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1 Abstract

The literature suggests that the slope factor of the yield curve reflects long-term economic activity, while
the curvature factor captures shorter-term changes in monetary policy stance (Argyropoulos & Tzavalis
2016). This paper provides clear-cut evidence that there exists a cointegrating long-term equilibrium
between the yield curve’s latent factors, economic activity, and the monetary policy instrument. We
analyse this dynamic relationship using US data. We employ the Dynamic Nelson-Siegel model within
a state-space framework to extract the latent factors through the Kalman filter. We construct the
implied vector error correction model to quantify both the long-term cointegrated dynamics and short-
term adjustments. Impulse response analysis and variance decomposition are conducted to evaluate how
shocks to the yield curve factors propagate through the economy and derive policy implications based

on the findings.
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3 Introduction

The yield curve, which represents the relationship between interest rates (bond yields) and bond matu-
rities, has long been regarded as a crucial tool for predicting economic activity, indicating an underlying
relationship between the two variables. Traditionally, the term spread - defined as the difference between
long- and short-term interest rates - has been used to forecast future economic growth. An upward-sloping
yield curve indicates expansion while an inverted yield curve signals a potential recession. However, re-
cent literature has suggested that proceeding with a more nuanced fashion by decomposing the term

structure of the yield curve into its latent factors - namely, slope and curvature - provides a superior
depiction of future macroeconomic conditions, enhancing the model’s predictive ability (Argyropoulos &
Czavalis 2016).

More specifically, the literature (see, e.g.,|Argyropoulos & Tzavalis|2016]) has showed that the slope factor

contains information about longer-term economic activity. Conversely, the curvature factor is shown to
maintain predictive power on shorter business cycles, which is associated with current developments in
the monetary policy stance. Therefore, there is potentially an implied vector of underlying relationships
between the slope factor, the curvature factor, economic activity, and the monetary policy instrument.
This paper studies the dynamic relationships between the yield curve factors and the aforementioned
macroeconomic variables (economic activity, and monetary instrument). There has been work in the
literature addressing those relationships (see, e.g., Diebold & Li 2006; Diebold, Ji & Li 2006} [Diebold
[& Lil 2006} [Diebold et al.|[2003} [Ang & Piazzesi|[2003; [Ang et al|[2006}; [Argyropoulos & Tzavalis 2015}
[Estrella & Hardouvelis|1991; [Stock & Watson[2003)). Most of these studies employ a vector autoregressive

process in order to capture the short-term dynamics between the latent components of the yield curve
and macroeconomic indicators. They find strong evidence of the effects of macroeconomic variables on

the future movements that the slope and curvature factors of the term structure of the yield curve have.

There is also evidence for a reverse causal direction as well, albeit weaker (Diebold, Rudebusch & Aruobal

2006)).

In this paper we address the following questions, after first relying on recent literature decomposing the

yield curve into the latent slope and curvature factors (see, e.g., Diebold, Rudebusch & Aruobal|2006}

|Argyropoulos & Tzavalis|2016): First, if there exists a cointegrating relationship between these two latent

factors of the yield curve and the above two macroeconomic indicators (growth and monetary instrument).
Second, if there is, what are the adjustments mechanisms that lead to a mean-reversion towards the
long-run equilibrium. Regarding the first question, there are two studies that have tested and proved the
existence of a cointegrating vector between Treasury rates for different maturities of the term structure,

with the corresponding error correction model outperforming the augmented vector autoregressive model

(see, Bradley & Lumpkin||[1992} |Zhang][1993). However, in this paper we will explore the cointegration

space between the latent components of the term structure (slope and curvature) with the two key




macroeconomic variables discussed above. That is, if there a strong long-term equilibrium between those
latent factors and those two macroeconomic variables, that despite temporary disequilibria, the forces
of the economy will eventually be leading them to a mean-reversion, back to their equilibrium. This
is important for both policymakers and bond market participants to better comprehend the underlying
mechanisms of the bond market, affected by economic growth and the current course of action of the

central banks.

Regarding the second question, upon confirming the existence of a strong cointegrating relationship
between the aforementioned, we will construct the implied vector error correction model to study how
and at what speed shorter disequilibria are getting adjusted (or corrected) back to long-term equilibria.
To commence this analysis, we will employ the dynamic Nelson-Siegel model for the term structure (DNS
model, hereafter), whose convenient state-space representation allows for a comprehensive estimation of
the latent factors of the yield curve; namely, the level (or shift), the slope, and curvature, as is performed
in the recent literature (see, e.g., Diebold & Li|2006; Diebold et al.|2003). The DNS model of the term
structure, as proposed by [Nelson & Siegel (1987)), assumes in alignment with the current literature, that
the level factor of the yield curve captures only parallel shifts of interest rates, not a functional of of
maturity intervals, and therefore it is cancelled out in term spreads upon considering separate maturity
bond yields (interest rates) (see, e.g.,|Argyropoulos & Tzavalis|2015; |Bliss|1997; [Litterman & Scheinkman
1991)).

The paper is structured as follows. In Section 2, we provide the relevant literature review for the term
structure of the yield curve. In Section 3, we discuss the data, and analyse the theoretical framework
that we will follow, starting with the DNS model, followed by cointegration theory, the error correction
model, and finally impulse responses and variance decomposition. In Section 4, we estimate the DNS
model, retrieve the slope and curvature factors of the yield curve, and whereupon proceed with the

empirical cointegration analysis. Section 4 discusses the findings and concludes the paper.



4 Literature Review

4.1 The Yield Curve as a Predictor of Economic Activity

The term structure of interest rates, known as the yield curve, is defined as the spread between long-

and short-term interest rates, and it depicts how the returns (yields) of bonds (or debt instruments, in

general), vary across different maturities (Estrella & Trubin/[2006). Normally, the interest rates increase

alongside maturities, due to the increased risk implied by the extra duration (Parker & Schularick!2021]).

The theory suggests that short-term interest rates are representative of the central banks’ monetary

policy decisions, whilst the long-term interest rates reflect bond market participants’ expectations about

future short-term interest rates, inflation, and risk premia (Argyropoulos & Tzavalis||2016). The latter

is known as the Rational Expectations Hypothesis of the Term Structure. The expectations hypothesis

of the term structure (REHTS) states that movements in long-term interest rates are due to movements

in expected future short-term interest rates (Diebold, Rudebusch & Aruobal2006; Tzavalis & Wickens
1998). Additionally, the slope of the yield curve is defined as the term spread between long- and short-

term interest rates (Argyropoulos & Tzavalis|2016). According to the theory, a contractionary monetary

policy that increases the short-term interest rate and drives future recessions, produces a zero or negative

term spread (Argyropoulos & Tzavalis|[2016). This course of action alters expectations for future short-

term interest rates, and thereby decreases long-term rates because the market’s expectation for future
recessionary periods increases savings demand. As a result, this potentially flattens, or even inverts, the

yield curve. In contrast, an expansionary monetary policy in which the central bank decreases short-term
interest rates leads to a positive term spread and thus to a positive slope of the yield curve (Argyropoulos
2016).

There is a large literature examining the predictive ability of the term structure of interest rates (the yield

curve) about future economic activity (see, e.g., [Estrella & Hardouvelis|[1991} |Argyropoulos & Tzavalis|

[2015; |Ang & Piazzesi| |2003; |[Ang et al.[2006). The most popular exercise performed to capture the

information contained on interest rates about forthcoming economic activity involves a regression where
the term spread between long- and short-term interest rates (slope of the yield curve) acts as a regressor,
and GDP growth as a regressand. The outcome of this exercise illustrates a positive relationship between
the spread of the term and the real output. More specifically, they illustrate that when long-term interest

rates move positively further away than short-term interest rates, real economic activity increases for

numerous quarters ahead (see, e.g., Estrella & Mishkin|[1997)).




4.2 Decomposing the Yield Curve: Slope and Curvature Factors

There is work in the literature on extracting latent factors from the term structure of the yield curve

by decomposing the term spread into the slope and curvature factors (Diebold & Li|[2006; Diebold,

[Rudebusch & Aruobal2006)). The most widely used model in the literature that offers a parsimonious

representation of the yield curve is the Dynamic Nelson-Siegel model (DNSM) (Nelson & Siegel|(1987). To

proceed with the extraction of the above latent factors, Diebold, Rudebusch & Aruobal (2006) suggested

the application of the Kalman filter that has been claimed to facilitate real-time estimation, rendering

it responsive to market developments.

The slope factor represents the difference in bond yield between long-term and short-term maturities.

The literature suggests that the slope factor of the yield curve reflects future real business cycle conditions

(Bekaert et al.|2010). Conversely, the curvature factor captures the yield curve’s concavityﬂ and contains

information about short-term interest rate volatility and central bank interventions (Dewachter & Lyrio|

2006). It is found that the curvature factor captures short or medium-term adjustments in monetary

policy (Dewachter et al.|2006). For instance, if the central bank deems economic growth to be rather

high, and proceeds to a contractionary monetary policy upon the term spread, the curvature factor will

reflect the impact of such course of action (Monch!2012).

4.3 Cointegration and Yield Curve - Macroeconomic Interactions

Cointegration analysis examines the potential existence of a long-term equilibrium relationship between

non-stationary and integrated of order one time-series. [Engle & Granger| (1987) and |Johansen| (1988)

proposed the very concept of cointegration and subsequently provided methodologies upon which we
can identify and estimate such relationships. This analysis is pertinent for studying long-term potential
equilibrium relationships between the yield curve factors and fundamental macroeconomic variables such

as economic activity and monetary stance.

The dynamic interactions between the macroeconomy and the yield curve are present in the literature.

There is evidence to suggest the effects of macroeconomic variables on future fluctuations in the yield

curve, as well as evidence of an, albeit weaker, inverse causal direction (Diebold, Rudebusch & Aruobal

2006). It has been proven that the slope factor has significant predictive ability over economic activity

on longer horizons, whilst the curvature factor has predictive ability on shorter-term fluctuations of

output that are potentially correlated with changes in monetary policy (Argyropoulos & Tzavaligf|2016)).

Moreover, |Stock & Watson| (1993) demonstrated that liquidity fluctuations, illustrated by M2 money

supply, can impact both the yield curve and economic activity. Those three crucial results suggest that

1See appendix B for a formal mathematical definition of concavity.




potentially there is a long-term equilibrium relationship between the aforementioned variables, that has

to be examined through full cointegrating analysis.

4.4 Forecasting Economic Activity Using Yield Curve Factors

In recent forecasting literature, there have been numerous studies surrounding the predictive accuracy
of the yield curve (see, e.g., |Ang & Piazzesi [2003; |Ang et al. [2006, Argyropoulos & Tzavalis [2015)).
2012| concluded that incorporating the slope and curvature factors improves forecasting accuracy

of output than by running traditional regressions. These results were confirmed with a clear-cut fashion

by [Argyropoulos & Tzavalis|[2016, who clearly illustrated that the latent slope and curvature factors of

the yield curve contain more information about future fluctuations in real output than the term spread
itself, which was primarily used in the literature hitherto. This happens because these two factors enter

the term spread with opposite signs and reflect distinct information about future economic activity

(Argyropoulos & Tzavalis|2016). These results remain robust to the augmentation of the interest rate

level and growth rate level as well in the regression model, with decreased out-of-sample mean squared

errors compared to traditional regressions involving solely the term spread (Argyropoulos & Tzavalis|

2016).

