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ABSTRACT

Georgios D. Makatis

ON THE SCALING PROPERTIES OF SPATIALLY
AVERAGED RAIN FIELDS

1997

Notions of simple- and multi- scaling, both in the strict and the wide sense,
are reviewed and discussed, in connection with some recent empiricism regarding the
scaling properties of probability moments of spatially averaged random fields of rain
rate, conditional on rain. A theoretical explanation is provided for the wide sense
multi-scaling of these moments, based on a general multiplicative representation of
strictly multi-scaling positive random processes, with respect to scale magnification.
This explanation has recently led to the consideration of random cascade models for
the study and analysis of the spatial structure of rain rate. However, random cascade
models do not account for the evolution of a spatial structure through time. In this
dissertation the validity of scaling properties has been explored in the spectral and the
correlation structures of time series of spatially averaged rain rate. Both of these
structures have been estimated on the basis of real data from a regularly observed (by
radar) tropical rain field during the well known TOGA-COARE experiment. The
results of this empirical non-model-based analysis point to the multi-scaling behavior
of the normalized spectral distribution, across the entire spectrum of frequencies, and
also to the multi-scaling behavior of the corresponding spectral moments. However,

the same study shows that both the raw and the smoothed periodogram, as well as the

I



correlation structure do not comply with any scaling. An opinion is then expressed,
that these findings may constitute a useful hint towards the development of more
sophisticated space-time theoretical models, perhaps a special class of space-time
random cascades, complying with the hereby evidence for the enlarged set of scaling

properties of rain rate fields.

Key Words and Phrases : Strict and Wide Sense Simple-Scaling, Strict and Wide
Sense Multi-Scaling, Random Cascade, Spatially Averaged Rain Rate, Spatial Scale

Parameter, Spectral Distribution, Spectral Moments, Spectral Multi-Scaling.
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NEPIAHWH

Fewpylog A. MakdaTtng

MEPI TQN IAIOTHTQN KAIMAKQZHZ XQPIKQN
MEXZQN MNMEAIQN BPOXHZ

1997

Fivetal pia avaokoTNon Twy EVVOIWV QUOTNPEAG Kal aoBevoug , atTAng Kal
TTOAAATTAAG KAIPAKWONG OTOXAOTIKWY  S1adikaciwy, KabBwg Kal KAToIwv
TTPOCPATWY EUTTEINIKWV ATTOTEAECUATWY OXETIKA PE TIC IDIOTNTEG KAIMAKWONG
TWV POTTWYV MOeavoTNTAg XWPIKWY peéowv mediwv Bpoxrig, dobeviog O
Bpéxel. Emiong divetal pia BewpnTik €€nynon tng acBevoUg TTOAAATTARG
KAIMAKWONG QUTWYV TWV POoTTWY, Baciouévn o€ UIA YEVIKR TTOAAATTAQCIAOTIKN
avarrapdoTacn n omoia 1oxUel yia BETIKEG OTOXAOTIKEG dIadIKATIEG PE TNV
1IB160TNTA TNG auoTnPAG TTOAAATTARG KAIMAKwong. Autrp n €gnynon  éxel
mpbéoeaTa 0dnynoel oTn Bewpnon TWV AEYOUEVWY TUXQIWY UTTODEIYHATWY
‘karappaxktwong” (cascading) yia Tn HEAETN Kal avAAuon TRG XwPIKNG dourig
NG €vraong Tn¢ Bpoxns. QoTtdéoo, Ta TuXaia UTTOdEIYHATA KATAPPAKTWAONG dev
ggnNyouv TNV €€EAIEN TNC XWPIKAS BOUAG HETa aTo Xpodvo. Ze auTh Tn diaTpifBn,
N 10YXUG TwV 1IB1I0TATWY KAIJAKWONG SIEPEUVATAI YIA TN QACUATIKY OONN Kal TN
SOouN AUTOCUCXETIONS XPOVOAOYIKWY TEIPWVY XWPIKWY PéowyV TTediwv BPoxnig.
Autég o1 dUo douéc éxouv ekTiunBel e Pdon TpaypaTikG dedopéva evog
TAKTIKA TTapatnpouuevou (atd pavidp) Tpotmikou mediou PBPoxnAg Kata mn
diapkela Tou Treipduatoc TOGA-COARE. Ta amoTeAéopara autig TNng

EUTTEIpIKAG Kal Ox1 Baciouévng oe TIPOTUTTIO avaAuong, deixvouv Ty

\/



TTOAATTIAAG KAIUGKWONG CUUTTEPIPOPA TNG KAVOVIKOTIOINHEVNG PACUATIKAG
ouvdpTnNoNnG KaTavopung o A0 TO ACHA TwV CUXVOTATWY, KaBWwG TTiong Kal
TNV TOAAQTTAAG KAIWAKWONG CUUTTEPIPOPAE TWV QVTIOTOIXWY QOTHATIKWYV
poTtwyv. QoT600, n idla £épeuva deixver OTI TO TTEPIOdOYPAUUA , TO EEOUHOAUBEY
TTEPIOBOYPAUHA KAl O GUVAPTACEIG QUTO-OUVBIAoTIOPAG KAl AUTO-CUTXETIONG
dev emdéxovral Kaupia kKAipdkwaon. TEAog, ekppdleTal np aroywn OTi QUTA Ta
EUPNMATA UTTOPOUV VO QTTOTEAECOUV  XPNOHUES UTTODEIEEIC VIa TRV avaTTTuén
TTIO TTEPITTAOKWY BeWPNTIKWY UTTOBEIYHATWY XWEOU-XPOVOU, I0We MIag IBIKAG
KATnyopiag uttodelyudTwy TUXaiag KatappdkTwong 0€ Xwpo Kal xpovo, Ta
oTTOia@  UTTaKOUOUV OTIG 1816TNTEG  KAIMAKwong  Twv  Tediwv  Bpoxng,

CUUTTEPIAQUBAVOUEVWY KAl QuTwVv TTou  avadeikvioviar oTnv  Trapouoa

dlatpIBn.

Aé€eic KAeidia kai Ppdoeig : Auotnpril kai AcBevrig ‘Evvoia tng ATTAAG

KAipakwong , Auotnen kai AcBeviig ‘Evvoia Tng MoAAatrAng KAlpdkwong,
Tuxaia Katappdaxktwaon, Xwpikoi Méoor Mediwv Bpoxng, MapdueTpog XwpIKAS
KAlpdkag, ®@acuarnk Karavouri, ®acuatikéc Potréc, Paouatik) MoAAATTAR

KAlpakwon.
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CHAPTER 1

INTRODUCTION

This dissertation is concerned with the investigation of multi-scaling properties in the

spectral structure and in the correlation structure of time series of spatially averaged rain
rate processes. Rain rate is a physical variable with units of millimeters per hour (mm/hr),
associated with the instantaneous intensity of rainfall at any given point of a region over
which a rain field is distributed. Given an instantaneous map or snapshot of a rain field
(over a fixed region), its average intensity is the spatial average rain rate of the field at that
very instant. Sample functions of such averages during a time interval are treated as
realizations of a stochastic process which is referred to as spatially averaged rain rate
process or simply as spatially averaged rain field. The scaling properties of the spectral
distribution, of its spectral moments, and of the auto-correlation structure of such
processes, are the subject of interest in this work.

The notion of ‘‘wide sense multi-scaling’” has been introduced in the work of
Gupta and Waymire (1990), where it was first shown that empirical moments of spatially
averaged hydrological variables, such as rainfall intensity and river flow, deviate from
“‘simple scaling’’ behavior. Similar multi-scaling behavior has also been detected in
turbulent velocity fields by Anselmet et al. (1984) and Frisch and Parisi (1985). The new
element of scientific interest in the present work is that multi-scaling behavior is
investigated with respect to the spectral distribution of spatially averaged rain fields,
instead of with respect to their probability distribution.

In Section 2 the notions of strict and wide sense simple scaling and multi-scaling of
stochastic processes are defined. A general multiplicative ‘‘random cascade’
representation is derived for the class of positive stochastic processes with strict sense
multi-scaling behavior. This derivation relies on the invariance of the finite dimensional
probability distributions under re-scaling by a random function of the scale parameter A.
The notion of strict sense multi-scaling is actually a generalization of the invariance of

finite dimensional probability distributions of simple scaling processes. That is, in the case



of simple scaling processes, the invariance holds under re-scaling by a non-random
function A% , of the scale parameter A>0, and 6cR is a so called scaling exponent.

