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This Master thesis deals with the New Keynesian Model as it is presented in Jordi Gali’s book “Monetary
Policy, Inflation, and the Business Cycle: An Introduction to the New Keynesian Framework” putting down
not only all the missing algebra in units 3,6 but also the study on the impulse responses on shocks in any
case using MATLAB. As far as MATLAB is concerned, | compare the numerical results of three different
methods of solving rational expectations problems (Undetermined coefficients, Blanchard & Kahn, Klein).

Introduction

The last thirty years there has been massive research on causes of economic fluctuations and on which are
the optimal policies to stabilize the economies, but these topics are still in hot dispute between the econo-
mists, especially after 2007, when the depression reminded everyone its enormous costs to National Econ-
omies and consequently to social welfare. The two major schools of thought about business cycles are the
Real Business Cycles and New Keynesian Perspective. The former was first to emerge after the famous Lucas
Critique and the latter was, at least at the beginning, an extension of the RBC methodology. Based on the
frictionless neoclassical growth model, the RBC approach aimed to explain economic fluctuations as an op-
timal response of rational agents to real disturbances, particularly to technology shocks. With the exception
of the oil price shocks, however, it is difficult to identify negative technology shocks that are large enough to
cause recessions. As King and Rebelo (1999) ask in their seminal paper, “If these shocks are large and im-
portant, why can't we read about them in the Wall Street Journal?”. The New Keynesian models of Business
Cycles provide an alternative explanation which suggests that fluctuations are often driven by monetary and
fiscal policy shocks (many times along with technology shocks) which can cause real effects due to nominal
rigidities. But of course the New Keynesian models are not a panacea: identifying many of these empirically
assumptions have proven to be challenging e.g. Chari, Kehoe and McGrattan (2008), reminding that further
research should be conducted in DSGE modeling.

One the latest progression to New Keynesian DSGE modeling was the Gali’s perspective as it was presented
in “Monetary Policy, Inflation, and the Business Cycle: An Introduction to the New Keynesian Framework”.
The three main aspects of the Gali’s New Keynesian models are:

Monopolistic Competition: The prices of goods and inputs are set by private economic agents in order to
maximize their objectives, as opposed to being determined by an anonymous Walrasian auctioneer seeking
to clear all (competitive) markets at once. The monopolistically competitive firms do not produce at the low-
est possible cost per unit (they have excess capacity) and that they produce smaller quantities of the good
from the point of view of society as a whole (inefficient allocation of resources). But the monopolistically
competitive firms provide an endless variety of products, something the competitive firms cannot do. Since
consumers’ tastes and incomes are different, it is likely worth it to have the great variety of choices and to
suffer the burdens of excess capacity and of the inefficient allocation of resources.

Nominal Rigidities: Firms are subject to some constraints on the frequency with which they can adjust the
prices of the goods and services they sell and the same kind of friction applies to workers in the presence of
sticky wages. Following the trend | make use of the popular Calvo model for sticky prices. It is a time de-
pendent model since whether or not a firm adjusts prices is a function of time and does not depends on the
state of the economy.

Short run non-neutrality of monetary policy: As a consequence of the presence of nominal rigidities, changes
in short term nominal interest rates lead to variations in real interest rates, consumption and output. In the



long run however, all prices and wages adjust, and the economy reverts back to its natural equilibrium.
However the nominal rigidities “restore” the role of the monetary policy.

In chapter 1 is the analysis of the benchmark New Keynesian model assuming only sticky prices i.e nominal
rigidities in Goods Market and | exploit the IRF tool to show the response of the economy to a monetary
shock. Under certain assumption the model provides that the policy shock leads to an increase in the nomi-
nal interest rate, an increase to the real interest rate and a decrease in inflation and output. In order to
bring about the observed interest rate response, the central bank must engineer a reduction in the money
supply and so the calibrated model consequently display a liquidity effect.

In chapter 2 | use analogous analysis to the previous model but adding also sticky wages i.e. there are nomi-
nal rigidities in the Labour Market. The presence of sticky wages and prices generates a much smaller infla-
tion decline than with only sticky prices . Here since also wages are sticky, the inflationary contraction is di-
vided between prices and wages and as a result real wage does not change at all or too little. This in turn
reduces the impact of decline in activity on the real marginal cost and, hence, the limited size on inflation
response.

In chapter 3 | cite a quick review of some extensions or omissions conserning the New Keynesian models.
Also | cite some critical reviews about the assumptions and conclusions of the NKM.



1. The New Keynesian Model with price rigidities

1.1Households
Consider an economy consisting of many identical, infinitely lived households (with measure normalized to
one). The representative household has an instantaneous, (and time separable) money in utility function of

M
the form: U| C,,N,,—* | (1.1)

R
under the standard assumptions :U, >0,U,, <0,U,, >0,U., <0,U, <0,U,,, <O
along with the Inada Conditions: 'Ci”(}Uc = oo,lim Uc =0 limU, =oo, limUy =0

—0 ——®©
P P

where:
C, :consumption level

N, : Labour

Mt
— :Real money
t

Also | assume separable preferences meaning that cross differentiations are zero i.eU, =Uy =U e =0

A representative household maximizes utility, and discounts the future by a factor £ :

Eoiﬂtu [Ct, Nt,%) (1.2)
t=0 t

The consumption index C, is the sum of consumption of all goods i, and there exists a continuum of goods

&

1 &t et

represented by the interval [0,1]: C, :[IO C. dIJ (1.3)
Given this assumption, goods become imperfect substitutes, a feature which equips firms with market polr.
Equation (1.3) also nests free competition as a special case. In particular, taking the limit as & — oo be-

. 1 .
comes: lIMC, =| C,di

£—>0 0

Households maximization problem is subject to a one period budget constraint:

[[R.C,di+M, +QB <M, +B, +WN, +T, (1)

In this setup, B, ; is the number of bonds purchased last period, each yielding a payoff of one, and

1
Q_l+i

Also, the following “No-Ponzi” condition is imposed:Tlim Q'A=0
—m

is the price per bond bought today. T, denotes the dividends from ownership of firms.
t

M
Where A =B, +Ft is the stock of financial wealth.
t
The representative household’s decision problem can be dealt with in two stages. First, for any given level of
consumption expenditures it will be optimal to purchase the consumption bundle that maximizes total con-

sumption C, . Second, given this optimal bundle (mix) of consumption goods, the household must choose

the utility maximizing combination of consumption, labour and money.



First Stage

1 .
Assume an arbitrary level of consumption expenditures €, such us _[0 P.C.di=¢ (1.5), then
A
max IO C,c di
1 .
[ RCdi<e

Assume that the constraint holds with equality and using Lagrange method

=(L1Ci?d|]“ (jPCdl )

e \ogt e e i,l 1 e %{ 1
e [ e e e g L \ete 1
wrt Cit :_1[.[0 Citg d'] _Citg Pit —ﬂ1Pit :OC:’[J.OCn'g d'j Cit ¢ :ﬂtPn @[LCHE d'j Cit ¢ :ﬂtpit <

1.1 C %
= Cthit £ = ;itF)lt < [C_tj = ;itF::t
it

The equality must hold for all goods, so the relationship between two different goods must be:
[Ctjg 7£ -

C P C ¢ P P

L 1—21"V| ji=> =L=C,=C,| | (16

C " ﬂ‘t Cjt P't Pjt

~t

Cjt

i
| multiply both sides with P, and then | integrate both sides over i. Thus:

) eP.*
= R.C, =RC, ( ] jPC di = jolpitcjt(gt] C, th Pridi=C,=——(17)
J't it

[

This is the household’s demand functlon for good j. It depends on the price Plt, on the (arbitrary for now)
expenditure budget for consumption, €,, and on an expression that is a function of all prices in the economy.
This expression can be shown that this is the cost for obtaining one unit of (total) consumption.

Let C, =1 and define P, as the expenditure needed to purchase a unit level of C,, thatis P, = et|ct=1

1
&

) =
et e )¢
Thus, ctzlz[j:cns dij =| [ cj{%] di :D:Cﬁp; pL gdl} =



o1
=|:ij Pt [ Pl‘gdl} —C,P: U Pl‘gdl} C,=CP; U P gdl}

I multiply both sides with Pjt this time and then | integrate both sides over | .Thus:

t g

& & & 1 —& A1 é H 1 —& 1 —E& A é H
P,C, =C.P¥ U P dl} @j P,C,dj= thPJl, UOP; dl} dj<PR=[ P Dopitl dl} dj
But, the sum over all j'Sand over all i'Sinvolves summing over all prices, so:

P = ijjligdj[.f:F}t“di};@ ([ gd) (17)

And this is the Aggregate price index.

Now we can substitute the aggregate price index into the expression (1.7) to get:

eP. eP.
Cp=—1—=Cy=—7-=R "R (L8)

"t R

Then, by (3) and using (8) | have:

= g% &= gi— £ 1
(s g ) e (o) e ()| -

=€ Rgilig =€ Ril < 6= CtR Nt I: PitCitdi = CtR (1.9)

P —&
Thus using the fact that &, =C,P, and (1.8)= |C, = {F"j C, | (1.10)

t

(1.10) is the Demand Function for Good |

Equation (1.10) is the solution to the household’s first step maximization problem. Once the household
knows prices and has decided on C,,, it also knows how much to consume of each good. The next step is

decide C,, the aggregate consumption.

Second Stage
Now, the household can make its consumptions and leisure decisions optimally to maximize its Expected

Utility function:
M,
max E {ZﬁU[C Ne, 5 j}

CNt—B[ t=0 t

st PC,+M,+Q,B, <M, +B_, +W,N, +T,

(1.11)

To use this dynamic problem | use the Langrangean method



L=E,> 8 {u [(:t,Nt,%}rzT (-RC,~M, —QB, +M,, +B_, +W,N, +T, )} (1.12)

t=0 t
FONCs
wrt C,.: B'(Ug—4R)=0 (113)
wrt N, S (U +AW,)=0 (1.14)

WL B (U - AR)+ BB AR =0 (115

t

wrt B :-f'AQ +B"EA,=0 (116)

(1.13)=U, =4P < % =4 (113)

t

(1.16)=Q, = % (1.16)

Because I’'m going to linearize the optimality conditions and additionally | am not going to make welfare

analysis | assume that there is no covariance between A, and C, or linearity that after linearization it will be

true. In other words | can write (1.13’) one period forward to get EU,, = E A, ,E.P; (1.13”)

By (1.13'), (1.13”) and (1.16') = Q = jE, {@i}
UCt I:)t+1

If I use the assumption that Q, = % then | get:1= ﬂ(1+ i) E {@i} (1.18)
+1

Ct t+1

This is the Euler with respect to bonds.

U W

By (1.13) and (1.14) I get: => —™ = ——1 (1.19)
UCt t

This is the Labour-leisure choice

By (1.15) and (1.13)|get::>UMt =1—Qt:>uMt =1- 1_ :U“’" = "_ (1.20)
U U 1+i, U, 1+

This is the money demand

Equations (1.18), (1.19),( 1.20) determine intertemporal consumption allocation, the labour leisure choice
and the money demand, respectively. Together, those equations determine the rational, forward looking
household’s allocation decisions.

Let the utility function be of a functional form as following:

(M]

l-o 1+¢ P

U (Ct,Nt,%jzlct NS (1.21)
) -o l+¢p 1-v

So, (1.18),( 1.19),( 1.20) become:

:>1:,6’(1+i)E{%Pi} (1.18)

t+1



=CN? = W (1.19)
P
t

M) ) B
Pt it Mt o it Mt v it Y
(1.20)= = =>| | =C°—1-=—"1L=C'| (1.20)
1+1,

C% 1+, P 1+i, P

1.2 Firms
The second part of the model consists of firms’ decisions. Firms try to minimize the costs of production and

maximize profits.

Assume a continuum of firms indexed by i € [0,1] , each producing a differentiated final good. All firms have
access to an identical Cobb-Douglas technology: Y, = AN, (1.22)

Where:

Y, :the output produced by firm i in period t

A :is the state of technology, assumed to be common across firms and to vary exogenously over time

N,, :is the labour force used by firm i

All firms face an identical isoelastic demand schedule given by (1.10), and take the aggregate price level P,
and aggregate consumption index C, as given.

Cost Minimization
Firms I minimize costs by choosing choosing the lowest possible level of labour subject to producing the

which results from the production function:

min[vleit (1.23)
Ne \ P

st Y, = ANE

firm specific good Y,

Using the Langrangean: L = [%j N, —¢ (ANiltfa —Yit)

t

FONC

W) oo “_ _[ W 1 _( W1
(FJ &(1-a) AN, _Oﬁé_[ﬂ](l—a)ANg“ (F{]MPNS (1.24)

t

As we know from microeconomics and especially from cost theory that the optimum where the envelope
dC(v; W, R) _
— %

v,

theorem holds:

i.e. at the optimum we can interpret & as the firm’s real marginal cost. This is the “price” of one additional

W, W,
unit of output = & = MCHK‘t = (Ft] I\/IF:’LN — = PMFt’N — (1.25)
t t t t
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The nominal marginal gain is the income increase, that is the price times the marginal increase in production
by adding a little more labour. Thus, the real marginal cost is the nominal cost relative to the nominal gain.

Calvo pricing Model

Gali follows the model proposed in Calvo (1983), each firm may reset its price only with probability (1— 6’)

in any given period, and independent of the time elapsed since the last adjustment. Calvo assumes that price
changes, rather than arriving deterministically, arrive stochastically. Specifically, he assumes that opportuni-
ties to change prices follow a Poisson process: the probability that a firm is able to change its price is the
same each period, regardless of when it was last able to change its price .Thus, each period a measure

(1— 9) of producers reset their prices, while a fraction 8 keep their prices unchanged. As a result, the ex-

pected duration of a price is given by 1 (Appendix 1). In this context, € becomes a natural index of price
o

stickiness. Let S(t) < [O,l] represent the set of firms not reoptimizing their posted price in period t. Using
the definition of the aggregate price level and the fact that all firms resetting prices will choose an identical
price P

1—

1
1 =H *1-¢ ¢ —& *1-¢ o —& —~& *1-¢
R=| [, Pdi+@-0R™ [ [R5 +@-0R™ ] " R <[0RY +1-OR™ |

* \1l-¢ g * \1l-¢ % \1l-¢
pe _pLe 49+(1—9)[ FEJ L T 9+(1—9)[ FEJ ST = 9+(1—9)[ Ff} (1.26)
R R R R

I1, is the Aggregate Gross Inflation

How that works? The linearization of (1.26) around the steady state would give the answer. Steady state is
defined by zero inflation, implying that I, =I1=1 and R* =P =PB_ Vt, and using a first Taylor expan-

sion yields:
M+ (1) T, = {9+(1—0)[2)H} (1-s)(1- e)(gj_g [% Py~ © Pptlj

M=1=(1-¢)7 =(1-£)(1-0)(p; - p.)=|m =(1-0) (P, - p.1)|(127)

After linearization it is clear that in this model inflation results from the difference between the

“reoptimising” price and the last period’s aggregate price index.

