,mi,
2 3 2 2 3 2
L MM My MM, oMM M MM
3 3
my, My,
2 2 3 2 2 3
mim, m;m; m;, m,,m; m;mi; m,
!
- i _3di 3 @Am’ @
= E(A,[X)=m; diag{m; } -3diag {m3 | + m®m; +m,(m®) [18]
Therefore

E(é?’

]

i=1

X) = (ﬂs _ﬂzﬂa)zm?i + LMy (Z m?i}
i=1

+ 34,5 {mﬂ. diag{m; } —3diag{m3 | + m®m/ +m;(m )’}mj

>

n n
m?ij+3:u2/u3mjj ( m?i} - gﬂzﬂszm?i
i=1 i=1

n
= (,Us _ﬂzﬂs)zm?i + MMy (
i=1 i=1

!
1 (2) 1R i (2)
+ 3 m'm7m'm; + 3y2y3mjmj(mj ) m;
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r n

fe - '@ _ (@ N

We have m,m; =m;, m’'m _(mj )mj__zlmji
i=

So
E (éf X) = (ﬂs _ﬂzﬂs)z m?i T M HMy; (z m?i j +314, 113 (z m?ij - 9ﬂ2ﬂszm?i
i1 i1 i1 i1
+ 314, My (Z m?ij +314, 1M [Z m?ij
i=1 i=1

= E(éf |X) = (,Us _10ﬂ2ﬂ3)zm?i + 104, 46my [Zmij [19]

i=1 i=1
or also

E(‘éﬂx): Hs D M + 10/‘2“{”"11 (Zmij - Zmﬂ
i=1 i=1 i=1
and therefore

1.
E(—Zef x]: UsCsy + f, 44 (10C,, —10c¢y,)

[20]

We can also write

1'(MoMsMoMoM)1 1 ((MoMoM)o(MeoM))1  tr{MOM®}
Cs1 = = =
n n n

1I'M®m,
n

CSZ -
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where M, is a column vector holding the diagonal elements of M.

Now to arrive at an unbiased estimator, we need an estimator for 4,1, . Consider

[&#v]: 8282 =(m.&) (&)’ =m.&&'m, (m]&)’

Z(mE)Y && (mé) & (mé) |
oz 123 - :
=m. &281 (mvg) ' _ m, =m.Am,
.8, (m;e;“)3 &, (m’vg)3 &’ (m;a;")3 |

This is the same matrix as before, the only difference is that the outside vectors are

from a different observation. So we will arrive at

m: 0 O i
E(&28)|X) = (s — tp1s)mM%| 0 . 0 |m, + yzy{ijijm;lnm + 3u,umE(A[X)m
0 0 m =
with E(A;[X)=m, diag{m,}-3diag{m;} + mPm; +m,(m{ )'
So
E(‘é\‘;é\? X):(/J lu2/u3 Zm§| i t Ll (Zm jm + Bﬂzﬂsm m,, dlag{ } ‘
=1

=300, M’ 3diag {mG f M, +34, 2, mm7m, m, + 3,00, mim, (M) m,

n
= (s — to Zme. m + ﬂzﬂs(zm\ijmg + 34, ng. ¥

i=1 i=1

_9ﬂ2ﬂ3zm¢| \i + 3ty gv[ngu V|j+3ﬂ2ﬂ3 év(zmél w]
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n n
(ﬂs 1024, 144 ngu M5 + gk (z m; j M. + 3,44 mwzm; m,;

=1 =1 i=1

+644, 14, m., (Z m; m\?i j
i=1
= E( ) ﬂszm; \?I + :u2:u3 |:(i m\?ijmég + 3mwzm§|mw + 6m§v (i mz;im\fi]
i=1 i=1

—102 mZzm }

Therefore

1 R
E[n(n 1) - ;ﬂxj HsCsy + ﬂzﬂs(cs4 _10C53)

n

s = 1)22% ¥ [21]

Ezv i=1

E#V S#V

s 1){;%(2%}32%2% v oxm,(Smm H

Analogously with c,, previously, we have

1rM(3)M(2)1 _ tr{M(3)M(2)}

C., =
% n(n—1)

Regarding C.,, we have component-by-component

Ce, (1) ;mg(mej_ Zn:mjj (iz;:mfi+...+é:m§i] —~ Zn:mjj (émij

j=1 j=1

:(Zn:mf, +...+Zn:m§ijzn:mﬂ —nc,, = (n- K)[l’(l\/l<>MoM)1]—nc52
i-1 i-1 =
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= Gy, ()= (n—K)tr{M®M} — nc,, [22]

c., (1): BZmWZmSI V,—3Zm”(2m”mﬂ+ +Zm,. ”'j 3Zn:mjj(zn:m?ij

E#V

=3)"m; ('M®m;)-3nc,, =3-1'M® (ijjmj]— 3nc,,
j=1 =t

=3.1'M® (I\/I diag {mﬂ}l)— 3nc,,

= ¢, (I)=3-'M®Mm, - 3nc,, [23]
¢, (111) _6Zmév (ng,mv,j

6m12(2m1|m2|)+ +6mln[ mllmnlj+6mll[szij_6mll(szij
i=1 =

=1 i=1 i=1

+ 6m21 [Z m,;m; j +.t szn ( m2|mn| j + 6m22 ( mgi j - szz (Z mgi j
i=1 i=1

=1 i=1

+ 6mn1[2mn|mllJ+ +6mnn 1(Zmn| n-: 1|j+6mnn [imgij_6mnn (imglj

=1 i=1 i=1

n
_ (@ @ @ 3
- 6m; (mPm,, +mPmy, +...+m( mln)—GmM(Zmlij

n

+ 6m;, (mPm,, +mPm,, +...+ mPm,, )-6m,, (Z mjij
n

+ 6m;, (mPm,, +mPm, +..+mPm_ )-6m, ngi

=y, (1) =6-1'| (MM®)oM |1 —6nc,, = 6tr {MM@M} —6nc,, =6tr (MM} -6nc;,  [24]

where we used the cyclic property of the trace, tr{MM‘Z)M} = tr{M(z)MI\/I} =tr {M(Z)M} .
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Collecting results,

o = 1
* n(n-1

[(n=K)tr{M@M}+ 3(1MPMm, ) + 6t {MPM}-10nc,, |

1
" n(n-1)

[(n=K+6)tr (MM} + 3(1'M@Mm, )-10nc,, |

Applying the same steps as for the 4th central moment we obtain the unbiased

estimator

3.62]: 7 (2)- C,—10c, (1 255 _ 10c, ~10¢, 1 iézésj
Ce s —10C,C,, (N 45 ¢, —10c, n(n-1)4& <"

o tr{M(3)M(2’} . 1’M(3)md . _ 1MOM®1 — N,

51 n ! 52 n ' 53 n(n—l) ’
1 :

o =D [(n—K +6)tr{MOM} + 3(1M@Mm, )-10nc;, |

Wehave ¢, —>1, ¢,—>1 ¢,—>0, ¢,—>1, so

N 1-0(1 4. 10 -10 1 SN
(o)~ g 25 - B0 L S e)

E#V

The unbiased estimator for the 5th cumulant.

Here we re-write

1. 1 &
E _Zgjs X |= KCqy + ,4510Cs;, E( 2‘9;‘93 X]=K5053 T Mty
n j=1 n(n_l) £V

which leads to
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[3.63]: &5(¢)= lz - ! nézéjj [25]

Cs1Cs4 10053%2[” =1 Csy n(n 1) Exv

and

n 1 1. 101 1 : 5229
| = - == 10 = .
K5(8)_)1-1—10~0-1(n j=j|_gj 1 n(n— 1)2 j Hs (&) =102, 11, = 155 (&)

E#V

C. The limiting distribution of the COLS/MM estimator.

We are interested in the limiting joint distribution of the vector
n"?h, (g,) = {J_Z[fj, (Yo X,)—x;(8) | ] :2,3,4,5}

where f; (yn,Xn) are functions of the OLS residuals and of the regressor matrix

through the bias-correction terms.
We will prove first that each element of the vector obeys a Normal Central Limit

Theorem. We will invoke Theorem 2.1/Corollary 2.1 in Withers (1981). Adapting the notation
where necessary, let the sum S = ::NlXiN where {XiN =12,..,n,, N=1 2,...} is a
triangular array of real dependent random variables, and typically ny, =N (to obtain the
triangular shape). We need the framework of triangular arrays because as the sample size
increases the distribution of all elements of the sum changes. X, represents
f, (yn,Xn)—Kj (8) (examining each j=2,34,5 separately), so these variables are zero-

mean, identically distributed, equicorrelated, and asymptotically independent. Then, as we
have mentioned in the main text, this Triangular Array is mixing under any mixing concept,
like for example strong-mixing or uniform mixing. It follows that it is also strongly " /(-

mixing" as the concept is defined in Withers (1981), see p. 513.
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For triangular arrays the definition of the mixing concept involves three "rounds" of
maximization, see Withers (1981), eq. 1.2, 1.9, 1.10., instead of the usual two for a single
stochastic process. But the criterion for a triangular array to be mixing is, in the end, the
same, requiring the examination of an infinite sequence and whether the mixing coefficient

goes to zero at the limit. But whenever our sequences become infinite the X, variables

become independent and the mixing coefficient becomes zero. Now, let

Sy(ab)=>"" X,, 0<a, 1l<b<n,-a

i=a+l

and € (k) :SUp{E(XyN s Xsn )}, 0<k<ny, where the supremum is over
{;/,5:|7/—5| >k, 1<y <ny,1<8<n, } In our case where the variables are equicorrelated

for given N, , the distance between the variables does not matter and so VK, 6(k) =C, , the

common covariance in each row of the triangular array given n, while we have ¢, —0 as

Ny (and hence necessarily also N ') goes to infinity, or ¢, =0. Define Cy (0)=(n, —1)c

Then, Theorem 2.1/Corollary 2.1. of Withers (1981) can be re-stated as follows: If

1. The triangular array is { —mixing

2. Sup(EDSN (a,b)z+1)2+1520(\/5) as b—ooo, forsome &3>0

a,N

3.1+C, (0)=0(c% /ny) as N>, of =Var(S,(ab)),

SN
Var(Sy)

then d >N(0,1) as N o>

The 1st condition is satisfied, as we have already discussed.

Regarding the 2nd condition, note that since the variables in S (a, b) are identically

distributed, (for each N ), maximizing over & given b results in a” =0 so that we include as

many variables as possible in S, (a, b) , if their covariance is positive, and the opposite holds

if their covariance is negative. Regarding maximization over the row N of the triangular
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array, some N will be chosen, as long as b is treated as finite. But once we consider b — oo,

then necessarily we have to consider only sums Sy (a,b) of infinite length, where the

variables present in the sum become independent. So for the purposes of verifying that the

condition holds, we can set a=0 and b =ny and examine

1
pee \os
HJ)ZH ) as Ny — oo . We can also set £ =2 and we get

n.’ (EDSN

1 1 1
n? (E[Isl* ) =(EU“$’ZSN\4})4 =(E[\n$’zsN\2\n$’zsN ﬂ)“
-

N

n;llzin:Nl xizN + n;llzi Zkﬂ xiN ka n;llzrjl ><i2 + n;llzi Zkﬂ XiN ka

]

As ny — o we have nglzi”jleN — E(xi)EO'i <o, and

pimng> " > X Xy —2> limn > > E(plim XiwXi ) =limnd > 3" E(X.X,.,)

which, due to uniform integrability becomes

1
: -1 : -1 -1/2 47]\4
w=limnty" > ¢, =limn-0=0, so ny (E[|SN| }) —0, <o, asn, —o

and the 2nd condition is satisfied.
For the 3d condition we want

1+C, (0) 1+(ny —1)c,
— <o =0 <— " <o as N — oo,
ol /ny ol +(ny —1)c

which holds. So the 3d condition is also satisfied. Therefore,

-1/2
S Ny “Sy

N = > N(0,1) as N—w
JVar(sy) \/af('N +(ny -1)c,,
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But here nY?S, represents any one of the elements of the vector n”zﬁN (qo), so we

conclude that each one of them obeys the Normal Central Limit Theorem.

Multivariate Normality. We invoke the Cramér-Wold theorem (or "device"), see for

example Lehmann (1999), p. 284, and we examine an arbitrary linear combination of the

elements of nuzﬁN (qo) . Let non-zero b= (bz, b,, b4,b5)' eR*. Using notation established in

the main text (while suppressing the presence of the true coefficient vector q, ), we have

b,(nl/zﬁN ): n-v2 (bzzi":l ﬁz,i + b32::1 Fl&i +b4zin:1 ﬁ4,i +b52::1 ﬁ5!i )

bh,, + bh,, +...+bh,

. + by, + by, +..+bh
Analyzing the sums we have b,(nuth ): n*? T e e
+ b,h,, +bh,, +..+D0,h,

|+ b5ﬁ5’1 + bsﬁsy2 +...+b5ﬁ~,,’n ]

5 . 5, 5,
Summing vertically, we get b'(n”th ): n? [b'z h, + b'z hj,+..t b'z hj'nJ
i—2 2 =

= b'(n"*hy )=n" (b'h, +b'h, +...+b’ﬁn)=%zn:b'ﬁi .
i=1

So we have encapsulated the dependence that will remain at the limit inside the
elements b'ﬁi. These elements have finite moments, are zero-mean due to the use of the

kapa-statistics, identically distributed, and equicorrelated, with the dependence vanishing at

the limit. In other words we have the same situation as before, and so here too the CLT result

from Withers (1981) applies on b'(nllzﬁN). Then, by the Cramér-Wold theorem, it follows

that n”?h v obeys a multivariate Normal Law at the limit.

In the Addendum to this section (to be found at p. 523) we examine the variance of

the limiting distribution.
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TECHNICAL APPENDIX 3.IV:

The semi-Gamma 2TSF specification.

5.1. The Gamma-Exponential specification.

5.1.1. The composite error density.

We want the density of £ =vV+W-—U where

k-1

exp{-w/6}, f,(u)= iexp{—u/au} :

(k)6 o,

v~N(0,67), f,(w)=
We consider first the difference Z=W—-U=U=W-—2Z. Since 0 <U it follows that we
must have 0 <W—z = z <w, which will be a binding constraint for z > 0.

So we have

A) z<0

k-1

f,(z)= IOOOFZY()@" exp{—w/@}giexp{—(w—z)/au}dw

Oy (* w4 o,+0
= ix(pk{)ze/kaj J'O wtexp {—(ﬁ] W} dw

We can transform the integral into a Gamma function,
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(0 -28le ] (2] (%22l 20

u

exp{z/g _exp{z/o,}( 6o, k
I'(k)6“o, (a +«9] '[ ye yjdy = I'(k)6“o, (GU-FQJ rk)
=17<0, fz(z):((7 +0) -exp{z/o,} [1]

B) z>0

f,(z)= Lw rﬂ)ek exp{—w/&}giexp{—(w— z)/o, }dw

- { [%HJW}M

Set 8 =0,0/(o, +6) and manipulate as before,

f,(z)= erx(pk{)zéfauj (;Te)k L‘jﬁ(%)k_l exp{—g}d (w/sS)

:exp{z/au}
(k) (o, +¢9

U yexp{-y dy—jomyk‘lexp{—y}dy}

_exp{z/o,} o F k) - o exp{z/o,} ;yk_lexp{—)’}dy

u

(k) (6u+6’)k (0u+6’)k r(k)

The remaining Integral is the lower incomplete Gamma function y (k, z/6 ), so we

arrive at
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2>0 fz(z)=G:leXp{Z/Uu}{l_}/(k,z/a)}

(2]

(o, +0) r(k)
g ZZO) . o
ut 0 is the distribution function of a Gamma random variable with shape
parameter K and scale parameter o . Set then 7(1[(,&/)5) =F, (z,k,6) to arrive at
k-1
( ie)k exp{z/o,} 2<0
o,
[3.80]: f,(z)= "
E i@)k exp{z/o,}[1-F;(z;k,5)] 2>0

Moving to € =V+Z we then have

o, +0)

o,+0)
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For the first integral, in Gradshteyn and Ryzhik (2007) eq. 3.323(2), p. 337 we find

© 2
[Oexp{—pzx + qx} dx:exp{f—pz}%

In our case,

2
2 1 & 1 2 & & 1
=—7, = —5+— =l—| + 2 + —
P Plo a ol o = o olo o’

\ u

So we obtain

O-V u

£ 2+ 2 ¢ 1
TEX 1 z ex £ +i z+dz =ex GVZ afau 6”2 \/;
R o 2o, 2o,

—00

:exp{%(gz/avz)+i+ O }O‘V\/Z.
o,

Plugging back in,



and simplifying,

[3.81]: f (&)= o {exp{iJr GVZZ }— TeZ/G“igé[g_szG(Z;k,é‘)dZ}.
O, O,

The remaining integral will have to be numerically evaluated.

5.1.2. Conditional densities and Individual measures.
We are after E(W|8), E(eiw|g), E(u |6‘), E(eiu |€) , and E(ewfu |g)

A. w-variable.

E(g(w)le)=] g(w)f,, (w|e)dw= 1

Define & =V —U. The joint distribution of W and & is

foe (w, &)= f, (w) f, (&) . Since & =E+W=>&=e—W we have that

fo: (W, e—w)= 1, (W) f, (s-w)= T, (ws)

Now ¢ is essentially the composite error term in a one-tier Exponential production SF

model, and its density is (see Kumbhakar and Lovell 2000, eq. 3.2.37 p.80)
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So

while f, (W)= —wWexp(-w/0) = fs (w;k,0)

(k)0

So f,, (Wie)=f, (W), (6-w)= 1, (W;k,g)iexp{ N

Therefore

or

where W is just the dummy variable of integration.
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B. u-variable.

d_
|5Ig u|g|gwf

Define t =v +Ww. The joint distribution of U and t is

£ (u )=, (u)f, (1) .
Since £ =t—U=1t=¢+U we have that

foo(u e+u)="f, (u)f (e+u)="f, (ue)

So

= J':g(u)fu (u).f: f,(e+u-w)f,(w)dwdu

f.(¢)

To be left with a single integral, we change the order of integration, which is
straightforward since the limits of integration in the two integrals do not involve the

integrating variables.
E(g(u)|g) I I g(u (&+u—w)dudw

Using the distributional assumptions, we have
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= exp —i(g—w)2 ;Tg(u)exp “Ulexpd- L[ £2% ulau
207 O'UO'V\E 0 o, 20, o,

This will have a different solution, depending on ¢ (U) .
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A. g(u)=u

Here we have

1 o 1 1
E(ule)= - (g)jo fw(w)mexp{——2

20,

(g—w)z}-lgdw

1, =Tuexp{— 2(1;2 u? —(€_2W+iju u ETuexp{—au2 —bu}du
0

O-v O-u 0

Combining Erdelyi et al. (1954), 6.3(13), p. 313 with Gradshteyn and Ryzhik (2007) eq.
9.254(2), p. 1030, this has general solution

R I I N
ol (2o el o 52
. _(,{1[ - Z_jrexp{[ — Z—J}q’[[awz_m

f.(¢) g
£-Uu o,

y= +—
O, O,
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1 :Texp{— 212 u’ —[8_2W+i$1Ju u oniexp{—au2 —bu}du
0 0

Oy

Combining Erdelyi et al. (1954), 6.3(13), p. 313 with Gradshteyn and Ryzhik (2007) eq.
9.254(1), p. 1030, this has general solution

Iexp{—au2 —~bujdu = %exp{i—;}m(_Lj

SO

2
I, = Jx exp % O

T JW20?) A (2/202)

2
=0, 2% exp{i[gWJrﬁ:Lavj }@{—[8W+ﬂ$av D
2\ o, o, o, O,

Therefore,

I:EXp{i”} f, (u) f, (e+u—w)du

and so



C. The net effect E (ew’“ |8) )

E (eW"“ |5) =E (eZ |5) =

f,

&

1

(¢)

_|._O;eZ f..(e2)dz

The joint density of V and Z=W-—U is

f.(v.2)=1,(v)f.(2)=1(e-2)F.(2)

So

f..(&12)




i (e— 2)2} (O-ugjkr_;)k exp{z/o,}dz

1 (e z)z} (auai_;)k exp{z/o,}[1-F;(z;k,5)]dz

z

1 w e 1 2 okt
expi——(e—-z u explz dz
f.(¢) L‘O o,N27 p{ 207 (-2) }(0' —H9)k Piz/o,]

u

1 k-1

- fg(8)I:ijgexp{—%‘vz(g—Z)z}(o-O'ig)k exp{z/o,} F;(z;k,6)dz

1
k-1 ex _ 52

- _[w exp< — z +£i+i+1]z dz
f.(¢)(o, +0) o2z 207 \o, o,

—0

and we get

2
, . (82+1+1]
o O, O,
_[ exp{— : - +(i2+—+1jz}dz:exp — o2z
e GV JV GU
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{1{5 o, jz}
=exps=| —+—+o0, | (o,N2x
2\ o, o,

So

k-1 1 2
g, exp{— 262 & } 1 2
E(ew’u |8)= — exp —[i+ﬂ+a\,] o,N2rx
f.(¢)(o,+0) oN2x 2\ o, o,

k-1

T kel SR oy

f.(¢)(o,+0) o, o,

k-1 2

() o e S ) e

k-1

- % ; j:exp{(1+au‘1)z}¢(g_2]&(Z:kﬁ)dz

f.(¢)(o,+0) o, o,

[3.90]: E(e"*|s)= H+ o {exp{%vz(“%l)z +(1+0u1)‘9}
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5.1.3. The Gamma-Exponential 2TSF moment equations.

