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ABSTRACT

Anastasios Tasoulas

Employing Bayes Factors in Clinical Trials
February 2021

The goal of this dissertation is to examine how Bayes factors can be
utilized for hypothesis testing in clinical trials; namely, in tests of superiority,
equivalence, and non-inferiority. Bayes factors are not as popular in medical
research as frequentist (classical) hypothesis testing methods, despite their
many claimed advantages. A major reason for this is that frequentist inference
is focused on the long-run assessment of type I and II error rates, a feature of
high importance in clinical trials. We demonstrate that Bayes factors can be
adapted to satisfy such a requirement as well. The sensitivity of the Bayes
factor to the choice of prior distribution is also of interest. In particular, we
examine the use of local versus non-local priors, as the latter have been
demonstrated to provide a means of “fairer” testing by balancing the rate of
evidence accumulation towards hypotheses when each are true. After
analyzing the theoretical dimensions of how to implement Bayes factors in
clinical trials, we perform a simulation study aimed at comparing their
performance in tests of superiority, equivalence, and non-inferiority, under

different settings and specifications.
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IHEPIAHYH

Avaotdoiloc Tacovrag

XPHXH MAPATONTQN BAYES YE KAINIKEX AOKIMEX

deBpovdprog 2021

2160¢ TG mapovoag datpPng eivar va e&etachel to TG o1 mapdyovieg
Bayes pmopodv vo €QOpHOGTOVV GTOVG €AEYYOVG VLTOBECEMYV  KAWVIK®OV
OOKIU®V  GLYKEKPLUEVO, GTOVG EAEYYOVG AVAOTEPOTNTAG, 1GOOVVAUING, KOl [UN-
koatotepotTnTog. Or mopdyovteg Bayes dev egivar toco dradedopévor otnv
KAWikn €pegvva 660 ot kAaowkég (frequentist) péBoodor eréyywv vmobéocewv,
Topa To TOAAG TpoTEPNUATO TOVL TOLG amodidovtat. ‘Evag peilov Adyoc yia
avto, eivatr O0TL M KAOOCIKY CLUTEpPAcUHATOAOYin elval emKevIpoUEV GTOV
pokponmpdecpo kabopiopd g mbavotntag ceaipdtov tonov I kot II, éva
YOPOKTINPLGTIKO VYIOTNG ONpaciog oTig KAWIKEG doKlpéG. Agiyvovpe 611 Ot
napdyovteg Bayes pumopodv vo TpocappocTOLY MOCTE VO 1KOVOTOU|GOVV Kol
avtnv Vv avdykn. H evoicOnoia tov tapayoviov Bayes otnv emtdoyn g ex-
TOV-TpotépoV (prior) koatoavoung elvar emiong onueio  evolapépovrog.
Yvuykekpipéva, eEetalovpe ) ypnon local kot non-local prior xatavopdv,
KaBmg €xel amoderybel 6TL o1 TeEdgvTaieg UTOPOVY VO TPOGPEPOLY Evav TPOTO
«dko0TEPOLY) €AEYYOV, €EIGOPPOTAOVIAG TNV TAYVTNTO GUGCMPELONG TOV
ATOOEIKTIKAOV GTOXEl®V TPOog VoSt pién TV vrobécemv, 6tav kabe pio and
avTéc eival aAnBng. Aeov avaivcovpe ™ Bewpntiky dldotOom T™NG YXPNONG
nopayovtov Bayes ot kMvikéc Jdokiuég, ekteAobpe  pa Goknom
npocopoimong pe otdY0 va cvykpivovue TNV amdd0GT TOVG GE EAEYYOLG
aAvVOTEPOTNTAG, 1oodvLVOping, KOl  UN-KATOTEPOTNTOS, VIO  OlUQOPETIKEG

ocvvOnkec kot pvbuicerg.
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CHAPTER 1

INTRODUCTION

1.1 Frequentist Hypothesis Testing and its Limitations

1.1.1 Historical Background

The term ‘frequentist’ or ‘classical hypothesis testing’ is generally
understood as the method of determining the credibility of a proposed
hypothesis, using a probability called the p-value as a criterion. A typical

example goes as follows:

A sample X = (x1, x2, ..., x,) of data is collected, presumably
originating from a distribution f{(X|0), where 6 is a parameter of
interest. We seek to test the hypothesis Hy: 8 = 6, against the
alternative H;: 8 # 6. Under the assumption that H, is true, a
test statistic 7(X|Ho) is constructed that follows a probability
distribution. Using this result, we derive the p-value, which is
the probability p of T(X|H,) taking on a value equal or more
extreme than what was observed, given the sample X. If p falls
beneath a threshold, usually @ = 0.05 by convention, hypothesis
H, is rejected, and we claim that @ differs from 6, at the a-100%
significance level. Otherwise, H, is not rejected, and we proceed

to act as if it is true.

