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ABSTRACT

Mimoza Zografi

THE GENERALIZED WARING PROCESS
Septembre 2002

In this thesis, a new process, termed as the generalized Waring
process is defined and studied. This process is associated with the
generalized Waring distribution which is a discrete distribution with a
wide spectrum of applications, such as accident statistics, income
analysis, inventory control, environmental statistics etc. Two models are
shown to lead to the Generalized Waring process. One is related to a Cox
Process while the other is a Compound Poisson Process.

The obtained Generalized Waring process is shown to be a
stationary but non-homogenous Markov process. Several properties are
studied and the intensity, the individual intensity, the Chapman-
Kolmogorov differential equations of it, are obtained.

A Bayesian interpretation of the Generalized Waring Distribution
is used to present some estimates of the “accident proneness”.

Moreover, the Poisson and the Pélya processes are shown to arise
as special cases of the Generalized Waring process. Using this fact, some
known results and some properties of them are obtained. The moments,
the transition probabilities and the Chapman-Kolmogorov differential
equations of those processes, are derived in this context.

Two other genesis schemes are considered too.
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HNEPIAHYH e ans
1 oy
Muwodla Zoypdon i\\ \

AHNOS L
FENIKEYMENH ANEAIEH WARING

Xentéufplog 2002

Mia véa avérén, mov ovoudletar Ievikevuévn AvélEn Waring,
Exet oplobel kat peketnBel oy owtpPn avty. H avélén avty eivar
ovvdedepuévn pe mv [evikevuévn katavoun Waring n omoia eivar pio
OLOKPITIKY KOTOVOUN UE €vo VPV QAGHO EQUPUOYDV GE O1APOPOVS
TOUElG, Om®C OTNV  OTUTIGTIK OoVAALGY TOV  CTUYNUATOV, TOV
ELCOOMUATOS, GTUTICTIKA OV 0YOPOVV TO TEPIPAALOV, KTA. AVO povtéra
Eyovv amodeytel va 0dnyodv oty [evikevpuévn Avéén Waring. To éva
oxetiletar pe mv Avélén Cox, evd 10 dAio pe v Zovletn Avélén
Poisson.
Amodewcvoetal 61t 1 opiopévn evikevpévn AvémEn Waring eivar pia
avéMEn Markov, otaBepn aAAd Oyt opoyeviC KOt LEAETOUVTUL LEPIKES
1010mMTég ™C. Emiong mapeotdbnkav ek@pdcelg yio v viacy Kal v
Wwitepn évtaon ¢ GVEAMENC KOl KUTUOKELAGTNKOV Ol OlOLPOPIKES
e€lodoeic Chapman-Kolmogorov.
Eniong Beopovrac pia Bayesian gpunveia g ['evikevpévng katavoung
Waring mapestddnkov HePIKEG EKTIUNGELS TS “POTNG ATUYNUATOV .
Emniéwv, amodeikvietatl 6tt ot Poisson kat Polya aveAigelc mpoxvmtovv
ocav edkéc mepwmtwoelg e levikevpévng  Avélénce  Waring.
XpNoWonoldvtas TO  YEYOVOS aLTO, UEAETOOVTAL UEPIKE  YVOOTA
AmOTEAEGUOTA KOl AapBavovTal HEPLKES OLOTNTES TOVG,.

Téhog pehetovvral, V0 EVOAAUKTIKG GYLATA YEVECLC.
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CHAPTER 1

INTRODUCTION-THE BASIC CONCEPTS

The Generalized Waring Distribution is a discrete distribution that has many
applications in areas such as accident statistics, income analysis, inventory control,
environmental statistics etc. It has been proposed as an alternative to the Poisson and
Negative Binomial Distribution to fit data that manifest a long tailed frequency
distribution. Associated to both the Poisson and the Negative Binomial distributions
are the well known Poisson and Polya Processes. Both of them are counting processes
with independent and stationary increments. As it is known, the Generalized Waring
distribution has been used as a model that better describes several practical situations
as opposed to the Poisson Distribution or the Negative Binomial Distribution.
Considering that, in this dissertation, the Generalized Waring Process has been
defined. The results have been obtained in the context of models that have widely
been considered for the interpretation of accident data. However, the concepts and
terminology used can easily be modified so that the obtained results can be applied in
several other fields ranging from economics, inventory control and insurance through
to demometry, biometry and psychometry.

There are a lot of unpredictable events in every person’s life. One such.event is
to be involved in a traffic accident. Various theories have been developed concerning
the interpretation of accident situations. One of them is the theory of the pure chance
which assumes that the probabilities of having an accident are solely the result of
random factors. A natural model for this situation (see, for instance, Breiman (1963)

is that the number of accidents is Poisson distributed with mean A , i.e.

P{N =n}= n—"!e'l , n=0]1,...
where N is the random variable which describes the number of accidents of a single
person.

One other theory which has attracted much interest is the “accident proneness”
theory, in the context of which, the individuals differ from each other in their
probabilities of having an accident or in their accident proneness and that the

individual’s accident proneness remains constant in time. This theory assumes that the



factors contributing to the happening of the accidents are of two kinds, random and
non-random, where the non-random ones referred to the individual’s psychology,
explaining in this way, more or less, why the individuals have unequal accident
proneness. Under this type of assumptions Greenwood and Wood (1919) obtained
the number of accidents N has Negative Binomial distribution with parameters k and

I .
— . ie.
A%

P{N = n} = (k +:Z - 1jv”(1+ v)_(""‘ k), n=0,1,...
The Irwin’s (1968) “proneness-liability” model which assumes also that the non-
random factors can be further split into psychological and external factors provides
more explanation as to why some individuals in the population tend to have more
accidents than others. In the context of this model, the individual accident proneness
does not remain constant, because the population is exposed to a variable risk. In his

model, Irwin used the term ‘“accident proneness’v to refer to a person’s

predisposition to accidents, and the term “accident liability” (k]v, i.e. A for givenv)

to refer to a person®s exposure to external risk of the accident and he derived the
univariate generalized Waring distribution as the distribution of the number of
accidents. This distribution was applied by Irwin (1968, 1975b) to data on accidents
sustained by men in a soap factory, providing an improved fit as compared to the
Negative binomial. It is one interesting member of the family of mixed Poisson
distribution. In Irwin’s model the conditional distribution of the number of accidents

N given A is a Poisson distribution with parameter A, where A for a given v

follows itself a Gamma distribution with parameters & and —, i.e. A foragiven v is
\

a random variable with density u given by
-k

—{v!
u(l)=l—lk_le (V ), 120,
r'(k)

resulting thus in a Negative Binomial distribution with parameters £ and —. He, also
v
allowed the parameter v of the Negative Binomial to follow a Betall distribution of

the second type (see for instance Johnson and Kotz 1969) with parameters a and p,

i.e. v is arandom variable with density ¢ given by



@(V)=%v(a—l)(l+v)_(a +p) a,p=0

obtaining thus the Generalized Waring distribution with parameters a, k£ and p.

The Poisson and the Polya processes have also been used in the Accident
Theory to describe the accident pattern. Under the hypotheses of the pure chance, the
Poisson process with intensity A has been proposed as a model which can describe
the number of accidents sustained by an individual during several years. The Polya
process which is of Negative Binomial form, is defined by starting from a Poisson
process, which then, is mixed with a Gamma distribution. It has been obtained
(Newbold 1927) as a model which can describe the accident pattern of a population of
individuals during several years, under the hypotheses of “accident proneness”.i.e
that individuals differ in their probabilities of having an accident which remain
constant in time. (We have to denote that this is not the only scheme which leads to
the Polya process, see for instance Grandell (1997, p.5-7) for the Polya scheme and
the discussions of Bates and Neyman (1952) and Cane(1974) for the differencies
between these two schemes). Both of these processes satisfy the Markovian property
because this is a property of the accident pattern, i.e. the number of accidents during

the ‘next’ period (t,t + h] depends only on the number of accidents at the present

time 7.