1) For the symmetric normal distribution we only need its second central moment, the

variance, E (VZ) =o’.

2) For the Gamma distribution, the cumulant generating function is

K(t)=—kIn(1-6t). This can provide us also with the needed moments of the

Exponential distribution by setting k =1 .

Derivative Gamma Exponential (k =1) # Cumulant
dt 1-6t
AK(t)  ke? i 0o .
dt? (l—@t)z t=0—>ko =0—>o0; ;
d’K (t)  2ke® 5 3
de® :(1_903 t=0—2ko t=0- 20, K
d*K(t)  6ke* \ 0 6o
= — = K
dt4 (l—et)4 t=0—>6k@o — 00, 4
d°K(t)  24ke® 5
= t=0—>24k6® t=0— 240, K

at®  (1-6t)

5.1.4. The determinant of the Jacobian of the moment conditions.

We have the system of equations

!
For the vector ( = (O‘V K, 8,0, ) the Jacobian matrix is




zZero.

20, —-0° -2k8 20,
0 -0 -3k# 3o
J= 4 3 3
-0" —4k0° 4o,
-6° -5k0* 50
Its determinant is
20, —-0* -2k6 20, _03
0 -0 -3k# 35
|‘]|: 4 3 O_Ua =-20,|-0"
-0° —-4ko° Ao, 5
0 -6 -5k#* 507
1 3 -3
=20,0°k0°62|0 40 4o, |=20,kE°c? [1‘
0> 5¢° 50!
5 2 1 1 4
=20,k8%c; | 2000, —-30o,
0 -o, 0 -50,
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-3k&* 307 &® 3k&® -3o?
—4k@® -4c’|=20,|0" 4kG® A4S
-5ko* 5o ¢° 5k¢* -50
460 4o, 6 4o, 0 40
50° -502| |0 -507| |0® 567
1 4
—360
15

= 20,k0°0?| 200, (0, +60)+30, (50, +40) 30|

=20,k0°7 (507 80,0 30" )

=|J| =—20,k6°? (507 +80,0+30°)

Evidently, this determinant can be zero only if one of the parameters involved is also
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5.2 The Exponential-Gamma 2TSF specification.

5.2.1. The composite error density.

Here we assume that the error components obey the following laws:
v~N(0,aV2),W~Exp(aW), u ~Gamma(k, 6) [3]

where for the Gamma distribution we adopt as before the shape-scale parametrization,

f,(u)= u“*exp{-u/6} [4]

We consider first the difference Z=W—-U=W=2Z+U. Since 0 < W it follows that we
must have 0<z+uU = —z <u, which will be a binding constraint in the convolution for
z<0.

So we have

A) z<0

k-1

r'(k)e

exp{—u/&}aiexp{—(z +u)/o, }du

w

—h
N
—~
N
~
Il
|
8
N
—

eXpi—z/o, o
_ovi-Zo,} { W}_f u“texps - %utO Ly
r'(k)é‘c, *-= bo.
We can transform the integral into a Gamma quantile function. Multiply and divide by

k
o, +60
( Oo,, } ’
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fZ(Z) :expék—oz-/O'W}(O'g;vHJ J‘irz.k)[ﬁg;-gJ uk_lexp{_(aggeJu}du

w

Set 0 = GWH/ (o, +0) and so write

O'VKV’l o 1 Kt u
f,(2) :(0W+0)k exp{—z/crw}_[zr(k)éku exp{—g}du

The integrand is a now a Gamma density (and —Z > 0) so we arrive at

k-1

1(2) = el i (k)]

w

B) z>0

k-1

f,(z)= j: F(uk)e" exp{—u/e}aiwexp{—(z +U)/o,, }du

=Z/0uf (* 1 o, +0
:%Lu exp{—(ﬁ]u}du

fZ(Z) :expék—oz-/ﬁw}(ag;;v@j I:F(J-k)(o-g;_a] uklexp{_[ﬁg;—eju}du

w

The integral here equals unity since the integrand is a Gamma density and it is

integrated over [0,0) So here

k-1

f,(2) :((7 ie)k exp{-z/o,}

w
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and in all
O_k—l
E ia)k exp{—z/aw}[l— F, (—z;k,5)] 7<0
[3.103]: f,(z)= G:“_l [6]
© i@)k exp{-z/o,} z>0

Moving to € =V+Z we then have

fg(g):ji jgexp{%(gzz) }( oy —exp{-z/c,}[1-F5 (-z:k,5) | dz

o,+0)

o1 (6‘—2)2 okt
+ exps—= W expi—z dz
o %2 7 h%+w Pt

1&°
expi—=—
p{zﬁ} ot % {1f} {g 1]}
= .[exp —3—5 (&XPy| —5——|Zdz

O'V\/E (aw+6’)k c o o o

\ ) w

ot bt o1 [e-z
_ w g ow _— F.(-z:k,0)dz
(0W+0)k __[o o, ¢[ j G( )

Before dealing with the first integral, we want to switch the limits of integration to the

second. We get
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For the first integral, as before we use Gradshteyn and Ryzhik (2007) eq. 3.323(2), p. 337

¢’ | V=
4p?

T exp{—pzx + qx} dx:exp{ .

In our case,

2
2 1 e 1 2 £ £ 1
=—, = ——— =l—| -2 + —
P 207 q ol o = o’ oo, o

So we obtain

o o, 2/c? 1/\Eo-v

\ \ w

pEvee
© 2 2 2 2
j’exp{—% Zz}exp{(%_iJ z}dz —expl o0y 0| It

2

:exp{%(gz/avz)—6i+ I }O‘vm

2
20,

w

Plugging back in,
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le¢
exp{— 2} k-1 2
2
f,(e)= o) Ow % exp{%(sz/aj)—aiJrG_vz}ava/Zn

oN2z  (o,+6 20,

w w

] J~ z/o‘w_ [84—2} G(Z;k,é‘)dz
0 o,

W V

and simplifying and compacting,

[3.104]: f ()= kavl) {exp{——Jr o, } je““w— (‘9”) G(z;k,d)dz}

(o,+6

w V

The second integral will have to be numerically evaluated.

5.2.2. JLMS measures.

A. w-variable.

|8 I g ng W|€ dW-

Define & =v —U =V = ¢ +U. The joint distribution of W and & is

fo: (W, &)=", (W)f. (&) and f. (&)= I: f,(&+u)f, (u)du

Since &€ =&£+W= & =& —W we have that
fo. (W 8)=1, . (W, s—w)="1, (w)f, (s-w)
= f,. (W, g)="f,. (W, e-w)=1f, (w)j: f,(e—w+u)f,(u)du

So
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To eventually be left with a single integral, we change the order of integration

E(g(W)]e) = [ 1, ()] g () T, (w) £, (£ —w-+u) T, (u) dwdlu

f.(¢)
We have

1 1 2
fv(g+u—w):amexp —262(8+U—W) =

__ 1 exp{ — 1 (g+u)2 exp _w +(8+u)w
a\,\/ﬁ 207 207 o’

and since f, ( W) is here an Exponential density, the inner integral becomes

J.:g(w) f,(e+u-w)f,(w)dw=

: . - w1 (e+u
| e Lol g oo

_ 1 ¢(8+ujng(w)exp{—w—2—[i—(g+2u))w}dwz 1 ¢(s+u
0,0 o 0 20, o o 0,0, o

VT w \ v

The integral now will have different solutions, depending on ¢ (W) .

A g(w)=w

Here we have the general form

I, = Iwexp {_ZWT:Z —[Ui - (g;u)Jw}dw = ]:wexp {~aw? —bw} dw

\

This has the general solution
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ot o] -2 el

In our case

ot
e ey e

B. g(w)=exp{+w}

Here we have the general form

F W 1 (e+u) F , N {bz} (
| =|exp<— —| —F1- wdw = | expi—aw’ —bw; dw = —=exp{— ;®| ——
e P i U E I L e P e

In our case
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Define t =v +Ww. The joint distribution of U and t is

fo (ut)="1 (u)f (t).

Since e=t—uUu—=1t =¢g+U we have that

fo (u e+u)="f, (u)f (e+u)="1, (u¢)

So

We have

f,(e+u—w)= - jgexp{— 2c1r2 (8+u—w)2}:

1 expl-t (e+u)’ tex —W—2+@w
O'VN/Z P Plo P Plo o’

and since f, (W) is here an Exponential density, the inner integral becomes
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.[: f,(e+u—w)f,(w)dw

el Eerl (5
=—————&@exp e+u eXpy————| —————= (W dw
o,0,N2m 20'v 20, \o, o,
The integral now has general solution
aeola )
exp{-au®—buldu = ~=ex D ———=
-[ p j Ja P a J2a
So
1 (e+u) i 1 (e+u)
J‘OO ex 2 1 (8 + U) wbdw = \/_ ex Oy O-VZ 1) Oy O-Vz
SRS o, -
I ST o,
2 2
:GV\/ZeXp l(é‘-f-zU) _(8+U) (Tvz o (8+U)_i
2 ” o, 20, o, o,
Plugging back in,
IO f,(e+u—-w)f,(w)dw=
2
1 1(e+u g+U) o’ £+U) o
GVGW\/_exp{ 207 }vafgexp{z( \,2) _( Oy | ZGVZV}CD[( o, )_a

(e+u)

1
=—exp

N 2
o, { o 20,

w

So



[3.111]: E(g(u)|e) =

o2

eXpy— — + 5

Oy 2Gw * —u . (8+U) o,

= — J'O g(u)exp{a—w} s (u,k,H)(D(G—V—G—Wjdu

The integral will have to be evaluated numerically.

C. The net effect E (ew’“ |8) )

What changes from the previous case is the distribution of z .

E (eW—“ |8) - fig) Ji G:/Zg exp {— 2(173 (- z)Z} (O.O-:I_H)k exp{-z/o,}[1-Fs (-z;k,5) |dz
+ fg :Eg) _[: O_Vezzﬂ exp {_Tivz(g — Z)Z} (J:-ie)k EXp{—Z/aW} dz
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2

© 2
The first integral can be solved, using I exp {— p°x + qx} dx =exp { 4q }%

—00

and we get

2
) £2+1—O_v_vlj
© O,
J._wexp{— 2202 +(§+1—awljz}dz:exp ! : oN2r

\ Vv

\ GW

2
1( & o, 1 ¢ ol )2 .
=eXp{E[a_+GV ——J }av 27 = o, N2r7 exp{ig—f}exp{7(1—awl) +(1—awl)g}

So

and simplifying and switching the limits of integration we get

[3.112]: E(e""|¢)= - o’ 7 {exp{%“z(l—av‘vl)u(l—av‘vl)g}

£.(¢) (o, +0
—f:exp{-(l—awl)z}icf{”ZJFG(z;kﬁ)dZ}

w
O-V GV
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5.2.3. The determinant of the Jacobian of the moment conditions.

We have the system of equations

!/
For the vector q = (UV , O i K, ¢9) the Jacobian matrix is

20, 20, -0° -2k@
0 =302 6 3k¢*
0 40 -0° —4k&°
0 -5, 6 5ko*

Its determinant is

20, -20, -6° -2ké

2 3 2 2 3 2
Vet g a 302 6 3Ko 302 6 3k6
| = 0 A N 0 _akg? =-20, |40 -0' -4k&’|=20, 45> -0 -4k6O°
. _50;“ 5 s 56! 6° 5k 564 6° 5k
ot 3 0 40| |ic, 46| |4c, -0
=20,020°k6" |45, —0 —40|=20,020°|3| , -1 v T3t T
£ & g 502| "|502 50°| |502 O
1 -4 1 -1 |do, -0
= 20,026%| 36° 2000 +3 O
1 5 o, 0| 562 &
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= 20,0.0°%| -30° - 200,0(0 +0, ) +3(40,0° +5030)

= 20,040°k 36" - 200,0(0 +0,) +30,0(40+50,,) |

=20,020%| -3¢° - 5,0[ 20(6 + 5, ) - 3(40 + 50, )ﬂ

~20,030°| 30"~ 0,0[ 20(0+ 0, )-3(40+50, ) ||

=20,00°k 30" ~0,0(80+50,, ) | = 20,030°%| 36" -0, (80+50,) |

=|J|=-20,026% [3492 +o, (86? +50,, )]

Again, this determinant can be zero only if one of the parameters involved is also zero.
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TECHNICAL APPENDIX 3.V.

The Generalized Exponential 2TSF specification.

We are considering the composite error term & =V+W-—U with

v~N(0,07), w~GE(28,,0), u~GE(2,6,,0)

Writing f; (W; HW) for the density of an Exponential random variable with scale

parameter 6, , note that

w~GE(2,6,,0) = f, (w)=2f.(wg,)- . (w;6,/2)
u~GE(2,6,,0) = f,(u)=2f_(u;6,)-f.(u;6,/2)

A. The GE(2,6,,0) distribution.

Droping the w,u subscripts, to find the mode of the distribution, we calculate

% f, (W) = %{gexp{—w/e} — %exp{—Zw/@}}

= [—éexp{—w/é} - %exp{—Zw/H}}zo

:éexp{—w/@} [-1 + 2exp{-w/6}]|=0
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:exp{—w/@}—% = —5 =In1/2 = mode = #In2

Median.

The distribution functionis F, (w)= (1— exp {—w/ 0})2

The median of the distribution is

FW(W*):(l—eXp{—W*/0}>2 =% = exp{-w'/0} = 1—% — median =—49In(1—]/«/§)

A.1. The Moment Generating function of f,(w) and its moments.

The MGF of W is
(exp tW J.exp {tw}f, (w) =2'|.exp{tw}fE(W;6?)dw—jexp{tw}fE (w;6/2)dw
0 0

, Yo 20 _ 2 2 _,2-6t-1+é
]/Ht 26—t 1-6t 2-6t “(1-6t)(2-6r)

2 2
E(exp{tw}) - (1—ot)(2-60t) 2-30t+0°C

Solving the 2nd-degree polynomial in the denominator we have the roots

2 B 2

- =2(2-30t+6%) "
(1-o)(2-6t) 2-30t+6°C (2-30t+6%C)

E (exp{tw}) = MGF, ()=

30+\/960°-4.07.2 30+0 {1/9

r
( )1'2 267 267 2/6
For the polynomial to be positive t must be outside the interval determined by the

roots, so we must have {t < 1/6’} U {t > 2/0}
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Mean.

0 _
—MGF, (1) = 2[—(2—3¢9t+6?2t2) ; (—39+2¢92t)}|t_0 ==r=S0=E(w)

2nd raw moment and variance.

;—22 MGF, (t) = 2[2(2—3& +07t?) " (-30+20%) —20% (230t +¢92t2)_2}|l=0 _

= 2[2(2)‘3 (-30)" - 26 (2)‘2} = 2%92

=3 E(WZ):%Q2

2 :1_92_9
4 4

The variance therefore is Var (W) =E (W2 ) — [E (W)] 6% = %92

3d raw moment and skewness.

;—Z MGF, (1) =2| -6(2-30t+ %) *(-80+ 20°1)" + 2(~30+ 26°t) 20°2(2-361.+ 6°*) " |

_2[—2(2—36% +0? )" (<30+ zezt)zeﬂh_o
~2|-6(2) " (-30)" +2(-30)20°2(2)” |-2| -2(2) " (-30)2¢" |

=2{E93 —393}—393 =(%—9j93 =(8—1—§)93
16 16 4 4
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The skewness coefficient is

v 45_335_(3

2
jeS

- K (W) E(WS)—3E w) Var(w)—[ E(w 4 o4 1o
I:K'Z (W):|3/2 [Var :|3/2 (5)3/2
4

45 45 9 90 45 18

_4 8 4, 8 8 8 20/8 ;i 2164

(5/4)3/2 (5/4)3/2 - (5/4)3/2 8«/]7

=y, (w)= %93 ~2.4150° while we have obtained «; (w)= % &°

A.2. Exponentiated mode, mode (exp{+w}).

To obtain mode (exp {W})we need to obtain its density.

We have q=exp{w}=Inq= W:>6—W=1 q=1.

oq (¢
So

f,(q)= (1] f,(Inq) = f (q)=ﬁgiexp{—lnq/ew}—éeiexp{—zmq/ew}

w w

= f, (q) = %i[q—uew _q—z/eW] = f, (q) _ Hi[q—uaw—l _q—2/9W—l:|

Then

d 1 2
f _ _+1 -1/6,,-2 + _+1 -2/6,-2 :O
RS ) e )

dq ° ”

1+6, | g - 2+06, | o - 2+06,
— W q V6,~2 _ q 2/6,,~2 — qllew _
6, 6, 1+6,

w w
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[3.132]: = mode(exp{w})z[iigij .

For qzexp{—w}:—lnqzw:;ﬂz——, q=1
q

we have

f, (a) =% f (~=Ing) = f, (q)= %giexp{ln q/&w}—éeiexp{zm q/6,}

w w

= f, (q): éi[qu _q2/aw]:> f, (q): gi[ql/aw—l_qzmw-q

B. The distribution of z=w-u .

Since the variables are assumed independent, then the integral of the convolution is

f,(z)= _T [2f (z+u;0,)- T (z+u;6,/2) ][ 2f: (u;6,) - fe (u;6,/2) ]du

Upnin (2)
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where the lower limit of integration will depend on z . This integral breaks into four

integrals due to linearity, and in all of them the evaluation of the upper limit of integration is

zero. So we have

o0

f,(z)=4 _[ fe(z+u;0,) fo (u;6,)du -2 _[ fo(z+u;0,) fo (u;60,/2)du

Upsin (2) Upin (2)

—ZT fo(z+u;6,/2) fe (u;6,) + T fe(z+u;6,/2) fe (u;6,/2)du

Umin (Z) Umin (Z)

4 6.0 6 +06
=——| 24 expi-z/0 texps—| 22— |u . (2
6,0,|6,+6, p{ /W} p{ [ 0.6 ] i )}

w=u

0.6 20 +0
——WU _expi-z/0 texp—| 22— |u . (2
29W+0u p{ /w} p{ ( eweu ] mm( )}

6.0 6 +26
—— WU _expi-22/0 lexp<—| 2L—L (u_. (z
ez e %20

w~u

6.0 20 +20
— WU expi-22/60 lexp—| 22— |u . (z
+29W+20u p{ /w} p{ ( QWHU ] mln( )}:|

0, +0, 20, +0,
ool 5] ool {18 o
=4|exp{-2/6,} - i

6,+6, 20,+06

w u

20, + 20, 6, + 26,

20, +20, 0, +20, |
ar {22 o] ool {752 o]
+ exp{-2z/6,} v w2
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Since ZzZ=W—-U=2z+U=W>0= u>-z. This will hold always when z >0 but it will

restrict the limit of integration when z <0 . So

A z<0
u. (z)=
mln() {0 Z>0

We have

20, +20), 6.+20.) 1)1
expd| S22 170 exp z
9W0U 0W0U

20, + 26, 0, + 20,

+ exp{-2z/6,}
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i (2)-4 exp{z/6,} ~ exp{2z/6,} . exp{2z/6,} ~ exp{z/6,}
9,46, 26, +6, 20, + 26, g, +26,

1 1 1 1
f =4 - 6,{ — - 22/6,
:(2) Kﬁwﬂ% 0W+20ujexp{z/ 3 {20W+Hu 29W+20Jexp{ Z “}}

B 6, exp{z/6,} 6, exp{2z/6,}
f.(2)= {(aw +6,)(6,+20,) (26,+6,)(26,+26,) }

_ 20, |2exp{z/6,}  exp{2z/6,}
- (6,+6,)| (6,+26,) (20, +6,)

For z >0 we have

1 1 1 1
f (z) =4|expl{-2z/0 - —22/0 -
,(2) {exp{ z/ W}[evﬁeu 2¢9W+6’uj+eXp{ z/ W}(w“zeu 9W+20uﬂ

i 4{exp{_2/%}£(0w 0 )e(wzew +9u)j_exp{_22/ew{(2‘9w +293W(9w *2‘9”)H

20, {Zexp{—z/ew} B exp{—ZZ/GW}}

0, f =
e :(2) 0, 20, +6, 0, +206,

W+0U

Soinall for Zz=w-Uu

20, [2exp{z/6,}  exp{27/4,} <0
0, +20, 20,16, )

[3.125]: f,(z) =

20, [2exp{-2/6,} exp{-22/6,} 20
0,+6, 20, + 06, 0, +20,
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B.1. The moment generating function of z=w-u.