Profit Maximization and Optimal price setting

A firm reoptimising in period will choose the price Pt*that maximizes the current market value of the profits

generated while the price remains effective. Formally, it solves the problem

mP@X Z 0" E, {QtH—k (R*ka\t ¥k (Yt+k\t ))}
k=0

t

. \E (1.28)
st Y+kt:(PiJ C., for k=012,..

t
t+k

11



Where the stochastic discount factor for nominal payoffs in period t + K is Q

itk which is given by

k :t+k N Pt
Q =f[3" = —_— 1.29
I‘Hk [ Ct Pt+k ( )

Y

! :is the output in period t +K for a firm that last set its price in period t
W, () :is the cost function as a function of its output

W', (.) :denotes the nominal marginal cost in period t+K for a firm which last reset its price in period t

The firm must discount the expected profits by both the probability to adjust their price and the stochastic
discount factor. Higher values of the & means that probably the firm must wait for some time to adjust its
price and that’s why must put a lot of weight on the expected profits while keeping the price that set at time
t. Very low values of @ means that probably very soon the firm will have the opportunity to adjust its price
so it does not “care” so much about the expected profit, especially far in the time horizon.

Plugging the constraint and the stochastic discount factor into the objective function the problem is trans-
formed into:

- C) P[P P )"
mpa;x ng Et ﬂk [ é : j Pt Pt [ Pt J Ct+k — Wi [P_tJ C:t+|< =
t k=0 t t+k t+k t+k

t+k t+k t+k

2 Cu) P (PY C.) P P
max > OFE. { B¢ | Stk Ly S C. —f° k| _tyg -t 1 C =
P; ; t ﬂ ( Ct J P[Jrk t (P J t+k ﬂ [ Ct j P t+k (P J t+k

< |max} 6“E 1 BCLICTRRIIR™ - BCICIRRLY (P—j Cov |{|(1:29)

R ko

FONCs

0

* \—é-1
~oro & ~&- oo = ' —< P
SO | PCLICTRRL R 1) - FC ICTRRY W(.)%[—tj Cor =0

k=0 t+k Pt+k

D 6°E, { BCEICIPPIP ™ (1—&) +gB*CLICIPPEIP o (_)} -0

k=0

(1-2)2 0'E, {ﬂ “‘CiC7PR Pti;lFi*’g} + 8kZ 0'E, {ﬂ ‘Cord CIRRIR ™Y (-)} =0e
k=0 =0

(-2 0'E, {BCLICIRRIIR ™) = 2 0'E, {BCLICIRRIIR M, ()] &

RCTR (e -DY 0°E {fCLIRL = RCTR Y 0°E, [ FCLIRE O}
k=0

k=0

12



YOE(FCIRN GO} EXOFCTRIY, 0
k=0 k=0

*

P = e-1) ~ = (e-1) — (1.30)
E— ~opé- &— —opé-
zek Et {ﬂkctl+k I:)t+k1} Et ngﬁkctl+k I:1+k1
k=0 k=0
lIllt+k\t ()
Gali defines —— = l\/ICHk‘t as the real marginal cost in period t +K for a firm whose price was last set
t+k
in period t.

Also, under the assumption that there are no rigidities in prices i.e. & — 0, then the firm’s maximizing col-
&
(-1

g 1 .
2). The monopolistically competitive firms charge a markup M = —— above the marginal cost ¥ 'or in
g —
other words above the competitive equilibrium. So, | can rewrite (1.30) as:

lapses to a static problem where : P” = b4 't‘t ()=MY¥ 't‘t () ( The exact derivation is on the Appendix

EtZQKﬂkCtlJ:kﬂ PtikMCHk\t
P =M (1.30")
E D 0“BCLIR:

k=0

The “reoptimising” price is a weighted average of current and future real marginal costs which means that
the firms are forward looking. The firms are “weighting” the current and expected marginal costs by the fac-

tor (ﬂa)k which reflecting the uncertainty and risk to set their prices at period t and keep them until the

next opportunity to arise at the t +K period.

1.3 Log-Linearization

In[ﬂ(l.;.i[)cl}?7 Pi] InﬂJrIn(jI_Jril)%rlﬂ%ﬂnPi
(1.18') can be rewritten as:1=E, 1€ «Tl—E Je oo
| can define:

Ing= In@+i) =i, | Cus _ InC,,-InC, =

np=-p, InQ+i)~i, n?_ nt,—INC =¢, -6,

t

P
In—-=1In R —In I:?[+1 :_(In I:L—l —In Pt) = _( Pra— pt) =T

t+1

So: 1=E, {e‘P”x—G(Cm—q)—er}

In the steady state | assume that: C,, —C, =y , |, =1, 7, =7 and | =r+7=p+oy

By first order Taylor expansion:

13



1=E fe oGl < E {1+ (p— p)+ (i, —i) —0(Cy =G, — ) — (7 —7)} =
1= Et {1_i +7[+O7/+it —U(Ct+1—ct)—77t+1}:>0=—i+7f+5/'/+ Etlt _GE[(CHl_Ct)_ Etﬂ'nl =
by i —oy—7 =—pandE|, =i,

0=-p+Ei —oE(c,—¢)-Ex,=oc =p—-i+oEc,+Exr =

1 .
¢ =ECu +;(p_ i, +E7.,)|(1.31)

(1.19)=>In(C7N? ) = In(\%j: oC, +on, =W, — p,|(1.32)

t

(1.20)=In Mo cy| :mt—ptzgct—lln( e
P 1+1, v v 1+,

First order Taylor expansion

SO Ty (SR PR P S el B S S SR
MRy a=7y 1+i, v 1+i 0 @+i)?

AP L N S S QR L B S SO S
e T @+i)i - ) v 140 (i) v (@+i)i
_ —EC_EML_F 1 _1 i‘

e N Ry @+i) | v (@+i)i

If | discard the constant term and assume an income elasticity of one, where this assumption implies o=v,
the money demand equation can be written as:

|mt — P =C —77it| (1.33) where 17 =

v(L+i)i

In this setup and because of separability of utility function the money demand only allow to determine
modey supply to support the nominal interest rate implied by the Taylor Rule that Gali imposes to the model
(see below).

Assuming zero inflation steady state:

o R _R_R
F. R Ru

14



Yt+k\t :Yt\t
Qi = :Bk
k3 -1
t_&7-_
MCt+k\t = MCt\t = P =——=MC
t &
REY 0 A CirR = ME Y 6 (B TR MC,, ()
k=0 k=0

The linearization of the left hand side:

RED 0 CITRE! PR 0 F'CT P E S 0O PR )
xk=0
+P(e-1)E, Ze BCPA(P,, P)+P(l—a)EtiQ"ﬂkC"’PE’l(Cw -C)=
k=0
= Pi o B CoP 4 EtZH“ BCPTHR -P)+
k=0
+(e-1)E, 29 BCPY(P,, —P)+ P(l—a)EtiekﬁkC“’Pg‘l(Cw -C)=
k=0
~crPY e [P+(P P+ e D(R P+ (-0)C, —C)}

— cl“Pgiekﬂk [1+(p, = P)+ (e —D(Pros — P) + (1= 0)(Crpy —C) ]

the linearization of the right hand side yields:

o0

MEtZek {ﬂkctlll(GPtikMCHk‘t} Mzek Cl UP MC + ME Ze ﬂ Cl UPg 1MC( » n P)+

k=0
+(1-0) MEtZe»k BC7P*MC(C,, —C)+ MEtZHkﬂ"Cl“’Pg (MCHk‘t - Mc) =
k=0 k=0
=ME 29 B*C°P°MC +(&)ME 29 BECrope mc L ( ) +P)+
+(1-0) MEtZek BC7PIMC é (Cox ~C)+ ME,Y 6 piCopet (MC,,, —MC)=
k=0

-MP‘C*"MCE, 3 ¢ §* [1+(g—1) (P +P)+(1-0) 2 (C.y ~C) +i(|v|ct+k‘t - MC)}
k=0 C MC

=pC*° Etie"ﬂ’" [1+ (¢=1)(P.x — P)+(1—0o)(c. —C)+ (mch‘t — mc)]

The sides must be equal:

15



CoPUE Y 04 [L4 (5~ P) + (e =D(Pus ~ P)+ (- 0)(6us -0

=P*’Cl*"Et§:9"[)’k [1+(g) (P — P)+(1=0)(Cpy —C) +(mct+k‘t -~ mc)} &

< Etiﬁkﬂk [1+(p = P) + (e =D(Prs — P) + (L= 0)(Cy —C) | =

=Et§;9kﬂ" [1+(g)(pt+k —p)+(1-0)(Co —c)+(mct+k‘t - mc)} o

S B0 [P~ P =B 20" [me,y -me | e ED0°" B =E 0" | mo ~mo+ b |
=0 =0 =0 =0

If 6 <1and because p; is constant for K periods z&kﬂk P, =pt*20k,6’k =p:L
k=0 k=0 1— Hﬂ
o

= 1_t9ﬂ = Etggkﬂk :mCHk\t —mc+ pt+k:| = pt* =(l_0ﬂ) Elgekﬁk |:mct+k\t —mc+ pt+kj| =

00

pt* :/u+(1_9ﬂ)Elzekﬂk |:mct+k\t+ pt+k:| (134)

k=0

The firms will set a price that corresponds to the desired markup (or frictionless markup), given by g =-mc

, over a weighted average of their current and expected nominal marginal costs, with the weights being pro-
portional to the probability of the price remaining effective for k consecutive periods.

1.4 General Equilibrium

| solve for a decentralized equilibrium:

Given the paths of one policy instrument {it }io and the initial conditions M, and B, a decentralized equi-

tr

M o0
librium is defined to be an allocation {Ct, N,.Y, . T..P Bt’Ft} such that:

t Jt=0

1. Households undertake their optimization problem outlined above
2. All budget constraints are satisfied
3. All markets clear:

l. Market clearing in the goods market implies: Y, =C, (1.35)

1 .
Il Market Clearing Condition in the labour market: N, = IO N,di (1.36)

Il Market Clearing Condition in the Bonds market, total supply of bonds: B, =0
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IV.  Market Clearing Condition in the Dividends market: T, = Othe free entrance of the firms

causes the profit to become equal to zero.
V. Market Clearing Condition in the money market, total supply of money equals to demand od
M ¢ o v
money : M =M/ where —-=C | —
P 1+,

t

1 E . -1
Let the aggregate output be defined as: Y, = (IOY‘I ¢ dlj (1.37)

By inserting (1.10) and (1.37) into (1.35) | get:

&

el e-1 € £

&1 = - £ &1 \ea el o1
Yt :[J-;Cnf) d|j = I(;L (%J C'[ dl :[J.ol F)i;]_—gpts—lctg diJ :[Ptg_lctg I: F)I;L_gdiJ =

t

£

L‘l e-1 £
=£Pf‘lct : j: Pitl‘gdiJ =P°C, ( jol Pitl‘gdi)“ —P’C,R*=C,=Y,=C,=InY,=InC, = (1.38)

Equation (1.37) is the aggregate market clearing condition.

1.
(1.31) by (1.38) ¥, = B Yy, _;(It —pP- Et”t{l_) (1.39)
Y_ l-a
From (1.22) we have that N, = Kﬂ )

Insert this into (1.36) as well as the goods market clearing condition (1.38) and the consumption demand
(1.10)
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1 1 P, e
Qntzm(lnYt—lnA)Hn Io[F:] di |

0

Y, =a +(1—a)n —(1-a)ln f[ |

—&

1 P
As Gali proves that d, = 0 because _[O (F”J di =1 up to a first order approximation around P, =P,
t

Thus: y, =&, +(Ll—a)n, (1.40")

1.5 Derivation of the New Keynesian Phillips Curve

In the new Keynesian era is very popular to express all the variables in gaps, as deviation from their natural
valuesi.e ¥, =Y, —V, . Usually the natural value is the counterpart from the frictionless problem. The nomi-

nal marginal cost by using labour is the wage W, . The real marginal cost is given by equation (1.25):

t =an>|n|\/lct =|nan>
PMPN, PMPN,

< me =W, —p,—mpn’ =w, — p,—a —Inl—a) +an =w, — pt_at_In(l_a)‘*‘au:>

&7 n1-q) (1.41)

= MmC, =W, — P, —

Which is an expression for individual firm’s marginal cost as a function of the economy’s average real mar-
ginal cost.

The real marginal cost in period t +K is:

Ay~ aka\t

—Inl—a) (1.42)
l-a

J— n J—
mCt+k\t =W — Prak _mpnt+k‘t =W — Pk —

A~ yt+k\t

mc

trkt M€, =W — Prx —

- In(l_ 0!) - \Nt+k

~ Pk — aHkl_aka —In(l-a)=

_ a(ynk\t - yt+k)
l-«a

*

P )" \ )
(1.28) = Y, =In (P—tj Conn | ==& (P = Pras )+ G ==& (P = Pk )+ Vi

t+k
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—ag( P, — pt+k) S me,,, =mg, _M (1.43)

l-« l-«

mc,

tekp — MG =

ag( pt* B pt+k)

[ =(1-B)E Y. 08" [me —mc+ by, |=(1-6B)E Zek [ =
k=0 —a

—mc+ ka]:

=(1-p) Eiﬁkﬁk {mm —M+ puk} = —‘f‘g—pw(l—e/s) Etié?kﬂk [mch (rarad)py } &
k=0

k=0 l-a

p: as pt — (1_9ﬂ) Etiekﬁk |:mCt+k + (1—06 +a‘9) pt+k j| Py
l-«o

l-«
l-a+ ag) (1—a +aE) Py

l-a+

—(1-6B) EZQﬁ{—a

Subtracting from both sides p,_, I have: p; — p,, =—p, , +(1—6’,8) Etzekﬂk |:®mct+k + pt+k} =
k=0

) Zek ‘[Omecic+ p - by |=(1-08)E Y. 0" FOmee +(1-08)E Y. 08 [P - P
k=0 k=0

Firstly, | will analyze the second term of the right hand side:

(1-6B) 29 B[P — Pl =(1-0B)E {6°B° (P, = P 1) + "B (Prs = Pt) + 67 B (P — Pa) + -}
:(1_0:8) Et {‘goﬂ (pt - pt—l) +01ﬁ1(pt+1 — PP pt—l) +92ﬂ2(pt+2 Pt Pa— P+ P — pt—l) +}
= E[ {eoﬁo(pt - ptfl)‘i‘@lﬂl(pﬁl P+ P pt71)+02ﬂ2(pt+2 —Pugt Py — P+ P — pt—l)+"'}_