In this disertation, a new process is defined and studied. This process is associated
with the generalized Waring distribution which, as it is mentioned above, is a discrete
distribution with a wide spectrum of applications (see, e.g. Irwin (1975), Xekalaki
(1983b). This new process is termed in the sequel as the generalized Waring process.
Analogously to the case of Poisson and Polya process, the generalized Waring process
is postulated as a Markov process. The starting point is a process of Negative
binomial form but different from a Polya process. We consider a group of individuals
under the hypotheses of the Irwin’s “proneness-liability” model during several years.

We also assume that “accident liability”, in an interval of time (z,7+ 1], is the
outcome of a random variable A(k)with distribution U(kR) which depends on the

interval size h, and in two non-overlapping time periods the respective random
variables are independent. If these distributions for each 4 are Gamma, the resulting

process is of Negative binomial form, but different of a Polya process. This is a Cox



process and we call it the Negative binomial process. This process is then mixed with
a Betall distribution of the second type. This scheme is shown to lead to the
generalized Waring process. We treat it in the second chapter. A proof that this
process is a stationary but non-homogenous Markov process is provided in this
chapter, too. We use the fourth structural property of a multivariate generalized
Waring distributed random vector, treated by Xekalaki E. (1986), in order to prove it.
We have considered, another scheme which leads to the Generalized Waring process,
referring to Cresswell and Froggatt's (1963) spells model is proposed in the
framework considered by Xekalaki (1983b). This is another model that describes the
number of accidents, which rejects the concepts of accident proneness and contagion.
This scheme, too, allows for stationary increments and the validity of the Markovian
property, as also shown in chapter 2.

In the sequel the definitions of the Negative binomial and the Generalized
Waring distributions and a Bayesian interpretation of the second one, have been used
to present some properties and to interpret some estimates of the “accident proneness”
v.

The definition* of the Generalized Waring process is the subject of the fourth
chapter. We define it as a stationary but non-homogenous Markov process.
Expressions for the first two moments of this process, as well as the results of the
intensity and the individual intensity of it, are given in the fourth chapter. The
definition of the Negative binomial process and an equivalent definition of the
Generalized Waring process are used here in order to find the individual intensity of
it. In the sequel we present the transition probabilities derived in the second chapter,
and we calculate the forward and the backward Chapman-Kolmogorov differential
equations of the Generalized Waring process.

The Poisson process and the Polya process are special cases of the Generalized
Waring process. Using this fact, in the fifth chapter, some new definitions of them as
limiting cases of the Generalized Waring process have been proposed, and the
derivations of some known theoretical results about them are presented. The
moments, the transition probabilities and the Chapman-Kolmogorov differential
equations of those processes, are derived in this context.

Finally, two further genesis schemes are considered in chapter 6. The results

are based on Zografi and Xekalaki (2001).



CHAPTER 2

THE BASIC HYPOTHESES OF THE GENERALIZED WARING
PROCESS

Two different generating schemes which give rise to a process of Generalized Waring
form are considered in this section. The first is an extension of the ‘“proneness-
liability” model developed by Irwin. It considers a population of individuals exposed
to a random accident risk whose distribution varies during the time. The second
scheme is a variant of the “spells” model due to Cresswell and Froggatt (1963),
treated also in the paper by Xekalaki (1984). This model assumes that each person is
liable to spells (periods of time) and that all of his accidents occur within these spells.

The hypotheses of proneness and contagion are not present here.

2.1 The description of the accident pattern by a Cox Process.

In this section we consider first the assumptions for a Polya Process,
developed by Newbold (1927).

This model considers several individuals exposed to the same external risk
(e.g. drivers all driving about the same distance in a similar traffic environment) and
that there are intrinsic differences among different individuals (e.g. differences in
accident proneness). Supposing that, the number of accidents in an interval of time

(t, t+ h) for each individual is a Poisson process with a “personal rate A ”, where this

A stands for the respective accident proneness, and regarding a personal A as the

outcome of a random variable A with a Gamma distribution with parameters k¥ and

1 .
—, le. A~ F(k,l) ', it follows that the number of accidents N(r + /) — N(t) in the
A% A%

1 .
interval of time (z,7 + k), defines a Polya Process with parameters kand —, i.e.:
Vv

@M N(0)=0

1
! F(k,—) stands for Gamma distribution with parameters k and —
V. A%



(II) N is a birth process
(II) N(t + h) - N(t) has the following distribution

}{N(z+h)—N(t)=m}=E

where A is F(k,l) -distributed.

v
So,
()"
Pn(t):P{N(l):ll}=E|:Te .
+0 (1\1 -k
= I(lt) e—ll \4 l(k_l)e_l/vdl
6 n! I'(k)
k+n-1 k "
:( 4 j( 1 ) ( v ) n=01,... @.1.1)
n 1+vt 1+ vt
i.e.N(r)has a Negative Binomial distribution with parameters & and it ie.
v

A

N(t) ~ NB(k,i) 2

vt
The distribution of the random variable A explains here the variation of the accident
proneness from individual to individual. As mentioned above, the term accident
proneness here refers to the individual’s psychology. It seems more natural to assume

that this variation in an interval of time (t,t + h] depends on the size h of the interval

and that in two non-overlapping time periods the respective variations are

independent. So, we regard now a personal A, in an interval of time (t,t + h], as the

outcome of a random variable A(#)with distribution U(h) which depends on the

J, where k(h) and v(h) are

interval size h. If we assume that U(h) is r(k(h),—(lh7
W

in general some functions of &, then it is clear that the number of accidents N(z) will

1 1
2 NB(k,—) stands for Negative Binomial distribution with parameters kK and —
vt vt



be a stochastic process of Negative binomial form which fulfills the following
assumptions

@ N(0)=0

() N(z+ k) — N(r) has the following distribution

TOR" o v B iyt (<ajv
P{N(t+h)-N(t)=n} = J e A o 2 (kw=1) (=2/vim) o 012
n=0,1,...
We find,
. k(h) n
P{N(: + K~ N(r) = n) =("(h)+" 1)( 1 j ( v(h )
n 1+v(h)h 1+v(h)h

n=0l1,...

and using the first assumption we find also,

B Ly _[k®) +n-1 1 k(’)( v(t)e )"
Pn(t)_P{N(t)_n}_( n )(1+v(r)l‘j 1+v(t)t

n=0,1,...

This does mean that N(t) for any ¢ has Negative Binomial distribution with

parameters k(z) and ——

v(t)t

Hence, we can confirm that the following relation holds

N(t) n I(m) e V)¢ (k(t) 1) ,~Av0 gy
T(k(r))
n=0,1,...

This tells us precisly that N() is a Cox Process (see e.g. Grandell, J. 1997, p.83).

2.2 A particular case

Assume that the accident proneness varies from individual to individual with a

mean that does not depend on time. This is equivalent to considering a parameter pair
(k(h), v(h)) with k()- v(h) = constant. So, letting v(h)=v/h, and k(h)=kn, ie.,
allowing A(h) to have a gamma distribution that changes with time so that its.

expectation remains constantly equal to vk , we obtain



P{N(”h)_N(’):"}=(kh:n-l)(1iv)kh(1:v)n
n=0,1,...

and also

F,(f)= PN (1) =} (ld ;n-l)(liv)kt(l:v)n 22.1)

n=01,...

This does mean that N(¢) is NB(kt,l) -distributed.
v

The following diagram illustrates how the distribution of of the random variable A(h)

depends on the length /4 of the time interval.

0.16
014 | 'ﬂ*.
0.12 I

0.1 Seriest
0.08 Series?2

Series3

0.06 Series4
0.04 Series5

002 |/

(o] — 0 -
Ty} O © I~

Figure 2.2.1. The probability density functions of A(h) , for different values of /., when

v=06 and k=2 (The mean is 12). The series 1, 2, 3, 4, 5, correspond to the values /# =1, 2, 3, 5,
10.

It can be seen from the figure 2.2.1 that, as / increases, the shape of the curves

2
becomes sharper around the mean. In fact for a big # the value of the variance . is

small. Hence, what we have assumed is that the accident’s proneness in an interval of

time (t, r+ h) varies in such a way that the values of it for a big size % are too near to

the constant mean vk .

2.3 An extension of Irwin’s accident model.

In the sequel, we consider the hypotheses of Irwin’s (1963) accident model.