4.5 Contribution

There has been extensive research upon the yield curve’s and its factors’ forecasting prowess, as well

as its relationship with macroeconomic variables (Argyropoulos & Tzavalis||2016}; |Ang & Piazzesi/|2003}

[Diebold et al.||2003)). However, the goal of this paper is to seck any long-term equilibrium relationships

between the yield curve’s factors and the relevant macroeconomic variables on output growth and the
monetary policy stance, and subsequently study the long- and short-term dynamics as well as adjustment
mechanisms that dictate those relationships. The ultimate goal of this paper is to provide useful insights

for policymakers and market participants into those intricate relationships.
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5 Data and Methodology

This section presents the data and empirical methodology used to examine the dynamic relationship
between the slope and curvature factors of the yield curve and key macroeconomic variables, namely
GDP growth and monetary policy stance. First, we describe the data sources, including yield curve
estimates, macroeconomic indicators, and their transformations. Next, we outline the estimation of latent
yield curve factors using the Dynamic Nelson-Siegel (DNS) model within a state-space framework. The
analysis proceeds with cointegration testing to determine long-term equilibrium relationships, followed
by the specification of a Vector Error Correction Model (VECM) to capture both long-run and short-run
dynamics. Finally, we discuss the forecasting techniques and econometric tests employed to evaluate

predictive accuracy.

5.1 Data

The yield curve factors—slope and curvature—are extracted using the Dynamic Nelson-Siegel (DNS)
model. The slope factor is constructed as the difference between long-term and short-term interest
rates, reflecting expectations about economic growth. The curvature factor captures medium-term yield
movements, which are sensitive to shifts in monetary policy. The macroeconomic variables include the

Industrial Productivity Index (ipi;), and to reflect the monetary policy stance we use the M2 money

supply (m2;).

This study’s data set consists of 515 monthly observations from 1982:1 to 2024:11 for the United States.
This period encompasses multiple economic cycles, including recessions, expansions, and shifts in mon-
etary policy regimes. The monthly frequency allows for a detailed analysis of both short-term dynamics
and long-term relationships between yield curve factors and macroeconomic variables. All data were
sourced from the Federal Reserve Economic Data (FRED) database. To estimate the yield curve factors
(slope and curvature) this study utilises US Treasury yields with maturities ranging from 3 months to 30
years. Specifically, to fit the dynamic term-structure Nelson-Siegel model (Nelson & Siegel|1987)), the fol-
lowing 19 maturities are included 7 = (3,6,9,12, 15,18, 21, 24, 30, 36, 48, 60, 72, 84, 96, 108, 120, 240, 360).
Enough maturities are needed to capture the shape of the yield curve, which typically includes short,
medium, and long-term maturities. Usually, the literature uses until the first 17 of the above maturities
(see, e.g., |Argyropoulos & Tzavalis||2016|), but here we include the 20- and 30-year maturities to bet-
ter capture long-term dynamics, as this is the very nature of the cointegration analysis which seeks a
long-term equilibrium relationship. These yields are reported as annualized percentages and represent
risk-free interest rates for their respective maturities. Incorporating this broad range of maturities allows

for an accurate estimation of the DNS model.
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Short-term yields (e.g., 3-month, 6-month, 1-year) help capture the immediate term structure of interest
rates and respond to short-term monetary policy changes. Medium-term yields (e.g., 2-year, 3-year,
5-year) capture the expected trajectory of the economy in the foreseeable future and provide a balance
between short-term and long-term expectations. Long-term yields (e.g., 10-year, 20-year, 30-year) reflect
longer-term expectations about inflation, growth, and risk premia, and are most commonly used for
long-term financial planning, such as for pension funds or investment portfolios (Tzavalis & Wickens

1998).

As is suggested in the literature, we are using monthly data for fitting the yield curve model as it allows
for a better capture of the yield curve’s dynamic movements and hence a more accurate calibration of

the model’s parameters (Argyropoulos & Tzavalis||2016)).

Two key macroeconomic indicators are included to investigate the relationship between the yield curve
factors and broader economic dynamics. First, to approximate economic activity we the Industrial
Production Index (IPI). The Industrial Production Index is employed as a proxy for economic activity.
While real GDP is a traditional measure of economic output, its quarterly frequency is incompatible with
the monthly estimation of yield curve factors. The IPI, being a monthly series, provides a more suitable
alternative and effectively captures fluctuations in industrial output, which runs parallel with economic
growth. Second, to capture the current monetary policy stance, we use the the M2 Money Supply,
that reflects the liquidity available in the economy and is influenced by monetary policy decisions. It
includes cash, checking deposits, and easily convertible near money such as savings deposits and money
market securities. The growth rate of M2 is used to approximate changes in monetary policy stance,
as fluctuations in money supply are often tied to the Federal Reserve’s policy adjustments. Before
estimation, the data undergoes several preprocessing steps to ensure accuracy and consistency. All time-
series are subjected to unit root tests, including the Augmented Dickey-Fuller, Phillips-Perron, and KPSS
tests, to assess stationarity. Non-stationary series are differenced as required, particularly in preparation
for the cointegration analysis. The Industrial Production Index (IPI) is transformed into annualized
percentage changes to approximate the growth rate of economic activity, and the M2 Money Supply is
converted into monthly growth rates to reflect changes in liquidity which is affected by the central bank

and therefore serves as an indicator of the monetary policy stance.
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Figure 1: United States Term spread 5y — 3m and NBER recessionary periods (shaded areas).

Spread Rate (%)
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Figure 2: United States Term spread 10y — 3m and NBER recessionary periods (shaded areas).
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5.2 Methodology

5.2.1 State Space Models

Before delving into fitting the yield curve with latent factor models, we need to introduce a dynamic
model that will be used to build and estimate this endeavour. In many economic variables, we cannot
directly measure the relationship of independent and dependent variables that might by underlying or
unobserved. The most common way to deal with this problem, is to apply state space models and to

express our dynamic system into spate-space representation (Hamilton![1994).

A state space model is a dynamic system that, first, includes the representation of the observed time
series y; by the unobserved state vector &;. Second, the dynamic representation of & is usually a Markov
process, or an AR(1), where & only depends on its history £;_; as some innovation. Therefore, the

spate-space representation of the dynamics of y; includes the following system of two equations.

The measurement (observation) equation

ye =T& + e

The state transition equation

&= 1 +Cu—1 +m

The vector p is the mean vector while both the measurement error ¢; and the state error 7; are i.i.d.
white noises with

EtNN(OvH)7 and T]tNN(OaQ)

The measurement equation illustrates the linear relationship between the observed time series y; and the
unobserved state &. The state transition equation demonstrates the evolution of the state vector from
t — 1 to t. It is clear that there are several latent variables that have to be estimated as part of this
dynamic model. Therefore, we rely upon a widely used and very effective method called the Kalman

filter.

14



5.2.2 Kalman Filter

The Kalman Filter is a method used to estimate the latent variables of a linear state space representation.
To this end, this filter constructs the corresponding log-likelihood function and proceeds to estimate those

latent variables using the maximum log-likelihood method.

The Kalman Filter starts from estimating & given the initial condition of &y, the observed time series
of the measurement vector y;, as well as the information contained on the matrices I', ®,C, H, Q. The
Kalman Filter includes two steps: prediction, and update (Kim & Bang||2018). Suppose we are in period
t —1 and consider the state vector &;_1 and its covariance matrix >;_1, and we update in period t. Next,

we present the two steps of the Kalman Filter algorithm.

Prediction

Eti—1 = PE1 + Cug—1 predicted state estimate
Yij—1 = ®Y;_ 1P’ +@Q predicted state error covariance

Update
&t = &eje—1 + Kyug  updated state estimate

Yye = (I — KiI')%;—1  updated state error covariance

where u; =y, — I'{j;_1 is the measurement residual, and K; = Et‘t_lf’(H + FEt‘t_lI")’l is called the
Kalman gain. Due to the Kalman filter’s recursive nature, we need to set initial guesses for the state

vector and error covariance matrix.

Kalman filter provides all parameters needed to set up the log-likelihood function. Due to its complexity,
however, we use the prediction error decomposition format of the log-likelihood function to simplify the
estimation. Therefore, the log-likelihood function using this decomposition is given by

T

L(Yiw) =Y LyelYi1,w)

t=1

N
= Z 5 log 21 + flog|Qt‘t 1]+ th_‘t Lut)
t=1
where N is the sample size of the time series, w is the vector containing the unknown parameters,
Yi= 1, yn)s ue =y —Ye—1 =y — D&y, and Qyp_y = H + FEtH_lF”l. We perform maximum

likelihood estimation by optimising the above function to estimate the unknown parameters.

We have now presented the general method of modelling and estimating latent factor models. Subse-

quently, we proceed with the application for the specific dynamic model for yields.
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5.2.3 Dynamic Nelson-Siegel Model

We first need to retrieve estimates of the slope and curvature factors of the yield curve from the data.
To achieve this, we fit the dynamic term structure Nelson and Siegel (1987) model (DNSM) into our
zero-coupon interest rates data set, as is done in the literature (Argyropoulos & Tzavalis|[2016]). We fit
the model separately for each country we analyse (in our case, solely the US). Through this model, we
decompose the term spreads into the slope and curvature factors of the yield curve, by writing interest
rates r;;(7) in state-space form as follows:

7)\7;7'

1 1 ) .
Tie(T) = lit + sae( )+ cit(—— — 67’\17), Vi. (1)

o
where 7 = 11, Ty, ..., T, denote different maturity intervals, and [;;, s;; and ¢;; are latent variables which
denote the three factors spanning the term structure of interest rates r;, for all 7. Specifically,
represents the level factor of the yield curve that captures parallel shifts to r;(7), for all 7, which is
usually tied to changes in long-run expectations about inflation (Argyropoulos & Tzavalis|2016[). Next,
the slope factor of the yield curve, s;;, that indicates the impact of changes in future business cycles
upon r;¢, converges to unity, as 7 — 0, and to zero, as T — oo (Argyropoulos & Tzavalis, 2016). Last, ¢;;
represents the curvature factor of the yield curve. Conversely with the slope, the curvature converges to
zero as 7 — 0 and 7 — oo, which renders it concave in 7 (Argyropoulos & Tzavalis|2016]). The impact
of the curvature upon r;(7) is claimed to be stronger in short- and medium-term maturity interest rates
(Argyropoulos & Tzavalis|2016; (Christensen et al.[2010). The structural parameter of the DNSM );

determines the exponentially decaying effects of factors s;; and ¢;¢ on r44(7).

It is worthy to note here, that the dynamic Nelson and Siegel model is used to better capture the
progression of the bond market time by time, and thus is an advancement of the classical Nelson and
Siegel model by adding a dynamic behaviour to the latent factors, and is formed as follows:

7/\1'7' e*)\i‘f'

1
)b~ e

1
’]"Z‘t(T) = 11 + Si( )\iT

o
We observe that the only difference with its dynamic version is that in the classical model, the latent
term structure factors are not permitted to change over time. The dynamic version allows for the yield
curve factors to be time-varying parameters and not constant throughout time, as this modelling has

been empirically observed to better capture the dynamics of the yield curve (Diebold & Li/[2006).