_eﬂEt {Hoﬁo(pt - pt—l)_'_glﬂl(ptﬂ — Pt P ptfl)-i—é?zﬂz(p”z “Peat P =P+ B — pt—l)+"'} =
=E 0" 7 + 0 B (my + 1)+ O° B (T + Ty + 1) + |

—E{Qlﬂﬂ +& B (my + 1)+ OB (n,, z+”t+1+7f)+---}‘

E{6°B°7 +6 B (s + 1) =0 Bm +0 (7 + g + 1) = O P (g + ) +

E{0°B°n, +6' B (7 +7)— 0" Bm +0° B (nﬁz + Ty 1) =0 B (7 + )+

E,

(0°Br +O B ry+ 0 Br,+. ) =E Y 0 Bm,
k=0

So,
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P — P =(1-6p) Etiek Bemci +Eti0k Br.,. =
k=0 k=0
P, — Py =(1-6B) Etiek,é’k(amch +(1-6B8)®mc: + Etiakﬂknw + T, <>
k=1 k=1

P = Pea = 08(1-6p) Etié?" BOmCeia +<9,8Eti0k B T +(1-6B)OME + 7,
k=0 k=0

P = P =OB| E(Pla— Pi) |+ 7+ (1-68)Ome: <
7 (1-6)" = eﬂ[Eﬂm (1—9)’1] + 7, +(1-68)Ome, <
7, = OB[Ery ]+ +(1- 0) 7, (1- 0) (1— 98) Ome: <>

(1-6)(1-98)®

7, = pPE7,, + 9

mc: < 7, = BE 7, +AMCt |(1.44)

Next, a relation is derived from the economy’s real marginal cost and a measure of economic activity. | have
shown before that mpn" = a, +In(1l— &) —an,. If | insert this into mc, =w, — p, —mpn, and make use of

the production function (in logs) and the Labour-leisure choice (1.32) | get:

mc, =oC, +on, —a, —In(l—a) +an, =o¢, +(p+a)n, —a, —In(l—-a) &

@ me =0y +(o+a) 22 —a —Int-a) - (-aotgta, %4 -Int-a) (145)

l-a —-a

In the case of flexible pricing | know from before that MC = —. Define natural output ytn as the equilibrium

level under full price flexibility. Accordingly the natural marginal cost is defined when the output is at its nat-
ural level, so:

mc=—u

_ l-a)o+p+a yr 149 a —In(l—a) (1.46)
l-«o -a

| can solve for Yy, and:

(l-a)o+p+a ,

1+ 0 1+ l-a l-«a
Yi :_ﬂ+£at+ln(1_a)®yt = v

- +
(l-a)o+p+a % (1—a)0+(p+a'u (l-a)o+p+a

o In(l-a)

SV =yRa +o) (1.47)

If | subtract (66) from (65) | get a measure of the real marginal cost gap
MC: = mc, —MC = (-a)o+o+a yt—1+¢q—ln(1—a
l-o l-o

l-a)o+p+a n l-a)o+p+a .
_(-a)o+o (t_t):( Jo+¢ j, (1.48)

l-a)o+p+a , 1+
y-d=dorera . 1re

+In(l-a)
-« 1—aa[ ( )

MmCt

l-« l-«

Where ¥, denotes the Output Gap.
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Hence (1.44) becomes:

l-a)o+o+a . -
74 ::BEt”wl"';”nCt ::BEtﬁt+1+ﬂ'( i ul Yi <:>|7Z-t :ﬂEtﬂt+1+Kyt| (1.49)

l-a)o+p+a
l1-«

Where k=1

This is the New Keynesian Phillips Curve , shows that inflation depends only on expected future inflation
and current output gap, with no role for past inflation or more complicated dynamics.

1.6 Derivation of the Dynamic IS equation

if I use the definition of the real interest rate I, =1, — E, 7, ,, equation (1.38) becomes

1 n n 1 n
Yi :Etyt+1_;(rt_p) and Y, :Etyt+l_;(rt _,0) (1.50)

subtracting (1.50) from (1.38) gives the output gap from the natural output, i.e. the dynamic IS equation:

- n 1. N - 1. .
i =Y =Y :Etyt+1_;(|t_Et”nl_p)_EtyHl"';(rt _p):EtytJrl_g(lt_rt _Etﬂ-nl)c;)

- - 1,. .
Yo = Etyt+l_;(lt - = Et”t+1) (1.51)

The DIS is the aggregate-demand equation of the model.

The only thing that remains to be defined is a process for the q“ .

If | take first difference of (1.47 ) then: E (Y, - V) =vE(a,,—a)

And doing the same on (1.38): E, (Y., —V,) = 1(it —E 7., —p)(1.52)
o
K =i —0E (Vs — V) - Ema =i —Emy 0B (Y — Yo — Ve + W) =
=i, —Em,,—oF [(yHl —Y) = (Yea— ytn)] =i —Em. _(it —E7a _p)+W;aEt (a.,—a)e=
W =ptypE (@, —a)| (153)

Thus, the natural real rate is a function of households’ discount rate and expected technological process
(72).

| can be rewritten as: L =r"-p=oy,E(a,-a) (1.54)

If there are no technological shocks in the economy , the real rate becomes the discount rate.
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In order to close the model | assume that the central bank follows a rule, similar to Taylor’s rule:

i =p+e.m+o,¥ +u| (1.55)

Standard reasoning implies that ¢_and ¢, are non-negative.
Assume also that the exogenous processes are:
P, €[01):0, = pu_, +& where &’ ~WN(s?) (1.56)

p,€[01):a =p,a_, +& where & ~WN(s®) (1.57)

Hence, we end up solving for a decentralized equilibrium:
Given the paths of one policy instrument {it }:io , the initial conditions m,and b, and the exogenous pro-
cesses {1)t , at}:io, a decentralized equilibrium is defined to be an allocation {yt V7T mt}:io such that:

1. Households undertake their optimization problem outlined above
2. All budget constraints are satisfied
3. All markets clear.

The decentralized general equilibrium consists of 3 equations (1.49), (1.51), (1.33’) given the policy instru-
ment i, which follows residually and given the exogenous processes. It can be observed that the money

market clear condition (1.33’) also follows residually so we can ignore it for a while and we can continue the
analysis by using only (1.49), (1.51) and (1.55).

| first derive a forward looking version of the dynamic IS equation. Insert (1.55) and then (1.49) into (1.51):

" o Lo g 1 " n
Yi :Etyt+l_;(lt_rt _Etﬂ-tJrl):Etyt+l_;(p+¢7rﬂ-t+¢yyt+ut_rt _Etﬂ'nl):

- 1 - - on
=E Y _;(¢ﬂ (ﬂEtﬂ-Hl +Kyt)+(Pyyt o - - Etﬂt+1) =

~ 1- B, pK+o, _ F'—u
=E Y.+ E,— . Y + : L
O O
. P.K+Q, _ . 1-po. r"-o
<Y ! Yi =&Yt Bz t o=
ct+to.K+o, 5 ﬂ(pﬂ t” )
> Vi =EViat B+ &
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- . 1- r"—
=) =+Etyt+l+¢ Etﬂ't+1+t—0t (1.58)
G+(0ﬂl(‘+¢y G+(07[K+(Dy O'+¢ﬁl('+(0y

The equation (1.56) shows the current output gap as a function of expected output gap, expected inflation
and shocks.

(1.49) by (1.58) becomes:

- o - 1- o, r"—ou
Ty ::BEt”tJrl""Kyt :ﬂEt”t+1+K —Etyul"‘&EJTHl*‘% =
C+o.K+o, C+o.K+o, C+.K+o,
xK(1- +plo+o.x+ k(" —u,
_ oK Etyt+l+ ( :B¢n) ﬁ( ¢7r ¢y) 72't+l+ (t t) PN
C+Q.K+o, C+o.K+o, o+ K+,
K+ pBlo+ x(f"—v,
ol :LEJHH‘M Etﬂwl_,_M (1.59)
C+o.K+o, C+o.K+o, C+o.K+o,

The two equations (1.56) and (1.57) can be written as a system of forward looking difference equations:

yt 1 o 1_ﬁ¢” Etyt+1 1 l =n
S S 1t e
7T, octo.K+o, | oK K+,B(a+(oy) (= ot K+p,\ K

et — =0
oty K+,
y o 1-pe, E,§ 1
- Yi _0 Y L0 (Ftn_ut)®
TT, oK K+,B(U+(0y) Ey K
B;
Ar

N .
@{yt}:AT( ty”lj+BT(ﬁ”—ut) (1.60)
7z-t Etﬂ'-t

+1

The system given in (1.58) is a reduced form representation of the dynamic IS curve and the New Keynesian
Phillips Curve, which takes into account effects from the policy defined in equation (1.55).

1.7 Stability Conditions

Here I have two control variables, ¥, and 7, and no predetermined variable. Following Blanchard Kahn

(1980) the system has a locally unique equilibrium if and only if both eigenvalues of the 2x2matrix A

(A}l)) are inside(outside) the unit circle or in other words the system is a “sink” (“source”
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| am to examine what are the sufficient and necessary conditions for this property to hold. The two eigen-

values denoted as A and 4,, are generally solutions to the following system written in matrix form, where

o 1-po, 10
=0 or |Q -1 =0
2x2 oK K+,6’(G+(py) 0 1) 2

Characteristic equation of the system is:

212 is the identity matrix.

A2 1

22 22

o-+1<+,6’(o-+goy)+ of
oc+p,K+e, oc+e,K+e,

w(A) =2 —tr(A,)A +det(A,) =A% - =0

There are 3 conditions that have to hold simultaneously

¥ (1) >0

iw(-1) >0

iii)ﬂi/lZ <1

Or in terms of determinant and trace:

)L-tr(A,)+det(A,) >0

ii)l+tr(A,)+det(A;)>0
iii)det(A;) <1
O +K+ o+ + K+ —0—K— _ +
i)=>1- ﬂ( ¢y>+ i N P i o T B~ Pe, Uﬁ>0<:>
O'+(D”K+(Dy O'+§0”K+¢y O'+§DEK'+§DY
P K+@, —k— o,
=

>0 since 0>0,¢, >0,0<x <1, @, > 0 i.e the denominator is positive ,so for
o+p.K+o,

this condition to hold must: (Q)ﬁ —1)K+(1—ﬂ) @, >0

o+tK+pl\o+ +p K+, +o+K+0f+ +
Plote) o, _ otexte totktoftfe o
o+Q.K+Q, o+Q.K+o, o+e.K+Q,

i) =1+

0

Since every single element of this fraction is positive then the inequality and consequently the condition
holds.

of

octe.K+o,

i) = <loof<ot+px+o, <o(f-D<px+o,

This inequality holds since f#<1,06>0=c(f-1)<0and 0< @ x+¢,

Concluding, the uniqueness holds as long as condition i) holds or as long as the policy parameter have suffi-

ciently high values i.e. as long as monetary authorities respond to deviations of inflation and output with
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adequate strength. Considering our assumptions about the parameters o >0,¢_>0,0< 1(<1,(py >0,0<p4<1

imply that ¢_ >1 is sufficient for 1) to hold.

1.8 Effects of a Monetary Policy Shock

Assume that the exogenous component of (1.55) follows an AR(1) process , where

P, €[01):0, = pu_+& (UC1) where &’ ~WN(s?)

A positive (negative) realization of & is interpreted as a contractionary (expansionary) monetary policy
shock, leading to a rise (decline) in the nominal interest rate for given levels of inflation and output gap.

Simultaneously for analytical reasons | assume that the technology shock is annihilated i.e a,,, —a, =0 and

consequently I." = p

Analytical solution using the method of undetermined coefficients:

Guess: ¥, =y, 0 (UC.2)and 7, =y v, (UC.3)
| substitute these into NKPC (1.49):
7, =PEm,+KY, =

=>V,U = ﬁEtl//ﬂuUHl +KY L = ﬁEtl//m) (puUt + gtli-l) +KY U =

1-—
= l//ﬂ'UUt = lBl//m;puU’[ +Kl//yuut = (1_18pu)l//7m = Kl//yu = y/yu = %V/ﬁu (UC4)

Then insert (1.55) into the Dynamic IS (1.51)

- - 1. - 1 - - 1 -
= _E(It -1 - Et”t+1) =E ¥ _E(p‘l'(p;r”t 20 v L - Etﬂt+l) =E Y _;(Qzﬂt oYt - Et”t+1)
and again | substitute the Guess into the last equation:
1
= l//yUUt = Ell//yuut+l _;(q)ﬁ!//ﬂuut + ¢yWyUUt+l + Ut - E[WIZ'UUt+1) =

v

v 1 v
y/yuUt = Etl//yu (pUUt + gt+1) - g ((0,1-’//,;,)0t + ¢yl//yu (puUt + 8t+l) + Ut - E[l//m) (pUUt + gt+1 ) =
O-V/yuut = O-Etwyupuut - quz'l//ﬂuut + ¢yl//yupuut + Ut - Etl//m)puut =
oYy U = OB, 0,0 = QW o 0+ O, PO+ U — By p 0 =
[o(1-p,)+0, |v, +(0. =P, )Wa =—1

1_ﬂpu
K

And I insert (UC.4) = [O'(l—pu)+ goy] Vo +(0, =P, )Wy = 1=

[o(1-p,)+0, |(1-Bp,)+x (0, —p,)

=-1=

v
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[o(1-p,)+o, |(1-Bo,)+x (0, —p,) ’

1

Where A =
" lo(l-p,)+e, |(1-8p,)+x (0. - p,)

1—
And after inserting (UC.5) into (UC.4) | get:y/,, = ﬂ(—lﬂ\u) = —(1—ﬂpU)AU (UcC.6)
K

Thus, the solutions to (UC.2) and (UC.3) are of linear form with respect to monetary shock and specifically:

¥, =—(1-Bp,)Ap,| (UC7)and |, =—A u| (UC8)

Or by substituting the AR(1) process we get:

Yt = _(l_ﬁpu)Au (puut—l +gtv): _(l_ﬁpu)AupuUt—l _(1_ﬂpu)AugtU N yt = puyt—l _(1_ﬂpu)AugtU (UC7’)

PoYa

m = —KA, (puUt—l + gtu) ==K\, P~ KA & = | T = pr — KA & | (UCE)

PuTl1

But what is the sign of the factors —(1—fp, ) A, and —xA,?
(1—ﬂpu) > Obecause: 0 < £ <1 and by assumption 0< p, <1.
0'(1—,00 ) +o, > O because: o > 0 by economic theory, @, > 0 by stability conditionand0 < p, <1

K'(Q)ﬁ —pu) > Obecause: ¢_>1 by stability condition and0 < p, <1
Also 0 < x <1.
So finally: —(1-f3p,)A, <0 and —xA,, <0

Hence, an exogenous increase in the interest rate leads to a persistent decline in both output gap and infla-
tion. Because the natural level of output is unaffected by the monetary policy, the response of output
matches that of the output gap.