This method is a largely unacknowledged amalgamation of two distinct
statistical techniques that were originally established to address different

problems. The first one is the p-value, originally introduced by Karl Pearson
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(Pearson, 1900), but formally outlined by Sir R. A. Fisher (Fisher, 1992). The
second one is the technique of hypothesis testing, as formulated by
mathematicians Jerzy Neyman and Egon Pearson (Neyman & Pearson, 1928).
Fisher defined the p-value, also called ‘significance probability’, in the
same way as it is properly understood today: the probability of observing an
experimental result equal or more extreme than what was already observed,
given a hypothesis. However, it was merely intended to quantify the
credibility of a given hypothesis subject to nullification (hence the term ‘null’
hypothesis) in a single experiment, within what was then called a
‘significance test’. Background knowledge relevant to the experiment at hand
could also be taken into consideration before drawing a conclusion (Fisher,
1973), but generally Fisher viewed small p-values as evidence pointing

towards rejection of the hypothesis. In his own words:

“If p is between 0.1 and 0.9, there is certainly no reason to
suspect the hypothesis tested. If it is below 0.02 it is strongly
indicated that the hypothesis fails to account for the whole of
the facts. We shall not often be astray if we draw a conventional
line at 0.05, and consider that [lower values of p] indicate a

real discrepancy"” (Fisher, 1992).

Soon after, Neyman and Pearson introduced the hypothesis test. Unlike the
significance test, this one included an additional ‘alternative’ hypothesis Hi,
usually taken to be the complement of the null H,. The existence of two

hypotheses introduced two types of errors, seen in the following table':

1 In Neyman and Pearson’s view, it is possible to accept the null hypothesis. The notion
that the null can only either be rejected, or fail to be rejected, is a legacy of Fisher’s

significance test, where no alternative hypothesis exists (Goodman, 1993).
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H, true (H, false) H, false (H, true)

Reject H) (Accept H,) Type I error OK
Accept Hy (Reject H,) OK Type II error

Table 1: Error types in hypothesis tests.

Under each hypothesis, the probabilities of type I and II errors (a and S
respectively) could be mathematically calculated, and thus minimized based
on the test’s design. Critical regions corresponding to those probabilities
would be constructed for a particular test statistic a priori. Subsequent
observations translating to values of the statistic within those critical regions
would result in rejection of the null hypothesis. Even though this method
provided no way to evaluate the credibility of a given hypothesis in a single
experiment, the idea was that after many similar experiments, the proportions
of type I and II errors would converge towards these probabilities o and f,

and thus not greatly exceed them. In the researchers’ own words:

“Without hoping to know whether each separate hypothesis is
true or false, we may search for rules to govern our behaviour
with regard to them, in following which we insure that, in the
long run of experience, we shall not be too often wrong”

(Neyman & Pearson, 1933).

It becomes clear that unlike Fisher’s significance test, the hypothesis test
of Neyman and Pearson was not a tool of inference, but a decision rule
designed to yield desirable long-term results. A source of confusion has been
the fact that the value of Neyman and Pearson’s test statistic could be
expressed in terms of a probability, thus facilitating a connection to Fisher’s
p-value (Biau et al., 2010). The two methods ended up being used in tandem
so frequently by researchers that they eventually merged, despite Fisher’s

objections:



“On the whole the ideas (a) that a test of significance must be
regarded as one of a series of similar tests applied to a
succession of similar bodies of data, and (b) that the purpose of
the test is to discriminate or ‘“decide” between two or more
hypotheses, have greatly obscured their understanding, when
taken not as contingent possibilities but as elements essential to

their logic” (Fisher, 1973).

1.1.2 Misconceptions and Drawbacks

The philosophical differences at the roots of these two methods have led
to researchers characterizing them ‘contradictory’, or ‘incompatible’
(Hubbard & Bayarri, 2003, and Goodman, 1999a), but go largely
unrecognized in the academic literature, paving the way for erroneous
interpretations and misunderstandings of the fundamental concepts, even by
statisticians (Kalbfleisch & Sprott, 1976). Common mistakes include the
reading of the p-value as a data-specific version of the type I error rate a
(Goodman, 1993, Hubbard & Bayarri, 2003, and Kalbfleisch & Sprott, 1976),
as the probability of the null hypothesis H, being true, and many others
(Goodman, 2008).

These issues however, do not exhaust the list of reasons why frequentist
hypothesis testing is rendered problematic. Many practical limitations arise
that are endemic to frequentist inference in general (Wagenmakers et al.,

2008), but as far as hypothesis tests go, some troubling ones include:

* The inherent inability of p-values to quantify statistical evidence for a
hypothesis. Furthermore, many researchers claim that their mechanism
of quantifying evidence against hypotheses is flawed as well: If p-
values reflected the totality of the evidence, then the same p-values
would have equal implications for experiments of varying sample sizes,

yet the opposite has been argued (Peto et al., 1976).



* As the p-value is calculated over a portion of the sample space,
changes in that space can affect it. This means that arbitrary factors
outside of the observed data, such as the researcher’s sampling plan,
can influence a test’s verdict. In a notorious example, the same data
under a Binomial formulation (x€{0, 1,..., N}, NeN\{0}) offer an
opposing conclusion than under a Negative Binomial one (x€N)
(Berger & Wolpert, 1988).