The MGF of z is immediately obtained due to independence as

4
(1-6,t)(2-6,t)(1+4,t)(2+0,)

MGF, (t) = E (exp{tz}) = E (exp{tw}) E (exp{-tu}) =

B.2. The distribution function of z=w-u.

We have

220, F(2)=] 29, [2expis/0} _ exp{2s/6,} |
6,+6,| 6,+20, 20, + 6,

—o0 W

_ 24, jZEXp{S/g“}ds 26, j- exp{23/6?u}dS
0,+6, 7 (6,+26,) 0,+6, " 20,+0,
40¢ expiz/6,) & exp{2z/0,;

<0, F(z)=
= .(2) 0,+6, (6,+26,) 6,+6, (26,+6,)

Then = F (0): 44, 1 - 0 !
’ 0, +6, (6,+26,) 0, +0, (26,+6,)

2>0, F,(2)=F,(0) +'.'(926’W(9 {Ze;(g{—zéé’w} ~ exr;{—zzzéé’w}}ds
+ u W+ u W+ U

0w

Il
H
|
—38

20, |2exp{-z/6,} exp{-22/6,] s
0,+6,| 20,+0, 0, +20,

zZ "W
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1 26, TZexp{—z/@ 26, Tex 22/9
o,+6, 5 20,+6, o,+6, 5 6,+20,

26,26, jiexp{ 2/60,}ds + 200 O jiexp{ —22/6,}ds

0,+6,20,+6, %6, 0,+0, 2(6,+20,)" 6,
R exp{-z/0,} + 20, O exp{-22/6, }

0,+6, 20, +6, 6,+6, 2(6,+26,)

So in all

49: exp{z/0,} & exp{2z/6,]

z<0
60,+6, (6,+26,) 0,+6, (26,+6,)
[3.126]: F,(z)=
482 exp{-7/6,] .\ g2 exp{-2z/6,} 0
0,+60, 20, +6, 0,+6, (6,+20,)
B.2.1. The probability Pr(w>u).
Pr(w>u)=Pr(z>0)=1-Pr(z<0) =1-F,(0)
1 497 1 A 1 1 207 (86, +46, -6, —26,)
6,46, (6,+20,)  6,+6,(20,+6,)) ~ (6,+6,)(6,+26,)(26,+6,)

8020, + 46° — 26, - 26" 760%0, + 267

(6,+6,)(6,+260,)(20,+6,) ~ (6,+6,)(6,+26,)(26,+86,)

0: (76, + 26,)
(6,+6,)(6,+26,)(26,+6,)

= Pr(w>u)=1-
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B.3. The mode.
f, (Z) is a unimodal density with two branches, but continuous everywhere. First we

calculate the argmax of each branch separately. The density was obtained previously,

20, [2exp{z/6,}  exp{27/6,} <0
0,+6,| 6, 6+26, 20, +0, -

w u

20, [2exp{-7/6,} exp{-22/6,} 150
6,+6, 20, +0, 6, + 26,

and we have, ignoring multiplicative constants,

d (2) = 2exp{z/6,} 2 exp{22/6,} :exp{z/eu} _exp{22/6,}
dz = 0, 6,+26, 6, 20,+06, 0, + 26, 26, +6,
20, +6, 20 +0
Y 0 d =g In| S
Y exp{z/6,} = mode(z),_, =4, n[0W+249J

For the other branch,

f,.o(2) o _ieXp{—Z/gw}+£exp{—22/ﬁw} :O:exp{z/aw} _ 1
dz 6, 20,+6, 6, 6,+26, 20,+6, 6,+20,

w w

= mode(z) _ =8,In [%J :
W+ u

Comparing the two expressions we see that if 6, > 6, then mode(z)zgo falls outside

the prescribed negative domain (i.e. it is a positive number), so it is excluded, while

mode(z)bo is also a positive number and is permitted. The reverse holds when 6, <0, .

Moreover, since the function is continuous, each of the two maximization procedures
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includes also the case Z=0 where we change branch, so we do not need to compare the

value of the density at Z =0 with the one remaining mode. It follows that

20,+0
3.127]: d =In| ——2 | 0.0 .
[ ]: mode(z) n[eerwJ max{6,,6, }
B.4. The median.
a) med(z)<O0 . Here
med (2): 497> exp{med(z)/6, | g exp{2med(z)/9u}:l
0,+6, (6,+26,) 0,+0, (260, +6,) 2

b) med(z) >0 .Here

med(2):1 - 49> exp{-med(z)/6,} N 0> exp{-2med(z)/6,} 1
0,+0, 20, +0, 0, +0, (6,+26,) 2

. med(2): 4g; exp{-med(z)/6,} @2 exp{-2med(z)/4,] 1
0, +0, 20, +0, 0, +0, (6,+26,) 2

B.4.1. Exponentiated mode, mode [exp {w- u}] = mode(exp{z}).

We have qzexp{z}:>lnq:z:>2—2:1 . Also, z<0=0<q<1 z>0=q>1
g q
Therefore
16, 210, 7|
26, 1) 29 _ 4 0<q<1
6,+6,q|6,+20, 20,+0, |
fo(a)==1.(Inq)=
-1/6, 216, |
20, 11 29 . q q>1
0,+6,q|20,+6, 6,+26,
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1/6,-1 21,-1 ]
20, |24 - 0<g<1
6,+06,|0,+206, 20, +6, |
= f, (CI) = .
20 zq—llé’w—l q—ZIHW—l
u — >1
9W+ei2ew+eu 0,+20, \

Note that since Inq and 1/q are continuous functions in (0,00) it follows that f (q) ,

being the product of 1/q with the composition of f, (Z) with Inq will also be continuous.

Ignoring multiplicative constants we find the argmax for each branch.

=0
dq e, +20, 6, )20,+6,

u

16,-2 2/6,-2
0<qg<], ifq(q) oc [ei—lj 29 — (E—lj q

0, +26,

1-6,) 29"% 2-60,) g% 1-6, 46,+20, 4,
f— f— = u
20,+6, ~2-6, 0,+20,

0 R

u u

<t

6,
1-0, 46, +26, )"
:mode(EXp{Q}) _(2_9 0 +26 J

For the second branch,

~1/6,-2 —216,~2
g>1 L1 (q) oo o[ Lea]2 L[ 2 )0
dq 0, 20, +6, 6, 6, +26,

w

~1/6,-2 —2/16,~2 -1, 216,
= [ Liq]% _ (2] = (1+6,) 29 = (2+6,) i
0. J20.+6, \eo, )o,+20, 20, +0, 0, +20,
ve, _ 2+06, 20,+0,

=q =
1+6, 260, +46,

onteoi |

g>1 -

240, 20,+6, )"
1+6, 26, +46,
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Here the situation is not as clear-cut is with the mode of the difference. We have to

calculate the two modes and check if one of them is not permissible, or compare their values

We can write a compact expression as

[3.133]: mode(exp{w—u})=max{qg,-1{q, <1}, q,-1{q, >1}},

(1-0,40,+20,)"  (2+6, 20,+6, )"
°\2-0, 0,+20, ) * " (1+0, 20,+40,

C. The distribution of the composite error term.

C.1 The density of the composite error term.

We want the density of £ =V + W — U =V+Z. Under independence we have a long but

straightforward convolution, taking into account the branches of f, (Z) ,

o) [ Lo 2| 2 Zo0lt) it |,

6,+6,| 6,+26, 20, +6,

+Ti¢ e-2) 20, |2exp{-z/6,} exp{-27/6,} i
2 O, o, )6,+6, 20, +6, 6, + 20,

\

Taking constants out and switching limits of integration,
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46, Tle+z _
_av(ew+9u)(ew+29u)!¢( o, Jexp{ Z/0.}dz

20, To(e+z )
_av(9W+0u)(29W+9u)_([¢[ > ]eXp{ ZZ/QU}dZ

Y

o,(6,+ 20 +6, -([q{ o, jexp {20,z

20, T [e-z ~
- av(ew+eu)(ew+2eu)£¢( o ]eXp{ 22/0.} 02

Apply the transformations

Z=0,y—¢ z=¢-0,y
£+ dz =o,dy £—1 dz =-o,dy
= - , =
o, z=0=>y=¢/o, o, z2=0=>y=¢/o,

I=0=YyY=0 L=0=YyY=—0

1st integral is transformed into (ignoring the constant terms)

T¢[5;-Z]exp{—z/9u}dz = o, I¢ exp (O'Vy—g)/é’u}dy

v gloy

o0

= o,exple/6,) J' #(y)exp{(-o,/6,)y}dy

&/oy

Applying Owen (1980) formula 100,010 p. 409

We have



420

o0

o,exp{z/6,} | #(y)exp{(-o,/6,)y}dy =

&/oy

= 0,00{(¢/0,}op(~0,/0,)} [2)[@(0+(0,/4,))~®(5/0, +(c,/9,))]
ool sifol {25

2
So 1st component of f, (8) : (0 ", ;"(9”6 Y, )exp{; +20-0Vz}q{_{o_i+%ﬂ

u

2nd integral is transformed into (ignoring the constant terms)

T;fﬁ(‘g;zjexp{—ZZ/Hu}dz :af¢ )exp{-2(c,y—¢)/6,}dy

0 v gloy,

0

= o,exp{2¢/6,} j #(y)exp{(-20,/6,)y}dy

¢/oy

Applying Owen (1980) formula 100,010 p. 409 we have

o0

o, exp{2e/0,} I #(y)exp{(-20,/6,)y}dy =

g/o,

~ o, exp{Zg/Hu}exp{(—Zav 16, /2}[q>(oo+(zav 18,))-®(z/o, +(20,/6,))]

2¢ 207 e 20,
=O'V6Xp ?-f- 02 D| - ;‘f‘ 0

2

— % exp E+26V2 (OJE iJrzav
(6,+6,)(26,+6,) 0, & o, 6,

So 2nd component of f, () :
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3d integral is transformed into (ignoring the constant terms)

I(/f[e; ZJexp{—z/Hw}dz =-o, T o(y)exp{-(s-a,y)/6,}dy

v ¢lo,

=o,exp{-¢/0,} [ #(y)exp{c,y/0,}dy

N ||l £ %) o 0%
:UVeXp{_g/QW}EXp{ZHjHCD(GV 9Wj (D[ QH
:avexp{ai_i}@[i_ﬁj
202 0, \o, @

4 2
So 3d component of f, (8): 0 ) exp{ I —i}(l)[ d

(6,+86,)(26,+6, 20>

w

4th integral is transformed into (ignoring the constant terms)

T¢[€; Z]exp{—Zz/HW}dz =0, f #(y)exp{-2(¢-0,y)/6,}dy

v g/o,
&/

=0, exp{-2¢/6,} j #(y)exp{20,y/6,}dy

2

20, & 20 20,
=0, expi—2&/6,, 1 ex YAl D ———L | —D| —oo——
o, exp|-2¢/0,] p{%}[ (GV ewj (oo gﬂ
2
=0, exp 20; _28 p| £ 20
e, 0, o, 6

w
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2
So 4th component of f, (8):— (6 = ;(02 7 )exp{zg; zg}q)(; Z;VJ

Bringing results together,

f (&)= 46, expl -+ o, o -| L4+%
’ (6,+6,)(6,+26,) |6, 26 o, 0,

- 20, ex 2—8+2(7V2 (I)_
0.+0,)(20,+0,) g, @ ||

+ 40, exp o g £
(6,+6,)(26,+6,) 202 0, o, 0,

B 260, ex Plo 2 o & 2o,
0,46,)(6,+20) "1 & 6,] \o 0,

For compactness, set

au—£+ o :>§+20-V2 —2au+& b=—|Z+2| >- i+20-V =, - v
0, 207 0, & g o, 0, o, 6, )
2 2 2 2 2
aw: O-Vz _i O;v _2_‘9:2 O-\é , bW—__ﬁ i_ 0, :bw_ﬁ
20, 0, 6, 0, o, o, 6, o, 0, o,

Then,
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) exp{2%+<ffv/9u>2}q’[b“‘?j

u

f(2)= 40, exp{?u}

@ (b,
(6, +6,)(6,+2

0,+20,) (6,+6,)(26,+6,)

46, exp{a,} @ (b,) 20, eXP{ZaW +(0'V/6?W)2}<1>[bw _6’3
4 (6,+6,)(26,+6,) (6,+6,)(6,+26,)

u

and finally

[3.123]: f 2 {ZHUEXp{aU}(I)(bU) B gueXp{zau+(‘7v/6’u)2}®(bu—av/0u)

(9)=554 9, +20 20, +0

N 29Wexp{aW}CD(bW) 3 ewexp{za‘w+(O-v/(9w)2}q)(bw_o-v/9w)
20,40, 9, +20,

C.2 The distribution function of the composite error term.

£

Fg(8)=f f,(s)ds= 0, +0, {9 +20, J.

—00

’ jmexlo{Zau +(o,/6, )2}<1)(bu ~0,/6,)ds

20, +6, -
20,
29 ) '[Cexp{aW}CD(bW)ds

0,+20, Ie"p{zaﬂ("/@)} (W—av/ew)ds}

and decomposing the shortcuts
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—00

£ 2 20 £ S 0'2 S O,
F(e)=[f = - o 2075 9 )
-(2) ng(s)ds 9W+9ié’w+29ujem{9 +26’5} ( ° Hj S

We consider each integral in turn. We will use Owen (1980), p. 409, (eq. 101,000)

Jexp{yX}d>(5x)dx :%exp{yx}cb(&) _ %exp{;’_;}q)[gx_gj

To calculate the distribution function we want the definite integral



425

J.;exp{yS}(D(és)ds =%exp{yx}qb(5x) _ %EXP{ZL;}(I)(&_%)

1. 1 2
—=limexp{ys}®(5s) + —exp 7—2 lim q)(és—zj

y s 4 20° | s )
In order to determine the limits, we have to consider in each of the four cases the signs

for 7,0 .

1st and 2nd Integral.
For the first two integrals, the signs of the matched coefficients are y >0, 6 <0.

So in this case, Iirrl exp{ys}CD(é‘S):O-lzo, lim @(55—%) =(I)(oo):1‘ So the

general formula to be used, after eliminating the zero-terms, is

2 2
Lewtriotoys - ovirtere) - enlilefon-E] + o

where we have used the reflective symmetry of @ () .

1st integral.
jexp Slop 2% ds=ffexp Lslo —i(s+02/0) ds
—o0 HU O-V HU —00 HU O-V ! )

\

srotfo s+o, [0,
) J'Bexp{S/Qu_Gf/ef}q)[_aijds:eXp{_GVZ/Q”Z} :[Ogexp{s/é’u}d)[—aijds

s v
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=exp{-c?/0;}6, exp{§+af/ef}¢>[—i(g+af/9u)]
O,

u \

+exp{-o; /616, exp{;—;}@(i(5+af/0u)—%]
u O,

\ u

=exp{-07 /0. 16, exp{9i+af/ej}®(—i(g+af/9u)J
O-V

u

+exp{-o7/0: 16, exp{;;}®£i(g+af/9u)—%J
O,

u v u

and so the 1st component of the distribution function is

1
2 [exp{-02/02)0,expl =+ 62 |02 L | ——(e+02/
zeuexp{(fv} p{ Gv/u} u p{e Jv/ u} [ (Tv(g O-V/U)J

2 u
u

6, + 20,

+exp{-o; /616, exp{;gz}d{i(ﬁaf/ﬁu)—%j
O,

u v u

2 2
= 26, exp £ sz o|-£-% i L
0, +26,| 6, 20, o, 0, o,

200 | (¢
S T I @
0, +26, (0' j +expia, (b”)}

2nd integral.

t 2s s 2o, t 2 1 207
fooftel-3 ) Tewlioje %))
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£+202 /6, 2 S
= exps—(s—20,/6,); ®| —— |ds
[ eofge-zijel 3]

—0 u O

40_\’2 g+20‘3/¢9u 2 s
:exp{— 7 } _[O exp G_US ) —;V ds
4209, (2 1
:EXp{_F}EEXp{H_U(SJFZUVZ/e“)}CD[_;(HZGVZ/&“))

4 | 0, 20! 1 ) 20,
+exp{— e }?exp{ e }@[;(8—%—20\,/9”)— - J

u

3d & 4th Integral.
For the 3d and 4th integral we have ¥ <0, 6 >0




428

S——w

i —.0= i _7 -
So here, SILrEOexp{;/s}CD(&)_oo 0=0, lim @(55 5) 0
So the general formula to be used, after eliminating the zero-terms, is

J.jwexp{ys}CI)(&s)ds = %exp{yx}cp(gx) _ %exp{;’_;}q)(&_gj

_ewexp{_ei( _aj/ew)}@(ai(g_af/ew)]

\

2
+ ewexp{;éz}®[ai(g—af/ew)+%J

w w

So the 3d component of the distribution function is



429

20, +6 6.) \o, 8

w u —0 w v W

2
29\/\/ eXp UVZ &
Ay exp{_i}q{i_ﬁst

2
O,
20 ex v
w p{zez

=—W}exp{03/9£}

20, +6,

5 2
__26, —exp ~Z 4 O-Vz | == |+ | =
20, +0, i 0, 20, o, O, Oy

B 2eﬁeu _q)[aij_exp{aw}q)(b“ }

4th integral.
& “ ;
[exp Bl s _29 ds = [ exp -2 | |52 | las
—0 Hw o, w —0 HW Oy gw
£—20’5/9W

5720"/2/9‘,\/

S T e

s w v s

__H_Zvvexp{—gi(g_Zaj/gw)}q)(ai(g_zaf/evv)j .

W %

0, 207 1 20,
+78Xp{ o }®[?(8‘2“3/ %) ]

w v w

=exp {—46\,2/69\,3}

So the 4th component of the distribution function is
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{20‘3}
0, eXpy—>" . ) 5
R s
0, + 26, a 0, o, 6,
vaexp{zaj} —H—Sexp{—ei(g—Zaf/@W)}CD(i(g—Zavz/ew))
O,
:——Wexp{ 403/:95} " !
2(6,+26,) 6, . |20! 1 2 20,
+2rexpy D —(£-207/0,)+
2 o [ o, 6, )]

Fg(g):j; (s 2 - {szfg - {q{aij i exp{au}«I)(bu)}

2 2
- i O — | + exp 2au+a—; ) bu—ﬂ
2(20,+6,) g o, 0,
262 £
L b — | - D (b,
+26W+t9l[ Uvj P} & W)}

Compacting a bit,
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2 £ 20 o 207 o
P =554\ o )\ g, +20, 2029,70,) 20,46, 2(6,+29,)

We have,

207 % 207 %%

u

j— _+_ J—
0,+26, 2(26,+6,) 20,+6, 2(6,+26,)

2072(26,+6,)-62(6,+26,)+20.2(6, +26,)-02(26,+9,)
- 2(6,+26,)(26,+6,)

| 8626, +46° —6%6, — 20° + 467 +8676, — 260 — 6206,
2(6,+26,)(26,+6,)

70,67 +26 +20:+7620, 2(6,+6,) +6,0,(6,+8,)
-~ 2(6,+26,)(20,+6,)  2(6,+26,)(26,+86,)

So,
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[3.124]: F, (&)=

2 12(6,+6,)°+6,6,(0,+6,) (¢
0,+6,| 2(6,+26,)(26,+8,)

2 62

20 o’
4 o(b ) ——4—— 2 — D
+¢9W+249u eXp{a”} ( “) 2(26W+6u)eXp{ a“+t9uz}

20; 6: o;
— ®(b,) + ———2——exp12a, +—%  ®| b, ——*
20, +6, expiafo(b) + 2(0W+29u)eXp{ a‘“ej} [ ! ewﬂ

HU 2 euz eu 0[12 euz ! O-V u O-V 9[1 ) HU
2 2 2

£ L2 2 gy oy o6 2oy o
200 6, O 6, 6: o, 0, o, 6, 0,

D. Individual Measures.
D.1. Conditional densities related to the W variable.

D.L1 f, (wls).

We need to calculate the conditional density

We have £ =V+W-U . Set £ =V—U=¢g—W. Due to independence, we have

fou (S W)= 1(S) fu (W) = f. (- w) £, (W) = £, (& W)

the later because the the Jacobian determinant of the transformation is equal to unity.