Also:
I\_ n_'
L=r—-r =L—-Ex,—p

And making use of (71)
= =0E (V.- ¥)= _O-(l_ﬁpu )Aupuut + O-(l_ﬂpu )Auut = O-(l_pu )(1_ﬁpu )AUUt (Uc.9)
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Using the same reasoning as above the factor O'(l—pu)(l—ﬂpu)/\u is positive and a positive monetary

policy shock increases real rate.
i: = f( + E[ﬂ-t-v-l = f\t _’d\upuut :_K/\upuut +O_(1_pu)(1_ﬂpu)AuUt = [O-(l_pu)(l_ﬂpu)_’(pu:'/\uut (UC]'O)

The sign of the factor I:G(l—pu )(1—ﬂpu ) - KpU]AU is ambiguous. As shown above, if the stability condi-

tions hold then A is positive. But if the persistence of the monetary policy shock is sufficiently high then
the nominal interest rate will decline rather than increase in a response to a rise in v, . In that case, and de-

spite the lower nominal rate, the policy shock still has a contractionary effect on output, because the latter is
inversely related to the real rate, which goes up unambiguously.

From the money demand function (1.33) and market clearing condition results to:m, = p, + Y, —77it which is

the equilibrium in the money market.

Differentiating (1.33) with respect to the monetary shock yields:

dmi _ dpz N dyz . ditu _
def dg dg de

=—ih, ~(1- 0, )A, ~n[ o (1-p,)(1- Bp,) k0, |A, =| k(1= fp, ) -n[ o (1= p,) (1~ o, )2, ]| A, (UC.11)

Hence, the sign of the change in the money supply that supports the exogenous policy intervention is, in
principle, ambiguous. Even though the money supply needs to be tightened to raise the nominal rate given
output and prices, the decline in the latter induces by the policy shocks combined with the possibility of an
induced nominal rate decline make it impossible to rule out a countercyclical movement in money in re-
di,

u

q > 0 ,which seems to be the most relevant case, the
gt

sponse to an interest rate shock. However, for

money supply falls in response to a monetary policy shock (liquidity effect).The (UC.11) does not describe
the equilibrium dynamics of the money supply, but the impact reaction in the first period! For the presenta-
tion of the money growth in MATLAB | use the first differences of prices, output gap and nominal interest

rate.

In conclusion, in order to understand the model and to correctly interpret the reaction to one of the shocks,
it is important to observe the allocation distortions in the new Keynesian baseline model: Different to the
RBC model, the allocation distortions in the New Keynesian model imply that resource allocation is ineffi-
cient. In equilibrium, the market power of the companies leads to suboptimal high prices and suboptimal
low production. After exogenous shocks, the existence of staggered price adjustment prevents that the
steady state will be reached immediately. This implies that also the allocation distortion is not constant but

fluctuating.

Numerical solution using Klein’s method:

The economy is described by 3 equations:
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. N 1,. n

¥ = E Vi __(It - - Etﬁt+l)
(o2

7Ty :ﬂEt”t+1+Kyt <

i =p+o.m+0, +y

- .1 . N
- Yo = Etyt+1_g(p+¢n”t TON O - — Etﬂ-wl)

T = ﬂEtﬂtu + &Y,

- {UYG =0E Y, -0~ v +p+yE@.,-a)+ Etﬂm} o
72 =ﬁEIﬂt+1 +Kyt

PN {O-Etyul + Etﬂt+1 = (G+¢y)yt +Q. 7T+ U _l//)r/]aEt(aH-l _a[)}
PE7 = —KY + 7,
Assume: p, €[0,1):0, = p,v, +& (K1) where & ~WN(s®) and a,,—a, =0

| will make use of Klein’s Method, so | will write the system as follows:

=Pt 8tU
JEt yt+1 + Etﬂt+1 = (O- + (py)yt Rl 2% o l//;aEt (at+1 - a[)

PE 7, =—KY, +7,

1 0 O L, P, 0 0oyl (1
0 o 1|E|Vul|=|1 (o+9) o ||V |+0]|&
0 0 p Ty —K 1 ||~ 0

0

AE,S’, =BS’ +C¢ (K.2)

Sy Sy
Where: S? :l:Slt:l andso ES’, :{ H;l :l
o] E o
2t t

2t+1

100 p, O 0 1
let S°=[v, ¥, #]and A=|0 o 1|B=|1 (c+¢,) o, |C=|0
00 B 0 -« 1 0



Schur Decomposition: QAZ =S and QBZ =T (K.3)

Qand Z are unitary and S and T are upper triangular matrices. The generalized eigenvalues of Aand B

can be recovered as the ratios of the diagonal elementsof T and S :

/”L(B,A)z{%i [ =1,2,3}

The matrices Q,Z,S and T can always be arranged so that the generalized eigenvalues are ordered in in-
creasing value in moving from left to right. In the vector St° one variable is predetermined and two are con-

trol variables.

e Proposition 1:if the number of eigenvalues outside the unit circle is equal to the number of control
variables, then there is a unique solution to the system

e Proposition 2:if the number of eigenvalues outside the unit circle is greater than the number of con-
trol variables, then there is no solution to the system

e Proposition 3:if the number of eigenvalues outside the unit circle is less than the number of control
variables, than there is an infinite number of solutions.

The matrices Q,Z,S and T are partitioned, so that:

Q Z, Z, Sy Sy, T, Ty

13 bl 2 bl 12 vl 2
Q = y Z = y S = X y T =

Q, Z, Zy O S, o T,

2x3 >l 2x2 21 o0 21 90

In order to “triangularize” the system | first define the vector of auxiliary variables as: Stl =Z" St0 (K.4)

Sl
Letting Z " denote the Hermitian conjugate transpose of Z, so that St1 zl: llt where

SZt
1 _ —<H H yt 1 _ —H H yt
Sp =2y 4ty Sp=Zp bty (K.5)
1x1 L 1 2 | 7T 2x1 21 11 2 | TG
2x1 2x1

Since Z is unitary, Z"Z =1or Z" =Z " and hence S} =Z7'S? = 7S} =7Z'S® =S = ZS;
|

| use this property to rewrite the system as:
AZES;, =BZS; +C¢g (K.6)

t+1

Premultiplying (K.6) by Q and then using (K.3) yields:

QAZE,S, =QBZS® +QCs’ = SE,S2, =TS° +QCel =
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Sll S12 Silt +1 Tll T12 SS:LI:[ Ql

bl Ix2 1x1 bl 2 || va 1x3

o |= e ~|Ceg’
201 Sy Syt 201 T, Sy Q, [¥11a
x 2x2 251 x 2x2 25 2x3

0

1 1 1 1
S 1 ESi +SL,E S, =T, S,+T,S; +Ql Ceg’
l><2 11 d 11 1x2 1x3 1 1><l
1 1
Sy B Sy =T, 5,4+Q,Céf

2x2 2x1 22 21 2x3 ¥

Due to block diagonal (recursive) structure, the process S, is unrelated with S;: and | can solve it inde-
2x1 1

pendently forward :

S, E S;m =T, S:2Lt+Q2 Ce’ = Sy E S;m Ty S;t Q, C & = (822 F- TZZJS;I Q,C¢& =

2x2 2x1 22 1 23t 1><1 2x2 2x1 2x2 2x1 2x3 31 1><l 2x2 2x2 ) 2x1 2x3 31 1x1

(Tzz—sﬂl:)s;t -Q,Cs’ :(ZLZ—SZZTZ‘ZIF)TZZ St =-Q,Ce =

22 2x2 2x1 2x3 3L 1q 22 2x2 2x2 2x1 2x3 3L 1

22 21 2x2 2x2 2331 1q 21 2x2 2x2 2x3 3 1

-1
TZZS%I:_(zIXz_Szszlej Q,Ce& =S, =— Tz_zl(l2 Szsz Q,Ceg

2x2 233 |75

where ( |X —522 Fj Qz |:§:(322T22 ) }: 281

vec(R) = vec {i(SZZTZj)j QZC} = ivec [(SZZTZ‘;)j ch} -
2x1 j=0 j=0

And | use the property: vec(AXB) = (B" ® A)vec(X),where X here is L‘l

]

=i[Li®(SZZT2—21)‘}Vec (Q,C) i[ |l®(822T2;1)} vec(Q,C) =

j=0 j=0
-1
| -1 ®(S,.T vec
sz 1 ( 2 22) gg 1
‘ 2x2 T 7
2x2 2x1

Finally:

Si =-T, R&’|(K.7)

21 2 g

Using the above result allows to solve for §, and 7, from equation (K.5):
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y - N
‘ :—(z;) z ut_l—(Z;j T, Rg (K.8)

T, 2x2 24 14 2 2 214
2x1

-1 -1
. . H H
In order to find some expressions for —(Zzzj Z,, and (Zzzj we proceed as follows:
2x2 2x1 2x2

From assumption we have that Z is unitary, i.e.

H H
Z) Zy||Zu Zp I O
pd e || K w2 || w2
H H -
Zy, Zyp||ln Zn| |9 |
2x1 2x2 |L 2<1 2x2 | X X
zH z

le le+ ZZl ZZl | = le + ZZl ZZl le - le_l (K9)

bl b w2 2d X bl 2 2d Ixd 1

Zn le+ ZZl Zzz = O = ZZl Zzz Z11 le (K.10)

bl 2 k2 2x2 12 2x2 bl 12

H H _ Hl-H H1l-H _ H1loH _ -1
Ly 2y +2yp2,=0=2y Z2,2,+2;, 2,2,=0=>-2; Z,,=2,7,, (K1l
24 b 22 2d 22 24 bd 232 22 2d 22 24 24 1d

-1 -1 -1 _
2y Zp+ZpZy=) =2y 2, Z2,+Z2y =2y andby(K9) Z, =Z,-2,7, 'Z, (K12)

2x1 1x2 2x2  2x2 x2 2x2 2x1 1x2 2x2 2x2 2x2 2x2 21 1A 1x2

So now by using (K.11) and (K.12), (K.8) can be rewritten as:

yt -1 -1 v yt v
=Zy Zn U= Lyp=Lynly 2y Ty legt = =M, v ,+M, & (K.13)
T, 20 bl 1 22 24 vd w2 | 22 2lia 7T, 24 A 2d I

2 24

Where: M, =Z,, leil and M, = _|:222_ Zy Z11_l Z12:|T22l R

2x1 2x1 1x1 2x1 2x2 2x1 1x1 1x2 2x2 24

Now | can solve for Sy, :

1
1 —H il Yo | on H v H H H v
Sy =2 v,4+Z, =Z),0v,+Z; |:M1 v,+M, & } ‘:Zn +2Zy Ml:|Ut—1+ ZyM, & =
b 1A b w2 | T Bl b4 b2 |24 d 24 1d Bl b2 24 ] bd 2 2d 1d
2x1

Sllt = [Zﬂ + Z; Z, le_l:| Uy~ Z21 ‘:Zzz 2,72, le :|T22 2ng by equation (K.9) =
1x1

11 1 x2 2x1 1d Ix2 [ 2x2 2x1 144 2 | 2x2
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1_— -1 H H -1 -1 v_ > -1 -1

Slt - le Ut—l_l:Zﬂ 222_ ZZl ZZl le le:|T22 2ngt - le Ut—l |: le ZlZ ZZl ZZl le ZlZ:|T22 ng =
1x1 1x1 1x1 1x2 2x2 1x2 2x1 11 1x2 2x2 11 1x1 1x1 Ix1 1x2 1x2 2x1 141 1x2 2x2 1x1

St=2,"v,-|-2"-2}2, 2,712, T Re’ =St =2, v+ 2 +21 2,2, 2,7 Re’ =
1t — “11 -1~ 11 21 21 <11 12 "22 1t 11 t-1 11 21 21 <11 12 '22

<1 1x1 1x1 1x1 1x2 2x1 1«1 1x2 24 1><l 1x1 1x1 1x1 1x1 Ix2 2x1 1x1 1x2 2x2 24 l><1
2x2

zi

1 - 1
Sy =2, ut PR le T, Reg’| (K.14)
bl bl B A k2 2x2 24 l><l

And | plug (K.14) into the upper part of the system (K.6) and get:

v, =M,v,+M, g’|(K.15)
11 1x1 11

Where M, =Z,,S,, " T, Z,, " and

Ixl I Ixl 11

M - le Sll |: 11 leil ZlZ T2_21 R+ Ql C + S12 T2_21 R T12 T2_21 R:l ZlZ T2;1 R

bl I pd b 2 22 20 133 10 22 21 1o 20 24| 10 2 21

Hence, the model’s solution can be written compactly in State Space form by combining the above as:

Ky =T ok +T 8t+l predetermined variables
f =Tk control variables
t

U4 Y, M, M, 0
Where h = , f= , [y = , = ,,=(M, M
ere here K, Ltu } ( [ﬂj 0 { 0 1 1T 2 M, 2]

Consistent with the analytical results, it is seen that the policy shock leads to an increase in the real interest
rate, and a decrease in inflation and output. The latter two effects correspond to that of the output gap be-
cause the natural level of output is not affected by the monetary policy shock. Using the calibration that Gali
provides, the nominal interest rate goes up, though by less than its exogenous component, as a result of the
downward adjustment induced by the decline in inflation and output gap. In order to bring about the ob-
served interest rate response , the central bank must engineer a reduction in the money supply. The cali-
brated model thus display a liquidity effect. Also the response of the real rate is higher than that of the nom-
inal rate as a result of the decrease in expected inflation. Overall, figure 1 shows dynamic responses which
are qualitatively similar to those estimated using structural VAR methods.

Three different solution methods were implement in MATLAB (undetermined Coefficients, Klein, Blanchard
Kahn) and yielded identical results up to 15 decimals (the codes are provided in Appendix 3)
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(Figure 1.)
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2. The New Keynesian Model with price and wage rigidities

This section expands the baseline model with monopoly supply power and sticky and sticky wages in the la-
bor market. A continuum of differentiated labor services is assumed, all of which are used by each firm. Each
household specialize in one type of labour, which it supplies monopolistically. Wages are sticky in an analo-
gous way to goods prices and in each period only a constant fraction of households can adjust their posted
nominal wage. As a result, the aggregate nominal wage responds sluggishly to shocks, generating inefficient
variations in the wage markup.

