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PerÐlhyh

Skopìc aut c thc diplwmatik c ergasÐac eÐnai h melèth kai h an�deixh thc qrhsimìthtac twn opisjo-
dromik¸n stoqastik¸n diaforik¸n exis¸sewn sto krit rio anjektikoÔ elègqou kaj¸c kai sthn arq 
stoqastik c megistopoÐhshc kai sta stoqastik� diaforik� paÐgnia. Sto pr¸to kef�laio asqoloÔmaste
me thn epÐlush miac genik c morf c opisjodromik c stoqastik c diaforik c exÐswshc kaj¸c kai enìc
genikoÔ sust matoc prodromik¸n-opisjodromik¸n stoqastik¸n diaforik¸n exis¸sewn.Sto deÔtero ke-
f�laio analÔoume to krit rio anjektikoÔ elègqou kai qrhsimopoioÔme tic opisjodromikèc stoqastikèc
diaforikèc exis¸seic gia thn exagwg  shmantik¸n apotelesm�twn. Sto trÐto kef�laio, anadeiknÔoume
thn jewrÐa twn prodromik¸n-opisjodromikwn stoqastik¸n diaforik¸n exis¸sewn kai thn qrhsimopoioÔme
gia na epilÔsoume probl mata stoqastik c jewrÐac elègqou. Tèloc, sto tètarto kef�laio, efarmìzoume
ta apotelèsmata twn kefalaÐwn 2 kai 3 sto prìblhma stoqastik c megistopoÐhshc me abebaiìthta gia
to montèlo.
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Kef�laio 1

EpÐlush BSDE’s kai FBSDE’s

1.1 EpÐlush opisjodromik¸n stoqastik¸n diaforik¸n exis¸sewn
(BSDE’s)

'Estw (Ω,F , P ) q¸roc pijanìthtac kai B na eÐnai mia kÐnhsh Brown. Efodi�zoume ton (Ω,F , P ) me thn
di jhsh {Ft}, ìpou Ft = σ(Bs, s ≤ t), t ∈ [0, T ] kai FT = F . SumbolÐzoume me

D ≡
{
x : Ω× [0, T ]→ R, xt ∈ m−Ft1 gia k�je t ∈ [0, T ] kai E

(∫ T

0
x2
tdt

)
<∞

}
,

me

D+ ≡
{
x : Ω× [0, T ]→ R, x ≥ 0, xt ∈ m−Ft gia k�je t ∈ [0, T ] kai E(

∫ T

0
x2
tdt) <∞

}
me

Dexp
0 ≡

{
x ∈ D : E

[
exp

(
ess sup

t
α|xt|

)]
<∞ gia k�jeα ∈ R

}
me

Dexp
1 ≡

{
x ∈ D : E

[
exp

(
α

∫ T

0
|xt|dt

)]
<∞ gia k�jeα ∈ R

}
kai me

Dn ≡ D ×D × . . .×D.

Je¸rhma 1 2 'Estw U ∈ Dexp
1 kai β ∈ D+ fragmènec diadikasÐec. Tìte up�rqei monadikì zeÔgoc

(V,Z) ∈ Dexp
0 ×Dn tètoio ¸ste

dVt = −
(
Ut − βtVt +

1

2
||Zt||2

)
dt+ ZtdBt, VT = 0 (1.1)

Epiplèon h V eÐnai fjÐnousa kai kurt  san sun�rthsh thc U .

H apìdeixh tou jewr matoc prokÔptei �mesa qrhsimopoi¸ntac tic prot�seic 1,2 kai 3.

2Schroder and Skiadas [6]
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Kaj¸c h U eÐnai fragmènh jewroÔme β̄ ∈ R èna �nw fr�gma thc diadikasÐac β. Arqik� ja doulèyoume
p�nw se mia anadiatÔpwsh tou probl matoc. 'Etsi gia (V,Z) ∈ Dexp

0 × Dn kai qrìno diakop c3 r,
jewroÔme thn anadromik  sqèsh

Vt = log

(
Et
[
exp

(∫ r

t
(Us − βsVs) ds+ Vr

)])
sto {r ≥ t} ∈ F (1.2)

kai èqoume :

Prìtash 1 Ta akìlouja eÐnai isodÔnama :

a) ∃!Z ∈ Dn tètoia ¸ste h (V,Z) na ikanopoieÐ thn (1.1)

b) ∃Z ∈ Dn tètoia ¸ste h (V,Z) na ikanopoieÐ thn (1.2)

g) H V ikanopoieÐ thn (1.2) gia r = T kai gia VT = 0

d) H V ikanopoieÐ thn (1.2) gia k�je qrìno diakop c r kai gia VT = 0

Apìdeixh:
Oi sunepag¸gec (α)⇒ (β) kai (δ)⇒ (γ) eÐnai tetrimmènec.
( (g) ⇒ (d) )
'Estw ìti isqÔei h (g). Tìte h (1.2) gia r = T , mac dÐnei

Vt = log

(
Et
[
exp

(∫ T

t
(Us − βsVs) ds+ VT

)])
epomènwc

exp(Vt) = Et
[
exp

(∫ T

t
(Us − βsVs) ds

)]
= Et

[
exp

(
−
∫ t

0
(Us − βsVs) ds

)
exp

(∫ T

0
(Us − βsVs) ds

)]

'Omwc exp
(
−
∫ t

0 (Us − βsVs) ds
)
∈ m−Ft, epomènwc

exp(Vt) = exp

(
−
∫ t

0
(Us − βsVs) ds

)
Mt, (1.3)

ìpou Mt = Et[exp(
∫ T

0 (Us − βsVs)ds)] eÐnai martingale, kaj¸c gia k ≤ t èqoume Fk ⊆ Ft kai �ra

E[Mt|Fk] = E
[
E
[
exp

(∫ T

0
(Us − βsVs) ds)

∣∣∣∣Ft]∣∣∣∣Fk] = Ek
[
exp

(∫ T

0
(Us − βsVs) ds

)]
= Mk.

'Estw t¸ra ìti r eÐnai ènac opoiosd pote qrìnoc diakop c. Apì to Je¸rhma Epilektik c Diakop c
(optional stopping theorem) èqoume Mt = Et[Mr] sto sÔnolo {r ≥ t} . Apì thn (1.3) (gia t = r)
èqoume

exp(Vr) = exp

(
−
∫ r

0
(Us − βsVs) ds

)
Mr ⇔

exp

(∫ r

t
(Us − βsVs) ds+ Vr

)
= exp

(∫ r

t
(Us − βsVs) ds−

∫ r

0
(Us − βsVs) ds

)
Mr ⇔

3 'Estw r : Ω→ [0, T ] mia tuqaÐa metablht . H r lègetai qrìnoc diakop c (stopping time) an {r ≤ t} ∈ Ft.
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exp

(∫ r

t
(Us − βsVs) ds+ Vr

)
= exp

(
−
∫ t

0
(Us − βsVs) ds

)
Mr

epomènwc,

Et
[
exp

(∫ r

t
(Us − βsVs) ds

)
+ Vr

]
= Et

[
exp

(
−
∫ t

0
(Us − βsVs) ds

)
Mr

]
kai �ra

exp(Vt) = exp

(
−
∫ t

0
(Us − βsVs) ds

)
Mt

pou isqÔei, �ra deÐxame to zhtoÔmeno.
( (g) ⇒ (b) )
'Estw ìti isqÔei h (g). Tìte apì to Je¸rhma Anapar�stashc twn martingale èqoume gia to {Mt} ìti
up�rqei monadik  diadikasÐa Ẑ ∈ Dn tètoio ¸ste dMt = ẐtdBt. JewroÔme thn diadikasÐa Z pou orÐzetai
wc Zt = ẐtM

−1
t . ApodeiknÔetai ìti Z ∈ Dn. JètontacWt = exp(Vt) logarijmÐzontac kai efarmìzontac

to l mma tou Itô, èqoume :
dWt

Wt
= − (Ut − βtVt) +

dMt

Mt
⇒

dWt

Wt
= − (Us − βtVt) + ZtdBt ⇒ dWt = −Wt (Ut − βtVt) +WtZtdBt ⇒∫ t

0
dWs =

∫ t

o
Ws [− (Us − βsVs)] ds+

∫ t

0
WsZsdBs ⇒

Wt −W0 =

∫ t

o
Ws [− (Us − βsVs)] ds+

∫ t

0
WsZsdBs ⇒

Wt = W0 +

∫ t

o
Ws [− (Us − βsVs)] ds+

∫ t

0
WsZsdBs

Tìte h {Ws} eÐnai diadikasÐa Itô kaj¸c :

• W0 = exp(V0) ∈ m−F0(V ∈ D)

•
∫ T

0 |Ws [−(Us − βsVs)] |ds <∞, P − σ.β. kai
∫ T

0 |WsZs|2ds <∞, P − σ.β.

• Oi diadikasÐec (Ws[−(Us−βsVs)])0≤s≤T kai (WsZs)0≤s≤T eÐnai prosarmosmènh sthn di jhsh {Ft},
autì eÐnai profanèc an parathr soume sto pwc orÐzontai oi emplekìmenec diadikasÐec.

EpÐshc f(x) = log(x) ∈ C2(R+) 'Ara apo to L mma tou Itô èqoume ìti :

log(Wt) = log(W0) +

∫ t

0

1

Ws
Ws [− (Us − βsVs)] ds+

∫ t

0

1

Ws
WsZsdBs +

1

2

∫ t

0
− 1

W 2
s

d < W,W >s,

ìpou

< W,W >s=

∫ s

0
W 2
t Z

2
t dt,

epomènwc

log(Wt) = log(W0) +

∫ t

0
[− (Us − βsVs)] ds+

∫ t

0
ZsdBs −

1

2

∫ t

0
Z2
sds

'Omwc Vt = log(Wt), telik�

dVt = −
(
Ut − βtVt +

1

2
||Zt||2

)
dt+ ZtdBt
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'Ara apodeÐxame to zhtoÔmeno •
( (b) ⇒ (g) )
'Estw ìti to (V,Z) ∈ Dexp

0 × Dn ikanopoieÐ thn (1.1) kai èstw (Wt)0≤t≤T ìpwc orÐsthke parap�nw.
Tìte h W ikanopoieÐ thn

dWt

Wt
= −(Us − βtVt) + ZtdBt.

'Estw M to stoqastikì ekjetikì thc Z (dhlad  Mt = exp
(
Zt − 1

2 [Z]t
)
, to M eÐnai to monadikì topikì

martingale pou ikanopoieÐ thn sqèsh

dMt = MtZtdBt,M0 = 1,

ètsi oloklhr¸nontac kata mèlh thn

dWt

Wt
= −(Us − βtVt) + ZtdBt

prokÔptei h (1.3). Gia k�je qrìno diakop c r jètoume

M r
t = Mt1{t≤r} +Mr1{t>r}.

JewroÔme (rn) mia aÔxousa akoloujÐa apì qrìnouc diakop c me rn → T, kaj¸cn → ∞, tètoia ¸ste h
diadikasÐa Mrn na eÐnai martingale gia k�je n ∈ N. Leitourg¸ntac ìpwc sthn apìdeixh thc ( (g) ⇒
(d) ) èqoume ìti

exp(Vt) = exp

(∫ rn

t
Us − βsVsds+ Vrn

)
sto{rn ≥ t}.

'Estw t¸ra fn : Ω× [0, T ]→ R me

fn(s) = exp

(∫ rn

t
Us − βsVsds+ Vrn

)
.

'Eqoume ìti

fn
σ.β→ f ≡ exp

(∫ T

t
Us − βsVsds+ VT

)
.

EpÐshc lìgw twn pedÐwn tim¸n twn U, V kai β èqoume |fn(s)| ≤ M ∈ R kai epomènwc apo to Je¸rhma
Kuriarqhmènhc SÔgklishc èqoume to zhtoÔmeno.
( (b) ⇒ (a) )
'Estw ìti isqÔei h (β) kai èstw Wt = exp(Vt) tìte h Z antiproswpeÔei thn diadikasÐa di�qushc thc Itô
decomposition thc dWt

Wt
kai gia autì ton lìgo eÐnai kai monos manta orismènh sto D kai �ra èqoume to

zhtoÔmeno.
ApodeÐqjhke •

'Ena endiafèron pìrisma apo thn Prìtash 1 eÐnai ìti gia β = 0 h (1.2) me r = T dÐnei se kleist  morf 
thn V ∈ Dexp

0 pou eÐnai mèroc thc lÔshc thc (1.1). Gia β 6= 0 den eÐnai emfan c mia kleÐsth morf 
thc V kai epomènwc katafeÔgoume sthn lÔsh tou "stajeroÔ shmeÐou". Gia ton skopì autì orÐzoume thn
apeikìnish FU : Dexp

0 → Dexp
0 me

FU (V )t = log

(
Et
[
exp

(∫ T

t
Us − βsVsds

)])
, t ∈ [0, T ]

Mac endiafèrei na broÔme monadikì stajerì shmeÐo thc FU kai na elègxoume thn monotonÐa tou wc proc
thn U . Upojètontac proswrin� ìti up�rqei stajerì shmeÐo, h monadikìtht� tou kai h monotonÐa tou wc
proc U eÐnai sunèpeiec thc parak�tw prìtashc.
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Prìtash 2 Upojètoume ìti gia k�poia U ∈ Dexp
1 isqÔoun ta ex c :

a) Gia V ∈ Dexp
0 , V = FU (V ).

b) Gia suneq  Ṽ ∈ Dexp
0 , ṼT ≥ 0 kai gia qrìno diakop c r

Ṽt ≥ log

(
Et
[
exp

(∫ r

t
Us − βsṼsds

)])
, στo{r > t}, t ∈ [0, T ].