This model considers a population which is not homogeneous with respect to
personal and environmental attributes that affect the occurrence of accidents In his

model, Irwin used the term “accident proneness” v to refer to a person’s
predisposition to accidents, and the term “accident liability” ().| v, i.e A for given v)

to refer to a person’s exposure to external risk of accident.

In this model the conditional distribution of the number of accidents N (t)

given A is a Poisson distribution with parameter A, where A for a given v follows

itself a Gamma distribution with parameters k£ and l The conditional distribution of
v

the random variable A for a given v explains here the variation of the accidents’
liability from individual to individual. As mentioned above, the term accidents’
liability, here, refers to the individual’s psychology. The conditional distribution of the
random variable A for a given v describes differences in external risk factors among

individuals. As before we suppose that, liability fluctuations over a time interval
(2,2 + h) depend on the length h of the interval and are described by a I'(kh,1/vh)
distribution for A| v. Moreover, assuming independence in two non-overlapping time
periods, the number of accidents N (t) , for a given v, will be a stochastic process of
Negative binomial form with parameters k# and 1/v.This starts at O and has

stationary increments with a distribution given by (2.1.2). Let us further allow the
parameter v of the Negative Binomial to follow a Betall distribution with parameters

a and p, obtaining thus for the distribution of the number of accidents N (t) :

(NG +1) = N(r)=n) :EW’Z tln _ IJ(vL)kh(l:v)n}

*(kh+n-1) , ~(kh+n) T(P+a) 41 ~(a+p
;( e T e e

_ Py a(n) (kh)(n) 1
(a + p)(kh) (a +p+ kh)(n) n!

n=0,1,...

and

k) %n) G

P @rpr)ynl "o G

P(N(@t)=n)=F,(r)= @ i



In the sequel, we refer to the process defined by N (t) as the Generalized Waring

Process.

Remark 2.3.1

If we consider individuals of proneness v and liability A ,~| v i=1,2 respectively for
each of the two non-overlapping intervals of time, by the model’s assumptions the

numbers N, N, of accidents incurred by these individuals follow a double Poisson

distribution with parameters (7&1| A 7‘2] v). Then for individuals with the same

proneness but varying liabilities the joint distribution of accidents over the two

intervals is double Negative Binomial with parameters ((khl l);(kh2 lD , where
Y Y

hy, hy are the respective sizes of these intervals. If we allow now the proneness
parameter v to follow a a Betall distribution with parameters a and p then the joint
distribution of the numbers of accidents over the two intervals is a bivariate

Generalized Waring distribution with parameter ((a,khl p); (a,khzyp)) (see Xekalaki,

L
E. 1984). Now, it is clear that, if we consider a number of intervals greater than two,

then the joint distribution of the numbers of accidents over those intervals, will follow
a multivariate Generalized Waring distribution.

In the sequel we are going to use the above remark to prove that the resulting process
of this first generating scheme is a Markov process. a multivariate Generalized
Waring distribution.

In the sequel we are going to use the above remark to prove that the resulting process
of this first generating scheme is a Markov process i.e. to prove that

P(N(t+h)=n | N(t) =m, N(s)=n, , 0<s<t) coincides with P(N(t+k)=n|N(z)=m) for
every non-negative integers n,m,n, 0<s<r.

First we denote that

P{N(’+h)=n|N(t):m,N(s ) = n,, OSS<t}=
P{N(t+h)_N(I):n—mlN(t)-N(s)=m—nsN(s )—N(o)=n3,055<t}

Consider, now, the random vector

(W(e+ k)= N(), NE) - N(s).N(s )= N(0)). 0= s <1

10



It follows from the remark 23.1 that this vector has MGWD(a;k;p) where
k=(kh,k(h - s), ks) . We refer now to the third structural property of the multivariate
Generalized Waring distribution proved by Xekalaki E. in her paper ‘The multivariate
Generalized Waring distribution’, (p.1054) and we find

(N +m)-N() | M) - N(s ). N(s)- N(0)) ~ MGWD(a+n(t); kh; p+ kt), where n(1) is the
value of N(t).

Hence

P{N(t+R)= Ny =n-m | N~ N5 )= m=n.,N(s )~ N(0) - | =

_ (p+ kt)(a +m) (a+m) (n-m) (kh)(n_m) 1
(p+ke+kh),, .\ (p+ke+kh+a+m), . (n—m)!

_T(a+n) By (P+H0) )
I(a+m) (n—m)! (p+kt+kh)(

- (2.3.1)

a+n)
= P[N(t+1)- N(t) = n—m/N(t)- N(0) = m| = P[N(s+h) =n|N() = m]
which proves that the generalized Waring process has the Markovian property, i.e. the

conditional distribution of the future N(t+h) given the present state N(t) and the

past 1\(5? 0<s<t, depends only on the present and is independent of the past.

2.4 The Spells’ Model

In the sequel, an alternative scheme generating a process of a Generalized
Waring form is considered. This is a variant of Cresswell and Froggatt’s (1963) Spells
model that has been considered in the paper of Xekalaki (1984). According to this
model, each person is liable to spells, (a spell is a period of time during which the
person’s performance is weak). For each person, no accidents can occur outside spells.

Let S(f) denote the number of spells up to a given moment ¢ . It is assumed that S(r)

) . ] k )
is a homogeneous Poisson process with rate —, 1> 0, k >0, the number of accidents
m

within a spell is a random variable with a given distribution F and that the number of
accidents arising out of different spells are independent and also independent of the

number of spells. So, the total number of accidents at time ¢ is

11



5(r)
X)=)X,,

k=1

. . . k . .
where S(t) is a homogenous Poisson process with rate — and {Xk }io are identical
m

independent distributed ( i.i.d) random variables from the distribution F.

When {Xk }:o is a logarithmic series distribution with parameters (m v), 1.e.
P(X; =0)=1-mlog(l +v)

and

n
P(X,-=n)=ﬂ(L) ,n>1, m>0,v>0,
n\l+v

the random variable X(¢), is a Negative Binomial random variable with
parameters (kti) (see Kemp, 1967 and Chatfield and Theobald, 1973). Here v is
v

regarded as the external risk parameter, too. Then, if the differences in this external

L
risk can be described by a Betall(a,p) distribution, the resulting accident distribution
is of a Generalized Waring form with parameters a, k¢, and p.
Let us consider, now, the counting process {N (£),1 > 0} where N(r) can be

represented, for ¢t > 0, by

S(r

Z)Xk, (kZ:Xk =0J,

k=1

. . . k : o
where S(t) is a homogenous Poisson process with rate —, {X k }:o is a logarithmic
m

series distributions with parameters (m, v) that is also independent of the process

S(¢), and v is a non negative random variable with Betall (a,p) distribution.

Theorem 2.4.1

For the process {N(t), 1 0} defined as above the following conditions hold:
@ N(0)=0

1)) {N(t), t> 0} posseses stationary increments

12



(1) {N(t), t> O} is a Markov process.

Proof
The proof of (I) is straightforward.
To prove condition (II), denote by ¢ the probability distribution function (p.d.f) of the

random variable v. Then we can write:

p(N(t +h) - jP( £+ 1) = N(t)=n/v)o(v)av

k=5(t)
= :l'o rg P(kzzl X, =an(S(t +h)—8(r)= i) (P(V)dv
kh\( kh )
SHIRRES

Py 9 (kR) 1
(p+ a)(kh) (a+p+ kh)(n) n!

8(r)
To prove the Markovian property, let N, ()= Y X, for a given v. The process
k=1

N, = {N v (t).t 2 0} is a compound Poisson process. Hence, it is a Markov process.

We now note that:

P(N(t+h)=n ,N(r)=m,N(s)=ns for 05s$t)=

IP (t+h)=n,N(t)=m,N(s)=n, for OSsSt)(p(v)dv

JPV N(t)=m,N(s)=ns for OSsSt)(p(v)dv

13



where P, (A) stands for the conditional probability of an event A given the value v

of the random variable v. Then we find:
PV(N(I +h) =n,N(t) =m,N(s) =r(s) Jor OSsSt)
= ph(m_ n)pt—s(m_ ns)ps(n(s))

(I g e

In the same way we find that
P(N,(t)=m,N (s)=n(s)0<s< t) = p,_s(m ~ n(s))ps(n(s))
_ k(t - s)+ m—n(s)-1\(ks+n(s) -1 (1 v)-mek)
[ m—n(s) J[ n(s) J ()

Hence, we take

HN(t+h)=nNz)=mMs)=n(s) for 0<s<i) {((Z::)) (Z)-(:; (p(:’;'j)gl)*(:?m) 2.4.1)

The last result proves the Markovian property of the process and provides transition

probabilities.