So
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o () - L

We need to determine the density f§ (f) .Wehave {=v—-u=v=~&£+u

du :I$¢(§+uj[2fE (u;6,)— fe (u;6,/2)]du

v

o o A s

Texp{—Zu/@u}gb(ngquu

O-V

2 7 E+u 2
= expl—u/0 du —
0, -[ Pl /U}¢[a j 0,0, 4
u=o,y-¢
E+u du=o,dy
=
u=0=y=<¢/o,
W=00=>Yy=00

So

Apply the transformation y =
o

\

f§<é>=§uj exp{- (o, -€)/6,}#(¥)dy - 5; exp{~2(0,y~£)/0,}(¥)dy

:gexp{i/eu} T exp{-yo,/6,}¢(y)dy — —exp{2§/6? _[exp -2yo,/6,}¢(y)dy
0, ¢lo, 0, £lo,

Using Owen (1980) formula 100,010, p. 409



f.(£)=on{s/a)

u

u

=9£exp{§/9u}exp{

u

S

= f§(§):9£exp{—

7

u u

So

_Hiexp{zg/@u}{exp{

20}

exp Iy
20,

2

2

2

v
2
u

g

Y

20 }-1—exp{2;‘;}®[é+zav ﬂ
0 o, o, 0,

1o

2

u u

u

So,

G“)—gexp{Zé/ﬁu}eXp

g

207 20,
Zhlo| -2
eu GV HU

2 2
+ GVZ o _£ o —Eexp §+2CZV o _s
20, o, 0 0, 6, o o,




[3.129]: f,, (w|s)= fu(

D.1.2. Related to f,, (q |8), q=exp{w}.
fw“g (W|5) =h(w, 5), and we want to apply on the bivariate argument of the function

the transformation
T(w,&)=(q(w,&),k(w,e))

q(w,e)=exp{w}=>w=Ing, =1, k(w,e)=¢

Consider the determinant of the Jacobian determinant

owoe owoe 0Olngqde 0Olngoe 1

oqgok ockoq oq o Oe oq ( q

So (see eg. Stirzaker 2003, p. 343), we have

q=exp{w}, f, (ale) =3 (a.k)| f(Inale) and so
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fo.(ale) :%EFQM —EQ‘Z’%Hq‘”"“‘l exp{au}cb('zq . buJ

\

g Ing o
—q % expl2a, + 2 Lo + b, -
q p{ g o) )

[3.136]: q=exp{w},

4 q—llﬁw_ qulaw
o fale) =4 )[q-“ﬁu-lexp{au}cb

6,0, f.(e)
210 ’ Inq o
—q ¥ expi2a, + 2L L + b -
ol o1 -5

7~ N\
Q|5
< |
+
=g
N

D.1.3. Related to f,, (q |g) q=exp{-w}.

As before,

fw‘g (W|8) = h(W, g), and we want to apply on the bivariate argument of the function

the transformation

T(w,e)=(a(w,e).k(w,e))

q(w,e)=exp{-w}=>w=-Ing, 0<q<1, k(we)=¢
The Jacobian determinant is

(k)= Mee_owie_o(-na)ee aingos_ 1, o 1
’ o9 ok ok oq 09 0s os 09 q

So g=exp{-w}, Ty (ale)=[3(ak)[fy (~Inale)



fq‘g (q|g) :%g)g{iqllﬂw—l_£q2/€W—l}|:ql/9u exp{au}cp(_lnq + bu}

0.0, 0, o,
2 ~Inq o
—g¥% exp{2a, + 2 Lo + b, -
q p{ a, & o) "7,

[3.137]: q=exp{-w},

) 4 (qllew—l_qzmw—l) y —Inq
st(q|g)_9W6,u fg(€) q exp{au}CD o +b,

D.2. Conditional densities related to the U variable.
D.2.1. f, (us).

We need first to calculate the conditional density

We have £ =V+W-—U . Set here £ =v+W=¢+U. Due to independence, we have
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fu(§u)=1() fu (u) = f(e+u) f (u) = T, (e0)

the later because the the Jacobian determinant of the transformation is equal to unity.

So

We need to determine the density f, (5) .Wehave {=v+w=v=5—w

LE)=] (W) fw<w>dw=I§V¢(i—W][2fE<w;ew>— fo (w6,/2)]dw

\

i b AU P s e

L(&)=-2 [ en{-(-oy+e)/a )y + 2 [ exnl-2(-oy+2)/a}8(y)dy

0W &loy w &/,

Swapping the limits of integration and re-arrange
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...=0£§/Jj exp{—(-c,y+£)/6,}4(y)dy - 03 é/fv exp{-2(-o,y+£)/6,}4(y)dy

w W -0

&/oy &/oy
= Lool-e10) [ owlye/o)o(s)e - Zeonl-2s/a [ iz o))

w

Using Owen (1980) formula 100,010, p. 409,

f.(&)= gexp{—g/ew}{exp{2052}@(?—%}— 0}

w w

_3 _ 20\12 . i_ZO'V _
5 exp{ Zg/ew}{exp{ 7 } (D(G p j O}

w

2 2
= — Xp _£+ V2 . é_ﬁ _Eexp _2_§ 20;‘/ i_ZO-V
0, 0, 20 - 0,) o, 0, O o, 6,
So
g+u ol £+U O 2 2(e+u) 207 g+Uu 20
f.(s+u)=—expj— o ——Y |- —exps— b -
w 9W 2HW O-V GW 0W HW QW O-V 9W

—iexp 2 +0—V2 exp A ) i+ =
7R I R W B PR
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So

[2.130]: 1, (u]e) =)

D.2.2. Related to f, (als), q=exp{-u}.

As before,

fu‘g (u |5) = h(u,g), and we want to apply on the bivariate argument of the function

the transformation

T(ue)=(a(ue).k(u,e))

q(u,e)=exp{-u}=>u=-Ing, 0<q<1, k(ue)=¢
The Jacobian determinant is

(k) M0e_ds_o(-na)oe omase_ 1, o 1
’ o9 ok ok oq o9 o0e 0 9 q q

So g=exp{-u}, fy.(als)=[3(ak)f, (-Ingls)

fq (ale) :%%gmg_i{q% exp{aw}cb(_":q +ij

g ~Ing o
—q?%expi2a, + 2 lo b ——
q p{awgz}(amgﬂ

w
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O,

g ~Ing o
—q?%expi2a, + 2 lo b, ——
q p{ aw+02} ( > +0, QWH

w \

[3.138]: q=exp{-u},

1 4 - - ’ —Ing
fq‘g(Q|5)= fg(g) eweu (qlle 1_q2/9 1)|:q1/9 exp{aW}CD( - +bW}

v

g —Inq o
—g”%expi2a, + 2L LD +b, ——*
o espfen, + 7o 19, -2 |

D.3. Related to the z=w-u variable.
D3.1. f, (z]¢).

We need to calculate the conditional density

Wehave ¢ =V+Z =V=¢-1Z . Due to independence, we have

f,.(v.2)="1,(v)f,(2)="1,(e-2)f,(2)="1,,(&.2)

So

ORI L

The density f, (Z) has branches. So we have
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0, +26, 26, +6,
[3.131]: f, (z]¢) =

s-2) 20, [200]-2/6,)  exp{-22/6,]
20, +6, 6, + 26,

g—z] 26, {Zexp{z/é’u} _ eXp{zz/@u}} 7<0

z>0

D.3.2. Related to f,, (ale), a=exp{z}.

For the logarithmic specification case we need fz“g (Z|g)z h(Z,g), and we want to

apply on the bivariate argument of the function the transformation

T(z,e)=(a(z.¢).k(z.¢)) q(z,¢)=exp{z}=>z=Ing, k(z,¢)=¢

Consider the determinant of the Jacobian determinant

J(qk)= 20 cede _olngoe olnqoe 1, 4 1
oqgok okoqg oq Oe Oeg o9 q

q=exp{z}, fy(als)=]2(a.k)| T, (Ingle).

So we have and so

z<0=0<9<l z>0=qg>1

1 1 p e—Ing )| 26, 2 e - 1 o2
qo,f.(¢) o, 6,+6,| 6, +26, 260, +6,

\ \

fq\s (q|g) -

1 1 p ¢-Ing) 26, 2 q e 1 o 2
C]O'fg(é‘) o 6,+0,20,+6, 0. +26

v v w u

0<g<1

g>1
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26,1

q

) e-Ing) 26, | 29"%"
o,f, (&) o, )0,+6,|06, +26,

20,46,

} 0<g<1

-1/6,-1 -2/6,-1

1 e-Ing| 26, |29 _ A q>1
o,f, (g) o, )6,+6,|20,+0, 6, + 20,

So finally,
[3.139]: q=exp{w-u}=exp{z}
| 16,-1 2/6,-1
20,  4((6-Inq)/o,)[ 29 _ 4 0<qg<1
Uv(gw+9u) fs (8) 9W+29U 20W+9“

fq\a (q|‘9) -

g>1

o,(6,+6,)

f.(¢)

20, ¢((€—IHQ)/GV){

2q—1IHW—1 B q—2/n9w—l
20,+6, 6,+20,

E. Distributional connections.

E1 q=exp{w}, qe[l ).

We have Pr(exp{w}<q)=Pr(w<Ing)=F,(Inq)

Let W~GE(2,0W,O). Then

F,(w) =(1—exp{—w/ew})2 =F,(Inq)=(1-exp{-In q/9w})2 (g )2
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1
But 1- —o 18 the distribution function of a Pareto random variable with minimum

value equal to unity, and shape parameter 1/6, . Therefore, its square is the distribution

function of the maximum of two i.i.d Pareto random variables with these parameters.

E2. q=1-exp{-w}, qe[0,1)

Pr(1—exp{-w} <q)=Pr(1-g<exp{-w})=Pr(In(1-q)<-w)=Pr(w<-In(1-q))

So Fq (CI)=FW(—ln(l—q))=(1—exp{|n(1_q)/ew})2 =(1—(1—Q)1/9W)2

16,

The function 1—(1—q) is the distribution function of the Kumaraswamy

distribution, which has general form Fk(k)zl—(l—k“>ﬂ, for parameter values

a =1, f=1/0, . Therefore its square is the distribution function of two i.i.d. Kumaraswamy

random variables with these parameter values.

E3. q=exp{-u}, qe(0,1]

q

F (q):Pr(exp{—u} gq)z Pr(-u<Ing)=Pr(-Inqg<u)=1-Pr(u<-Inq)=1-F,(-Inq)

If u~GE(2,6,,0), then F,(q)=1-F,(~Ing)=1-(1-exp{Inq/q,})’ =1-(1-¢"*)

1Yy

Note that "% is the distribution function of a Beta random variable with parameters

a=1/6,, f=1. Then the expression 1—(1—q1’9” )2 is the distribution function of the

minimum of two i.i.d Beta random variables with these parameter values.
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Chapter 4
Dependence and Endogeneity.

TECHNICAL APPENDIX

Section I.
A. Range of correlation in Freund's bivariate Exponential Extension.

Pearson's correlation coefficient is

_ a’b’'—ab
\/(a'z +2ab+b? )(b’2 +2ab+ az)

a'b’ ab

\/(a’z +2ab+ bz)(b’2 +2ab+ az) \j(a’z +2ab+ bz)(b'2 +2ab+ az)

1) Positive Correlation.

The correlation coefficient can attain the value unity, if a8’ — oo,b" — oo, In such a case

the negative term goes to zero while in the positive component, the leading term in the

denominator is va’’h’”® =a’ b’ which cancels out with the numerator resulting in the value

of unity.

2) Negative Correlation.

We obtain maximum negative correlation if the first component goes to zero and the

second is maximized (without the negative sign). For the first component to go to zero, we

examine the case where both a’,b’ — 0. This also contributes to increase the value of the

second component. Under this we want to maximize

ab Jab

W Jeabrb)(zabrar) 0 J(2arb)(@oa)




446

ab _ ab
(2a+b)(2b+a) 5ab+2a®+2b’

The argmax will be the same for the square,

We have

3( ab 2)=0:b(5ab+2a2+2b2)—ab(5b+4a)=0
da\ 5ab+2a“+2b

:>b(5ab+2a2+2b2—5ab—4a2)=0 —2b?-2a>=0

=a=b

Also,

Q( ab2 Zj:O: a(5ab+2a”+2b*)—ab(5a+4b) =0
ob\ 5ab+2a” +2b

= a(5ab+2a” +20° —5ab—4b’) =0 = 2a’ —2b* =0

=a=b

So the condition to maximize the second term (and so minimize the correlation

coefficient ) is @ =b. Plugging this together with a’,b’— 0 in the expression for p we arrive

at



447

B. The distribution of the Correlated Exponential 2TSF error term.

B1. The density and distribution function of w—u .

Set z=w—U =U=2z+W. Then

abre—b’ue—(a+b—b’)(z+u) 7<0

fou (W,U) =
arbe—a'(z+u)e—(a+b—a’)u 7>0

Limits of Integration. We have P(Z<z)=P(W-U<2z). So w < z+U and since

0<w it follows that we must have —z < u. This always holds when z is positive, but it

restricts the integration interval when z is negative. So we have

For z<0
_[* Alra-bu—(a+b-b)u+z) g . Apra—(atb-b)z [© ~(a+b)u
fz(z)_Labe e du=ab'e Le du
_ ab’ e—(a+b—b’)ze(a+b)z _ ab’ eb'z
a+b a+b

For z>0

f (Z) _ J-ooa,befa'(z+u)e7(a+b—a')udu _ a,be_a/ZJ-ooef(aer)udu _ ba’ e—a’z

‘ 0 0 a+b

Therefore the density of z=w—u is

ieb'Z z<0
a+b

f, (Z)=
b—ae""Z z>0
a+b

.. a .
Defining M = —— we can write
a+b
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mb'exp{b'z} e"* 2<0
[4.18]: f,(z)=
(1-m)a’exp{-a'z}e™ 220
The distribution function is
_Zw;—iexp{bs}d z7<0 afbﬁexp{b’s} . z2<0
F, (Z) - -
_[ —exp —a's}ds z2>0 F (0)—£iexp{—a’s} 2 72>0
oa+b ’ a+ba’ °
mexp{b'z} z2<0
[4.20]: F,(z)=
1 - (1-m)exp{-az} z>0

B.2 The 2TSF Correlated Exponential three-component error density.

Letv~N (O, O'VZ) independent of z. Consider e =V+Z = V=¢—27 . We have

1

f ()= JO mafbexp{bz}exp{— -(e- z)}dz

b !

wajlg_exp{ az}exp{ (g z) }dz

a+b
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= ﬁ%exp{ }j exp{ }exp{(b %Jz}dz
T
UVE a+b 20y 0 ol o,

Swap the limits of integration on the first Integral

:ﬁ%em{—f }I eXp{__ }exp{ (b +Giv2jz}dz
T Cas

The integrals evaluate to

\'

G :
+————eX —%gz}av ex {%gz}ex —ae+ica?l| 2-20| -—+0,a
o 27 ath o3 7 P jeRiae ol o

\

which finally gives

. _ a ' i i & '
[4.8]: fg(g)_mb exp{b'z+4olb 2}@(—g—avbj

b £
+ ——a'exp{-as+iola’}®| —-0,a
a+b

Defining the shortcuts
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we have that

1 = L(g)o,) + b + 1o?b? =>be + Lo”? =1af - i(g/o,)
Lo} = %(g/av)z ~ade+icla? > -ae+ic’a? =1al - %(8/O'V)2
So we can also write

f,(e)= exp{—azJ(i/av) }[ab’exp{%wg}d)(—a)z) + a’bexp{%aﬁ}@(%)]

Using m= aab and exp{—%(g/ov)z} :@-¢(g/0'v) we can write
+

[49]: f,(s)=274(s/o, )[mb’exp{%mﬁ}@(—a)z) +(1-m) a’exp{%a);}d)(a%)} :

B.3 The distribution function of the 2TSF Correlated Exponential composite error.
We have obtained the three-component error density

f(s)= ﬁb’exp{b’g+%afb'2} @(—O_i—avb’]

\

a+b o

v

b £
+ ——a'exp{-as+iola’}®| —-0,a

or
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f, (5):‘//1|1 + y,l,

W, = %exp{%aﬁbﬂ}, l, = exp{b'g}(b[—aiv(ﬁafb')j
:ﬁexp{laza’z} I :exp{—a’e}CD(i(g—aza')j
YT A g '

In Owen (1980), p. 409, (eq. 101,000), we find the indefinite integral

jexp{}/x}@(éx)dx :%exp{yx}cb(éx) - %exp{;_;}q)(&_g)

To calculate the distribution function we want the definite integral

_[_XOOEXpVS}(D(éS)dS = %GXP{J/X}GD(&X) - %exp{zy—;}q)(gx_lj

2
_%Sllnlexp{ys}q)(és) + %exp{%}sllnlq)[és—gj

Looking at our integrands |, 1, , in order to determine the limits, we have to consider

alternating pairs of signs for 7,6 .

A) For integrand |, the corresponding signs are y =b’>0, J = L <0

O,

S—>—©

In this case, limexp{ysj®(ds)=0-1=0, lim @(5S—§)=(D(oo)=1. So the

general formula to be used, after eliminating the zero-terms, is
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2 2
oot [ o)

where we have used the reflective symmetry of @ () .

We have

l,ds = | exp{b's!®| ——(s+o2b’) |ds = v2,exp b's— bl d| —— |ds
s = [ eplpis)o| - :

o, e

=exp {—avzb’z} J':UVZU exp{b’s} @ (_ij ds

O,

which is now in the appropriate form to use Owen's formula. The correspondance of

coeffcientsis y =b'>0, & = —i <0.We get

O,

O, o,

J:jllds = exp{—ajb’z}{éexp{b’ﬁavzb'z}@(—i—avb’j + %exp{%afb'z}d){Lo-"Zb'—avb’ﬂ

:fwllds = %{exp{b’g}cb(—i—avb’} + exp{—%ﬁb’z}qb[fﬂ

O-V v

and

s ab’ 2 1 , , ’
z//lLollds :mexp{%asz} g{exp{b g}d)[—giv—avbj + exp{—%avzbz}d)(aiﬂ

_ a 1 2812 ' _i_ ’ i
=0 {exp{zavb }exp{bg}d)[ - avbj +<I)[G H

v v
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We turn now to the second integrand.

B) For the integrand |, the corresponding signs are y =—a’'<0, d = el >0

O,

In this case, lim exp{ys}®(5s)=0, lim CD[&‘S—%} =®(—0)=0. So the general

§—>—©

formula to be used for |, is

J.jwexp{}/s}CD(&)ds = %exp{yx}cp(gx) - %exp{;’_;}q)(&_gj

We have

2.1

[ 1ds = [ exp{-as) ‘D[i(s -, a')j ds= " exp{‘als_avzarz}q{aij *

- O, v

=exp {—afa’z} f:vza’ exp{-a's} @ (ij ds

Oy

which is now in the appropriate form. Matching coefficients, we have

J'_llzds = exp{—avza’z}{—éexp{—a&wafa'}db(g_:vza'] + %exp{%a’zaf}®(€_TGVV2d+ava’H

and
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!

a , 1 ' &g ' & '
bexp{%avzaz};{exp{—%a205}(1)(;} - exp{—ag}d)[——ava] }

e b
l//z_[_o0 l,ds = at

_ b i _ 1 2,12 A’ i_ i
_—a+b{®[aj exp{o7a”}exp{ ag}(I)((7 avaj}

\

So the cumulative distribution function of the composite error term is

Fg(g)zjg fg(s)ds=1,//lfwllds + z//szlzds

—o0

F(e) = =2 {exp{%fffb’z}eXp{b'g}q{_i_Uvb'j ’ @[iﬂ

a+ o, o,

L i _ 1 2412 A’ i_ '
+ a+b{®[aj exp{o7a’}exp{ ag}d)[a avaj}

\ \

and finally,

o, a+ o,

[411]: F.(s) = qn[ij + ibexp{%o-vzb’z}exp{b'g}@[—i—o-vb'j

a+b o

'

- Lexp {%aja’z} exp{-a'e} @ (i - ava’]

. . £ £
Using the shortcuts defined before w, = —+b'c,, @o,=—-a'c,
GV GV

a 2 .
and mzm , exp{—%(e/av) }z@ﬁﬁ(g/av) we can write

[412]: F.(¢) = ®(&/0,) + \/Z-qﬁ(g/av)[mexp{%a)zz}d)(—a)z)—(l—m)exp{%a)g}q)(a%)} :
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C. Moment generating functions and skewness of the composite error term.

C.1. The moment generating function of Z=w-U .