Tìte Ṽt ≥ Vt, P − σ.b.t ∈ [0, T ] (An�logo apotèlesma èqoume kai gia thn ' ≤ ')

Apìdeixh: 'Estw ìti up�rqei t tètoio ¸ste to sÔnolo A = {Ṽt < Vt} na mhn eÐnai P−mhdenosÔnolo.
JewroÔme qrìno diakop c r me r = inf{s ≥ t : Ṽs ≥ Vs}. Kaj¸c Ṽ kai V eÐnai sqedìn pantoÔ
suneqeÐc,wc proc t (apì ton orismì touc) kai ṼT ≥ 0 = VT èqoume Ṽr = Vr sto A, kaj¸c Ṽs ≤ Vs sto
A ∪ {t ≤ s < r}. Epomènwc apì thn upìjes  mac kai apì thn Prìtash 1 èqoume

0 > exp(Ṽt)− exp(Vt) ≥ Et
[
exp

(∫ r

t
Us − βsṼsds+ Ṽr

)
− exp

(∫ r

t
Us − βsVsds+ Vr

)]
≥ 0

pou eÐnai �topo, �ra deÐxame ìti to A eÐnai P−mhdenosÔnolo kai epomènwc apodeÐxame to zhtoÔmeno.
(Entel¸c an�logh apìdeixh èqoume kai gia thn ' ≤ ') •

'Estw U i ∈ Dexp
1 kai V i ∈ Dexp

0 , i = 1, 2 me FU (V i) = V i. Tìte apì tic Prot�seic 1 kai 2 èqoume ìti
an U1 ≥ U2 tìte V 1 ≥ V 2 apodeiknÔontac ètsi ìti h V eÐnai fjÐnousa wc proc thn U . Epiplèon, an
U1 = U2 = U, V 1 ≥ V2 (kaj¸c, U1 ≥ U2) kai tautìqrona V 1 ≤ V2 (kaj¸c, U1 ≤ U2). Epomènwc
V 1 = V 2 kai epomènwc deÐxame ìti h FU èqei monadikì stajerì shmeÐo.

T¸ra ja deÐxoume thn Ôparxh stajeroÔ shmeÐou thc FU Ja diakrÐnoume peript¸seic gia thn diadika-
sÐa U .

1) H diadikasÐa U eÐnai fragmènh.

'Estw sÔnolo
B ≡ {U ;U ∈ Dexp

0 , Ufragmènh}

efodiasmèno me thn metrik 
d(x, y) = ess sup

(w,t)
|x(w, t)− y(w, t)|,

tìte (B, d) eÐnai pl rhc metrikìc q¸roc. To sÔnolo B eÐnai diatetagmèno me thn ex c di�taxh : x ≥ y an
P [xt ≥ yt] = 1 gia k�je tsto[0, T ] •

Prìtash 3 An U ∈ B tìte FU (V ) = V gia k�poio V ∈ B.

Apìdeixh: Mèsw to jewr matoc stajeroÔ shmeÐou sustol c tou Blackwell deÐqnoume ìti h FU eÐnai
sustol  an β̄T < 1. To merikì autì apotèlesma ja genikeujeÐ diamerÐzontac to [0, T ] kai dhmiourg¸ntac
thn lÔsh opisjodromik� ston qrìno. Enallaktik� gia k�je T h F {k}4 eÐnai sustol  gia epark¸c meg�lo
k. OrÐzoume Id na eÐnai h tautotik  apeikìnish Id : R+ → B me Id(x) = x. 'Eqoume ìti

βs ≤ β̄, s ∈ [0, T ]⇒
∫ T

t
βsds ≤ β̄(T − t) ≤ β̄T x > 0

=⇒ x

∫ T

t
βsds ≤ β̄Tx⇒

∫ T

t
−βsId(x)ds ≥ −β̄Tx⇒

∫ T

t
Us − βs (Vs + Id(x)) ds ≥

∫ T

t
Us − βsVsds− β̄Tx

4F {k} eÐnai h sÔnjesh thc F me ton eautì thc k to pl joc forèc.
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'Omwc h ekjetik  sun�rthsh eÐnai aÔxousa, epomènwc

exp

(∫ T

t
Us − βs (Vs + Id(x)) ds

)
≥ exp(

∫ T

t
Us − βsVsds) exp(−β̄Tx)

kai �ra

Et
[
exp

(∫ T

t
Us − βs (Vs + Id(x)) ds

)]
≥ Et

[
exp

(∫ T

t
Us − βsVsds

)]
exp(−β̄Tx)

'Omwc h logarijmik  sun�rthsh eÐnai aÔxousa, epomènwc

FU (V + Id(x)) ≥ FU (V )− β̄Tx.

'Estw t¸ra V,W ∈ B. Kaj¸c V ≤W + d(V,W )(
P [Vt ≤Wt + d(V,W )] = P

[
Vt ≤Wt + ess sup

(u,t)
|Vt(u)−Wt(u)|

]
= 1

)

kai kaj¸c h FU eÐnai fjÐnousa, èqoume

FU (V ) ≥ FU (W + d(V,W )) ≥ FU (W )− β̄Td(V,W ).

'Omoia, kaj¸c W ≤ V + d(W,V ) èqoume

FU (W ) ≥ FU (V + d(W,V )) ≥ FU (V )− β̄Td(W,V )

kai epomènwc
d (FU (V ), FU (W )) ≤ β̄Td(V,W )

ApodeiknÔontac ètsi ìti h FU eÐnai sustol  an β̄T < 1.
An β̄T ≥ 1 paÐrnoume N ∈ N tètoio ¸ste N > β̄T . Arqik�, jètoume k = N − 1, apì ta parap�nw

èqoume ìti up�rqei V ∈ B pou na ikanopoieÐ thn (1) gia k�je t ≥ kT
N . Proqwr�me epagwgik�, upojètontac

ìti ta parap�nw isqÔoun gia k ∈ {1, 2, ..., N−1}. 'Estw V ∈ B na eÐnai lÔsh thc (1) sto qronikì di�sthma

[TkN , T ] kai efarmìzontac, ìpwc prin, to Ðdio epiqeÐrhma me thn sustol  sto qronikì di�sthma [T (k−1)
N , TkN ],

me sunoriak  tim  VTk
N

eÔkola prokÔptei to zhtoÔmeno. Enallaktik�, orÐzontac thn metrik 

dt(x, y) = ess sup
{(w,s);s≥t}

|x(w, s)− y(w, s)|

kai leitourg¸ntac ìpwc parap�nw, èqoume

dt(FU (V ), FU (W )) ≤ β̄(T − t)d0(V,W ).

Leitourg¸ntac epanalambanìmena me thn Ðdia logik  k forèc, èqoume

dt(FU
{k}(V ), FU

{k}(W )) ≤ (β̄(T − t)k

k!
d0(V,W )

Epomènwc gia epark¸c meg�lo k, h FU
{k} eÐnai sustol  kai up�rqei monadik  diadikasÐa V ∈ B me

FU
{k}(V ) = V ⇒ FU

{k+1}(V ) = FU (V )

ìmwc FU
{m}(V ) = V gia n ≥ k �ra kai gia m = k + 1. Epomènwc deÐxame ìti FU (V ) = V , dhlad  h V

eÐnai stajerì shmeÐo thc FU .

9

CC BY: Attribution alone 4.0

https://creativecommons.org/licenses/by/4.0/

https://doi.org/10.26219/heal.aueb.1977



2) H diadikasÐa U den eÐnai fragmènh.
Apì tic prot�seic 4 kai 5 ja deÐxoume ìti gia k�je U ∈ Dexp

1 , h FU èqei stajerì shmeÐo sto Dexp
0 .

DiakrÐnoume peript¸seic :

2.1) H diadikasÐa U ∈ Dexp
1 eÐnai k�tw fragmènh .

Gia k�je n ∈ N, jewroÔme thn Unt = min {Ut, n} kai èstw V n ∈ B me F
{m}
U (V n) = V n. 'Opwc prohgou-

mènwc apodeiknÔetai ìti h V n up�rqei kai profan¸c eÐnai aÔxousa sun�rthsh wc proc n, epomènwc

V n
t ≤ log

(
Et
[
exp

(∫ T

t
Us − βsV 1

s ds

)])
.

Kaj¸c V 1 ∈ Dexp
0 h akoloujÐa {V n}n∈N eÐnai k�tw fragmènh sqedìn bèbaia kai wc ek toÔtou, up�rqei

V tètoia ¸ste V n ↗ V σ.β. kaj¸c n→∞ . Mèsw thc Doob’s maximal inequality5 kai kaj¸c

V n
t ≤ log

(
Et
[
exp

(∫ T

t
Us − βsV 1

s ds

)])
prokÔptei ìti V ∈ Dexp

0 . Kaj¸c n→∞ sthn F
{n}
U (V n) = Vn kai qrhsimopoi¸ntac to Je¸rhma Kuriar-

qhmènhc SÔgklishc prokÔptei ìti FU (V ) = V pou apodukneÐei thn Ôparxh stajeroÔ shmeÐou thc FU gia
U pou den eÐnai k�tw fragmènh.

2.2) H diadikasÐa U ∈ Dexp
1 eÐnai k�tw fragmènh .

Gia na epekteÐnoume thn apìdeixh thc Ôparxhc sthn perÐptwsh ìpou U den eÐnai k�tw fragmènh, qrh-
simopoioÔme èna an�logo epiqeÐrhma me Un = max(U,−n) deÐqnontac ìti h antÐstoiqh V n sugklÐnei
monìtona, apì p�nw, se èna stajerì shmeÐo thc FU . Autì oloklhr¸nei thn apìdeixh thc Ôparxhc kai
thc monotonÐac tou stajeroÔ shmeÐou thc FU .

Tèloc, ja apodeÐxoume thn kurtìthta thc V san sun�rthsh thc U .
'Estw diadikasièc U1, U2 ∈ Dexp

1 kai (V i, Zi) ∈ Dexp
0 ×Dn , i ∈ {a, b} me

dV i
t = −

(
U it − βit +

1

2
||Zit ||2

)
dt+ ZitdBt, V

i
T = 0.

Stajeropoi¸ntac èna ε ∈ (0, 1), orÐzoume

(V ε, Zε) = ε(V a, Za) + (1− ε)(V b, Zb)

kai upojètoume ìti h (V,Z) ∈ Dexp
0 ×Dn eÐnai h lÔsh thc (1) pou antistoiqeÐ sthn

U ≡ εUa + (1− ε)U b.

An deÐxoume ìti V ε
0 ≥ V0 tìte eÐnai profanèc ìti h V ja eÐnai kurt  wc proc U . Jètoume diadikasÐa ∆

me

∆t =
[
ε||Zat ||2 + (1− ε)||Zbt ||2 − ||Zεt ||2

]
/2 > 0

(apì anisìthta Jensen) kai èqoume

dV ε
t = −

(
Ut + ∆t − βtV ε

t +
1

2
||Zεt ||2

)
dt+ ZεtdBt, V

ε
T = 0.

5An {xn} eÐnai jetikì submartingale kai 1 < p <∞ tìte gia n ∈ N èqoume ||x∗n||p ≤ Cp||xn||p, ìpou x∗n ≡ max0≤k≤n xk
kai Cp ≡ p

p−1
.
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Agno¸ntac proc to parìn ton opoiod pote apaitoÔmeno periorismì thc ∆ wc proc thn oloklhrwsimìthta,
h Prìtash 1 mac dÐnei to exhc: gia k�je qrìno diakop c r,

exp(V ε
t ) = Et

[
exp

(∫ r

t
Us + ∆s − βsV ε

s ds+ V ε
r

)]
> Et

[
exp

(∫ r

t
Us − βsV ε

s ds+ V ε
r

)]
Mèsw thc Prìtashc 2 prokÔptei ìti V ε

0 ≥ V0.
Tèloc, prèpei na b�loume periorismoÔc wc proc thn oloklhrwsimìthta thc ∆ ¸ste h apìdeix  mac na
eÐnai pl rhc:

A) Diaforopoi¸ntac thn Prìtash 1 wc ex c : Sthn apìdeix  thc Prìtashc 1 ((β) ⇒ (γ)) antÐ na
p�roume rn → T , paÐrnoume xn → r, ìpou r eÐnai qrìnoc diakop c kai xn = min {rn, r}, n ∈ N kai

B) Antikajist¸ntac to ∆ me to min {∆, 1} paÐrnoume

exp(V ε
t ) ≥ Et

[
exp

(∫ rn

t
Us + min {∆s, 1} − βsV ε

s ds+ V ε
rn

)]
, n ∈ N

kai paÐrnontac to ìrio, kaj¸c n→∞ oloklhr¸noume thn apìdeixh ìpwc prin •

Je¸rhma 2 6 'Estw F mia proodeutik� metr simh kai tetragwnik� oloklhr¸simh tuqaÐa metablht .'Estw
epÐshc β kai ξ fragmènec kai problèyimec diadikasÐec kai ϕ mia problèyimh diadikasÐa, tètoia ¸ste

E[
∫ T

0 ϕ2
tdt] <∞. Tìte h opisjodromik  stoqastik  diaforik  exÐswsh (BSDE) :

dYt = −[Ut + βtYt + ξtZt]dt+ ZtdBt, YT = F (1.4)

èqei monadik  lÔsh thn

Yt = E
[
FΨ(t, T ) +

∫ T

t
Ψ(t, s)Usds

∣∣∣∣Ft] , t ∈ [0, T ] (1.5)

ìpou

Ψ(t, s) = exp

[∫ s

t
(βu −

1

2
ξu)du+

∫ s

t
ξudBu

]
(1.6)

  isodÔnama
dΨ(t, s) = Ψ(t, s)[βsds+ ξsdBs], s ∈ [t, T ]meΨ(t, t) = 1 (1.7)

Apìdeixh: H Ôparxh kai h monadikìthta thc lÔshc apodeiknÔontai ìmoia me thn perÐptwsh ìpou YT = 0
sto Je¸rhma 1 epomènwc to mìno poÔ mènei na apodeÐxoume eÐnai ìti h lÔsh thc (1.4) eÐnai thc morf c

(1.5). 'Eqoume loipìn, katarq n gia thn Ψ ìti Ψ(t, s) = Ψ(0,s)
Ψ(0,t) kai sumbolÐzoume me Ψs ≡ Ψ(0, s). Gia

thn diadikasÐa (ΨY )t oloklhr¸noume (kat� Itô) kat� mèlh kai èqoume ìti

d(ΨtYt) = ΨtdYt + YtdΨt + d < Ψ, Y >t

ìpou

< Ψ, Y >t=

∫ t

0
ZtΨtξt.

'Omwc isqÔoun oi (1.4) kai (1.7), epomènwc

Ψt [− (Ut + βtYt + ξtZt) dt+ ZtdBt] + YtΨt (βtdt+ ξtdBt) + ΨtξtZtdt =

−ΨtUtdt+ (Zt + ξtYt) ΨtdBt,

6Skiadas [7]
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�ra h diadikasÐa
(

ΨtYt +
∫ t

0 ΨsUsds
)
eÐnai P−martingale kai sunep¸c

ΨtYt +

∫ t

0
ΨsUsds = E

[
FΨT +

∫ T

0
ΨsUsds

∣∣∣∣Ft]
  isodÔnama

Yt = E
[
F

ΨT

Ψt
+

∫ T

t

Ψs

Ψt
Usds

∣∣∣∣Ft]
  isodÔnama

Yt = E
[
FΨ(t, T ) +

∫ T

t
Ψ(t, s)Usds

∣∣∣∣Ft] , t ∈ [0, T ].