* In order for the p-value to be calculated, the probability distribution of
the test statistic must be specified, which depends on the value of the
parameter of interest under the null hypothesis. This introduces
obstacles when seeking to test interval null hypotheses, i.e.: hypotheses
which define a parameter of interest to be within a range, rather than
having a single value (point null hypotheses).

* Difficulty of interpreting results when it comes to testing non-nested
hypotheses. Consider Hi: u1 < w2 < ps < us against Ho: py < us < o < pa.
It is not obvious which hypothesis to take as the null, and trying both
introduces the risk of rejecting both of them (or not rejecting either
one). Additionally, consider having a p-value of 0.049 when H, is the
null, but one of 0.051 when H. is, for significance level a = 0.05. One
is rejected, the other is not, but the p-values’ ‘weights of the evidence’

are effectively equal (Wagenmakers et al., 2008).

Nevertheless, frequentist hypothesis testing delivers results adequately
enough to maintain its dominant status in fields such as sociology,
psychology, and medicine. A proposed alternative is to test hypotheses using
the method of Bayes factors, as they possess many desirable inferential
properties that are absent from the frequentist toolbox (Wagenmakers et al.,

2008).



1.2 The Bayesian Framework

In a broad sense, the objective of the Bayesian school of statistical
inference is to quantify, in probabilistic terms, how much one’s existing, or
‘prior’ beliefs regarding a state of reality change after the observation of data.
Its name derives from Thomas Bayes, an 18™ century English Protestant
cleric, whose posthumously published letter to a colleague (Bayes, 1763) set
the foundations for what later came to be defined as the Bayes theorem. The
simplest form of this theorem (Gill, 2014) states that for two events 4 and B,
where B has a non-zero probability of occurrence P(B) # 0, the conditional

probability of 4 given B is equal to:

P(A|B):—P(BJ;&I;(A)

(1.2.1)

The Bayes theorem can also be expressed in terms of probability
distribution functions. Suppose a sample x is obtained from a sampling
distribution f(x|0), where @ is the parameter of interest. If 6 is assumed to
follow a ‘prior’ distribution p(6) before the data are observed, then its

‘posterior’ distribution after the observed data are taken into consideration is

given by:
x|60)plO
p(olx) =L 92O 15y o), (1.22)
et A CO R ot
posterloz 1Kelinoo. prlm

where f(x) = [f(x|0)p(0)dO denotes the marginal distribution (or marginal
likelihood) of the sample x, and plays the role of a normalizing constant that
does not depend on 6. Since the focus is on parameter ¢, and not the sample x,
it is entirely appropriate to write f{x|0) as L(€f|x), explicitly denoting the
likelihood. Subsequently, the posterior distribution p(f|x) can be used to make
inferential statements about the parameter 6, like estimate its mean, variance,

or construct a probability interval, formally called a ‘credibility interval’.



This type of interval has a convenient interpretation? usually misattributed to
its frequentist counterpart, the confidence interval.

The Bayesian attitude towards statistical inference essentially turns the
classical (or frequentist) paradigm on its head: instead of treating
observations as random quantities generated from a sequential sampling
mechanism dependent on a fixed parameter 4, the Bayesian view conditions
on the observations, and treats the parameter itself as a random quantity. Even
though Bayesian methods have been known at least since the early 19"
century® (Stigler, 2005), researchers were slow to adopt them in practice. An
important reason for this delay was the difficulty involved in extracting
closed-form expressions of posterior distributions, since the integrals used to
calculate the marginal likelihood f{(x) were often intractable, especially in
multi-dimensional problems (Robert & Casella, 2013, and Robert, 2007). As a
consequence, Bayesian enthusiasts were for the better part of the 20™ century
restricted to the study and use of conjugate priors: distributions which lead to
posteriors of the same family, thus making closed-form expressions readily
available.

The eventual solution to this problem arrived in the late 1980s, when
technological advances in processing power, and the increasing availability of
computers, sped up the development and popularity of Markov Chain Monte
Carlo (MCMC) techniques. Although known since the 1950s for their
applications in physics (Metropolis et al., 1953), it wasn’t until the very end
of the 20™ century that these techniques became popular among statisticians
(Geman & Geman, 1984, and Gelfand & Smith, 1990). They were particularly
attractive to Bayesian analysts, as they provided them with a means to
simulate samples from posterior distributions (and thus make inferential
statements), even when closed-form expressions for them were unavailable.

The resulting rise in the popularity of Bayesian inference didn’t
discourage its critics, one of their most popular objections being that

Bayesian methods introduce subjective opinion through the prior distribution,

2 It represents an interval within which a parameter lies with some probability.
3 According to some researchers, it was Pierre-Simon, marquis de Laplace who actually

discovered the Bayes theorem and expressed it in its general form (Stigler, 1986).
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resulting in (partly) subjective posteriors, while distorting a scientific process
that is supposed to be objective (Gelman, 2008). One response to such
criticisms has been the use of ‘uninformative’ (also called ‘vague’, or
‘diffuse’) priors, as these do not favor (not significantly, at least) any
parameter values over others, and thus allow inference to be maximally data-
based (Gill, 2014). Another approach towards objective Bayesian analysis has
been the use of ‘empirical Bayes’ methods, in which researchers allow the
data to influence their choice of prior (Carlin & Louis, 2000).