2.1 Households

Assume a continuum of households indexed by | € [O,l] . As before, given a sequence of budget constraints

household | seeks to maximize lifetime utility:
E,> AU (C;.Ny) (2.1)

t=0

The consumption index is now given by:

&1

, 2=
C,= jOCijt“ di (2.2)

In this model there is the additional assumption that households specialize in different types of labour, and

therefore face some monopoly power in the labour market given by &, >1. They post the nominal wage at

which they are willing to supply labour services to firms who demand them, and because of monopoly power
this wage contains a markup. However, households also face a constraint with respect to the frequency in
which they can change wages. A constant fraction 6, of the household is stuck with the wage they had last

period, while the remaining 1—6,, households can reoptimize the price of their labour services. Thus, a

household who reset its wage in period t will choose Wt* in order to maximize:

E‘g(ewﬁ)k U (Ct+k\t’ Nt+k\t) (2.3)
W
st Nt+k\t :[VT;(} N, (2.4)

R+k\tct+k\t + Et+k {Qt+k,t+k+1Dt+k+ut} < Dt+k\t +Wt*Nt+k\t _Tt for k= 0’1’ 2"" (2'5)

C ..and N denote consumption and labour at time t + K for a household that last set the wage at time

tk|t tkit
t. Because of the wage rigidity, (2.3) can be interpreted as “the expected discounted sum of utilities gener-

ated over the uncertain period during which the wage remains unchanged at level Wt* set the current peri-
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od. Note that the utility generated under any other wage set in the future is irrelevant from the point of view
of the optimal setting of the current wage, and thus can be ignored in (2.3). maximization of (2.3) is subject

to the sequence of labour demand schedules and flow budget constraints that are effective while WI* re-

1 .
mains in place where N,,, = IO Nmkdl denotes aggregate employment in period t+k , D is the market

tkit

value in period t + K of the portfolio o f securities held at the beginning of that period by households that

last reoptimized their wage in period t, while E,,, {QHK'HMD

t+k+m} is the corresponding market value as

of period t +K of the portfolio purchased in that period, which yields a random payoff DHM‘t .

Given the concavity of the utility function, (2.5) holds with equality. Furthermore, it can be solved for CHK‘t

1
kit = P_

t+kft

C |:Dt+k\t +Wt*Nt+k\t _Tt - Et+th+k,t+k+lDt+k+m:| (2-6)

Insert (2.6) and then (2.4) into (2.3) to get an unconstrained problem:

W

max Etkz;,(ewﬂ)k U (Ct+k\t7 Nt+k\t ) =

= ’ 1 ) wo)
= I’T\'IIVQX EtZ(QW,B) U P |:Dt+k\t +W, Nt+k\t -1, - Et+th+k,t+k+1Dt+k+1\t:|’ \Nt j Ne |=
! k=0 t+klt

t+k

2 o1 W W)
:rr\;lv[ax Etkzz;,(ewﬂ) U ?k‘t Dt+k\t +W, [VT;] Ny _Tt_Et+th+k,t+k+1Dt+k+1\t ,(W’[ik] Ny

= 1 * l_gw Ey *\ "éw Sy
= rrv1vax EtZ(gwﬂ)k U P_[Dt+kt + (Wt ) (Wt+k) Nt+k _Tt - Et+th+k,t+k+1Dt+k+m } ) (Wt ) (\Nt+k) Nt+k (2.7)
k=0

' t+klt
FONC

EtZ(gwﬁ)k Ue (Ct+k\t’ Nt+k\t )Pi(l_gw)(wt*)_gw (Wt+k )gw N +(_gw)UNt (Cuk\t' Nt+k\t )(Wt*)_gw_l (Wt+k )gw N, |=0&

0
k=0 t+Kt

© 1 1
Et (gwﬂ)k UCt (Ct+k\t’ Nt+k\t )P—(l—gw) Nt+k\t _ng Nt (Ct+k\t’ Nt+k\t )VT Nt+k\t =0e
k=0 tkt t

A
———U (C i+ N =0
PHk‘t (1_8W) Nt ( t+k|t t+k\t) At

Etkz;,(ewﬂ)k Nt+k\t UCt (Ct+k\t’ Nt+k\t)
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_ U Nt (Ct+k\t’ Nt+k\t)

Letting MRSHk‘t =
UCt (Ct+k\t’ Nt+k\t)

as the marginal rate of substitution between consumption and

&,
hours in period t+Kk for a household resetting the wage in period t and M, = —"—, the FONC can be

(1-2.)’

rewritten as:

*

- W
Et z t+k\t (Ct+k\t' Nt+k\t ){P—t - MWMRSt+kt] =0 (2.8)

k=0 tklt

And | can solve for Wt* as it is independent of k and can be taken out of the sum and the expectational op-

erator:

N +
kZ(H ,3) ( tkt? Nt+k\t) Pt = =M E Z 9 ﬁ t+k\t (Ct+k\t’ Nt+k\t)MRSt+k\t < (2.9)

t+kit
. Etz t+k\t (Ct+k\t’ Nt+k\t ) MRSHk\t
W =M, —— N (2.10)
t+kt
Etz 0 ﬂ ( tk]t? t+k\t) P |
k= t+k|t

o=

In the limiting case of full wage flexibility (HW = O), = MWI\/IRSI‘t vt

| =

Thus M, is the wedge between the real wage and the marginal rate of substitution that prevails in the ab-

sence of wage rigidities, i.e. the desired gross wage markup. Also in a perfect foresight zero inflation steady

state W_W_ M, MRS
P P

*

In a similar manner as | log-linearized the optimal price equation (1.30’) around steady state, | now
loglinearize the optimal wage equation (2.10). First, it is convenient set as starting point (2.9)

A first-order Taylor expansion of the left hand side of (2.9) yields:

e & N,
Wt EtZ(Qw:B)k UCt (Ct+k\t’ Nt+k\t )Pt—k‘t ~
k=0 t+klt
> U N < N N

szZ:(;(QWﬂ) F Z:(; )F(Wt )+WE Z 6 IB cc C N) P (Cuk\t _C)+

= N 1 N
+WEtk (‘gwﬂ)k I:UCN (C N )F"'U (C N )E}(kat -N )+WEth:(0Wﬂ)k Uc (C’ N )(_Ej(am - P) -

=0 =0
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0 0

~WY(6,8) U (C, N)%ANEtZ(HWﬂ)k Uc(C,N )%(wj —w)+WEti(9Wﬂ)kUCC (C.N )%C(CHH ~c)+

+WEZ Hﬂ { CN (C N)N?Z-I'UC (C’N)%}( ekt )+WEZ 918 )(_%j(pmﬂ_p):
=WU, (C, N)%Eg(gwﬂ)k {1+(V\4*_W)+C%(%m‘c)+
U, (C.N
+W N (nt+k\t _n)+(nt+k\t _n)_( pt+k\t - p):| -

A first-order Taylor expansion of the right hand side of (2.9) yields:

o0

M Zo(e ﬂ) t+k\t (Ct+k\t' Nt+k\t)MRSt+k\t ~

i(ﬁﬂ) (C,N)NMRS+MWE§(9Wﬂ)kUCC(C,N)NMRS(C

t+k|t _C)+

+MWEtZ(9W[>’)k[UCN(C,N)N+UC(C,N)]MRS(NHHI—N) iaﬂ Uc (C.N)N (MRS, ,, ~MRS |-

o0

_ Z CN NMRS +M EZ (9ﬂ CUcc(C N)NMRS(Hk\t )

O

M EZ 0,8) [Uau (C.N)N+Uq (C,N)N MRS (n, ., =)+ M, EZ 6,8)" U (C,N)NMRS (ms, ., ~mrs) =

tKt

» U~ (C,N U, (CN
=M, (N)(MRS)U (C,N) Etzf;(‘gwﬂ)k [C %(%kt _C)+ N ﬁ(ntm _n)+(nt+k\t —n)+(mrst+kh —mrS)] B
The two sides must be equal:

Ue(CN) Uc(CN)

WU (C N) A EtZ(g ﬂ) [1+(W:_W)+Cw(ct+kt —C)+N M(ntm _n)'l'(nwk\t _n)_(pnk\t - p)]

=M, (N)(MRS)U (C,N) Eti(ewﬂ)k |:1+CM(Q+H _C)+ N M(ntm B n)+(nt+k\t B n)+(mr5t+k‘t —mrS)} <

= Uc(CN) Uc(CN)

F

V%’i .(MRS)E > (6,5

k=0 k=0

W
But as is shown earlier: - M, MRS, thus:
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Eti(gwﬂ)k [(Wt* _W)_( pt+k\t - p)i| = Eti(ewﬁ)k (mrsnk\t - mrs) And

=0

=~

Eti(ewﬂ)k [\Nt* - (W p)] = Eti (mrsuk\t —mrs+ pt+k\t ) And

If B0 <1and because W, —(W— p) is constant for K periods

36 [ —(w—p) | =[] ~(w—p)] 305" _w-twp)] ;_(V;ﬁ_ P

— I:Wt - p)]

1-98

29 Via (mrst G —Mrs+p,, k‘t)
(W —(w-p)|=(1-08)E,> 0" B* (mrsuk‘t —MIS+ Py ) =
k=0

W, =(w—p)-mrs+(1-gB)E > 6“p* (mrsHk‘t + pt+k‘t)c>

k=0

w, =" +(1-68)E D6 p (mrsm(‘t + ka‘t) (2.11)
k=0

W
Wh Y=(w=p)-mrs=In| ——— |=In(M
ere "= w=p)-mrs =i - W] <in(w,)

the intuition behind the wage setting rule is straight forward. First, Wt* is increasing in expected future prices

because households care about the purchasing power of their nominal wage. Second, W: is increasing in the

expected average marginal disutilities of labour in terms of goods over the life of the wage, because house-
holds want to adjust their expected average real wage accordingly, given expected future prices.

Let the utility function be of a functional form as following:

Cl—cr N l+o

U(CN,)= 1-o 1l+¢

(2.12)

The assumed separability between consumption and hours, combined with the assumption of complete as-

=C

set markets, implies that consumption is independent of the wage history of a household, i.e. C

t+kit
forany k=0,1,2,...

t+k

Thus from (2.12): MRS

tHk]t =-

u Nt (Ct+k\t’ Nt+k\t) _ Nt+k\t —N? o
u.(c N o c—° tkft Ttk =
ct {\ ekt VKt ekt
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= mrst+k\t t+k\t +¢nt+k\t (2.13)

W* —Ew
Also, from (2.4) we get: NHK‘t = (W_tJ N, =n

t+k

L W (W — Wik ) (2.14)

If | let the mrs

e = Hk‘l +¢n . define the economy’s average marginal rate of substitution, so that:

t+k‘t

mrst+k\t = mrst+k +¢(nt+k‘t - nt+k ) = mrSt+k —Qs,, (\Nt t+k) (2 15)
So, by (2.15) equation (2.11) becomes:

W: = ,uW +(1_0ﬂ) Etzekﬁk (mrS’Hk — Qe (W: t+k + pt+k\t g

w, = u" — s, W +(1-68)E 29 S (mrs’[+k T QW T pt+k\t)©

k=0

(1+ (Dé‘w)Wt* = ,UW +(1_9,B ngﬂ (mrst+k + PEW T pt+k\t) <
)

(1"'(0‘9 ) (1 Hﬁ E 29 ﬂ (:u +mrs, +@e,W,, + pt+k\t

. (1-68)
W, = (1+¢)€ ) Etkz;,g ﬂ (;u +Mrs,, +@&,W,, + pt+k\t)

But also: lut+k - ( t+k pt+k) - mrst+k Nt mrSHk + pt+k :ut+k t+k » SO:

. (1-ep) _
" :((1+¢ew))Eth=:19 B (K" =+ W+ 950 )
. 1-6p S il w
W :((1+¢78W)) Etgg ﬁ (/J _zut+k (1+§05 ) t+k)®
1-0p )
o = (1=6P) Y 1-68) , .,
W ((1+¢)gﬂ Ekzl:0 (_ﬂ“" (L+¢z.,) t+k)+((1+¢i))(_ﬂt +(1+¢5W)V"t)<:>

i (1eog) P) e (120B) L g
VV,[ _\Nt(l eﬂ) (l+(08w)lut +0ﬁ(1+¢gw) Etégﬂ ( :ut+k+l (1+¢)‘9 ) t+k+1)C>

(l—@ﬂ)
(1+(p€w)

The next step is to derive the wage inflation equation. Given the wage setting structure, the evolution if the

E(W't+1

W, = (1-68)-

4" +6BEW,,; (2.16)

aggregate wage index is given by:
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1 1

! 1-&, i *1-¢, 12, 1-¢, -y |1-¢
W, = [ [ Wi i+ (L= 6, W, } =[ OWS + (L= W5 e (2.17)
A first order Taylor approximation around zero wage inflation steady state yields:
1

W, W +11[0WW HI-G W] (1-2,) 0N 5 (W, —W)+11[9WW +(1-6,)W ]ﬁ’l (L-z,) -,V (W -W )=
&y ~&y

=W +[ QW 4+ (10, W ]1 O 5 (W, =W ) +[ QW + (1-6, W ]1 (=6, (W W ) =
=W + G W (W, ~W )+ (1=, )W (W, -W ) <=

W, ~W +6, (W, W )+(1-6,) (W, -W) <

W -W 0 [Wt_l ~W j+ - GW)[W\A;W j -

W —W = 0, (W, —W)+@A—6,) (W —w) < W = W, +(1=6,)W | (2.18)

From (2.18) we see that inflation 7z =W, —W,_, is given by:
=W =Wy~ O W+ (=0 — W, = (L- )W —(1-6,)w_, = (1-6,) (W —w_,) (2.19)

Finally, insert (2.16) into 2.18 and by using (2.19):

W, ~ QW +(L-0,)W = w, =g w,_, +(1- 6’){ L (1-6,8)- G HWﬂ),[thJr@W,BEtV\/;l =

(1+¢s,)

V\/t—ﬁwwt_f(l—@w){vw—ﬁwﬂvw—g ﬁg ' +6,BE, m}

_ (1 _(1=07) .
W, —O,w, , = (1 Hw)vvt{ (0 pe) +OPE, (W, —w, ) [=
vw—HWWH=vw—9va—(1—0W)(l_9Wﬁ) +(1-6,)0,BE, (W, - w ) <

(1+ gogw)

vavt _ewvvt—l =_(1_0w)% (1 0 )0 ﬂE ( t+1 \Nt)c>
" 1-6,)(1-6,8) .

7' =008 t;) g P

7' = PE '~ 2] (2.20)
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(1_9w)(1_0wﬂ)

h =
Where A4, 2, (1+(0€W)

The wage inflation equation (2.20) has a form analogous to the goods price inflation equation (1.49). The
intuition is also the same. When the average wage in the economy is below the level consistent with main-
taining (on average) the desired markup, households readjusting their nominal wage will tend to increase
the latter, thus generating positive wage inflation. Here, (2.20) replaces condition that real wage is equal to
marginal rate of substitution, one of the optimality conditions associated with the household’s problem used
earlier. The imperfect adjustment of nominal wages will generally drive a wedge between the real wage and
the marginal rate of substitution for each household and as a result, between the average real wage and the
average marginal rate of substitution. This leads to variation in the average wage markup, and given (2.20),
also to variation in wage inflation.