ApodeÐqjhke •

1.2 EpÐlush Prodromik¸n-opisjodromik¸n stoqastik¸n dia-
forik¸n exis¸sewn (FBSDE’s)

'Estw (Ω,F , P ) q¸roc pijanìthtac kai B na eÐnai mia kÐnhsh Brown. Efodi�zoume ton (Ω,F , P ) me
thn di jhsh {Ft}, ìpou Ft = σ(Bs, s ≤ t), t ∈ [0, T ] kai FT = F . JewroÔme sÔsthma Prodromik¸n
Opisjodromik¸n Stoqastik¸n Diaforik¸n Exis¸sewn (FBSDE’s) :{

Xt = x+
∫ t
o b(s,Xs, Ys, Zs)ds+

∫ t
0 σ(s,Xs, Ys, Zs)dBs

Yt = g(Xt)−
∫ T
t h(s,Xs, Ys, Zs)ds−

∫ T
t ZsdBs

(1.8)

me t ∈ [0, T ]. Oi diadikasÐec X,Y kai Z paÐrnoun timèc sta Rn,Rn kai Rn×d antÐstoiqa.

Orismìc 1 OrÐzoume

M2(0, T ;Rn) =

{
u : ut ∈ Rn t ∈ [0, T ], u eÐnai Ft − prosarmosmènh kai E

[∫ T

0
|us|2ds

]
<∞

}
Orismìc 2 H diadikasÐa (X,Y, Z) : [0, T ] × Ω → Rn × Rn × Rn×d lègetai prosarmosmènh lÔsh tou
sust matoc (1.8) an (X,Y, Z) ∈M2(0, T ;Rn × Rn × Rn×d) kai ikanopoieÐ to sÔsthma (1.8) P − σ.β.

Sqìlio 1 To sÔsthma (1.8)gr�fetai isodÔnama se diaforik  morf  :{
dXt = b(t,Xt, Yt, Zt)dt+ σ(t,Xt, Yt, Zt)dBt , X0 = x

dYt = h(t,Xt, Yt, Zt)dt+ ZtdBt , YT = g(XT )
(1.9)

Upìjesh 1 (Olik  sunj kh Lipschitz) Gia k�je u ∈ Rn×Rn×Rn×d, f(·, u) ∈M2(0, T ;Rn×
Rn × Rn×d), x ∈ Rn kai g(x) ∈ L2(Ω,FT ;Rn) up�rqei stajer� c1 > 0 tètoia ¸ste

|f(t, u1)− f(t, u2)| ≤ c1|u1 − u2|P − σ.β. sqedìn pantoÔ sto Rn

gia k�je u1, u2 ∈ Rn × Rn × Rn×d kai

|g(x1)− g(x2)| ≤ c1|x1 − x2|P − σ.β.

gia k�je x1, x2 ∈ Rn.
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Upìjesh 2 (MonotonÐa) Up�rqei stajer� c2 > 0 tètoia ¸ste

[f(t, u1)− f(t, u2), u1 − u2] ≤ −c2|u1 − u2|2P − σ.β.sqedìn pantoÔ stoR+

gia k�je u1, u2 ∈ Rn × Rn × Rn×d kai

[g(x1)− g(x2), x1 − x2] ≥ c2|x1 − x2|2P − σ.β.

gia x1, x2 ∈ Rn, (ìpou
[a, b] = (a1, b1) + (a2, b2) + tr(bT3 a3)

gia a = (a1, a2, a3), b = (b1, b2, b3) ∈ Rn × Rn × Rn×d.)

L mma 1 'Estw b0(), h0(), σ0() ∈ M2(0, T ;Rn × Rn × Rn×d), g0 ∈ L2(Ω,FT ;Rn), tìte to parak�tw
sÔsthma Prodromik¸n - Opisjodromik¸n stoqastik¸n diaforik¸n exis¸sewn :{

Xt = x+
∫ t

0 (−Ys + b0(s)) ds+
∫ t

0 (−Zs + σ0(s)) dBs
Yt = (XT + go)−

∫ T
t (−Xs + h0(s)) ds−

∫ T
t ZsdBs

(1.10)

èqei monadik  prosarmosmènh lÔsh (X,Y, Z).

Apìdeixh: Arqik� jewroÔme thn akìloujh opisjodromik  stoqastik  diaforik  exÐswsh :

Ȳt = g0 −
∫ T

t

[
Ȳs + h0(s)− β0(s)

]
ds−

∫ T

t

[
2Z̄s − σ0(s)

]
dBs

  isodÔnama
dȲt =

[
Ȳt + h0(t)− b0(t)

]
dt+

[
2Z̄t − σ0(t)

]
dBt, YT = g0 +XT (1.11)

h opoÐa apodeiknÔetai ìti èqei monadik  prosarmosmènh lÔsh (Ȳ , Z̄). (H apìdeixh eÐnai an�logh tou
Jewr matoc 1). T¸ra h akìloujh opisjodromik  stoqastik  diaforik  exÐswsh :

Xt = x+

∫ t

0

(
−Xs − Ȳs + β0(s)

)
ds+

∫ t

0

(
−Z̄s + σ0(s)

)
dBs

  isodÔnama
dXt =

[
−Xt − Ȳt + b0(t)

]
dt+

[
−Z̄t + σ0(t)

]
dBt, X0 = x (1.12)

èqei profan¸c lÔsh kai jètontac Y = X + Ȳ , Z = Z̄, èqoume

dYt = dȲt + dXt

kai qrhsimopoi¸ntac tic (1.11) kai (1.12) èqoume ìti :

dYt =
[
Ȳt + h0(t)− b0(t)−Xt − Ȳt + b0(t)

]
dt+ [2Zt − σ0(t)− Zt + σ0(t)] dBt, YT = g0 +XT

�ra

Yt = (XT + go)−
∫ T

t
(−Xs + h0(s)) ds−

∫ T

t
ZsdBs

kai epomènwc deÐxame ìti to sÔsthma (1.10) èqei lÔsh thn (X,Y, Z). Gia thn monadikìthta thc lÔshc
(X,Y, Z) ergazìmaste ìpwc sthn apìdeixh tou Jewr matoc 3 kai èqoume to zhtoÔmeno •
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T¸ra gia dedomèno a ∈ R orÐzoume tic ex c diadikasÐec

ba(t, x, y, z) = ab(t, x, y, z) + (1− a)(−y)

σa(t, x, y, z) = aσ(t, x, y, z) + (1− a)(−z)

ha(t, x, y, z) = ah(t, x, y, z) + (1− a)(−x)

kai
ga(x) = ag(x) + (1− a)x

kai jewroÔme to sÔsthma diaforik¸n exis¸sewn:{
Xt = x+

∫ t
0 [ba(s, us) + bo(s)] ds+

∫ t
0 [σa(s, us) + σ0(s)] dBs

Yt = (ga(XT ) + g0)−
∫ T
t [ha(s, us) + h0(s)] ds−

∫ T
t ZsdBs

(1.13)

ìpou U = (X,Y, Z).

L mma 2 Upojètoume ìti gia dedomèno a0 ∈ [0, 1] kai gia k�je b0(), h0(), σ0() ∈ M2(0, T ;Rn × Rn ×
Rn×d) kai g0 ∈ L2(Ω,FT ,Rn) to sÔsthma exis¸sewn (1.13) èqei prosarmosmènh lÔsh, tìte up�r-
qei δ0 ≡ δ0(c1, c2, T ) ∈ (0, 1) tètoio ¸ste, gia k�je a ∈ [a0, a0 + δ0], gia k�je b0(), h0(), σ0() ∈
M2(0, T ;Rn × Rn × Rn×d) kai gia k�je g0 ∈ L2(Ω,FT ;Rn) to sÔsthma exis¸sewn (1.13) èqei pro-
sarmosmènh lÔsh.

H logik  ed¸ eÐnai, ìti èqontac thn prosremosmènh lÔsh U0 gia to α0 paÐrnoume akoloujÐa diadika-
si¸n (U i)i∈N ìpwc orÐzontai sthn apìdeixh tou Jewr matoc 3, ìpou oi U i − U i−1 ja fr�ssontai ston
M2(0, T ;Rn × Rn × Rn×d) apì mia δ0c

i, gia k�je i ∈ N, ìpou δ0 eÐnai to zhtoÔmeno kai c mia stajer�
sto (0, 1) kai kaj¸c to i→∞ èqoume ìti h U∞ ja eÐnai prosarmosmènh lÔsh tou (1.13).

Je¸rhma 3 7 'Estw ìti isqÔoun oi Upojèseic 1 kai 2. Tìte up�rqei monadik  lÔsh (X,Y, Z) tou
sust matoc diaforik¸n exis¸sewn (1.8) (isodÔnama tou (1.9) ).

Apìdeixh: ('Uparxh LÔshc) ParathroÔme arqik� ìti

bα0+δ(t, x, y, z) = bα0(t, x, y, z) + δ (y + b(t, x, y, z))

σα0+δ(t, x, y, z) = σα0(t, x, y, z) + δ (z + σ(t, x, y, z))

hα0+δ(t, x, y, z) = hα0(t, x, y, z) + δ (x+ h(t, x, y, z))

gα0+δ(x) = ga0(x) + δ (−x+ g(x))

Jètoume U0 = (X0, Y 0, Z0) = 0 kai epilÔoume epanalhptik� tic parak�tw exis¸seic :

Xi+1
t = x+

∫ t

0

[
bα0(s, U i+1

s ) + δ
[
Y i
s + b(s, U is)

]
+ b0(s)

]
ds

+

∫ t

0

[
σα0(s, U i+1

s ) + δ
[
Zis + σ(s, U is)

]
+ σ0(s)dBs

]
kai

Y i+1
t =

[
gα0(Xi+1

T ) + δ[−Xi
T + g(Xi

T )] + g0

]
−
∫ T

t

[
hα0(s, U i+1

s ) + δ
[
Xi
s + h(s, U is)

]
+ h0(s)

]
ds−

∫ T

t
Zi+1
s dBs,

7Hu and Peng [3]
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ìpou U i = (Xi, Y i, Zi). Jètoume

Û i+1 = (X̂i+1, Ŷ i+1, Ẑi+1) = U i+1 − U i

Apì to l mma 1 eÐnai profanèc ìti to sÔsthma exis¸sewn (1.13) èqei prosarmosmènh lÔsh, èstw U0, gia
k�je b0(), h0(), σ0() ∈M2(0, T ;Rn×Rn×Rn×d) kai gia k�je g0 ∈ L2(Ω,FT ,Rn). Apì l mma 2 up�rqei
δ0 ∈ [0, 1] tètoia ¸ste gia k�je a ∈ [0, δ0] to sÔsthma exis¸sewn (1.13) èqei prosarmosmènh lÔsh, èstw
U1 = (X1, Y 1, Z1) me X kai Y ìpwc orÐsthkan parap�nw. 'Efìson èqei lÔsh gia k�je a ∈ [0, δ0] jè-
toume a1 = δ0, kai tìte apì to l mma 2 up�rqei δ2 ∈ [δ1, 1] tètoio ¸ste gia k�je a ∈ [δ1, δ2] to sÔsthma
(1.13) èqei prosarmosmènh lÔsh, èstw U2 = (X2, Y 2, Z2) kai oÔtw kajex c. Genik�, gia n > 2 jètoume
an = δn−1 kai apì to l mma 2 up�rqei δn ∈ [δn−1, 1] tètoio ¸ste gia k�je a ∈ [δn−1, δn] to sÔsthma
exis¸sewn (1.13) èqei prosarmosmènh lÔsh, èstw Un+1. EpÐshc gia k�je i ∈ {1, 2, ...,m} (me m eÐte

peperasmèno, eÐte �peiro) paÐrnoume tic Û i = U i − U i−1 kai jètontac Û ≡ lima→1

(
U0 +

∑m
i=1 a

iÛ i
)

èqoume ìti Û = Um pou eÐnai prosarmosmènh lÔsh tou (1.13) kai efìson to sÔsthma (1.13) èqei lÔsh
tìte prokÔptei �mesa ìti kai to sÔsthma diaforik¸n exis¸sewn (1.8) èqei lÔsh.

Apìdeixh: (Monadikìthta LÔshc) 'Estw U1 = (X1, Y 1, Z1) kai U2 = (X2, Y 2, Z2) na eÐnai dÔo lÔseic
tou sust matoc diaforik¸n exis¸sewn (1.8). Tìte jètoume

(X̂, Ŷ , Ẑ) = (X1 −X2, Y 1 − Y 2, Z1 − Z2)

b̂(t) = b(t, U1
t )− b(t, U2

t )

σ̂(t) = σ(t, U1
t )− σ(t, U2

t )

kai
ĥ(t) = h(t, U1

t )− h(t, U2
t )

Apì thn Upìjesh 1 prokÔptei ìti {X̂t} kai {Ŷt} eÐnai suneqeÐc kai

E
[
supt∈[0,T ]|X̂t|2

]
+ E

[
supt∈[0,T ]|Ŷt|2

]
<∞

Efarmìzontac to l mma tou Itô sthn diadikasÐa ((Ŷt, X̂t)) èqoume ìti

d(Ŷt, X̂t) =
[
f(t, U1

t )− f(t, U2
t ), U1

t − U2
t

]
dt+

(
X̂T
t Ẑt + Ŷ T

t σ̂(t)
)
dBt

'Estw t¸ra qrìnoc diakop c r ∈ [0, T ] tètoioc ¸ste E
[∫ r

0 |X̂
T
t Ẑt + Ŷ T

t σ̂(t)|2dt
]
<∞ tìte

E
(

(Ŷr, X̂r)
)

= E
[∫ r

0

[
f(t, U1

t )− f(t, U2
t ), U1

t − U2
t

]
dt

]
JewroÔme mia akoloujÐa qrìnwn diakop c {rn}n∈N me rn ∈ [0, T ], n ∈ N kai rn ↗ T, P − σ.β. tìte apì
to Je¸rhma Kuriarqhmènhc SÔgklishc èqoume ìti

E
(
g(X1

T )− g(X2
T ), X1

T −X2
T

)
= E

(∫ T

0

[
f(t, U1

t )− f(t, U2
t ), U1

t − U2
t

]
dt

)
kai lìgw twn upojèsewn 1 kai 2 èqoume telik�

c2|X1
T −X2

T | ≤ E
(
g(X1

T )− g(X2
T ), X1

T −X2
T

)
≤ −c2E

[∫ T

0
|U1
t − U2

t |2dt
]
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ìmwc c2 > 0 epomènwc

0 ≤ c2E
[∫ T

0
|U1
t − U2

t |dt
]
≤ −c2|X1

T −X2
T |2 ≤ 0

'Ara èqoume telik� ìti U1 = U2.