The moment generating function of Z=w-U is

® sz ab’ 0 'z 552 ba, © —a7.sz
M, (s) = [ f,(z)e%dz = ot _eevdz + o AL

_ab o by, ba J'we—(a'—s)zdz
a+b’o a+b’o

a b’ N b a’
a+b(b'+s) a+b(a'-s)

=M,(s) =

1st moment.

oM, (s) __a b* b a' :aMZ(O) _ b a
0s a+b(b'+s)2 a+b(a’_s)2 0s a'(a+b) b'(a+b)
:E(Z)z bb' —aa :(l—m)b—ma
a'b’'(a+b) a’b’

2nd moment.

o*M, (s) a 2 b 2a o’M, (0) 2a 2b
2 = s T 3 = 2 2 =
0s a+b (b'+s) a+b (a'-s) 0s b?(a+b) a”*(a+h)
"2 4 bb'? ma’? +(1-m)b'
E(2) =0 2"+ _
- (Z ) a'’b” (a+b) a'’b’?
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3d moment.
OM,(s) _ a6 , b 6 383MZ(0):_ 6a . 6b
0s® a+b(b’+s)4 a+b(a'_s)4 os® b®(a+b) a®(a+b)
_ 13 bb/3 (l_m)b/?:_mar3
E(£) = aa” + _6
= (Z ) al3bl3(a+b) a!3bi3
4th moment.
O'M,(s) _ _a 24" b 24 :84MZ(0): 242 24b
os* a+b(b'+s)5 a+b(a'_s)5 os* b“*(a+b) a"(a+b)
14 bb!4
E(z* :24&1;
= (Z) a'*b" (a+h)

C.2 The moment generating function of e=vV+7 .

Since the zero-mean normal random variable ¢ is independent from z we have that

M, (s)=M, (s)M, (s). The first four derivatives and moments are

1st moment.

oM, (s) B oM, (s)
oS - 05

2nd moment.

*M, (s) ~ *M, (s)
0s? o8P

oM, (0) o°M, (0) . *M, (s)
s  os° o5

=



aa'’? +bb’ ma’? +(1-m)b’
= E(6") =B El) =2 gy 2 g+

3d moment.
M M M M
0 53(3) _0 Zg(S)MV(S) e Zz(s)a ,(s)
0s 0s 05 05
2 2
. 28 Mzz(s)an(s) s 26Mz(s)8 Mvz(s)
oS oS 05 oS
2 3
. oM, (s) 0 MVZ(S) s Z(S)a Mvg(s)
oS 05 oS
M. (0) _ M, (0) .M, (0) M, (0)
st 58 s 0s?
So
—aa” +bb" bb'—aa’ ,

E(*)= E(z3)+3E(z)E(v2)=6a,3b,3(a+b) + b (arh)

_ 13 _ 13 _ r_ '
ma” +(1-m)b .\ (1-m)b'—ma 52

= E(¢°)=E(2°)+3E(2)E(v*)=6 s o

C.3 Sign of skewness of ¢.
The direction of skewness will depend on the sign of the third central moment. Using

the relation between central and raw moments we have
E(s-E(e)) =E(¢%) —3E(¢)E(s?) + 2[E(e)]

Using the previous results, in our case we have
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E(e-E(e))’ =E(2°) +3E(2)E(v?) —3E(z)[E(zz)+E(v2)] +2[E(z)]3

=E(2')-3E(2)E(2") + 2[E(2)] =E(2-E@))’

=E(2°) - E(z)[BE(zz)—Z[E(z)T}: E(z°) - E(z)[E(zZ)+2Var(z)]

Since [E(22)+2Var(z)J>0 we see that if E(Z3)<O, E(Z)>0 we will obtain

certainly negative skewness, while if E (23) >0, E(Z) <0 we will certainly obtain positive

skewness.

From the raw moments obtained earlier, we have

— r_ 4 _ 3 13
E(Z):%, E(Za) :6(1 m;.gb’s ma So we will have
E(z°)<0, E(z)>0 if

b’ m U3 b’ m
(1-m)b”®—-ma” <0 :>—<[—j and (1-m)b'-ma’'<0= = > —
a' 1-m a’ 1—-m

, 13
m b m
or < —=<|— .
1-m a' (1—m)

This will be feasible if m<1/2 , and then it will hold if b’/a’ falls in the interval.

Analogous results obtain for the case E (23) >0, E (Z) <0.
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D. Testing for the existence of dependence.
Freund's bivariate Exponential Extension nests the independence case, when a=a’

and b =D". This implies that if the two one-sided components are independent we will have

m=—— = (1-m)a’=mb’

The resulting equation is a necessary condition for independence, and it is formed by

identifiable parameters. So we can formulate an asymptotically valid statistical test with null

hypothesis H,:(1-m)a’=mb’, which in practice will be based on the difference
T=(1-h)a -mb'.

If the null hypothesis is rejected we have statistical support for dependence. But if the
null hypothesis is not rejected, there is still the possibility that dependence exists of a
restricted nature, and the test is inconclusive.

We note that the test shares the same philosophy and some common characteristics as
the well known Hausman (1978) tests (or "vector of contrasts” tests), since it too essentially
tests whether two estimators have the same probability limit. We will discuss similarities and
differences as we develop the test.

In the context of maximum likelihood estimation of the model, let the full parameter
'

vectorbe q=(6, 6,), 6, =(a, b m)' and 6, containing all other parameters of the model.

Let the log-likelihood of the model be L(q) EZIn L (q) . We will denote with a zero-
i=1

subscript the true parameter values.

oL (¢
The first-order condition for a maximum is £=0 and applying (per row) a

aq

mean-value expansion we have

=0= q=q
aq aq 0qoq’ n ogoq’ n oq

oL@) o, 2(0) L@ oy o g Fa%(a)r[zauqﬂ
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We partition the system of equations as follows

a'| ra] [h
b | |b| |h|(16L
o | = L (qo) which gives us
M m| |h,|{n &q

L "2 ] 02 Hé’

ér:ar_h;[%aL(qO)]’ B'Zb’—hk’)(%MJ’ M=m—h' (%8L(QO)J

aq aq

We turn to calculate the statistic.

T=(1-m)a - b’ = {1—m+h§n [%%:;‘J)ma'—h;(%%go)ﬂ
oot

laL(qo)j . a'h;n(la"(%)] B h:n[laL(qO)Jh’ (laL(qo)j

= (1-m)a’ - (1-m)h!
(L-m)a’ - (1-m)n | - L

VY
>

>
5

b e mh;(la"(q")j . b'h;n[la"(q")] b (;aL(qo)thEEaL(qo)J

aq aq

>
>

= [(-m)a'—mb] - (1—m)h;{%6L(q°)j + (a'+b')h;n(laL(q°)j s mh;[%a—(qo)j
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= [@-m)a-mb] + (1-m)(&-a) - (@+b)(h-m) - m(b'~b)

h (1%% (;M] h (wuqo)jm GGL(%)J

n oq n oq

Multiply throughout by Jn

JiT = V[(a-m)a'-mb] + (1-m)[Va(a'-a')] - (a'+b)[Vn(m-m)] - m[Jﬁ(B'_b')}

) N

First, note that if the null hypothesis H,:(1-m)a’=mb’is not correct, the value of the

statistic goes to infinity due to its first term, and so the test is consistent. On the other hand,
due to this fact, power studies can only be of a local nature, as in Hausman (1978).

Moreover, with an ergodic stationary sample and under correct specification, we have

laL(qo)

L) e (a,)]-0

So the last two terms vanish asymptotically, since the components of the Hessian

1 oL(q,)
inverse converge by assumption, and
Jn o

is a well-defined random variable at the

limit. Therefore the statistic under the null hypothesis is

[4.15]: JAT|,, — (L-m)[Vn(&-a)] - (@+b)[ v (h-m)] - m[Jn(5'-)]

Given the asymptotic properties of the maximum likelihood estimator, at the limit this
is a linear combination of three dependent zero-mean normal random variables and so a
normal random variable itself. Regarding the limiting variance of the statistic, it does not

have a simple form as in the Hausman tests case, because the simplification there rested on
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an assumption that one of the two contrasted estimators is efficient while the other was not,
under the null. No such properties exist in our case, so we cannot avoid the "messy
calculations” to obtain the variance. But in practice, all necessary magnitudes will be
provided by the variance-covariance matrix of the MLE estimator. Write temporarily for

compactness

JnT|,, =A-M-B =
Var (\nT ) = Var (A)+Var (M) +Var(8)-2Cov(AM)-2Cov(A-M,B)

= Var(A)+Var(M)+Var(B)-2Cov(AM)-2[ E(AB—MB)—(E(A)-E(M))E(B)]

= Var(JnT ) = Var(A)+Var(M)+Var(B)-2Cov(A,M)—2Cov(A, B)+2Cov(M,B)
We have

Var(A)=n(1-m)*Var(&), Var(M)=n(a'+b)" Var(), Var(B)=nm* Var()
Cov(A M) =n(1-m)(a'+b’)Cov(&’, ), Cov(A,B)=n(1-m)mCov(4’b)

Cov(M , B) = n(a’+b')mCov(rﬁ,6’)

So

[4.16]: Var(T):(l—m)2 Var (&) + (a'+b’)2 Var () + mZVar(B’)

~ 2(1-m)(a’'+b")Cov(&’, ) - 2(1—m)mCov(é’,6’) n 2(a’+b’)mCov(rﬁ,6’)

All the variance and covariance terms are consistently estimated by the VCV matrix of

the MLE, and for the scaling constants we can use their consistent estimators. It follows that
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D.1. Simulating the distribution of the statistic under the null hypothesis.
We performed the following small Monte Carlo study:
We considered 1000 runs, each on a sample of size 1=5,000.

In each case we generated the following independent random variables

v~ N(0,0'f), o,=03 w~Exp(o,), o,=a", a=2=0,=05

u~EXp(Gu),O'W:],/b', b'=25=0,=04, =m= =0.444

a'+b’

We then estimated by maximum likelihood the parameters of £ =V+W—U using the

Correlated exponential density, and used the estimates to calculate the statistic §. Its

empirical frequency distribution was

Density

1.8 T T T T

T T
Test statistic for gamma: gqstat
z = -0.721 [Dq_?n?] QEITIITIE(DA-BG? 1,1.909 ].]

1.4 4

1.2 —

0.5 T
0.6 &R —

0.2 T

We see that the distribution is very close to a chi-square distribution with one degree

of freedom (which is a Gamma distribution with shape parameter 0.5 and scale parameter 2).
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E. Conditional expected values.

E.1. The joint density f,,(&,w).

To obtain conditional expected values we need the conditional density,

f (W)
wf(e)

We have already derived the denominator, so what we need is the joint density.

We have £ =V+W—U . Define =V—-U=¢—-W, V=(Qq+U . Then

fqyw(q,w):jooo f, o (A+U,W,u)du = j: f,(q+u)f,, (wu)du.

Then, since the determinant of the Jacobian of the transformation (q, W) - (6‘ —-W, W) is

unity, we get
f(ew)="1,(s-ww)

We have

1 1 2 1 q° u>  qu
@)= P 2 (Y T P 207 [P 20 o

We have also to take into account the fact that the joint density f, (W,u) has

branches. This leads to

J': f,(q+u)f,, (wu)du :J'OW f,(q+u) f,., (wu)du +I: f,(q+u) f,., (wu)du
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We consider each integral separately

I,

=a'bexp {—a’w} exp {_

:J'OW f,(q+u)f,., (wu)du= A(Q)IOWeXp{— u
= A(q)a’bexp{-a'w} .[Owexp{_ u
= A(q)abexp{-a'w} Iowexp {_

= A(q)a’bexp{-a'w}x @‘: exp {_ u

2
20,

A(q)a’bexp{-aw} 7

2

2
20,

%y exp O-—Vz a
xﬁ 2 O'VZ

ikl

2

qu
2 2
20, o,

}a’b exD{—t’al'W—(aer—a’)u}du

—q—g}exp{—(a+b—a')u}du
GV

q :
207 —[G—V2+(a+b—a )ju}du




466
=1, = a'bexp{%(a+b—a’)2 af}exp{—a'w} exp{(a+b-a’)q}
{(I)Hi+(a+b—a’)av}+ﬂ]—cb[i+(a+b—a’)o—vﬂ
o-V O_V O-V
For the second integral of J.: f,(q+u)f,,(W,u)du we have

2

|2 ZJ.\: fv(q+u) fw<u (W,U)dU = A(Q)I:exp{— 2L;_2 _%}ab'exr){—b'u—(a+b—b’)w}du

\ \

2

- A(q)ab'exp{—(a+b—b’)w}jjexp{— u - —q—g}ab’exp{—b'u}du

20, O,

! ! ® u2 q !
=A(q)ab exp{—(a+b—b )W}IW exp{— 5 —[U—Vz+b ]u}du

\

_ A(q)ab'exp{—(a+b—b')w}j:exp{— 2“;2 —(%+b’]u}du

- A(q)ab’exp{(a+bb’)W}ﬁ%exp{%[%+b'j }

1 q° o} 1( q i
- b'exp{—(a+b—b w7z Zlexpl=| I 1p
V«/Eexp{ > Vz}a exp{ (a+ )W} ﬁﬁexp{z(aer avj}



467

=ab'exp{-(a+b—b")w}exp @ exp 1Ay 2
207 2 !

O, o,

fel )2

1, = ab’exp{%(b'av )Z}exp{—(a+b—b’)W}exp{b’q}.{q>(_(0iv+b'av)—ﬂﬂ

So

fou (0, W) =a'bexp {%(‘Hb -a)’ Jvz}exp{—a’w} exp{(a+b-a')q}

{cpqgiv+(a+b-a')ov}+Gﬂvj_@ﬂ%+(a+b-a')av

+ ab’exp{%(b'av )Z}exp{—(a+b—b’)w} exp{b’q}-{@[—[aiﬁb’avj

Inserting g =& —W we have

f,.(e,w)=abexp {%(a+ b-a')’ af}exp{—a’w} exp{(a+b-a’)(¢-w)}
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f, . (e,w)= 'bexp{ (a+b-a’)’ o-z}exp{(a+b—a’)g}exp{—(a+b)w}
{q{ai (a+b-a) J—(D[aiv+(a+b—a’)av—a—vtﬂ
+ab'exp{ }exp {b'}exp{- a+b)w}®[—i—b’avj

We define now one more shortcut expression

Set v =—+(a+b-a)o,

and note that

2 2
=2 - +(a+b—a')0'\,+l(a+b—a')20'f :>1a)f— i ; :(a+b—a’)av+1(a+b—a')zav2

207 2 2 : 2

. &g !
Using also w,=—+b'o,

GV
and remembering that 1a)z— £ ~+b'e+= (bO') :>1a)2— £ =b'e+= (bO')
8 27 : 2 % 257 2

we can re-write the joint density as

o (&w)= a'bexp{%a)f ~1(g/o,) }exp{—(a+b)w}-{@(wl)_q)[a,l_ﬂﬂ

+ ab’exp{%wz2 ~(g/a,) }exp{—(a+b)w}CD(—a)2)



469

, 1 g?
a bexp{zwf 207 }(D(a)l)

= f,.(&,w)=exp{-(a+b)w}
, 1
+ab exp{zwzz —%}(D(—(OZ)

2

—a’bexp{%a)l2 _287-2 }exp{—(a+b)w}cb(a)l—ﬂJ

v

f.u(&:W)=exp{—(a+b)W}[ QD (a))+ Q,®(-0,) |-, -exp{-(a+ b)w}d)(a)1 —ﬂj

with

2

, 1 £ , 1 g’
Q Eabexp{aa)f—r‘z}, Q,=ab exp{iwj——z}

. 20,

'

& &
o, =—+(a+b-a')o,, o, =—+b'c,
O, O,

\ \

E.2.The conditional expected value E (W|g) .

1

f.(¢)

E(w|e)= L IWf&W(&W)dWZ zwexp{—(a+b)w}-[§21-CI)(a)l)+QZ-CD(—a)Z)]dW

—ﬁzwﬂl-exp{—(a+b)w}®[a)l—a—m:}dw

_ 1 Ql-CD(COl)+QZ-q)(_602)_ Q TW'GXD{—(a‘Fb)W}@(@l—ﬂde

f.(¢) (a+b)2 f.(¢) o

'

For the remaining integral, we apply the transformation
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W=o,0,—0,Y
w dw=-o,d
y=0,-—= o.qy So,
o, w=0=>y=aq

W=00=y=—00

]:W-exp{—(a+b)w}d)(co1 —ﬂde= —T(ava)l—avy)-exp{—(a+b)(avwl—avy)}d)(y)avdy

GV (2]}

= O'VT(GVa)l -0, y)-exp{—(a+b)(0'va)1 -0, y)}CD(y)dy

—00

=owexp{-(a+b)o,m T exp{(a+b)o,y} @ (y)dy

—00

o, exp{-(a+b)o,® | T yexp{(a+b)o,y}@(y)dy

—00

Applying expressions 101,000 and 101,001 from Owen (1980), p. 409, for the 1st and

2nd integral respectively we have, for the 1st integral

Ioexp{(aer)avy}d)(y)dy = (a+t)a\, exp{(a+b)avy}CD(y) A

_exp{(a+b)ava)l}®(a)l) — exp{i(a+b)’ avz}d)(a)l—(a+b)av)

B (a+b)o

'

and for the 2nd integral
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(a+b)0'Vy—l

zyexp{(a+b)avy}<b(y)dy= arb)ol

@(y)exp{(a+b)avy}‘i’;

v

o

—0

(2}

—00

_l_

exp{%(ajtb)2 avz}¢(y—(a+b)av)

(a+b)o,

_(a+b)o,m -1
(a+b)2 o

v

(a+ b)2 cl-1
(a+b)2 o’

v

D (o) exp{(a+b)o,m} - exp{%(aer)2 avz}d)(a)l—(a+b)av)

(a+b)o exp{%(a+b)2 gj}¢(a)l—(a+b)av)

v

Then,

IW~eXp{—(a+b)w}q>{w1_ﬂjdwz

o,

exp{(a+b)o,m | D(ay) - exp{%(a+b)2 af}(l)(a)l—(a+b)av)

=o.mexp{-(a+b)o,m|

\

(a+b o,

(a+b)o,m -1
(a+b)2 o’

~o? exp{—(a+b)ava)1} CD(a)l)exp{(a+b)ava)1}

(61+b)2 cl-1
(a+ b)2 o’

v

+ ol exp{-(a+b)o,m) exp{%(a+b)2 avz}CD(a)l ~(a+b)o, )

o, exp{-(a+b)o,m|

(a+b)o exp{%(a+b)2 0\/2}¢(a)1—(a+b)0'\,)

v

Applying the shortcut expressions, note that



472

Ea{f :l(a,l_(aer)gv )2 :%a)f — (a+b)ava)1 + %(a+b)2 o

= L(wf-0f) = - (a+b)o,e +%(a+b)205

Simplifying and substituting,

Iw.exp{—(a+b)w}®[a)l_ﬂJdW:

o,

(a+b) (a+b)’

_avwld)(a)l) —~ Jva)lexp{%(a)sz—a)f)}d)(a)s) (a+b)o,@ —1 ()
- 1

_(a+b)0va’1(;iab}b)“va’l+l o(a,) +{(az:is);_1—(;lcgl)}exp{%(w§—a’f)}q’(%)

_ (a?b) exp{%(a)g2 —a)f)}¢(a’3)

D(,) (a+b)2 o, -1-(a+b)o, e, 2 2
. { L }xp{i(% “of)}o(a)

O iad CREVEC)
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_O(a) +(a+b)0v|:(a+b)0v_w1:|_1 e
(a+by (a+bY exp 3 (o} ~of )} ()
- ool ol
So
oyl Q@)+ 0, d(-0) o d(a)
E( |) f.(¢) (a+b)2 f(g)(a+b)2
Q (a+b)(7v[(a+b)0 _a)l} 1 1(.2 2
D (arb) HCELILICY
Q o, 1(,2 2
(o) ) Pl el oler)
But
(2+5)0, - =(a+b)0, - (asb-2)o, = - E-+ai0, =-a

o, o,

while (a+b)6v =, —o,

Cancelling out and compacting

1 9,0(-0,)
f.(¢) (a+b)

E(W|5) =
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L exp{%(a)f - ! )}

f.(¢)

This can be simplified further. We have

Q= a’bexp{%a)l2 ~L(g/a,) } Q,= ab’exp{%a)z2 ~L(g/a,) }

a)l—i+(a+b—a’)(7v, a)z—i+bav, w,=—-a'o,
O-V O-V O-V
exp —i(.c:/av)2
f(e)= { af+b }[ab’exp{§w§}®(—w2) + abexp{tes}d(a)]
Using these,

ab'exp{%a)zz}d)(—a)z) + a'bexp {%wﬁ}[(a)la)s — +l)<I)(a)3 )+(a)l —a)3)¢(a)3 )]

E(W|5) = [ab'exp{%a)zz}(b(—a)z) +ab exp{%wf}@(a)3)](a+b)

1 (a)l—a)s)a'bexp{%aﬁ}[a}s@(a@)+¢(a)3)]
(a+b) [ab’exp{%a)zz}d)(—a)z) + a’bexp{%w§}®(w3)](a+b)

o,abexp {% a)§} [a)ﬂ)(a)s ) + ¢(a)3 )]
(a+b) ’ ab'exp{i e} | ®(-m,) + abexp{} i} d(w,)

[4.25]: E(wle)=
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E.3.The conditional expected value E(exp{+w}|¢).