The debate between frequentist and Bayesian proponents still goes strong,
covering a lot more points of contention than just the prior distribution
(Bayarri & Berger, 2004, and Albers et al., 2018). However, despite their
downsides (real, or imagined), Bayesian procedures provide a flexible and
increasingly attractive framework with many claimed advantages over its
frequentist counterpart (Wagenmakers et al., 2008), and a wide variety of
applications in areas such as classification, model building, and hypothesis

testing.

1.3 Bayes Factors

1.3.1 Definition and Interpretation

Suppose the goal is to compare two competing hypotheses® Hy, and H,,
given a sample x. Let f(x) be the marginal likelihood of the observed sample,
P(H;|x) be the posterior probability of a hypothesis being true, P(H;) be the
prior probability, and f(x|H;) be the marginal likelihood of the sample under

4 In contrast to the frequentist framework, the null hypothesis has no special status in
Bayesian testing. In fact, as a hypothesis can be accepted as well as rejected, the ‘null’
hypothesis, as in ‘subject to nullification’, does not technically exist, so the term tends
to be avoided. Many researchers go as far as to abandon the phrase ‘testing hypotheses’
entirely, in favor of ‘comparing models’ (Gill, 2014, Carlin & Louis, 2000, and
Bernardo & Smith, 2009). The terms will be used interchangeably throughout this

dissertation.



the assumption that hypothesis H; is true, for i€ {0, 1}. We assume that P(H,)
+ P(H,) = 1. By the Bayes theorem, it follows that:

_f(x|Ho)P(Ho)

P(H,|x)= 70 , (1.3.1)
_f(x|H1)P<H1)

P(H |x)= O (1.3.2)

where f(x) = f(x|Ho)P(Ho) + f(x|H:)P(H:). Taking the ratio of the above

equations eliminates the unconditional marginal likelihood and returns:

P(H0|x):f(x|Ho)XP(Ho)
P(H\x) f(x|H,)" P(H,) (1.3.3)
posterior odds Bayes factor priorodds

The Bayes factor of H, versus H, is denoted BFjy, and is defined as the
ratio of the marginal likelihoods of the observed data x under the two different
hypotheses. It can alternatively be expressed as the ratio of posterior to prior

hypotheses odds:

P(Ho|x)
BF :P(H1|X)ZP(H0|X)P(H1) (1.3.4)
" P(H,) P(H|x)P(H,) .
P(H,)

If hypothesis H; assumes the existence of a parameter vector §; € ©; with a
prior pi(#;), then the marginal likelihood f{(x|H;) is obtained by integration over
the parameter space. This amounts to calculating a weighted average of the
likelihood for different values of a parameter, which is in turn distributed

according to the prior distribution. The marginal likelihood is given by:

SH )=, 1 (xl0,,H,)p,(0)d0, for i€(0,1]. (1.3.5)



Note that in the special case when the comparison is between simple point
hypotheses Ho: 6 = 6, versus H;: 6 = 6,, the Bayes factor reduces to the

likelihood ratio between them:

BF jy=———— (1.3.6)

Bayes factors measure how strongly the evidence provided by the data
supports a hypothesis (or model) over another. They were first introduced by
English mathematician Sir Harold Jeffreys in his 1939 book ‘Theory of
Probability’ (Jeffreys, 1939), but the term itself did not appear in his writings.
The quantity BFy, that we identify today as the Bayes factor, is denoted by
Jeffreys as K, and is given by:

P(q|0H )
_Plq'loH) _P(q|0H)P(q'|H)
P(qlH) Plq'loH)P(q|H)’

P(q'|H)

(1.3.7)

where g and ¢’ are the null and alternative hypotheses respectively, 6 are the
observed data, and H is the prior information. The new quantity K is simply
referred to as a new parameter through which one can perform significance
tests. This may create the impression that Jeffreys’ methodology is
conceptually associated with Fisher’s significance test, but that is not the
case. Jeffreys’ perspective was different, as he outlined a method of
quantifying evidence both in favor and against a hypothesis compared to
another, making it a relative measure of evidential strength, not an absolute
one like Fisher’s. In contrast to the p-value, which is a probability bounded
from 0 to 1, the Bayes factor can stretch from zero to infinity, making its
assessment of the evidence somewhat unclear. For this purpose, Jeffreys
constructed a rough scale of how the strength of the evidence is to be
measured for different values of the Bayes factor (Table 2), and his comments

on how to interpret it are illuminating:
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“We do not need [BFoi] with much accuracy. [...] It makes little
difference to the null hypothesis whether the odds are 10 to I or
100 to 1 against it, and in practice no difference at all whether
they are 10* or 10" to 1 against it. In any case whatever
alternative is most strongly supported will be set up as the

hypothesis for use until further notice” (Jeffreys, 1939).