ApodeÐqjhke•

Sqìlio 2 Sthn Arq  Stoqastik c MegistopoÐhshc, h Ôparxh lÔshc tou sust matoc Prodromik¸n-
Opisjodromik¸n stoqastik¸n diaforik¸n exis¸sewn prokÔptei apì thn Ôparxh thc bèltisthc diadikasÐac
elègqou.
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Kef�laio 2

Krit rio anjektikoÔ elègqou kai
sÔndes  tou me BSDE’s

Sto kef�laio autì ja asqolhjoÔme me to prìblhma eÔreshc tou montèlou ekeÐnou pou megistopoieÐ èna
sunarthsiakì, to opoÐo exart�tai apì mia diadikasÐa di�qushc, me dedomènh thn diadikasÐa elègqou.

2.1 Abebaiìthta Gia To Montèlo Mac - Sqetik  EntropÐa Mo-
ntèlwn

'Estw (Ω,F , P ) ènac q¸roc pijanìthtac kai èstw t ∈ [0, T ], T <∞ kai jewroÔme Bt : Ω→ Rn, t ∈ [0, T ]
mia n-di�stath kÐnhsh Brown . JewroÔme thn di jhsh sto F , {Ft; t ∈ [0, T ]} me Ft = σ(Bs, s ≤ t) kai
upojètoume ìti FT = F . EpÐshc jewroÔme ta ex c :

1) MÐa dedomènh diadikasÐa elègqou U h opoÐa eÐnai sun�rthsh miac stoqastik c diadikasÐac

C = {ct; t ∈ [0, T ]}

thn opoÐa kaloÔme diadikasÐa katan�lwshc. Upojètoume ìti

U ∈ Dexp
1 ≡ {x;E[exp(a

∫ T

0
|xt|dt)] <∞, gia k�je a ∈ R+},

ìpou me E sumbolÐzoume thn anamenìmenh tim  k�tw �po èna mètro pijanìthtac P stìn q¸ro
(Ω,F).

2) MÐa fragmènh diadikasÐa β tètoia ¸ste βt ≥ 0 σ.β. , gia k�je t ∈ [0, T ], h opoÐa kaleÐtai diadikasÐa
apoplhjwrismoÔ (discount function).

To prìblhm� mac eÐnai to ex c: 'Eqoume èna montèlo (mètro pijanìthtac) P to ìpoio eÐmaste pepeismènoi
ìti eÐnai ekeÐno to montèlo pou megistopoieÐ thn anamenìmenh tim :

E[

∫ T

0
exp(−

∫ t

0
βsds)U(ct)dt].
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'Omwc, den eÐmaste apolÔtwc sÐgouroi gia to montèlo mac, kaj¸c mporeÐ na èqei prokÔyei p.q. apì mia
prosomoÐwsh h opoÐa na mhn  tan apìluta akrib c (  toulaqistìn autì na pisteÔoume). Epomènwc aut 
h abebaiìtht� mac, mac epib�lei na broÔme ekeÐno to montèlo (σ.σ. to mètro pijanìthtac P x) to opoÐo ja
moi�zei me to arqikì mac montèlo P (me thn ènnoia ìti eÐnai isodÔnamo1 me to P ) kai gia to opoÐo isqÔei :

EP
x
[

∫ T

0
exp(−

∫ T

0
βsds)U(ct)dt] = inf

P ∗∈P
EP
∗
[

∫ T

0
exp(−

∫ T

0
βsds)U(ct)dt],

ìpou P ≡ {P ∗ : P ∗ ∼ P}
M�lista, jèloume to montèlo mac P x na eÐnai tètoio ¸ste na moi�zei ìso perissìtero gÐnetai sto arqikì
mac montèlo P (kaj¸c èqoume sqetik  kai ìqi apìluth bebaiìthta gia to arqikì montèlo). 'Ena mètro
omoiìthtac montèlwn eÐnai h sqetik  entropÐa (relative entropy)pou antistoiqeÐ sto mètro P x , Rxt .

ShmeÐwsh 1
SumbolÐzoume me Et thn anamenìmenh tim  k�tw apì to mètro pijanìthtac P , dojeÐshc thc Ft , me
Ex thn anamenìmenh tim  k�tw apì to mètro P x kai me Ext thn anamenìmenh tim  k�tw apì to mètro
pijanìthtac P x, dojeÐshc thc Ft.

Orismìc 3 Gia k�je P x ∈ P orÐzoume thn desmeumènh Radon-Nikodym par�gwgo

ξxt = Et
[
dP x

dP

]
, t ∈ [0, T ]

L mma 3 H (ξxt )0≤t≤T eÐnai P−martingale.

Apìdeixh: 'Estw s < t,W na eÐnai P−standard kÐnhsh Brown kai èstw λ(W ) na eÐnai mia fragmènh
FWs − metr simh tuqaÐa metablht  me FWs = σ(Wt, t ≤ s). Tìte

E[λ(W )ξxt (W )] =

∫
λ(u)

dP x

dP
|FWt (u)dP (u) =

∫
λ(u)dP x|FWt (u)

=

∫
λ(u)dP x|FWs (u) =

∫
λ(u)ξxs (u)dP |FWs (u)

Epomènwc (gia λ ≡ 1)
E[ξxt (W )|FWs ] = ξxs (W )

kai �ra deÐxame to zhtoÔmeno •

Kaj¸c h (ξxt )0≤t≤T eÐnai P− martingale,apì to je¸rhma Anapar�stashc twn martingale, gnwrÐzoume

ìti up�rqei n−di�stath diadikasÐa xt ∈ L2 me
∫ T

0 x′sxsds <∞ σ.β. tètoia ¸ste

ξxt = exp(

∫ t

0
x′sdBs −

1

2

∫ t

0
x′sxsds) , t ∈ [0, T ]

en¸ apì to je¸rhma tou Girsanov prokÔptei ìti h Bx
t = Bt −

∫ t
0 xsds eÐnai tupik  kÐnhsh Brown k�tw

apo to mètro pijanìthtac P x.

1DÔo mètra P kai Q orismèna se ènan q¸ro (Ω,F) lègontai isodÔnama, ìtan gia A ∈ F , P (A) = 0⇔ Q(A) = 0.
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L mma 4 JewroÔme P x ∈ P kai Y mia proodeutik� metr simh diadikasÐa wc proc thn di jhsh {Ft}Tt=0

(dhl. Yt metr simh wc proc Ft, (sumbolik� Yt ∈ m−Ft) ), tìte

Ex[

∫ T

0
Y −s ds+ Y −T ] <∞ an kai mìno an E[

∫ T

0
Y −s ξ

x
s ds+ Y −T ξ

x
T ] <∞

ìpou Ext [
∫ T
t Ysds+ YT ] = 1

ξxt
Et[
∫ T
t Ysξ

x
s ds+ YT ξ

x
T ]

Apìdeixh: 'Eqoume

Ex[

∫ T

0
Y −s ds+ Y −T ] = Ex0 [

∫ T

0
Y −s ds+ Y −T ] =

1

ξx0
E0[

∫ T

0
Y −s ξ

x
s ds+ Y −T ξ

x
T ]

=
1

E
[
dPx

dP

]E[

∫ T

0
Y −s ξ

x
s ds+ Y −T ξ

x
T ]

'Omwc 1
E[ dP

x

dP ]
> 0, �ra 1

E[ dP
x

dP ]
6= 0 kai epomènwc

Ex[

∫ T

0
Y −s ds+ Y −T ] <∞ an kai mìno an E[

∫ T

0
Y −s ξ

x
s ds+ Y −T ξ

x
T ] <∞

ApodeÐqjhke •

Orismìc 4 Jètontac ϕ : (0,∞)→ R me ϕ(a) = a log(a) orÐzoume thn diadikasÐa sqetik c entropÐac,
pou antistoiqeÐ sto P x ∈ P wc ex c :

Rxt = Et[
∫ T

t
βse
−

∫ s
t βuduϕ

(
ξxs
ξxt

)
ds+ e−

∫ T
t βuduϕ

(
ξxT
ξxt

)
]

= Ext [

∫ T

t
βse
−

∫ s
t βudu log

(
ξxs
ξxt

)
ds+ e−

∫ T
t βudu log

(
ξxT
ξxt

)
]

ìpou h deÔterh isìthta isqÔei lìgw tou L mmatoc 2 upojètontac ìti to pr¸to olokl rwma eÐnai kal�
orismèno.

Prìtash 4 H Rxt eÐnai kal� orismènh me sÔnolo tim¸n to [0,∞] σ.β.

Apìdeixh: H ϕ eÐnai kurt  kai ϕ(1) = 0, ϕ′(1) = 1 epomènwc ϕ(a) ≥ a− 1 �ra to∫ T

t
βse
−

∫ s
t βuduϕ

(
ξxs
ξxt

)
ds

eÐnai fragmèno apì mia oloklhr¸simh diadikasÐa. 'Ara h Rxt eÐnai kal� orismènh.
EpÐshc an jèsoume

St = e−
∫ t
0 βudu

kai qrhsimopoi soume to L mma 2 èqoume

StRxt = e−
∫ s
t βuduEt

[∫ T

t
βse
−

∫ s
t βuduϕ

(
ξxs
ξxt

)
ds+ e−

∫ T
t βuduϕ

(
ξxT
ξxt

)]
'Omwc St nteterministik  wc proc Ft epomènwc

StRxt = Et
[∫ T

t
βse
−

∫ s
0 βuduϕ

(
ξxs
ξxt

)
ds+ e−

∫ T
0 βuduϕ

(
ξxT
ξxt

)]
= Et

[∫ T

t
βsSsϕ

(
ξxs
ξxt

)
ds+ STϕ

(
ξxT
ξxt

)]
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'Omwc ϕ(a) ≥ a− 1, �ra

StRxt ≥ Et
[∫ T

t
βsSs

ξxs
ξxt
ds+ ST

ξxT
ξxt

]
− Et

[∫ T

t
βtSsds+ ST

]
All� ξxt nteterministik  wc proc Ft, epomènwc

StRxt ≥
1

ξxt
Et
[∫ T

t
βsSsξ

x
s ds+ ST ξ

x
T

]
− Et

[∫ T

t
βtSsds+ ST

]

= Ext
[∫ T

t
βsSsds+ ST

]
− Et

[∫ T

t
βsSsds+ ST

]
= Ext

[∫ T

t
−dBs + ST

]
− Et

[∫
−
dBs + ST

]
= Ext [St]− Et[St]

'Omwc St eÐnai nteterministik  wc proc Ft �ra

Ext [St]− Et [St] = 0

epomènwc
StRxt ≥ 0

pou eÐnai kai to zhtoÔmeno •

2.2 Krit rio AnjektikoÔ Elègqou

T¸ra orÐzoume to krit rio anjektikoÔ elègqou (robust control criterion) gia ìlec tic qronikèc t sto
[0, T ] :

V̂t = ess inf {V x
t : P x ∈ PU}

ìpou

V x
t ≡ Ext

[∫ T

t
e−

∫ s
t βrdrUsds

]
+ θRxt

me

Us ≡ U(cs),PU ≡
{
P x ∈ P µεEx

[∫ T

0
|Ut|dt

]
<∞

}
, θ ∈ R+

Par�deigma 1 An U fragmènh tìte PU = P

Ta parak�tw proèrqontai apì to �rjro tou Kwst  Skiad�: Robust control and recursive utility [7]

Prìtash 5 Gia k�je x ∈ X ≡ {x ∈ L2; ξxeÐnai martingale} èqoume

Rxt =
1

2
Ext
[∫ T

t
exp(−

∫ u

t
βrdr)x

′
uxudu

]
, t ∈ [0, T ]

Apìdeixh: Stajeropoi¸ntac x ∈ X kai gia t < T jewroÔme to endeqìmeno

F =

{
Ext
[∫ T

t
x′uxudu

]
<∞

}
.

'Estw ξxt,s = ξxs ξ
x
t kai St,s = exp(−

∫ s
t βudu). Parathr¸ntac ìti isqÔei h sqèsh

St,s = St,T +

∫ T

s
βuSt,udu
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kai kaj¸c

Rxt = Ext
[∫ T

t
βse
−

∫ s
t βudu log

(
ξxs
ξxt

)
ds+ e−

∫ T
t βudu log

(
ξxT
ξxt

)]
prokÔptei eÔkola ìti

St,s
(
Rxs + log (ξxt,s)

)
= −

∫ s

t
βuSt,u log (ξxt,u)du+Ms stoF, s ≥ t,

ìpou

Ms = Exs
[
1F

(∫ T

t
βuSt,u log (ξxt,u)du+ St,T log(ξxt,T )

)]
.

'Omwc

ξxt = exp

(∫ t

0
x′sdBs −

1

2

∫ t

0
x′sxsds

)
, t ∈ [0, T ] (2.1)

kai

F =

{
Ext
[∫ T

t
x′uxudu

]
<∞

}
,

epomènwc h diadikasÐa {Ms; s ≥ t} eÐnai P x−martingale. ParagwgÐzontac kat� mèlh wc proc y, èqoume
sto F gia s ≥ t ìti

−βsSt,s
(
Rxs + log (ξxt,s)

)
ds+ St,sd

(
Rxs + log (ξxt,s)

)
= −βsSt,s log(ξxt,s)ds+ dMs.

Qrhsimopoi¸ntac thn sqèsh (2.1) èqoume

dRxs = −(
1

2
x′sxs − βsRxs )ds+ dMs στoF, s ≥ t

ìpou M eÐnai P x −martingale kai oloklhr¸nontac kat� mèlh, èqoume telik�

Rxt =
1

2
Ext
[∫ T

t
e−

∫ u
t βrdrx′uxudu

]
sto F.