14



CHAPTER 3
THE GENERALIZED WARING DISTRIBUTION

This chapter is devoted to the Generalized Waring distribution Most of the
results obtained refer to the ideas that Grandell (1997) have used to obtain similar
results in the case of a Pélya process and in general of a mixed Poisson process. In the
first part the definition of this distribution, a Bayesian interpretation, some properties
of it, and some estimates of the accidents’ proneness, are provided, while the relation
between the Generalized Waring and the Negative binomial distributions with the

same mean is illustrated by some diagrams in the second part.

3.1 The definition of the Generalized Waring distribution.

Definition 3.1.1 A discrete random variable N is said to be Negative Binomial

distributed with parameters k and l, k>0, v>0ie N~ NB(k,l) , if
v v

oy (k+n-1 1)’<(V)" B
P{N—n}—( . j(wl ) - n=0L.. (3.1.1)

Definition 3.1.2 A discrete random variable N is said to be Generalized Waring

distributed with parameters a, kand p, a>0, k>0, p>0,i.e. GW(a,k,p) if

_E'(k+n-1)( 1 jk( v j"
h ] n v+1 1+v (3.1.2)

n=0,1,...

P, = P{N =n|

where v ~ Betall(a,p).

So we can write for these probabilities:
'(k +n 4}( 1 )k( v )
E
n v+1 I+v
k
_T(a+p)” (k +n— 1)( 1 ) ( v )"Va_l(l b)) g,
r(a)r(p) n v+l \1+v

__Pw ke 1
(p+a)y (p+a+ k)(n) n

P, = P{N—n}z

n=01,...

15



In both the above definitions k need not to be integer.

Let us consider a random variable N ~ NB(kt,l) ,1.e.
%

P{N:n}:[an—l)( ! )kt( Y )n, n=01,.. (3.1.3)

n v+1 1+v
If we assume that the parameter v is the outcome of a random variable that is

Betall(a, p)-distributed, the distribution of N is given by

P,(r)= P{N =n}=E[(kt+nn _ IJ(ViJM(Jv)?

LR O ON n=0,L,... (3.1.4)
(p + a)(kt) (p +a+ kt)(n) n!
So, N ~GW(a,kt,p).
It follows from (3.1.4) that
B (a + n)(kt + n)
B (1) = P2 0) (n+1)(a+p+kt+n) =)

Since F, we get by (3.1.5) a recursive algorithm for the distribution

__ P
© (p+#) )
of N.

3.2 A Bayesian interpretation of the Genralized Waring distribution and some
estimators of V

Interpreting the Betall(a,p)-distribution of the random variable V as a prior
distribution, we can consider a Generalized Waring variable N as generated in the

following way. First a realization v of the random variable V is generated.

Conditional upon that realization, N is a Negative Binomial random variable with
parameters (kt,l) . Formally we can give the following definition:
v

Definition 3.2.2 A discrete random variable N is said to be mixed Negative Binomial
distributed if its distribution I, (B)is given by

x

fu(B)= [f:(B)dU(v)

0

16



for any event B, where f stands for the probability density function of the Negative

Binomial distribution.

1
—) and U stands for the probability

If fis assumed to have the parameters (kt,
%

function of the random variable v ~ Betall(a,p), Nis Generalized Waring
distributed with parameters a, k&tand p, a>0, k>0, p>0.
Using this interpretation of the Generalized Waring distribution we can obtain

a Bayesian estimate of proneness:

For any event B, we can regard

].P N eB|v du(v)
B(x) P{v<x|N eB} L ,
J (N e Blv)dU(v)

where U stands for the probability function of the random variable v ~ Betall(a,p),

as the posterior distribution of vgiven B or, more precisely, given {N eB} ,

+00
provided that P{N e B} = IP(N e B l)dU(l) >0.
0

Proposition 3.2.1 Let N be GW(a,kt,p) -distributed. Then

]‘Vn+a—1 (1 n V) —(n+a+p+ks) dv

P{v< x| N(s)=n}=2 (3.2.1)

+00

J‘ vn+a—1 (1 + V) —(n+a+p+ks) dv

0

Proof
Using an argument similar to that used by Xekalaki (1983b) for the case of the

generalised Waring distribution, we obtain

P{va, N(s)=n}

P{valN(s)=n}=

P{ N(s) = n}
Ir a+p) 1) gy J(IS) e:'P( Is) (Vr{f,)cs) ot p(_li)d,
** T(a+p) a-l a+p (1s)" exp(-is) ( v/s) ks—1 z
Irare 0+ J 3 k) ' (- o

17



(ks tn- 1) ‘]'vn+a—l(1 - v)—(a+n+p+ks) dv ?V"M 1 a+n+P+k5)dV

0 _0
[ks +n- IJ TV,,.H,_](I_’_ v)—(a+n+p+k_y)d +j‘? I 1+ )_ a+n+p+kS)d
0 0

: TS +k
This proposition implies that (p S)v
a+n

with 2(a+n) and 2(p+ ks)degrees of freedom. Following Xekalaki (1983b), this
result can be used to obtain a confidence interval for v | (N (s)= n), ‘estimating’ in

this way a person’s proneness on the basis of the incurred number of accidents.

Corollary
1. Let N be GW(a, kt;p)-distributed. Then

+00
J‘vn+a (1 4 v)—(n+a+p+ks) o

E{v|N(s)=n} =2 =atn (3.2.2)
ooty rerslgy O
¥ 0

Proof

Combining the above property with the relation
400
E{v |N(s) = n} = _[de{v <x|N(s)= n},
0

we have

vn+a (1 + v)—(n+a+p+ks) dv

n+a—l(1_+_ v)—(n+a+p+ks) dv

]

E{v [N(s)=n}= +°°°
jv
0

B F(n+a+1)F(p+ks—1) F(a+n+p+ks) _a+n
"~ T(a+n+p+ks) T(n+a)l(p+ks) p+ks’

as an

a+N(s)
+ks

From (3.1.7) it seems natural to interpret vz = E{v IN(s)} =

estimator, or the Bayes estimate of v.

Another simple and natural estimator of v is éN (7). We find

18



v) E(N(1)|v) = —vkt_v

1

E(%lt— N(r
and we have also
E{(é N(r)- v) 2] = E{El:(kit N(r)- v) 2

=E (k:) E[(N() vkt)2 vﬂ

E[v(v+1)]

y <v+1>>} .

()’

Thus, for large values of 7, we have ki N(t) RV.
!

Considering linear combinations of this estimator, we can construct a number

of other useful estimators. So, for example, a simple such estimator is
* 1 % 20
vy =b+ c;N(t), where b and c¢ are chosen so that E (VL - v) 1s minimized.

The estimator thus obtained can be referred to as the best linear estimator is given by:

* E[V(V"'l)] kt var v 1 ()
ktvarv+E[v(v+1)] ktvarv+E[v(v+l)]

=E[v(v+1]+N(t)varv

ktvarv+E[v(v+1)] '

v

3.3 A comparison through diagrams

In figures 3.3.1-3.3.3 we illustrate the relation between the distributions of

Nin the cases where (i) N is GW(a,kr,p)-distributed (series 1) and (ii) N is
NB(kt,l) -distributed (series 2), but with the same mean. We have chosen the
v

relatively large value 7=10, in order to be able to see how P,()behaves for small
values of n. In figures 3.3.1, 3.3.2 the Generalized Waring variation differs from the

Negative binomial variation, while, in figure 3.3.3, they are almost the same.
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Figure 3.3.1 The probability density function of N in two cases. The values of the parameters
are: a=6, k=2, p=4, v=2, and t = 10. The mean is 40.
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Figure 3.3.2 The probability density function of N in two cases. The values of the parameters
aree a=6, k=08, p=4, v=2, and 7 =10. The mean is 16.
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Figure 3.3.3 The probability density function of N in two cases. The values of the parameters
are: a=6, k=02, p=4, v=2, and ¢ =10. The meanis 4.
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CHAPTER 4
GENERALIZED WARING PROCESS

In this chapter we shall give the definition of the Generalized Waring process. This
definition is based on the two schemes treated in the second chapter. The two first
moments the intensity and the individual intensity of this process are presented in the
sequel. Here we need to give the definition of the Negative binomial process and an
equivalent definition of the Generalized Waring process, too. The last part of the
chapter treats the transition probabilities and the Chapman-Kolmogorov equations of

this process.