Grade level Bayes Factor Interpretation

0 BFy > 1 H, supported over H,.

Evidence against H, not

1 1 > BFp > 107°° worth more than a bare
mention.
Evidence against H,
2 10_0'5 > BFo > 10_1
substantial.
Evidence against H,
3 10" > BFy; > 107"
strong.
Evidence against H, very
4 10_1'5 > BFo > 10_2
strong.
Evidence against H,
5 10 > BFy,

decisive.

Table 2: Jeffreys' grading of evidential strength provided by Bayes factors.

Even though Jeffreys’ scale is regarded by researchers as somewhat
arbitrary, and no explicit thresholds for acceptance or rejection exist, as is the
case with frequentist hypothesis testing (Gill, 2014), it does provide a useful
benchmark for evaluating evidence. In a landmark paper on Bayes factors,
authors Kass and Raftery (Kass & Raftery, 1995) expanded on it and
presented a modified version (Table 3), with the Bayes factor undergoing a
2xlog. transformation. This was justified on the grounds that is provides a

Bayes factor on the same scale as the familiar likelihood ratio test statistic.
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2xlog.(BFo) BF Interpretation

Evidence against H, not

0-2 1-3 worth more than a bare
mention.
Evidence against H,
2-6 3-20 o
positive.
Evidence against H,
6-10 20 - 150
strong.
Evidence against H, very
> 10 > 150

strong.

Table 3: Kass and Raftery's modification of Jeffreys’scale.

Beyond their ability to quantify evidence for hypotheses’, Bayes factors
have intuitive and convenient interpretations. A Bayes factor of BF, = 5, for
example, can be interpreted as any of the following statements (Goodman,

1999b):

*  The observed data are five times as likely to occur under hypothesis H,
than they are under H,.

*  The data support hypothesis H, five times as strongly than they do H,.

*  The odds of hypothesis H, versus H, after the experiment are five times

what they were before it.

Some researchers (Lavine & Schervish, 1999) insist on a more careful and
conservative interpretation of Bayes factors as merely the change in the odds
in favor of the null hypothesis (the one in the enumerator), before and after
observing the data. This interpretation is obvious when looking at formula
(1.3.4), and it emphasizes the fact that equal Bayes factors can have different

implications depending on one’s prior knowledge.

5 Bayes factors or their logarithms are often referred to as the “weight of the evidence”

(Good, 1985, and Good, 1992).
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Consider three different scenarios where two hypotheses H, and H, are
compared, and our prior convictions regarding the null H, range between
suspicion, ambivalence, and support, as expressed by the prior odds in the

following table:

Prior belief of H, Prior odds Bayes factor BF,; Posterior odds

Suspicion 0.1 (0.09) 052 00652((()63031))
| 5 5 (0.83)
Ambivalence 1(0.5)
0.2 0.2 (0.16)
5 50 (0.93
Support 10 (0.9) 0.2 2 ((0.66))

Table 4: Posterior odds for different prior beliefs and Bayes factor values.

Prior and posterior probabilities of hypotheses in parentheses.

A Bayes factor of BFy = 5 provides moderate evidence for hypothesis H,
on its own, but if we have prior reasons to suspect it (represented by prior
odds = 0.1), then the posterior odds lean in favor of the alternative H,
(posterior odds = 0.5) and stronger evidence is required for us to change our
opinion. Conversely, if we have a Bayes factor BFy = 0.2, but have strong
prior reasons to support H, (represented by prior odds = 10), the Bayes factor
may point against the hypothesis on its own, but the posterior odds still end
up leaning in its favor (posterior odds = 2). If we are uncertain either way
(prior odds = 1), then the posterior odds are equal to the Bayes factor, which
determines our final verdict completely.

It is important to keep in mind that a Bayes factor in favor of a hypothesis
H,, does not exclude the possibility of that hypothesis being dubious or
generally insufficient in describing the reality underlying an experiment. It
only implies that H, is better compared to its alternative H,. It is entirely
possible that in the grand scheme of things both H, and H, are pretty much

equally implausible when compared to other alternatives.
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1.3.2 Advantages over Frequentist Testing

The use of Bayes factors for comparing hypotheses gives researchers
access to a wide variety of desirable mathematical and inferential properties
that constitute an important advantage over classical methods. A detailed list
of the most important ones follows, along with explanations of frequentist

shortcomings.