Ti gÐnetai ìmwc sto F c;
Ja deÐxoume ìti Rxt =∞ sto F c.
Gia k�je n ∈ N orÐzoume qrìnouc diakop c (stopping times)

rn = min

{{
s ≥ t :

∫ s

t
x′uxudu = n, s < T

}⋃
{s = T}

}
.

O orismìc thc sqetik c entropÐac kai o Nìmoc twn Epanalambanìmenwn Prosdoki¸n (law of iterated
expectations) dÐnoun to ex c:

Rxt = Ext
(∫ rn

t
βuSt,u log (ξxt,u)du+ St,rn

[
log (ξxt,rn) +Rxrn

])
kaj¸c Rx ≥ 0,

Rxt ≥ Rnt ≡ Ext
[∫ rn

t
βuSt,u log (ξxt,u)du+ St,rn log (ξxt,rn)

]
Ergazìmaste ìpwc prohgoumènwc kai b�zontac ìpou T to rn èqoume

Rxt ≥ Rnt ≡
1

2
Ext
[∫ rn

t
e−

∫ u
t βrdrx′uxudu

]
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'Omwc ∫ rn

t
e−

∫ u
t βrdrx′uxudu↗

∫ T

t
e−

∫ u
t βrdrx′uxudu kaj¸c rn → T

Epomènwc apì to je¸rhma Monìtonhc SÔgklishc èqoume telik� ìti

Rxt ≥
1

2
Ext
[∫ T

t
e−

∫ u
t βrdrx′uxudu

]
=∞, sto F c

Epomènwc, deÐxame to zhtoÔmeno. •

Jètontac t¸ra

XU =

{
x ∈ X : Ex

[∫ T

0
|Ut|dt

]
<∞

}
orÐzoume thn anjektik  sun�rthsh wfelimìthtac

V̂t = ess inf {V x
t : x ∈ XU}

ìpou

V x
t = Ext

[∫ T

t
e−

∫ s
t βudu

(
Us +

θ

2
x′sxs

)
ds

]
.

ParathroÔme ìti h anjektik  sun�rthsh wfelimìthtac dÐnetai apì thn lÔsh miac opisjodromik c stoqa-
stik c diaforik c exÐswshc.

Je¸rhma 4 Up�rqei monadikì zeÔgoc (V,Z) ∈ Dexp
0 ×Dn tètoio ¸ste

dVt =

(
Ut − βtVt −

1

2θ
||Zt||2

)
dt+ Z ′tdBt, VT = 0

H apìdeixh eÐnai an�logh aut c tou Jewr matoc 1.

Je¸rhma 5 Gia k�je x ∈ XU èqoume,

V x
t = Vt +

θ

2
Ext
[∫ T

t
e−

∫ s
t βudu

(
xs +

1

θ
Zs

)′(
xs +

1

θ
Zs

)]
'Opou Vt tètoia ¸ste na ikanopoieÐ ta apotelèsmata tou Jewr matoc 4. An epiplèon x̂ = −θ−1Z, tìte
x̂ ∈ XU kai V̂ = Vx̂ = V

Apìdeixh: StajeropoioÔme mia diadikasÐa x ∈ XU me Rxt < ∞
(
⇔ Ex

[∫ T
0 x′txt

]
<∞

)
. DojeÐshc

miac diadikasÐac X orÐzoume thn

X̄ = exp

(
−
∫ t

0
βsds

)
Xs,

ìmoia orÐzoume thn

θ̄t = exp

(
−
∫ t

0
βsds)

)
θ

'Eqoume :

dVt =

(
Ut − βtVt −

1

2θ
Z ′tZt

)
dt+ Z ′tdBt, VT = 0⇒
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Vt = V0 +

∫ t

0
− (Us − βsVs)−

1

2θ
Z ′sZsds+

∫ t

0
Z ′sdBs

apì to L mma tou Itô (me qr sh thc f(x) = xe−
∫ t
0 βsds) èqoume

dV̄t = −
(
Ūt −

1

2θ̄t
Z̄ ′tZ̄t

)
dt+ Z̄ ′tdBt = −

(
Ūt −

1

2θ̄t
Z̄ ′tZ̄t − Z̄ ′txt

)
dt+ Z̄ ′tdB

x
t

Gia x ∈ XU èqoume

V x
t = Ext

[∫ T

t
e−

∫ s
t βudu

(
Us +

θ

2
x′sxs

)
ds

]
.

Apì to Je¸rhma Anapar�stashc twn martingale èqoume ìti up�rqei diadikasÐa Zx ∈ L2 (dhlad  h Zx

eÐnai tetragwnik� oloklhr¸simh kat� Itô ) tètoia ¸ste

dV x
t = −

(
Ut +

θ

2
x′txt − βtV x

t

)
dt+ Z

′x
t dB

x
t ⇒ dV̄ x

t = −
(
Ūt +

θ̄t
2
x′txt

)
dt+ Z̄

′x
t dB

x
t

Epomènwc,

d
(
V̄ x
t − V̄t

)
= − θ̄t

2

(
xt +

1

θ
Zt

)′(
xt +

1

θ
Zt

)
dt+ dMt, (2.2)

ìpou

Mt =

∫ t

0

(
Z̄xs − Z̄s

)′
dBx

s .

Stajeropoi¸ntac t sto [0, T ] kai kaj¸c h diadikasÐa M eÐnai P x−topikì martingale jewroÔme aÔxousa
akoloujÐa {rn}n∈N apì qrìnouc diakop c sto [t, T ] me rn → T , kaj¸c n→∞ kai paÐrnoume thn diadi-
kasÐa {Ms∧rn : s ≥ t} pou eÐnai P x−martingale. Oloklhr¸nontac kat� mèlh thn (2.2) antikajist¸ntac
ìpou T to rn kai efarmìzontac kai sta dÔo mèlh ton telest  Ext , paÐrnoume

V̄ x
t − V̄t = Ext

[∫ rn

t

θ̄s
2

(
xs +

1

θ
Zs

)′(
xs +

1

θ
Zs

)
ds

]
+ Ext

[
V̄ x
rn − V̄rn

]
'Estw

fn =

∫ rn

t

θ̄s
2

(
xs +

1

θ
Zs

)′(
xs +

1

θ
Zs

)
ds

tìte

fn
σ.β.→ f ≡

∫ T

t

θ̄s
2

(
xs +

1

θ
Zs

)′(
xs +

1

θ
Zs

)
ds

en¸ apì ton orismì twn {xt} {θ̄s} kai {Zs} èqoume ìti up�rqeiM ∈ R+ tètoio ¸ste |fn| < M, gia k�jen ∈
N. Efarmìzontac t¸ra to Je¸rhma Kuriarqhmènhc SÔgklishc gia tic fn èqoume

V̄ x
t − V̄t = Ext

[∫ T

t

θ̄s
2

(
xs +

1

θ
Zs

)′(
xs +

1

θ
Zs

)
ds

]
+ lim

n
Ext
[
V̄ x
rn − V̄rn

]
'Omwc gnwrÐzoume ìti V ∈ Dexp

0 kai qrhsimopoi¸ntac to Je¸rhma Kuriarqhmènhc SÔgklishc, èqoume

ìti Ext
[
V̄rn
]
→ 0σ.β., en¸ Ext

[
V̄ x
rn

]
→ 0σ.β. kaj¸c Ext

[
V̄ x
rn

]
= Ext

[∫ T
rn

(
Ūs + θ̄s

2 x
′
sxs

)
ds
]
→ 0 (x ∈

XU ⇒ Ext
[∫ T
t |Ūs|

]
ds <∞ kai Rx <∞⇒ Ext

[∫ T
rn
x′sxsds

]
<∞) kai èqoume

V̄ x
t − V̄t = Ext

[∫ T

t

θ̄s
2

(
xs +

1

θ
Zs

)′(
xs +

1

θ
Zs

)
ds

]
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kai diair¸ntac me to exp
(
−
∫ t

0 βsds
)
, èqoume telik�

V x
t = Vt +

θ

2
Ext
[∫ T

t
e−

∫ s
t βudu

(
xs +

1

θ
Zs

)′(
xs +

1

θ
Zs

)]
pou eÐnai kai to zhtoÔmeno. ParathroÔme ìti gia x = −θ−1Z, V x

t = Vt pou eÐnai kai to el�qisto kai
epomènwc V̂ = V x

t = Vt. To mìno pou apomènei na apodeÐxoume eÐnai ìti x ∈ XU , to opoio opoÐo
apodeiknÔetai wc ex c:
'Eqoume

dVt =

(
Ut − βtVt −

1

2θ
Z ′tZt

)
dt+ Z ′tdBt

Oloklhr¸nontac kata mèlh apì 0 mèqri t kai kaj¸c Z = −θx, èqoume

Vt − V0 = −
∫ t

0

(
Us − βsVs −

1

2θ
Z ′sZs

)
ds+

∫ t

0
Z ′sdBs =

−
∫ t

0
(Us − βsVs) ds− θ

(∫ t

0
x′sdBs −

1

2

∫ t

0
x′sxsds

)
.

'Omwc

ξxt = exp

(∫ t

0
x′sdBs −

1

2

∫ t

0
x′sxsds

)
, t ∈ [0, T ].

Telik� paÐrnoume,

ξxt = exp

(
1

θ

(
V0 − Vt −

∫ t

0
(Us − βsVs) ds

))
.

EpÐshc xèroume ìti to ξxt eÐnai topikì martingale . 'Estw loipìn {rn} na eÐnai aÔxousa akoloujÐa apì
qrìnouc diakop c, tètoia ¸ste h {ξxrn} na eÐnai martingale . Tìte E[ξxrn ] = 1 gia k�je n ∈ N. Apì to
teleutaÐo l mma eÐnai profanèc ìti

ξxrn ≤ exp(A+B sup
t
Vt + C

∫ T

0
|Us|ds)n ∈ N

gia A,B,C pragmatikèc stajerèc. Kaj¸c U ∈ Dexp
1 kai V ∈ Dexp

0 apì to Je¸rhma Kuriarqhmènhc
SÔgklishc gia thn akoloujÐa {ξxrn} èqoume ìti E[ξxT ] = 1 kai sunep¸c ξx eÐnai martingale2. Telik�, apì
thn anisìthta Cauchy-Schwarz èqoume :

Ex
[∫ T

0
|Us|ds

]
= E

[
ξxT

∫ T

0
|Us|ds

]
≤ E

[
(ξxT )2

] 1
2 E

[(∫ T

0
|Us|ds

)2
] 1

2

<∞

'Opou h teleutaÐa anisìthta prokÔptei apì to gegonìc ìti U ∈ Dexp
1 , V ∈ Dexp

0 kai apì to ìti gia
x = −θ−1Z, V x

t = Vt èqoume

ξxt = exp

(
1

θ

(
V0 − Vt −

∫ t

0
(Us − βsVs) ds

))
.

'Ara deÐxame ìti x ∈ XU , pou eÐnai kai to zhtoÔmeno. •
2Karatzas and Shreve [2]
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To θ ston tÔpo

V x
t ≡ Ext

[∫ T

t
e−

∫ s
t βrdrUsds

]
+ θRxt ,

ekfr�zei thn abebaiìtht� mac wc proc to arqikì mac montèlo P . To θ mporeÐ na eÐnai stajer�, all� kai
sun�rthsh tou V x

t , kaj¸c ìso proqwr�me ston qrìno (dhlad  ìso megal¸nei to t) tìso perissìterh
plhroforÐa paÐrnoume apì to Vt kai epomènwc mporoÔme na eÐmaste eÐte perissìtero bèbaioi, eÐte ligìtero
gia to montèlo P kai �ra na peir�zoume to θ analìgwc.

Par�deigma 2
An thn qronik  stigm  s ∈ (0, T ] èqoume thn plhroforÐa ìti h Vt eÐnai fjÐnousa wc proc t sto [0, s) tìte
eÐnai eÔlogo na p�roume θs < θs− ε, ìpou θt ≡ θ(V x

t ) kai ε ìso mikrì jèloume.
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Kef�laio 3

Arq  stoqastik c megistopoÐhshc -
Stoqastik� diaforik� paÐgnia

Sto kef�laio autì ja asqolhjoÔme me prob mata èureshc thc diadikasÐac elègqou pou megistopoieÐ èna
sunarthsiakì, to opoÐo exart�tai apì mia diadikasÐa di�qushc, k�tw apì èna gnwstì montèlo.

'Estw X ≡ X(a) mia diadikasÐa di�qushc ston Rn, pou upìkeitai se mia diadikasÐa elègqou a me

dXt = b(Xt, at)dt+ σ(Xt, at)dBt (3.1)

ìpou B eÐnai mia d−di�stath kÐnhsh Brown kai a ∈ A ⊂ Rn eÐnai mia proodeutik� metr simh diadikasÐa
elègqou, b, σ eÐnai metr simec diadikasÐec me b : Rn×A→ Rn kai σ : Rn×A→ Rn×d kai oi opoÐec eÐnai
olik� Lipschitz diadikasÐec :

∀X,Y ∈ Rn kai∀a ∈ A∃k ≥ 0 tètoio ¸ste |b(X, a)− b(Y, a)|+ |σ(X, a)− σ(Y, a)| ≤ k|X − Y |

Stìqoc mac eÐnai na megistopoi soume to exhc sunarthsiakì :

J(a) = E
[∫ T

0
f(t,Xt, at)dt+ g(XT )

]
ìpou f : [0, T ]×Rn×A→ R eÐnai suneq c wc prìc t kai x, gia k�je a ∈ A, h g : Rn → R eÐnai suneq¸c
paragwgÐsimh koÐlh, sun�rthsh kai f eÐnai thc morf c f(t, x, a) = cx2 + q(t, a) kai g(x) = d x2 opou
x2 = (x2

1, x
2
2, ..., x

2
n) kai c, d ∈ R.