4.1 The definition of the Generalized Waring process.

The Generalized Waring process can, now, be defined in the following way:

Definition 4.1.1 The counting process {N(r),? 2 0} is said to be a Generalized Waring
Process with parameters (a,k,p) , a>0,k>0,p>0if:

@ N(0)=0

() N(z) is a Markov process

(IM) N(z+h)— N(t) is GW(a, kh,p)-distributed for each /1> 0, 1>0.

Conditions (I), (IT) and (1) tell us that this process starts at 0, it has stationary

Pw) w1
(p+ a)(kt) (a +p+ kt)(n) n!’

increments  and  P(N(f)=n)= ie.  N(1)
isGW(a, kt, p)-distributed.
Given that the defined Generalized Waring process is a Markov process the relations

(2.3.1) and (2.4.1) give the transition probabilities of it.

_I(a+n) k) amy (o+ kS) 0.m)
I"(a + m) (n = m)' (p +ks+ kt)(w,)

P{N(s +t)=n| N(s)=m}

We denote

pm‘n(s,s+t)=P(N(s+t)=n |N(s)=m)
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and recall that it represents the probability that a process presently in state m will be
in state n a time ¢ later. This probability in this case depends on the present time so

the defined Generalized Waring process is a non-homogenous Markov process.
Itis clear that p,,(0,¢)= P(N(t)=n |N(0)=0)= P(N(t)=n)= p,(r)
In order to show that such a process does exist it is sufficient to prove that the

transition probabilities satisfy the Chapman-Kolmogorov equations i.e.

n
) (s,t) = Z 1 (s,‘t)pi,n (‘t,t), fors<t<t,m<n 4.2.1)
i=m
We calculate first:

DMCOTMCOE
. { 5 T(a+i) ke = Dnny (o+ kS)e.my T{a+n) (k= 7)imy (o + kr)(m)}

|XTarm G rEley T@r ) G (ke
C(a+n) (p+ ks)(,,,,,,,) v (k- T))( n-i) (k(z - s ))( i-m)

“Ta+m) (p+k),., & (n-i) (- m)

Using the identity

%

S e s I\

we obtain that

i=m

Y. Pl (1) =

i=m

_Ta+n) (P +E)m) (k(t—s)+(n- m)J= P (s.7)

Ta+m) (p+k)uny | (2-m)

which proves 4.2.1.

In order to determine if an arbitrary counting process is actually a Generalized Waring
process, we must show that the conditions (I), (II), (IIl) are satisfied. The first two
conditions can usually be directly verified from our knowledge of the process.
However, it is not all clear how we would determine that the condition (III) is

satisfied.
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4.2 The moments and some other properties
Let N be a Generalized Waring process with parameters (a,k,p). For any #, N(r)

is a Generalized Waring distributed random variable, Hence, (see for instance

akt(p+kt —1)(p+a— 1)
(P-)*(p-2)

Following Irwin (1975a), one may show that the variance can be divided into three

additive components, thus
7 %\

Xekalaki 1994), for any ¢, E[N(1)]= “’“1  Var[N(1)] =

2
Var[N(t)] = Gi(t) + (k)02 + 0%, //a /.»,;
. \
where, : ; \ gIBAIOBHKY )3 )
A(t) = aki(a +1)(p—1)""(p—2)" is the component W i
- A9H 1'/

ol =ala+p-1)(p-1)" (p - 2)_ is the component due to proneness
and

ok = akt(p— 1)_1 is the component of the randomness.

The Generalized Waring process is a stationary process. For a stationary

process N, E[N (t)]= n-t, where n is termed the intensity of N (see e.g. Grandell,

1997, p.53). It is clear that the intensity of the Generalized Waring process is

n =—(i1. For this process (like for all stationary processes), there always exists, a
p f—

random variable N with E( ) N, called the individual intensity, such that

N(t _
QL N “as t— +oo (see e.g. Grandell, 1997, p.53). The intensity 7 is finite.
I

Hence, it follows that the individual intensity N is finite a.s.9

We give now a definition of the Negative binomial process in order to give an

equivalent definition of the Generalized Waring process which shall be useful to

¢ The symbol p. here stands for the convergence in probability of a random variable

4 The symbol a.s. (almost sure) implies that P((D € Ql N ((0) is finite) =1
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prove the theorem 4.2.1 below, which gives the individual intensity of the Generalized
Waring Process.

Definition 4.2.1. The counting process {N(¢),? 2 0} is said to be a Negative binomial

Process with parameters (k , l) k>0, v>0,if
v

@ N(0)=0
() N(z)is a Markov process

() N(z+h) - N(1)is NB(kh , l) -distributed for each A>0, > 0.
v

The first condition together with the condition (III) allow us to take also that N (z)

is NB(kt , l) -distributed.
\%

Definition 4.2.2 A Negative binomial process with parameters k=1landv=1 is
called a Standard Negative Binomial Process.

%

Definition 4.2.3 Let v be a random variable Betall(a,p)-distributed and a standard

Negative binomial process N independent of it. Let k > Obe a constant.

- - def _
The point process N = N o (k, —l-) ,Where N o (ktl) = N(kt,l) and for every ¢,
\Y v Y

N (kt, l) ~ NB(kt, l) , is called the Generalized Waring Process.
Y Y

It is already clear that definition 4.2.3 is equivalent to definition 4.1.1. By definition

4.2.3 one can prove the following property

Theorem 4.2.1 Let N be a Generalized Waring process. Then

LN P vk .
t t—
Proof
- - N(kz,1
im 2 )= tim L 7{ke2) = vitim L k12 < vk pim VL)
1wt t>ot v 10 V v 1—>0 E[N (kt, i v)]
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. o . N(k.1/v)
We use now the Chebishev Inequality in order to find lim ————— .
> E[N(kt,1/v)|

We have
E[N(kt,1/v)|
Var{ ﬁ(kt,l/v)} { ktl/v} _vk(1+Y) 14y g
E[N( V)] EX Mk yv)]  (ve)® VR e ’
Hence

E[N(kt,1/v)] Tevkt | 1o

p{ N(kt,1/v) —1!28}< 1+v

which tells that

N(k,Yv)  p. o1
E[ﬁ(kt,l/v)] 100"

and

Considering this result and the fact that if v is BetaII(a,p) -distributed then

E(v)=—a—1, we take E(vk)=—al—ci. Hence, the random variable N = vk is the
p—

p_

individual intensity of the Generalized Waring process.

4.3 The transition probabilities and the Chapman-Kolmogorov equations of the

Generalized Waring process.

The relations (2.3.1) and (2.4.1) give the transition probabilities of the Generalized

Waring process.

} _I(a+n) (k’)(,,-m) (p+ ks)(am)
T(a+m) (n-m)! (p+ks+ke)

P{N(s+1)=n|N(s) =

(a+n)
We denote

I (t) = P(N(s+t) =n | N(s) = m)
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and recall that it represents the probability that a process presently in state m will be
in state n a time ¢ later. This probability in this case depends on the present time

because the Generalized Waring process is a non-homogenous Markov process.

The transition probabilities of a Markov process satisfy the Chapman-

Kolmogorov equations

n
Pun($:0) =D Ppi(s:0)pin(t.1), fors<t<s,m<n

In order to find the forward and backward Kolmogorov differential equations
we have used the ideas used by Ross (1996, p. 240-242) to obtain the respective
equations of an homogenous Markov process.