The Euler equation is almost the same as in the sticky prices model because C_, =C. ,, but at the same

t+kit t+k

the hours worked now depends on when the wage last was set, (1.18) is written as:

Ucia (CHI’ Nt+]4t‘k ) i
Ug (Ct’ Nt\t‘k> o

1= B(1+i)E,

However, due to separability the log linearization yield the same again the equation (1.18’) or:

1 .
¢, =EcC., +;(p— i +E7.,,)| (2.21)

i.e. the Euler equation does not depend on wage rigidities under this setup.
2.2 Firms

Now that households have monopoly power in the labour market, firms face a two dimensional problem as
well. First, for any given level of labour costs, they have to find the output maximizing combination of labour.
Second, and given this optimal labour vector, firms have to set prices such that profit is maximized. Firm’s
output is still given by:

Y, =AN;“ (1.22)

However, total labour N;, used by firm I, where the N_ is the quantity of type | labor employed, is now

defined by:

ijt

sy -1 &y -1

1 .
N, =| [ N di | (2.22)

0

The elasticity of substitution among labor types is denoted ¢, .specification (2.1) implies that labour is an

imperfect substitute as long as &,, <<oo. Note that the assumption of individual worker types implies an
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indexation | € [0,1]. Let th denote the nominal wage for type | worker in period t. In an analogous way

to the optimal consumption vector derived in (1.10), firm i's demand for labour | is given by:

N.. :(Vﬁ]_% N. (2.23)
ijt Wt it

This holds for all i, j € [0,1] where :

1
W, = (fol Wﬁfwdj)l‘gw (2.24)

In exactly some manner as | derived the aggregation result for consumption expenditures, one can derive
the following aggregation result for firms’ labour expenditures:

dj =W,N, (2.25)

ijt

Jown

Denote 6’p as the price stickiness parameter in the goods market and &, the elasticity of substitution

betweeen consumption goods. Then, the profit maximization problem given by (1.33’) is:

- e lal Ep—1lpy*l-¢ —oMOo - P* o
mPaXZH:; Et ﬁkctl+k Ct RFL'I]( 1R e _ﬂkCHkCt F?[Pt+iq]t+k ( F)t J Ct+k (226)
k=0

t t+k

As shown in (1.) the aggregation of the resulting price setting rules yields, to a first order approximation and

in a neighborhood of the zero inflation steady state, the following equation for price inflation 7Z'tp :

P— BE P (1_99)(1_99'B)®P P— BE.zP y) P— BE P A 0P
T _ﬂ i T 0 me: < 7, —,B 1 T pmct@ T _IB T plut (2.27)

p

(1-6,)(1-6,8)0, e L l-a
p

Where : it = 1 —u® =-mce , A, = 2

. 1—a+a5p

From (2.6) | see that when the average price markup is below its steady state value, firms that are adjusting
prices set them higher, thus generating positive inflation.

2.3 Price and Wage Inflation Equations and the Dynamic IS equation

| will now derive the price inflation equation, the wage inflation equation and the output gap equation. Start
with wage inflation.
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Let §, =Y, — Y, be the output gap from the level of natural output, with the latter now being defined as the
equilibrium level of output in absence of both price and wage rigidities. Define also the real wage as

@, =W, — p, which implies that the real wage gapis @, =@, — @, .

The natural real wage, denoted a)t” , is the real wage that would prevail in the absence of nominal rigidities.
To get an expression for a)t" , hote first that the production function implies that output, employment and
marginal productivity in their linearized versions are given again by y, =a, + (l—oz)nt (2.28)and

mpn, =a, +In(l—a)—an, (2.29)
-y’ =@ —mpn! =

_/up =a)t"—at—|n(1—a)+ant” =a)tn_a[_II,.|(:|__OC)_+_C¥I,.|In+n[n_ntn =

ytn —&

_,Llp = a)tn —In(l-a)+ ntn -a, —(]_—a)ntn - _,up - a)tn ~In(l-a)+ _ ytn -
I 1-a)
—Wt
P =) —Inl-a)+ LA L AN —u° = —In(l—oz)+—05yt —&
1-a) (l-a)

And by using 1.47 we get:

"a +0")— a na_l 0,
+0{(l//yaat 2 a‘@—y”=a)t”—ln(1—a)+( i )at+ i

4 =l ~Infi-a)+ Y - @0

(O‘W;a _1)8‘[ . 0!0; N
l-a) (Q-a)
n b (1-0{1//361) 0[0”

y

o =—pu"+Inl—-a) -

o =—u"+ 1 - +In(l-a) & | =—u" +y,,a +06, +In(l-a)| (2.28)
(1-a) (1-a)
— N
l//\?/a Oy
1-ay, ad)
Where: ., EM d o), = d

and 6, =—

(1-a) (l1-a)

The change in the natural real wage is given by: A@)' = @ — @, =y, A8, (2.29)
i =P =11 =~ +mpn, )= (- +mpn) = (-, +a")+(mpn, —mpn' )=

=—a@, +[at +Inl-a)—an, —a, —In(l—a)+ant”]:

:_Cbt _[ant _antn]:_&)t _a|:yt _at - ytn _at:|:
l-a) (@Q-a)
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=@ —al TN | =G —a Y| (2.30)
1-a)

1-a)

Finally, by inserting (2.30) onto equation (2.27) we get the New Keynesian Phillips curve:

= pE. - p:utp o =pExS, - [_Cbt _aly—tj A

n? = PEAS, + A0+ A, a( Za) |7’ = pEAS, + 4,0, +K,F, |(2.31) Where x, =1 —(lixa)

Increased output and increased real wage lead to higher price inflation
Given the utility function (2.12) marginal rate of substitution in its linearized form is given by:
mrs, = oC, +¢n, =o'y, +@n, (2.32)

Thus, given market clearing conditions in the goods market and in the labor market, the log deviation in the
economy’s average wage markup from its steady state counterpart, where the wage markup written as

L' =@, —mrs, is given by:

&' =pw —pu" = —mrs, —@ +mrs) =@, — mrs mrs] [ayﬁrcont oy, <0ntn]=
~ Yi & n Yi & n ytn_a[
=@, — +p———"— N Y N | T
“ {ayt (”a—a) e } { BT R g”(l—a)}
S5 e

@, _|:Gyt (1-a) Y — yt (1_a) Yi :|: @, _(U"' (1—0!))

= —(a+ (1:/)(1)) j, (2.33)

Finally, by inserting (2.33) into (2.20) we get the New Keynesian Wage Phillips Curve:

= BEA - Ay < m' = BE, jw{ (04_(1?&)]%}@” BE . — A +/1W(J+(1i0a)\)yt<:>

< |7 = BErL - 4@, + K, Y| (2.34)

- 4
Where &, = /IW(0'+ (1_0[))

With wage rigidity in addition to price rigidity, there is an identity relating changes in the real wage gap to
wage inflation, price inflation and changes in the real wage:
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~ o~ ~ _ n n — n _
Aa)t =a)t_a)t—l=(a)t_a)t )_(a)t—l_a)t—l)=Aa)t_Aa)t =

— n_ _w p n
:[Wt_pt_wt—1+pt—1]_Aa)t = _Aa)t =

=& =0+ -1’ — A | (2.35)

Where Aq) is given by (2.29)i.e. A@) =@ — @), =y, A8,
In order to complete the model the non-policy block of the model, equilibrium conditions (2.31), (2.34),

(2.35) must be supplemented with a dynamic IS equation. Given (2.27) and market clearing condition in
goods market, aggregate output is given by:

1 ]
Y =EYia +; (o—i + Etﬂ-til) (2.36)

Following the same procedure as section 1 we get the Dynamic IS Equation:

- - 1,
Y = E Vi _;(It - = Et”m) (2.37)

Where | = p+y E (8, —a)| (2.38) and |i" =1 — p=oy . E (a., - )| (239)

In order to close the model | assume that the central bank follows a rule, similar to Taylor’s rule:

i =p+o.m+o¥ +u] (1.55)

Standard reasoning implies that ¢_, ?, and @, are non-negative.

2.4 Stability Conditions

Hence, we end up solving for a decentralized equilibrium:

We now have 5 equations to solve for the paths of five endogenous variables {yt AR AN }t—o as functions

of the exogenous shocks @, and v, , given @, , and also given the path of one policy instrument {it }:io .To

simplify slightly, the nominal interest rate is inserted into the Dynamic IS equation, and the system of 4 equi-
librium conditions are written in matrix form as:

AvoX = A {Xt+l}+Bth where X, :[yt o Cbt—l],' Z E[rtn Y Aa)tn]

In order to examine the uniqueness of equilibrium, the relevant matrix is A, = A\;,loAN,lr and for the system

to fulfill the Blanchard Kahn conditions must hold that:

e The number of the stable roots of difference equations must be equal to the number of the three

endogenous “control” variables §,, 7", 77", i.e. three roots must be within the unit circle .
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e The number of the unstable roots of difference equations must be equal to the number of the one

predetermined variable c?)t_l
e This corresponds to A, having three characteristic roots within the unit circle, and one root outside

the unit circle.

In this case an analytical solution is not available, but following Gali, numerical analysis indicates that

®, + 0, >1 is a sufficient condition for equilibrium determinacy, being alike to a generalized Taylor princi-
ple.

In this setup, closing all gaps and having zero inflation rates is not generally feasible. Even if

I’tn =u,Y, = 7Z'tp = 7z'tW = 0 will not be possible as productivity shocks will require changes in real wages, so

only ian)t” =0, is a “gapless” equilibrium possible.

2.5 Effects of a Monetary Policy Shock

Klein’s method Solution:

The economy is described by 5 equations:

&, =0+ -1 — A
- - 1. .
¥ = E Vi __(It L Etﬂtﬂ)
o
P_ p ~ Y
7, =PExL + A0+ K, =

wo_ w ~ ~
T = IBEt”Hl _jwa)t + K, Y
L =p+o.7, +g0y37t +@,0, + U,

> — A w p_ n
=0+ —1 —Ao,

- - 1 - ~
N Y= E Vs _E(p‘i' P70+ Py Y + Py T U, — - Etﬂ-t+1)
n’ =pPER], + A,0, + K, Y,

”tw = ﬁEtﬂ-tvil - ﬁ“wd)t + Kwyt

~:~ W_ p_ n
O =0 +m — 7 —Awy

oY, =0EV-p-0.1 -0, - 0.0 -0 +p+W;aEt(aH1 -a,)+Ex,,
ﬂtp = ﬁEtﬂtﬁl +/1pa~)t TK, Y,

”tw = IBEtﬁtvil - ﬂw@t + Kwyt
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& =0, +r' -m’ ~y,,E @ -a,)
oY, tEm,=(0+ (oy)yt +Q. 7+ 0,0, + 0, _W;aEt (@, -a)

po_ P ~ G
PER =7 = A,0 K,

wo_ W ~ &
ﬂEt”m =T +/1wa)t —KuYi

To examine the effects of a monetary shock assume: p, € [O,l): U =pU,+& (K1) where
g ~WN(s®) and & =a,, =8, =1=>a,, -8 =0anda —a_, =0

| will make use of Klein’s Method, so | will write the system as follows:

1 0 0 0 2} 1 0 -1 1{%4] |0
c 1 0 You | |0 (o+9) 0. o,||% 1
E| - |= o |t LY
-4, 0 g 0 .l |0 —kKp 1 0|~ 0
-4, 0 0 p | 10 -k, 0 1 |z" 0
0
AE,S’, =BS’ +Cu, (K.2)
Sy Sy
Where: S/ =|: 1::] andso ES’, :{ lmo :l
82'[ EISZI+1
0 0O 1 0 -1 1 0
' 1 0 0 + 1
Let S :[c?)t_l v, =’ 7Z'tW] and A= o ,B= (o+e) o o C=
-4, 0 B 0 0 —xp 1 0 0
-4, 0 0 g 0 —x, 0 1 0

Schur Decomposition: QAZ =S and QBZ =T (K.3)

Qand Z are unitary and S and T are upper triangular matrices. The generalized eigenvalues of Aand B

can be recovered as the ratios of the diagonal elements of T and S :

/”L(B,A)z{%i [ =1,2,3}

The matrices Q,Z,S and T can always be arranged so that the generalized eigenvalues are ordered in in-
creasing value in moving from left to right. In the vector St0 one variable is predetermined and two are con-

trol variables.

e Proposition 1:if the number of eigenvalues outside the unit circle is equal to the number of control
variables, then there is a unique solution to the system
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trol variables, then there is no solution to the system

variables, than there is an infinite number of solutions.

The matrices Q,Z,S and T are partitioned, so that:

Proposition 2:if the number of eigenvalues outside the unit circle is greater than the number of con-

Proposition 3:if the number of eigenvalues outside the unit circle is less than the number of control

Ql le ZlZ S11 S12 Tll T12
Q: 1x4 , — Ix1 1x3 1 S: 1x1 1x3 , T: Ix1 1x3
QZ ZZl ZZZ O S22 O T22
3x4 Xl 3x3 ECCE ¥ A 33
In order to “triangularize” the system | first define the vector of auxiliary variables as: Stl =Z" St0 (K.4)
Foi
Letting Z" denote the Hermitian conjugate transpose of Z , so that St1 = llt where
| Sa |
Y, Y
1 H ~ H 1 H ~ H
Sy =2y O+ 2y | 7 Sy =2 O+ Zy| 7k (K.3)
1x1 1x1  Ix1 1x3 w 3x1 3x1  Ix1 3x3
ﬂ.t ﬂ-t
3x1 T3
Since Z is unitary, Z"Z =1or Z" =Z " and hence S} =Z7'S? = 7S} =7Z'S? =S = ZS;
|
| use this property to rewrite the system as:
AZE,S], =BZS; +Cu, (K.6)
Premultiplying (K.6) by Q and then using (K.3) yields:
QAZE,S’, =QBZS’ +QC¢’ = SE,S’, =TS +QC¢/ =
1 1
Sll S12 Slt+l Tll T12 Slt Ql
w13 1xl 13 || 1x4
0 s, |Tlo T,s [T, |5l
31 3332 §th ! 31 333% 3x21t 3><£21 -

0

S11 E, S1lt+1+ S, E Sém =Ty Sllt+T12 S;t—'_ QCu

1x3 3x1 1 Ix1 1x3 3«1

S, E S;m =T, S;"‘Qz C o,

3x3 31 3x3 31 3x4 ¥l 1><l

Ix1

1x4 X1x1

Due to block diagonal (recursive) structure, the process S;t is unrelated with SllI and | can solve it inde-

3x1

pendently forward :
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S, E S;Hl =T, S:ZLt+Q2 Cu, = Sy E S;HI_TZZ S;t QCy = (822 F- Tzzj S;t =Q, C Ut

3x3 3x1 33 31 3x4 Plpa 3x3 31 33 3l w4 1><1 3x3 33/ 3

33 33 3 3x4 P 1><l 3x3 3x3 3x3 3xl 3x4 P l><1

(Tzz_szz Fjsé’[ =-Q,Cy, = (313_ Sy Tz_zl F)Tzz S;t =-Q,Cy, =

-1
Tzzsitz—(slxs—SZZTZ‘lej Q,Cu =S5 =- T3(3|3 SZZF) Q,Ce’ =

3x3 3 3x3 3x3 3x4 ¥ 1q 3 3 33 3x4 L pa

Sy =— 33[ tZ(SZZTZ_Zl) Q.Ly t+j:|

3x1 j=0 Ix1

But also if we iterate the v, = p,u, ; +¢&, forward we get that: By, ; = plo,

=S5 = 2 { tZ(Szszél)j QZCpJUt} =-T, {Z(Szszz pz)) QZCUt:| =

2x1 j=0 2x2 | j=0

where {i( r0,) 0 0}351

j=0

vec(R) = vec |:i(822-r221pu )j ch}

2x1
And | use the property: vec(AXB) = (B" ® A)vec(X),where X here is L‘l

0

:i{puj@)(SZZTzz) }/ec Q,C) ZLXl (Szszgl)Tvec(QZC)z

j=0

-1
= 1 -p,®(S,T,,') vec(Q2 )
3 1q 53 34 L

3x3 3x1

Finally: [S3, =—T,,' Ru, |(K.7)
3x1 3x3 3><11><1

Using the above result allows to solve for §, and 7, from equation (K.5):

Y -1 -1
p | _ H H ~ H
| = _(Zzzj Zj, a)tl_(ZZZj Tzz Rll) (K.8)
31 1 33 3 q
ﬂtw 3x3 3x1
3x1
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-1 -1
. . H H H
| have to find some expressions for —(Zzzj Z,, and [Zzzj
3x1
3x1 3x3

under the assumption that Z us unitary, i.e.