1. Bayes factors can provide evidence in favor of a hypothesis.

This has been mentioned earlier and is one of the most important
differences between Bayesian and frequentist testing, given that the p-value
can only provide evidence against a hypothesis. This property does more than
render obsolete the awkward and counter-intuitive clarification that “one can
never accept the alternative hypothesis, but only fail to reject the null”
(Wilkinson, 1999). Consider the example of an experimental setting where the
objective is to seek evidence for the absence of an effect (e.g.: Ho: d = 0)
under certain conditions. Classical tests are not equipped to provide a
satisfactory answer to such a problem, but the best they can do is suspend
disbelief of the null hypothesis (Wagenmakers, 2007). A researcher claiming
the absence of an effect after discovering an insignificant p-value would be
treating absence of evidence as evidence of absence, a serious inferential error
(Altman & Bland, 1995). There exist many settings where the objective is to
prove the null hypothesis, and Bayes factors are perfectly capable of
providing such an affirmative answer (Gallistel, 2009, Rouder et al., 2009,
and Wetzels et al., 2009).

2. Bayes factors have an inherent mechanism of automatic parsimony.

For clarification, the law of parsimony, also known as ‘Ockham’s razor’,
is a rule of scientific inference stating that when competing theories are
equally good at describing reality, the simplest one (in the case of statistical
models that would the one with the fewest parameters) should be preferred

(Domingos, 1999). Consider a comparison between hypotheses Hy, and H,. If
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the observed data x are independent, and x* = {x;: i€ {1, 2, ..., k}} for integers

ke {1,2, ..., n} then their likelihoods can be expressed as:

FxlH)=f (X 1) f (e, X7 1) f (e, H) f(x]H). (1.3.8)

Equation (1.3.8) demonstrates that the marginal likelihood is the product
of sequential ‘one step-ahead’ out-of-sample predictions of the observed data:
“Given all previous observations xi, X2, ...,Xx, what is the likelihood of this
specific xx+1 being next?” This justifies the interpretation of the Bayes factor
as a measure of what model predicts the observed data better. A result of this
property is that when it comes to comparing models, Bayes factors
automatically favoring the one with the best predictive ability, also tend to
favor the one that is the most parsimonious as a consequence. This happens
because overly complex models with more parameters than needed tend to
overfit the data, but their fit is based on a failure to distinguish between
random variation (noise), and genuine information (signal). Thus they
perform poorly when making new out-of-sample predictions, resulting in
lower marginal likelihoods, and Bayes factors designating them as

unfavorable (Wagenmakers et al., 2008).

3. Bayes factors allow comparisons between non-nested hypotheses.

In contrast to frequentist tests, whether the null hypothesis is nested
within the alternative or not does not affect Bayes factors, as it is not a
requirement for extracting any of the marginal likelihoods. This allows
researchers to make easy and elegant comparisons in settings where classical
methods would be hard to implement (Klugkist et al., 2005, and Huntjens et
al., 2006).

4. Bayes factors allow the null hypothesis to be expressed as an interval.
Frequentist tests usually need the explicit specification of a point value for

the parameter of interest under the null, in order to define the distribution of
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the test statistic, and thus derive the p-value. Bayes factors face no such
limitation; they can accommodate interval null (and alternative) hypotheses
by averaging the likelihood over all possible values for the parameter of
interest. All needed is a prior density specifying how that parameter is

distributed within the interval in question.

5. Bayes factors allow for easy monitoring of the accumulation of evidence.
Although frequentist methods do not forbid researchers from pausing and
observing the evidence before a study is complete, such an action introduces
complications, because running multiple tests increases the risk of committing
type I errors, and special adjustments of the error rate a are needed to remedy
this. Bayes factors, unlike frequentist tests, are not premised on the long-run
control of error rates. Thus, frequency of testing does not require adjusting
the threshold of what constitutes significant evidence. This makes them a
more sensible choice in settings where interim analysis is common, as in
psychology or clinical trials. This property is not only practical, but also
ethical, since Bayesian testing allows the collection of data to stop when “a
point has been proven or disproven, or [when] the data collector runs out of
time, money, or patience” (Edwards et al., 1963), thus ensuring that no
resources will be wasted or patients inconvenienced more than is truly
necessary. Bayesian inference has this advantage because it acts in accordance
with the likelihood principle® (Kass & Raftery, 1995). This makes it immune
to a whole host of drawbacks and paradoxes that plague frequentist methods,

which violate the principle instead (Berger & Wolpert, 1988).

6. Bayes factors allow researchers to take model uncertainty into account.
Assume that we seek to compare m potential models (hypotheses) H,, H>,

..., H, for explaining the data x at hand. Using prior model odds and the

6 The likelihood principle is a conjecture in statistics and probability theory which states
that observations with equal or proportional likelihoods contain the same information
about a parameter of interest 6 (Casella & Berger, 2002). The implication is that
external factors irrelevant to the data, such as sampling intentions or stopping rules,

should not affect inference.
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Bayes factor property that BF; = BF; %X BF;, we can calculate all of their

posterior probabilities using the formula:

Odds= Probability

_ Odds
1 —Probability

< Probability= [+0dds”
s

(1.3.9)

When the number of candidate models m is reasonably small as to be
manageable, then instead of being forced to choose only one of them, we can
use an ‘average’ model that is the weighted mean of all individual ones, with
their posterior probabilities as weights, although many different methods of
combining them exist (Raftery et al., 1993, and Madigan & Raftery, 1994).
These types of models have demonstrated enhanced predictive performance
(Raftery et al., 1996), but even when this is not our goal, this property
highlights the ability of Bayesian hypothesis testing to provide a
quantification of model uncertainty in the form of a probability. Such a
feature is not available in the frequentist framework, and it makes results

easier to interpret and understand, even by non-experts’.