O Pham sto biblÐo tou Continuous-time stochastic control and optimization with financial applica-
tions(Stochastic Modelling and Applied Probability) [15] qrhsimopoieÐ thn d;u;ik  mèjodo gia thn epÐlush
tou probl matoc stoqastik c megistopoÐhchc wc ex c :
H diaforik  exÐswsh (3) mporeÐ na anadiatupwjeÐ sthn morf :

dXt = atdSt, X0 = x (3.2)

ìpou
dSt = btdt + σtdBt (3.3)

SumbolÐzoume me
L0

+(Ω,Ft, P ) = {x : x ≥ 0, x ∈ m−Ft}
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kai me

C(x) =

{
XT ∈ L0

+(Ω,Ft, P ) : ∃α ∈ A mex+

∫ T

0
αtdSt ≥ XT σ.β

}
An XT dedomènh tuqaÐa metablht , jewroÔme to

V0 = inf

{
x ∈ R : ∃α ∈ A mex+

∫ T

0
αtdSt ≥ XT σ.β

}
.

ParathroÔme ìti an XT ∈ L0
+(Ω,Ft, P ) tìte

V0 = sup
Q∈M(S)

EQ[XT ] = sup
Q∈M(S)

E[ZQT XT ]

ìpou ZQT eÐnai h Radon-Nikodym par�gwgoc tou Q wc proc to P kai

M(S) = {Q : Q ∼ P kai S eÐnai Q− topikì martingale} .

Epomènwc gia x > 0 èqoume

C(x) =

{
XT ∈ L0

+(Ω,Ft, P ) : sup
Q∈M(S)

EQ[XT ] ≤ x

}
.

Prìtash 6 To C(x) eÐnai kleistì wc proc thn topologÐa thc sqedìn bèbaihc sÔgklishc, dhlad 
an{Xn}n∈N ⊂ C(x) kai Xn → Xσ.β. tìte X ∈ C(x).

Je¸rhma 6 'Estw int (dom(U)) = (0,+∞)1, v(x) <∞ gia k�poia x ∈ (0,+∞) kai lim supx→∞
v(x)
x ≤

0. Tìte gia k�je x ∈ (0,+∞) up�rqei monadik  tuqaÐa metablht  X̂x
T ∈ C(x) tètoia ¸ste

U(X̂x
T ) = sup

XT∈C(x)
E [U(XT )] .

Skopìc mac eÐnai na lÔsoume to prìblhma megistopoÐhshc

v(x) = sup
α∈A

E [g(XT )] = sup
XT∈C(x)

E [g(XT )]

ìpou U sun�rthsh qrhsimìthtac, tètoia ¸ste na ikanopoieÐ tic sunj kec Inada.
EÐnai profanèc ìti an X̂x

T ∈ C(x) eÐnai tuqaÐa metablht  tètoia ¸ste

E
[
g(X̂x

T )
]

= sup
XT∈C(x)

E [g(XT )]

tìte up�rqei èlegqoc α̂ ∈ A tètoioc ¸ste

X̂x
T = x+

∫ T

0
α̂tdSt.

JewroÔme t¸ra ton Fenchel-Legendre metasqhmatismì thc g, g̃ me

g̃(y) = sup
x≥0

[g(x)− xy] , y ≥ 0 (3.4)

1int (dom(U)) = to eswterikì tou sunìlou {x : U(x) <∞}
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H g̃ eÐnai profan¸c diaforÐsimh, fjÐnousa kai koÐlh sto (0,+∞) me g̃(0) = g(∞) kai −g̃′ = (g′)−1 ≡ I.
EpÐshc h (3.4) megistopoieÐtai sto y = g′(x).
Apì ton orismì thc g̃ kai apì thn isodunamÐa

XT ∈ C(x)⇔ E[ZQT XT ] ≤ x, Q ∈M(S), (3.5)

èqoume ìti

E [g(XT )] ≤ E
[
g̃(yZQT )

]
+ E

[
yZQT XT

]
≤ E

[
g̃(yZQT )

]
+ xy

Pleon mac eÐnai fanerì ìti mporoÔme na orÐsoume to du;i;kì prìblhma (tou arqikoÔ mac probl matoc
v(x)) wc ex c:

ṽ(y) = inf
Q∈M(S)

E
[
g̃(yZQT )

]
, y > 0,

en¸ h sqèsh pou sundèei to arqikì prìblhma me to du;i;kì prìblhma eÐnai h ex c:

v(x) = sup
XT∈C(x)

E [g(XT )] ≤ inf
y>0,Q∈M(S)

(
E
[
g̃(yZQT )

]
+ xy

)
= ṽ(y) + inf

y>0,Q∈M(S)
xy.

H diadikasÐa pou akoloujeÐtai eÐnai h akìloujh:
LÔnoume to d;u;ikì prìblhma deÐqnontac thn Ôparxh kai thn monadikìthta thc bèltisthc lÔshc (Ŷ , ẐT ).
Sthn sunèqeia jètoume

X̂x
T = I(Ŷ ẐT ) (DxU(X̂x

T ) = Ŷ ẐT )

kai apodeiknÔetai ìti to X̂x
T pou prokÔptei eÐnai h bèltisth lÔsh tou arqikoÔ mac probl matoc.

Gia ton skopì autì jewroÔme to sÔnolo

D ≡ {YT ∈ L0
+(Ω,F , P ) : ∃(Zn)n∈N ∈M(S), YT ≤ lim

n→∞
Zn}.

Apì thn (3.5) qrhsimopoi¸ntac to l mma tou Fatou èqoume thn antÐstoiqh sqèsh

XT ∈ C(x)⇔ E[YTXT ] ≤ x, ∀ YT ∈ D (3.6)

T¸ra mporoÔme na d¸soume to ex c je¸rhma:

Je¸rhma 7 'Estw g mia diadikasÐa qrhsimìthtac, tètoia ¸ste int (dom(g)) = R+, v(x) < ∞ gia

k�poia x ∈ R+, g′(0+) =∞, g′(∞) = 0 kai lim sup xg′(x)
g(x) < 1. Tìte isqÔoun ta akìlouja:

1) H v eÐnai diaforÐsimh kai austhr� koÐlh sun�rthsh sto R+ kai up�rqei monadik  lÔsh X̂x
T tou

arqikoÔ mac probl matoc sto C(x) gia k�je x ∈ R+.

2) H ṽ eÐnai peperasmènh, diaforÐsimh kai austhr� kurt  sun�rthsh sto R+ kai up�rqei monadik 
lÔsh Ŷ y

T tou d;u;ikoÔ probl matoc sto D gia k�je y ∈ R+.

3) Gia k�je x ∈ R+ èqoume X̂x
T = I(ŷŶT ) ìpou h ŶT ∈ D eÐnai h lÔsh tou d;u;ikoÔ probl matoc v̂(ŷ)

kai ŷ = g′(x) eÐnai aut  pou elaqistopoieÐ thn par�stash

ṽ(y) + xy

me E[ŶT X̂
x
T ] = x.
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4) An epiplèon up�rqei y > 0 tètoio ¸ste infZT∈M(S) E [g̃(yZT )] <∞ tìte

ṽ(y) = inf
YT∈D

E [ĝ(yYT )] = inf
ZT∈M(S)

E [g̃(yZT )] .

Epomènwc brÐskontac thn tuqaÐa metablht  X̂x
T pou megistopoieÐ to arqikì mac prìblhma v(x) to mìno

pou apomènei eÐnai na broÔme thn diadikasÐa elègqou a pou na mac dÐnei thn ((3.2), (3.3)). 'Ara èqoume na
lÔsoume mia opisjodromik  stoqastik  diaforik  exÐswsh thc {Yt}, h opoÐa Y lègetai suzug c diadikasÐa
thc X. Sundèsame loipìn thn arq  stoqastik c megistopoÐhshc me thn jewrÐa twn opisjodromik¸n
stoqastik¸n diaforik¸n exis¸sewn.

T¸ra orÐzoume thn Qamiltonian  sun�rthsh

H : [0, T ]× Rn ×A× Rn × Rn×d → R

me
H(t, x, y, a, z) = b(x, a)y + tr(σT (x, a)z) + f(t, x, a), (3.7)

kai upojètoume ìti h H eÐnai suneq¸c paragwgÐsimh wc prìc x. JewroÔme epÐshc thn opisjodromik 
stoqastik  diaforik  exÐswsh pou prokÔptei apì thn H

−dYt = DxH(t,Xt, at, Yt, Zt)dt− ZtdBt, YT = Dxg(XT ). (3.8)

H diadikasÐa Y eÐnai h suzug c thc X.

Je¸rhma 8 2 'Estw â ∈ A kai X̂ ≡ X̂(a) h antÐstoiqh diadikasÐa di�qushc. Upojètoume ìti up�rqei
lÔsh (Ŷ , Ẑ) thc (3.8) tètoioa ¸ste

H(t, X̂t, ât, Ŷt, Ẑt) = max
a∈A
H(t, X̂t, at, Ŷt, Ẑt) P − σ.β. 0 ≤ t ≤ T (3.9)

kai
h (x, a)→ H(t, x, a, Ŷt, Ẑt) na eÐnai koÐlh sun�rthsh gia k�je t ∈ [0, T ]. (3.10)

Tìte h â eÐnai bèltisth diadikasÐa elègqou, dhlad  J(â) = supa∈A J(a)

Apìdeixh: Gia k�je a ∈ A, èqoume

J(â)− J(a) = E
[∫ T

0
f(t, X̂t, ât)− f(t,Xt, at)dt+ g(X̂T )− g(XT )

]
(3.11)

Kaj¸c h g eÐnai koÐlh sun�rthsh èqoume

E[g(X̂T )− g(XT )] ≥ E[(X̂T −XT )Dxg(X̂T )] = E[((X̂T −XT ), ŶT )]

Gia thn diadikasÐa
(

(X̂t −Xt), Ŷt

)
oloklhr¸noume (kat� Itô) kat� mèlh kai èqoume ìti

(
(X̂t −Xt), Ŷt

)
=
(

(X̂0 −X0), Ŷ0

)
+

∫ t

0

(
X̂s −Xs

)
dŶs +

∫ t

0
Ŷsd

(
X̂s −Xs

)
+ < X̂ −X, Ŷ >s=

(
(0− 0), Ŷ0

)
+

∫ t

0

(
X̂s −Xs

)
dŶs +

∫ t

0
Ŷs

(
dX̂s − dXs

)
+

∫ t

0
tr

[(
σ(X̂s, âs)− σ(Xs, as)

)T
Ẑs

]
ds

�ra

E
[
g(X̂T )− g(XT )

]
≥

2Oksendal and Sulem [11]
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E
[∫ T

0

(
X̂s −Xs

)
dŶs +

∫ T

0
Ŷs

(
dX̂s − dXs

)
+

∫ T

0
tr

[(
σ(X̂s, âs)− σ(Xs, as)

)T
Ẑs

]
ds

]
epomènwc

E
[
g(X̂T )− g(XT )

]
≥

E
[∫ T

0

(
X̂t −Xt

)(
−DxH(t, X̂t, ât, Ŷt, Ẑt)

)
dt+

∫ T

0
Ŷt

(
b(X̂t, ât)− b(Xt, at)

)
dt

]
+E

[∫ T

0
tr
[(
σ(X̂s, âs

)
− σ(Xs, as))

T Ẑs

]
ds

]
Epiplèon, apì ton orismì thc H èqoume ìti

E
[∫ T

0
f(t, X̂t, ât)− f(t,Xt, at)dt

]
=

E
[
H(t, X̂t, ât, Ŷt, Ẑt)−H(t,Xt, at, Ŷt, Ẑt)

]
dt

−E
[∫ T

0

[
b(X̂t, ât)− b(Xt, at)

]
Ŷt +

∫ T

0
tr

[
σ(
(
X̂t, ât)− σ(Xt, at)

)T
Ẑt

]
dt

]
Apì thn (3.11) kai apì tic dÔo teleutaÐec sqèseic prokÔptei ìti

J(â)−J(a) ≥ E
[∫ T

0
H(t, X̂t, ât, Ŷt, Ẑt)−H(t,Xt, at, Ŷt, Ẑt)dt−

∫ T

0

(
X̂t −Xt

)
DxH(t, X̂t, ât, Ŷt, Ẑt)

]
'Omwc k�tw apì tic upojèseic (3.9) kai (3.10) èqoume telik� ìti J(â) ≥ J(a) gia k�je a ∈ A.
ApodeÐqjhke •

3.1 Stoqastik� diaforik� paÐgnia dÔo paikt¸n (FBSDE Games)

'Estw X ≡ X(a) mia di�qush ston R h opoÐa upìkeitai sthn diadikasÐa elègqou α me

dXt = b (t,Xt, a(t)) dt+ σ (t,Xt, a(t)) dBt, X0 = x ∈ R (3.12)

ìpou B eÐnai mia kÐnhsh Brown kai a = (a1, a2) eÐnai diadikasÐa elègqou me ai(t) na eÐnai h diadikasÐa
elègqou to paÐkth i, (i = 1, 2) thn qronik  stigm  t, (t ∈ [0, T ]) me ai ∈ Ai ⊂ R, i = 1, 2 kai A =
A1 × A2, b : [0, T ] × R × A → R kai σ : [0, T ] × R × A → R. T¸ra, ìmoia me prohgoumènwc paÐrnoume
tic opisjodromikèc stoqastikèc diaforikèc exis¸seic

dYi(t) = −gi (t,Xt, Yi(t), Zi(t), a(t)) dt+ Zi(t)dBt, t ∈ [0, T ] kaiYi(T ) = hi(XT ) (i = 1, 2) (3.13)

ìpou gi(t, x, y, z, a) : [0, T ]× R× R× R× A→ R kai hi(x) : R→ R eÐnai sunart seic, tètoiec ¸ste oi
exis¸seic (16) na èqoun monadikèc lÔseic.
JewroÔme fi(t, x, a) : [0, T ] × R × A → R na eÐnai h strathgik  tou paÐkth i, ϕi(x) : R → R na eÐnai
sun�rthsh thc morf c cxk, k ∈ N kai ψi(x) : R → R na eÐnai sun�rthsh pou ekfr�zei thn abebaiìthta
tou paÐkth i,wc proc thn strathgik  tou. (i = 1, 2)
OrÐzoume

Ji(a) = E
[∫ T

0
fi (t,Xt, a(t)) dt+ ϕi(XT ) + ψi (Yi(0))

]
(3.14)
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na eÐnai h sun�rthsh plhrwm c tou paÐkth i, (i = 1, 2).
'Ena ShmeÐo IsorropÐac kata Nash gia to paÐgnio ((3.12), (3.13), (3.14)) eÐnai èna zeug�ri (â1, â2) ∈ A
tètoio ¸ste

J1(a1, â2) ≤ J1(â1, â2) gia k�je a1 ∈ A1 (3.15)

J2(â1, a2) ≤ J2(â1, â2) gia k�je a2 ∈ A2 (3.16)

Stìqoc mac eÐnai na broÔme to shmeÐo (â1, â2) mèsw thc Arq c Stoqastik c MegistopoÐhshc pou eÐdame
sthn prohgoÔmenh par�grafo.
OrÐzoume epomènwc tic Qamiltonianèc sunart seic

Hi : [0, T ]× R× R× R×A1 ×A2 × R× R× R→ R

me

Hi(t, x, y, z, a1, a2, λ, p, q) = fi(t, x, a1, a2)+λgi(t, x, y, z, a1, a2)+pb(t, x, a1, a2)+qσ(t, x, a1, a2), i = 1, 2
(3.17)

kai jewroÔme ìti oi Hi eÐnai suneq¸c diaforÐsimec sunart seic wc prìc tic metablhtèc x, y, z, a1, a2

(i=1,2).