We obtain the forward Kolmogorov differential equations starting the

calculations from the equations

n
Pmn(s.t+h)= z Pmi(s,0)pin(t.t +h), fors<t,m<n, h=0

i=m

We find

%

' pi,n(t’t+h)_ .
P (8:1) = 2 Pa(s7) lim == lim

(1 - ﬁ'w) P (5:1)

h

We calculate

. pi,n (t’t + h) F(a + n) . (kh)(n—l) (p + kt)(aﬂ')
lim = lim
B0 R T(a+i) = hn—i)l (p+kt +kh),,

r

I'(a+n) (p+kt)(a+n 1)
C(a+n-1)" (p+kt) .,
T(a+n) K(n-i-1) (p+kt)(a+i)
| Dla+i) (n=i)t (p+k)(,,

[ k(a+n-1)

(a+p+kt+n-1)

[(a+n) k (P+H)
\ T(a+i) (n—i)(n-i-1) (p+ kt)(a+n)

n-i=1

otherwise

=<

n-i>1

and
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. +kt '
lim(1 P (t’[+h)J = lim ll:l— (P )(a+n) J

h—0 h h~0h|  (p+kt+kh) (atn)
(p+k) (a+n)
(p+kt + kh) (asn)
= lim
h—>0 h
a+n-1 1
k k- -
) o+ t)‘“"’ i_zo p+kt+kh+i
= lim -
h—>0 (p+kt + kh) (a+n)
a+n-1
=k- L .
o Ptkr+i
If we denote
k(a+n-1) I(a+n) k (p+ kt)(a+i)

i<n

9n-1,n (t) = ( ’ ql’,n(t) =

a+p+kt+n-1) Ha+i) (n=i)(n-i-1) (p+k) ..,

a+n-1

andv kz

i—o Pt kt +i

then the forward Chapman-Kolmogorov equations for

the Generalized Waring process are:

Opp (s,
Lat(—)_ = —Vn(t)pn,n (S’ ’)

9 m,n >t n-1
P ,at(S )=—Vn(t)pm,,,(s,t)+ Zqi,n(t)Pm,i(SJ), .

i=m

The backward equations, follows from the Chapman-Kolmogorov equations with

T =5+ h. Hence we start the calculations from the following equations

Pmn(s,1)= sz,(s s+h)p;,(s+ht), fors+h<t,m<n, h20

i=m

We find

pm,n(s+h’t)—pm,n (S,l')

5 Pin (s +h, t)

= Pmn (s+h,t

){l—pm’mh(s,s+h)]_ Z": pm,,.(s,s+h)

h

i=m+1

We calculate similarly and find
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[ k(a+m) |
(s botm) i-m=1
i Pm,i(S,S+h) (a+P+ks+m)
im 22T S
h—0 F(a + i) k (p + ks) (a+m) |
: . otherwise
F(a + m) (1 = m)(z -m- 1) (p + ks)(aﬂ,)
and
o Cpesle)
h=>0 h o prks+i
If we denote
k(a +m)
9 mm+1 (S) = m s
I(a+i) k (p+ ks)(a+m) _
qM,l(S) = N . i>m
F(a +m) (l —m)(z -m- 1) (p+ ks)(aﬂ,)
and
a+m-1 1
VM(S)Z “ =0 p+1€s+i

then the backward equations for the Generalized Waring process are:

g :
pm,m(s t) =V, ([)pm,m(s’ l‘)

ot
g ) n
i=m+1

30



CHAPTER §

SOME PARTICULAR CASES OF THE GENERALIZED WARING
PROCESS

We refer to the relation between the Pdlya, the Poisson and the Generalized
Waring distributions, treated by Irwin (1968), to come to the conclusion that the Pélya
and the Poisson processes are limiting cases of the Generalized Waring process. So
the classical theory of those processes is a particular case of that presented here. The
new definitions of them as special cases are given in this section. The Markovian
property for both of those processes, the calculations of the transition probabilities and
the Chapman-Kolmogorov equations, the proof that they are birth processes, the
property of having independent increments of a Poisson process and a known
equivalent definition of it, are provided here, using these definitions. A brief
discussion about continuous analogue is intended in the last paragraph of this chapter.
Two cases are considered: when a — o and when both a,p — « . Both in these cases
the continuous analogue of the Generalized Waring Process can be regarded as

limiting forms of it.

5.1 The Pélya and the Poisson processes as special cases of the Generalized

Waring process.

remains

It is shown (Irwin 1968) that, if k> and p— o so that w, = .
+p

constant the Generalized Waring distribution tends to the negative binomial

. : : . 1 w6 ‘ p
distribution with generating function {—— where u; =1-w; =——.
uk uy k+ P

Analogous to the proof used by Irwin (1968) to obtain the P&lya distribution as a
limiting case of the Generalized Waring distribution, the following theorem can now
be prove:

Theorem 5.1.1 If k—>o and p=c-k where ¢>0 1is a constant i.e.

kt

w, (t)== , then, the Generalized Waring process tends to the Negative
kt +p

t+c

binomial process with generating function
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o

P c

ki+p t+c

where u; (t) =1-w, (t) =

Hence, in this case

e () (K2) 1_(a+n—1)(LJa(Lj” (.1.1)

k—> (p+a)(kt) (p+a+kt)(n) nt n t+c/ \t+c

Hence, we can give the following definition of the Pdlya process.

Definition 5.1.1 The Generalized Waring process with parameters (a, k, p) in which
k—> o and p=c-k where ¢>0 is a constant, is called Pdlya process with
parameters (a,%) .

It is shown also that the Poisson process is a limiting form of a Polya process.
Let us consider the above Polya process, and let us assume that c—>wand a=A-c¢
where A > 0 is a constant.

In this case we find

hm[(am—l]( c j( ; j
c—® n t+c¢/ \rt+c

[~ 1\ re o i
— bm ()»c+n 1)( 1 t
c—® n!(?»c— 1)! tle+ 1 (¢ + C)”

-(M)(n)(’“c“ 1)![(1 ij c/,}—m o

T c/t (t+¢)"

=1
e niAc—1)!

32



_ (A2)" exp(—21)

n!

which prove the following theorem

Theorem 5.1.2 Consider now the Pdlya process, defined above, and let ¢ — o and

a=X,-c, where A >0 is a constant. Then,

Sl o

The result of this theorem tells us that the Generalized Waring Process tends to a

homogenous Poisson process with rate A .

So, similar with above, we can define a Poisson process as a special case of the Pélya

process, and then we can define it as a special case of a Generalized Waring process.

Definition 5.1.2 The Pélya process with parameters (a,l) in which ¢— wand
c

a = A -c where A >0 is a constant, is called Poisson process with rate A .

Definition 5.1.3 The Generalized Waring process with parameters (a, k, p) in which

k— o, —kp——> o and a=A % where A >0 is a constant is called Pdlya process

. 1 4
with parameters (a,—j ; % AN
c A=\
: i : 3| gerx |1l
It is clear that the definitions 5.1.2 and 5.1.3 are equivalent. k\f BN J< _;
\O \ /. '...
N\ /4
5.2 The moments and some other properties \\\{\ :i'a o \_\gfg

In this paragraph we find the first two moments of the Polya process and the Poisson

process, using the respective results for the Generalized Waring process.

Theorem 5.2.1 Let N be Pélya process with parameters (a,l) , then for any £ 20
c
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L E[N(r)]= %t

2.Var[N(t)| =<1+ 51
C Cc

Proof

From the definition 5.1.1 the Polya Process (a,l) is a Generalized Waring process
c

with parameters (a, k, p) where kK — c© and p = c-k . For this reason we only need to
find the limit of the expressions of E[N (t)] and Var[N (¢)] found for a Generalized

Waring process, when k& — « and p=c-k. We find

k
]: lim - =2 which proves 1.

k—)oop—l c

lim E[N(r)

k—©

We calculate first

2 _ 2

k—w koo (p—l)(p—?.) k—x k—w (p—l)z(p—Z) c?
kt at
li 2 _ s _a__:_
R )

Then from Var|N (t)] = ci(t) +(kt)* o2 + 0% we prove 2.