E (exp{£w}|e)=

_[exp wif, , (e, w)dw

g(

Iexp w}exp{-(a+b)w}-[ Q- @ () + Q, O (-w,)]dw

- fig)]:exp{irw}-Ql-exp{—(a+b)w}®[a)l—aﬂde

\

Texp{[il—(a+b)]w}-[Ql-<I>(a)l)+ Q, O (-w,)|dw

_ 1
fg(g)o

o,

- fjg)Iexp{[ﬂ—(am)]w}-Ql-cp[a)l—ﬂ]dw

[Q, ®(0y)+ Q, - O(-a,

f.(¢)

E (exp{£w}|e)= ]J.exp{ ~(a+b)] }dw

- filg)Iexp{[ﬂ-(am)]w}-cp(a;l-ﬂjdw

For E(exp {+W}|8) to converge we require (a+b) >1 (which is what we have observed in

empirical applications). Given this,

[Q ®(0)+Q,-®(-0,)] 1
f.(¢) (a+b)F1

E (exp{xwj|e)=

- filg)zexp{[ﬂ—(am)]w}.cb(wl-aﬂjdw

\Y

For the remaining integral, denote it |, we apply again the transformation
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W:O_va)l_o-vy
w dw=-o.d
Y=o, —— = e So,
o, w=0=>y=0

O'—-S

exp{[ +1-(a+b) |w}- [col—ﬂ]dw=—j?exp{[irl—(a+b)](ava)l—avy)}-(D(y)cfvdy

o, o

=0, exp{[ﬂ—(a+b)]avml}iexp{[(am)rrl} o, y}.cD(y)dy

Using the same formula 101,000 from Owen(1980) as before, we have

exp{[(a+b)¥1]o, e
[(a+b)¢1] o,

D ()

IOEXp{[(a+b)4_‘1JUVY}'q)(y)dy:

exp{%[(a+b)¢l]2 O'VZ}CD(col ~[(a+b)F1] av)

[(a+b)F1]o,

(since the elements pertaining to the minus infinity limit go to zero irrespective of the value

of [(a+b)1l]. So

exp{[(a+b)¥1]o, o)
[(a+b)F1]o,

l, =0, exp{[il—(a+b)] ava)l}

O(a,)

exp{%[(a+b)¢l]2 af}(l)(a)l ~[(a+b)F1]o, )

[(a+b)F1]o,

—o, exp{[+1-(a+b)]o,m |
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@(a)l)—exp{—[(a+b)iljava)l}exp{%[(a+b);ljz O'VZ}CD((()l ~[(a+b)¥1]s,)

(arb)=1]

and

1 [ 0(w)+Q, O(-a,)]

f.(¢) [(a+b)F1]

E (exp{£w}|e)=

0, CD(a)l)—exp{—[(a+b)il]ava)l}exp{%[(aer):Ll]Z o'vz}q)((t)l —[(a+b)¢1}av)

f (&) [(a+b)¥1]

.9 exp{—[(a+b)iljava)l}exp{%[(a+b);1]2 gvz}db(a)l ~[(a+b)F1]o, )
f. (&) (a+b¥1)

Also note that we can write
exp{—[(a+b)iljava)l}exp{%[(a+b)¢1]2 gj} -

— exp{%(cg1 ~[(a+b)F1]o, )Z}exp{—%wf} = exp{%(a)3 +0, )2 —%wf}
So, since also Q, =a’bexp {% o —1(¢/o, )2 }, Q,=ab’exp {%a)zz -1(¢/o, )2 }

we get
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g2 | aep{ie [@(-m,) + a’bexp{g(a)gJ_rav)z}cb(cogiav)
E(exp{tw}|¢)=0, exp{— = } T ()(arbs1)

\

and since

( (e)= exp{—;(i/av) }[ab’exp{%a)zz}(l)(—a)z) + a'bexp{%a);}cb(a)s)]

we get

[4.28]: E(exp{xw}|¢)=

aip ADeXPielj0(-0,) + a'bexp{%(a)3 +o, )z}db(a)34_rav)

~a+bFl [ab’exp{%a)zz}d)(—a)z)Jr a’bexp{%azj}d)(a%)]

E.4. The joint density f_, (&,u).

To obtain conditional expected values related to the component U we need the

_fu(eu)

To(e)

We have already derived the denominator, so what we need is the joint density.

conditional density, f

We have ¢ =V+W-—U . Define here the auxiliary variable =V+W=&+U, V=0Q—-W .

Then
fo.(au)= I: f, o (A=W, W,u)dw = I: f,(q—w) f,, (w,u)dw.

Then, since the determinant of the Jacobian of the transformation (q, U) - (8 +U, U) is

unity, we get
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f.(eu)= fou (e+u,u)

We have

We have also to take into account the fact that the joint density f, (W,u) has

branches. This leads to

J.:fv(q—w)f (w,u)dw = I (q—w) f,.. (w,u) dW+I (g-w) f,, (w,u)dw

which leads to two integrals to be evaluated,

2
l,= '[:O f,(q—w)f,., (w,u)dw = A(q)'[u exp{— 2\’;2 + qv;’}a’bexp{—a'w—(a+b—a’)u}dw

\ v

=0 1 (0) = A 027 2 et (bt

v

For the first integral, we have

= A(g)abexp{-(a+b-a’)u} [ exp,- W, aw exp{-a'w}dw
u 207 o

Il
v v

: N [ W
= A(g)abexp{-(a+b-a’)u}| exp{— = —(a —G—szw}dw

v
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= A(q)a’bexp{—(a+b—a’)u}

\F

1 q°
exp- — a'bexp{—(a+b—-a’)u
o,N2rx p{ ZJVZ} p{ ( ) }

{ e THZ_Z@(a’m —ai*aiﬂ

2 2
:exp{—ziz}a'bexp{—(a+b—a) }exp{;(aav —Gi] }q’(—a'ov _01+61J

\

X

f

A _ A’ 12 __2 A _i i
=abexp{-(a+b-a')ujexp{-a'g+1a a}cp( a'o, O-v+o-vj

Note that here = ¢ +U . Substituting, we obtain

I, = I:O f,(q—w) f,., (W, u)dw

- -(ah-)ufesp|-a (s )+ oo a, - L £

o, o,

and canceling off

I J.:o f,(a-w) f,., (wu)dw

=abexp{-(a+b)u}exp{-a's+1a”c, 2}CD[—a’av +ij

O,

. . . & .
Finally, using one of the previous shorthands, @, =——a'c, we can write

O,

= a’bexp{—%(g/av)z}exp{%a)§}®(a)3)exp{—(a+b)u}



481

For the 2nd integral we have

2

'zZJ.: f,(a-w)f,., (W,U)dW=A(0I)f:EXD{— W qv;/}ab’exp{ b'u—(a+b—b")w}dw

207 o

=A(q)ab’exp{—b’u}.[:exp{—ZVZ_V ((a+b b)—(jj }dw

- A(q)ab'exp{—b’u}{f exp {_ 2\’22 _

=A(q)ab’exp{-b'u}~=

GV
2

oo 2]z (o35

exp{ V2((a+b b')- :j}

1 q’
= exp< — ab’exp{-b'u »\/
o,\2x p{ 2 V} pi-bu}

o,

2 1 2
:exp{_ 215}ab'exlo{—b'u}exp{g[(a+b—b’)av —Gij }

x{@(o_iv—(a+b—b’)a\,j—®(aiv—o%—(a+b—b')0vﬂ

><|:2q)(q (a+b-b")
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=ab’exp{-b'u}exp {%(a+b—b')2 o, —(a+b—b')q}

x{d{o_i—(a+b—b’)avj—q)(gi—o_i—(a+b—b')Uvﬂ

) \ v

Here we have defined q=V+W=¢+U. Inserting

12 =J.0 f,(q-w)f,., (W’U)O'W=ab'exp{—b'u}exp{%(am—b’)2 o’ —(a+b—b')(g+u)}

{q{”“—(a+b—b')avJ—cp[”“—i—(a+b—b')avﬂ

o, o, O,

= ab'exp{—(a+b)u}exp{%(awb—b')2 o2 —(a+b—br)g}

x{@[ai—(a+b—b')0'\,+O_i}—q3(o_i—(a+b_b')o'vﬂ

\ \ \

.. & .
Defining one more shorthand, @, =——(a+b—b")o, we compact into
o,

\

l, = _[u f,(q—w) f,., (w,u)dw= ab’exp{—%(g/cfv)Z}exp{%a)‘f}exp{—(a+b)u}

x{q{wﬁaiv]-@(%)}

So

f,.(&u)= a’bexp{—%(g/av)z}exp{%wg}cb(c%)exp{—(a+b)u}

. ab'exp{_%(g/av)Z}exp{%wj}exp{_(mb)u}{q{% +Givj—q>(w4)}

w, :Gi—aa : a)4=0_i—(a+b—b')0'\,

\ \
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or

f,.(&u)= exp{—(a+b)u}(Q4 [CD(a)4 +u/av)—CD((o4)]+Q3 -@(wg))

g2 £

' 1 ’ 1 2 & ’
Q3 Eabexp{iwg—g}, Q4 =ab exp{za)j —27._2},&)4 :O_——(a+b—b )O'V

) \ '

E.5.The conditional expected value E(uls).

1

f.(¢)

Iuexp{—(a+b)u},[93_q)(a)s)_ Q, 'q)(a’4)]du

1

f.(¢)

+

Tu-Q4 -exp{-(a+b)u}®(a,+u/c,)du

1 Q3-CD(a)3)—Q4-CD(a)4)+ Q,
f.(¢) (a+b)’ f.(e

)Iw.exp{—(aer)W}(D(% +u/gv)du

For the remaining integral, we apply the transformation

u=o,y-o0,0,

u du=o,dy
y=0,+—= So,
o, u=0=>y=o0,

U=o0=y=00

Iu.exp{—(a+b)u}®(w4+u/o-v)du _

—o, T (avy—crva)4)exp{—(a+b)(crvy—ava)4)}®(y)dy

@y
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=0, exp{(a+b)o,m, | T yexp{-(a+b)o,y}®(y)dy

@y

~w, ]O exp{—(a+b)c7v y}CI)(y)dy

Wy
Using the same formulas as in the previous section we have

for the 1st integral

(a+b)2 cl-1

TYexp{—(a+b)avy}®(y)dy=O — exp{%(a+b)zo-vz}+o

b (a+b)20'v2
-(a+b)o,m, -1
_ ((a+2))20‘2‘ (I)(a)4)exp{—(a+b)ava)4}
2 2
+m—)?€21 exp{%(a+b)zaf}d>(a)4+(a+b)o-v)
1
_Wexp{%(a+b)2 avz}¢(w4+(a+b)av)
w,+(a+b)o, = Gi—(a+b—b’)av+(a+b)av :Gi+b’o—V =,
So
F a+b) o?-1
[ yexp{-(a+b)ao,y}@(y)dy=- # exp{%(a+b)zgj}q>(—a)2)
a+b)o,m, +1
+ ( (a+)b)2 042 ®(o,)exp{-(a+b)o,0,}

¢ arbye olast oo
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For the 2nd integral

Texp{—(a+b)avy}cb(y)dy: 0 +

(@b}, exp{%(a+b)2 O'Vz}d)(oo)

—;exp{—(a+b)ava)4}+

@b, expl2(a+b) o7} @ (o, +(a+b)s,)

—(a+b)o,

exp{%(a+b)2 o*vz}[l—CD(% +(a+b)o, )J+

aib)o exp{-(a+b)o,,|

v

(a+b)0'

\

Note that @, +(a+b)o, = i—(a+b—b’)av+(a+b)aV = 1o, =,

O, o,

So

Texp{—(a+b)avy}<b(y)dy

@y

exp{—(a+b)ava)4}

and therefore,

Iu-exp{—(a+b)u}®(a}4 +U/o,)du=0; exp{(a+b)ava>4}xﬁ yexp{—(a+b)avy}<b(y)dy

Wy

~, T exp{—(a+b)avy}®(y)dy}

@y
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a+b) o2-1
=-0’ exp{(a+b)ava)4}# exp{%(aer)2 gvz}cp(—coz)

(a+b)o,w,+1
(a+b)2 o’

exp{3(a+b) of (@,

+ o’ exp{(a+b)avco4} d)(a)4)exp{—(a+b)ova>4}

+ avzexp{(a+b)ava)4}(a+b)6
- oZexp{(a+h)o,w,} — = exp{%(a+b)zaf}<l>(—a)z)

(a+b)o,

—o; exp{(a+b)o, o, (a+a€)a exp{—(a+b)o,m,}

= —%exp{(a+b)qa)‘1} exp{%(a+b)2 aj}cD(—a)z)
(a+b)o,m, +1

(a+b)’
+ o Lexp{(aJrb)ava)4}exp{%(a+b)2 af}¢(a)2)

“(a+b)

p— exp{(a+b)ava)4}exp{%(a+b)zaf}(b(—a)z)

" (a+b)

®(a,)

Note that

2

exp{(a+b)(;vc<)4}exp{%(a+b)2 sz} :exp{%(a)4+(a+b)aV )2 —%wj} :exp{%aoz2 —%a)4}

So
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Iu-exp{—(a+b)u}cb(a)4 +u/o,)du

(12 12\ (. (a+b) 6?1 o,
= exp{za)z 2@4}@( 0)2)|: (a+b)2 +o—v (a+b)
(a+b)o-vw4+1 _ 1 L2 12
(a+b)’ (@) = e (a+b) o (a+b)6Xp{2“’2 LAY

Iu.exp{—(aer)u}(D(@ +U/Gv)du

2 3
:—exp{%wj—%wf}q)(_wz) (a+b) o, 1+(ii+b)ava)4
(a+b)

a+b)ow,+1
(a+b)oo,
(a+b)2

(4) S -

(a+b) (a+b)eXp{%w§_%wj}¢(a’z)

Also, since,

a)4:6i—(a+b—b')0'\, =Q)2_(a+b)av = a)4(a+b)0'V=(a+b)0'va)2—(a+b)20‘v2

we have

Iu.exp{—(a+b)u}q>(a)4+u/av)du

:ﬁmgé—%ﬂ®e@{@2?$?_1

(a+b)ava)4 +1
(a+b)2

(@) - Ny D

(a+h) (a+b)e>‘p{%a’zz—%wf}¢(wz)

Going back to the full expression,
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E(ule)= 61 : e + fi‘;)zw-exp{—(a+b)w}®(a)4+u/av)du

1 930(@3)_ Q, 0(aw,)
f.(¢) (a+b)”  f (¢)(a+b)’

(a+b)o,m, —1}
(a+b)’

o exp{%w:—%wzw—wz){

. Q a+b)o,w, -1
] giexp{%”f‘%”‘f}@(_%){( o }

L {(aer)ava)A,_ava)AJ L Qo exp{%wf—%@f}ﬂa’z)

f.(¢)(a+b)

- 2, - exp{%a)zz—%a)j}(I)(—a)2)[(aer)ava)2 —1]

Tt (o) (a+b)’ f.(¢)(a+b)

% _explial-1a?}d(a,)

" T (¢) (a+b)

We start the process of simplification.

We have

f,(e)= exp{_azJ(j)/av) }[ab’exp{%a)j}q)(—a)z) + a’bexp{%a),j}(l)(ws)J

and
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, 1 52 , 1 6‘2
QgEabeXp{Ea};—?‘j}. Q4Eab exp{zwj_zo_vz }

So

10 abexp{ia; |

f() (a+b)2 = [ab'exp{%wzz}@(—a’z) + a’bexp{%wj}@(a)s)](a+ b)

also

, 1 &
ab exp{za)j —%Z}exp{gcoz2 ~Sap}

\

Q, expl} o~} ol

f.(¢)(a+b) _exp{—%(g/ﬁv)z}

a+b

[ab’exp{%a)f} O(-w,) + ab exp{%azj} @ (a)s)}(a +b)’

O, exp{iaf —ta?) ab'exp{} o}

f(e)(a+b)’  [ab'exp{1a|®(-w,)+abexp{ial|®(a,)](a+h)

and

o, 1 ab'exp{} o} |

f.(¢)(a+b) - [ab’exp{%a)zz}d)(—a)z) + a’bexp{%aé}d)(@)}

Therefore

a'bexp{%o%2 }CI)(a)3)
[ab'exp{} e} @(-0,) + abexp{i ol | ®(w,)](a+b)

E(U|8)=

) ab'exp{1a} | ®(-m,)[ (a+b)o,0, 1]
[ab’exp{%a)zz}d)(—a)z) + a’bexp{%wf}@(a)3)}(a+b)

o,ab’'exp (3w} §(w,)
+
[ab’exp{%a)j}d)(—a)z) + a’bexp{%a)g?}cb(a)s)]
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So
E(u|g)= 1 ava)zab’exp{%a)zz}d)(—a)z)
a+b [ab’exp{%a)f}@(—a)z) + a’bexp{%a)§}®(a)3)}
avab’exp{%a)f}gzﬁ(a)z)
+
[abexp o2} @(0.) + abexp{1e] o )
and finally,

[426]' E(u|g): 1 B Gvab’exp{%a)zz}[a)zd)(—a)z)—¢(a)2)]
o arb  aenfiaf]o(-o,) + abexp[tuf]0(w)

E.6.The conditional expected value E (exp{+u}|¢).
f. (e,u)=exp{—(a+b)u}(Q4 [ @ (o, +U/0,)-®(o,) |+ Q, -q)(a)3))

2

, 1 € , 1 g’ Fy ,
Q, zabexp{za);— } Q,=ab exp{gwf - },a)4 =J——(a+b—b )o,

20, . ’
We have
1 0
E (exp{xu}|e)= 6 '[exp{iru}fg’u (£,u)du
£ 0
1 o0
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1

f€ (8)

Joxp{[£1-(a+b)Jo}-[ -0 ()~ 20 ()

.
il ee{E-(ae)]u}-0, 00 /)

[Q;-®(o,)- Q,@(a,

E (exp{£uje)= )

]Iexp (a+b¥1jufdu

Q,
fg (¢)
For E (exp{+u} |€) to converge we require a+b >1. Given this,

[Q, - @(0,)- QP(0,)] 1
f.(¢) (a+b)F1

E (exp{zu}le)=

Iexp (a+bF1)u} - @(w,+u/c,)du

Q,
fg(

For the remaining integral, denote it |, we apply again the transformation

u:O-vy_ava)4
du=o0,d
y:a)4+i: v y SO/
o, u=0=y=o0,

U=oo=y=00

I, =Iexp{—(a+b¢1)u}-cD(a)4+u/av)du = Texp{—(a+b¢1)(avy—ava)4)}.q;(y)

@y

=0, exp{(a+b¢l)ava)4} Texp{—(a+b$1)aV y}-d)(y)dy

@y

Iexp (a+bF1)u}-@ (@, +u/c,)du

o,dy

v
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Using the same formula 101,000 from Owen as before, we have

exp{%(a+b¢1)2 GVZ} exp{—(a+b¢1)crva)4}
(a+b¥l)o, ’ (a+b¥l)o,

®(w,)

Texp{—(a+b¢l)avy}~<l)(y)dy=

exp{%(a+bjt1)2 o'vz}q)(a)4 +(a+bF1)o,)

(a+b¥l)o,

while

®, :Gi_(am-b')av — w,—(a+b)o, = o, +(a+bFl)o, = v, Fo,

So
exp{%(a+b:ul)2 avz}

(a+b¥1)o,

L= o, exp{(a+b$1)ava)4

exp{—(a+b$1)ava)4}

+ o, exp{(a+b¥l)o,m,| D (w,)

(a+b¥x1)o,

exp{%(aer:Ll)2 O'VZ}CD(COZ Fo,)
(a+b¥1)o,

v

—o, exp{(a+bFl)o,w,

exp{%(a+b$1)2 af}
(a+b¢1)0'\,

=0, exp{(a+b¥l)o,0,

Also note that we can write

exp{(a+b¢1)ava)4}exp{§(a+b¢1)2 GVZ} -

So
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exp{;(oo2 ¥o, )2 —;a)j}d)(iav ~w,)+ O(w,)
"= (a+b71)

Going back to the full expression

E(exp{+u}|e)= (2 'q)(“’sfj (‘8?@(“’4):' (a+t)¢1

.9, exp{;(a)2 Fo, )2 —éa)f}cb(iav —w2)+ D (w,)

f.(¢) (a+b¥1)
— ¥ 2
B Q3-d3(a)3) Q, exp{g(a)z.yav) —§w4}®(iav—w2)
E(expizulle) = £ (s)[(a+b)F1] " f.(c) (a+b7l)
Weh Q, (a+b)a’bexp{%a)§}
e have f.(e) [ab’exp{%a)zz}d)(—coz) + a’bexp{%a)g}q)(a)s)}

while

2
Q, exp{;(co2 To, )2 —%wj} ) ab’exp{;a)f —2‘;2 }exp{%(a)z To, )2 —%wf}

f, (&) - expi—i(¢/o, ?
{ aZJ(rbU ) }[ab'exp{éwf}d)(—a)z)+ a’bexp{%wf}d)(a)s)]
(a+b)ab’exp{§(a)2¢oV )2}
) [ab’exp{%wzz}cb(—a)z) + a'bexp{%aﬁ}d)(a%)]

So

[4.29]: E(exp{zu}|e)=

(a+b) ab’exp{;(ooz-T-O'v )Z}CD(iJV —w2)+ a’bexp{%a); }-CD(a)s)
(a+bzl) ab'exp{ia} | @ (-m,) + abexp{ial|®(a,)
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E.7.The conditional expected value E(exp{w-u}|¢).