Section 3 is concerned with the probabilistic structure of rain fields, addressing the
probability measure induced by the random element which represents the instantaneous
spatial average rain rate (or intensity of rain) over a given region at some fixed instant of
time. Following Gupta and Waymire (1990), the multi-scaling properties of the spatial
structure of rain fields are briefly reviewed, in terms of the above probability measure.

In Section 4 new notions of multi-scaling are proposed for investigation, notions
analogous to that of wide sense multi-scaling, but referring to the spectral distribution and
its moments, instead of the probability distribution and its moments.

Section 5 describes a very reliable data set of rainfall measurements collected
during the Intensive Observing Period (IOP) of the Tropical Ocean Global Atmosphere
(TOGA) Coupled Ocean-Atmosphere Response Experiment (COARE). This data set was
made available by the Laboratory for Atmospheres, Goddard Space Flight Center of the
National Aeronautics and Space Administration (NASA), and it is used in this dissertation
for the detection of “‘spectral multi-scaling’’ in spatially averaged rain fields. This data set
1s analyzed so that time series of spatially averaged rain fields are extracted for several
sub-regions of various spatial scales with respect to the initial TOGA-COARE region.
Estimates of the spectral cumulative distribution function, of its spectral moments, and of
the auto-correlation function are obtained for these time series, and they are used in order
to investigate the validity of multi-scaling properties in them, at least for the case of
TOGA-COARE-like rain fields. Indeed, these estimates do provide supporting evidence
for the validity of multi-scaling behavior of the cumulative spectral distribution function,
and of its spectral moments, but they do not support the hypothesis of multi-scaling
behavior by the auto-correlation function.

Section 6 concludes with some remarks on, and discussion of the obtained results,
including also some thoughts about how these results may contribute to the efforts for
development of space-time models, capturing both the spatial structure and its evolution

through time, for spatially averaged rain rate fields.



CHAPTER 2

BACKGROUND ON THE THEQORY OF SCALING PROCESS

2.1 Simple Scaling
Definition 2.1.1 Let X:={X,; se S}be areal valued stochastic process defined on an

arbitrary, probability space (£2,F,P), and parametrized by a general index set S,
such that A-S={A-s;seS}c S, for every scalar A>0. The process X is called simple

scaling process in the strict sense if and only if for every A>0, there is a positive scale

function C, , such that the stochastic processes Xy :={Xjs; s€S} and C\X :={ C, X ;
s€S } have the same probability distribution in the sense of finite dimensional
distributions. That is, for every A>0, for every n2>1, for every choice of indices s, s ,...,

sp from S , and for every vector x=(x, , X2 ,..., Xn) € R" the following equality holds :

BRSNS X, <X, .00 Ko S % ) B(Cont Xarnix 16 X gt SWC%, ) S X,) ).

For brevity this property of strict simple scaling is denoted by writing {Xh}i{Csz} .

The form of the scale function Cj is given by Cy=A°® where the parameter 0 is referred to as
the scaling exponent [ Lamperti , 1962 , Thm. 1 ]. In the following lines, using the
definition of simple scaling , we prove this fact.

Given two positive scalars A, A, , equation (1) , implies that for every ye R, and for every

index seS, such that A;-AyseS andalsoAyse S

P(Xapngs £Y) = P(X(x,xz).s <y) =P{(C )X, Sy} =P(X, < y )
AMA2
and also that
P(XM}"ZS =y)= P(X(M)'MS ST P(Cklxkzs sy)= P(szs = CL) =
A

Bl SE < Ly Spx e
12 s Cxl) ( s Ck] 'Ckz)

Thus, the positive scale function C, =C(A) must satisfy the functional equation

C(A, -\, = C(A,)-C(A,), provided that X, has a non-degenerate probability distribution



function. In order to solve this functional equation , we consider the function f(x)=InC(e"),
which is well defined for every xeR .

Then,
f(x, + x,) #InC(e*1™*2) = InC(e™! -&*2) = ln{C(e"‘)-C(e"z )} = lnC(exl )+ lnC(ex2)=

=f(x)+(x2).

It is well known that the only measurable , non-constant function f which satisfies the
functional equation f(x;+x3)= f(x;)+ f(x7), is the linear function f(x)=0-x, with fixed 6e R
(see Port (1994)). Thus, C(e*)=e®*, for every xe R, with fixed 6 R.

Finally, setting x = InA, for A>0, it follows that C(A)=A°.

A well known example of stochastic processes which are simple scaling in the sense of
(1) is the class of the so called Levy stable processes , provided they start from 0, and

that they are suitably centered . For such a process, say {X;; s =0 }, the increments
{XS -X,,0<t< s} are stationary and independent, with X, - X, distributed according
to a stable law with exponent o . Stable laws are easily defined in terms of their
characteristic function (Fourier transform), which in turn depends on four parameters : the
“characteristic exponent ” 0<o<2 , a “location parameter '~ -co <[l <+oo, a “scale

parameter ” ¢ >0, and a “skewness parameter ” -1<B<1. Accordingly, {X; - X,} has a

characteristic function given by [Gnedenko and Kolmogorov 1954 ; Ito,1984],

exp{—c“(s - t)“|§|a[1 —iB-sign(§)- tan(n—;x—):l + iuC}, if o # 1
0(§) = E[exp{ig(X, - X,)}] =
exp{—o‘ s—1)|¢ [1+iB-(%)-sign(C)-loglCl}+iu§}, if oo =1
where sign(§) is 1 if £>0, -1 if {<0 , and 0 if =0 . This and the independence of
increments determines the joint probability distribution of the process {X;; s=0 } . Thus,
if Xo=0 and u=0, then indeed {X;, s 20} satisfies (1) with scaling exponent 6=1.

Another example , celebrated in a physical theory of simple scaling, is the

Holtzmark distribution of the inverse square force field due to a spatial distribution of

either massive stars in space, or of charged particles suspended in an atmosphere ; see

Chandresekhar [1943] , Feller [1971] . According to this application, let Y(p) denote ,



respectively , the gravitational or Coulomb inverse square law force due to randomly
distributed masses or charges in space with mean density p . Since the length unit is

-1/3

proportional to p , this and the inverse square law provide the scaling relationship,

{(Y(p)} i {py3 Y(1)}, meaning that {Y(p)} is a simple scaling process in the strict sense,
with scaling exponent 6= 2/3.

Similar attempt was made by Lovejoy and Mandelbrot (1985) to construct simple
scaling models for rainfall processes (rain rate). However, as we shall explain later in more
detail , the physical base of these models is not well founded, since the empirical evidence
presented by several other authors is not in accord with simple scaling of rain rate processes

(Waymire (1985), Kedem and Chiu (1987) , Gupta and Waymire (1990) ).

If X has finite moments E[X:]of order h=1 , then strict sense simple scaling
implies that X:‘k and (A° -X,)" have the same probability distribution, whence equality of
moments must also hold , so that E[X',{s]= e -E[X:‘] , or equivalently

logE(X% 1=0-h-logA + logE[X"].

Definition_2.1.2 The process X of Definition 2.1.1 is called simple scaling in the wide
sense if and only if there is a constant e R such that for every A>0, for every se S and
for every h>1, holds the equation:

logm, (h) =6-h-logA +logm, (h) ),

where, m, (h) = E[X;‘S].
Wide sense simple scaling expressed by equation (2) may be summarized as follows:
(i) log -log linearity of m, (h) with respect to the scale A

(ii) The slope of the log-log linear relationship is a linear function h— h@ of the

moment’s order h , whose slope equals the scaling exponent 0.

Clearly, wide sense simple scaling follows directly from strict sense simple scaling.
However, the reverse is not necessarily true. In the work of Gupta and Waymire (1990) it

has been shown , via analysis of real rainfall data , that rain rate processes deviate from:this



wide sense of simple scaling , and therefore they also cannot be simple scaling in the strict
sense. Nevertheless, that same work pointed to a different , and rather interesting new
notion of scaling referred to as multi-scaling. Multi-scaling is also a notion defined in a

strict and wide sense in the following sub-section.