H H
Z) Zy||Zu i I O
14 13 || W %8 | |1 13
H H -
Z, Zyp||Za Zyp 301 3| .
3x1 3x3 L 31 33 | X o
zH z

| find that:

=]
le le"' ZZl Z21 = I = le + Z21 ZZl le = Z11 (K.9)

1 1 Ix3 34 1 Ix3 3x1 14 1

ZlHl ZlZ+ ZZl Z22 - O = ZZl Z22 le ZlZ (K 10)

K 13 13 33 S 13 33 1A 1x3

ZHZ +ZHZ =0=7ZR 7z 7z 420z 7 0= -2z " zh =7 7, (K.11)
12 <11 22 =21 — bV 22 12 ll 22 22 =21 — 1 22 12 21 711 :

3x1 Il 3x3 3«1 3 3x3 31 Ik 3x3 3x3 3 3 3x3 3x1 3x1 1

ZHhZ,+ZHhZ, =1 :>ZzH2 ZhZ,+Z, —ZZH2 and by (K.9) ZZHZ_1 =Z,,-2, le_l Z, (K.12)

3x1 1x3 3x3 3x3 33 3x3 3x1 1x3 3x3 3x3 3x3 3x3 1 I 1x3

So now using (K.11) and (K.12), (K.8) can be rewritten as:

Yi Yi
P|= 1~ _ -1 -1 p|_ ~ .
o |\=2u2, @ [Zzz 2,7, ZlZ}T22 3Rlut = |z |=M,o_,+M,v, (K.13)Where:
w 3x1 Ix1 1 3x3 3x1 Il 1x3 | 3x3 T w 31 I 3x1 1«1
ﬂ.t ﬂt

3x1 3x1

M, =2, le_l and M, = _[Zzz_ Zy 2117l le:|T2_2l R

31 3xl Ixl 3 33 3l 1l 13| 33

Now | can solve for Sy, :

1
Y
1 oH ~ H| p|_oH ~ H ~ | 5H H ~ H
Sy =2y O+ 2y |7 =L G4+, [Ml @+ M,y } = ‘:Zn +Z, Mlj|a)tl+ ZyM,u, =
b 1d b 13| B A b3 L3 4 3 1 Bd b3 3| 1A b3 3d 1d
T
3x1

Sllt [ZM + 221 2,72, } @~ ZZHl [Zzz Z, le_l ZlZ}T22 R vy, by equation (K.9) =

1 x1 13 3x1 1x1 x1 1x3 3x3 31 14 1x3 | 3x3
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SZ:LI:[ = le_1 Cbt—l ‘:221 ZZZ ZZl ZZl le N ZlZ}TZZl R Ut = le_1 a’}t—l l: le ZlZ ZZl ZZl le N Z12 :lTZZl R Ut

11 1 1 1x3 3x3 1x3 31 1l 13 ] 33 ¥pg jRek d 1 1x3 1x3 31 11 1x3 | 3x3

Sy=2y @ [ Z,-2, Zzlzlll}zﬂTz;lRu —sl=27, 1a3tl+[zg+zz”l zazlll}z T Ro, =

w1 B4 13 3 b 3 333w 14 4 a4 [ nd b3 3d bd | 13 33 34

-1
le

Sllt :Zl SO+ Ly, lengl Ry, | (K.14)

bl bl b A 13 33 X 1><l

And | plug (K.14) into the upper part of the system (K.6) and get:

@, =M, &,_+M, v, |(K.15)

1><l 1><l l><

-1 1
Where M, =27,,S,, T,Z,, and
4 14 1d 1d

M ll Sll N |: 11 le N ZlZ T2_21 R + Ql C + SlZ T2_21 R T12 T2_21 R :l ZlZ T2_21 R

bl 1d 51 b4 b3 33 ¥ pa Al 13 33 3 13 33 A 13 33 A

Hence, the model’s solution can be written compactly in State Space form by combining the above as:

S =S+ 8t+11 predetermined variables
f=T,s, control variables
y
o t M, M, 0
Where: k, = o=\ 70 | Ty = = LT, =M, M,]
Ut—l w O pu 1
7Ty

In the Appendix 3 | have the MATLAB coded putting on practice all the aforementioned.

Numerical Results

Simulated impulse responses are shown in figure 2. The presence of sticky wages and prices generates a
much smaller inflation decline than with only sticky prices (figure 1). The reason is that when wages are flex-
ible, a monetary policy shock leads to a large decline in wage inflation. Here, instead, since also wages are
sticky, the inflationary contraction is divided between prices and wages. As a result, real wage does not
change at all. This in turn reduces the impact of decline in activity on the real marginal cost and, hence, the
limited size on inflation response. Overall, the limited response of price and wage inflation following a mone-
tary policy shock seem more in line with data than the large responses we found in figure 1. Also, the effect
on the real wage in figure 2 seems much more plausible.
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(Figure 2.)

Two different solution methods were implement in MATLAB (Klein, Blanchard Kahn) and yielded identical
results up to 15 decimals.

Empirical facts

Empirical estimates of dynamic responses to monetary policy shocks, suggest that:

e The strong response of wage inflation and the very persistent and strong response of real wages
in the sticky prices model seems to be unrealistic

® The response of the model including sticky prices and sticky wages seems to be in line with em-
pirical findings concerning the paper of Christiano, Eichenbaum and Evans (2005) and they con-
cluded “A key finding of the analysis is that stickiness in nominal wages is crucial for the model’s
performance. Stickiness in prices plays a relatively small role”.

3. Critique-Extensions

There are two major limitations of the new Keynesian IS curve. First, and most obviously, it leaves out in-
vestment, government purchases, and net exports. Virtually every model intended for practical use includes
investment modeled as arising from the decisions of profit maximizing firms and its absence seems odd since
investments have huge business cycles. Government purchases are almost always included as well; they are
generally modeled exogenous. Second the basic new Keynesian IS curve, even when it is extended to include
other components of output, tends to imply large and rapid responses to shocks. To better match the data,
the models therefore generally include ingredients that slow adjustment. With regard to consumption, the
most common approach is to assume habit formation and under appropriate assumptions, this slows the
response of consumption to shocks. If the model includes investments the most common way of slowing
responses is to assume directly that there are costs of adjusting investment.
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But also there are objections about the building blocks of this era of New Keynesian models:

e Are households and firms really as forward-looking and rational? Empirically: autocorrelated fore-
cast errors. In Rudd-Whelan paper “Does the Labor Share of Income Drive Inflation?” it is presented
that reveals a shockingly bad performance for the NKPC model of pure forward looking relationship.
The present value of output gaps turns out to be negatively correlated with inflation. So, not only
does inflation not appear to equal this present value, it does not even have the correctly-signed cor-
relation.

e Calvo price setting cannot match all micro facts: Alvarez and Burriel (2010)

o Inflation rate is jump variable. Empirical research e.g. Rudd and Whelan “Can Rational Expectations
Sticky-Price Models Explain Inflation Dynamics?” claims that inflation is very persistent. Many econ-
omists add lags in ad-hoc manner to the new Keynesian Phillips curve in order to achieve that de-
sired characteristic (hybrid types of NKPC).

e Labour market is in equilibrium, as it was shown in both that models. The empirical evidence of
course shows high unemployment rates. But, latest models, even Gali’s (2011) or Blanchard and Gali
(2008), possess that feature.

e Capital accumulation is excluded, as it is mainly a depiction of short run effects. Empirical evidence
recommends that investments have huge business cycles.

Conclusions

The model with both sticky wages and prices compared to the benchmark case of flexible wages, but sticky
prices, implies at first a very modest response of wage inflation and the real wage. Furthermore implies a
very small decline in inflation, since the modest response of real wages reduces the impact of variations in
real activity on real marginal costs and hence on inflation. Also implies a strong fall of the output gap, as the
very small decline in inflation implies that the central bank keeps the interest rate higher than in the bench-
mark case. Finally as Christiano, Eichenbaum and Evans mention in their paper “Nominal Rigidities and the
Dynamic Effects of a Shock to Monetary Policy” (2005) the responses of the model including sticky prices
and wages seems to be in line with empirical findings.
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Appendix 1

The probability of getting to change prices every period is 1—& and consequently the probability of not

changing prices is 8. So, if the firm have changed its prices now the probability to change prices is the next

K period is:
k Pr
1 1-6
2 | (1-0)0
3 | (1-9)0°
4 | (1-0)6°
k | (1-0)6"

The expected duration between price changes is then the sum of probabilities times duration i.e

ED= i(l— 0)60“ 'k = (1—0)i0k-1k

Where the sum Zek‘lk is an arithmetico-geometric sequence and we can handle it like below:

k=1

S, = ie“k =1+20+36* +46°...
P}
Multiply S, by 6:
0S, =0+26° +36° +46"...
Subtract S, from S to get:
S, —6S, =1+(2-1)0+(3-2)0* +(4—3)0° + (5-4)F"...
(1-0)S,=1+6+6"+6° +6"...

And since 0 <@ <1it holds that:(l—H)Sn :LQS = L

1-6) " (1-0)
Plugging this back in to the original expression yields:

1 1

Expected Duration between Price changes = (1—(9) =

(1-0) (1-9)

Appendix 2

The profit maximizing problem of the firms if they can adjust prices every period is:
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mYax T = PitYit _lP'Yit

P\ < maxz, =P, i Y, -’ i Y,
st Y, =| |, Fe R R
R
FONC
(1-¢) Rl vielwlB] yooop -2 womw
R it t e-1

But under the assumptions of symmetry and free entry the prices will be equal across the firms, thus:

Appendix 3

MATLAB CODE, IRF for Gali, Chapter 3 (2008) Undetermined Coefficients

% Calibrated parameter values

beta=0.99;

hetta=4;

sigma=1;

phipi=1.5;

phix=0.5/4;

theta=2/3;

phi=1;

epsilon=6;

alpha=1/3,;
bigtheta=(1-alpha)/(1-alpha+alpha*epsilon);
lamda=bigtheta*(1-theta)*(1-beta*theta)/theta;
kappa=lamda*(sigma+ (phi+alpha)/(1-alpha));
psiyanatural=(1+phi)/(sigma*(1-alpha)+phi-+alpha);
bigomega=1/(sigma-+phix+kappa*phipi);

rhou=0.5;

stdu=0.0525;

stdalpha=0.0525;
T=(1-beta*rhou)*(sigma*(1-rhou)+phix)+kappa*(phipi-rhou);
Glamda=1/T;

Y%omonetary policy shock
xu=zeros(22,1);
piu=zeros(22,1);
v=zeros(22,1);
i=zeros(22,1);
r_real=zeros(22,1);

m_ growth=zeros(22,1);
e =10*stdu;

rhoa=0);
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rhou=0.5;
v(2,) =€

for t = 3:22
v(t,:)=rhou*v(t-1,:);
xu(t,:) = -((1-beta*rhou)*Glamda*v(t,:)")";
piu(t,:) = -(kappa*Glamda*v(t,:)")';
i(t,:)=((sigma*(1-rhou)*(1-beta*rhou)-rhou*kappa)*Glamda*v(t,:)")";
r_real(t,)=(sigma*(1-rhou)*(1-beta*rhou)*Glamda*v(t,:)")";
m_ growth(t,:)=xu(t,:)-xu(t-1,:)-(hetta*(i(t,:)-i(t-1,:))") +piu(t,:);

end

outputgap = xu(3:22,1);
inflation = piu(3:22,1);
shock=v(3:22,1);

m_ growthu=m_growth(3:22,1);
r_realu=r_real(3:22,1);
iu=i(3:22,1);

anninflation=4*inflation;
annnomRu=4%*iu;
annr_real=4*r_realu;

annm_ growth=4*m_ growthu;

MATLAB CODE, IRF for Gali, Chapter 3 (2008) Klein’s Method

'%‘I)?LI'HIII(‘,T’(‘,I'H

beta=0.99;

hetta=4;

sigma=1;

phipi=1.5;

phix=0.5/4;

theta=2/3;

phi=1;

epsilon=6;

alpha=1/3;
bigtheta=(1-alpha)/(1-alpha+alpha*epsilon);
lamda=bigtheta*(1-theta)*(1-beta*theta)/theta;
kappa=lamda*(sigma+(phi+alpha)/(1-alpha));
psiyanatural=(14phi)/(sigma*(1-alpha)+phi-+alpha);
bigomega=1/(sigma-+phix+kappa*phipi);

% rhoa=0.9;

rhou=0.5;

stdu=0.0525;

stdalpha=0.0525;

A=[1 0 0;0 sigma 1;0 0 betal;
B=[rhou 0 0;1 (phix+sigma) phipi;0 -kappa 1J;
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C=[10 0]
P=0.5;

%Klein's Method
[S',TvaZ] = QZ(AaBﬁ

[S',TvaZ] = l”COI“dCl“(S,T,Q,Z);

711 = Z(1:1,1:1);
712 = 7(1:1,2:3);
721 = 7(2:3,1:1);

( )

722 = 7(2:3.2:3);

S11 = S(1:1,1:1);
S12 = S(1:1,2:3);
( )i
( )

)

S21 = §(2:3,1:1
S22 = §(2:3,2:3

)

’

