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ABSTRACT

Vasilia Raphael

A Bayesian Kalman Filter approach in correcting near surface
temperature forecasts

March 2010

In Meteorology, Numerical Weather Prediction (NWP) models are used to
provide forecasts for various weather related parameters. One such parameter, with
high interest to the general public, is the near surface (2m) temperature. It is well
known that the NWP based forecasts are inaccurate and various post processing
methods exist, for improving the predictions.

In this thesis a new method is proposed for the correction of near surface (2m)
temperature forecasts provided by a NWP model. This procedure constitutes a
Bayesian approach, based on a Kalman filter model. We provide an algorithm that
results improved temperature predictions for future time-steps, by combining past
observations and their corresponding NWP forecasts.

The developed methodology is illustrated through the application of the
proposed algorithm to a real data set, consisting of the observed and the forecasted

temperatures of 700 days at a particular meteorological station (Thessaloniki).
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HEPIAHYH

Baoiieio Papani

Mia Mrnevlraviy Kalman Filter mpocéyyion yia 1 010p0maon tov
apofréyemv TG Oeppokpaciog KOvVTa oTNV EMQAVELD

Méptiog 2010

Ymv  petewporoyio, Ta  oplOunTikd  poviého  TPOYVOONG  KOpov
YPNOLOTO0VVTOL Y10, TPOPAEYELS O TOWKIAEG Koupikés mapapétpovs. Mio tétola
TOPAUETPOC, LE VYNAO EVOOQEPOV Yo TO KOWO, eivan 1 Bepuoxpacio Kovid otnv
emeavelo. Eivor yvootd 6t ot mpoyvdoelg autég eivar avokpiPeig kot otbpopeg
péBodot avanthocovtal pe okomd T Pertioon Tovg.

e aut ) otpPn mpoteiveton pio kavovpylo pebodoroyia Pertimong twv
mpoPréyewv ¢ OBepurokpociog (KOVIE otV eMPAVELD) TOL TPOEPYOVIOL AT £vol
aplBunTikd povtédo mpdyvwong kapov. H pébodog avty amotehel pion Mmebliovn
mpocéyylon kot Pacileton oe éva Kalman Filter povtého. Zvvovalovtog Tig
TPOTYOVUEVES TOPUTNPNOEL KOl TIC OVTIOTOUKEG TPOPAEYELS, ONpIovPYoLUE €vav
alyopipo o omoiog pog oivel Peitiwpévec mpoyvmdoelg g Oepuokpaciog yio
LEALOVTIKES YPOVIKEG OTLYHEC.

H peBodoroyion mov avomtvcoeton ameikoviletor HEC® TNG EPAPUOYNG TOV
TPOTEWOUEVOL aAyopiBuov oe éva mpoyuatikd cOvoro dedopévev, T0 omoio
amoTeEAEITOL OO TIG TPAYUATIKEG KABMG Kot TIG avTioTolrEG TPOPAETOUEVES TIUEG TNG
Oepuokpaciog 700 muepdv o€  €va  GUYKEKPIUEVO  UETEMPOAOYIKO  oTaOUO

(®ecoarovikn).
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Chapter 1

Introduction

People always made efforts in order to understand the complicated laws that
govern the universe. Ancient civilizations created myths in order to explain complex
phenomena. Later, some primitive methods have been created to predict some
periodical phenomena. Gradually, divinities were replaced by cycles, shapes, numbers
and mathematics. Nowadays, while one theory reverses the other and one standard
replaces the other, something remains stable: the laws that rule nature are
mathematical.

In 1587, Newton claimed that the nature laws could be described by
mathematical methods. In 1922, the mathematician Lewis Frei Richardson, in his
work “Weather prediction with numerical methods” described the mathematical
methods which one could use in order to predict the weather evolution. A few years
later, Lorenz-one of the greatest pioneers in numerical based forecast-after continual
attempts, he managed with his primitive computer to create a simple model of the
atmosphere that constituted the ancestor of current atmospheric models. In the
following years, there were several attempts until the weather numerical forecast had
been an undeniable reality.

Nowadays, as the progress that has been achieved is enormous, the results that
we receive from the Numerical Weather Prediction (NWP) models are more reliable
and more analytic (Hellenic National Meteorological Service).

We will focus our attention to the SKIRON modeling system (Kallos et al.,
1997) which was developed by the Atmospheric Modeling and Weather Forecasting
Group (AM&WFQG) of the University of Athens and it is based on the Eta/NCEP
model (Janjic, 1994). SKIRON runs in operational and research mode in a large
number of meteorological centers and institutes such as the University of Athens, the
Hellenic National Meteorological Service, the Hellenic Centre for Marine Research,
the Aristotle University of Thessaloniki, the Atmospheric Sciences Research Centre
of the University of Albany and others. SKIRON is a full-physics atmospheric model

appropriate for regional simulations in areas with varying physiographic



characteristics. It has the unique capability to use either the “step-mountain” Eta
vertical coordinate (Mesinger, 1984) or the customary sigma coordinate. On the
horizontal, the variables are represented on the staggered Arakawa E-grid. The model
includes the option to use either the hydrostatic assumption or non-hydrostatic
dynamics (Janjic et al., 2001). The hydrostatic version of the system was successfully
used operationally in the Atmospheric Modeling and Weather Forecasting Group
(AM&WEFG) of the University of Athens since 1997 while the non-hydrostatic
SKIRON is in operational use since January 2003 (http://forecast.uoa.gr). The model
has been successfully applied to a large number of different regions (Kallos and
Pytharoulis, 2005; Papadopoulos et al., 2002; Papadopoulos, 2001). SKIRON is also
used operationally in the Department Meteorology and Climatology of the Aristotle
University of Thessaloniki being initialized 12 UTC (15 Greek Time during summer-
time and 14 Greek Time during winter-time) daily and producing 3-day forecasts
(http://meteo.geo.auth.gr/skiron). It is integrated separately in two domains. The one
domain, called SKIRON20, covers the entire Mediterranean region and most of
Europe with a horizontal grid-spacing of 0.20°x 0.20° latitude-longitude
(approximately 20 kmx20 km). The other domain, called SKIRONS, covers Greece
with a horizontal grid-spacing of 0.05° x 0.05° latitude-longitude (approximately 5
kmx 5 km).

However, it is well known that NWP models exhibit systematic errors in the
forecasts of weather parameters, such as temperature, especially near the surface.
Various techniques and methods have been proposed in the literature to tackle the
systematic bias problems. The Kalman Filter theory (Kalman, 1960; Meinhold and
Singpurwalla, 1983) provides an efficient tool to correct systematic errors, combining
observations with model forecasts (Homleid, 1995; Anadranistakis et al., 2002;
Galanis et al., 2006). Especially, a one-dimensional Kalman Filter based technique is
proposed for the correction of maximum and minimum near surface (2m) temperature
forecasts obtained by a Numerical Weather Prediction model (Galanis and
Anadranistakis, 2002).

In our study, using a one-dimensional Kalman Filter model, we present a
modified procedure to estimate this systematic error between observed and forecasted
2m-temperatures. This estimation, as is added to the NWP model prediction for the

next time-step, gives an improved forecast for the parameter of interest.



The presentation of our procedure is starting in the second section of chapter
2, as we define the Kalman Filter model. Thereafter, in section 2.4 we provide a
recursive formula of the required systematic error. The calculation of the error of any
time ¢, that will improve the temperature forecast for the next time-step ¢+1/, is based
on the previous differences between temperature observations and forecasts.
Additionally, the specification of the systematic error depends on various parameters,
that we discuss in chapter 3. In chapter 4 the new proposed procedure is applied for
the correction of 2m-temperature forecasts, obtained by the NWP model SKIRONS,
to the station of Thessaloniki and for the time period from 01 June 2007 to 30 April
2009. The worth noting results of this application are presented in section 4.3. Finally,
the concluding remarks along with the directions to future work are provided at the

end of this chapter.
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Chapter 2

The Kalman Filter based approach for correcting

near surface temperature forecasts

2.1 Introduction

This chapter is organized into 4 sections. Section 2.2 provides the background
theory of the Kalman Filter to help the reader familiarize with the concept. In section
2.3 we present a short description of a one-dimensional Kalman Filter based
technique, which has already been proposed for the correction of maximum and
minimum near surface (2m) temperature forecasts obtained by a NWP model. Finally,
in the last section of this chapter, we provide the extensive proof of the new proposed
recursive formula for the estimation of the required systematic error between

observed and forecasted temperatures.

2.2 Kalman Filter

The Kalman Filter commonly employed by control engineers and other physical
scientists has been successfully used in such diverse areas as the processing of signals
in aerospace tracking, the underwater sonar and the statistical control of quality. More
recently, it has also been used in some non-engineering applications such as short-
term forecasting and the analysis of life lengths from dose-response experiments. Due
to the fact that much of the first published literature on the Kalman Filter was in the
engineering journals, using a language, notation and style alien to statisticians, there
was a delay of several years before statisticians become familiar with this useful
methodology. Nowadays, the model, the notions and the techniques of Kalman

Filtering are potentially of great interest to statisticians owing to their similarity to



linear models of regression and time series analysis and because of their great utility
in applications.

The Kalman Filter theory provides equations for recursively updating estimates of an
unknown process, combining observations related to the process and knowledge about
the parameter evolution in time.

In what follows, we provide the equations that compose a Kalman Filter model and a
short description of the recursive estimation procedure.

A complete description of the Kalman Filter theory can be found in (Kalman, 1960)

and a Bayesian variant of this in (Meinhold and Singpurwalla, 1983).

2.2.1 The Kalman Filter model

A Kalman Filter model is composed of two basic equations. The first one refers to the
relationship between the observed values of a variable of interest Y and the
unobservable parameter 6,, at times /,..., ¢-1, ¢, which is linear and is specified by the
observation equation
Y =F0, +v, (2.2.1)

where F, is a known quantity and the observation error v, is assumed to be normally
distributed with mean zero and known variance V,, denoted as v,~N(0, V).
The second equation that describes how the unknown parameter of interest 0,
changes over time is the system equation

0,=G,0,,+w, (2.2.2)
where as before G, is a known quantity and for the system equation error we assume

that w,~N(0, W, ), with W, being known.

2.2.2 The Kalman Filter estimation procedure

In this section, Kalman Filter will be provided in the general multivariate form.



The term “Kalman Filter” refers to a recursive procedure for inference about the state

of nature 6,. The key idea here is that given the data ¥,= (Y,Y,,...,Y,), inference
about 6, can be carried out through a direct application of Bayes’s theorem which can

be written as:

F(81%) e £(Y,16.Y.)xf(6,]%.,) (223)
where the posterior distribution of 6, given the data f (Q |K) is proportional to the
likelihood f (K | Q,YH) and the prior distribution f (t9t | YH).

The recursive procedure starts at time 0, where we assume that

6, ~ N(eo,zoj (2.2.4)

A

where 6o and X, assumed to be known.