7. Bayes factors are not biased against the null hypothesis.

It has been observed that as the sample size gets very large, classical tests
systematically reject the null hypothesis (Lin et al., 2013). This causes
problems in settings where samples are large by the experiment’s very nature,
like demographic or social studies. Bayes factors do not have this problem
(Kass & Raftery, 1995). This behavior of classical tests may not be present in
experiments of smaller size, but the frequentist bias against the null
hypothesis 1s still quietly present, as it is inherent and structural. By
conditioning the test statistic on the null hypothesis, p-values only express the
‘unusualness’ of the observed data under the null, hence failing to account for

the possibility that the data may be even more unusual under the alternative

7 The correct interpretation of posterior model probability, is the probability of a model
being the true one among those being compared (assuming that the true model is one of

them).
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H, (Wagenmakers et al., 2018). The comparative nature of Bayes factors

eliminates this problem.

8. Bayes factors provide a coherent quantification of the evidence.

The Bayes factor’s interpretation as a measure of evidence is intuitive and
easy to understand, unlike the p-value’s, which has spawned a wide variety of
previously mentioned misconceptions. A Bayes factor reflects only the
evidence provided by the observed data; a p-value does not, as it is a tail-end
probability dependent on the density of data that could have been observed,
but weren’t. As Sir Harold Jeffreys put it: “What the use of [p-values]
implies, is that a hypothesis that may be true may be rejected because it has
not predicted observable results that have not occurred. This seems a
remarkable procedure” (Jeffreys, 1939). Additionally, one can use the
formula BFi = BF;; x BFj; to measure evidence from multiple comparisons. If,
for example, the data support H, twice as strongly as they do H,, and H, three
times as strongly as they do Hs, then it follows that they support H, six times
as strongly as they do Hi;. No equivalent result exists in the frequentist

toolbox (Wagenmakers et al., 2010).

1.3.3 Methods of Computation

The way a Bayes factor is calculated is by either deriving exact solutions
or approximations of the marginal likelihoods in its enumerator and
denominator, and then computing their ratio. Assuming the existence of a
parameter vector #€0, following a prior distribution p(#), the integral® one

seeks to calculate is:

fx)=], r(x10)p(6)do. (1.3.10)

8 The notation of the marginal likelihood in this section omits any indication of
hypotheses H for simplicity, although what is implied is the same integral as the one in

equation (1.3.5).
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Except for a limited number of cases where closed-form expressions of the
marginal likelihoods exist, the computation of such integrals is not a
straightforward task. In problems where parameter € is of high dimension,
they can quickly become complicated or intractable. Many methods have been
put forward by researchers attempting to overcome this problem, ranging from
simulation-based to asymptotic ones. An outline of the most important ones
follows, describing their methodology along with some advantages and

disadvantages.

1. Laplace Approximation

This asymptotic method is based on the assumption that the posterior
distribution f{(O|x) o« f(x|0)p(6) 1s approximately Normal (DiCiccio et al.,
1997), and highly peaked around its mode, which is usually the case for large
samples (Kass & Raftery, 1995). According to this method, the marginal
likelihood is approximated by:

7 x)=(2n £ (417 (7). (1310
where d is the dimension of parameter vector 6, d is the posterior mode of
6, and X is the negative inverse of the Hessian matrix of the logarithm of
the posterior density, at g. Having an error of order O(n_l), the Laplace
approximation has been determined to provide satisfactory results even for
problems of moderate sample size, although researchers Kass and Raftery
point to problematic behavior when the size is smaller than 5d (Kass &

Raftery, 1995). Many variants of this method exist. One of them is

jMLE(x):(z71—)5|£‘Pf(x|9)p(@), (1.3.12)

which is different from the original in that it uses a maximum-likelihood
estimator # instead of the posterior mode. This version offers no

improvement in accuracy, but its advantage lies in the fact that many
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statistical programs have built-in functions to calculate maximum-likelihood
parameter estimates, allowing for faster and more efficient computation (Kass
& Raftery, 1995).

Another variant is the Laplace-Metropolis estimator (Raftery, 1996, and
Lewis & Raftery, 1997), which uses simulated posterior sampling to
approximate the quantities § and X. For MCMC output 8, 6%, ..., 67,

the estimator is given by:

d 1

T (x)=(22)2 |21 £ (x(6) p(8), (1.3.13)

where 9:%2;0(”, and EZﬁ j:l(9<t)—9)(0(t)—9)r.

2. Prior Monte Carlo Approximation

The marginal likelihood (1.3.5) is the likelihood of the observed sample
averaged over the prior distribution. Thus it can be approximated by
simulating a sample {6V, 6@, ..., 6"} from the prior p(0) and calculating the

mean

1 m
fPIlOl ;Zf x|8 (1314)
i=1

This method is relatively easy and straightforward, but inefficient. The
data density f(x|0) is frequently peaked compared to the prior p(#), resulting
in likelihood summands close to zero for most sampled values of 8 (Carlin &

Louis, 2000).