SumbolÐzoume me

∂Hi
∂x

(t) =
∂Hi
∂x

(t,Xt, Yi(t), Zi(t), a1(t), a2(t), λi(t), pi(t), qi(t))

∂Hi
∂y

(t) =
∂Hi
∂y

(t,Xt, Yi(t), Zi(t), a1(t), a2(t), λi(t), pi(t), qi(t))

∂Hi
∂z

(t) =
∂Hi
∂z

(t,Xt, Yi(t), Zi(t), a1(t), a2(t), λi(t), pi(t), qi(t))

Gia k�je a ∈ A jewroÔme tic bohjhtikèc (wc proc tic Qamiltonianèc) prodromikèc opisjodromikèc sto-
qastikèc diaforikèc exis¸seic (stic metablhtèc λi, pi, qi):

A) Prodromikèc Diaforikèc Exis¸seic stic λi:

dλi(t) =
∂Hi
∂y

(t)dt+
∂Hi
∂z

(t)dBt, 0 ≤ t ≤ T, λi(0) = ψ
′
i (Yi(0)) (3.18)

B) Opisjodromikèc Diaforikèc Exis¸seic stic pi, qi:

dpi(t) = −∂Hi
∂x

(t)dt+ qi(t)dBt, 0 ≤ t ≤ T, pi(T ) = ϕ
′
i(X(T )) + h

′
i (X(T ))λi(T ) (3.19)

Je¸rhma 9 'Estw E it na sumbolÐzei thn plhroforÐa pou èqei diajèsimh o paÐkthc i, (i = 1, 2) thn
qronik  stigm  t, (â1, â2) ∈ A me antÐstoiqec lÔseic X̂t, Ŷi(t), Ẑi(t), λ̂i(t), p̂i(t), q̂i(t) twn exis¸sewn
(3.12),(3.13),(3.18) kai (3.19) gia i = 1, 2 kai èstw ìti isqÔoun oi ex c upojèseic:

1) Oi hi, ϕi, ψi eÐnai koÐlec sunart seic

2)

max
a1∈A1

{
E
[
H1(t, X̂t, Ŷ1(t), Ẑ1(t), a1, â2(t), λ̂1(t), p̂1(t), q̂1(t))

∣∣∣ E(1)
t

]}
=

E
[
H1(t, X̂t, Ŷ1(t), Ẑ1(t), â1(t), â2(t), λ̂1(t), p̂1(t), q̂1(t))

∣∣∣ E(1)
t

]
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kai
max
a2∈A2

{
E
[
H2(t, X̂t, Ŷ2(t), Ẑ2(t), â1(t), a2, λ̂2(t), p̂2(t), q̂2(t))

∣∣∣ E(2)
t

]}
=

E
[
H2(t, X̂t, Ŷ2(t), Ẑ2(t), â1(t), â2(t), λ̂2(t), p̂2(t), q̂2(t))

∣∣∣ E(2)
t

]
3) Oi sunart seic

ĥ1(x, y, z) = maxa1∈A1

{
E
[
H1(t, x, y, z, a1, â2(t), λ̂1(t), p̂1(t), q̂1(t))

∣∣∣ E(1)
t

]}
kai

ĥ2(x, y, z) = maxa2∈A2

{
E
[
H2(t, x, y, z, â1(t), a2, λ̂2(t), p̂2(t), q̂2(t))

∣∣∣ E(2)
t

]}
eÐnai koÐlec wc proc t, P − σ.β.

4) E
(∫ T

0

[
p̂2
i (t) [σ̂(t)− σ(t)]2 + q̂2

i (t)
(
X̂t −Xt

)2
+ λ̂2

i (t)
[
Ẑi(t)− Zi(t)

]2
+ θĤi

θz (t)
[
Ŷi(t)− Yi(t)

]2
]
dt

)
<

∞, (i = 1, 2)

tìte to (â1, â2) eÐnai ShmeÐo IsorropÐac kata Nash tou paignÐou ((3.12), (3.13), (3.14)).

Apìdeixh: Arqik� ja apodeÐxoume ìti J1(a1, â2) ≤ J1(â1.â2) gia k�je a1 ∈ A1 (entel¸c ìmoia apo-
deiknÔetai kai ìti J2(â1, a2) ≤ J2(â1.â2) gia k�je a2 ∈ A2)
'Estw loipìn a1 ∈ A1 kai èstw

J1(a1, â2)− J1(â1, â2) = I1 + I2 + I3 (3.20)

ìpou

I1 = E
[∫ T

0

[
f1 (t,Xt, a1(t), â2(t))− f1

(
t, X̂t, â1(t), â2(t)

)]
dt

]
(3.21)

I2 = E
[
ϕ1 (X(T ))− ϕ1

(
X̂(T )

)]
(3.22)

I3 = E
[
ψ1 (Y1(0))− ψ1

(
Ŷ1(0)

)]
(3.23)

H (3.17) mac dÐnei:

I1 = E
[∫ T

0
H1(t)− Ĥ1(t)− λ̂1(t) [g1(t)− ĝ1(t)]− p̂1(t)

[
b(t)− b̂(t)

]
− q̂1(t) [σ(t)− σ̂(t)] dt

]
. (3.24)

H ϕ1 eÐnai koÐlh sun�rthsh. Epomènwc

I2 ≤ E
[
(XT − X̂T )ϕ

′
1(X̂T )

]
.

'Omwc apì thn (3.19) isqÔei ìti

pi(T ) = ϕ
′
i (X(T )) + h

′
i (X(T ))λi(T ),

epomènwc

I2 ≤ E
[
p̂1(T )(XT − X̂T )

]
− E

[
λ̂1(T )h

′
1

(
X̂T

)(
XT − X̂T

)]
.

Oloklhr¸nontac t¸ra (kat� Itô) kat� mèlh (Integration by parts formula) thn diadikasÐa(
p̂1(t)(Xt − X̂t)

)
èqoume

p̂1(T )(XT −X̂T ) = p̂1(0)(X0−X̂0)+

∫ T

0
p̂1(t)

[
d(Xt)− d(X̂t)

]
+

∫ T

0
(Xt−X̂t)dp̂1(t)+ < p̂1, X−X̂ >T
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me

< p̂1, X − X̂ >T=

∫ T

0
q̂1(t) [σ(t)− σ̂(t)] dt kaiX0 − X̂0 = x− x = 0

'Ara

p̂1(T )(XT − X̂T ) =

∫ T

0
p̂1(t)

[
d(Xt)− d(X̂t)

]
+

∫ T

0
(Xt − X̂t)dp̂1(t) +

∫ T

0
q̂1(t) [σ(t)− σ̂(t)] dt

Epomènwc,

I2 ≤ E
[∫ T

0
p̂1(t)

[
d(Xt)− d(X̂t)

]
+

∫ T

0
(Xt − X̂t)dp̂1(t) +

∫ T

0
q̂1(t) [σ(t)− σ̂(t)] dt

]
−

E
[
λ̂1(T )h

′
1(X̂T )(XT − X̂T )

]
Telik�,

I2 ≤ E

[∫ T

0
p̂1(t)

[
b(t)− b̂(t)

]
dt+

∫ T

0
(Xt − X̂t)

(
−∂Ĥ1

∂x
(t)

)
dt

]
+

E

[∫ T

)
q̂1(t) [σ(t)− σ̂(t)] dt− λ̂1(T )h

′
1(X̂T )(XT − X̂T )

]
(3.25)

H ψ1 eÐnai koÐlh sun�rthsh, epomènwc

I3 = E
[
ψ1 (Y1(0))− ψ1

(
Ŷ1(0)

)]
≤ E

[
ψ
′
1

(
Ŷ1(0)

) [
Y1(0)− Ŷ1(0)

]]
.

'Omwc apì thn (3.18) isqÔei ìti
λ1(0) = ψ

′
1 (Y1(0)) ,

epomènwc

I3 ≤ E
[
λ̂1(0)

[
Y1(0)− Ŷ1(0)

]]
.

Oloklhr¸nontac t¸ra (kat� Itô) kat� mèlh thn diadikasÐa
(
λ̂1(t)

[
Y1(t)− Ŷ1(t)

])
t∈[0,T ]

èqoume

λ̂1(T )
[
Y1(T )− Ŷ1(T )

]
=

λ̂1(0)
[
Y1(0)− Ŷ1(0)

]
+

∫ T

0

[
Y1(t)− Ŷ1(t)

]
dλ̂1(t)

+

∫ T

0
λ̂1(t)d

[
Y1(t)− Ŷ1(t)

]
+ < λ̂1, Y1 − Ŷ1 >T=

λ̂1(0)
[
Y1(0)− Ŷ1(0)

]
+

∫ T

0

[
Y1(t)− Ŷ1(t)

]
dλ̂1(t) +

∫ T

0
λ̂1(t)d

[
Y1(t)− Ŷ1(t)

]
+

∫ T

0

∂Ĥ1

∂z
(t)
[
Z1(t)− Ẑ1(t)

]
dt
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'Ara

I3 ≤ E
[
λ̂1(T )

[
Y1(T )− Ŷ1(T )

]
−
∫ T

0

[
Y1(t)− Ŷ1(t)

]
dλ̂1(t)

]
−E

[∫ T

0
λ̂1(t)

[
dY1(t)− dŶ1(t)

]
+

∫ T

0

∂Ĥ1

∂z
(t)
[
Z1(t)− Ẑ1(t)

]
dt

]
=

E

[[
h1(XT )− h1(X̂T )

]
λ̂1(T )−

∫ T

0

∂Ĥ1

∂y
(t)
[
Y1(t)− Ŷ1(t)

]
dt

]

−E

[∫ T

0
λ̂1(t) [−g1(t) + ĝ1(t)] dt+

∫ T

0

∂Ĥ1

∂z
(t)
[
Z1(t)− Ẑ1(t)

]
dt

]

'Omwc h h1 eÐnai koÐlh sun�rthsh, epomènwc

I3 ≤ E

[
λ̂1(T )h

′
1(X̂T )(XT − X̂T )−

∫ T

0

∂Ĥ1

∂y
(t)
[
Y1(t)− Ŷ1(t)

]
dt

]
(3.26)

−E

[∫ T

0
λ̂1(t) [−g1(t) + ĝ1(t)] dt+

∫ T

0

∂Ĥ1

∂z
(t)
[
Z1(t)− Ẑ1(t)

]
dt

]

Apì tic sqèseic (3.24),(3.25) kai (3.26) èqoume ìti

J1(a1, â2)− J1(â1, â2) ≤

E

[∫ T

0

[
H1(t)− Ĥ1(t)− ∂Ĥ1

∂x
(t)(Xt − X̂t)−

∂Ĥ1

∂y
(t)
[
Y1(t)− Ŷ1(t)

]
− ∂Ĥ1

∂z
(t)
[
Z1(t)− Ẑ1(t)

]]
dt

]
Kaj¸c ĥ1(x, y, z) eÐnai koÐlh sun�rthsh up�rqei diaforikì a = (a0, a1, a2) ∈ R3 gia thn ĥ1(x, y, z) sto
x = X̂(t), y = Ŷ1(t), z = Ẑ1(t) tètoia ¸ste an orÐsoume

ϕ1(x, y, z) = ĥ1(x, y, z)− ĥ1

(
(X̂t), Ŷ1(t), Ẑ1(t)

)
−
[
a0(Xt − X̂t) + a1

(
y − Ŷ1(t)

)
+ a2

(
z − Ẑ1(t)

)]
ja èqoume ϕ1(x, y, z) ≤ 0 gia k�je x, y, z. EpÐshc èqoume (profan¸c) ìti ϕ1

(
X̂t, Ŷ1(t), Ẑ1(t)

)
= 0

kaj¸c kai

ĥ1(x, y, z) = max
a1∈A1

{
E
[
H1

(
t, x, y, z, a1, â2(t), λ̂1(t), p̂1(t), q̂1(t)

)∣∣∣ E(1)
t

]}
epomènwc,

ĥ1(x, y, z) = E
[
Ĥ1

(
t, x, y, z, a1, â2(t), λ̂1(t), p̂1(t), q̂1(t)

)∣∣∣ E(1)
t

]
kai �ra

∂ĥ1

∂k
(x(t), y(t), z(t)) =

∂Ĥ1

∂k
(t), k = x, y, z

Epomènwc prokÔptei ìti

∂Ĥ1
∂x (t) = ∂ĥ1

∂x

(
X̂t, Ŷ1(t), Ẑ1(t)

)
= a0

∂Ĥ1
∂y (t) = ∂ĥ1

∂y

(
X̂t, Ŷ1(t), Ẑ1(t)

)
= a1

∂Ĥ1
∂z (t) = ∂ĥ1

∂z

(
X̂t, Ŷ1(t), Ẑ1(t)

)
= a2.
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'Etsi, h teleutaÐa anisìthta gÐnetai:

J1(a1, â2)− J1(â1, â2) ≤

ĥ1 (Xt, Y1(t), Z1(t))− ĥ1

(
X̂t, Ŷ1(t), Ẑ1(t)

)
− ∂ĥ1

∂x

(
X̂t, Ŷ1(t), Ẑ1(t)

)
(Xt − X̂t)

−∂ĥ1

∂y

(
X̂t, Ŷ1(t), Ẑ1(t)

)(
Y1(t)− Ŷ1(t)

)
− ∂ĥ1

∂z

(
X̂t, Ŷ1(t), Ẑ1(t)

)(
Z1(t)− Ẑ1(t)