At time #-/ we have that the posterior distribution of 6 _, given the data

Y, , =(Yl,Yz,...,Y71) is given by

t

(aluu)~N(a%z”j (22.5)

where 6,1 and X, are the mean and the variance of (6,_, |Y,_, ), respectively.

We now look forward to time ¢, but in two stages:

A. Prior to observing Y, and

B. After observing Y,

Stage A.

At time ¢, before the data Y, is available, we can use the system equation to update

the information we had about 6 from stage #-/ to ¢ :

Since  0,=G,0,,+w, and (6_1Y_ )~ N(&’H,Z,lj we have that the prior
distribution of @, is given by

Y,,)~ N(G, 9,_1,R,j (2.2.6)



where R =GX, G +W,.

t=t-1

Stage B.

On observing Y, our goal is to compute the posterior distribution of 4, .

However, to do this, we need to know the likelihood f (K 16,Y , ) .
Let Y denotes the prediction of Y,. Combining the equations (2.2.1) and (2.2.2), it

follows that ¥ =F G, 6,1 .
We define e, to be the error from predicting Y, from time #-/. Thus

e=Y-Y=Y-FG 0. (2.2.7)

A

Since F,G, and ;-1 are all known, observing Y, is equivalent to observing e, . Thus

(2.2.3) can be rewritten as:
S(0.1%) < f(X16,.%)x /(6,1
@ [(6017.7.,)=1(0le.Y.) < f(e|6.Y.,)x £ (6]

with (e |6,,Y, ) being the likelihood.

Y., (2.2.8)

Using the fact that Y, =F, 0, +v,, we get:

¢,=Y-FG 0,.1=F0,+v,-FG, 0..=F, (9, -G, 9,1j+v, (2.2.9)

Thus E[et|6’t,Yt_1]=F,(6’, -G, é,_lj and Var(e, |6,,Y,_,)=V,

t

So the likelihood of (e, | 6,,Y,_,) is described by

(e, |9,,x_1)~N[E(0, -G, emj,V,] (2.2.10)

Based on Bayes theorem we obtain the posterior distribution of 8, as:

f(e; |9vYH)Xf(‘91 |Yz71)
[/ (e.6,1%,,)d6,

£(617,.7.,)= (2.2.11)



Finally, it is proved (Meinhold and Singpurwalla, 1983) that the posterior distribution
of 0, is given by:

(6, |e,,Y,_l)~N(é,,th (2.2.12)

where
0,=G 0,1+ RF (V. +ERE) e, (2.2.13)
S, =R -RF (V,+FRF )‘l FR (2.2.14)

where R =GX,_ G +W,

t=t-1

2.3 A one-dimensional Kalman Filter for correcting

temperature values

As it has already been mentioned, a Kalman Filter model has been used to correct
systematic errors, combining observations and forecasts of temperature.
In this application, the unobservable parameter 6, is the systematic deviation between
observed temperature value and 2m-temperature model forecast, at time .
The data Y, are defined as the differences between forecasts and observations at time
t.
Below, we describe a one-dimensional Kalman Filter based technique, which has
already been proposed for the correction of maximum and minimum near surface
(2m) temperature forecasts obtained by a Numerical Weather Prediction model
(Galanis and Anadranistakis, 2002).
According to that procedure, the Kalman Filter system equation has the form, which
is described as

0,=0,, +w,

Y, =0,+v,

where 6, is describing the systematic deviation between observed and forecasted

temperature and Y, is the difference between forecast and observation at time ¢, w,,

v, are normal zero-mean variables with variances W, V', respectively.



Based on the Kalman Filter estimation procedure and the relationship (2.2.13),

A

applied to the univariate case and for G,=F,=1, the estimation 6, is given by the

equation

A A R
9t=9t71+ ! et
V.+R

t t

where R =% +W, ,e =Y -011,%Z, =R — 7 IER R, and 6, ,Z, :known.

t 1
The estimation of the variances W ,, V, constitutes one of the most serious difficulties

in that procedure. The proposed estimation of /¥, and V,, is based on the sample of

A A A

the last 7 values of w,=6,—6,1 and v,=Y,-60,. Precisely, W,and V, are assumed

6
6 Z Wi
i=0

1 1 ‘
equal to — w, . — and — v, —i= ,
q 6; - = 2| Vi

2 2

A

where w, ,=6,i—6,i1 and v, , =Y, -0, respectively.

A

Finally, the estimation 6 is added to the prediction of the Numerical Weather

Prediction model for the next time-step to provide the final improved forecast for the

time t+1.

2.4 The new proposed estimation procedure

In our study, we present a modified procedure to improve the near surface
temperature forecast, obtained by a NWP model. In this section we will derive the
new proposed recursive formula for the estimation of the error 6, , using the previous
differences 1,7, ,...,Y,_, between observed and forecasted temperatures.

In our procedure a one-dimensional Kalman Filter model is also used. For the

variance V, of the difference v, =Y, — 6, we assume that it does not change over time

and being unknown. We model it by a continuous random variable, which follows the

10



inverted gamma distribution with parameters known positive constants a, f (/G(a.pf)).

We start with the model description.

2.4.1 The description of the model

We define 0, as the systematic error between observed and forecasted temperature at

time ¢.

The state at time 7, 6, , is related to the state at time #-/, €, , , through the equation

t-1°
0,=0, +w, , forallt (2.4.1)
where w, has a normal distribution with mean zero and variance W, i.e.,

w,~N(0, W)

Let Y,, the data, denote the difference between observed and forecasted temperature

at time ¢.

We assume that the relation between Y, and 6, is linear and is given by the equation
Y, =0,+v, ,forall ¢ (2.4.2)
where v, has a normal distribution with zero mean and variance V', i.e.,

v,~N0,V,)

For the variances W,, V', of the error terms w,, v,, respectively, we further assume
the following:

e W,,V, donot change over time, thus W, =W, V', =V, for all ¢.

e The variance W is a multiple of the variance V; concretely, W, V are connected by

the equation W=«V, where « is a known positive constant.

The unknown variance V is a continuous random variable assumed to follow the
inverted gamma distribution with parameters a, £, i.e.,
V~I1G(a,p) (2.4.3)

where a, f are known positive constants.

11



According to the above assumption and the relationships (2.4.1), (2.4.2) and (2.4.3)

we come to the conclusion that, at time ¢, the distribution of (0, |0,_,,V) is given by
0,10, V)N@O _ ,kV) (2.4.4)
and the distribution of (Y, |0,,V) is given by
(Y,10,,V)~N@,.,V) (2.4.5)

where V~IG(o,f) and k, a, S : known positive constants.

2.4.2 Preliminaries

As it has already been mentioned, we are interested in estimating the systematic error
between observed and forecasted temperature at time ¢, defined as 6, , given the data
Y =Y,Y,, ..7Y,).

Equivalently, our aim is to obtain a point estimate of 6,. In Bayesian inference, the
complete description of the unknown parameter €, can be obtained only through the
posterior distribution of (6,]Y,). In order to obtain a point estimate of 0,, we simply

need to select a summary feature of the posterior distribution f (@ | K), such as its

mean, median or mode. It is known that, under squared error loss function, the Bayes

rule of €, is the expected value of the posterior distribution of (@, |Y,), described by

A

0. =E[0,|Y,] (Carlin and Louis, 1996; Casella and Berger, 2001).

The key idea of the estimation procedure is that the posterior distribution of (0, |Y,)
can be obtained from the joint posterior distribution of (6,,V]Y,), where the
distribution of (8,,V|Y,) arises through a direct application of Bayes theorem, which
can be written as:

A0, VY ) O, VY, )xAY |60,V )
where the likelihood of (Y,]60,,V,Y, ) is described by (2.4.5) :

(Y,10,,V,Y, ,~N@,,V)

12



The joint prior distribution of (6,,V]Y,_,) will be computed in the upcoming theorem,
using (2.4.4), (2.4.3) :
0,10, V)~N@O,_,.kV)
V~IG(a,p)
where «, a, f : known positive constants.

In addition, we assume that at time =0 it holds that:

(00|V)~N(éo,BOV)

A

where B, =k : known positive constant and @, : known

2.4.3 The recursive estimation procedure

Theorem 2.1

Let V, 0,, Y, be random variables such that, for all 7>/,
V~IG(a,p)

0,10,,,N~N@ V)

(Y,10,, VY, ~N@,,V)

where «, a, f : known positive constants.

We assume that (0,|V)~N (GO,BOVJ, where B,=k : known positive constant and

A

6o :known.

Then, forall t> 1,

a) The prior distribution of (@, |V,Y,_,) is given by
O,1V.Y,, ) N(et_l,A,Vj

with pdf

13



A 2

1 [91—91—1J
o.\vy, )= exp| ———— 2.4.6
AOVY, ) S O A (2.4.6)

where 4, =B, | tx

b) The posterior distribution of (4, |V,Y,) is given by

o, |\rY, )~N(6b,B,Vj

with pdf
A 2
1 (Q_QJ
0,\VY,)= exp| — 2.4.7
A0,1V.Y,) 275y p 2By (2.4.7)
where B, = and 0, =B,Y,+(1-B,) 0,1

A4 +1

t

c) The joint prior distribution of (8,,V]Y, ) is NIG(@:I,ATV,CZ, p j (Normal Inverted

Gamma), with pdf

N 2
(9, —(9,1)
A6, MY, )= ! exp| — 1 : exp _ L (2.4.8)
t’ t-1 !27[Atv 2AtV F(a)ﬁa va+1 ﬂv e

d) The joint posterior distribution of (6,,V]Y,) is NIG(@;,BJ,% N '1), with pdf

STt

given by
A 2
1 (Q_QJ
A0, VY,)= exp| ———— | x
\J27B,v 2By



1 1 1
X 2a+l 21 XP [_ -1 j (2.4.9)
F(2a+1j(Ntl) 5 ) 2 +1 Ny

A 2
i)

|
2(4, +1) "8

where N, =

e) (0,]Y,) has the following distribution

r((2o¢+1)+1j 1

2 2a4l 1
0,1Y,)= 2BN,) 2 2.4.10
f( t| t) r(2a+lj \/; ( t t) o (2a+21)+1 ( )
2 {(9; —9,] +2BtNtJ
which is a transformation of the t-distribution with 2a+1/ degrees of freedom.
0. is the expected value of (0,|Y,), described by
E[0,]Y,]1=6,=B,Y,+(1-B,) 011 (2.4.11)

Proof :
The proof of this theorem is based on the mathematical induction process.

Concretely, the proof is composed of three induction steps:

A. We prove the relationships a) — e) for 1=/

a) To prove that (0, [V)~N (Ho,Ale , where 4, =B, +x, it is sufficient to prove that

the pdf of (0,|V)is

)
[0, |1V)= exp| — (2.4.12)

272KV 2-2Kv

since B ,=k and 4, =2x.