2.2 Multi-Scaling
Definition 2.2.1 The stochastic process X:={X ; s€ S } of Definitions 2.1.1 and 2.1.2 is

called multi-scaling process in the strict sense if and only if there is a positive stochastic
process C := {CA A > 0} , defined also on (Q,F,P) , such that for every A>0 the stochastic
processes X, := {XAs ;S € S} and C, -X:= {Cx X5 S € S} have the same probability
distribution in the sense of finite dimensional distributions. That is, for every A>O0, for
every n21, for every choice of indices s,s,,...,s, from S, and for every vector
x=(X| , X2 ,..., Xn) € R" the following equality holds :

P(X,, <%, Xy, $X5000X,, <x,)=P(C, X, £x,,C; X, £x,,....CX, <x,) ©).

d
In short, the notation {X, }={C, -X} is used, as for simple scaling, but now C, is a
random scale function. Note that both equations (1) and (3) express invariance of the
probability distribution of the process X , under scaling operations A~° and C; on the

random variable X, , with scaled parameter by a scale factor A. However, the dramatic

qualitative difference between the two invariances is that A° is a non-random factor and

C;' is arandom factor.

In the sequel , we shall restrict our interest to the case of 0<A<]1, that is, to scales A
which act as ‘‘magnifying lenses’’ for the study of the process of interest X in its finer
detail, with respect to the index se S. For such scales, a positive and strictly multi-scaling

process X admits a rather interesting representation which is presented in the following

lemma.



Lemma 2.2.1

Let X :={X;seS } be a positive and strictly multi-scaling process, in accord with
Definition 2.2.1, and O<A<l. Then, there exists a real-valued stochastic process
Z= {Zu ;u2 O} satisfying the following three properties:
(I) Starts at zero almost surely : P(Zo=0) =1.
(IT) Has stationary increments (but not necessarily independent increments ).

(O0) For every magnifying scale O<A <1, holds the multiplicative representation

d
{X;\s} =< X, -exp

6-logh+Z (1)] , in the sense of finite dimensional distributions,
log

where 0 is an arbitrary fixed real number .

Proof : Since {Xs} is strictly multi-scaling , by definition there is a positive

d
process{CA ;0< A< 1} such that for every Ae (0,1] we have {X, }={(C, -X,} . Now,

setting A =e™" for u>0, and choosing arbitrarily a fixed constant 8e R, we define a

process  Z:= {Zu ; uZO}via its  finite  dimensional distributions, so that

d
{z,} = (8- u+logC,,,.,}-

m {2 oL 2 fored)omse} £ o)

e

whence
6} & {0 expz
A = exp log(% )
or equivalently
d
{C,»} = exp!i@-log?»+Z l:l ) ,
os( )

which completes the proof of (III).



For the proof of (I), it is clear by the definition of the Z process that

7 ilogC1 ,and therefore (I) holds if and only if P(C, = 1) =1, which obviously holds ,

since P(X; >0)=1 and XSiCl -X,.In order toshow (Il), it suffices to show that

for any u; 20 and u, 20,itis Z, iZul +Z, . Indeed,for u;2 0 and u,2 0 set

A, =e™ and A, =e7"2. Then, strict multi-scaling of the process X implies that
d d

d d d
Cin, X =Xis = Xaope =Ca, - X1,s=Cy, -Gy, - X » whence C, , =C, -C, , since

d
P(X; >0) =1. Therefore logC)‘l A= logC,‘l + logC}~2 , and in light of (4) we have that

8- log, ')‘2)+Zog( 1 ]ie.log}»l +Zlog(lll]+9.log7»2 +Zl°g[ 1 ]

AAg A2

or equivalently

Z z Z +Z .
oufels) m{z) )
This completes the proof of the lemma.

The above lemma shows that scaling of the index se S by a factor 0<A<1 , implies
scaling of the distribution of the X process by a random factor which is an exponentiated
additive process Z with stationary increments. In this sense, intuitively speaking , the
probabilistic structure of the process X may be thought of as resembling to a ‘‘cascading’’
of some initial quantity (corresponding to A=1) , to finer bits or pieces in a sequence of
fragmentations (corresponding to a series of scale magnifications 0<A<1).

For this reason, the multiplicative representation in (IIl) of lemma 2.2.1 is often
referred to as ‘‘multiplicative random cascade’’ representation of the multi-scaling process
X. We shall return to this interpretation in Section 3 , regarding rain fields in particular.

Let us now assume that the process C:={ C, ; Ae(0,1] } associated with a positive and

strictly multi-scaling process X:={X s ; s€S } , is independent of the process X. Equation

d
X3s=C, - X, certainly implies that E(X})=E(C}-X") , provided that the moments



E(X},) of order h >1 exist for every seS. Then , independence of the processes C and X

implies that m, (h) = E(C;) -my(h) , with m, (h) = E(X;‘S) as in subsection 2.1.

bz
Consequently, employing the representation (4) we obtain m, (h) = E{)\.eh € m(:)}

hzZ [,

or equivalently m, (h) = A*".M, (h)-m,(h), where M, (h) = E{e 5 ;]} is the moment

generating function of Z (1]
log

Thus , logm, (h) =0-h-logA +logM, (h) +logm,(h) or equivalently

IOng(h)}
1

logm, (h) = {9 -h+ -logA +logm,(h) (5).

We note that the latter equation expresses again a log-log linear relationship between
logM, (h)
logh
and independent of A . In that case, obviously logM, (h) = (logA)- Ay (h), where A, (h) is

m, (h)and A, if and only if the function 6-h+ is a function of h only,

a function of h only and independent of A. Moreover , since log M, (h) is a cumulant

generating function , it is necessarily a convex function of h ( see Billingsley (1979) , pg.

0*[log M, (h 2
121), and therefore —[ghz—}‘()] = (logk)-i—c%l%@ > 0,which implies that Ay (h) must
be a concave function. Thus ,if A(h)=6-h+ W is the slope function (of h only
og

and independent of A ) in (5) , it also must be a concave function of h since

d’A(h) _ d*Ay(h)
dh?ieis =" dh?

multi-scaling , referred to as wide sense multi-scaling.

< 0.The above theoretical considerations lead to a weaker notion of

Definition 2.2.2 A positive stochastic process X:={X s ; se S } possessing finite

moments of order h >1, is called multi-scaling process in the wide sense if and only if for

every magnifying scale Ae (0,1] the following conditions are satisfied :



() The moments of order h >1 of the scaled process Xy:={Xu; s€S} are log-log linearly
related with the scale A :

logm, (h) = A(h) -log A + B(h) 6),
where m, (h) = E(X},) and B(h) = log m; (h),
(I) The slope coefficient A(h) is a non-linear concave function of the moment’s order
h 21, and independent of A.

From the above discussion it is also clear that a positive process X which is strictly

multi-scaling , with finite moments of order h>1, and with scaling factor process C
independent of X, can be wide sense multi-scaling if and only if log Ma(h) = (loghA)- Ag(h),
with Ay (h) being a concave function of h only and independent of A.
Thus, processes which are multi-scaling in this weaker sense may be also processes which
are strictly multi-scaling, and therefore processes which obtain the multiplicative
representation of Lemma 2.2.1 .

Such an example is the process Y: = {Yx ; Ae(0,1]}, defined via a positive random

variable Y, , and a standard Brownian Motion B = {B, ; u 20 }, independent of Y, , as
follows: Y, =Y,-expjo-B  \+pu-logh; ,
o

where ¢ >0 is a diffusion parameter and peR . Then, it is immediately noted that each

D Flath A .
—* is a lognormally distributed random variable, for every 0<A<l1, and of course

1
P(Y, >0) =1 for every O<A<1. Moreover , since B, is normally distributed with mean 0

and variance u , we easily obtain by direct calculation that

2 2

log m, (h) = A(h)-logA +1og m,(h), where A(h)=h-p- is indeed a concave

function of h only and independent of A.

Despite the abundance of more such examples, the interest is hereon shifted onto
examples of natural processes which do possess wide sense multi-scaling structure. Striking
examples of wide sense multi-scaling physical processes are :

a) Spatial averages of rain rate fields (conditional on rain) , with respect to magnification of

10



the spatial scale ( 0<A<I1 ).

b) Spatial averages of runoff water supply at river basins , also with respect to
magnification of the spatial scale.

c) Velocity differences in a field of fully developed turbulent flow, with respect to
magnification of scale in spatial distance.

In all three cases , log-log linearity of the empirical moments with respect to scale
magnification O<A<1 was verified , as well as concavity of the slope function , in the work
of Gupta and Waymire (1990) . The detailed description of the data available in each case is

given in that same paper , and also in references mentioned therein.