Theorem 5.2.2 Let N be a Poisson Process with parameter A . Then for any 7 >0
E[N(1)]=Var|N(r)] =

Proof

From the definition 5.1.2 the Poisson Process with parameter A is a Polya process

: 1. . .
with parameters (a,—) in which ¢— wand a = A - ¢. For this reason we only need to
c

find the limit of E[N(r)] and Var[N(r)], found above, when c¢—>owand a=7%-c.

We find

lim E[N(t)]= lim 1=

a—»o a—w C

limVar[N())= 1im[ﬁt + izﬁ] =Xt
a—>w c

a0

which proves the theorem.
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5.3 The transition probabilities of the Pdlya and Poisson processes.

The Polya and the Poisson Processes defined by us are both stationary Markov

processes. Let us find the transition probabilities of them.

We start from the PSlya process with parameters (a,l) . We need only to calculate
. _

- [(a+n) (kh) (n—m) (p+kt) (a+m)
k»o T(a+m) (n—m)! (p+kt+kh)

We find

lim (a +n) (kh) n m) (p + kt) a+m) _
= F(a em) (n-m)! (p+ki+kh),
(p + kt)(a +n)

(o+kt +kh),,

. kh(p + kt) (atm)
=llm4(a ) n=m+1
k—oo (p+kt+ kh)

n=m

a+m+1

F(a + n) (kh) (n-m) (p + kt) (a+m)
F(a+m)(n—m)!(p+kt+kh+a+m) (p+kt+kh)

( c+t )“”") .

c+t+h

n>m+l

a+m

h(c +2)@*™)
Ccrrene
I'(a+n) "_"')(c + t)(a+m
r(“ +m)(n=m)! (c+t+h) (a+n)

= <(a+m)

n>m+1

Now, for the Poisson process with parameter A , we need to calculate

(( c+t )(“”) .

c+t+h
h (a+m)
cli_)mJ(a +m) (C+t) (aen] n=m+l1
© (c+t+h)

TCla+n) 1 p(n=m) (c+1) (a+m)
Cla+m) (n=m)! (¢4 s4p)@*)

n>m+l

.
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We find

((H—n) —— —Ah {
c+t h h c+t c+t
li =i il i— = xp(_
cﬂ(cﬂﬂj Cl_r,r—} [/(1 ( c+tDJ (c+t+h) (c+t+h) ¢ M)

fim{a+m) h(c+t) = h(a+m)( c+thj(“+'") _ Mrexpl=M)

o0 (c+t+h)(a+") (c+t+h) c+1+

(n—m) a+m n—mj
o h (a+m)(n_m) ( . h)( )=(M)( )exp(—Ah)

aw(n_m)!(ﬁﬁh)(n-'") c+t+ (n—m)!

5.4 The Chapman-Kolmogorov equation for the Pélya and Poisson processes.

We can find the forward Kolmogorov differential equations of the Pdlya

process from the respective equations of the generalized Waring process

op, (s,
%2 "Vn(t)pn,n(s’[)
OPm y (5,1
_%_ V() Pn (5, t)+Zq,,.(t)sz(5 t), m<n
We need to calculate the lim g,,(f), m<i<n and lim v,(r) where p=c-k. We
k—>c0 LA
find
k(a+n 1) (a+n—1)
li li
kiﬂqn ln() k—l;lzo(a-{-p"f'kt'*'n l) c+t
- (p+kt) X
lim g;,(t) = lim (a+',1) _E )20 i<n-1
kS ko F(a+l) (n_l)(n_l_l) (p+kt)(a+n)
and

a+n-1 =
| +
lim v, (f)= lim|k ) L
k—o ko o prki+i| c+t

If we denote &, (¢)= lim v, (¢ 2 we see that lim g, ,(t)=k, (¢
k—>o0 c+t koo n-1

Hence, the forward Chapman-Kolmogorov equations for the Pdlya Process with

1
parameters (a,—) are
c
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OPnn (s,t) _

ot ~kn(t)Pnn(s:7)
0 .t
Pm,;t(s ) =~k (1) Pin (5:2) + k1 (1) Prun-r (5.2), n>m

In the same way we find the backward Chapman-Kolmogorov differential equations

of the Polya process:

. . k(a+ m) a+m
Icll—l>rcaloqm’m+1(s)_lcll—l>lojo(a+p+ks+m) T c+s = (s)

a+m-1
lim v,,(s) = lim (k : J SLALNO
k—w0 k—0 i=0 p+ks+i c+s

So, these equations are:

OPm.m (s, t) _
Os

OPmn (s, t) _
Os

So, we have proved the following:

K () Pram (s, 1)

km(s)[pm,n(s’t) - pm+l.nl(s’[)]’ n>m

Theorem 5.4.1 The Polya Process is a stationary non-homogenous birth process with

+n

e i a
the transition intensities k() =

1 :
where (a,—) are the parameters of it.
c+t c

Remark 5.4.1
The transition intensities of the PSlya process can be presented in the following form:
1- k(1) + 01 (R) n=m
Pm,n(t, t+h)= km(t)h +0,(h) n=m+l

o3(h) n>m+l

where 0;(h), 0,(h), 03(h)° are respectively

__o(h)
€ The symbol o(h) means that lim——~=10
h—>0 h
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ol(h)=( cti )(“+'")+a+mh_l

c+t+h c+t
(a+m)
oofp) <Lt (et T,
c+t c+t+h

G(a+n) K™ (c+)@*™
G(a + m) (c +4 h)(‘”")

03 (h) =

In the same way, we can find the forward and the backward Chapman-Kolmogorov
differential equations of the Poisson Process with parameter A, using the respective

equations of the Polya Process. We only need to find now, the lim k, (t) where
a—»o

c=A-a:

a+n
=A

lim &k, (t) = lim
a—->® n() a—>o C+1t

So, we have proved the following:
Theorem 5.4.2 The Poisson Process is a stationary homogenous birth process with the

transition intensities k,(¢)=2 where A is the rate of it.

13

Remark 5.4.2
The transition intensities of the Poisson process can be presented in the following
form:
1-Ah+0y(R) n=m
B, (.t +h) =< Ak +0,(h) n=m+l
o3(h) n>m+l

where o0,(h), o05(h), o3(h), are respectively

o1(h) = exp(-Ah)+ Ak -1
05(h) = Mh[exp(-Ah) - 1]

| (1)
os(h) = %exp(—kh)

Theorem 5.4.3 The Poisson process has independent increments.

Proof
Let Y = {Y (1), £2 0} be a Poisson process. We need only to prove that
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P(Y(t+R)-Y(t)=n/Y(s)=n,,s<t)= P(Y(t+h)-Y(t) =n)
It follows from the Markovian property that

P(Y(t+h)-Y(t)=n/Y(s)=n;,s<t)= P(Y(t+h)-Y(t) =n/Y(t) =n,)
But  P(Y(t+h)-Y()=n/Y(t)=n,)= P(Y(t +h)=n+n,[¥(t)=n,)

(lh) exp(—kh ¥t +h)-Y{t)=n)

We are now in a position to give an alternative definition of the Poisson process
which is the same to the definition 3.1 of a Poisson Process, given in the book of Ross
(1993, p.210-211).

Definition 5.4.1 The counting process {Y(t),tz 0} is said to be a Poisson process
having rate A, A >0, if

@M N(0)=0

(ID It has independent increments

) For all 5s.1>0

p{N(l + s) - N(s)z n} ___ﬁk_t)"e::!ﬂtl, n=0,1,...

5.5 Continuous analogues. Two other limiting forms of the Generalized Waring
Process.

We refer here to the continuous analogue of the Generalized Waring Distribution
obtained by Irwin(1975c). He has shown that the continuous analogue of the
Generalized Waring Distribution is Pearson’s Type VI. Following him we tried to

obtain the continuous analogue of the Generalized Waring Process. If we denote it by

= {X (1), 2= 0} , we find that for every ¢ the probability density function of X(¢)
is
y(X)=C(X +ay, )™ (X +a,)™ (5.5.1)

where a,,, a,, are the roots of the equation

!