15



To establish (2.4.11), we note that

£0.0=["1(6,16,.V)1(0, |V 4,

According to the assumptions of the theorem,

@, V)~N(90,BOV], where B , =k and
(0,10, )~N@ y,kV)

Then
AO,1N)=

N2
Rt (6’0—90)
_(_ 1 exp[—((91 60)} ! deo

exp| —
2KV 27Ky P 2KV

A2 A

_ 1 j”exp G+, =266, +6, +6:—260 6, 6 -
27Ky I 2Kv
A /\2
| 2902—2(01+90j90+012+00
= exp| — 6, =
27Ky L” P 2Kv ¢
A /\2
6, +6 0 +0
R 9;—21;°9o+1;°
= exp| — 6,=
27KV J.-°° P Kv ‘
A 2 A2 A 2
g _0i+00 +012+490_ 6, + 6o
[ oo o2 2 2
:2mcv LD exp| — K d o,
2

16



2 /\2

6,+600 | 6 +06

2 2
1 KV
= . /27[— exp =
27KV 2 KV

) R n2
_ 1 exp 912+190+290491—2912—290 _
2\ iy 4xv
Az A
1 912 +60—-260 6,
N2 2Ky 22KV

A N2
o[ (aa)
=————¢exp| ———— | , which is equal to (2.4.12)

p
N2 2y 2-2Kv

b) Next we need to show that the posterior distribution of (4, |V,Y )~ N (91 , Ble ,

A A A
where B, =—— 1 and 6\ =By, +(1-B,) 6o.

1

Since B =k, A,=2x, B, = K and 6= 2K y+ ! 6o,
2k +1 2x +1 2x +1
we will need to show that
2 1Y
1 (‘91_(2 ’ilyl+2 +19°D
K K
AO,1V)Y | )=—=¢exp| — (2.4.13)
2K 2K
27 v 2 v
2K +1 2k +1

In fact,
SOV Y ) Y10, NAO,]V)

According to the assumptions of the theorem, the likelihood of (Y, |0,, V)Y, ;)

for t=1 is described by

17



AY,10,,7)= ! exp[—wj

and according to (2.4.12) of part a),

1
SO, |V)=—==—==cexp| -

272KV 22KV

Thus,
SO VY ) (Y10, A0, |V)x

AN2
0 -0
o 1 exp _(yl_el)z 1 exp _( l Oj o
27y 2v N2 2KV 2-2kv
A2 A
23 +6] =20,60,)+ 6] +600—26, 6,
ocexp| — oc
dxy
(2x+1)6; —2(21{)}1 +l90j01 07 _2m€1
oc exp| — o exp| — 2K +1 o
4xv ) 2KV
2k +1
)
491_2Ky1+l90 ) 2k . 1 é 2
- 0
2rc+1 1 T 2kt
ocexp| — o exp| —
xp 2KV P 2K y
2k +1 2k +1

Thus, (2.4.13) holds.

c) The joint pdf of (8,,V) is represented by the product

A0, N=A0,|NATV)
where the pdf of (8, |V) has already been established in part a) and is given by

18



A 2
1 (‘91 _‘9°j
fO, V)= ————exp|

272KV 2-2Kv

Furthermore, V~IG(o,f) with pdf

_ 1 1

Hence, the joint prior distribution of (8,,V) is NIG(GO, 2V ,a, ﬂ} , with pdf

A N2
1 (91_9") 1 1 1
0 , = —————=¢€X — X _——
f6:.7) 272KV P 22Ky C(a)B* v*" p( ,ij

d) To prove that the joint posterior distribution of (6,,V]Y,) is

NIG(Hl,BIV,%, Nllj , with pdf given by

A \2

[ (e
0, VY )=——exp| ————% | X

A0,.V]Y, ,—27Z'Blv p 2By

y 1 L e (_ 1 j
2a+1 2a+1 -1
F(zaﬂj[Nfl]z e Ny

2

A 2
(yl_eoj A A
where NI:—+l,Bl= 4 and 601=B,y,+(1-B,) 6o,
2(4,+1) B 4, +1

it is sufficient to prove that the pdf of (6,,V]Y,) is given by
2
2K | B
6 — + 0
( ! (2z<+1y1 26 +1 °D

1
MO, VY| )=—————=cexp| - X
2K

2K y
k1’ 26 +1

19



1 1 1
X ST 2 exp| — — (2.4.14)

— 2

~ 2 oy 2 ;

-0
» =60 (yl Oj !

[2a+1 L e wh e B
2 )| 2(2c41) " 2(2e+1)  f
since B, =k, A,=2k, B, = 2K and 6, =2~ o+ !
2k +1 2k +1 2k +1

To obtain (2.4.14), we first note that f(0,,V|Y, )c AY,|0,,AO,,V)

According to the assumptions of the theorem, the likelihood of (Y, |0,,V) is described

by

N 27y 2v

Furthermore, part c) allows us to know that the joint prior distribution of (6,,V) is

f(Yl |91’V): ! exp[—wj

NIG(HO, 2V, a,ﬂj , with pdf

N2
0 -0
(1 °j 1 1 ( 1)
Xp| — Xp| ——

1
f(a ’V)z—e p a a+ ¢
U 2r 2k 2:2kv | [(a)B% v

Hence,

MO, VY, )

A 2
. (4-4)
S exp(—(y1 91)} 1 e 1 1 exp(—ij

Xp - a a+
2 N 2:2kv | T(@)B” v Bv

20



/\2 A
2k(y7 +6] =23,6,)+ 6} +60-200 6, 1

1 1
oC —=€Xp| — exXp| —— |
\/; P 22KV (a-*—%}*—l p( ﬂV]
v
A /\2
. (2x+1)6; —2(2@l +90j91 + 2Ky + 6o . .
oC —=€Xp| — exXp| —— | <
\/; P 2-2kv (a-*—%}*—l p( ﬂV]
v

~2

21(‘y1 +90 0 + 21(‘))12 +90

6 -2

1 2+l k4l 1 ( lj
o« —=exp| — exp| —— | ¢
\/; 2. 2K v [a+%]+1 ﬂv
2k +1 v
A 2
P _2Kyl+l90
Y| .
o« —=€exp| — X
\/; . 2K v (a#—%}*—l
2k +1 v
A2 A 2
2Kky] + 6o | 2xy, + 60
2k +1 2k +1 1
x exp| — e exp(—ﬁj oc
. \%
2k +1
2 1Y
K
o — + 0
(1 (2](‘-{-1)}1 2k +1 °D 1
o« — exp| — X
\/; 2K v (a+%)+l
2k +1 v
A2 A \2
(2/{+1)(21{y12 +00j—(2/{y1 +(90j
1
X €X - X —— | OC
P 22k (2k+1)v p( ﬂv]

21



R RCRE

2
2K 1 7
+ 0
k17 24l °D 1

€ ——==—2CXp| —

or 2K
2k +1

v

A2

2K

2 %
2k +1

A2

A

2 A
4yl + 2K 00+ 2Ky; + 00— 4 y] —Oo— 4Ky, Oo exp(— 1 ]

Xexp| — —
P 22k (2k+1)v v
2 oY
6, - K y, + 6o
1 2K +1 2K +1 1
Let C= ——————=¢xp| —
2,(' 2K (a-*—lj-*—l
27 v v v 2
2k +1 2k +1
Then
RO VY, )
/\2 /\2 /\2 A
2.2 2 2.2
2 C x exp ATy + 2600+ 2k )7 + 00— 4Ky —bo—4ky, 0o
2-2K(2K+1)v
AZ A
2
2 C x exp _2x00+ 2Ky —4xy, 0o exp 1 o
2-2k(2x+1)v By
A 2
2 A
A -6
0o+ y? —27,0 (yl j
oc C x exp| — 0¥ I =20 Yo exp _ L o C x exp| —~——<— |ex
202k +1)y iy 202k +1)v
A N2
=
1 1
o« C x exp| — +— = |xcCxexp|— 1
22x+1) Bl v "2
(-2
n
22c+1) B

22




o C X 2ar1 XP| ~ -1
i A \2 al P ( é jz
Yy —to
-0
r(2a+1 (yl Oj 1 L
2 || 2(2c+1) B A2e+1)  p
Thus,
N 2
1 [91_(221i1y1+2 1+19°D
K K
SO, V1Y, )= exp| - 5 x
2K 2 Ky
/4 v
2Kk +1 2k +1
1 1 1
x - _2a+l " 2adl CXp| — ) -1
N2 T2 2 "
3 — 60 (yl 6’0} !
F(2a+1j L AR
2 || 2(2c+1) " B A2k+1) B
e) Our aim is to prove that the pdf of the marginal (6,|Y,) is given by
r (2a+1)+1
A0,1Y))= 2 : (2B N B 1
R F(2a+1j Jr M) . Cort)
2 ((‘91_91) +2B1Nlj
A 2
o)
where N, =—F——%+—
2( A4, +1)
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and the expected value of the distribution is
E[6,]Y,1=6, =By, +(1-B,) 60

or equivalently,

p 2K |
E[0,1Y,]=60:= + 0 24.15
[0,1Y,]=6: 2K+1y1 e t1 ( )
since 4,=2k and B, = 2K
2k +1

The proof of this part of the theorem is based on the following equation

RO 1Y)=[" 10,V 11, v

We have already shown that the joint posterior pdf of (6,,V]Y,) is given by (2.4.14) :

2

2K 1o

6, - + 0
[1 (2K+1y1 2K+ °D

1
S0, V1Y )= eexp| - e
Vs % v
2Kk +1 2k +1
X ! ! exp| — !
2a+1 a+ _
i A \2 ol V(ZZIJH Y 1
3~ 00 ¥, —6o 1
I 2a+1 ! +l S g | ey
2 )| 202x+1) " A2k +1)  p
Therefore,

ROV )= (6,7 17 v =

24



T A G5 G

+
217 k41

)

exp| —

[)’1 —0o

2k 2K
et 2641
r[2a+l
2
1 1
x (2a+1)+1 CXp| — 2 -1 dv=
v (Jﬁ_‘goj 1
+— v
22x+1) B
_ 1 1 y
2a+1
22K I N HE
2k +1 _
2a+1 (y‘ 90) 1
r +—
2 2(2x+1) B
o2 e L0
- 0
o1 T 2kt
2K
w1 2k +1
X J.O v(a+l)+l CXp| — v €Xp
_ 1 1
2a+1
2z 2K | » O\ HE
2k +1 )
(2a+1j (y‘ °) |
I +—
2 2(2+1) B

25

2(2x +1)

R -
J
_lr_i

B

2a+1

dv =



1

+o ]
X jo Wexp B 2 I
PO o)
et 2k T
+ +— -V
2K 22x+1) B
2k +1
2a+1
27[22’(1 I A \2 '
K+ -
[2a+1 (y‘ 90] 1
2 2(2x+1) B
, -1 a+l
2K 1 A A 2
0, - + 0 -
(‘ (2K+1y1 2k +1 OB (yl 90) !
x [(a+1) + T N
2K 22x+1) B
2k +1
, _1 a+l
2,{ 1 A A 2
6 — + 0 -
(1 (2K+1yl 2r+1 OD (y‘ 90) 1
+ +—
222/<1 2(2x+1) B
I(a+1) 1 H
= 2a+l1

r(2a+lj 2z 2K o -1\ "2
2 V77 26+ 1 (yl—ﬁoj |

2(2ek1)  p

2a+1

A N2 2
. (yl—ﬁoj
X

F((MH)HJ
o) 1
+_
F(2a+1j 2K 2(2c+1) B
2 2k +1
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1