We want to calculate

2} f,,(e,2)dz

E(exp{w_u”g) (exp Iexp (Z|8)d2 = i %g)

But since £=V+2 it follows that f_,(&,2)=f,,(6-2,2). Due to independence

between V and z and the branching density of z we have

L ab'bexp{(b’+1) }exp{ (g z) }dz

zexp{z} f.,(ez)dz= Lo

»o,N2r a+

N Iw 1 b_aexp{( )}exp{ (g z) }dZ

27 a+b

R

ﬁ%exp{ » 25 }I exp{ }exp{(%ﬂ—a’)z}dz

v

Swap the limits of integration on the first Integral

O'\%aaflb Xp{ 2 282}...0 exp{ }exp{ (b'+o_ivz+1jz}dz

o, 12;; abj’b Xp{ }I exp{ }eXp{[i—a#l}z}dz

v

The integrals evaluate to
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2
1 ab’ G\/; o2 & &
= exp{—-L el L ——expd | b +=+1]| }2-2®| =+0o,b'+0,
o,N27 a+b p{ 207 ¢ } J2 p{ 2 L o) ] }{ [Jv o VH

1  ba o r o’ ¢ ’ £
——expl{—-L et L=—exp{—~| = -a'+1| ;| 2-2®| -——+c,a -
+O'm/27f a+b p{ 207 ¢ } J2 p{ 2 (o-vz j H ( o, i O-Vﬂ

Simplifying and using the shorthands w, = Ly b'o,, = £ a'o,

O, O,

K b’ 1
[Oexp{z} f, (e2)dz= aa+b exp{—rivzgz}exp{z(a)z +av)2}[1—d)(a)2 +0,)]
' 1
+a+bexp{_§82}exp{§(w3+av)2}[1-q>(-w3-av)]

!

Iexp{z} f,,(e2)dz= ab

a+bexp{—$gz}exp{%(w2 +0V)Z}CD(—@2 =

!

+%exp{—éez}exp{%(% +av)2}CD(w3+av)

Then, dividing by the composite error density we get

[4.30]: E(exp{w-u}|e)=

ab’exp{%(a)z+av)2}(D(—a)2—o-v) + a’bexp{%(a)s+o-v)2}CD(a)3+o-v)

ab’exp{%a)j}CD(—a)z) +a'b exp{%aﬁ}@(a)g)
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F. Bounds for the non-identifiable parameters and marginal moments.

We examine the signs of Cov(W,u) and the statistic T =(1-m)a'—mb’.

Case A. COV(W, u) >0, T>0
We have

Cov(w,u)>0=ab’>ab :>% >§
=(a/a)’ >l =a'>a
T >0:>(1—m)a’>mb':>ba’>ab':>%>%

. m . 1-m
Since moreover a =——Db we also obtain ——a’' >b.
—-Mm m

Summing the two we obtain

!

1-m a
a+b <a' ' +—a' = a+b<—.
m m

At the same time we also have

12
Cov(w,u)>0 = L 5 m(1-m) = asb<| 20
(a+b) ab’ m(1-m)

Combining we get

\Y

(1-

1/2
Cov(w,u)>0, T>0 = a+b <min{i,(LJ
m ( m(1-m)

Case B. COV(W,U)>O, T<0

We have
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Cov(w,u)>0=ab’>ab =2 >£,
a !
:>B,<% =b<b
T<0:>(1—m)a’<mb':>ba'<ab’:>i<E
a

. 1-m ) 1-m m
Since moreover h=——a we alsoobtain hb=——a<b' = a< 1—b’ .
m m —-m

Summing the two we obtain

!

a+b <b’+lb’:>a+b< .
1-m 1-m

In this subcase too it holds that

1/2
Cov(w,u)>0 = ! - > m(1-m) N S
(atb) b m(1—m)

Combining we get

1/2
Cov(w,u)>0, T<0 = a+b <min{ b ( ab ] }
1 m(1-m)

Case C. COV(W,u) <0, T>0

We have
s a b
Cov(w,u)<0=ab'<ab=—<—
a !
:>—<E, =hb>b

! 14 ! 14 a’ b'

T>0:>(1—m)a >mb'=bha' >ab' = —>—
a

. 1-m . 1-m m
Since moreover b=——a we also obtain hb=——a>b' = a>——"0".
m m
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!

m
Summing the two we obtain a+b > b+ 1—b’ =a+b> T
—m —-m

In this subcase it holds that

1/2
Cov(w,u)<0 = 1 - m(1-m) = a+b> _ab
(a+b) a'’b’ m(1-m)

A

1/2
Combining we get Cov(w,u)<0, T>0 = a+b >max{1b { ab )J }
m(1-m

Case D. COV(W,u)<O, T<0

We have

Cov(w,u)<0=ab'<ab :>ag<§
=(a/a)’ <l =a'<a
T<O:>(1—m)a’<mb’:>ba’<ab':%<%

) m . 1-m
Since moreover a = 1— b we also obtain ——a’'<b.
—Mm m

!

. . 1-m a
Summing the two we obtain ~ a+b > a' '+ ——a'=a+b>—.
m m

At the same time we also have

12
Cov(w,u)<0 = L > < m(1-m) S asbs| 22|
(a+b) a'’b’ m(1-m)

12
Combining we get Cov(w,u)<0, T<0 = a+b >max a, _ab b
m'| m(1-m)
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Section II.

A. Proof of Lemma 4.1.

Lemma 4.1: Let X,,i=1,...,m be continuous random variables with marginal distribution
functions F (%), i=1...,m, and Copula Cyox, (Fl(Xl),..., Fm(Xm)). Let © be the standard
normal distribution function, and ®" its inverse. Let @, be the multivariate standard normal

distribution function of dimension m.

Then: if the random variables (D_l(F- (X, )), i=1...,m follow jointly a Multivariate Normal

(MVN) distribution, it holds that
Coox, (Fi(X0) oo P (X)) = @ (@7 (F (X)), @7 (R (X)) [1]

Proof. Consider the uniform U (0,1) random variables U; = F (X;), i=1..,m with
distribution functions G, (Ui), i=1..,m. By Theorem 2.4.3 in Nelsen (2006) p. 25, strictly

increasing transformations of random variables result in the transformed variables having

the same Copula. The transformation U, = F (X;), i =1,...,m is strictly increasing. So for the

Copula of the U, 's we have

Cop 0 (6.(U)1-.8, (U,)) =G, (G1(U,), G, (U,) 2

Moreover, it holds that G (ui ) =Uu, i=1...,m. Then

Namely, the Copula of the distribution functions of the random variables (viewed as

random variables themselves) is identical to the Copula of the random variables.
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Consider now a strictly increasing transformation of the U, variables, Z, =®™* (Ui),

with distribution functions CD(Zi ), i=1..,m . These are standard Normals of course. By the

same theorem of Nelsen's, we have for their Copula that (analogously to [2])

From eq. [2] we have

Co, 0, (P(Z,),0n®(2,))=Cyx, x (©(2,),-. @(2,))

Equating with the previous expression we get

Cooz (D(2)),0n®(Z,))=Crn (P(Z,),0nP(2,))

But

Cyoon (©(Z)en ®(Z,))=Cyx. (d)(CD’l(Fl(Xl))),...,CD(CD’l(Fm(Xm))))

So C,.; (D(Z,),n®(Z,))=Cyox (Fi(X)sen Fr (X)) [5]

This tells us that the Copula of the Z, =@ ( F( Xl)) variables is identical to the Copula

of the X, variables, in the sense of having the exact same functional form, and so reflecting

the exact same dependence structure (and parameters).

Now, impose the sufficient condition of the Lemma, and assume that the Z, variables
follow a Multivariate Normal Distribution, @ (Zl,..., Zm). By Sklar's theorem this will be

equal to the associated unique Copula,
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®,.(2,2,)=C,.; (9(2)),..®(Z,))
Equating this with [5] we obtain

D, (Zn Zy) =Cyx (R(X)) o Fr (X))

and since

we arrive at

B. Proof of eq. [4.54].

Let two random variables X,Z with distribution functions F,,F, respectively, and

consider the transformations CI)fl(FX (X )), CI)fl(FZ (Z)) These are two standard Normal

random variables. The absolute correlation coefficient of the transformed variables is

ol (Fe (X)) @ (R2))) = pu (x.2)=stp{p[h(x).0(2)]}

where h,g are any transformations of the random variables (including the identity

transformation). Using the symbol o to denote function composition, we have

Pwm (X1Z):p|v| (inloq)oq)ilolzx (X),F2710CD0CD710F2 (Z))

— o ((Fie®)o 02 (Fy (X)), (Rt 0)o 0 (F, (2))
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Let h',g" be the argsup of this p,, . Then we can write

pu (R o) 07 (F, (X)) (R e@)- 07 (F, (2)))
= p{h [(Fo @) (R (X)) ] [ (FH @) o0 (F, (2))])
_pl(W Rt e)od (R (X)), (07 <o) (F, (2)))
We argue that
Pl =Bt e @)oart (R (X)), (g7 F e@) o0 (F, (2))
< pu[@7 (R ()). 07 (F; (2)) ] =sup | o [ k(@ (R (X)) (@7 (R (2))) ]

=sup{p[ke®*(F (X)).1-@*(F, (2)) ]}

kI

This inequality holds because we can choose Kk = (h* oFto CD), I = (g* oF, 1o CI)) and
obtain the equality, without necessarily obtain the supremum. But if

d)_l(FX (X)),CI)_l(FZ (Z)) are jointly Normal, then it can be proven (see Klaassen and

Wellner 1997 theorem 6.1) that
Pu [q)fl(':x (X)), @™(F, (Z))]:‘p(qyl(':x (X)), @™ (F, (Z)))‘
Linking relations, we have arrived at the sandwich inequality

o[ (F (X)), @ (. (2)))] < pu (X.2) <[p(@” (R, (X)), & (. (2)))

which proves what we wanted to prove.--



503

Chapter 6

Re-visiting the production frontier: the contribution of management to
production, the "wrong skewness" problem, and a two tier-stochastic

frontier model to measure them.

Technical Appendix

A. The Cost-minimization problem of a price-taking firm with

management.

We examine the problem

min C=rm+rXx +rX,

m, X, X,

st g(mx.x)=e""F(x,%)=Q

and given prices. We will use subscripts to denote partial derivatives. We make the standard

assumptions of positive marginal products, F,F, >0, diminishing returns F,F,, <0, and
complementarity of conventional inputs, F, >20.

The Lagrangean is
A =T M+EX +6X, + i(@—eh(m)F (%, xz))

The first-order conditions are



504

S—A: r,— 2&""F, (x,%) =0

X2
From the first condition, it is evident that at the optimum, h'(m) >0.

To examine the second-order conditions we form the bordered Hessian matrix

|__| — mm ml m2
9 An Ay Ay
9, A Ap Ay

Omitting the arguments of the functions for compactness, the elements of this matrix

are

g,=he"F, g,=e"F, g,=¢"F,
A ==2€"F(h"+ (W)?), A, =-2he"F, A, =-7he'F,

Ay =-2e"F,,  A,=-2"F,, A, =-2e"F,
For sufficiency we require the principal minors to be strictly negative (see Chiang 1984,

p. 385) , of H but also of its permutations since the order we positioned the three decision

variables is arbitrary and could be different:

0 gm gl g2

0 gm gl
7 7 gm Amm Aml Am2
‘Hz‘: On Amm Am|<0, ‘H3‘: <0
gl Aml All A12
gl Aml All A A A
gz m2 12 22

Permutations will be examined for the ‘I—Tz‘ principal minor. For the ‘I—TS‘ any re-

arrangement that brings the rows and columns in border-hessian form is completed by
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moving rows and columns an even number of times, so we would get the same value for the

determinant.
We have,

0 g, g| |0 hre"F e'F,
Faol=|0n A Aw|=[ne"F —2¢"F(h"+(W)?) -2he'F,
9 Ayl |e"F —Ah'e"F, -e"F,,

>

ml

Applying standard properties of determinants we have

0 hF R
[H,|=e"|nF —aF(h"+(0)?) —ANn'F,
R ~Ah'F, ~AF,

—e™ | W'F (-NFAR, + A'F?)+ F (~A(0)*FF, + 2FF, (0" + (0)?))
=& A(0)’F (FR, —F)+ F (~A(N)’FF, + AFRR" + A(W)°FF,) |

= 26" F [ (W)’ (FRy - F?)+h"F? |

Given our assumptions, FF,, — F* <0 so a sufficient condition is h" <0.

For the first permutation, we need to examine

0 gm gZ
‘HZ‘M =10, Amm An,| which immediately leads to the conditions
9 A Ay

{FF,,—F/ <0, h"<0}
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which are the same as before.

For the final permutation we examine

0 g g |0 €F
‘HZLYZ:gl Ay AlzzehFl _ﬂ“ehFll

9, Ap Ay e" F, —2e" Fy
0 F F,
=e"|F, -AF,
F, -iAF, -AF,

e"F,
—2e"F,
—2e"F,,

—AF,|=¢€" [—Fl (-AF,F, + AF,F,)+F,(-AF,F, + AF,F, )]

=" AF,F’ - AF,FF, - AF,FF, + AF,F} | <0

The expression is negative given the assumptions on the derivatives of the production

function with respect to the traditional inputs. So no additional condition arises here.

Turning to ‘H_S‘ we have

O gm gl gZ

g A A A gm gl gZ gm gl gZ gm gl
‘H3‘ - gm Amm Aml Am2 :_gm Aml All A12 + gl Amm Aml Amz _gZ Amm Aml
' Aml All Alz Am2 A12 A22 Am2 A12 A22 Aml All
9, m2 12 2

Calculating one by one we have
g9, 9, O, h'e"F e"F, e"F, F F F
~0,. A, Ay A,|=-he"F|-Ah'e"F, -1e"F, -1e"F,|=-(")’A%"F|F, F, F,
A, A, A, —-Ah'e"F, -1e"F, -1e"F,, F, F, F,

Turning to the second,



gm gl gZ
gl Amm Aml Am2 =€
Amz A12 A22
h'F
= 2%"F, |(h"+(h)*)F
h'F,
hF F
=21%"F |(")’F h'F,
h'F, F,
F F
=()’2%"F|F F
I:2 I:12
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h'e"F e"F, e"F,
"F|-2e"F(h"+(0)*) -Ahe'R —ihe"F,
~Ah'e"F, -2e"F, -e"F,,
Fl FZ
h'F, h'F,
I:12 I:22
& F F
h!Fz _ /12€4h|:lh”|: 1 2
F 12 22
22
i F F
F2 _ 12e4hFthF 1 2
F22 12 22

The first determinant has two identical rows so it equals zero. Therefore

F F
0,A,, A, A,,|l=-A%€"Fh'F| " ?
Am2 A12 A22 2 #
Finally
d, g, g, h’ehF ehFl
~0|Amy A Ag|=—€"F,|-2e"F(h"+(W)?) -2he'R
A Ay Ap —Ah'e"F, —1e"F,
h'F FFF,
=—A%"F,|F (h"+()’) hF, hF,
h!Fl I:11 I:12
hF F F .
~A%""F,|[(N)?F hF hF|+A%"FFh’| * 2
hIFl Fll F12 11 12

e"F,
~Ah'e"F,
~1e"F,
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F F F .
=—(h")?2%"F,|F F F|+A%"FFh"|* F2
Fl I:11 I:12 " .
F F
= 0 + A%"F,Fh"| 2‘
11 F12
Collecting results we have
FhRR F F F F
H,|=—(h)’A%*"F|F F, F,|-A%*FEh"F|_' *| + A%"F,Fh"| ' 2
3 1 11 12 1 2
F F F 12 22 11 12
2 12 22

Ignoring the common strictly positive terms, Sign {‘ I-_|3‘} has the sign of the expression

F F F . .
_(h!)Z F]_ Fll F]_Z _ Flh” 1 2 + thu 1 2
F F F 12 22 11 12

2 12 22

For the first component that does not involve h” we have

F F F 0 F F
_(hl)z FR Ryl= _(h')z F (F11F22 - Fli) + (hl)z FR Ry
F, R, Fy F, R, Fy

Note that the second term has the bordered Hessian determinant of the conventional
production function. So under the assumption that F (Xl, Xz) is strictly quasi-concave, this
term will be negative. Strict quasi concavity incorporates the standard assumptions of
positive marginal products, F,F, >0, diminishing returns F,,F,, <Oand F, >0

Under strict quasi-concavity of F (Xl, XZ), a sufficient condition for the whole

expression to be negative is that the first term is non-positive. Since at the optimum h'>0

this requires F,F,, —F5 > 0. This is also the condition that the conventional production
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function F (Xl, X2) is concave, which accommodates constant and decreasing returns to scale

in (XX, ), when F(X,X,) is a homogeneous function.

Turning to the terms of ‘I—Ts‘ that involve h” we have

F F F F
_Flh” ' ? + th” ' 2= h”(_Fl(FlFZZ - F2F12)+ Fz (FlFlZ - FZFll))

12 22 11 12

= h”(_Flezz + F1F2 I:12 + Fz F1F12 - F22F11)

All the terms in the parenthesis are positive, so the sign here depends solely on the sign

of h". It can also be zero since the previous component of ‘I—Ta‘ was found to be negative.

Combining, we see that under the usual assumptions on the conventional production

function, the sufficient condition related to management is

h"(m)<0.

B. The profit-maximization problem of a price-taking firm with

management.
We examine the problem

max,,, . 7 =e""F (%%, )~ r,m-6x —5X,

m, X, X,

and given prices. We will use subscripts to denote partial derivatives. We make the standard

assumptions of positive marginal products, F,F, >0, diminishing returns F,F,, <0, and

F,>0.
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The first-order conditions are

o _ m m

az:h (m)e"™F (x,%,)~r, =0, &:ew 'F(%,%)-1, =0,
0 m

6:; =e" )FZ(Xl’Xz)_rz =0

Here too at the optimum we will have h'(m)>0.

To examine the second-order conditions we form the Hessian matrix

T T T

mm ml m2
H=|rn, m; m,| . Theelements of this matrix are
e Ty 7

Tom =€"F (N +(N)?), 7, =he"F, z,=he'F,

__h __h __h
7y =€ Fy, 7y, =€ Fy, Ty =€'Fy

We need all second partial derivative to be negative, so also h” +(h')* <0.
We need all symmetric permutations of the second principal minor to be positive,

mm m2 Ty T

T 7Ty,

mm ml

Zn

>0, >0, >0

mi m2 Ty Tty

om71 > (7Z'm1)2 v om a2 > (”mz )2 v Ty > (”12 )2

e"F (0" +(W)?)e"F, > (We'R )" = h'FF, > (h)? (R - FFy)
2

e"F (h"+(n)*)e"F,, > (he'F,) = h"FF,, > ()’ (F; - FF,,)

" F,F,-F2>0

e"F,e"F,, > (e"F,)
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The last condition requires that F ()(1, X2) is jointly strictly concave in (Xl, Xz)

e“F(h"+(h')2) h'e"F, h'e"F, F(h"+(h’)2) hF, hF,

h'e"F, e"F, e'F,|=¢e" h'F, F, F,
h'e"F, e"F, e"F, h'F, F, F,
F(h'+(h)’) hF hF, 0 F F -
— e3h thl Fll F12 — (hl)2e3h Fl Fll F12 + e3h|: (hu + (hi)z) 11 I:12
h'FZ I:12 F22 I:2 F12 l:22 r 2

The 3 X 3 determinant is the determinant of the bordered Hessian of F (X11 Xz), and it
will be negative if F (Xl, Xz) is strictly quasi-concave, which it is since we already require
that F(Xi,Xz) is strictly concave. The 2 X 2 determinant is positive because of strict
concavity and (h" + (h')2) is negative.