CHAPTER 3

PROBABILISTIC STRUCTURE AND MULTI-SCALING OF RAIN FIELDS

In this section our attention is focused exclusively on rain fields , and the multi-

scaling properties of their spatial structure are reviewed in more detail. Let GCR? be a
fixed geographic region on the globe , say a square or disk domain. Given a probability
space (€2,F,P) associated with the randomness of rainfall over the region G, let a non-

negative random variable R ,:Q—[0, «) denote the instantaneous intensity of rainfall

(measured in units of mm/hr) at the point ae G, at the instant t20. Then, at any fixed

instant t=0, the collection of random variables { R o€ G} represents a random field of

rain rate over the region G at the instant t.
Let B(G) be the Borel c-algebra of subsets of the region G, and p a fixed (non-

random) finite measure defined on B(G). Given a sub-region A€ B(G), the random variable

1
R, =R, (A) =——--J‘Rmu(da) represents the instantaneous spatial average rain rate

uG)
(or intensity of rain) over A at the instant t. For example, p could be 2-D Lebesgue
measure (i.e p= l;) , or some other more complicated measure accounting for the
geographic morphology of the region G.

Thus, for each fixed t=0, the collection { R, (A); AeB(G) } is a stochastic process indexed

by Ae B(G), and also it may be viewed as a random measure on B(G).



On the other hand , for each fixed Ae B(G), the collection { R, (A) ; t=0 } is a stochastic

process of spatially averaged rain rate over AeB (G) , indexed by t20.

Moreover, for each fixed t>0, and for each fixed Ae B(G), the random variable R, (A) is

non-negative, and induces on [0, ) a probability measure P, of mixed type. That is,

P, = (n’,‘ " P,fA) , where 7, =P, ({0}) = P{R,(A) = 0} is an atom probability of no rain

LA

over Ae B(G) at the instant t, and P, is the conditional on rain probability distribution of
the positive random variable R;(A)=[R(A) | R(A)>0]. Therefore, if F, is the
distribution function of P, , and F, is the distribution function of P;,, then for every
ue R we have that

FaW=mw, Iy ,(+1-1,) F, ) .
Moreover, F/,=0 for u <0, and F, is assumed to be absolutely continuous with

dE}, (u)

probability density function f ,(u)= , or equivalently P}, is absolutely

+

LA

continuous with respect to the 1-D Lebesgue measure 1; on (0, =), and f , = is the

1
corresponding Radon-Nikodym derivative .

Under this assumption, for any Borel subset BC (0, ) we have

P/,(B) = P{R{(A) € B} = P{R,(A) € B R,(A) > 0} = [f,,(wdu.
B

From equation (7) it is clear that moments of the unconditional distribution function

F , exist, if and only if the corresponding moments of the conditional on rain

distribution function F;, exist.

In particular, juh -dE, 5 (u) = (l—nt,A)-J.uh £ o (u) du
0 0

or E[Rr (A)] =P[R (A) > 0]- E[(R: (A))h}

12



il ]
whence EI:(R[ (A)) ] = m

Also, for every magnifying scale O<A <1, the conditional on rain statistical moments of
E[R}(A-A) |
P[R,(A-A) >0]

spatially averaged rain rate are m,(h) = E|{(R} (A-A)"|=
P i t

For fixed t>0 corresponding to a single snapshot (map) of rain rates from a rain field over
the region G, let us set Yo =R (A). Then, the process { Y, AeB(G) } is a positive
stochastic process , indexed by AeB(G), and is called the process of spatial rain rate

averages conditional on rain. It is this process which in the work of Gupta and Waymire

(1990) was found to satisfy wide sense multi-scaling (see Definition 2.2.2). Indeed, the

conditional on rain statistical moments m, (h) = E(Y},) = E{(Rf(/l i A)h} were estimated

for h=1,2,3,4,5,6 and scales A =1 , and the log-log linear relationship

1
16

logm, (h) = A(h)-log A +B(h) was verified with correlation coefficient persistently close

00| —

Lod
’2’4’

to -1, varying from -0.997 to -0.999 . Moreover, the estimate of the slope function A(h) did
conform with concave behavior, deviating from simple scaling according to part (II) of
Definition 2.2.2. The data used for the estimation of statistical moments conditional on
rain, were from phase-I of the Global Atmosphere Research Program, Atlantic Tropical
Experiment (GATE).

That evidence did provide a hint towards the possibility of strict sense multi-scaling,
since strict and wide sense multi-scaling are not mutually exclusive behaviors as we
explained in Section 2. If {Ys; AeB(G)} were indeed a strictly multi-scaling process ,
then according to Lemma 2.2.1, it should admit a suitable multiplicative representation via
exponentiation of an additive process with stationary increments. This in turn would allow
for an intuitive perception of rain-fields as being randomly cascading structures. In fact, this
very intuition has actually triggered some efforts of modeling the spatial structure of rain

fields by considering the so called multiplicative random cascade models. The exact

definition of random cascade models, with descriptions of their rich probabilistic and

fractal geometric structure and properties, and also their use in simulating spatial snapshots

13



of rain rate fields, are appearing in explicit detail in more recent works by Gupta and
Waymire (1993) , Over and Gupta (1994) , Holley and Waymire (1992). However, at the
present state of the progress made by the use of such models towards the study of rain fields
(and of hydrological processes in general), these models do not capture the temporal
evolution of rain rate fields, but only some of their spatial features.

This very point has triggered our interest to investigate the possibility of scaling
behavior, again with respect to magnification of the spatial scale, in quantitative
characteristics of spatially averaged rain rate which do involve the element of time, even in
a subtle if not in a direct way.

As a first step towards this direction, in the next Section 4 we propose the
investigation of wide sense multi-scaling behavior in the spectral and in the auto-
correlation structure of time series obtained from spatially averaged rain rate, on sub-
regions of different scales from a given rain field. It is hoped that the new findings may
possibly be incorporated into the efforts of modifying random cascade models in such a
way as to enable them to capture more physically based features of rain fields, not only with

respect to spatial variability, but with respect to temporal variability as well.

CHAPTER 4
SPECTRAL STRUCTURE AND MULTI-SCALING OF RAIN RATE

Motivated by the work presented in Sections 2 and 3, an effort is made here to extend

appropriately the notion of wide sense multi-scaling, in such a manner that it may be used
for the study of the effects of spatial scale magnification on the spectral structure of
spatially averaged rain rate processes. In order to distinguish this notion of multi-scaling

from the ones presented earlier, we shall refer to it as spectral multi-scaling.

Given a random field of rain rate over some fixed geographic region G, the variable
of interest remains to be the instantaneous spatial average rain rate R(A), over a given sub-
region AeB(G), at a given instant t20. So far, the notions of multi-scaling defined in

Sections 2 and 3 were concerned with the effects of change of the spatial scale A, on the

14



probability distribution (strict sense), and on the probability moments (wide sense), of the

conditional on rain scaled process {RT(X-A) s A€ B(G)} for scales 0<A<1. That is,

the scaled process has been treated merely as a spatial process, since the only parameter
which has been varying is the sub-region Ae B(G) via different scalings corresponding to
scale factors O<A<I, and the time parameter t>0 has been treated as fixed.

Hereforth, we shall let the time t20 also flow discretely as well, and our interest will be

focused on the effects that changes of the scale parameter impose on the spectrum of the

scaled process {R,(A-A);t20}, for scales O<A<l, and fixed AeB(G). Note that,

{R‘(NA) o = 0} is the unconditional process of spatially averaged rain rate, which is
observed only at discrete equidistant time instants (i.e. discrete-time series). Some general
assumptions which shall be adopted, are the following :
(Al) For each AeB(G), and for each 0<A<l, the (unconditional) process
{R,(A-A); t20} is a stationary process in wide sense. That is, given AeB(G), and
0<A<l1, the unconditional mean

o, (D:= E{R (A-A)} =P[R, (A-A) > 0]~E{R:’(7L : A)} =(1-m ) my (1)
does not depend on time t=0, and the auto-covariance function

Y2 (k):= Cov{R,,, (AA) , R,(AA)} = E{R,,(AA)-R,(AA)} - p} (1)
is also independent of t=0, for every integer lag k.
(A2) For each AeB(G) , and O<A<l, the auto-covariance of the unconditional
process {R‘(}\,'A) i O} admits a spectral representation with respect to an absolutely

dG, (®)

continuous spectral distribution Gy(w), with a spectral density function g, (®) = 4
(0]

for we (0,m]. That is, Gy(®) is a monotonically increasing absolutely continuous function,

defined for we (0,n], such that

¥, (k) = j cos(wk) - dG, (0) = j cos(wk)- g, (@)dw  (8)
0 0

15



for every integer k. Equation (8) is known as the spectral representation of auto-covariance

v, (k), and it implies that the variance of the (stationary) process {R,(AA)} satisfies the

equation
T n
6} =7,(0) = [dG, (@) = G, (1) - G, (0) =[ g, (@)d® ,
0 0
whence it follows that oi =7v,(0) =G, () ,provided that G, (0)=0.Thus, the value

w
G, (w) = Igl(u)du , of the spectral distribution function, for given we (0,7], is interpreted
0

as being the portion of the variance which is attributed to frequencies in the spectral

interval (0, w]; (see Koopmans (1974) or Chatfield (1989)).