2
2K 1 RN
6, - + 0 -
(1 (2K+1yl 2K +1 0]] (yl 90]

a+l

1

2K T olkt1) T p

2x +1
2a+1
A2 2
F((ZO&ZI)H] | ﬂ(yl—eo) +2(2K+1)
= X
() o2 e
2 2k +1

1

2 2
2K 1 ) 2K A 2K
2k +1) 6, — + 0 + -6 | +2 2k +1
Al )(‘ (2K+1y1 211 °n ﬁ2;c+1(y1 OJ S 2t

2K

2 2k +1
ﬂ21c+1( x+1)
) 2a+1
n 2
sy o -0) 2tz
= (2ﬂ'2K)a+l %
(20”1) 2K 28(2k+1)
r 2
2 2k +1

1

2 2
2K | 2K )
2k +1) 6, — + 0 + -6 | +2-2x
(ﬂ( {1 (2K+1y1 2k +1 OD ﬂ2K+1(yl OJ J

X

a+l

2a+1

F((2a+l)+lj ﬁ(yl—éoj va(2x ) 2
2 1 a+l
= (23 -2x) v
r(2a+lj 2K 28(2x +1)
2w
2 2k +1
. 1 a+l 1 )
ﬂ(2K+1) a+l

A 2
) R\ ﬁzle(yl—ﬁoj +2-2x
(‘91_( a + 6’0)) b=k

2417 2kt B2x+1)
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2a+1
2

2 +1)+1 Y
_rt(“‘;)"') | (2'2’()“1 'B[yl_goj +2(2x+1)
2K

r[2a+lj - 2k +1 2ﬂ(21{+1)
2 2K +1

x (2a+1)+1 -

2K " 2
. 2 ﬂ yl—eo +2-2x
2K 1 2k +1
0, - v+ Oo || +
2k+17" 2k +1 B2 +1)

zr( g 1 (2.2’()2 ﬁ(yl—Ho) 20|
F(Za;l] Jr 2k +1 28(2x+1)

( 2k 1 j P e
0, - y + Qo || +
2+17" 2k +1 A2k +1)

(2a+1)+1 2K » 2 2
= Ry =60 | +2:2
B ( 2 j 1 ﬂ2/<+1(y1 0) "

- r(2a+1] Jr B (2 +1) g

2

(2a+1)+1
2 Y 2
e gk (yl—eoj +2-2K
( 2K 1 ) 2K +1
0, - v+ Oo || +
2+17" 2 +1 A2k +1)

2a+1)+1 " Y 2
r == _
:( 2 jl 2;<(y1 9") , 2K

2 + 1
F(2a+lj Jr | 241 2x+1 2k +1
2
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(2a+1)+1

( A \2 2
N 2 yl_eo)
EHI—( 2K + ! eon +2 2K +

1
k417" 2641 2c+1| 2(2c+1) B

Thus,
A0,1Y,)=
- (2a+1)+1
= 2 1 (2BN)% 1
1_,(26(4-1] \/; e s (2a;l)+l
2 91—( 2 v L 6] +28N,
2k +1 2k +1
A 2
£
1
where N\, =——%—+—
2(4,+1) B

We make the transformation

2% P
o — + o
‘ [2K+1yl 241 °j

J2BN,

V2o +1

t,= (2.4.16)

;

2BN,

The Jacobian of the transformation is and the marginal pdf of (¢,]Y,) is

N2a+1
given by
r((2a+1)+lj
2a+l 1 2B/ N,
ﬂtl|Y1)= 2a2+1 \/1_ (2BIN1) 2 (2a+1)+1 2 l 11 =
r T X 2BN 2 a—+
7 ;-1 4+2BN,
2a+1
F((2o;+1)+1j
2a+1
- : 1 (Q’Bl]vl)T 1 a+l : (2a+1)+1 2B1Nl -
F(2a+1j Jr (2B,N,) 2 25 2a+1
2
2a+1



F((2a+1)+1j 1

2 1 1

&
F(2a+1] \/; /2a+1 ( (2a-;l)+l

t2
2 L +1
2a+1

(2a+1)+1j

T
( 2 1 1
& MY )=

) \KEZITE?( o e
1

2 +1
2a+1

which means that (z,|Y,) has the t-distribution with 2a+7 degrees of freedom; hence,

the expected value of the distribution is zero, i.e.

E[tl |Y1]=0

From (2.4.16), (2.4.17), it follows that

2K 1
4 k1 ot 2% 1
E £ K I =0 QE0, 1Y, 1=y + -6,
J2BN, 2k+17 " 2K +1
N2 +1

which is equal to (2.4.15)

B. We assume that the relationships a) — ) hold for #-/
Concretely,

a) The prior distribution of (6, ,|V,Y,_,) is given by

(et—l |V’Yt—2 )NN(Hf—ZaA,le

A 2

1 (Hll—ﬁzzj

0 VY )=————exp| ———
yCy i) 22l p 24 v

with pdf

t—

where 4, =B, , tk

30
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b) The posterior distribution of (6, , |V,Y, ) is given by

<9H\KYtJ~N(9tua4Vj

. 2
(etl _etlj
1
O VY, | )=————=exp| ————————

27Z'Bt_1V 2B,_1v

with pdf

A ~ A A
where B, | = ﬁ and 0.1=B,_y,,+(1-B_) 0.

c) The joint prior distribution of (6, ,,V|Y, ,) is NIG(@[—Z, 4.V, a, ,Bj , with pdf

N 2
1 (9’1 _‘9’2] 1 1 1
0 , Y_ = ——— €X - €X -
j( t-1 V‘ t 2) 27&4t_lv p 2At_l\/' F(a)ﬁa Va+1 p[ ﬂ\/]

t—

d) The joint posterior distribution of (0, ,,V|Y ) is NIG(@H,B,_IV,M,N ‘11),
2

with pdf given by
A 2
(0.,-0.1)
1
A0, VY, )=————exp| ~————| X
1 : 278, v 2B, v

1 1 1
EE e

A 2
(ytl - et—Zj

1
here N,_, = —
where N,_, 204 +1) + ;

e) (0,,1Y, ) has the following distribution
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F((2a+1)+1] 1

2 2a+l 1
ﬂH t-1 |Yt—1): F(za"i'lj \/; (2Bz—1Nt—1) 2 ) , (2a-;l)+1
2 {(91—1 - ‘9”] + 2Bt—th—1]

which is a transformation of the t-distribution with 2a+17 degrees of freedom.

0.1 1s the expected value of (0, ,]Y, ) described by

E[et—l |Yt—1 ]:ef—l :Bt—lyt—l +(1_Bt—l) 0

C. We will show that the relationships a) — ) hold for ¢

a) The prior distribution of (@,|VY, ) and its pdf, will be resulted, using the

following equation :

ROVY, D= f0,10.,V.%.)f 0., 1V.Y 0, (2418

According to the assumptions of the theorem

(et |0t—l’I/’Yt—l )~N((9,_1,KV)

with pdf
2
0,10, . V.Y, )= Jzi[—mexr)(—%j (2.4.19)

In addition, according to the induction hypothesis, the posterior distribution of

(0,41V.Y, ) s given by

(0171 |V:Yt,1 )NN(etl,Bt_le

with pdf
A 2
1 (01‘—1 - 01‘—1)
O, VY, )= exp| -~ (2.4.20)
1 1 27B, v 2B, v
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From the relationships (2.4.18), (2.4.19), (2.4.20), it follows that
RONVY D)= £(6,16..V.%,,)f(6,,1V.Y,, K6, =

A 2
_ 2 (etl_gflj
- exp[_ 6,-6.,) 0.

1
exp| —
2kv J,/zyzB,_lv 2B, v

N
B, (9#1 -0, )2 + K(eﬂ - 9;1)

1 1 1o
= exp| —
27y \27B,_ v j—w 2B, v

do. =

t7t-1

A2 A
B, (07 +0>-26,6,,)+ ;{9,2 L +0,1-20,, 9,1J
9 —

exp| —

1 e )
- 27vA\| KB, J““’ 2kB, v -1

A2

(B, +x)o2, - 2(Bt_1 0, + k0 j@,_l +B, 07 +K0.

xp| 0., =

o .
2B, , [ 2KB, v

" A2
| R
T —— | Xp|— -1 - o -
it - o :
B +k
27v\ KB,
A 2 N 2 ) 2
0 _ B0 +x0m B 0% +Kk6.. | B0, +x0.
+ -1 Bt—l + K Bt_1 1K Bt—l e
_ - 10
X JLOO exp 2 KBt_lv o 2 KB:—]V
B +x B +x
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1 27KkB, v
2nv KB, , B, +Kx

1
27 (B +K)-v

exp

1
\/272'-(BH +K)-v

X

B (B +x)8} +«(B,_, +K)0.1—B>,0° — k> 0,1~ 2KB, 0, é,_l

A2

Bt719t2 + K'et—l

t-1

t

B .0 +Kx0:4

B, +Kx

B, +k

2

2

KB, v
B, +kx

A2 A 2
(BH + K{BH 0] +x0,.- ] - (Btﬁt + KHHJ

2KB:—1V(Bt—1 + K)

A2

A2

X exp| —

1
27 (B +K)-v

exp

1
\/27r'(B,71 +K)-v

exp

1
27 (B +K)-V

exp

Consequently,

ﬂgt |I/’Yt—l)=

B, k0] —2kB, 0,01+ KB, 011

2KB;—IV(Bt—1 + K)

A2

2KB:—1V(Bt—1 + K)

A2

0 -2
KB, KB

KB.,0,0i1 KB, 0:

t—1

2’(Bz—1v(Bz—1 + K)
ICB[—I

A 2
[Ht - 6’11)

2(Bt_1 + K')V

A 2
[6’[ - 9171 j

1
\27A, v

exp| —
P 24,v

,where 4, =B, , tx

b) To prove that the posterior distribution of (8, |V,Y,) is given by

34



o, |V,Y[)~N£¢9;,BtV)

with pdf

RO, V.Y, )=

7

A

A A
whereB,=A d 1 and 0: =B,y,+(1-B,) 0.1 , we note that
+

RONVY ) fY10,. V.Y O, |VY,,) (2.4.21)

The distributions of (Y,|0,,V,Y, ) and (0,|V,Y,,) are also known, from the

assumptions of the theorem and the last part of the theorem, respectively.