Following, we take the spread between two interest rates, r;(7;) and r;(7s), with long- and short-end

maturity intervals respectively, say 7; and 7. Equation 1 implies that the term spread sprj, (77, 74) is:

sprie(m1, 1) = it (1) = rin(re) = A 530 — A e (2)

for all i, where
1—e Nim 1—e i

(T1,7s) _
R e L )
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and

1 — e NiT 1 — e NiTs

G = (

Yer =) —( — e

AiTi AiTs
We observe that the term spread is solely determined by the slope and curvature factors, as the level
factor is cancelled out. The slope and curvature coefficients of (4) depend on maturity intervals 7, and
71, and parameter \;. After estimating A; from the data, we proceed extracting s and .. These
two illustrate the speed with which a change in the slope and curvature factors impacts spr (7, 7s) can

deteriorate (Argyropoulos & Tzavalis/|2016).

To retrieve estimates of factors, s;; and c¢;;, we fit the DNSM into the interest rate data set, by applying

the Kalman filter. To this end, we write the measurement (3) as follows:
it = Li(Ni) @i + €t (3)

where 7y = (134(71), 734 (72), . . . ,7it (7)), and N denotes the number of different maturity intervals used
in the estimation. In our case N = 19, with the following maturities included: 7 = (3,6,9,12,15, 18,21, 24,
30, 36,48, 60, 72, 84,96, 108, 120, 240, 360), indicated in months. T'() is an (N x 3)-dimension matrix of

loading coefficients, defined as

_ N N _
T i S ek NS V)
AiT1 AiT1
i —Ai
1 (1_6 " (1_6 " _e—)\im)
ri(\) = AiT2 AiTo 7
=i =i
1 (1_6 TN) (1_6 TN_e—)u:rzv)
L NiTN AiTN i

where ¢; S N(0,%,), and x4 = (Ii1, Sit, cit)’ is the vector of state variables. Vector z;; is assumed that

follows a vector autoregressive process of lag order one, i.e.,

lit H d11 P12 P13 |l Uy
Sig| = |[ps| T |21 P22 P3| |sit—1| T |ui| > (4)
Cit He G311 P32 P33| |Cit—1 ugy
or
Tit = o+ Pip—1 + Uit (5)

where u;; = (ul,, us,, u$,)’, with ug i N(0,%,). Then, (3) and (5) constitute a state space system of

equations whose error term vector is given as

€t 0 EE 0
~ N , ,
where Y. and X, are the variance—covariance matrices of error terms €;; and wu;, respectively. The error

€;t and wu;; will be assumed to be uncorrelated, as is done in the literature (Argyropoulos & Tzavalis

2016} Diebold & Li|[2006).
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5.2.4 Cointegration Theory

We now turn to the theory of cointegration, and whereupon, the theory of the error correction model

which we will use in the empirical analysis in the next chapter. The theoretical framework used follows

the classic textbook of (1994).

We start our analysis with two economic series yq; and ya¢, which are first-difference stationary or I(0),

and we state the following definition:

Cointegration
f}

Cointegration means that there is one linear combination between y;; and ys; (i.e., a structural

relationship) which yields a stationary process I(0), i.e.,

Bry1e + Bayor = uy (6)

where u; is stationary (I(0)), or by normalising at y+,

Y1t — BYar = U1
_ _ B2 _ 1
where 8 = -5 and u; = By Ut

Y1t = Byas + u1e (7)

This definition can be extended to include more than one regressors and cointegrating regressions:

Definition of r cointegrated vectors

Let a vector of M I(0) economic variables y; = (y1¢, Yot, - - -, yare) - If there are r cointegrated

relationships, with » < M, then the errors

Uy Bu1 Bz .- Pim| | yie
, Uzt Ba1 Paz ... Pam| | Y2
u =Py, or | = ] , are I(0).
Urt Brl ﬂr2 oo 6TM YMmt
The matrix § is 7 x M and its row-vectors denoted as 8. = (81, Bizs-- -, Bim)’, 1 =1,2,...,r

are called cointegrating vectors.

Testing for Cointegration

There are two widespread used methods of testing whether a regression is a cointegrating one. The first,

known as the Engle-Granger Two-Step Test, is a very simple process that involves carrying out an ADFE
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test on the residuals of the static regression. More specifically, consider two variables y; and x;, where

Yy, x¢ ~ I(1), and the following regression:
Yy = a+ By + uy.

Step 1: We carry out OLS to estimate y; = & + Bzt + iy and capture the residuals 4.

Step 2: We run an ADF test on the auxiliary regression of i,

Uy = Qui_1 + €,

under the null hypothesis Hy : ¢ = 1 against the alternative H, : ¢ < 1. If there is a unit root, then we
have no evidence of a cointegrating relationship. In other words, ; is a measure of disequilibrium, and

testing for cointegration is equivalent to testing whether 4, is stationary.

However, in the presence of issues, such as correlation between u; and €;, the Engle-Granger test might
provide false results or might not capture a cointegrating relationship. Therefore, in the literature a

much stronger method for testing for cointegration is used, that of Johansen ﬂ

Estimation of Cointegrated Relationships

Much like testing for cointegration, there are numerous methods of estimating a cointegration relation-
ship. We shall, once again, first state the most straight-forward method, proposed by Engle-Granger,

and subsequently the more accurate method of Johansen.

The static OLS framework

The simplest method for estimating cointegration relationships uses the static OLS framework. Consider

two variables y; and x;, where y;,x: ~ I(1), and the following cointegrating regression:
Yt = o+ Bry + wy

Al‘t = €.

Here, A denotes the difference operator. The cointegrating vector is CV = (1  — )" and w; ~ I(0).
Under the null hypothesis of existence of a cointegrating relationship, i.e., Hy : us ~ I(0), we can

estimate the slope coefficients a and S using OLS. We make two remarks:

1: Both OLS estimators &ors and BOLS do not converge to a normal distribution, but rather a

non-standard one.

2: The LS estimator of slope coefficient BO s is said to be super-consistent.

2See Appendix A for a full presentation of the Granger Representation Theorem.
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Obviously, the non-normality of the distribution of the OLS estimators, renders making inference about
the estimates of cointegrating vector coefficients problematic. Furthermore, under this framework there

is correlation between e; and wuy, which reflects the bias of the LS estimator BO Ls in small samples.
The dynamic OLS framework

To reduce this bias in the limiting distribution of Bo s that arises from the correlation between e;
and uy, [Stock & Watson| (1993) suggested augmenting the static regression model by extra stationary
differenced-terms. Specifically, they proposed including dynamic lead and lagged terms of Az; in the

RHS to capture the small sample bias effects in estimating the cointegrating relationships, i.e.,

p
ye = o+ By + Z Vs Axp—g + Uy (8)

s=—p

For instance, for p = 2, equation (8) implies
Yt = a+ Bre + 72Ax0 + 718z + V0AT + V1 AT + Y2 AT+ ur

The above framework is known as dynamic OLS, or DOLS.

Multivariate models and cointegration: the Johansen’s procedure

Now, we consider the generalisation of the aforementioned analysis, for multivariate models, with more
than two variables considered. Consider the following VAR(1) model in reduced form with n variables:

Yy =0+ Ayi—1 + ey

where A is the coefficient matrix, e; is the innovation vector and § is the drift term. The stationarity
condition requires all eigenvalues of A to be within the unit root circle. The eigenvalues of A are the
roots of the ny, order characteristic polynomial |A — AI,,| obtained by solving the characteristic equation

|A — AL,| = 0. For stability, A\; and Ay must be less than one in modulus.

The above VAR(1) can be transformed in error correction form (more on this on the next section) as

such:
Y =0+ Ays—1 + ey
Sy~ Y1 =0+ Ay 1 — Y1+ e
S Ay =0—(In—A)y—1 + e
S Ay =0+ 1y—1 + e
where IT = —(I,, — A) is an n X n matrix.
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Similarly, consider the VAR(2) model, that can be presented in error correction form as follows:

Yo =0+ A1y—1 + Asyr_2 + e
Sy — Y1 =0+ A1yr—1 —Y—1 + +Asyi—1 — Aoy + Ao + e
S Ay =0— I, — A1 — A)yr—1 — AsAy_q1 + ey

S Ay =0+1y, 1 +TAy 1 + ey

where Il = —(I,, — A; — Ay) and ' = — As.

This can be generalised for the VAR(p) as follows:

Ye =0+ A1y—1 + Aoyro + -+ Apyi—p + &

p—1
& Ay =0+ Iy;1 + ZFjAyt—j + ey

j=1

where II = _(In - Z?:l A,L) and Fj = —Aj+1, j = 1,2, cees D — 1.
Testing for cointegration with Johansen’s method

The above representation is important because the rank of the matrix II,, «,, tells us how many indepen-

dent linear combinations there are amongst the variables, where
0 <rank(Il,xn) <n.

The rank of IT can only be 0 if IT is a null matrix, where in this case we just have a VAR in first differences,
without further level terms. Hence, variables are indeed I(1) but not cointegrated. Conversely, if II has
full rank, then this means that there are n linearly independent combinations of the variables that are
stationary, which implies that we can solve for each of the n variables in a unique fashion and obtain

stationary relationships. In other words, all variables are 1(0) and have a VAR in levels.
However, if there are I(1) variables, then the rank of IT must be strictly

0 < rank(Il,xn) < n.

Suppose rank(Il, «,) = r. This states that there are r linearly independent combinations among the n
variables, which are I(0), and thus those are the cointegrating relationships. Additionally, in order for
rank(Il, «,) = r, Il must have r non-zero eigenvalues. Therefore, to examine the number of cointegrating

relationships or vectors, is equivalent to examining the number of non-zero eigenvalues of the IT matrix.

The critical values for testing the rank of the IT matrix have been tabulated by Johansen (1988) and
Johansen & Juselius (1990)). There are two tests that have been proposed to conduct this examination,

as will be discussed below.
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Let the theoretical eigenvalues of the IT matrix in decreasing order be

AM>A> 2>,

The idea put forward by Johansen (1988) is that if rank(IL,x,) = r, then log(l — X;) =0, j =

r+ 1,7+ 2,...,n for the smallest n — r eigenvalues of II.

Let )\Al > )\Ag > ... > /\An be the estimated eigenvalues. The following two methods are used to test for

the number of cointegrated relationships.

a) The Amas test is used to test the null hypothesis of h cointegrating relations against the alternative

of h + 1 cointegrating relations. The maximum eigenvalue statistic is defined as:
Amaz = —Tlog(1 — Ary1), 7=0,1,...,n—1

with
Hy:rank(Il) <r ws H,:rank(Il)=7r+1

and tests whether )\TAH is significantly different from zero.

b) The Trace test is used to test the null hypothesis of r cointegrating relationships against the alternative

of n cointegrating relationships (as many as the variables in vector y;). The Trace statistic is defined as:

Atrace:_TZ lOg(l—Xi), r=0,1,...,n—1
1=r+1

with
Hy:rank(II) <r ws Hy:rank(Il) >r+1

and tests whether the smallest n — r eigenvalues of II are significantly different from zero.

For both tests, the asymptotic distribution of the above test statistics are not normal and their critical

values are tabulated by Johansen (1988); see also Hamilton (1994).