* G . .
On the other hand, the normalized version G, (®)= Gx((m; is an ordinary
(T
s S . . : . R X ()]
probability distribution function on (0,x], with density function g, (®)=—-—"——, and
ng(w)dco
0

may be interpreted as being the proportion of the variance which is attributed to frequencies
in the spectral interval (0, ®]. The normalized version is also referred to as being a spectral

YK
Ya

distribution function, since the auto-correlation function p, (k) = admits the spectral

representation

P (k) = [cos(wk)dG; (@) =[ cos(wk)g; (@)d  (9).
0 0

(A3) The spectral moments of the (unconditional) process {R,(A-A) ; t 2 0}, defined by

19 n
the integral s, (h):= J-wthA(m) =J'(ohgx(w)dco , exist for every h>1 (i.e. s, (h) < o).
0 0

Thus, in a way analogous to that of Definition 2.2.2, the following Definitions 4.1 and 4.2

are proposed here as extensions of the notion of multi-scaling, concerning the spectral

domain of the process {R,(A-A); t>0}.

16



Definition 4.1 Provided that for AeB(G), and for 0<A<l, the unconditional process

{R,(A-A); t 20} of spatially averaged rain rate satisfies (A1), (A2), and (A3), it will be

called a spectrally multi-scaling process in the wide sense , if and only if

(i) For every h2>1, the spectral moments sy (h) are log-log linearly related with the scale

parameter A. That is, for every h>1, and O<A<l1,

logs, (h) = a(h) - logA + logs, (h) (10)
or equivalently
sp(h)| .
log{—-—-—Sl(h)}—a(h) logA an

(i1) The slope coefficient a(h) is a non-linear function of the spectral moment’s order h>1,

and independent of the scale parameter O<A<I.

Definition 4.2 Provided that for AeB(G), and for 0<A<1, the unconditional process

{RI(A. “A) 2 O} of spatially averaged rain rate satisfies (A1) and (A2), it will be called a
spectrally multi-scaling process in the strict sense , if and only if

(i) For every frequency O<w<n , the spectral distribution function Gy(w) is log-log linearly
related with the scale parameter A.

That is, for every O<w<r, and for every 0<A<1,

log G, (w) = C(®) - logA +1og G, (®) (12)
or equivalently
G, ()
1 A = C(w)-logA 13).
og{ G, (m)} (w)-log (13)

(ii) The slope coefficient C(w) in (13), is a non-linear function of the spectral frequency
O<w<n, and independent of the scale parameter 0<A<]1.

Under the assumptions (Al),(A2),and (A3), it is not obvious that strict spectral
multi-scaling, in the sense of (13), should necessarily imply wide spectral multi-scaling in
the sense of (11). That is, the nomenclature introduced with the Definitions 4.1 and 4.2
does not necessarily imply a relationship between the two notions of spectral multi-scaling

just defined. In fact, this is a point open to further investigation, yet unsettled in this

17



dissertation.

However, if strict spectral multi-scaling holds, then via differentiation with respect

to the frequency @, equation (12) implies that
£1(®) =A%V . [g,(@)+C'(@) - G,(®)-logA] (14).

Equation (14) clearly shows that the multi- scaling property of the spectral distribution
function G, (w)= AC@®) -G,(w), is not inherited to the corresponding spectral density
function g, (®). That is, gx(m);tkC(“’)-gl(m) , unless C’(@)=0 in equation (14).
Nevertheless, the possibility of C’(w)=0 is already ruled out, since in that case C(w)
would have to be a constant function, while part (ii) of Definition 4.2 requires that C(w) is a
non-linear function. Thus, this contradiction implies that C’(®) is not the identically zero

function.
Evidence supporting the validity of spectral multi-scaling, both in the strict and the
wide sense defined above, is demonstrated in the next Section. It is also shown that the

spectral densities, indeed do not comply with any relationship of the log-log linear type

1og{g*((°’))} -D()-logh (15

g\
with D(w) being an independent of A function of w.
Moreover, it is shown that neither the auto-covariances nor the auto-correlations of
{R[O\. “A)t2 O} possess any multi-scaling properties, again in the sense of log-log linear

type of relations

Ya(k)
lo = H(k) logh 16
gyl(k) (k)-log (16)
Py (k)
lo = E(k)-logA 17
gpl(k) (k)-log a7

respectively, with H(k) and E(k) being independent of the integer lag k.

In fact, if (17) does not hold true, then this implies that (16) cannot hold true either.
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p_l(_lgizlo

py(k)

¥, (0)

,whence, due to (16)
Y:1(0)

Indeed, if (16) were true, then log

mk>| TS
¥1(k)

P (k)

one has that log k)‘ = E(k) - logA , with E(k)= H(k)- H(0)..

CHAPTER 5

DESCRIPTION AND ANALYSIS OF THE DATA

5.1 Description of the TOGA - COARE Rain Field
The data which are analyzed in this dissertation, verifying spectral multi-scaling of

spatially averaged rain-fields, constitute a small portion of a much larger data set of rain
rate measurements. The data were collected during a 21-day period (00:01 UTC of
December 20, 1992 through 23:51 UTC of January 9, 1993), known as Cruise 2 of the
Intensive Observing Period (IOP) of the Tropical Ocean Global Atmosphere (TOGA)
Coupled Ocean Atmosphere Response Experiment (COARE). The measurements were

obtained from two Doppler precipitation radars, which were scanning every ten minutes a

large tropical region in the China Sea , of approximate size 300km (North to South
direction) x 400km (East to West direction). The two radars , named TOGA and MIT,
were on board the ships R |V Xiangyanghong #5 (People’s Republic of China ) and
R|V JV Vickers (U.S.A), respectively. Rain rates were obtained from the reflectivities
of each radar snapshot , which then were binned over small square pixels of size 2x2 km?
each. The data set which is actually used here consists of 25 concurrent time series , each
consisting of 2996 instantaneous averages of rain rate over a different one of the 25
contiguous pixels depicted in Figure 1. The region of size 10x10 km? obtained from the
union of the 25 non-overlapping contiguous pixels of Figure 1 lied entirely within the
intersection of the ranges of the two radars, approximately located at 2° South and 156°
East. Thus, it is understood that each radar snapshot gives a rain field of 25 rain-rate

averages corresponding to the 25 pixels of Figure 1, and there are 2996 snapshots in total.



More detailed information about TOGA- COARE is given by Short et.al (1995),
Kucera et.al. (1995) and Ferrier et al. (1995) .

1 2% 3V 4 3
6 | 71819 |10
112113114115

16 [ 17|18 19 | 20

21 |22 (23| 24 | 25

Figure 1 : 10x10 km? region consisting of 25 contiguous pixels of size 2x2 km? each.

2 region of Figure 1, which can be

Let Ay denote the entire 10x10 km
considered as a sub-region of the much larger 300x400 km® region G of the whole
experiment. Since Ag is the largest field available, let us associate it with unitary

scale Ao =1, and for each t=1,2,..2996, let R,(A,) denote the spatial average of the
25 rain rates corresponding to the t-th snapshot. The set {R,(A,) ; t = 1,2,...,2996 } forms a
time series plotted in Figure 2(a).

Scaling Ay by a factor A, = % leads to 4 possible square sub-regions, each of size
8x8 km? and consisting of 16 contiguous pixels. From these 4 possibilities, we consider the
one obtained by deleting the top row and the left column of pixels from Figure 1. Let A be

the remaining (scaled) sub-region. Averaging the 16 rain rates of each snapshot over A; we

obtain a new time series { R,(A,); t=1,2,...,2996 }, depicted in Figure 2(b).
Scaling A, by a factor A, = g leads to 9 possible square sub-regions, each of size

6x6 km’ and consisting of 9 contiguous pixels. From these 9 possibilities, we consider the
one obtained by deleting the top two rows and the left two columns of pixels from Figure 1.