Specifically, the likelihood of (Y, 160,,V,Y, ) is given by

I . -6)
AY N0, VY, )= ———exp| — 2 %) (2.4.22)
Yoo 2v

and the prior distribution of (@, |V, Y, ,) is described by

A 2

o[ (o)
0,|V,Y, )= exp| —~——2— 2.4.23
f( t| 1) m p 2AtV ( )

Combining the relationships (2.4.21), (2.4.22), (2.4.23), it follows that

A0 VY, )oc

oc exp| —
N2 2v N 27A,v 24,y
A2 A
oxp| - (07 +>=2y,0,)+ 6> +0,1-20.16,

24,v
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A2

Lﬁ+0¢-¢ﬂ¢%+eﬂja+AJ3+al

oC €X - oC
P 24,v
. 2
p Ay +9t71
Ay, +0: _ A TP
gf_zMgt 0, A +1
ocexp| — 4, +1 ocexpl — oc
At At
v 2 v
A +1 A4 +1
N 2
A -
91_ t Vi O
1 A4, +1 A4 +1
” 1 4,
2”4+f 4, +1
Hence,

fO,V.Y,)=
7

A A A
where B,=—— and 6, =By, +(1-B,) 6.1
A4, +1

t

¢) In conformity with the case for /=1, the joint prior pdf of (8,,V]Y,_,) is represented
by

AO.NY _)=A6, V.Y ) VY ,))
where the pdf of (8, |V,Y,_,) has already been established in part a) and is given by

A 2
(6,-0-)

N 27A,v 24,v

fO VY, )=

Furthermore, V ~ IG(a,f) with pdf
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1 (1
A )= 1 57 e exp( ﬁvj

Hence, the joint prior distribution of (8,,V]Y, ) is NIG(@H, AV ,a, ﬂ) , with pdf

N 2

1 (ef_e”j 1 1 1
0’ Yz— = eXp| — exXp| ——
A0,.MY ) iy p Ay | T@)p” v p( ﬂvJ

y

d) In this part, our aim is to prove that the joint posterior distribution of (8,,V]Y,) is

NIG[@,,BJ/,%, Ntlj , with pdf given by (2.4.9):

A N2
oo

exp| —~—2— | x
27B.v 2Bv

t t

SO VY, )=

1 1 1
X a+ a+ CXp| — -
F(2a+l][Nt_lj|221 [221)+1 X ( N, le

v
A 2
(yt - 0;1)

where N, = 2(4+1) +%

To obtain the last equation, we first note that the distribution of (8,,V|Y,) arises

through a direct application of Bayes theorem, i.e.
.f(et’ VIYz)OCf(Yz |0t’ V’Yt—l)f(et’ VIYt—l)
where the likelihood of (Y,[0,,V,Y, ) is described by

Lo [_(yt—ﬁt)zj
N U

and the joint prior distribution of (8,, VY, ) is NIG(@[I, AV, a, ,b’j , with pdf

SN0, VY, )=
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o] 0 p(_L]

1
0., VY )=———exp|— ex
f( t m t 1) m p 2AtV F(C{)ﬂa Va+1 ﬂv

Then,

A0, VY, )ec

o —ét—l 2
o (eary e
exp( ] exp ﬂv

exp| — =
N 27A,v 24,v I'e)p* v

1
m —_—
Ny 2y 24,v v v B
R 2
4,0, -y,) +(9, —9,1] |
o« — exp| — exXp| —— | <
\/; 2Atv [a+fj+l ( ,BVJ
A2 A
1 A (07 +y2 =20y, )+ 07 +60,.-20,0,1 | 1 1
o« —=exp| — exp|—— |
NS 24,v [a+ij+1 il
v 2
A A2
(4, +1)8; —2(14, y, + ef_lje, + Ay’ +0i | .
o€ — €X — €X —— | oC
N 24y (L) p( VJ
v 2
A /\2
9[2 _2 Atyt +9t—1 0[ + Atyt2 +0t—1
Ociexp B A +1 A4 +1 1 exp(—LJoc
A a+l +
\/; 2—t—vy v( 2) : By
A4, +1
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e _ Atyt +91—1
t
BRI O L
\/; o) At v (ll‘f’%j“’l ﬂV
A4 +1 v
a2 R 2
Atytz +9t_1 B Atyt +9t—1
A4, +1 A4, +1
X exXp| — At oC
v
4, +1

2
A A
Ht_ : Yo+ 1 01
1 A +17" 4 +1 1 [1]
] exp| —— | x
+1

o« ————exp| — :
27[7At v 2 A v v[[HE -
4, +1 4,+1
A2 A 2
(At +1{Atyt2 +l9t_1]—(A,yt +9t—lj
X exp| —
P 24(4, + 1)
A 1 i
T t Vit 011
A4, +1 A4 +1 1
Let D= exp | — Y, [ 1)
" a+— |+1
2r——v 2
A+ 4,+1 v
Then
fO, VY, )ec
A2 A2 A2 A
Ay + 4,00+ Ay +0- A’y —01-24,y, 0.
oD x exp| —— |exp| — Yt At Ay Oy Z0n=247,00
24,(4, +1
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A2

At 9;71 + Atytz — 214,)4 9;—1
24,(4, +1)

1
oD x exp(—— exp| —
ﬂVJ

A2

014y =2, 0,
oD x exp _ L exp| — 1y Z 2 O
By 2(4, + 1)

A 2
(yz _Hf‘lj

o« D xex —L exp| ————%— |« D x exp| — iJr— l oc
PUs )P 2(4, +1) P s 2 ) |y

o« D x exp| — ! -
A 2
(yt—é’tl] 1
-~ 0z N .v
2(4,+1) B
Therefore,
A 2
1 (9’_‘9’j
A0, VY,)= exp| ———— | x
\J27B v 2B,y
X 1 1 exp| — !
2a+1 a+ _
. v E ( A j 1
y,—GH
yt_9t—1 1
r 2a+1 ( j +l <t
2 )| 2(4+1) "B oA4,+1) B

which is equal to (2.4.9)
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e) To calculate the marginal posterior pdf of (8, |Y,), we integrate, over v, the joint
posterior pdf of (4,,V]Y,), which is given by (2.4.9) :

fO VY )=

A N\2
0 -0,
! £t j 1 1 ( 1]
exp| —

) eXp - a+ a+ _
2By 2By pf2atl '(N‘l)221 S N v
2 t
PN
(y’_et‘lj 1
where N, =~——%—+—
2(4,+1) B
Thus,
RO¥)=[" 10,V Y, )iv=
. N2
:J’ﬂo 1 exp _(@‘9‘) 1 1 exp [_ 1 jdv:
0 \/27thv 2By F(2a+1 (N‘l)za;l vza;l” N;lv
2 t
A 2
o)
1 1 +00 1 2731 N[
B 27B 2a+1 2a+l J-o (a+1)+1 eXp _f eXp —7 dv=
RS L
2
1 1 +00 1 1
= 2a+1 XJ‘ (a+1)+1 eXp — — dV:
27B r 2a+1 (N"l) : o .
2 ! (Q—H,j
~—+N,| v
2B,
. 5 1 a+l
1 1 (et_etj
275, r( at j(Ntl)z ,
2

41



4 a+l

ZBt !
F(a+l) 1 B
(2a+1j \ 278, (N_l Za;l
2 t
2a+1 +1
_ 1 N2a+1 1 _
r 2a+1 272'Bt t R P a+l
z =
~——+N,
2B,
- (2a+1)+1
_ 2 1 N2412+1 (2B )a+1 1 —
1_, 2a+1 27Z'Bt t t R ) a+1
2 [9, —9;) +2BtNt

r((204 + 1)+1j R
= N

2 a ark 1
2B)""2 =
1_,(20(4‘1] \/; t ( l) . (2a;l)+l
2 ((6’[—01) +2BtNt]
- (2a+1)+1
= 2 | (2BN)% ! =
r(2a+1j N L o)
2 (9,—9,) +2BN,
Thus,
r 2c+1)+1
0.1V )= 2 L (2n)% !
t t 1—(2a+lj \/; [ o (2a+21)+1
2 ((@—e,j +2Btth
R 2
N
where N =—— &+ —
2(4,+1) B
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We make the transformation

t,= 0,0 (2.4.24)
2B N,
20 +1
. .. +2BN, . )
The Jacobian of the transformation is J2asl and the marginal pdf of (¢,|Y,) is
a
given by
F((2a+1)+1]
2 1 2a+1 1 2B N
t|Y,)= 2B,N,) 2 L =
S 1Y) - 2o +1 Jz ( t t) BN (za+21)+1 L2ail
2 (zf S A ZBtN,j
2a+1
F((2a+l)+lj
2a+1
- 2 1 (thNt) 2 1 a+l1 1 (2a+1)+1 2BtNl -
of2e+1) Vx (2B.N,) p = 2g+1
2 L]
2a+1
- (2a+1)+1
_ 2 1 1 1 &
r 20 +1 \/; 12a+1 tz (2a;l)+l
2 —+1
2a+1
F((2a-;1)+lj 1 1
@A, 1Y,)= proyerll
. 20 +1 1/i2a+1i7r £2 @ 21)1
2 L +1
2a+1

which means that (¢,]|Y,) has the ¢-distribution with 2a+/ degrees of freedom;

hence, the expected value of the distribution is zero, i.e.

E[t,|¥,1=0 (2.4.25)

From (2.4.24), (2.4.25), it follows that

=9 Iy | =0 SE[0,1Y,1=0,=B,y,+(1-B,) 0.1

J2BN |
N2a +1

E
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which is equal to (2.4.11).

2.4.4. Discussion

A

The theorem which has just been proved, enables us to calculate the estimate &, of
the systematic error between observed and forecasted temperature at time t, given the

data Y, (¥, denote the difference between observed and forecasted temperature at

A

time £). Thus, the estimate &, arises recursively, through the equation (2.4.11) :

A

0.=B,Y,+(1-B,) 0.

A
where 4,=B, , +x, B,=—— and B, =«.

A4, +1

A A

Based on the above recursion, we could provide 6, as a function of &, and the data

Y.,Y Y.

IERSREIERTR &

Finally, 6: is added to the prediction of the Numerical Weather Prediction model for

the next time-step and the sum gives the final improved forecast for time #+/.
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Chapter 3

Specification of the parameters

3.1 Introduction

In the previous chapter we did focus on the extensive proof of the new proposed

A

recursive formula for the systematic error &, between observed and forecasted
temperature.

According to this, at each time ¢ we have:
0.=B,Y,+(1-B,) 011

where the data Y, denote the difference between observed and forecasted temperature

A ) p
y L . A,=B, ,+x, B,=k, with both x>0 and &, assumed to be
+

t

at time ¢, B,=

known.

With the creation of this formula, we manage to provide an algorithm to improve the
prediction of the NWP model for the temperature at each time ¢+/. Specifically, as it
has already mentioned in section 2.4.4, the final improved forecast for each time-step

t+1 1is equal to the sum of the prediction of the NWP model for the time-step #+/ and

A

the estimation ;.

However, before being able to apply the algorithm described above, we have to

A

specify the initial value 8o and the parameter «.