Both of the above tests are carried out in a sequential manner starting from the smaller eigenvalues and
working towards the larger, A\g, A1,...,A\n_1. The null hypothesis is rejected should the test statistic
value is large. Additionally, the eigenvalues that correspond to the non-stationary, I(1), relationships
are zero, or \; = 0, ¢ = r + 1,...,n. This implies that only the first eigenvalues are non-zero, or

Ai #0, i=1,...,r, which suggests the following equivalency of the null hypothesis:
Hy : There are at most r cointegrating relationships
is equivalent to

Hy:\i=0, i=r+1,...,n
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5.2.5 Vector Error Correction Model (VECM)

Next, we present the theory of the Vector Error Correction Model for which again we follow the textbook

of [Hamilton] (1994).

It is proven that cointegrated series cannot be represented in a VAR framework in first differencesﬂ
Notwithstanding, cointegrated series can be represented in a Vector Error Correction Model, which
includes the disturbance terms of the cointegrating relationships as an error correction term. Assume
that yo9; is a random walk with

Yor = Your—1 + Ue,  AYoy = U 9)

and taking the first difference of (7),

Ay = BAyas + Augy,

we have
Ayip = Pugs +ure —urg—1, using (8)
Ayir = —ui—1 + Pugy +urg,  since  wuip—1 = Yy1—1 — Byar—1
we obtain
Ay = —(y1e—1 — BY2t—1) + Buzr + u1e (10)

We can write equations (8) and (9) as a system of equations, as follows:

Ayt = —(Y1e—1 — Byae—1) + €1, with €1y = Bugy + uy
Ayor = 0 + ez, with €9y = ugy
or
Ay -1 Yie-1 €1¢
Ay, = = [1 — B}
Ayay 0 You—1 €t
/ 1 /
= —Qﬂ Yt—1 + €t, = 0 ) 6 = (17 _ﬂ)

=ly1+¢, H=-af

Therefore, we can represent cointegrated series as follows:

Vector Error Correction Model (VECM) "_,,./-ﬂ;'_F'_'E
|
—1 € Uzt + Uyt
Ay =Ty; 1 + €, where Il = p and = Pua % (11) '
0 0 €2t Uzt i

3See appendix for a full proof.
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The term y1+ — By2r = u1¢ is the cointegrating relationship and is referred to as an error correction term.
The negative sign of uj;—; in the equation Ay = —(y1:—1 — Byat—1) + €1+ implies that, at time ¢ — 1,
a positive value of u1s—1 = y1:—1 — By2t—1 means that y;;_1 is larger than its long-run equilibrium level
illustrated by Bys¢—1. The structure of the VECM representation, therefore, implies that this will drive
a correction of y;; towards its long-run equilibrium level which is Bys¢. This is also referred to in the

literature as mean-reversion.

VAR in levels and VECM representation under cointegration

Consider a VAR(p) process:
Yo = po 4 Coyer + Poyr 2 + o+ Py p +

or using the lag operator,

(Im — @1 L — ®oL? — ... — O, 1P )y, = i+ &
Using the following lag-polynomial relationship EL
®(L) =1, — O L — &oL? — ... — O, LP = (I, — ¢L) — (1L + JoL? + ... + J,_1 LP7H)(1 — L),

where ¢ = &1 + o+ ... + @, and J; = —(Poy1 + Psia+ ... + D,), for s+1,2,...,p — 1, the VAR(p) can
be rewritten as

(Im — ¢L)ys = (J1L + JoL? + ..+ T, 1 LP YD) Ay + p+ &

or

Yo = J1Ayr—1 + L Ayo + oo+ S 1 AY—pi1 F -1+t e
Subtracting ;1 from both sides, yields
Ay = J1Ay—1 + JoAys—o 4 oo + Jp 1 AYs—pp1 + (0 — L) ys—1 + o+ €

or

Ayt = JlAyt—l + JQAyt_Q + ...+ Jp—lAyt—p+1 — (In — (bl — q)g — ... (Dp)yt—l + 1% + €

or

Ay = JiAy 1+ oAyi—o+ oo+ T 1 Ay pr1 — P(D)ye—1 + 1+ €& (12)

Cointegration implies that u; = 8'y; are I(0). Furthermore, if we treat L as a scalar and set L = 1, then

the polynomial ®(L) has at least one unit root, with its determinant
I, — ®1L — &L — ... —®,LP| =0

for L =1, and ®(1) is a singular matrix. If there are r cointegrating relationships, then rank|[®(1)] =

r < n. Importantly, this implies that —®(1) can be factorised as:

—-®(1)=-af =10

4For a full derivation of this polynomial, see (Hamilton|[1994} p. 517)
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where II is an n X n matrix, « is an n X r vector, and 8’ is an r X n vector.

Therefore, (12) becomes
Ay; = JiAy; 1+ LAy o+ o+ Jp 1Ay prr — By 1+t e
where —af’ =11, or, using the definition of cointegration u;_1 = 8'y;_1, we get

Ayy = JiAys1 + JaAyp o+ oo+ Ty 1Ay pi1 — aw—1 + p+ €}

Estimation of cointegrated systems - The Johansen’s method

As has been discussed previously, the above VECM representation of cointegrated variables

Ay = hWAy1 + oAyio+ oo+ Jp1 Aypprr —ye 1 +p4 6, I =—af

(13)

enables testing for the correct number of cointegrated relationships r. But, more than that, it helps us

estimate the slope coefficients of these regressions, because for more than one cointegrating relationship,

r > 1, OLS is inappropriate. To this end, Johansen & Juselius (1990) have developed maximum likelihood

estimators. To see this, we write the above VECM representation as

1
Yt—1 .
Ayt:(u,HaJh"'aprl) . +Et:H Tt + €
Aytprrl

and using this, we set up the log-likelihood of the VECM as

T
nT T 1 * 1—1 *
L, 11) = —7109(27) - 5109(‘Q|) 5T ;(Ayt —12)' Q7 (Ayy — Iy
subject to the constraint:
II=—-af

where 8 will contain the cointegrating vectors and « will contain the adjustment coefficients.

Maximising the log-likelihood function with respect to i, J1,. .., Jp—1 yields the estimates of
(1), J1 (1), ..., Jp—1(II) by running the following SURE-type regressions:

Ay = (o + QAY—1 + QAY—2 + ...+ GAY—pr1 +

and

Yy =& FE1AY 1 F LAY o+ .+ pAY 1 v

Crucially, Johansen (1990)) has proved that the ML estimate of the cointegrating vectors [ is equal

to the matrix V containing the r eigenvectors (v1,...,v,) that correspond to the 7 largest cigenvalues

5See also appendix for the statement of the Granger Representation Theorem.
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):1, .. .,)\AT. That is,

ﬂ]\}L: (617"'767‘) = (’UAlv"w’UAT)7

where v; is the corresponding eigenvector of the eigenvalue ):i, i = 1,...,r. More specifically, the

cointegrating vectors 8 can be computed by calculating the eigenvectors of

St S St S
where
X 1 X 1 R 1 X
Evv = T ;U}ﬁt/ Euu = T ;dtﬁt, Zuv = T tz:; At At/ = Evu

MA representation of cointegrated variables in 15 differences

Cointegrated variables have a moving average (MA) representation of their 1°¢ differences. To see this,
consider (7) and (9),

Y1t = BYar + uae
and

Yor = Yar—1 + Uze,  AlYor = Uy

Taking the first difference of (7)

Ay1y = BAy + Auyy
= fugs + uir — ur¢—1, using (9)
=€y — (€14—1 — Pegi—1), by defining woy =€z and uyy = €1y — Pugy

= (]. —_ L)Elt + /BLEQt
where L is the lag operator. Writing them in matrix form,

A 1-L + BL 1-L L
Ay = Y1t _ ( )Elt BLeyy _ ( ) B €1t _ \I/(L)et
Ay €2t 0 1 €2t

or, in more compact form, the MA (oo) representation in first-differences is

Ayt = \I/(L)Gt (14)
where
1-L L
S L

0 1
and

€1t

€t —
€2t

This illustrates that if two variables are cointegrated then their first-differences have a vector MA repre-

sentation, which can be generalised for n variables. Notwithstanding, if we treat L as a scalar variable,
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and evaluate U(L) at L = 1, then
1-1 8 0 5

0 1 0 1

which has determinant |¥(1)| = 0, which implies that ¥(L) has a unit root. Consequently, the MA

representation is not invertible, and we, therefore, cannot obtain a VAR in first-differences. That is,
\IJ(L)_lAyt 7£ €t.

This is important as we will use this MA(o0o) representation to obtain the impulse responses later.

5.2.6 Impulse Response Function and Forecast Error Variance Decomposition

Following Diebold et. al (2004), we subsequently describe the theoretical framework that will be used in
our models for the computation of Impulse Response Functions (IRF's) and Variance Decompositions

(VDs).

All models in the paper can be presented in a VAR(p) form in levels,
Ye =+ Ay + Aoy o + ..+ Apyi—p + €,

where y; is an n X 1 vector of endogenous variables, A; is the coefficient matrix of lag 4, and pu is the

constant vector. The residuals ¢; follow
€t ~ N(Ov Q)a

where € is the variance-covariance matrix, that is not necessarily diagonal. To proceed with the com-
putation of the TRF's and V Ds, we must express the VAR(p) model in moving average Wold MA (o)
form as

o0
Yy =+ Voer + Wrei_1 + Woegg_ o+ ... = Z Vi€r—s, (15)
i=0

or

yr = p+ ¥(L)er,

where ¥y = I,,, ¥; = J?, for i = 1,2,... and to link the matrices A" for h = 1,2,...,p with the MA
matrices Uy, for h = 1,2,..., we use the following recursive formula as illustrated by Hamilton (1994}
p. 303), given as

Uy =AW, 1+ AV o+ ..+ AW,

with g =1 and ¥y, =0 for h < 0.
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Impulse Response Functions

Following Diebold et. al (2006]), we define the IRF of the system as the responses of the endogenous
variables to one unit shocks in the innovation terms. Intuitively, given that all the variables in our system
are in percentage terms, we present impulse responses as a one percentage point shocks to the innovation

terms.

Usually, the variance-covariance matrix of the residuals is not diagonal, that is the innovation terms €,
are not uncorrelated with each other and not independent, or iid. Therefore, those shocks cannot be
viewed as fundamental (or structural) economic shocks, and thus we would have to proceed with some
factorisation to orthogonalise the innovation terms €j; to render them uncorrelated, and subsequently
view them as fundamental shocks. As is often used in practice (Diebold et al.[2003), we will employ
the Cholesky decomposition, which is a special triangular factorisation, that not only orthogonalises
the vector of innovations € to obtain a vector u; with independent (orthogonal) innovations, but also
normalises the structural shocks to have unit-variance. This way, we can measure the effects of a unit

increase in the structural shocks.

Therefore, we consider two cases:

1. Diagonal Q

The MA(co) representation enables us to to compute the response of a variable y;i1p for h =
0,1,2,... of vector ;45 with respect to innovation €;; of vector €, as the change at time ¢ projection
of yji4+n as follows

-
IRF(h);; = %ih = [y, for h=12...,

where [¥}];; is the (j,¢) element of the corresponding matrix. Alternatively, if we collect all possible

combinations (j,4) in matrix form, we can present the above as

IRF(h) = =U,, for h=1,2,...