So in all, we require that F(X,,X,) is strictly concave and that h”+(h')* <0, which

certainly excludes h” =0.

C. Interactions between management and production inputs in a
Cobb-Douglas production function - proof of equation [8] of the main

text.

dK/dm _ K

We want to prove Q=e"MAK?®, ab <1=
dL/dm L

in a cost-minimization context. From the first order conditions derived earlier
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OA ' " 0 oA — "E =0
om = 4h (“')eh() (Xi'XZ) ’ oX, : e l(XPXZ)
aA m

. =T, 2e" )Fz(xyxz)_o

We have, say for the first input

= 2h'(m)e"™F (x,, m = 2e"™
r-m (m)e (Xl XZ) jh’(m)F(Xl,Xz) e

G, =rh'(m)F(x,%,)—r,F(X,%)=0
and so for both inputs

G, =nLh'(m)F(x,%)-rF,(x.,%)=0

Wemap X, =K, X, =L . We have, omitting the function's arguments

_8G, /ém —h'r F
dK/dm  oG,/oK  rh'Fe—r Foo Tk (I’Lh'FL —rmFLL)
dL/dm  0G,/om —h"r F r (rh'Fe =1 F)

0G,/oL  rh'F -r F,

This is meaningful only if h” <0. From the optimal relations we have

F . :
= £ = —L and we obtain, solvingforr, , r =r, ,  ro=r—.
rK rL FK L

dK/dm

dL/dm

we have

Inserting these into



513

, h'F F
I (th FL_rLFFLLJ FL—F—FLL

L L

dK/dm
dL/dm

' F
r [rKh’FI< —r r::FFKK] Fq _FT Fex

K
For the first and second partial derivatives we have,

- - =
F _p _aF p _RK-F_ aF-F F

K ¢ 7K K? K?

and FL:b%, F. :—(1—b)%

Using these we get

dK/dm
dL/dm

which is what we wanted to prove.
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D. Conditional expected values for the 2TSF Generalized

Exponential specification when ¢=w-u.
We are initially considering the composite error term & =V+W—U with

v~N(0,07), w~GE(2,,0), u~GE(2,6,,0)

Writing  f; (W; (9W) for the density of an Exponential random variable with scale

parameter 6,,, we have

w~GE(2,6,,0) = f, (w)=2f.(w,)-f.(w;6,/2)

y Yo

u~GE(2,6,,0) = f,(u)=2f_(u;6,)—f.(u;6,/2)

Suppose now that we obtain &> =0. Then £ =V+W—-U=W—-U=2

D.1. Conditional densities.

=fng(g,w) ; _fgyu(g,u)
ToR(e) T f(e)

We are interested in the conditional densities fw‘

f,.. (W)

B B
a we fg(é')

Note that e=W—-U=U=W—¢&. We have

foo (Wou)=f,(w)f, (u)=f,(w)f,(w—¢)=f,,(&w)
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Note that from U=W—-g>0=W2¢.If £<0 this does not constrain the support of
the random variable "W conditional on ¢". Butif & >0, it follows, and intuitively so, that we
must have W> g because U is subtracted from W to obtain & . This restricts the conditional
support of W and so also the interval of integration over the conditional density. Since we

want to obtain a single expression for all ¢ we can express the limit of integration as

max {¢,0} .
b. Analogously, we have

£ o tewlB) )= (W) ()= (£ +U) F (u)= . (6.0)

o)
So fw\g = fW(E;;l(Jz)fu (U)

Here we have that e+U=W2>0=U2>—-&. When & >0 this holds always, but when
& <0it will restrict the support of U and so also the interval of integration over the

conditional density. Since we want to obtain a single expression for all & we can express the

limit of integration as —min {¢,0}

D.2. Conditional expected values.

D.2.1.E (exp{w}|¢).

E(exp{iw}|5): T eXp{iW}fW‘g(Wk)dw: T exp{w) fW(chf

max{e,0} max{e,0} £ (8)
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_ L T exp{xw}[ 2f. (w; 6, ) f. (w;6,/2)][ 2f. (W-&:6,)— o (W-&:6,/2) ]dw

=%(g/?u} | explew[4f, (w0,) T (w0,) 21 (w.0,/2) f. (w0, ]dw
e\€)  maxle)

+—expf{2(g/)0u} [ explzw[-2f (w6,) o (w6,/2)+ T, (w6, /2) T, (w6, /2)]cw
\E) mada)

= expis/0,} I exp{iw}{ 4 exp{— Ou +6, w}— 4 exp{— Ou + 26, WH dw
L(2)  meiton 6,0, 0,0, 6,0, 0.0

w=u

w~u w~u w~u

N exp{28/9u} J' exp{iw} |:_ 4 exp {_ 29\,\, + Hu W}+ 4 exp {_ 29\,\, + 20u W}:| dw

fa (g) max{¢,0} 0,0 0.0

_exp{s/0,} 4 [ e _0,+0,-0,0) | [ 0,+20,-0,0) 1,
£.(2) 06, gy 6,6, 6,6,

wu max{e,

f.(¢) 6.9 J 6,0, 6,0,

w-u max{e,

L exp{2:/0,} 4 {_ exp {_ 20, +6, - (£6,6,) W} +exp {_ 20, +20, - (+6,6,) WH dw
o
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_exp{e/6,} 4 0,0, T 0, +06, —(£6,0,) expl Ou+0,~0.0.) | | 4
f.(&) 6.6, 0u+6,~(£0,0,) noil.o 0,0, 0,0,

_exple/6,) 4 0,06, T8, +20,—(x6,0,) expl 0u+26, ~ (0.0, | 4
f.(&) 6.6, 64+20,~(£0,6,) il 0,0, 0,0,

_exp{2¢/6,} 4 0.0, T 20, +6,—(+0,0,) expl 20,+0,~(*0,0,) , | g,
f.(&) 6.6, 20,+6,~(£6,6,) noil.o 0.0, 0.0,

L &P {2¢/6,} 4 0.0, T 20, +20, —(£6,0,) expl - 20,+20, = (0.0 | 4
f.(e) 6.0, 20,+20,~(£0,6,) v 0,0, 0,0,

_ 4 exp{e/0,} exp 0,46, _(ieweu)max{g,o}
f.(¢)0,+6, - (+6,0,) 0,6,

4 exp{e/6,} ex —ew+29“_(iewe“)max{g,o}
f.(¢)0,+26, - (+0,0,) 6,6,

4 ep{2e0) | 20,+0,-(6,0) (2,0}
f.(¢) 20, +6,-(+6,0,) 6,0,

=+

4 exp{2¢/6,) oxpl20s+20,-(0.0) (5,0)
f, ()26, +20,-(+6,0,) 6,6,

So,
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E (exp{+w}|¢)

0.+, —(+0.0)) 0. +20, —(£0.6,)
_“w u w-u '0 _w u w-u ,0
) 4expl2/0,) exp{ 00, max {& }} exp{ m max {& }}

f. (&) 0,+0,—(+0,0,) 6, +20, - (+6,0,)

20.+6, —(+6.06.) 20, +26, —(+6.6.)
_“Mw u w-u 0 _“Mw u w-u 0
_4exp{25/6?u} exp{ m max { ¢, }} exp{ ) max {, }}

f.(¢) 20, +6, —(+6,0,) 20, + 26, — (+6,0,)

For E(eXp {iw}|g) to exist, we require that §,+6,-6,0,>20= 6, + 6, >6,0,, otherwise

at least one of the above integrals does not converge. Given that usually, ,,,6, are estimated

as being smaller than unity the condition will be satisfied.

D.2.2. E(exp{-u}|e).

E(exp{-ujle)= I{ . exp{-u} f,, (ule)du= j{ 0} exp{—u) fw(glj;‘(z)fu (u) 4,




9W

6,
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exp{-2/0,} T exp{-u}[-2f. (u;6,/2) fe (u;6,)+ f

T exp{-u}[4f.(u;6,) fe (u;6,)-2f (u;6,) fe (
{

e (u;6,/2) f.

u;6,/2) ] du

6,/2)]du

f { g, +6,+6,0, } { 26, +6,+6,0, }
j exXpe——L U WU yi_expy——=2 4 WUyt idu
u —min{¢,0} Hweu ewgu

exp{-2¢/6,} 4 % 0, +26,+06,0, 20, +20, +6,0,
+ J' —expy——L——— 1y +exps— up|du
f.(e) 6,6, w 6.0 6,0
£ w-u —min{s,0} w-u wu
ex I
p{-¢/6,} 4 6.6, 6,+6,+6,0, exp 0+0,+0.6, |y,
f.(¢) 6,0,06,+6,+6,06 0.0 6,0
wu —min{z,0} w-u w-u
e o0
~ xp{-¢/6,} 4 0,0, J~ 20, +6,+06,0, exp . 20,+6,+6,0, ubdy
f.(¢) 6,6, 26,+6,+6,0, minte.0) 6,0, 6,0,
exp{-2¢/6,} 4 0,0, T 6,+20,+0,0, 0, +26,+6,0,
- exps———+—1 " 4yrdu
f.(¢) 6,6, 0,+20,+6,0, minte.0) 6,0, 6,0,
exp{—2¢/6, F
. xp{-2¢/0,} 4 6,0, .[ 6,0, exp _20,+26,+6,0, ubdu
f.(¢) 6,6, 26,+26,+6,6, minte 0, 200 +26,+ 6,6, 6,0,
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exp w min {g O}
_4exp{-¢/6,} 0,0, ’
o f(e) g, +6,+6,0,
exp M min {g 0}
dexp{-¢/6,} 0,0, ’
f.(¢) 20,+6,+6,0,
exp w min {g 0}
_4exp{-2¢/0,} 0.0, ’
f.(¢) 6,+20,+6,0,
exp 20, +26,+6,0, min {¢,0)
4exp{-2¢/0,} 0,6, ’
f.(¢) 20, +26,+6,06,

So,

E(exp{-u}le)=

6. +60 +6.6. . 20, +6, +6.6 .

w u w~u ,0 w u w~u '0
_4exp{—g/9w} exp{ewgu min{e }} exp{gwgu min{e }}
S f(e) 6, +6,+6,06, 26, +6,+6,6,

exp wmin {e,0}{ exp 26, +20,+0,8, min{e,0}
4exp{-25/0,} 0,6, 0,6,
f.(c) 0, +20, +06,0, 20, +20, +0,0,
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D.3.3. E(h(m)|¢)
In order to examine the relation between management and the conventional inputs, we

need to obtain E(h(m)|g) = E(W|Z) in our case. The mathematical manipulations are the

same as for the case E (exp{w}|¢)up to a point. Specifically we arrive at

E(w[z) = exp{¢/6,} J- wl 4 exp 0,*6, | 4 exp _0,+26, g
f.(c) ey 0,0, 0,0 0,0

max{z, w-u w-u w-u

2 o0
(oel2e8) | W{_ 4 oo {_zewwu W}+ 4 exp{_MWHdW

fa (8) max{e,0}

e (w]2) - exp{s/6,} 4 T }w{exp{— 0, +6, W}—exp{— g, +26, WHdW

f.(¢) 6,0

w umax

+exp{25/9} J- w| —exp _26,+6, +exp 26,420, | g
f.(¢) 6.9 0,0, 0,0

wumax

_exple/60,} 4 6,0, ]'i wew+9“exp 040, g
f.(c) 6,0, 0,+0 0,0

u max{e,0} wu

_exple/6,) 4 6,0, T Wé?w+26?u exp 6,420, g
f.(e) 6.0, 0,420, e OB, 0,06,

_exp{2¢/6,) 4 6,6, T w2t O ] 20,56, |4
f.(e) 6.0, 26,40, noileoy OB .6,

+emﬂzda} 4 0,0, I W2%+2@em)_2%+zavvdw
f.(¢) 6,6,20,+26, .1,

The four integrals are of the form
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I xAexp{—Ax}dx = j xAexp{-Ax}dx — j xA exp{—Ax} dx
a 0 0

dx

:1 _ﬁxd(1—exp{—lx})dx}z%{x@—exp{—ﬂx}) 5

- I(l—exp{—ix})dx

_ %{a—aexp{—ia} as Iexp{—zx}dx}

:%+ aexp{-ia} —!exp{—ﬂ,x}dx = %+ aexp{-1a} + %exp{—/lx} :

= %+ aexp{-Ja} + %exp{—ﬂa}—% = (a+%)exp{—ﬂa}

So

E(W|g)=exi{(gg“}9 - [max{g,O}Jr %0 jexp{—gWJre“ max{g,O}}

w u

EE AR .

f.(e) 6,+26,

_exp{2¢/6,} 4 0,0

20, +0)
’0 w-u _ W u ’0
t(e) 29W+9u£max{g 120,49 jeXp{ 6.0, "1 }}

w u

LRI04 (e oyt expl 20ut 20, i 0y
f.(¢) 26,+26, 26, +26), 0.6

w=u
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Addendum to

TECHNICAL APPENDIX 3.111.

[Continuing section C. The limiting distribution of the COLS/MM estimator]

We first show that nUZﬁN = nfﬂzz;ﬁi does not converge to the vector holding the

central sample moments or cumulants of the error term centered on the true value, only
some of its elements do. We manipulate the expression for the OLS residual, to obtain zero-

mean quantities,
Bios =6 X (Bos =)=~ E (&)~ [ X (s ~ B)~E ()| =4 ~[ X (s ) ~E(&1) ]
Wehave X;(fs—B8)—E ()= (XX) " Xe~E(). This equals

X[ (X'X) " X (e-1-E(g))=x] (X'X) " X&

because ()('X)7l X1-E(g)=(1, 0)' E(s)=E(s&) (see pp 338-339). We can also write this

as
X (fBos —B)—E (&)= X (Bos —B), plim(5s —B)=0.So finally,

Eios =& =X (B(;LS _ﬂ) = & —X (X'X)fl X's.
Consider first the equation related to the 2nd cumulant/central moment.
13 .
ﬁzl((cz) ' &'ovs _,Uz) =
1< e ~ [ p* A* ! -
:ﬁ;[(cz) 1(5? —2& X (ﬁOLS —,B)+(,BOLS —ﬁ) XX, (ﬂOLS _ﬂ)j_ﬂz}
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:_Z((Cz )_1 giz _ﬂz) - s (ﬁOLS ﬁ) é% :1 (B(;LS _ﬂ>, XiXi’(ﬁ;LS _ﬂ)

S (8- ) - 26(8)E(X)-0,(1)+ 0,(1)-O, (1)-0,( JHZ(NZ 1) +0+0

i=1

n =t AR
2155 o) ks )
+ Ci% =) (ﬁOLS ﬂ) ('HA;LS _'B),Xixi,('égl's _ﬂ)

3

Here too, ¢; -1 and it can be ignored. So
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n n

. :in;(gf‘ ~x,(¢)) —3(%;éizxi'}[ﬁ(ﬁ&s —ﬂ)]
35 p) GZ xix;jM(ﬁgLs -5)]
¢ (s (330 s ¢ [ (7]

For the same reasons as before, the 3d and 4th term become negligible asymptotically.

But not the 2nd term. So we obtain

(a7 - (0) -3 230 [V A - )]0

i=1 i=1

EUs

So for this element of the n”zﬁN = nfuzzi”:lﬁi vector, the limiting random variable is

not the central moment centered on the true value.

Limiting Variance of the COLS/MM estimator.
Given the previous result, we will not obtain an explicit expression for the limiting

variance, but we will show that it can be consistently estimated.

n

The variance of nY?h, =nY2 _ h. is
N j=1 i

Var(n_yzzi”:lﬁi) _ E(ﬁiﬁi') + (n—l)E(ﬁiﬁk')

A

(since the h,

i vectors are zero-mean). Due to uniform integrability, the variance of the

limiting distribution will be the limit of the above expression.

We show that Iim[(n—l) E(ﬁiﬁkl)} =0.

n—oo
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Ignoring the bias-correction terms that will become unity at the limit, consider
indicatively the upper left diagonal term of (n —1) E (ﬁiﬁk' ) , which is

(n _1) E |:(£'i2,0|_s —H, )(ékz,OLs —H, )] - We have

(éiZ,OLS —H )(ékz,OLS —H )

((‘g‘i2 _/Uz)_ 2g~i X; (IBA(;LS _:B>+(:B(;Ls _ﬂ)! Xixi' (:é(;Ls _ﬂ)j

X ((Ek2 _ﬂz)_2§kxf< (IB(;LS _ﬂ)_'_(ﬁ(;LS _ﬂ)l Xka( (B(;LS _ﬂ)]

So the product is decomposed into the following nine terms (we use N instead of n—1

that makes no difference asymptotically):
= E[(8 ) (8 - )] [ (82— 1) 2806, Bins — )]

o 0| (8 10) B~ ) 5 B )

~nE| 2% (Bs = B) (&~ o) | + NE| 2 X (Bins — B) 26X, (Bas ~ ) |
- 08|26 (o ) o ) x5 (s~

+ nE{(,BASLS - B) %% (Bos = B) (& )}

. nE{(ﬁSLS = B) XX (Bis = B)25.5 B —ﬂ)}

08| (B~ 5 s~ ) s~ ) X% B~ )

We examine terms separately.
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Term 1: nE[(éf—,uz)(ékz—,uz)]:nE(éf—yz)E(é,f—,uz):n-O-O:O

Terms 24:
nE [(‘Ei2 —H, ) 25~kx[< (ﬁSLS _ﬁ)] =nE [(5.2 —H, ) 2§kX:< (x'x)_l X"ﬂ
—2nE [x'k (XX) " X8, (82 - ,uZ)J = 2nE [x'k (X'X) " XE (&5, (&2 - ,u2)|Xﬂ

- 2nE[x'k (X'X) " XE (g5, (5 —ﬂz))}

The vector €&, (Eiz - ,uz) contains products of the form

~2

£ (giz _,Uz)f & (giz _ﬂz)' & (giB_gi :Uz)

and we have

For term 4, just switch the observation indices. So the 2nd and 4th terms are zero.

Terms 3,7:

o (7 ) )| - ] [ o[ )

e _ 1 5
At the limit, Vn ( Bois =B ) =(£X'X) ' (— X'sj is independent of any single element

n
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el (6 ) (s ) o [ s8]

G R P NG |

Switching indices, the same result holds for the 7th term.

Terms 6,8: nE{ZEi X! (ﬁSLS —ﬂ)(ﬁ;Ls —,3)’ X, X, (ﬁSLs _ﬂ)}

- E[Zé X (Bous —ﬂ){ﬁ (Bas —ﬂ)’}xkx; (B —ﬂ)ﬂ —0

because ( ,@SLS -p ) =0, (1) Switching indices, we obtain the same result for the 8th.

Term 5:

nE[ 2 X Aous ~ B) 28X Bius ~ B) | =4E| & X [N (s = ) [ [ (s - )|

The term inside the expected value is bounded. Due to regressors exogeneity, the fact

that «/n ( ,6A’SLS -p ) is independent of any single element & ,€,, and the ii.d. sample
assumption, we have ...=4E [X: [x/ﬁ(,@&s —,B)Jx'k [«/ﬁ(ﬁ&s —ﬁ)ﬂ E (Ei ) E (Ek ) =0
Term 9: nE |:(ﬁ(;LS - ﬂ)r XiX; (BSLS - IB)(BSLS - ﬂ)' X, X (ﬁAgLs - ﬁ)}

= E|:<ﬁ(;LS _:B)! XiXi' [\ﬁ(ﬁ&s _ﬁ)} (B(;LS _:B)’ kark [\ﬁ(ﬁSLS _ﬂ):ﬂ —0

.. because it is a product of O, (1) and 0, (1) terms.

Analogous relations and results hold for the other elements of the matrix

(n—l)E(ﬁiﬁk') so we obtain |im[(n—1)E(ﬁiﬁk')}:O. Therefore the variance of the

N—oo

limiting distribution is limE (I:liﬁi') =E (hihi'), which can be consistently estimated by the

n—o0

corresponding sample moments.--
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