A

The initial value 6o of the systematic error can be assumed to be zero because we

have no indications of its previous behavior (Homleid, 1995). After all, due to the

A A

sequential updating scheme of 6,, even inaccurate choices of @0 will fairly quickly
become accurate.
In this chapter and especially in the section 3.3, we will focus on the specification of

the parameter x. In this point, we epigrammatically refer that the parameter x is
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updated. Every m time-steps, the differences between the observations Y, and the

estimations Y., for ¢=im,(i+1)m,...,(i+m—1)m, will be used to determine the

value of ¥ which will be used for the correction of the temperature forecasts for the

A

next m time-steps. For the calculation of the estimations Y, we will use the predictive

distribution.

3.2 The predictive distribution

Definition 3.1 :
We assume Y, =(Y,,Y,,...,Y,) be the values of a random variable with pdf f(Y, |0). If

the parameter @ has a prior distribution f(6), then the predictive distribution (Geisser,

1993) for the future observation Y, , is given by

SY G NY)=[f(¥,.10)/(©0]Y)do

where f(0|Y,) denotes the posterior distribution.

The predictive distribution summarizes the information concerning the distribution of

a future observable given the data we have already observed.

In our study, the data ¥, =(Y,,Y,,...,Y,) denote the differences between observed and

forecasted temperatures.
The predictive distribution, defined above, enables us to provide a distribution of the

future observation Y, given that we have observed thedata ¥, , =(Y,, Y,,....Y, ).

In the following theorem we calculate the distribution of (Y, |Y,_, ) through the

equation

SYNY D= [ L (V) (V1Y )dy (3.2.1)

In order to obtain a prediction of ¥, , we ought to calculate a point estimation of Y/, ,

which will rise from the distribution of (¥, |Y, , ). The Minimum Mean Square Error
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(MMSE) is the expected value of the distribution Y, |Y, ), i.e. Y. =E[Y,|Y, ]

(Bernardo and Smith, 1995).

Lemma 3.1:

The distribution of (Y, |V} Y, ;) is given by
(YAKY;J~N(ahQ4+QVj

with pdf

(yt _étlj
N (32.2)

Proof :

The distribution of (Y, |V,Y, ) and its pdf, will be obtained, using the following

equation :

RYAVY, D= F0016,V.X,0)- £(6,1V.Y,,)d0, (3.23)

According to the theorem 2.1, the probability density functions of the distributions
(Y,10,,V,Y, ) and (0,|VY,,) are given by the equations (3.2.4) and (3.2.5),

respectively :

1 . -6)

AY,10,, VY, )=——exp| ————"— (3.24)
! 27y 2v

A 2

1 (91 - 6’,1}
e,.\VY, )= exp| ————— 3.2.5
A0, | 1) 22y p 24 ( )

Combining the relationships (3.2.3), (3.2.4), (3.2.5), it follows that
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KXY, )=[ FX10.7.Y,.) £6,|V.Y,,)d0,=

A 2
(6,-01]
—F—|dé

w1 (yt_et)z 1
:.[ exp| — exp| — =
2 2v N27A,y 24y
A2 A
| R A (0> + 32 -29,0,)+ 07 +6,.1-20.1 6,
=— exp| — 0 =
N2y 274 v T 24,v
A /\2
L (4, +1)8? —2(/1, ¥, +9Hj9t + Ay’ +0i
=—— — | exp|— 0,=
2mv \[4, = 24y
A /\2
1 1 6 -2 Azif +?H bt Atyj +?H
+oo + +
=— —— | exp| - ’ ’ do, =
27y Az J"w P At v '
4 +1
A 2 /\2 A 2
g _ AV +6: Ay +0c0 | Ay, +0
f A +1 A +1 4 +1
1 1 J_Jroo t t t
=5 ), CXP| — exp| —
2 4, 4, y V
4, +1 A4 +1
A2 A 2
Ayl +0. | Ay, +6in
A +1 A +1
:LL 27 ! v exp| — t ' =
2mv \J4, +1 C
4, +1
A2 A2 A
(A, V240, j(A, +1)—(A,2 Y2 +6,1+24,y, H,IJ
27(4 + 1) 24,(4, +1)
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A 2 A 2 A 2 A

_ 1 exp _ AtZytZ + Atytz + At 9;4 + 9;4 - AtZytZ - 9;4 - 2Atyt 9;4 _

27(4, +1)v 24,(A4,+1)v

A A 2
2
_ 1 eXp . Atyt — 2At 9[—1 yt + At 9[—1 _
274 1) 24,(4, +1)
R 2
I (y’_e”j

-—_ X —_——_— .

272(4 +1) 2(4, +1)

which is equal to (3.2.2)

Theorem 3.1 :
(Y,1Y,.,) has the transformed t-distribution with pdf given by

F£2a+lj

_ 2 )1 . 1

XY, )= r(zaj = (2(4,+1)57) — e
2 ((9,—6’;_1) +2(At+1),B‘J

and the expected value of Y, |Y, | is given by

EY,|Y, 1=Y/ =6 (3.3.6)
Proof :
The distribution of (Y, |Y,_, ) will be calculated through the equation (3.2.1):

XY D=[" FEAV X ) (V1Y) dv

According to Lemma 3.1
(Yt |I/’Yt—1 )NN(QH,(A, +1)Vj

with pdf given by
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A 2

1 (yz_ef‘lj

Y NVY )= Xp| — 5 —
e Jan(4 w1 2(4, + 1

and the distribution of (V'Y ,_,) is given by

(VY )~1G(o. )

with pdf
1 1 1
VY. )= exp| ——
U= g e [ ﬂvJ
Therefore,
(x,V|x_l)~NlG(9,1,(4+1)V,a,ﬂj
with pdf

A 2
_491_
f(Y,V|Y1)=;exp—(yt j LD oep[-L
c a4, + 1) 2(4, +1y | T(a)B* v By

Then, the equation (3.2.1) takes the form

YN D= VY )P, )dv= [ (4 1Y, Ydv=

(-]
yt_ef—lj
! lexp[—L]dv

=I+w;exp - a _.a+l
o J2m(4 +1)v 2(4, +1)v |T(@)B v pv

The calculation of the above integral, i.e. the distribution of (Y,|Y, ) and the

expected value Y.=E[Y,|Y, ] will be resulted as a corollary of the part e) of

Theorem 2.1.

In that part of Theorem, we proved that if
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t

j(e,|Y,)=j0”f(e,,V|z)dv and (9,,V|Yt)~NIG(9,,BtV,%,N‘j

then

(0,1Y,) has the transformed t-distribution with 2a+/ degrees of freedom with pdf

given by
1_,((2&+1)+1J
2 1 2a+1 1
0,1Y,)= 2B N,) 2
A0,1Y,) r(2“+1) \/; ( 1 t) o (Zazl)ﬂ
2 ((9,—6%) +2B,N,]

and the expected value of (0,|Y,) is

E[0t|Yt ]:9’

Similarly,

(Y,]Y,,) has the transformed t-distribution with 2a degrees of freedom with pdf

given by

2a

(2a+1j
Y= =2t (24 +1)p7) !
r(zj Jz ((gl_ét_lj2+2(z4t+1)ﬁ1}

2a+1
2

2

and the expected value of (0, Y ,) is

Y =E[Y,|Y_]=0.1

3.3 Estimating k via the predictive distribution

We assume that a NWP model is run and presents the temperature forecasts for times

1,2,...,m. In addition, after the end of the time m, we have available data V.7, ,...,Y,

m

which are defined as the differences between the forecasted and observed

temperatures.
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The improved forecast for the next time m+/ will be obtained by the sum of the

prediction of the NWP model for the time-step m+/ and the estimate of the

A

systematic error 6, =B, Y, +(1-B,) Ou,

where B = 4, ,A, =Bm-1+xand B =x.
A4, +1

m

To estimate the parameter x we make use of the m most recent errors (Yt _Ytj

obtained with the help of the predictive distribution.
The algorithm for estimating the “optimal” « is as follows:

e i takes values in a grid

A

o for each value of x, we calculate the estimate Y , for r=1,2,...,m, where, according

A

to the theorem 3.1, the (predictive distribution based) estimate of Y, is equal to

0., fort=12,..m

e for each value of x, we calculate the quantity Sum Absolute Error:

m

SAE= )’

i=1

Y-,

e we select x (from the grid) for which SAE is minimized

This value of x is used for the correction of the temperature forecast for the time-steps
t=m+I1,m+2,..,2m.

For the correction of the forecasts for the next m time-steps, i.e. for time
t=2m+1,2m+2,...,3m, the procedure described above is repeated, using the window of

the m previous data, ¥ . ,Y Y,

m+l2 “m+2 2> 2m *

In general, for the calculation of the improved temperature forecasts of

nm+1,nm+2,...,(n+1)m time-steps (n:positive integral), we use the value of the

nm

parameter x that minimizes the quantity z
i=(n—-1)m+1

Y-,

Sensitivity analysis regarding the choice of m will be done in the application section.
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Chapter 4

Application to real data

4.1 The NWP model SKIRONS

The process described in the previous chapters is applied to the correction of 2m-
temperature forecasts, which are related to the station of Thessaloniki (station 16622)
and the time period from 01 June 2007 to 30 April 2009. These forecasts are obtained
by the NWP model SKIRONS, using the method of “interpolation from the 4
surrounding grid-points” (Pytharoulis, 2009; Mpaltzi, 2008). According to this

method, the temperature forecast 7, which corresponds to the i station-in this case to

Thessaloniki station (16622)-results from the weighted mean of forecasts of the 4

surrounding grid-points of the model and is estimated by the relationship

where M, are the corresponding temperature forecasts for the k surrounding grid-
points and w, are the respective weight. The w, depend on the distance (7, ) of each

of the grid-points from the exact position of the observation station and is calculated
through the equation w, = iz

T

The model variables are represented on the staggered Arakawa E-grid (Nickovic et
al., 1998) which is not a regular latitude-longitude grid. E-grid resembles a rhomb
with the thermodynamic (e.g. temperature) and dynamic (e.g. wind) variables being
stored at its corners and center, respectively. It has been shown by (Winninghoff,

1968; Arakawa and Lamb, 1977) that various horizontal grids simulate differently

large and synoptic scale atmospheric processes.
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The model SKIRONS does the forecast procedure daily with data which correspond to
12:00 Universal Time Coordinated (UTC) and it takes 1-2 hours to be completed.

Every afternoon the model produces forecasts for the temperatures of the next three
days. The forecasts are given by the model for every six real hours. Consequently, we
have the forecasting periods of 6, 12, 18, 24, 30, 36, 42, 48, 54, 60, 66, 72 hours. For
example, the model starts with the data of 12:00 UTC 01/06/2007 and provides the

temperature forecasts as they appear in Table 1.