2. Non-Diagonal )

As mentioned above, when 2 is not diagonal, we cannot compute the IRFs using the original
innovation terms €;; as these are not structural economic shocks. Therefore, we use the Cholesky

decomposition to obtain a lower-triangular matrix P that satisfies:
Q=%.=PP
Then the normalised structural errors, that we denote as u;, are given as

Uy = P_1€t
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which implies that

PUtZGt

To see the existence of unit-variance,

Yu=Var(u)
= E(usuy})
=E(P lee, P
= P 'E(ese,) P71
=ply p!
=p-tpp'p!

:In

The IRFs, defined as the response of y;1, to a one unit shock to u;, are given as

IRF(h) =

Variance Decompositions

Following Hamilton (1994, pp. 323-324) and Diebold (2006)) we present the framework for deriving the

variance decomposition. First, to identify the forecast error s periods ahead into the future, we use
Yttrs — Yipslt = Pobtts + Vi€pps—1 + ...+ V16041
The mean squared error of this s-period-ahead forecast is

MSE(?JtJ;sﬁ) =E[(y1+s — yt—;s|t)(yt+s - yt—&A—s|t)/]
=Q+ U QU] +UQU, + ...+ +0, QU

where

0 = E(ese})

The contribution of the j** variable to the MSE of the s-period-ahead forecast, for the case of diagonal

variance-covariance matrix € is
MSE(s); = Var(ejt)[I,LI,'L + \IlllnI;L\I/’l +... .+ \I/S_llnI;L\I/;_l].

Alternatively, for the case of the non-diagonal 2 employing the Cholesky decomposition and using the
P factor, the MSFE is given as

MSE(S)j = [PJP]/ + \I’lijJ{\Illl + ...+ \I’S_lpjpj{\llls_l}.
The MSE of the s-period-ahead forecast can be written as the sum of n terms, and is given by

MSE(s) = iMSE(s)j
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where both M SE(s) and MSE(s); are n x n matrices. We define the VD at horizon s as the fraction
of the M SE of the i*" variable due to shocks to the j** as

- ]\4SE1(S)JZ

VDC()ii = T15E ),

(16)

where M SE(s);; and MSE(s); denote the (i,) elements of the corresponding matrices.
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6 Results

In this chapter we present the results of the empirical analysis. First, we start with the estimation of the
factors of the yield curve from the DNS model. Next, we proceed with the results of the cointegration
analysis, before presenting the vector error correction model (VECM) analysis and estimation. Finally,

the impulse responses (IRFs) and variance decompositions (VDs) are presented.

6.1 DNSM Analysis

In this section, we present the estimation results of the Dynamic Nelson-Siegel Model (DNSM), which
extracts the level, slope, and curvature factors from the yield curve. These factors will subsequently
serve as indicators of macroeconomic conditions and monetary policy stance. Our analysis follows the
methodology outlined in Argyropoulos & Tzavalis (2016), applying a state-space framework with Kalman

filtering to dynamically estimate the latent factors.

In Figures 3A-C, we graphically present estimates of factors l;;, s;;, and ¢;. In Table 1, we present some
descriptive statistics of these estimates of l;;, s;;, and ¢;;, and in Table 2, the cross-correlation coefficients

for those factors. In Table 3, we report estimates for the parameters of the DNS model.

More specifically, Table 1 presents the summary statistics of the three estimated yield curve factors:
level (l;1), slope (s;), and curvature (¢;;). The mean values suggest that the level factor exhibits the
highest persistence, which aligns with its role in capturing the long-term average yield. The slope factor,
which reflects expectations about future economic growth, displays significant variation, with a standard
deviation of 2.69. The curvature factor, associated with short- to medium-term yield movements and
monetary policy adjustments, shows the highest volatility, with a standard deviation of 6.38. The
autocorrelation coefficients at various lags confirm the persistence of these factors. The level factor
retains high autocorrelation over time, reflecting its long-run stability. The slope factor demonstrates
strong persistence at one-year (p(12) = 0.82) and two-year (p(24) = 0.71) lags, indicating that its impact
on economic conditions extends beyond short horizons. The curvature factor, on the other hand, shows
a somewhat more rapid decay in autocorrelation (p(12) = 0.78, p(24) = 0.46), reinforcing its role as a

short-term adjustment mechanism.

The cross-correlation matrix presented in Table 2, provides insights into the relationships between the
three factors. The level and slope factors exhibit almost no correlation (-0.03), suggesting that long-term
yield shifts do not necessarily translate into changes in the slope. The slope and curvature factors are

positively correlated (0.64), indicating that shifts in business cycle expectations tend to coincide with

31



short-term policy-driven fluctuations in the yield curve. The negative correlation between the level and
curvature factors (-0.62) suggests that periods of higher long-term yields are typically associated with

reduced short-term yield volatility.

The Kalman filter estimates illustrated in Table 3, provide key insights into the dynamic behaviour
of the extracted yield curve factors. The estimated transition matrix ® suggests that all three factors
exhibit strong persistence, with diagonal elements close to unity. The slope and curvature factors display
minor feedback effects, with the slope factor influencing future curvature changes (¢a35 = 0.0079). The
estimated drift terms (u) reveal that the level factor tends to increase slightly over time (u = 0.0567*),
while the curvature factor shows a negative trend (-0.0709), suggesting a gradual reduction in short-term

yield curve adjustments.

Figure 3 presents the estimated trajectories of the level, slope, and curvature factors over time. Consistent
with theoretical expectations, the slope factor fluctuates in response to business cycle dynamics, while
the curvature factor displays sharper, shorter-lived adjustments. Figure 4 and Figure 5 further illustrate
the factor loading coefficients across different maturities. The loading coefficients for the slope factor (s;;)
decrease as maturity increases, confirming that short-term rates respond more significantly to changes
in economic conditions. The loading coefficients for the curvature factor (c;;) peak at intermediate

maturities, reinforcing its role in capturing medium-term fluctuations.

The results align with the findings of Argyropoulos & Tzavalis (2016) and Diebold & Li (2006]), which
suggest that the slope factor serves as a leading indicator of economic growth, with higher values associ-
ated with expansions and lower values predicting recessions. The curvature factor primarily reflects shifts
in monetary policy stance, with increases indicating easing measures and decreases suggesting tightening.
These findings confirm that the slope and curvature factors contain richer predictive information about
macroeconomic conditions than the simple term spread, supporting the argument that decomposing the

yield curve into its latent components enhances forecasting accuracy (Argyropoulos & Tzavalis|2016)).
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Table 1: Descriptive statistics of the term structure (yield curve) factors.

Factor Mean St. dev p(1) p(12) p(24)
Level 1.55 1.84 098 0.69 0.37
Slope 2.30 269 099 082 0.71
Curvature 10.18 6.38 0.99 0.78 0.46

Notes: The table presents descriptive statistics of the estimates of term structure (yield curve) factors
lit, Sit, and c;;, namely their mean, standard deviation, and autocorrelation coefficients of one month,

one and two years.

Table 2: Cross-correlation coefficients of the estimated factors.

Level Slope Curvature

Level 1.00 -0.03 -0.62
Slope 1.00 0.64

Curvature 1.00

Notes: The table presents values of the cross-correlation coefficients of level, slope and yield curve

factors (l;:, sit, and ¢;t), for the case of the US considered in our analysis.
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Table 3: Kalman Filter Estimates of (5).

o
1.0011***  -0.0055 -0.0061
(0.0060)  (0.0057)  (0.0112)
—0.00866*  0.9930*** 0.0079
(0.0041)  (0.0040)  (0.0077)
-0.0030 0.0020  1.0016**
(0.0022)  (0.0021)  (0.0042)

1
0.0567* -0.0218 -0.0709

(0.0246) (0.0237)  (0.0464)

2

0.0232 0.0081 -0.0032
(0.001) (0.001) (0.001)
0.0215 -0.0159

(0.001) (0.001)

0.0823

(0.002)

Adjusted R2
0.9931 0.997 0.998

Notes: The table presents estimates of model (5), for the United States (US). Our sample consists of
515 monthly observations from 1982:01 to 2024:11. Standard errors are reported in parentheses.
**p < 0.001, *p < 0.05.
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6.2 Cointegration Analysis

Before delving into the cointegration analysis, we first proceed with standard stationarity tests, namely
Augmented Dickey-Fuller, Phillips—Perron, and Kwiatkowski—Phillips—Schmidt—Shin, for ipi;, m2;, s,
and c¢;. As illustrated in Table 4, all four variables are non-stationary in levels. Therefore, we proceed
with taking the growth rates of ipi; and m2;, and the first-differences of s;, and ¢;. The reason we
take the growth rates for the former two variables is because it is more meaningful from an economic
standpoint. Subsequently, we run the same three tests for unit roots for ipid™**™", m2dmewth, Astﬂ and
Ac;. We find that now all variables have become stationary. Therefore, all four variables considered are

integrated of order 1, or I(1), thereby fulfilling cointegration’s requirement.

Subsequently, we proceed with setting up a VAR(p) model of the four variables in levels, and we use it
to determine the correct lag structure p. The information criteria results are reported in Table 5. We
conclude that the correct lag structure is 5. We will use this lag structure for the Johansen’s procedure
below, because we need to form the II matrix and conduct the Trace and )\T,;M tests to find the number

of cointegrating relationships r. The Johansen cointegration test results are reported in Table 6.

6A denotes the difference operator.

36



Table 4: Unit root tests

Variable  ADF p-value PP p-value KPSS p-value

ipiy 0.7412 0.8502 0.0100
m2, 0.9619 0.9900 0.0100
St 0.0439 0.0346 0.0100
o 0.0927 0.8949 0.0100
ipid ot 0.0100 0.0100 0.0636
m2drowth 0.0100 0.0100 0.1000
As, 0.0100 0.0100 0.1000
Acy 0.0100 0.0100 0.1000

Table 5: VAR Lag Selection Criteria

Lag  AIC BIC HQIC FPE

L4777 15434  1.6451 4.3831
2.9676 -2.8495 -2.6665 0.0514
-3.4082 -3.2376 -2.9732 0.0331
-3.5188 -3.2957 -2.9500 0.0296
-3.5879 -3.3123 -2.8852 0.0277
-3.5632 -3.2351 -2.7266 0.0284
-3.5370  -3.1564 -2.5667 0.0291
-3.5125 -3.0794 -2.4083 0.0298
-3.5066 -3.0210 -2.2686 0.0300
10 -3.4773 -2.9392 -2.1054 0.0309

© 00 N O Ot = W N =
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We define a Vector Autoregressive (VAR) model of order p for our four variables in reduced form as

follows:

-~ 1 1 1 1 - P P p p i ipi
yun Wipi Qi iy Qg3 gl | iPi—1 oy, Qqg 043 oy | Dii—p €
1 1 1 1 p p p p m2

m2y Hm2 Q51 Oy Q3 Oyl [M24q Qo Ohy Qs Qo | |M2—p €

= + . . . . +...+ » » v v +

S

St Ihs 03, Q3p Q33 Oy St—1 Q3 Oy Qgg Qg St—p €7

1 1 1 1 p P P p c

ct Lhe Qg Qyp  OQyz Oy Ci—1 0y Qg Oz Oy Ci—p €5

or, in compact form,

Yye=p+Ay—1+.. Ayt e

—-

where y; is a 4 X 1 vector, i is a 4 x 1 constant vector, A; the 4 x 4 coefficient matrix for lag i, and ¢, is

the 4 x 1 vector of white noise innovations, and we assume that

e "N N(0,%)

Table 6: Johansen Cointegration Test Results (Trace & )\,,Amm Eigenvalue)

Rank Hypothesis ~ Ajrgee  Atrace Critical Value (5%) Amaz Statistic A Critical Value (5%)

<0 10.7830 9.2400 10.7830 9.2400
r<1 23.3820 19.9600 12.5990 15.6700
r<2 42.6477 34.9100 19.2657 22.0000
r<3 71.5257 53.1200 28.8780 28.1400

The role of the yield curve in forecasting economic activity has been extensively studied in the literature,
with particular attention given to the slope and curvature factors of the term structure (Argyropoulos
& Tzavalis|[2016). The slope factor is commonly associated with expectations regarding future economic
growth, while the curvature factor captures short-term adjustments in monetary policy stance (Argy-
ropoulos & Tzavalis||2016). These findings have provided a strong theoretical and empirical basis for
the current study, which investigates the dynamic relationships between economic activity (illustrated

by ipi:), monetary policy stance (illustrated by m2;), and yield curve factors (s; and ¢;).