Let A, be the remaining (scaled) sub-region. Averaging the 9 rain rates of each snapshot

over A, we obtain a new time series {RI(AZ) t= 1,2,...,2996}, depicted in Figure 2(c).
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Scaling Ay by a factor A, = % leads to 16 possible square sub-regions, each of size

4x4 km® and consisting of 4 contiguous pixels. From these 16 possibilities, let us consider
the one obtained by deleting the three top rows and the three left columns from Figure 1.
Let Az be the remaining (scaled) sub-region. Averaging the 4 rain rates of each snapshot

over A3 we obtain a new time series { R (A,);t=1,2,..,2996 } , depicted in Figure 2(d).
Finally, scaling Ay by a factor A, =% leads to 25 possibilities, each one being

one individual pixel of size 2x2 km” . The time series of the bottom-right pixel of

Figurel,{ R,(A,) ; t =1,2,...,2996 }, is depicted in Figure 2(e) .
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Table 1 summarizes some numeric characteristics of the averaged time series: total of
observations, sample mean , standard error of the sample mean, sample standard deviation ,

minimum and maximum observation.

A OBSERV MEAN ST.ERM ST.DEV MIN MAX

1 2996 [ 0211209 | 0018 [0985186| O | 25.34
4/5 2996 | 0212849 | 00195 |1.071691| 0 | 27.89
3/5 2996 | 0.212445 | 0.02059 | 1.127126 | O | 24.75
2/5 | 2996 | 0.199889 | 0.020483 | 1.121181 | 0 | 23.38
1/5 | 2996 [ 0.193763 | 0.022098 | 1.209599 | 0 | 25.70
Table 1 : Statistics of the time series {Rt(Ai)}(zz?6 , for 1=0,1,2,3,4.
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5.2 Multi-scaling of Spectral Moments

For each one of the time series {R (A}, , where N=2996 and i=0,1,2,3,4 , defined

in the previous sub-section, the raw and the smoothed periodogram are utilized in order to

estimate the corresponding spectral density functions g, (@) and their spectral moments

Sx; (h) . The so called raw periodogram estimate of the spectral density g (w), is given

by the finite Fourier transform of the time series {Rt(Ai)}:q=1

2 N 2
B, (0)) = >— {[ZR(A )cos(twv)] +[2Rt(Ai>sin(tmv)H (18),
t=l1

evaluated at the Fourier frequencies ®, = %rv , foreach v= 1,2,...,[%] .

A well known fact from the statistical theory of spectral analysis of stationary time series, is
that for large time series (N— o0), the raw periodogram provides an asymptotically
unbiased estimator of the spectral density. However, in general, the raw periodogram is not
a consistent estimator of the spectral density function (Koopmans 1974). An also well
known technique by which the raw periodogram may be modified , so as to become a
consistent and asymptotically unbiased estimator of the spectral density, is its smoothing
via weighted averaging of its values, over a neighborhood of Fourier frequencies,
-containing the Fourier frequency at which the smoothed periodogram value is estimated.
Among the many different ways in which the weights and the length of the smoothing
window may be chosen, the simplest and most basic one is the symmetric moving average
smoothing suggested by Daniell. According to this kind of smoothing, the smoothed
periodogram estimate at a Fourier frequency wy is calculated as follows:
o
B, (@) =— angki«ok) (19) .
k=v [ =
Clearly, the uniform weights % , and the length of the moving average, are determined by

the integer n in (19). According to a well established theory, see Koopmans (1974), in order

for the smoothed periodogram estimator to be consistent, n must tend to infinity along with
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) ) 27n . . )
N, in such a manner that the bandwidth ? of the smoothing window tends to zero. (i.e.

n=o(N)).
Figure 3 depicts the raw periodogram estimate corresponding to the spectral density

function of each one of the time series {Rt(Ai) i t= 1,2,...2996} , for i=0,1,2,3,4. Figure 4

depicts the Daniell smoothed periodogram estimate corresponding to the spectral density

function of each one of the above time series. The bandwidth used in the smoothing is
n= [\/ﬁ ]+ 1 =55 for every time series.

Provided, under  assumption (A3), that a  spectral moment

R
Sxi(h): '[(oh "8, (w) do, of order h>1 exists, one may employ either the raw or the
0

smoothed periodogram estimate of the spectral density g, (©), and to estimate the above

spectral moment via the following Riemann sum approximations, where

_2n(v+]) 2nv _2¢
) N N N’

H

)

§y, ()= 20)3 By (@) Aw,) = %
va|

H 2 2l
5. (= Y0y 5, (0) Aw,) = T30, B @) @D

v=l v=I

Alw,))=0,,, —®

H

®) -8, (@,) (20)
v

Figure 5 shows the growth of the estimated spectral moments §ki (h) , forh=1,2,3,4,5,6,7.8,
for each of the five time series corresponding to i=0,1,2,3,4 , and the values of log §ki (h)

are given in Table 2.

For each value of the moment’s order h=1,2,3,4,5,6,7,8, linear regressions of logski (h) on

logA,; yield excellent fits whose information is summarized in Table 3. This information

includes estimates of the slope and intercept of the best fitting straight line, together with
the corresponding correlation coefficient and the sum of squared residuals. Figure 6 depicts
the best fitting lines obtained from these linear regressions, and Figure 7 shows the plot of

their slopes a(h) versus the spectral moment’s order h=1,2,3,4,5,6,7,8.
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1 |-0.47572229 | -0.34910742 | -0.26940232 | -0.22371063 | -0.07875554
2 | -0.35272564 | -0.17479542 | -0.06740878 | 0.006511211 | 0.195682843
3 [ -0.10149315 | 0.119442688 | 0.246944146 | 0334295122 | 0.547144323
4 0.220015272 | 0.474006150 | 0.615916513 | 0.709833585 | 0.9366332601
5 |[0.584150154 | 0.862726608 | 1.015061561 | 1.112566227 | 1.34764 5383
6 | 0976146253 | 1.272882172 | 1.432871185 | 1.532622689 | 1.773496129
7 | 1.387408299 | 1.697619271 | 1.863307747 | 1.964663182 | 2.209671911 |
8 | 1.812587470 | 2.132889851 | 2.302874023 | 2.405507788 | 2.653599713

Table 2 : Logarithms of the spectral moments §)~i (h) .

1 ]-0.517829 | -0.425955 | 0.96986 | 0.00516

2 | -0.717657 | -0.281740 | 0.96939 | 0.01007
3 | -0.844308 | -0.009785 | 0.96375 | 0.01665
4 [-0.927282 | 0.328676 | 0.95827 | 0.02332
5 [-0.984143 | 0.705786 | 0.95391 | 0.02920
6 | -1.024628 | 1.107497 | 0.95067 | 0.03406
7 | -1.054366 | 1.526008 | 0.94832 | 0.03793
8 | -1.076794 | 1.956615 | 0.94663 | 0.04096

Table 3 : Slope , Intercept , Correlation Coefficient and Sums of Squared

Residuals for

the regression lines fitted in Figures 6.
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Plots of log §; (h) versus log), including best fitting straight lines, for 1<h<8.
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This preliminary analysis of TOGA-COARE data does indicate quite clearly that the
spectral moments sy(h) do conform to a log-log linear relationship with respect to the
spatial scale parameter O<A<I, and in fact the slope a(h) of this linear relationship does
appear to be a non-linear (convex) function of the spectral moment’s order h>1. That is,
both parts of Definition 4.1 regarding spectral multi-scaling in the wide sense, do seem to
apply in the case of TOGA-COARE time series of spatially averaged rain rate. In order to
confirm more conclusively this evidence of spectral multi-scaling, in the sense of (11), we
proceed in the following two ways.

Firstly, we continued with linear regressions of the raw estimates log{:}"i—((hh))} on

Ao

logA,;, for the same time series defined earlier (i=0,1,2,3,4), but for all the values of the

spectral moments order up to h=200. The same job was also repeated for the linear

(h)
regressions of the smoothed estimates log{ 7 ¢ } on logA,; , again for 1<h<200.

~

0
For each case, raw and smoothed , Figures 8 and 9 respectively show the plots of the
estimated slope a(h) of the best fitting straight line, the plots of the corresponding squared
correlation coefficients, and the plots of the corresponding sums of squared residuals, all
versus the values of the spectral moments order h.