Date 01/06/07 02/06/07 02/06/07 02/06/07 02/06/07 03/06/07
Time 18:00 00:00 06:00 12:00 18:00 00:00
Forecasting 6 hours 12 hours 18 hours 24 hours 30 hours 36 hours
period

Forecasts 21,809°C 18,456°C 21,584°C 26,793°C 22,305°C 19,142°C

Date 03/06/07 03/06/07 03/06/07 04/06/07 04/06/07 04/06/07
Time 06:00 12:00 18:00 00:00 06:00 12:00
Forecasting 42 hours 48 hours 54 hours 60 hours 66 hours 72 hours
period

Forecasts 22,072°C 28,560°C 24,256°C 21,054°C 23,802°C 30,262°C

Table 1: The temperature forecasts obtained by the NWP model on 01/06/2007 at 12:00 UTC which

correspond to the referred days and hours

As the prediction is done daily for the next three days, there is overlap in the data. For
example, for the temperature of 12:00 UTC 04/06/2007 there is a 24-hours forecast
which starts at 12:00 03/06/2007, a 48-hours forecast which starts at 12:00
02/06/2007 and a 72-hours forecast which starts at 12:00 01/06/2007, as it is shown in
Table 2.

Forecasting Periods

Hour | Day | Month | Year | 6 | 12 | 18 24 30 [ 36 | 42 48 54 | 60 | 66 72
12 1 6 2007 30,262°C
12 2 6 2007 30,430°C
12 3 6 2007 29,463°C

Table 2: The 24-hours, 48-hours and 72-hours NWP model forecast for the temperature of 12:00 UTC
04/06/2007, as they appear in third, second and first line of the forecasting periods, respectively
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4.2 The presentation of the data

For the application of the procedure developed in this thesis, we have available the
following data: first are the temperature forecasts of 6, 12, 18, 24, 30, 36, 42, 48, 54,
60, 66, 72-hours prediction that cover the time period from 01/06/2007 to 30/04/2009,
and subsequently we have the corresponding observations. Consequently, our
procedure is used for the correction of 2m-temperature forecasts of 700 days and for
12 different forecasting periods. Due to the fact that the range of temperature values is
quite large (over the period of 700 days), for better visualization, we choose to present
the graphs that describe the variation in time of the temperature values, during the

period of three summer months, from 01/06/2008 to 31/08/2008.

At this point, we need to mention that in the available data, approximately 2% of the
values are missing. Every forecasted or real temperature missing value is imputed by
the average temperature of the previous and next days, during the same time,
respectively. For example, in the following part of the data (Table 3), the forecasted
by the NWP model temperature that corresponds to 15/06/2007 and to 6-hours

forecasting period was missing.

HOUR DAY MONTH YEAR Ftime 6
12 12 6 2007 T2m. 24,276°C
12 13 6 2007 T2m. 24,287°C
12 14 6 2007 T2m. 24,784°C
12 15 6 2007 T2m. M.V.
12 16 6 2007 T2m. 26,138°C
12 17 6 2007 T2m. 28,041°C

Table 3: The 6-hours temperature forecasts obtained by the NWP model at 12:00 UTC 12/06/2007-
17/06/2007

24,784 + 26,138

This missing value will be imputed by =25,461

In the case that the temperatures of two continuing days ¢, +/ are missing, they are

imputed by the average temperature of the days #-2 and +2, (¢+7)-2 and (¢+1)+2,
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during the same time, respectively. We did not encounter any cases with more than

two successive missing values.
Given that the percentage of the missing values is very small, the imputation scheme

does not affect the final results.

In Figures 1-6 below we present the variation in time of the real temperature values
(observations) and the temperature forecasts obtained by the NWP model SKIRONS
of the summer season from 01/06/2008 to 31/08/2008 (i.e. from the 367" to the 458"
day of the total data set of 700 days), for the different forecasting periods of 6, 12, 18,
24, 48, 72 hours, respectively.
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Figure 1: Observed temperatures (°C) and forecasts of the NWP model SKIRONS in Thessaloniki
(Station 16622) for the time period from 01/06/2008 to 31/08/2008 (forecasting period of 6 hours)
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Figure 2: Observed temperatures (°C) and forecasts of the NWP model SKIRONS in Thessaloniki
(Station 16622) for the time period from 01/06/2008 to 31/08/2008 (forecasting period of 12 hours)
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Figure 3: Observed temperatures (°C) and forecasts of the NWP model SKIRONS in Thessaloniki
(Station 16622) for the time period from 01/06/2008 to 31/08/2008 (forecasting period of 18 hours)
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Figure 4: Observed temperatures (°C) and forecasts of the NWP model SKIRONS in Thessaloniki
(Station 16622) for the time period from 01/06/2008 to 31/08/2008 (forecasting period of 24 hours)
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Figure 5: Observed temperatures (°C) and forecasts of the NWP model SKIRONS in Thessaloniki
(Station 16622) for the time period from 01/06/2008 to 31/08/2008 (forecasting period of 48 hours)
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Figure 6: Observed temperatures (°C) and forecasts of the NWP model SKIRONS in Thessaloniki
(Station 16622) for the time period from 01/06/2008 to 31/08/2008 (forecasting period of 72 hours)

From the above Figures 1-6 we notice that SKIRONS forecasts are relatively close to
the observed temperatures of the time period from 01/06/08 to 31/08/08. However, we
can also observe that in a few time steps there is a large deviation between forecasts
and real temperatures. For example, in Figure 1 that represents the forecasting period
of 6 hours, a lot of the forecasts are systematically about 1°C —4°C below the
observations. In contrary, for the forecasting period of 24, 48 and 72 hours the model
over-estimates by about 0.5°C —5°C during the summer season from 01/06/08 to

31/08/08.

4.3 Results

In this section we will discuss about the results of the proposed procedure which has
been developed in this thesis for correcting 2m-temperature forecasts, and we will
present the improved forecasts for the station of Thessaloniki and the time period
from 01 June 2007 to 30 April 2009.

Based on our procedure, we obtain the improved temperature forecast for time ¢+/,

using the prediction of the model SKIRONS5 for time ¢+/, on which we add the

59



A A

Kalman Filter correction &,. We remind that the correction €, is coming from the

recursive formula

, =B,Y,+ (1-B,) 0.

A
where 4,=B, ,tx, B,= —— and B, =«
A4 +1

t

In chapter 3 we discussed about the specification of the parameter x. The parameter x
is updated every m time-steps. As we referred in the previous chapter, we use the data

Y.,Y,,...Y, to calculate the first value of x, which will be used for the correction of

the temperature forecast for the time-steps t=m+1,m+2,...,2m. Continuously, for the
next m time-steps, i.e. for time ¢=2m+1,2m+2,...,.3m, the specification of the

parameter k is obtained from the m previous data, Y, . ,Y Y, ,etc.

m+1° “m+2 2> " 2m >

The open question at this point is what should be the choice of the window m.
For the estimation of m, we used the data that correspond to the forecasting time
period of 6 hours. Concretely, the algorithm for estimating the “optimal” m is as

follows:

e m takes values in a grid

e for every m we calculate the corrected temperatures

700
Z|Treall. - Tﬁnali|

— =l

e for every m we calculate the quantity MAE , where

700
Treal is the vector which consists of the real temperatures, whereas Tfinal is

the vector of the corrected temperatures (we remind here that at time ¢

Tfinal, =Tmodel ,+ 6, and Y, =Treal -Tmodel ,, where Tmodel, is the NWP
model temperature forecast)
e select m that minimizes MAE

For illustration purposes, we provide values of m in a grid from 10 to 100 with
step=10.
Empirically, turned out that the value of m=60 was providing the best results (see

Figure 7 for an illustration).
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Figure 7: The values of the quantity MAE  for m=10,20,...,100

According to what we have written above, we calculate, using the Kalman Filter
recursive equations, the improved 2m-temperature forecasts, regarding the NWP
model SKIRONS, at the station of Thessaloniki, for the time period from 01 June
2007 to 30 April 2009.

In Figures 8, 9, 10, 11, 12, and 13 below we present the time series of the temperature
forecasts obtained by the NWP model SKIRONS and the improved forecasts, along
with the corresponding observations for the summer season from 01/06/2008 to

31/08/2008.

61



o
[S <
: | il
i \ /i
PR
8 - Bt oo 1
i [%5 / /i P Lo be do
e\ / 20, Ja" 9ou | o
. 8 I odeb oedoe [ 2l |
g N O [ € A AR RN oo ||
s Y \ | % “‘§> N \‘o ’“
g o | oa  Loflela Ao\ \/ S 2axt094
“E) « 1144, E LA o o
- | ol Oiaa o
ST A
| 7 A N
s I/ 4| i a
: - ‘ |
| b °
& | -
S o .
8 T T T T T
380 400 420 440 460
Time
———0———_0Observed ..... Avwnon- Skiron5  _ .. __ .. _Improved

Figure 8: Observed temperatures (°C), forecasts of SKIRONS and improved forecasts in Thessaloniki

(Station 16622) for the time period from 01/06/2008 to 31/08/2008 (forecasting period of 6 hours)
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Figure 9: Observed temperatures (°C), forecasts of SKIRONS and improved forecasts in Thessaloniki

(Station 16622) for the time period from 01/06/2008 to 31/08/2008 (forecasting period of 12 hours)
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Figure 10: Observed temperatures (°C), forecasts of SKIRONS and improved forecasts in Thessaloniki
(Station 16622) for the time period from 01/06/2008 to 31/08/2008 (forecasting period of 18 hours)
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Figure 11: Observed temperatures (°C), forecasts of SKIRONS and improved forecasts in Thessaloniki
(Station 16622) for the time period from 01/06/2008 to 31/08/2008 (forecasting period of 24 hours)
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Figure 12: Observed temperatures (°C), forecasts of SKIRONS and improved forecasts in Thessaloniki
(Station 16622) for the time period from 01/06/2008 to 31/08/2008 (forecasting period of 48 hours)

Temperature
35
|

20
|

380 400 420 440 460

Time

———0o———_0Observed ..... Avweon- Skiron5  _ .. __ .. _ Improved

Figure 13: Observed temperatures (°C), forecasts of SKIRONS and improved forecasts in Thessaloniki
(Station 16622) for the time period from 01/06/2008 to 31/08/2008 (forecasting period of 72 hours)

As shown in Figures 8, 9, 10, 11, 12 and 13 the new proposed procedure gives
corrected temperature forecasts that are closer to the observed temperatures than
SKIRONS forecasts. Finally, apart from graphical evidence (which for reasons of
simplicity was over a short period of time), we will provide some numerical summary

of the improvement over the entire period of time.
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a) The mean absolute error

700 700

Z|Treall. —Tmodel. Z|Treall. —Tﬁnall.|

MAESkiron == 700 2 MAEKalman == 700

where Treal is the vector which consists of the real temperatures, Tmodel is the vector

of the forecasted temperatures and Tfinal is the vector of the corrected temperatures,

b) the root mean square error

700 700

Z |Treall. —Tmodel, ’ Z|Treali - Tﬁnali|2

RMSESkiron = = 700 > RMSEKalman = = 700

c¢) the mean error

700 700

> (Treal, — Tmodel,) > (Treal, - Tfinal,)

MESkimn == 700 s MEKalman == 700

have been estimated for the forecasted and the corrected temperatures, for the time
period from 01/06/2007 to 30/04/2009 (700 days) and for 12 different forecasting
periods (6, 12, 18, 24, 30, 36, 42, 48, 54, 60, 66, 72 hours), i.e. over all of the data, for

the station of Thessaloniki.