The Johansen cointegration test was conducted to determine whether a long-term equilibrium rela-
tionship exists among the four variables ipi;, m2;, s;, and ¢;. The results reveal strong evidence of
cointegration, suggesting that despite potential short-term fluctuations, these variables exhibit a stable,

long-run relationship.

The trace test results indicate the presence of at least three cointegrating vectors, while the maximum
eigenvalue test identifies only one significant cointegrating relationship at the 5% significance level.
Given that the trace test is generally considered more robust in the literature (Cheung & Lail [1993),
these findings suggest a stronger interdependence between economic activity, monetary policy stance,

and the yield curve structure than what the Amaz test alone would suggest. This is consistent with
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previous empirical studies, such as Diebold et al. (2006 and Christensen et al. (2010)), which also find

significant cointegrating relationships between yield curve factors and macroeconomic indicators.

These results provide empirical support for the theoretical predictions of the yield curve hypothesis.
More specifically, the slope factor (defined as the difference between long-term and short-term yields) is
confirmed as a leading indicator of business cycle conditions. This aligns with Tzavalis’ findings (2016]),
which show that the slope component retains significant predictive power for economic activity up to
five years ahead. Additionally, the curvature factor, which enters the term spread with the opposite
sign to the slope, exhibits cointegration with both economic activity and monetary policy stance. This
supports the idea that curvature captures short-term fluctuations in policy adjustments, as suggested by
Dewachter & Lyrio (2006). The presence of cointegration between money supply m2; and the yield curve
suggests that monetary expansionary/contractionary policies have a long-term effect on both economic
activity and yield curve dynamics. This is consistent with the expectations hypothesis of the term
structure, where central bank interventions influence yield movements through expectations of future

short-term rates (Tzavalis & Wickens|[1998)).

The Johansen cointegration analysis strongly supports the hypothesis that economic growth, monetary
policy stance, and the yield curve dynamics are interlinked over the long run. The confirmation of these
long-run relationships not only aligns with existing theoretical literature but also reinforces the necessity
of employing a VECM framework to disentangle short-run from long-run effects. The next section will
proceed with estimating the VECM, allowing for a deeper understanding of the transmission mechanisms

between monetary policy, interest rate expectations, and economic activity.

6.3 VECM Analysis

The existence of cointegration among these variables suggests that a Vector Error Correction Model
(VECM) is the appropriate econometric framework for further analysis. Unlike a standard VAR model,
which would only capture short-run dynamics, the VECM accounts for both long-run equilibrium re-
lationships and short-run deviations, thereby providing a richer understanding of how monetary policy

and yield curve factors influence economic activity over time.

The VECM representation can be written as:

p—1
Ay, =Ily,—1 + Z FiAy—s + 1+ & (17
i1

where:

o y; = (ipiy, m2q, ¢, ¢¢)’ is the vector of endogenous variables.
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e Ay, denotes first differences.
e ITy; | captures the long-run equilibrium relationships through the error correction term:
II=af
where:

— « is the adjustment matrix, indicating how quickly each variable adjusts to disequilibrium.

— [ is the cointegration matrix, representing the cointegrating relationships.
e I'; are short-run adjustment matrices.
e (i is a constant term.

e ¢, is a vector of error terms.

Since the Johansen test suggests at least one cointegration relationship, the estimated VECM will include

an error correction term (ECT) to adjust for deviations from long-run equilibrium.

The cointegrating equation estimated by maximum likelihood is given as:
ipiy = —0.00345m2; 4+ 9.03307s; — 5.16428¢; + €;. (18)

The negative coefficient of m2; (-0.00345) suggests that an increase in money supply leads to a marginal
long-run contraction in industrial production. This aligns with theoretical expectations where excessive
liquidity may contribute to inflationary pressures that dampen real economic activity. The s, coefficient
(9.03307) is strongly positive, reinforcing the well-established link between yield curve steepness and
future economic growth. A steeper yield curve reflects expectations of higher future growth, consistent
with the findings of Tzavalis (2016)). The ¢; coefficient (-5.16428) indicates that a rise in medium-term
rates, relative to short- and long-term rates, is associated with a decline in economic activity, suggesting
that short-term policy shocks impact business cycles and investment decisions. These results confirm
cointegration among the four variables, meaning they share a long-run equilibrium despite short-term

fluctuations.

The ECT measures how quickly deviations from long-run equilibrium are corrected. The ECT coefficient
for IPI (-0.0018) suggests that economic activity adjusts very slowly to deviations from the long-run
equilibrium. M2’s ECT coefficient (0.0499) suggests monetary policy also exhibits weak mean-reversion.
Conversely, curvature’s ECT coefficient (0.0006***) is significant, indicating that vield curve curvature
quickly corrects deviations. This slow adjustment process is consistent with structural economic theories,

where interest rate expectations and liquidity conditions adjust gradually over time ([Brayton et al.[1997)).

The VECM representation also illustrates short-run dynamics. First, there is significant negative impact

between m2;_; and ipi; (—0.0053***), implying that expansionary monetary policy (higher M2) leads
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Table 7: Vector Error Correction Model (VECM) Results

Variable ipiy m2; St Ct
ECT -0.0018 (0.0015) 0.0499 (0.0903) -5.9¢-05 (0.0002) 0.0006 (0.0001)***
I 0.0640 (0.0608) 4.5435 (3.6891) -0.0141 (0.0081).  -0.0168 (0.0044)***
Aipiy_q 0.0590 (0.0518) -18.0026 (3.1467)*** 0.0081 (0.0069) -0.0057 (0.0038)
Am2;_; -0.0053 (0.0008)***  0.7804 (0.0511)***  -50.9184 (20.4941)*  -25.1747 (37.0374)
Asi_y 1.1881 (0.3376)*** -0.2516 (0.0816)** 0.6961 (0.0451)***  -0.1468 (0.0247)***
Aci_q -0.2604 (0.6102) -25.1747 (37.0374) -0.2516 (0.0816)** 1.5364 (0.0446)***
Aipiy_o -0.0412 (0.0523) 5.8026 (3.1739). 0.0036 (0.0070) 0.0006 (0.0038)
Am2¢_5  0.0080 (0.0010)***  -0.2725 (0.0623)*** -3.9¢-05 (0.0001) 2.1e-05 (7.5e-05)
Asy_o -0.3610 (0.4109) 0.2804 (24.9385) -0.1590 (0.0549)**  0.1914 (0.0300)***
Aci_o 0.2023 (1.0973) 50.2816 (66.6024) -0.0037 (0.1466) -0.8795 (0.0801)***
Aipiz—3  0.1904 (0.0487)*** -1.7921 (2.9560) 0.0019 (0.0065) 0.0004 (0.0036)
Am2,_3 0.0007 (0.0011) 0.2301 (0.0658)*** 3.4e-08 (0.0001) -2.7e-05 (7.9¢-05)
Asy_3 -0.2607 (0.4160) 8.4836 (25.2520) 0.0687 (0.0556) -0.0876 (0.0304)**
Aci_3 1.0184 (1.0879) -80.2456 (66.0341) 0.2412 (0.1454). 0.3549 (0.0794)***
Aipis_y 0.0707 (0.0453) 14.3365 (2.7502)%*** 0.0004 (0.0061) -0.0045 (0.0033)
Am2_4  -0.0019 (0.0008)* 0.0866 (0.0503). -7.6980 (20.5350) 56.8979 (36.4714)
Asy_y -0.1113 (0.3383) -7.6980 (20.5350) 0.0158 (0.0452) 0.0531 (0.0247)*
Acp_y -1.1868 (0.6009)* 56.8979 (36.4714) -0.0171 (0.0803) -0.0453 (0.0439)

Notes: The table presents estimates of the VECM model (17), for the United States (US). Standard

errors are reported in parentheses. ***p < 0.001, **p < 0.01, *p < 0.05.

to lower economic growth in the short run. But, lagged expansionary policy has a positive impact,
suggesting that monetary transmission mechanisms operate with delay, as seen from the coefficient of
m2¢_o and ipiz (0.0080***). This pattern supports theoretical predictions that monetary policy has short-
term contractionary effects (due to liquidity traps or inflationary pressures) but turns expansionary in
the medium term (Werning{|2011)). Next, a steeper yield curve predicts higher economic growth in the
short run, as illustrated from the coefficient of s;_; and ipi; (1.1881***). These results support the

findings of Tzavalis (2016), where it is argued that the yield curve slope remains a robust predictor of

business cycles.
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6.4 Impulse Response Analysis

The impulse response functions demonstrate the dynamic effects of shocks to the endogenous variables.
The primary goal of the IRF analysis in this paper is to examine how a shock to yield curve factors s;
and ¢; propagates through the economy upon economic activity (illustrated by ipi;) and monetary policy
stance (represented by m2;), as well as the opposite direction. The impulse responses are computed in
levels and by employing the Cholesky decomposition, a special case of triangular factorisation, that not

only ensures innovations remain orthogonal, but also provides unit variance to capture the unit shocks.

From Figure 6 we observe that a positive shock to the slope factor s; initially increases economic ac-
tivity (represented by ipi;). This implies that a steepening of the yield curve, usually associated with
expansionary monetary policy, has also expansionary effects upon real economic activity. This impact is
statistically significant for approximately 8-12 months (at least 3 quarters), after which it begins to wear
off. This impulse response aligns with prior findings in the literature, that have suggested that the slope
of the yield curve retains significant predictive power over forthcoming economic activity (Argyropoulos

& Tzavalis|2016)).

From Figure 7 we observe that a positive shock to the curvature factor ¢; initially decreases money
supply m2; for a little over than 5 months. However, later on the response reverts and turns to positive
illustrating eventual monetary accommodation following an initial contractionary short-term. This is
aligned with the theory suggesting that the curvature factor represents short-term monetary adjustments.
From Figure 7 we can also see that a shock in the the slope factor s; leads to a significant drop in
m2y, suggesting that an increase in the term spread leads to a drop in money supply. Again, this is
in accordance with the theory, as a heightened term spread indicates a lower short-term interest rates
relative to long-term interest rates, which increases today’s demand for money (following an expansionary

monetary policy), thereby decreasing supply of money.