T11 = T(1:1,1:1)
T12 = T(1:1,2:3);
T21 = T(2:3,1:1);
T22 = T(2:3,2:3);
L1=T11(1,1)/S11(1,1);

L2=T22(1,1)/S22(1,1);
L3=T22(2,2)/522(2,2);

if abs(T11(1,1)/S11(1,1)) > 1
'error - no solution'

end
if abs(T22(1,1)/922(1,1)) < 1
'error - multiple solutions'

end

Y%towards a solution

G = $22/T22;

H = Q2*C;

vecR = inv(eye(2)-kron(P,G))*H(:);

R = reshape(vecR,2,1);

% M matrices
M1 = 721/711;

M2 = -(Z22-(721/711)*Z12)*inv(T22)*R;
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M3 = (Z11/S11)*(T11/Z11);

D = (T11/Z11)%(Z12/T22)*R+Q1*C + (S12/T22)*R*P-(T12/T22)*R;

M4 = (Z11/S11)*D-(Z12/T22)*R*P;

%the solution is St+1=GAMMAO0*St+GAMMA1*et+1 & Ft=GAMMA2*St

GAMMAQOI = [M3 M4;0 1J;

GAMMAL = [0 ; 1];

GAMMA2TI=[M1 M2];

GAMMAQ = real(GAMMADQI);

GAMMA?2 = real(GAMMAZ2I);

GAMMA211 = GAMMA2(1,1);
GAMMA212 = GAMMA2(1,2);
GAMMA221 = GAMMA2(2,1);
GAMMA222 = GAMMA2(2.2);

Y%monetary policy shock
Su=zeros(12,2);
Fu=zeros(12,2);
i=zeros(12,1);
r_real=zeros(12,1);

m_ growth=zeros(12,1);
E =10*stdu;

rhoa=0);

rhou=0.5;

Su(2,:) = [E 0];

for t = 3:12

Su(t,:) = (GAMMAO*Su(t-1,:)")’;
Fu(t,) = (GAMMA2*Su(t,:)")";

r_real(t, )=(-sigma*(1-rhou)*GAMMA211*Su(t,1)")';
i(t,:)=((-sigma*(1-rhou) *GAMMA211+rhou*GAMMA221)*Su(t,1)")';
m_growth(t,:)=Fu(t,1)-Fu(t-1,1)-(hetta*(i(t,))-i(t-1,))) +Fu(t,2);

end

xu = Fu(3:12,1);

inflation = Fu(3:12,2);
v=Su(3:12,1);
m_growthu=m_growth(3:12,1);
r_realu=r_real(3:12,1);

iu=i(3:12,1);
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anninflation=4*inflation;
annnomRu=4%iu;
annr_real=4*r_realu;

annm_growth=4*m_ growthu;

MATLAB CODE, IRF for Gali, Chapter 3 (2008) Blanchard -Kahn Method

% Calibrated parameter values

beta=0.99;

hetta=4;

sigma=1;

phipi=1.5;

phix=0.5/4;

theta=2/3;

phi=1;

epsilon=6;

alpha=1/3;
bigtheta=(1-alpha)/(1-alpha+alpha*epsilon);
lamda=bigtheta*(1-theta)*(1-beta*theta)/theta;
kappa=lamda*(sigma+ (phi+alpha)/(1-alpha));
psiyanatural=(1+phi)/(sigma*(1-alpha)+phi-+alpha);
bigomega=1/(sigma-+phix+kappa*phipi);
rhou=0.5;

stdu=0.0525;

stdalpha=0.0525;

% Calculate kappa

% Define state space matrices

A0=[1 0 0;0 sigma 1;0 0 betal;

Al=[rhou 0 0;1 (phix+sigma) phipi;0 -kappa 1];
B0=[1;0;0];

% Calculate alternative state space matrices
A=inv(A0)*Al,;

B=inv(A0)*BO0;

% Jordan decomposition of A
[H,Jambda] = jordan(A);
[lambda,order| = sort(diag(lambda),'ascend’); %+# sort eigenvalues in ascending order
LAMBDA=diag(lambda);

H = H(:,order);

Hstar=inv(H);

U/("

% % Partition matrices
LAMBDA1=LAMBDA(L,1);
LAMBDA2=LAMBDA (2:3,2:3);
H1l=Hstar(1,1);
H12=Hstar(1,2:3);
H21=Hstar(2:3,1);
H22=Hstar(2:3,2:3);

60



R=H\B;

% Print out matrices of recursive solution of model
D=real(inv(H11-(H12/H22)*H21)*LAMBDA1*(H11-(H12/H22)*H21)); real(inv(H11-(H12/H22)*H21)*R(1));
E=-real(H22\H21);

Y%monetary policy shock
Su=zeros(22,1);
Fu=zeros(22,2);
i=zeros(22,1);
r_real=zeros(22,1);

m_ growth=zeros(22,1);
e =10*stdu;

rhoa=0;

rhou=0.5;

Su(2,:) = e;

for t = 3:22

Su(t,:) = (D*Su(t-1,)")}

Fu(t,:) = (E*Su(t,:)")"
r_real(t,:)=-(sigma*(1-rhou)*E(1)*Su(t,:)")';
i(t,:)=((rhou*E(2)-sigma*(1-rhou)*E(1))*Su(t,:)")";

m_ growth(t,:)=Fu(t,1)-Fu(t-1,1)-(hetta*(i(t,:)-i(t-1,:))")'+Fu(t,2);

end

xu = Fu(3:22,1);

piu = Fu(3:22,2);

v=5Su(3:22,1);
m_growthu=m_growth(3:22,1);
r_realu=r_real(3:22,1);
iu=i(3:22,1);

anninflation=4*piu;
annnomRu=4%*iu;
annr_real=4*r_realu;

annm__growth=4*m__ growthu;

MATLAB CODE, IRF for Gali, Chapter 6 (2008) Klein’s Method

'%‘I)Q),I'?llfl(‘,t(‘,‘['s
beta=0.99;
sigma=1;
phipi=1.5;
phix=0;
phiw=0;
thetap=2/3;
thetaw=3/4;
phi=1;

epsilon=6;
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epsilonw=6;

alpha=1/3;

mip=log(epsilon)-log(epsilon-1);
bigtheta=(1-alpha)/(1-alpha+alpha*epsilon);
lamdap=Dbigtheta*(1-thetap)*(1-beta*thetap)/thetap;
% lamdap=0;
lamdaw=(1-thetaw)*(1-beta*thetaw)/(thetaw*(1+epsilonw*phi));
% lamdaw=0;

kappap=alpha*lamdap/(1-alpha);

% kappap=0;
kappaw=lamdaw*(sigma+phi/(1-alpha));

% kappaw=0;
psiyanatural=(1+phi)/(sigma*(1-alpha)+phi+alpha);
psiwanatural=(1-alpha*psiyanatural)/(1-alpha);
thetaynatural=((1-alpha)* (mip-log(1-alpha)))/(alpha*(1-alpha)+phi+alpha);
rhown=0.5;

rhorn=0.5;

rhou=0.5;

rhoa=0);

stdu=0.25;

stdwn=0.025;

stdrn=0.025;

A=[10 0 0;0 sigma 1 0; -lamdap 0 beta 0 ;lamdaw 0 0 beta |;
B=[10-11; 0 sigma+phix phipi phiw;0 -kappap 1 0;0 -kappaw 0 1];
C=[000;0 0 1;0 0 0;0 0 0];

P = [rhown 0 0;0 rhorn 0;0 0 rhoul;

%XKlein's Method

[S’T7Q7Z:| = qZ(A7B);

[S'/TvaZ] = OI‘qu(S7T7Q7Z7YII(1()Y);

Q1 = Q(1:1,);
Q2 = Q(24,);

711 = 7(1:1,1:1);
712 = 7(1:1,2:4);
721 = 7(2:4,1:1);
722 = 7(2:4,2:4);
S11 = S(1:1,1:1);
S12 = S(1:1,2:4);
S21 = S(2:4,1:1);
S22 = S(2:4,2:4);
T11 = T(1:1,1:1);
T12 = T(1:1,2:4);
T21 = T(2:4,1:1);
T22 = T(2:4,2:4);
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L1=T11(1,1)/S11(1,1);
L2=T22(1,1)/S22(1,1);
L3=T22(2,2)/522(2,2);
L4=T22(3,3)/522(3,3);

if abs(T11(1,1)/S11(1,1)) > 1
'error - no solution'

end

if abs(T22(1,1)/922(1,1)) < 1
'error - multiple solutions'

end

Y%towards a solution
G = S22/T22;

H = Q2*C;

vecR = inv(eye(9)-kron(P,G))*H(:);

R = reshape(vecR,3,3);

% M matrices
M1 = 721/711;

M2 = (222-(221/Z11)*Z12)*inv(T22)*R;
M3 = (Z11/S11)*(T11/Z11);
D = (T11/Z11)%(Z12/T22)*R+Q1*C + (S12/T22)*R*P-(T12/T22)*R;
M4 = (Z11/S11)*D-(Z12/T22)*R*P;
%can be written compactly in State Space form as: St+1=GAMMAO0*St+GAMMAT*et+1 & Ft=GAMMA2*St
GAMMAQ = [ M3 M4 ; zeros(3,1) P J;
GAMMAL = [ zeros(1,3) ; eye(3) |;
GAMMA2=[M1 M2];
GAMMAQ = real(GAMMADO);
GAMMA2 = real(GAMMA?2);
%monetary policy shock
Su=zeros(4,12);
Fu=zeros(3,12);
Eu=zeros(3,12);

i=zeros(1,12);

n=zeros(1,12);
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y=zeros(1,12);

yn=zeros(1,12);

w=zeros(1,12);

wn=zeros(1,12);

rn=zeros(1,12);

rhown=0;

rhorn=0;

rhou=0.5;

e =stdu;

Eu(3,3) = ¢;

for t = 2:12

Su(:,t) = GAMMAO*Su(:,t-1)+GAMMA1*Eu(:,t);
Fu(:,t) =GAMMA2*Su(:,t);
i(1,5) = -log(beta)-+phipi*Fu(2,t)+phix*Fu(1,t)+phiw*Fu(3,t)+Su(4,t); % Monetary policy rule
rn(1,t)=-log(beta);
yn(1l,t) = thetaynatural; % natural level of output
wn(1,t)=log(1-alpha)-(alpha/(1-alpha))*thetaynatural-mip;% natural real wage
w(1,t)=wn(1l,t)+Su(2,t); %real wage
y(1,t) = Fu(1,t)+yn(1,t); % output
n(1,t)=y(1,t)/(1-alpha); %employment

end

xu = Fu(1,3:12)%

pipu = Fu(2,3:12)"
piwu = Fu(3,3:12)"
wgapu= Su(2,3:12)';

v= Su(4,3:12)";
iu=i(1,3:12)";
nu=(1-alpha)*n(1,3:12)";
yu=y(1,3:12)"
wu=w(1,3:12)"

priceanninflation=4*pipu;
wageanninflation=4*piwu;

nominalrateannual=4%*iu;

MATLAB CODE, IRF for Gali, Chapter 6 (2008) Blanchard Kahn Method

Y%parameters
beta=0.99;
sigma=1;
phipi=1.5;
phix=0;
phiw=0;
thetap=2/3;
thetaw=3/4;
phi=1;
epsilon=>6;
epsilonw=6;
alpha=1/3;
bigtheta=(1-alpha)/(1-alpha+alpha*epsilon);
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lamdap=bigtheta*(1-thetap)*(1-beta*thetap)/thetap;
lamdaw=(1-thetaw)*(1-beta*thetaw)/(thetaw*(1+epsilonw*phi));
kappap=alpha*lamdap/(1-alpha);
kappaw=lamdaw*(sigma+phi/(1-alpha));
psiyanatural=(1+phi)/(sigma*(1-alpha)+phitalpha);
psiwanatural=(1-alpha*psiyanatural)/(1-alpha);
rhown=0.5;

rhorn=0.5;

rhou=0.5;

rhoa=0);

stdu=0.25;

stdwn=0.025;

stdrn=0.025;

Y%the model in state space: AO¥*EtSt+1=A1*St+BUt & Ut=P*Ut-1+et
A0=[1 0 0 0;0 sigma 1 0; lamdap 0 beta 0 ;-lamdaw 0 0 beta |;
A1=[10-11 ;0 sigma+phix phipi phiw;0 -kappap 1 0;0 -kappaw 0 1];
B0=[0 0 0;0 0 1;0 0 0;0 0 0J;

P = [rhown 0 0;0 rhorn 0;0 0 rhoul;

% Calculate alternative state space matrices
A=inv(A0)*Al;
B=inv(A0)*B0;

% Jordan decomposition of A

[ H, lambda |= eig (A); % get eigenvectors and eigenvalues

lambda = diag ( lambda ); % vectorize lambda

[ unused, order |= sort ( abs ( lambda ) ,'ascend'); % sort eigenvalues in ascending order
LAMBDA = diag ( lambda ( order )); % reorder lambda and make diagonal again

H =H (:, order ); % reorder eigenvectors

Hstar=inv(H);

% Partition matrices

Hi1l=Hstar(1,1);

H12=Hstar(1,2:4);

H21=Hstar(2:4,1);

H22=Hstar(2:4,2:4);

LAMBDA1=LAMBDA(L,1);

LAMBDA2=LAMBDA (2:4,2:4);

Q=H\B;

Q1=Q(1,);

Q2=Q(2:4,);

vecQ2=reshape(Q2,9,1);

vecR = inv(eye(9)-kron(P,inv(LAMBDAZ2)))*vecQ2;
R = reshape(vecR,3,3);

M1=-H22\ H21;

M2=H22\ (LAMBDA2\R);

M3=(H11+H12*M1)\ (LAMBDAT*(H11+H12*M1));
M4=(H11+H12*M1)\ (Q1+LAMBDAT*H12*M2-H12*M2*P);

Y%can be written compactly in State Space form as: St+1=GAMMA0*St+GAMMAT*et+1 & Ft=GAMMA2*St
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GAMMAOQ = [ M3 M4 ; zeros(3,1) P |;

GAMMAL = [ zeros(1,3) ; eye(3) |;

GAMMA2=[M1 M2];

GAMMAQ = real(GAMMADO);

GAMMA?2 = real(GAMMA?2);

Y%monetary policy shock
Su=zeros(4,12);
Fu=zeros(3,12);
Eu=zeros(3,12);
rhown=0;
rhorn=0;
rhou=0.5;
e =stdu;
Eu(3,3) = ¢;
for t = 2:12
Su(:,t) = GAMMAO*Su(:,t-1)+GAMMA1*Eu(:,t);
Fu(:,t) =GAMMA2*Su(:,t);

end

xu = Fu(1,3:12)%
pipu = Fu(2,3:12)%
piwu = Fu(3,3:12)"
omega= Su(2,3:12)";
v= Su(4,3:12)";

priceanninflation=4*pipu;

wageanninflation=4*piwu;
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