)
'Omwc h ĥ1 eÐnai koÐlh sun�rthsh, epomènwc èqoume telik�

J1(a1, â2) ≤ J1(â1, â2)

pou eÐnai kai to zhtoÔmeno •

3.2 Stoqastik� diaforik� paÐgnia mhdenikoÔ ajroÐsmatoc

Sthn perÐptwsh aut  èqoume ìti

J(a1, a2) ≡ J1(a1, a2) = −J2(a1, a2) = E
[∫ T

0
f (t,Xt, a1(t), a2(t)) dt+ ϕ(XT ) + ψ (Y (0))

]
(3.27)

ìpou f = f1 = −f2, h = h1 = h2, ϕ = ϕ1 = −ϕ2, ψ = ψ1 = −ψ2, Y = Y1 = Y2 kai (a1, a2) ∈ A kai
jewroÔme thn opisjrodromik  stoqastik  diaforik  exÐswsh

dY (t) = −g (t,Xt, Y (t), Z(t), a(t)) dt+ Z(t)dBt, t ∈ [0, T ] kaiY (T ) = h(XT ) (3.28)

ìpou t¸ra g = g1 = g2, Z = Z1 = Z2 kai jèloume na broÔme to sagmatikì shmeÐo tou paignÐou
((3.12), (3.27), (3.28)), orÐzoume epomènwc thn Qamiltonian 

H(t, x, y, z, a1, a2, λ, p, q) = f(t, x, a1, a2) + λg(t, x, y, z, a1, a2) + pb(t, x, a1, a2) + qσ(t, x, a1, a2)

kai leitourg¸ntac ìpwc sthn par�grafo 3.1 èqoume to ex c je¸rhma:

Je¸rhma 10 'Estw Qamiltonian  sun�rthsh H(t, x, y, x, a1, a2, λ, p, q) tètoioa ¸ste na isqÔei

E
[
∂

∂u1
H (t,Xt, Y (t), Z(t), u1, a2(t), λ(t), p(t), q(t))

∣∣∣∣ E(1)
t

]
u1=a1(t)

= E
[
∂

∂u2
H (t,Xt, Y (t), Z(t), a1(t), u2, λ(t), p(t), q(t))

∣∣∣∣ E(2)
t

]
u2=a2(t)

= 0

me (Y (t) = Y1(t) = Y2(t), Z(t) = Z1(t) = Z2(t), λ(t) = λ1(t) = λ2(t), p(t) = p1(t) = p2(t),
q(t) = q1(t) = q2(t)) 'Estw (â1, â2) ∈ A1 × A2 me antÐstoiqec lÔseic X̂t, Ŷ (t), Ẑ(t), λ̂(t), p̂(t), q̂(t) twn
exis¸sewn (3.12), (3.13), (3.18) kai (3.19), me g1 = g2 = g, h1 = h2 = h, f1 = f2 = f kai ψ1 = ψ2 = ψ

Upojètoume ta ex c :

- Oi sunart seic h, ϕ kai ψ eÐnai afinikèc 3.

3Mia sun�rthsh f lègetai afinik  an gia x, y ∈ R, a ∈ (0, 1) èqoume ìti f (ax + (1− a)y) = af(x) + (1− a)f(y).
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-
max
a1∈A1

{
E
[
H
(
t, X̂t, Ŷ (t), Ẑ(t), a1, â2(t), λ̂(t), p̂(t), q̂(t)

)∣∣∣ E(1)
t

]}
=

E
[
H
(
t, X̂t, Ŷ (t), Ẑ(t), â1(t), â2(t), λ̂(t), p̂(t), q̂(t)

)∣∣∣ E(1)
t

]
kai

min
a2∈A2

{
E
[
H
(
t, X̂t, Ŷ (t), Ẑ(t), â1(t), a2, λ̂(t), p̂(t), q̂(t)

)∣∣∣ E(2)
t

]}
=

E
[
H
(
t, X̂t, Ŷ (t), Ẑ(t), â1(t), â2(t), λ̂(t), p̂(t), q̂(t)

)∣∣∣ E(2)
t

]
- H sun�rthsh

ĥ(x, y, z) = max
a1∈A1

{
E
[
H
(
t, x, y, z, a1, â2(t), λ̂(t), p̂(t), q̂(t)

)∣∣∣ E(1)
t

]}
eÐnai koÐlh sun�rthsh, en¸ h sun�rthsh

min
a2∈A2

{
E
[
H
(
t, x, y, z, â1(t), a2, λ̂(t), p̂(t), q̂(t)

)∣∣∣ E(2)
t

]}
eÐnai kurt , gia k�je t ∈ [0, T ], P − σ.β.

- Gia k�je a, b ∈ A me b fragmènh, up�rqei δ > 0 tètoio ¸ste h diadikasÐa elègqou ã(t) = a(t)+sb(t)
na an kei sto A gia k�je s ∈ (−δ, δ).

Tìte h â(t) = (â1(t), â2(t)) eÐnai sagmatikì shmeÐo gia thn J(a1, a2). Dhlad  h â(t) = (â1(t), â2(t))
eÐnai ShmeÐo IsorropÐac kat� Nash gia to paÐgnio ((3.12), (3.27), (3.28)).

H apìdeixh eÐnai ìmoia me thn apìdeixh tou Jewr matoc gia paÐgnia 2 paikt¸n kai gi' autì paraleÐpetai.
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Kef�laio 4

Stoqastik  megistopoÐhsh me
abebaiìthta gia to montèlo mac

Sto kef�laio autì ja epilÔsoume to prìblhma stoqastik c megistopoÐhshc ìtan eÐmaste abèbaioi gia
to montèlo mac. To prìblhma autì eÐnai h genÐkeush tou probl matoc sthn par�grafo 3.1, kaj¸c t¸ra
to montèlo, k�tw apì to opoÐo megistopoioÔme to sunarthsiakì mac, den mac eÐnai gnwstì, all� ja
prokÔyei apì thn jewrÐa twn paragr�fwn 2.1 kai 3.3.

'Estw X ≡ X(a) mia di�qush ston R pou upìkeitai se mia diadikasÐa elègqou α me

dXt = b (t,Xt, a(t)) dt+ σ (t,Xt, a(t)) dBt, X0 = x ∈ R (4.1)

ìpou B eÐnai mia P−kÐnhsh Brown. kai èstw ìti jèloume na megistopoi soume wc proc ton èlegqo a to
ex c sunarthsiakì :

J(u) = EP
[∫ T

0
U1(t,Xt, at)dt+ U2(XT )

]
ìpou U1 : [0, T ] × R × A → R kai U2 : R → R eÐnai suneq¸c paragwgÐsimec, aÔxousec kai koÐlec
sunart seic. 'Omwc t¸ra eÐmaste sqedìn bèbaioi ìti to montèlo mac (mètro pijanìthtac) P eÐnai ekeÐno

to mètro k�tw apì to opoÐo megistopoieÐtai h anamenìmenh tim  thc
∫ T

0 U1(t,Xt, at)dt+ U2(XT ) dhlad 
h

EP [

∫ T

0
U1(t,Xt, at)dt+ U2(XT )]

'Omwc aut  h abebaiìtht� mac, mac epib�lei na broÔme ekeÐno to montèlo (σ.σ. to mètro pijanìthtac P θ)
to opoÐo ja moi�zei me to arqikì mac montèlo P kai gia to opoÐo isqÔei :

EP
θ

[∫ T

0
U1(t,Xt, at)dt+ U2(XT )

]
= inf

Q∈P ∗
EQ
[∫ T

0
U1(t,Xt, at)dt+ U2(XT )

]
.

me P ∗ ≡ {Q : Q ∼ P} Epomènwc, epidi¸koume na broÔme to ShmeÐo IsorropÐac kat� Nash tou paignÐou

sup
a∈A

inf
θ∈Θ

Eθ
[∫ T

0
U1(t,Xt, at)dt+ U2(XT ) +

∫ T

0
ψ(θt)dt

]
(4.2)

ìpou,

me Eθ sumbolÐzoume thn anamenìmenh tim  wc proc to mètro pijanìthtac Pθ
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me θ sumbolÐzoume thn sqetik  entropÐa tou montèlou P θ wc prìc to montèlo P ,

Θ = {R,R eÐnai h sqetik  entropÐa tou montèlouP θ mePθ ∼ P}

h sun�rthsh ψ(θt) ekfr�zei thn abebaiìtht� mac wc proc to arqikì mac montèlo P thn qronik 
stigm  t 1 kai èstw

F (t, x, u) = U1(t, x, a) + ψ(θt), u = (a, θ) ∈ A×Θ (4.3)

Tìte,

Eθ
[∫ T

0
U1(t,Xt, at)dt+ U2(XT ) +

∫ T

0
ψ(θt)dt

]
= E

[
ξθTU2(XT ) +

∫ T

0
ξθt F (s,Xs, us)ds

]
. (4.4)

OrÐzoume t¸ra mia diadikasÐa Yt ≡ Y (u)
t me

Yt = E
[
ξθT
ξθt
U2(XT ) +

∫ T

t

ξθs
ξθt
F (s,Xs, us)ds

∣∣∣∣Ft] , t ∈ [0, T ]. (4.5)

ParathroÔme ìti h Y eÐnai h lÔsh thc opisjodromik c stoqastik c diaforik c exÐswshc 2 :

dYt = − [F (t,Xt, ut) + θtZt] dt+ ZtdBt, YT = U2(XT ). (4.6)

H (4.5) eÐnai h suzug c diaforik  exÐswsh thc (4.1) kai parathroÔme ìti

Y0 ≡ Y (u)
0 = Eθ

[∫ T

0
U1(t,Xt, at)dt+ U2(XT ) +

∫ T

0
ψ(θt)dt

]
(4.7)

Epomènwc to paÐgnio (4.2) mporeÐ na grafteÐ wc :

Y
(û)

0 = sup
a∈A

inf
θ∈Θ

Y
(a,θ)

0 = inf
θ∈Θ

sup
a∈A

Y
(a,θ)

0 (4.8)

ìpou Y
(a,θ)

0 dÐnetai apì to sÔsthma prodromik¸n-opisjodromik¸n stoqastik¸n diaforik¸n exis¸sewn
((4.1), (4.5)).
ParathroÔme ìti to paÐgnio (4.8) eÐnai èna stoqastik� diaforikì paÐgnio, apì prodromikèc-opisjodromikèc
stoqastikèc diaforikèc exis¸seic, mhdenikoÔ ajroÐsmatoc thc morf c (3.27) ìpou t¸ra J(a, θ) = E[Y (0)]

Epomènwc leitourg¸ntac ìmoia me thn par�grafo (2.3) orÐzoume thn Qamiltonian  sun�rthsh

H : [0, T ]× R× R× R×A×Θ× R× R× R→ R

me
H(t, x, y, z, a, θ, λ, p, q) = [F (t, x, u) + θz]λ+ b(t, x, a)p+ σ(t, x, a). (4.9)

Gia k�je (a, θ) ∈ A×Θ jewroÔme tic bohjhtikèc (wc proc thn Qamiltonian ) prodromikèc opisjodromi-
kèc stoqastikèc diaforikèc exis¸seic (stic metablhtèc λ, p, q):

A) Prodromik  Diaforik  ExÐswsh sth λ :

dλ(t) =
∂H
∂y

(t)dt+
∂H
∂z

(t)dBt = λ(t)θtdBt, λ(0) = 1 (4.10)

1Blèpe par�grafo 1.2 - gia to j .
2Blèpe par�grafo 1.3 .
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B) Opisjodromik  Diaforik  ExÐswsh stic p kai q :

dp(t) = −∂H
∂x

(t)dt+ q(t)dBt = −
[
∂F

∂x
(t) + p(t)

∂b

∂x
(t) + q(t)

∂σ

∂x
(t)

]
dt+ q(t)dBt

ìpou p(T ) = λ(T )U
′
2(XT ) (4.11)

Je¸rhma 11 'Estw (â, θ̂) ∈ A×Θ me antÐstoiqec lÔseic X̂t, Ŷ (t), Ẑ(t), λ̂(t), p̂(t), q̂(t) twn (4.1), (4.6),
(4.10) kai (4.11), èstw epÐshc ìti isqÔei h (4.8) kai èstw ìti isqÔoun ta ex c gia A1 ×A2 ≡ A×Θ :

Gia k�je t0 ∈ [0, T ] kai gia k�je fragmènh E(i)
t −metr simh tuqaÐa metablht  ai(w) h elegqosu-

n�rthsh βi(t) ≡ I(t0,T )(t)ai(w) ∈ Ai, i = 1, 2.

Gia k�je ui, βi ∈ Ai me βi fragmènh up�rqei δi > 0 tètoio ¸ste h elegqosun�rthsh
ũi(t) ≡ ui(t) + sβi(t), t ∈ [0, T ] an kei sto Ai gia k�je s ∈ (−δi, δi), i = 1, 2.

Oi parak�tw paragìmenec diadikasÐec up�rqoun kai an koun sto L2([0, T ]× Ω):

x1(t) = d
dsX

(u1+sβ1,u2)
t |s=0

y1(t) = d
dsY

(u1+sβ1,u2)(t)|s=0

z1(t) = d
dsZ

(u1+sβ1,u2)(t)|s=0

x2(t) = d
dsX

(u1,u2+sβ2)
t |s=0

y2(t) = d
dsY

(u1,u2+sβ2)(t)|s=0

z2(t) = d
dsZ

(u1,u2+sβ2)(t)|s=0

tèloc upojètoume ìti isqÔei ìti

E

{∫ T

0
p̂2(t) [σ(t)− σ̂(t)]2 + (Xt − X̂t)

2q̂2(t) +
[
Y (t)− Ŷ (t)

]2
(
∂Ĥ
∂z

)2(t) + λ̂2(t)
[
Z(t)− Ẑ(t)2

]}
<∞ .

(4.12)
Tìte isqÔoun ta ex c:

E
[
λ̂(t)

∂U1

∂a
(t, X̂t, ât) + p̂(t)

∂b

∂a
(t, X̂t, ât) + q̂(t)

∂σ

∂a
(t, X̂t, ât)

∣∣∣∣ E1
t

]
= 0 kai

E
[
λ̂(t)

(
∂p

∂θ

(
θ̂(t)

)
+ Ẑ(t)

)∣∣∣∣ E(2)
t

]
= 0

ìpou to (â, θ̂) eÐnai sagmatikì shmeÐo tou paignÐou (4.8).
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