From the opposite direction, in Figure 8 we see that a positive ipi; shock on s; translates to a concave-
shaped increase of the slope factor lasting multiple quarters. Crucially, Figure 9 demonstrates that an
increase in ipi; leads to a convex—shapedm fall on curvature lasting several quarters. This is aligned
with the theory because an increase in economic activity will potentially lead the central bank to a
contractionary course of action that will increase recessionary expectations, thus decreasing long-term
interest rates, and thereby reducing the yield curve’s concavity (curvature). Conversely, a positive shock
on money supply m2; leads to a slight decrease in curvature ¢; lasting approximately 6-8 months, before
reversing trajectory and having a positive impact the holds for several quarters. Again, this result is

parallel to theory suggesting that the curvature factor captures short-term monetary policy adjustments.

7See appendix B for a formal mathematical definition of convexity.
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Figure 6: IPI’s Responses to Shocks. The plot shows the impulse responses to a Cholesky one unit

innovation to each variable. Number of months shown on the z axis. IRFs are computed in levels.
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Figure 7: M2’s Responses to Shocks. The plot shows the impulse responses to a Cholesky one unit

innovation to each variable. Number of months shown on the z axis. IRFs are computed in levels.
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Figure 8: Slope factor’s Responses to Shocks. The plot shows the impulse responses to a Cholesky one

unit innovation to each variable. Number of months shown on the = axis. IRFs are computed in levels.

Shock to ipi on curv Shock to m2 on curv Shock to slope on curv Shock to curv on curv

Response
Regpgonge
\
Response.
Resoonsez

5 10 15 ) [ 5 10 15 0 o 5 10 15 E °
Periods Periods Pariods Peniods

Figure 9: Curvature factor’s Responses to Shocks. The plot shows the impulse responses to a Cholesky
one unit innovation to each variable. Number of months shown on the x axis. IRFs are computed in

levels.
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6.5 Variance Decomposition

Variance Decomposition illustrates the proportion of the forecast error variance of an endogenous vari-
ables that is attributable to itself as well as the rest of the endogenous variables in the system. In
other words, by conducting this decomposition, we assess the relative contributions of all variables in

the system (ipiz, m24, s¢,¢t) to a specific variable over different horizons.

The results in Table 8 and Figure 10, illustrate both numerically and graphically how shocks to each
variable propagates throughout the system over time via all four variables. Specifically, the variance of
economic activity is largely driven by its own past values in the short- to medium-term, accounting for
more than 90% of its total variance. However, in the long-term - 5 years ahead - only about half of
its variance depends on its past values, and 38% is contributed by money supply m2; illustrating that
future output is depended upon monetary policy. Crucially, we also observe that whilst the contribution
of the slope factor is zero in the first month, after 60 months it has risen to 8%. This once again verifies
that the slope factor contains information about economic activity in the long-term (Argyropoulos &

Tzavalis|2016).

Regarding the variance of money supply m2;, we observe that in the short-term about two-thirds of its
variance are attributed to its own past values while the rest one-third is due to ipi;, with the two yield
curve factors not contributing at all. However, in the long-term the contribution of the slope factor to
the variance of the money supply has gradually spiked from zero to 10%, indicating that the slope factor

also contains information about future movements of the money supply.

Turning to the yield curve factors, we first observe that the variance of the slope in the short-term is
almost entirely attributed to its own past values with very little from the money supply. In the long-term,
we also observe some slight variation originating from the curvature factor too. Similarly to the slope,
the variance of the curvature is also almost entirely attributed to its own past values in the short-run.
However, and in contrast to the slope’s variance, in the long-term we surprisingly observe that only half
of its variance is attributed to its own past values, while more than 40% originates from the slope, a
significant 8% comes from economic activity, and very little from the money supply. Consequently, we
see that future values of the curvature are heavily relied upon the slope, but also there is information in
economic activity, which is explained by the fact that today’s output fluctuations influence tomorrow’s
monetary policy which in turn affects the concavity of the yield curve which is a process taking months

(or years) in total.

45



Table 8: Forecast Error Variance Decomposition

1Pt St
Horizon ipi; m2; St C Horizon ipi; m2; St Ct
1 1.00 0.00 0.00 0.00 1 0.00 0.01 0.99 0.00
2 0.96 0.03 0.01 0.00 2 0.00 0.00 0.99 0.00
3 0.95 0.02 0.02 0.00 3 0.00 0.00 0.97 0.03
4 0.95 0.02 0.03 0.00 4 0.00 0.00 0.95 0.05
5 0.95 0.02 0.03 0.00 5 0.00 0.00 0.93 0.07
6 0.95 0.02 0.03 0.00 6 0.00 0.00 0.92 0.08
7 0.95 0.02 0.03 0.00 7 0.00 0.00 0.91 0.08
8 0.95 0.03 0.03 0.00 8 0.00 0.00 0.90 0.09
9 0.94 0.03 0.03 0.00 9 0.01 0.00 0.90 0.09
10 0.94 0.03 0.02 0.00 10 0.01 0.00 0.90 0.09
24 0.82 0.15 0.02 0.01 24 0.01 0.01 091 0.07
60 0.52 0.38 0.08 0.02 60 0.00 0.01 0.95 0.03
m2; Ct
Horizon ipi; m2, St Ct Horizon ipi; m2, St Ct
1 0.28 0.72 0.00 0.00 1 0.00 0.00 0.01 0.99
2 0.37 0.63 0.00 0.00 2 0.00 0.00 0.03 0.97
3 0.39 0.60 0.01 0.00 3 0.01 0.00 0.03 0.96
4 0.39 0.59 0.02 0.00 4 0.01 0.00 0.04 0.96
5 0.37 0.60 0.03 0.00 5 0.01 0.00 0.03 0.96
6 0.35 0.61 0.04 0.00 6 0.01 0.00 0.03 0.96
7 0.34 0.62 0.04 0.00 7 0.01 0.00 0.03 0.96
8 0.32 0.63 0.05 0.00 8 0.02 0.00 0.02 0.96
9 0.31 0.64 0.05 0.00 9 0.02 0.00 0.02 0.96
10 0.30 0.64 0.06 0.00 10 0.02 0.00 0.01 0.97
24 0.23 0.69 0.08 0.00 24 0.02 0.00 0.03 0.95
60 0.19 0.71 0.10 0.00 60 0.08 0.01 0.41 0.50

Note: Each entry gives the proportion of the forecast variance (at the specified forecast horizon).
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Figure 10: Variance Decomposition

7 Discussion

It is illustrated in the literature that the slope factor of the yield curve is interconnected with long-term

business conditions, and the curvature factor with shorter-term economic activity which is, in turn,

associated with current monetary stance (Argyropoulos & Tzavalis||2016). This paper has presented

an examination of the dynamic relationships between the latent factors of the term structure of the
yield curve (slope and curvature) and two macroeconomic variables that represent the above two implied
relationships, namely the industrial production (economic activity) and money supply (monetary stance).
To do so, first, the paper utilises the well-known dynamic Nelson-Siegel term structure model in a state

space representation in order to extract the yield curve’s latent factors by applying the Kalman filter

(Nelson & Siegel|[1987).

In alignment with our expectations, this paper proves that there is a long-term equilibrium cointegrating
relationship between the yield curve’s factors, economic activity, and money supply. This finding confirms

the theoretical framework of the rational expectations hypothesis of the term structure 1984}

[Tzavalis & Wickens [1998) that suggests that the term structure of interest rates encapsulates market

expectations about future economic conditions, and even more so its latent factors, as has been illustrated

by |Argyropoulos & Tzavalis (2016]). Crucially, the presence of cointegration implies that deviations from

this long-term equilibrium are temporary, and there are adjustment forces in the economy that push
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towards a mean-reversion.

The short-run dynamics between those variables have been studied in the literature (see, e.g., Diebold,
Rudebusch & Aruoba[2006; Diebold et al.|2003)). However, the implementation of a VECM sheds light
on both the short-run and long-run dynamics of the four endogenous variables in question. The error
correction term’s significance demonstrates the speed at which disequilibria adjust back to their long-
term cointegrating relationship, which can be considered a measure of the yield curve’s responsiveness

to macroeconomic shifts.

Impulse response analysis illustrated that a positive shock to the term spread, increases economic activity
for several quarters, before reversing to a negative effect. Conversely, a positive shock to slope has a
negative effect on the money supply, which implies that a decrease of the short-term interest rates
relative to the long-term ones, increases today’s demand for money, thereby decreasing money supply.
Interestingly, a positive shock to the curvature factor, has initially a negative impact on the money
supply but soon it becomes positive, indicating the functioning of contractionary monetary policy that is
being accommodated in the medium-term, aligning with the relevant literature (Argyropoulos & Tzavalis
2015). Furthermore, as was expected from the literature (see, e.g., |Argyropoulos & Tzavalis|[2016)), an
increase in economic activity has a positive effect on the slope, but an increase in the money supply leads

to a fall in the slope which is explained by a contractionary monetary policy.

From the variance decomposition analysis, we observed that the slope factor does not contribute to the
variance of economic activity in the short-run, but gradually increases its contribution reaching a peak
in the long-run, which is aligned with the relevant literature that suggests that the slope factors contains
information about future economic activity (Argyropoulos & Tzavalis|[2016)). The same occurs with the
case of money supply, where output constantly contributes to its variance, but the slope factor does not
at all initially, but gradually increases its contribution reaching a significant amount of variance in the
long-run. Another interesting result, is that the variance of the curvature, albeit initially being almost
solely dependent upon its own past values, eventually in the long-run is largely dependent upon the
variance of the slope factor, and significantly dependent upon business cycles as well. This result is also

consistent with the relevant findings in the literature (see, e.g.,|[Diebold et al,|2003).

The findings of the present study are largely aligned with the existing literature. Evidence by |Estrella &
Hardouvelis| (1991)) that the yield curve is a highly efficient predictor of economic activity, is corroborated
by the present paper by proving a cointegrating relationship between the yield curve factors and key
macroeconomic variables. Accordingly, Diebold, Ji & Li| (2006) employed the dynamic Nelson-Siegel
model for the term structure to forecast the yield curve from macroeconomic variables, resulting in a

robust model, which this paper confirms as well.
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8 Conclusion

This study has examined the dynamic relationship between the slope and curvature factors of the yield
curve and two macroeconomic indicators - economic activity and the monetary policy instrument -
which are shown in the literature to be interconnected. We have extracted the latent factors of the
term structure of the yield curve by employing the dynamic Nelson-Siegel model for the term structure
within a state-space representation. The cointegration analysis proved that there exists a long-term
cointegrating equilibrium relationship between the slope and curvature factors, economic activity, and
the money supply. We subsequently constructed a vector error correction model to study both the

short-run adjustments as well as the long-run interactions.