The behavior of all three plots is almost identical, comparing between the raw and
the smoothed case. In particular, the slope function a(h) is indeed a negative-valued non-
linear convex function, there is a quite high lower bound very close to 0.94 for the squared

correlation, and a satisfactorily low-valued sum of squared residuals.
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Exactly in the same spirit, the multi-scaling behavior of the spectral moments

b9
s;(h) = Jcoh -g;(a)) dw, of the normalized spectral distribution, has been investigated. In
0

this task, the normalized density gi(m) has been estimated either by the normalized raw

periodogram
. gy (00,)
g (@)= g[xﬁ] : (22)
S Er(0)
~N APk
N o
or by the normalized smoothed periodogram
=, g (0
B, = g[if] 2 @3)
2n &
F‘ zgx(mk)
k=1

Correspondingly, moments of the normalized spectral distribution were estimated by

2]

o H X 20y 8,
Sh)=—2 0, &) ="1 24
N B
g (0,)
v=1
or by
2
2n & RACE
S)="= Yoy E@)="Ty (25)
N b

gx (mv)
1

V=

A%

S,.(h)
The information of the linear regressions of log{“}‘l 0 } on logA,for 1<h<200 is
Sxo

...n:- (h)
depicted in Figure 10, and the information of the linear regressions of log{ 3‘ (h)} on
o
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logA, is depicted in Figure 11.
Figures 10 and 11 are strikingly similar to Figures 8 and 9, respectively, and
the conclusion to be drawn is that the spectral moments s, (h) of the normalized spectral

distribution do comply to the same multi-scaling behavior as the “non-normalized”

moments sy (h), in accord with Definition 4.1 .
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Notably, all the plots in Figures 8-11 exhibit high steepness in the lower range of order
values, of which the biggest part corresponds to orders 1<h<8.

Secondly then, we restrict our attention to the first eight spectral moments again,
and in particular to their non-normalized raw estimates, in order to demonstrate that their

multi-scaling behavior in the sense of Definition 4.1, does not depend on the particular

choice of the specific time series {Rt(Ai)} ,1=0,1,2,34.

That is, if {R,(Al)} is replaced by any other one of the 4 possible time series of
! : : 4 L S .
spatially average rain-rate corresponding to scale factor 4, = 5 and similarly if each of

{Rl (AZ)}, {R( (AS)} ,{Rt (A 4)} is replaced by any other one of the 9,16,25 possible time

2

3 1
series corresponding to scale factor A, = 3 = 5 A, = 3 , respectively, then the log-log

linearity of spectral moments sj(h) versus the scale parameter A remains valid, as well as
the non-linear convexity of the corresponding slope function a(h).

In order to demonstrate this robustness of spectral multi-scaling behavior, with

. . . 4 271 n
respect to the choice of representative sub-region of scale A = 5 ,% i the s, (h)

estimates were calculated for each 1<h<8, and for each one of the possible time series

4T3 2pm ]
(4,9,16,25) corresponding to each scale factor (E 505 ,g) , and then were averaged for

each given pair of h and A values. The value of each such average is denoted by §, (h) . The

logarithms of these averages are given in Table 4.

For example, log$s;(6) =1.395714177, and s5(6) is the arithmetic mean of the 9 possible
5 5

estimates §;(6) of s,(6). The 9 possibilities correspond one-to-one with the 9 different
5 5

square sub-regions A-A, , obtained from the scaling of the total square region Ag , when the

3 .
value of the scale parameteris A = A, = 3 (see sub-section 5.1) .
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Figure 12 shows the plots of the points with coordinates (log/l ,log§1(h)), for each 1<h<8,

and the best fitting straight line.

The information on the slope, intercept, correlation coefficient, and sum of squared
residuals, regarding each one of these linear regressions , is summarized in Table 5.

Figure 13 shows the plot of the slopes a(h) (from Table 5) versus the spectral moments
order 1<h<8.

Thus, the above analysis shows indeed that in the case of TOGA-COARE like rain rate
fields in space and in time, the multi-scaling behavior of the spectral moments in the sense
of equation (8), is quite robust with respect to the choice of the time series of spatially

averaged rain rate.

40



—_—

-0.4757229 -0.36175634 | -0.24889940 | -0.14258810 | -0.00207401

2 -0.35272564 | -0.19997638 | -0.05928924 | 0.096708651 | 0.244038748
3 ~0.10149315 | 0.080558111 | 0.240213065 | 0.391211601 | 0.578417563
4 | 0220015272 | 0.423667634 | 0.596357012 | 0.758518120 | 0.957016956
5 0.584150154 | 0.803648838 | 0.985480174 | 1.155163440 | 1.361435506
6 | 0976146253 | 1.207328104 | 1.395714177 | 1.570091211 | 1.782621568
7 1.387408299 | 1.627290588 | 1.820474419 | 1.991085073 | 2.215538741
8 1.812587470 | 2.059028963 | 2.255790588 | 2.437547920 | 2.657114974

Table 4 : Values of logs, (h).

slope intercept S.S.Res
1 -0.656652 | -0.432128 | 0.98154 0.00499
9 -0.831392 | -0.289644 | 0.97377 0.01150
3 | -0.933552 | -0.026539 | 0.97489 | 0.01385
4 | -1.008554 | 0.305559 | 0.97253 | 0.01775
5 | -1.061069 | 0.677551 0.97082 0.02093
6 -1.098964 | 1.075347 096962 | 0.02342 |
7 | -1.123926 | 1.490138 0.96972 0.02442
8 -1.148275 | 1.919299 0.96819 0.02684

Table 5 : Slopes , Intercepts , Correlation Coefficients and Sums of Squared Residuals

for the regression lines fitted in Figures 12 .
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Figure 12:

Plots of log's; (h) versus logh, including best fitting straight lines, for 1<h< 8.
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Figure 13 : Plot of the slopes a(h) in Table 5 versus the order h of the spectral moment.

43



5.3 Multi-scaling of Spectral Distribution Function
Under the assumptions (A1) and (A2) stated in Section 4, the main task in this sub-section

is the investigation of the multi-scaling behavior of the spectral distribution function Gy(m),

in the sense of equation (13) in Definition 4.2 . This investigation is carried out on the basis

2996

of the five representative time series {R,(A; )} , i=0,1,2,3,4 , which were defined in

sub-section 5.1 . For each one of these time series, the corresponding spectral distribution

function G;‘i (o) and its normalized version G;i (w) have been estimated by the

corresponding cumulative periodogram estimator (raw or smoothed).
Specifically, the raw and smooth cumulative periodogram estimates of the non-

normalized spectral distribution function G,, (@), are respectively given by

2 =

G, (@)=Y 5, (@) (6),
N k=1

~ 2T <

G, @)=2Z.3 g @) @D.
N k=l

Similarly, the raw and smooth cumulative periodogram estimates of the normalized spectral

distribution function G;i () are respectively given by

> & (@)
Gy, (@,) = £ (28),
Z]
gxi (@)
k=1
2.8, (@)
Gy, (@) = f‘ﬁ‘] (29)
2
gxi (@)



Clearly, (26) and (27) are Riemann sum based approximations of the integral

[0}
G,(w)= J g, (u)du, and similarly (28) and (29) are Riemann sum based approximations
0

w
[ g, (wdu
of the ratio of integrals Gj(w)= g—, with respect to the Fourier frequencies

J.gk(u)du
0

partition {coV = %W , V= 1,2,...,[%]} of the interval (0,x].

2996
t=I

For each of the time series {R,(A;)}._" the plots of CA},‘i (w) are shown in Figure 14 , and

the plots of CA};l (®) are shown in Figure 15. The plots of é,‘i (o) and of G;l (®) are not

provided since they are utterly similar to those in Figures 14 and 15 respectively.
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Plots of Gl(m ), for
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G,. (®,)
Then, for each single Fourier frequency @, the quantities log{.;‘(L} have been
Ao ,

linearly regressed on logA, , for i=0,1,2,3,4 , and the slopes C(wy), the squared correlation
coefficients, and the sums of squared residuals corresponding to the best fitting straight
lines, have been plotted in Figure 16.

These plots indicate that on the largest portion of the interval (0,x], up to nearly the
frequency 2.5, the squared correlation coefficients are well below the value 0.8 . This
indication above, implies that the spectral distribution G;(w) does not comply with multi-
scaling behavior in the sense of equation (13). However, the same plots do indicate some
“partial” multi-scaling behavior, restricted to the upper-end of the interval (0,rt] ,in a small
neighborhood to the left of &, where the squared correlation does exceed the value 0.9.