2 1 ) 1
X +—2—{p+2(a+kt)+l}X +5akt=0
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c - Pl

a (a+ p)(kt)
and
okt +(p+1)asy, okt +(p + ay,
q2; = ’ qlt =
alt —a2t alt —azt

In the particular case when o — o, by a change of the origin and a change of scale

which makes the interval between successive values of the variate tend to zero,

X+a
(writing & instead of S i ) the continuous analogue becomes

ay, —ay,
— F_(p_+_k£)_ kt—1 ~(p+kt)

This form can be regarded as a limiting form of the Generalized Waring process. We
have to mention here that the above transformation of the variate depends on ¢.
Hence, each realization of this particular case of the Generalized Waring process is a
random variable whose distribution can take the form of a Betall one with parameters
kt and p.

If in (5.5.2) we write & =X /cp and let p— oo, ¢ being finite, following Irwin(1975c¢)
again, we obtain

kt—1
1 X -X/c
— 5.5.3
Vi F(kt) ( cj ¢ ( )

It can be considered as a limiting form of the Generalized Waring process, too.This is

-kt
also the limiting form of the Negative Binomial {(1 -q, At ) / Da } when

p—> o, a—> o, g, =1 (See Irwin 1975c).
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CHAPTER 6
SOME ALTERNATIVE GENESIS SCHEMES

The Generalized Waring process has been defined as a non-homogenous stationary
Markov Process arising as a Beta mixture of the Negative Binomial process in a
“proneness” context. In the sequel we consider two further genesis schemes where the
underlying mechanism is indicative of contagion rather than proneness in the sense of
Irwin (1941) and Xekalaki (1983b).The contagion model assumes that, at time =0,
the individuals have had no accidents and that, during a time period (z,7 + dt], the
probability of a person having another accident depends on time ¢ and on the number
of accidents x sustained by him/her by time ¢. So this probability is a function

fv(x,7), with v referring to the individual’s risk exposure.

6.1 A mixed Pélya process.

Assuming that f,(x, t)= (ll/cv; : : 1k ++v);

, the distribution of accidents for each

t (M fixed) is Negative binomial with parameters (k, 1/vr)(the accident pattern is
described in that case by a Pdlya process). As shown by Xekalaki (1983b), the overall
distribution is the Generalized Waring with parameters (a,k,p) , when A varies from

individual to individual, according to an exponential distribution, 1i.e.,

A ~ae‘“", a>0 for t=1.Butfor t #1, we obtained

P(N = n) =P (I) = i’i.(y +nn B lj(w)" (1 + Vt)—(v+n) F(p + a) va—l[l + V]-(a+p) dv

I(a)C(p)
_T(p+a)(y+n-1 ,i ?(w)m_l (14 ve) 0 [1 + vt(l _ (1 - %DTM dvt

B F(a)I“( p) n
F(p + a) Y+n-—- N1 (a + p)(r) ( 1) T a+n+r-1 —(a+p+y+n+r)

Bl Vi —y = 0y 1 d
T\ 7 S Z ' I ()™ (L) v

_T(p+a)(y+n-1 li(‘“‘l’)(r)(l _1)’F(a+n+r)l"(p+y)
_F(a)r(p) n o ! t) T(a+p+y+n+r)
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~ F(p+a) y+n-1 13 (a+p)(r) 1 4 l"(a+n)(a+n)(r)f'(p+y)
_F(a)l"(p)( jz (1 t) Fla+p+y+nfa+p+y+n),
_T(p+a) Ta+n)(p+y)(y+n-1 (a+P)()(“+”)(r) Ly
F(a)F(p) l“(a+p+y+n)( J ;(a+p+y+n)() (1 t)
_I(p+a) Ta+nI(p+7) Ty +n) (V1) & [+ P)y(a+n), (1_1j'
I(@l(p) Ta+p+y+n) T(y) n! Z(a+p+y +n)(r)r! t

Py a0)Y (n) (1/f) 5 a+p)()(“+”)<)( _1)'

=(a+p)(y) (a+p+y)(n) s a+p+y+n)()r' 1

t

A

) Yt (Y1) F(a +pa+na+pry+nl- lJ
(a+ p)(y) (a+p+ y)(n) t

a

n prr r!

(6.1.1)

where

each ¢,

© a; b m
F(a,b,y;2) = ZMZ—

w0 Y(m) m

6.2 The Markovian property of the mixed Pélya process.

It can be shown that the counting process Y = {Y (t); t>0; Y (O) = 0} ,Where Y (t), for

i.

Generalized Waring form.

has the distribution given by (6.1.1), is a birth process, but not of a

It is clear that a birth process is determined by its intensities and we know also that the

one-dimensional marginal distributions determine the intensities through the

following relations ( Lundberg (1964, p.18)):

P'y (1) = ko (1) Ro(1),

P ()=~ (0P, (1)+ ks ()Ps(1), 1>0
So we have to prove only the existence of it.

Consider the following integral

€D

= [(vr) @) T 1P ay (6.2.1)

(=]

and notice that

P(t) _ F(p+a) (y +n—l)!1,,(t)

" [(@)r(p) n!T(y)

We calculate
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x

I'(r)= n]-(vt)"_l(l vty U L VP dy 4 (~(y ) [(ve) (14 ve) v LV Py

[

= n.ln_l(t) + (—(y + n)) Jn(t)

where

=}

7,(t) = [(ve) 0+ vey O[] P 6.2.2)

Oty 8

Hence, differentiation of the probability yields

. (p+a) (y +n— 2) ; (y +n- 1) (t) l"(p+a) (y +n— l)' ; —(y +n)Jn(t)
T 3 T E ) A ) R 7y 9 T ) R A )
= =R (1)K, () + Ps(2)k, i (0)

It follows from the above relations, provided N is birth process, that,

b= +1 n()t.;n(t) (6.2.3)
and PSS
Py D2y 040 7
0 r(a)(p) ° 1,(t) I ( 5@ AIOBHKH )"\
= —PRy(t)kq(?) \\& \ - /.-i
where 5 ‘@ix 7
k) = 22 1hlt) T

X0

It follows from (6.2.1), (6.2.2) and (6.2.3) that the intensities are positive,

continuous and differentiable for #>0. Thus there exists a well-defined birth process

with its intensities given by (6.2.3).

We denote that it is also difficult to calculate the values of the function

1 . .
(l/t)a F(a +p,at+tn,a+p+y+n; 1- ;j , and the respective probabilities.

6.3 A non-markovian stochastic process of Generalized Waring form.
Assuming that f; (x,r)=A(k + mx), the distribution of accidents for each r is

Negative binomial with parameters (—E —I—MJ , when A is fixed (Irwin,
m l—e"
1941) and Generalized Waring with parameters (lﬁ 1, —a—). when
m mt

A ~ae ®, a>0 (Xekalaki, 1981).
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Following Irwin (1941) and Arbous and Kerrich (1951), and considering the
increment Y, (h) = N(t+h)— N(z) at the moment ¢z, as a first step, we verify that
during the period h, h+ dh for an individual of liability A having Y, (k) =y, given
that N(r)=x, this increment, can take the values:
0 with probability 1- ¢y (y,h)dh
1 with probability @; (y,%)dh (6.3.1)
>1 with probability 0
where
(p;‘(y,h) = f;‘(y + x,h) = k(k + my +mx) = A.((k + m.x) + my)
Hence, it is easy to verify that the distribution of the increment

Y, (k)= N(t +h) - N(¢) at time 7, given that N(f)=x, has a Negative binomial

e ) k . !
distribution with parameters (— —+ X, ——mj when A is fixed, and a
m 1-e"

Generalized Waring distribution with parameters (E +x, 1, ih)’ when
m m

A~ae ™, a>0.

So, in tf'lis case,
P (s, 1)= P(N(t+5) =i | N(t) = j) = P(N(t+5) - N(t) =i~ j | N(z) = j)

(a/ms)(l) (%+ j)(.

t—j)

ey i)
—+ j+— —+j+—+1
m ms/ (1) \m ms (i

l—j)

From the last relationship, one may easily find that
Pa2,(s5.7)- Pj2 (t.8) + p3;(s.7)- Pj3 (z.1)= Pji (s.2)
for some values of a,m,s,t,1,i,j. This implies that this process does not satisfy the

Chapman-Kolmogorov equations and thus is not a Markov Process.
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