Our findings reinforce the hypothesis in the literature that the slope factor serves as a reliable predictor
of real business cycle conditions over the long-run, while the curvature factor depicts the short-run
adjustments on monetary policy that the central bank produces. We have provided clear-cut evidence
that there is a cointegrating equilibrium between the yield curve factors, business conditions, and the
course of action followed by the central banks. This is significant for policymakers and bond-market
participants suggesting that despite short-run deviations, there are market forces in play that will lead
to a mean-reversion towards the long-run equilibrium relationship found. These findings also strengthen
the hypothesis found in the literature which states that decomposing the yield curve into its latent
components can provide superior forecasting results than relying solely on the term spread. Future
research could expand on these findings by incorporating additional macroeconomic indicators to test

whether there is a more complex cointegrating relationship active.

Further research is proposed upon this analysis, but instead of viewing latent yield curve factors as I(1)
processes, view them as fractionally-integrated series and subsequently perform fractional-cointegration
analysis to better capture the inherent long-memory nature of the term structure of interest rates.
Appendix C provides an introduction to fractionally - integrated series, and its consequential fractional
- cointegration analysis, as illustrated in Appendix D. This is significant because interest rates have long
memory, either in mean or in variance. This means that shocks upon those series take a very long time
to disappear, thereby rendering the fractionally - integrated representation of those series potentially

better as the simpler (1) representation might lose significant information of this long memory.
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A Granger Representation Theorem

Following [Engle & Granger| (1987)), we present the Granger Representation Theorem below as well as an

exercise.

Consider an n x 1 vector y; where Ay, has the Wold representation
Ayt = (1 - L)yt =0+e +Vieg_1+Voep o+... =0+ \IJ(L)Gt

where ¢ K" N(0,%,) and,

Z U, < oo, absolutely summable.
s=0

Suppose that there are exactly r cointegrating relationships amongst the elements of y;. Then, there
exists a (r X n) matrix 5’ whose rows are linearly independent such that the (r x 1) vector u;, defined
as,
up =y ~ 1(0),
i.e., it is stationary. Additionally, the matrix §’ has the following property:
BTU(1)=0 and B'5=0.
Furthermore, if the process can be represented as a VAR(p) in levels,

Ye=c+ Prys 1 + Poys o+ ...+ Ppys_p + €

or

D(L)yys =c+ e

where

O(L) =1y — &1L — DL — ... — B, L7,
then, 3 a matrix a of dimension (n x r), such as,
®(1) = —af
and Ay, has the following VECM representation:
Ay, = JiAye—1 + JoAyr—o+ ...+ Jp 1 Ayr—pp1 + e+ P(D)y1 + €

or

Ayy = JiAys—1 + JoAys—o + ...+ Jpo 1 Ays—py1 + ¢+ —af'up—1 + ¢

where

Js = —[@sq1+ Poga+... +Pp], for s=1,2,....p—1
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The following exercise is from Professor Tzavalis.

Consider the following cointegrating relationship

Y1t = Poy2e + B3ysr + Uie,

with
Ay =wuge, and  Ayz = uz.
Ay
Give the MA(co) representation of the vector |Ays,, | and obtain W(1). Next, verify the following

Aysy
condition for the existence of cointegration, implied by the Engle-Granger representation theorem:

p'¥(1) =0,

where B/ = (17 7&27 7/63)

Solution

Take the first difference of y;; and obtain
Ay1r = BoAyas + B3Ayzs + Augy
= Pougs + Bauzs + Auyy
= Pougs + Pauze + (1 — L)uyy
= (1 = L)u1s + Bougs + Pausy.

Now, we can obtain the Wold MA (o) representation of the first differences as follows,

Ay (1-L) B2 B3| |uit
Aygy | = 0 1 0 Ut
Aysy 0 0 1| |um
or
Ay = U(L)uy.

Observe, that if we treat L as a scalar and we compute ¥(L) at L = 1 we obtain,

0 B2 B
B/\I/(l) = (17 _527 _53) 0 1 0
0 0 1

=1:0-P2-0=-53-0 1-B—P2-1—=p5-0 1‘ﬂ3*52'0*53"1} =(0,0,0)" =0
or
80(1) =0,
thereby verifying the condition for the existence of cointegration implied by the Engle-Granger represen-

tation theorem.
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B Convexity and Concavity

Following Mas-Colell et al.| (1995), we first define convex sets.

The set A C R™ is convex if ax + (1 — o)z’ € A whenever z,2’ € A and a € [0,1]. In words, this means
that if two vectors z, 2’ that belong in a convex set A C R™, then any line segment that connects those

two vectors will also lie in A.
Next, we define a concave and convex function.

The function f: A — R™, defined in a convex set A C R™, is concave if
flaz + (1 —a)2’) > af(z) + (1 —a)f(a’)

for all z,2" € A and all « € [0, 1].

Conversely, the function f: A — R, defined in a convex set A C R", is convex if
flaz + (1 —a)2’) < af(x) + (1 -a)f(a’)

for all z,2" € A and all « € [0, 1].

C Fractionally Integrated Series

Following mainly the representation of Hamilton (1994)), we present the theory of fractionally - integrated
series. A property of various economic time series, especially financial series, is that they show long
memory either in their mean or variance, thereby rendering any shocks upon them to disappear rather
slowly. To model such behaviour, the concept of fractionally - integrated series has been proposed, which
lies between I(0) and I(1) processes. In other words, the number of differences the process receives to

become stationary, d, is not necessarily an integer, but rather it takes real values.

Consider the following auto-regressive time-series model,
Ay, =(1— L)y, =c+e.

It can be proved that if —0.5 < d < 0.5 then the above model is stationary. However, if d > 0.5 then
the series is non-stationary, that is, its variance is divergent as t — co. Furthermore, it also proven that
if 0 < d < 0.5 then the autocorrelation function of the time-series model, p(.), is proportional to k24!,

as k — oo. This explains the aforementioned long memory as the autocorrelations of the model decay
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hyperbolically to zero, i.e., slower, in contrast to the exponentially decaying ones of a stationary process.

This is also important because we use this rough approximation to estimate d, as we will see.

The Binomial Theorem

We use Newton’s Binomial Theorem which allows the expansion of (1 — L)%y, as an infinite series for

any d > —1. The expansion is given by:

> (d
Aty =(1—-Lyy=> | | (-L)*
k=0 \ Kk

where the binomial coefficients are defined by

d\  dd-1)(d—2)...(d—k+1)

K k!

Using this formula, our initial expansion can be written as:

dd—1) , _d(d—1)(d=2)

3
5 — i L°+...

1-L)=1-dL+

It can be shown, that if d < 0.5, the process is weakly stationary and has an M A(co) Wold representation
given by:

ye = (1 — L)% = Z@'Utﬂ'
i=0

where
dl14+d)(24+d)---(k—1+4d)
0, = i .

Additionally, if d > —0.5, then the MA process is invertible and y; has an alternative AR(00) represen-

tation given by:
oo
o= bii+
i=1

where

A1l —d)2—d)-- (k—1—d)
! '

br =
According to the study of |(Campbell et al.[(1997), comparing the autocorrelation function of a stationary
fractionally integrated model and that of a simple short-memory AR(1) process demonstrates that the
former stationary FI series has a hyperbolic decay, whilst the latter stationary AR(1) has a geometric
decay. After 100 periods, the AR(1) model, as expected, exhibits negligible to no autocorrelation, but

the FI continues to have large autocorrelation.

Next, we present the generalisation of ARIMA models to incorporate real values of d.
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ARFIMA Models

The above AR process can be transformed to an autoregressive fractionally integrated moving average

process, ARFIMA(p,d, q), given as:
®(L)(1 — L)%y = ¢+ O(L)e;.

where
O(L)=1— ¢ L — ¢ol? — ... — $,LP
and

O(L)=1+6,L+0,L%+...+0,L°

The model can be rewritten as:

®(L)A%; = c+ O(L)e

or
O(L)AY Dy = ¢+ O(L)e
or
Ay, = (L) 'AY e+ B(L)TATIO(L)e
or
Ayy = p+ A(L)e
where

p=®L) 'A% and A(L)=®(L)'ATO(L).

We also have to note that if d < 1, then the I(d) process is mean-reverting where shocks tend to disappear

in the long-run, in contrast to when d > 1 where shocks tend to have permanent effect.

Estimating d

If 0 < d < 0.5, then it can be shown that the autocorrelation function of A RFIMA models is proportional

to and can be approximated by

p(k) ~ k*1 as k — oo

This is very useful because using it, we can provide an estimate for the fractional differencing parameter

d. Taking logarithms of the above approximation yields
log |p(k)| = (2d — 1) log k.
Therefore, we can estimate (2d — 1) as the 3 coefficient in the following regression:

log|p(i)] = a+ Blogk + u;
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where,

so that,

D Fractional Cointegration

Traditional cointegration analysis imposes that all variables included - in our case, interest rates - are I(1)
unit root processes which cannot diverge from a long-run equilibrium relationship (Abbritti et al.[|2023)).
However, as it has been suggested, this creates a problematic non-mean reversion in rates (Abbritti et al.
2023). As explained in the literature, treating interest rates as I(1) processes, implies that shocks upon
interest rates have permanent effect, even though this is not illustrated by historical data (see, e.g.,
Diebold & Rudebusch|2013; |Campbell et al.[[1997). Therefore, we need a framework that is based upon
the long memory behaviour of interest rates, where shocks are long-lasting, in contrast to I(0) processes,

but are not permanent, in contrast to I(1) processes.

To this end, we can employ the fractional cointegration vector autoregressive (FCVAR) model, as sug-
gested by |Johansen & Nielsen| (2012). The FCVAR is used to determine the long-run equilibrium
relationship between fractionally integrated series. Given two real numbers d, b, the components of the
vector y; are said to be cointegrated of order d, b, denoted y; ~ CI(d,b) if all variables of y; are I(d) and
there exists a vector 8 # 0 such that u; = 'y, ~ I(X) = I(d — b), b > 0. The FCVAR model introduced
by [Johansen & Nielsen! (2012)) is a generalisation of Johansen’s (1995) cointegrated vector autoregressive
(CVAR) model. The addition is that FCVAR allows to conduct the analysis with fractional processes
of order d and cointegration order d — b, b > 0. Before presenting the FCVAR model, we present the
non-fractional version CVAR (Abbritti et al.|2023]).

Let X; with ¢ =1,...,T be a p—dimensional I(1) time series vector. The CVAR model is

k k
AX, = OZ*B*/XtA + ZF:Athi +e = a*ﬂ*/LXt + ZFrALiXt + €, (19)
i=1 i=1

where A is the first difference operator, that is A = (1 — L), k is the lag length of the VAR, o is the
matrix of adjustment parameters, 8* is the matrix of cointegrating vectors, and I'} are the coefficient
matrices that govern the short-run 7(0) VAR dynamics. To derive FCVAR, we replace the difference

and lag operators A and L in (19) by their fractional counterparts A’ and Ly, respectively. This yields

k
AYX, = aB Ly X: + Z TIAPLE X, + ¢ (20)

i=1
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The vectors « and  have the same interpretation with the previous a* and 8*, but they only coincide
in the case where d = b = 1. We, then, apply X; = A?b(Y; — i), where Y; is the p x 1 vector of the
time series under analysis, and p is the mean vector containing level parameters that serve as a non-zero

starting point of our time series. Consequently, we have

k
AYY; - p) = aB LAY, — )+ S TIAMLY(Y: - ) + e, (21)
i=1

where €; RSl N(0,9), a and § are p x r matrices, with 0 < r < p, and r represents the number of

cointegrating relationships.
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