On the other hand, Figure 17 shows the plots of the slopes C(®,), of the squared

correlation coefficients, and of the sums of squared residuals corresponding to the best

*
A (O)V
*

on logA,;, for each
Ao w,

fitting straight lines estimated from the regression of log{ =

Fourier frequency , . Evidently, the picture here is quite different from the previous one,

strongly indicative of the presence of multi-scaling behavior in the normalized spectral

distribution function Gii (w). Indeed, the squared correlation coefficients are uniformly

greater than 0.97, across the entire interval (0O,n], being even greater than 0.985 on the
largest part of it. Moreover, the sums of squared errors are extremely low across the entire
interval (0,m], and the slope (or exponent) function C(w) does seem to deviate from being

linear.
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Thus, we may confidently claim the validity of equation (13), but for G} (®) instead of

G, (w) . Therefore, as it was pointed out in Section 4 , the validity of (13) implies the

validity of (14), which in turn implies the invalidity of (15) for the spectral density function

g;(co) , as well as for g;(w). Indeed, the invalidity of (15) for gy(w) is indicated by the plots

g}‘.i ((DV)

gkO ((ov)

of the results of the linear regressions of log{ } on logh; (Figure 18), as well as

gli (O)V)

glo (ov)

by the plots of the results of the linear regressions of log{ } on logh; (Figure 20).

Moreover, the invalidity of (15) for g;(m) is indicated by the plots of the results of the

g;'i (mv)

on logA; (Figure 19), and also by the plots of the
gko w,

linear regressions of log{

&, (@)

glo v

results of the linear regressions of log{ }on log\i (Figure 21).

Finally, the invalidity of equations (16) and (17) is indicated, respectively, by the

Ya. (K)
plots of the results of the linear regressions, for lag 1<k<2996, of log ;Yl‘ on logh
Tao
: : : Py, (K)
(Figure 23), and by the plots of the results of the linear regressions of log|— on logh;
pko
(Figure 25).
Naturally,

?xi (k)= %E([Rt(Ai) - ﬂxi (1)] . [Ru.k(Ai )— ﬁki (1)]
t=1
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is the sample auto-covariance at lag k,

~ ’?li (k) 9 .
Pa; (k) == 5 is the sample auto-correlation at lag k, and

‘Yki

2996
t=1

! F .
My, D= ?\I—ZR[(Ai) is the sample mean of the time series {Rt(Ai)} Jfori=0,1,2,3,4.

t=1
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CHAPTER 6

CONCLUDING REMARKS

Under the assumptions of second order stationarity (Al), the existence of an absolutely

continuous spectral distribution (A2), and of the existence of its spectral moments (A3), it

has been demonstrated that, the normalized spectral distribution function Gz(a)) and its

n b4
spectral moments s3(h)= j " -G} (dw) =J‘coh -g3 (@) dw, for processes of spatially
0 0

averaged rain rate {Rt(/lA) ; tZO}, possess multi-scaling properties in the sense of the
log-log linear relationships (13) and (11) respectively.

This fact has been demonstrated on the basis of periodogram type estimates of the
spectral distribution and of its moments, from real time series of spatially averaged rain
rate on five differently scaled ( A=1, 0.8, 0.6, 0.4, 0.2 ) sub-regions of a fixed tropical region
A= A observed during the TOGA-COARE experiment.

These properties of spectral multi-scaling refer to the unconditional processes of
spatial averages of rain-rate, so that the corresponding time series contain dry as well as wet
spells of spatially averaged rain-rate. This is a point of difference of this study from the
study of Gupta and Waymire (1990), which addressed multi-scaling properties of the

probability distribution and its moments for conditional on rain averages

{R(+ (AA);AeB (G)} of a rain-rate field at a fixed time instant t >0 .

A consequence of that study was also the postulation of a multiplicative random
cascade representation of R} (AA), by means of Lemma 2.2.1, so that at any fixed instant

of time t >0,

{R,*(AA)}i R} (A)-exp|6-logd +Z.og(') (30)
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The random scale process exp{e logA+Z (1)] ; 0<A< 1} is parametrized only
log

with respect to the magnifying spatial scale A, and is apparently the same for every instant
of time t.

However, in light of the spectral multi-scaling properties indicated in this
dissertation, for unconditional processes of spatially averaged rain-rate, it is conceivable
that a similar to (30) representation of the unconditional spatial average may be obtained,
with a random scale factor depending on both the spatial scale A and the time t.

This idea is unraveled in the following lines in a rather heuristic manner.

From the spectral theory of weakly stationary processes, and under the assumptions
(Al) and (A2), it follows (see Koopmans (1974), Kedem (1994)) that, there is a unique
complex-valued random measure &, , defined on the Borel subsets of the interval (-w,mt],

and referred to as random spectral measure, such that the stationary process
{Rt (AA); t20 }has the spectral representation

R,(AA)=p,;(D+ [eE,(dw) (D),

-
where u 1(1)=E[Rt(/1A)] is the stationary mean of the process. Moreover, some

operational properties of the random spectral measure are the following:

£, dw)=¢€,(-dw)  (32),

since R, (AA) is real-valued,
E[£,(dw)]=0 (33),
since {Rt (AA)—pu,;(1);t=20 }is a Zero-mean process.

Most important is the property of orthogonality, according to which

G,dw)=g,(w)dw , ¢=0

0 . (34),

E[¢1(dw)-£,(d9)] = {
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where G, (dw) is the (un-normalized) spectral distribution (non-random) measure.

Therefore, the corresponding normalized random spectral measure defined by

§ 1
§i(dw)=—:-§,(dw) (35),
O

where o is the stationary standard deviation of {R,(AA); t=0 ;, provides a spectral
t P

representation of the standardized stationary process {R:(AA) ; £20 }

That is,
R, (AA)—pu, (1)

RI(AA):= =
A

= [e™ & (dw)  (36),

and &) obviously inherits from &, the following properties:

Erdw)=¢&, (—dw) (37,

E[¢} (d)]=0 (38),

G,(dw) g;(w) N
. " = do=g,(0)o , ¢=w
E[él(da))-él(dq))]: o; o; & ¢ (39)
0 , 0@

Now, provided that the normalized spectral distribution function G} (@) is scaling in the
sense that (see equation (12))
Gi@)=A"" .Gl(@)  (40),
differentiation with respect to ® yields that (see equation (14))
g5(@) = 2% [g] (@) + C'(@)-Gj (@) (log A)] @41).

Substituting (41) into (39) one obtains that

AC@) -[g;‘(w)+C’(w)-(logl)'Gf(a’)]dw , P=w
0 , ¢¢w

E[¢;(d0)-£3(d9)] ={ “2)

The crux of the matter here is that, due to the uniqueness of a random spectral
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measure &3, for each O<A<I, it is conceivable that one may obtain a (perhaps complex-
valued scalar or even random) function Dj;(w), which satisfies the “scaling” relation

£ (dw)= Da(w)- & (dw)  (43)
between the random spectral measures &3 and & ,and such that it is also consistent with

equation (42).

Apparently, a boundary condition which must be met by this function, at A=I, is that
Di(w)=1 (44).
It is also interesting to note that if (43) indeed holds true, subject to the boundary condition

(44), then clearly in the case where D;(®) is a non-random scalar function

i

That is, the validity of (43) is equivalent to the validity of (45), a consequence of which is

5}(dw)l2}=|DA(w)|2 E{

&l (da))|2} and equivalently

g; @)=, ) -gj@ @5

the scaling of the normalized spectral density functions, but in a sense different than that
proposed by equation (15).
Thus, if the desired function D;(w) exists, then it follows immediately from equation (36),

that
[e' D, ()¢} (do)
R{(AA)=R{(A)-F— (46)
[e& (dw)

-r

The ratio of integrals on the right side of (46) is a random scale factor involving both the
spatial scale A and the time t, while (46) constitutes a multiplicative random cascade
representation of spatially averaged rain-rate processes.

A final remark to be made here, which is apparently consistent with the plots in
Figures 3,4,5,14,15 is that the spectrum of a spatially averaged rain-rate process is loosing

power as the spatial scale A is shrinking towards 0 (i.e. A—0).
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This observation is consistent with the scaling relation G} (@)= A“*’ - G] (@) indicated by
Figure 17. Indeed, since C(w)>0, for O<wm<rn, given 0<A,<A,<1, one has
0<A{® < A5 <1, whence 0< A . G| () < AS - G| (w) £ G| (w) or equivalently
0< G}_l(a)) < G',‘12 (0) <G| (w).

This observation agrees with the intuition that as the spatial scale A tends towards zero,
there is less and less structure or signal to be captured by a process of spatially averaged
rain rate, since the very region over which rain rate is averaged, captures less and less of the

large scale forcing signal, and eventually degenerates to plain noise.
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