These are presented in Table 4.
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MAE RMSE ME
Forecasting Forecasted Kalman Forecasted Kalman Forecasted Kalman
period by Filter by Filter by Filter
SKIRONS | Correction | SKIRONS | Correction | SKIRONS | Correction

6 hours 1,300 1,182 1,630 1,506 -0,205 -0,104
12 hours 1,579 1,501 2,011 1,901 0,635 0,114
18 hours 1,751 1,515 2,163 1,921 1,112 0,191
24 hours 1,916 1,416 2,410 1,874 1,693 0,326
30 hours 1,176 1,141 1,497 1,462 0,143 -0,009
36 hours 1,604 1,500 1,997 1,907 0,793 0,135
42 hours 1,847 1,489 2,237 1,905 1,203 0,193
48 hours 2,081 1,588 2,553 2,057 1,752 0,316
54 hours 1,231 1,184 1,586 1,544 0,176 -0,006
60 hours 1,713 1,565 2,093 1,971 0,844 0,151
66 hours 1,941 1,563 2,316 1,983 1,218 0,202
72 hours 2,141 1,680 2,654 2,206 1,731 0,389

Table 4: MAE, RMSE and ME for forecasts of SKIRONS and Kalman Filter corrections over all of the
data

In addition the numerical summaries of MAE, RMSE and ME at the forecast times of
6, 12, 18, 24, 30, 36, 42, 48, 54, 60, 66, 72 hours are also presented graphically in
Figures 14, 15 and 16, respectively.

The diurnal cycle observed in the patterns of ME, MAE and RMSE is due to
measurement (human and instrumental) and model errors. (Gofa et al., 2008) showed
that the errors of 2m temperature forecasts of SKIRON/Eta, COSMO-GR (both
operated by the Hellenic National Meteorological Service) and ECMWF models
exhibit a similar behaviour. The model errors are mainly due to a) the formulation of
all the atmospheric numerical models that represent the area averaged value of a
meteorological parameter as a grid-point value and b) the model physical
parameterizations. More specifically, the 2m temperature forecasts are sensitive to the
schemes that parameterize the soil, surface and boundary layer processes. Therefore,
the increased errors observed in the 24, 48 and 72 hours temperature forecasts (that all
correspond to 1200 UTC) and especially the positive values of ME indicate that the
model systematically overestimates the maximum daily temperature at Thessaloniki,

probably because of overestimated upward land surface fluxes of heat during noon.
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Figure 14: Variation of mean absolute error with forecasting periods for the time period of 700 days
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Figure 15: Variation of root mean square error with forecasting periods for the time period of 700 days
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Figure 16: Variation of mean error with forecasting periods for the time period of 700 days

The improvement in 2m-temperature forecasts is clearly illustrated in the graphs
presented above. In Figures 14 and 15 we can see that the mean absolute error (MAE)
and the root mean square error (RMSE) of the temperature forecasts are decreased
after the correction by our procedure for all 12 different forecasting periods. Whereas
the MAE of the temperature forecasts came over the 2,14°C in the predicted period of
72 hours, after the correction the calculated MAE ranges between 1,141°C and
1,680°C. It is worth noting the fact that, after correction, the mean error of the
temperature forecasts decreases to values close to zero, as it is shown in Figure 16.

Finally, the developed Kalman Filter correction was also applied to all the available
operational meteorological stations of the Hellenic National Meteorological Service
throughout Greece (Aleksandroupoli, Kerkura, Aktio-Preveza, Larissa, Limnos,
Mutilini, Andravida, Skyros, Athina-Elliniko, Souda, Rodos, Hrakleio) and the
improvement of the KF correction over the NWP model (Skiron5 and Skiron20)

values was persistent to all stations.

4.4 Conclusion

In this study a new Bayesian Kalman Filter based method was developed to

correct near surface temperature forecasts. The results which were presented in the
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previous chapter, indicate that our method is able to decrease the NWP model
prediction error and lead to a significant improvement of the forecasts of the weather
parameter in study. The effectiveness of this procedure, as well as the fact that it can
be easily run on any PC, gives the opportunity for further applications. Although in
this thesis we focus on near surface temperature forecasts, our method could be
applied also for the improvement of the predictions of other weather forecasting

parameters, such as wind speed, air pressure or humidity.
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Appendix

In this appendix we present the functions which have been used for the conducting of

the results of Chapter 4.

1. The functions “Imput.Observ” and “Imput.Skiron”

We have noticed that in most of the sets of data which have been used for the
correction of the next time-step temperature forecast, a percentage approximately of
2% of values is missing.

The functions “Imput.Observ”” and “Imput.Skiron” impute these missing values.

###The function “Imput.Observ”###

Imput.Observ<-function(Treal,n){

#Treal is the vector that consists of n real temperatures. The vector Treal contains
missing values which have been filled by the number -999#
TrealD<-c(rep(0,n))

for(iin 1:n){

if(Treal[i]==-999){
TrealD[i]<-mean(c(Treal[i-1],Treal[i+1]))

b

else{

TrealD[i]<-Treal[i]

b

b

TrealDD<-c(rep(0,n))

for(iin 1:n){

if(TrealD[i]<(-100)){
TrealDDJ[i]<-mean(c(TrealD[i-2],TrealD[i+2]))

}
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else{

TrealDDJi]<-TrealD[i]

}
}
TrealDD

}

###The function “Imput.Skiron”###

Imput.Skiron<-function(Tmodel,n){

#Tmodel is the vector that consists of n temperature forecasts. The vector Tmodel
contains missing values which have been filled by the number -999#
TmodelD<-c(rep(0,n))

for(iin 1:n){

if(Tmodel[1]==-999){
TmodelD[i]<-mean(c(Tmodel[i-1],Tmodel[i+1]))

}

else{

TmodelD[i]<-Tmodel[i]

}

}
TmodelDD<-c(rep(0,n))

for(iin 1:n){

if(TmodelDJ[i]<(-100)){
TmodelDD[i]<-mean(c(TmodelD[i-2],TmodelD[i+2]))
b

else{

TmodelDD[i]<-TmodelD[i]

}

¥
TmodelDD

}
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2. The function “Ck”

The function “Ck”, using the observations and the temperature forecasts for the time-
steps 1,2,...,m (Treal, Tmodel, respectively), calculates the value of k which will be

used for the correction of the temperature forecast for the time-steps m+1,m+2,...,2m.

The function “Ck” calculates the quantity DZZ Y —Y| for 1000 different values of k

i=1

and selects the value of « (kmin) for which the quantity D is minimized.

###The function “CK”###

Ck<-function(m,Treal, Tmodel){
Yt<-Treal-Tmodel

thetahat0<-0

At<-c(rep(0,m))

Bt<-c(rep(0,m))
thetahat<-c(rep(0,m))
Ythat<-c(thetahat0,rep(0,m-1))
D<-c(rep(0,1000))

counter<-1

for(k in seq(0.01,10,0.01)){
BO<-k

At[1]<-B0O+k
Bt[1]<-At[1]/(At[1]+1)

thetahat[ 1 [<-Bt[1]*Yt[ 1 [+thetahatO/(At[1]+1)
for(i in 2:m){

At[i]<-Bt[i-1]+k
Bt[i]<-At[i]/(At[i]+1)
thetahat[i]<-Bt[i]*Yt[i]+thetahat[i-1]/(At[i]+1)
Ythat[i]<-thetahat[i-1]

}
D[counter]<-sum(abs(Yt-Ythat))
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counter<-counter+1

§
k<-seq(0.01,10,0.01)
kmin<-k[order(D)[1]]
kmin

}

3. The function “S”

According to our algorithm, the improved temperature forecast for every future time

t+1 is resulted by the sum of the prediction of the NWP model for the time-step t+1

A A

and the estimate of the systematic error ;. The systematic error &,, for time t, is

given by the equation

ét :Bth +(1—Bt) ét—l
where

Y, is the difference between observed and forecasted temperature at time t,

A A
B,=——,4,=B, ,+x, B,=r and 6y=0
A4 +1

The function “S”, using the temperature forecasts for time t=1,2,...,m (Tmodel) and
the observations (Treal), applies the algorithm and calculates the vector Tfinal which

consists of the improved temperature forecasts for the time steps t=1,2,...,m.

###The function “S”###

S<-function(m,k, Treal, Tmodel){
n<-m-1

Yt<-Treal-Tmodel
Tfinal<-c(rep(0,m))
thetahat0<-0

At<-c(rep(0,n))
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Bt<-c(rep(0,n))

thetahat<-c(rep(0,n))

B0O<-k

At[1]<-BO+k

Bt[1]<-At[1]/(At[1]+1)
thetahat[1]<-Bt[1]*Yt[ 1 ]+thetahatO/(At[1]+1)
Tfinal[1]<-Tmodel[1]+thetahat0
Tfinal[2]<-Tmodel[2]+thetahat[1]

for(i in 2:n){

At[i]<-Bt[i-1]+k

Bt[i]<-At[i]/(At[i]+1)
thetahat[i]<-Bt[i]*Yt[i]+thetahat[i-1]/(At[i]+1)
Tfinal[i+1]<-Tmodel[i+1]+thetahat[i]

}

Tfinal

}

4. The function “FF””’

The function “FF” includes the functions “Ck” and “S”. It has as output a data frame

that consists of the observed, forecasted and improved temperatures for the time-steps

1,2,....t

###The function “FF’###

FF<-function(m,t, Treal, Tmodel){

Tfinal<-c(rep(0,t))

Tfinal[1:m]<-Tmodel[1:m]

kmin1<-Ck(m,Treal[1:m],Tmodel[ 1:m])
Tfinal[(m+1):(m+m)]<-S(m,kmin1,Treal[(m+1):(m+m)], Tmodel[ (m+1):(m+m)])

for(j in seq((m+m-+1),t,m)){
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kmin<-Ck(m,Treal[(j-m):(j-1)],Tmodel[(j-m):(j-1)])
Tfinal[j:(j+m-1)]<-S(m,kmin,Treal[j:(j+m-1)],Tmodel[j:(j+m-1)])

}

data.frame(Date=1:t,Treal=Treal, Tmodel=Tmodel, Tfinal=Tfinal[ 1:t])

}

5. The function “W””’

The function “W” has as output the optimal value of the window m.

###The function “W” ###

W<-function(t, Treal, Tmodel){
Tfinal700DD<-c(rep(0,t))

M<-0

counter<-1

for(m in seq(10,100,10)){
Tfinal700DD<-FF(m,t, Treal, Tmodel)[,4]
M| counter]<-(sum(abs(Treal[(m+1):t]-Tfinal700DD[(m+1):t])))/(t-m)
counter<-counter+1

print(Tfinal700DD)

b

m<-seq(10,100,10)
mmin<-m[order(M)[1]]

list(mmin,plot(m,M))
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