3. Harmonic Mean Monte Carlo Approximation
An alternative approach to sampling from the prior is sampling from the

posterior (Ntzoufras, 2011). Using equation

f(IX):f f()lc|9) (x}e p(Olx)do (1.3.15)
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it follows (Newton & Raftery, 1994) that the marginal likelihood can be

approximated using a posterior sample {6, 0%, ..., 6"} through the

o

This method is an improvement compared to the inefficient prior Monte

estimator

SIH

i (x]6") ) (1.3.16)

Carlo estimator, but has the drawback of being unstable (Carlin & Louis,

2000).

4. Importance Sampling Approximation

A different option is to sample values of parameter 6 from a so-called
‘importance density’, and then to approximate the marginal likelihood integral
using a weighted likelihood average where the ratio of prior to importance
densities acts as a weight. For a sample {6V, 6%, ..., 6"} from importance

distribution 7(6), the marginal likelihood is estimated by

(1.3.17)

The importance sampling approach is an improvement over fP,iO,(x) (Bos,

2002). Note that f 5(x)=fp.(x) when P(0)=p(0) (Perrakis et al., 2014).

5. Schwarz Criterion Approximation
This is not a method of approximating the marginal likelihood, but the

Bayes factor itself. It has been proven (Schwarz, 1978) that for sample size n,

log(BFm)

n->+oo

1 (S—log(BFm) _

(1.3.18)
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where the amount S=log(f (x[d,, H,))~log/ f(x|é1,Hl))—%(do—dl)log(n) is

called the Schwarz criterion, d; are the dimensions of the parameter vectors
under each model, and éi are maximum-likelihood estimates. It follows that
the quantity exp(S) can be used as a rough approximation of the Bayes factor.
With a relative error of order O(1), this approach is not very accurate (Kass &
Raftery, 1995), but its advantage lies in that it provides a ‘shortcut’ to the
Bayes factor without considerations for any prior distributions (Carlin &
Louis, 2000), as they can be difficult to specify properly. This will be
discussed in further detail in the next chapter. Lastly, the quantity —2S§ is
called the Bayesian Information Criterion (BIC) and is a popular tool in

model selection.

6. Savage-Dickey Density Ratio

This method is similarly used for calculating the Bayes factor, and not the
marginal likelihoods that produce it. Suppose we have a parameter vector
0=(p,y)€O, where ¢ are the parameters of interest, and w are nuisance
parameters. When nested models Hy: ¢ = ¢o versus Hi: ¢ # ¢, are being

compared, the Bayes factor is given by

f(x|H0)_p(g0=q)OX,H1)

BFOI:f<x|H1)_ P(¢:€00|H1) '

(1.3.19)

While the method applies only to nested models, it holds under relatively
general conditions, and has the advantage of being easy to use (Wagenmakers

et al., 2010).

Many other techniques for computing Bayes factors exist, such as
marginal likelihood approximation through Gibbs sampling (Chib, 1995),
Metropolis-Hastings sampling (Chib & Jeliazkov, 2001), bridge sampling
(Meng & Wong, 1996), and path sampling (Gelman & Meng, 1994). A review
of MCMC-based methods is provided by Han and Carlin (2001).
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1.4 Closing Remarks

In this chapter, we sought to explore the foundations of classical
(frequentist) hypothesis testing, point out its shortcomings, and introduce the
alternative hypothesis testing method of Bayes factors. The next chapter will
focus on principles of ‘objective’ Bayesian hypothesis testing, and how they
relate to the prior distribution. Another area of interest is the use of local and
non-local priors, and how they affect inference. To our knowledge, such priors
have not yet been examined in clinical trial related hypothesis tests, which are

the focus of this dissertation.
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CHAPTER 2

PRINCIPLES OF OBJECTIVE BAYESIAN MODEL
SELECTION

2.1 Role of the Prior Distribution

Within the Bayesian framework, a general rule for parameter estimation is
that as the sample size increases, the amount of information induced to the
posterior by the data outweighs and eventually dominates any information
conveyed by the prior distribution. Flat or diffuse priors need smaller
numbers of observations compared to more informative ones in order to “wash
out” any prior effect. However, all priors become asymptotically irrelevant
after adding more and more observations, and produce similar posterior
distributions determined almost exclusively by the data. This phenomenon
does not manifest when dealing with Bayes factors, which are highly sensitive
to the choice of parameter priors, even for large samples (Kass, 1993). In fact,
this characteristic is one of the main criticisms against Bayesian hypothesis
testing (Gill, 2014, Kass & Raftery, 1995, and Wagenmakers et al., 2010), as
it not only increases the need for sensitivity analysis in research, but also
introduces a variety of complications whereby Bayesian and frequentist tests
produce opposing conclusions under certain circumstances. The latter is
commonly known as the ‘Lindley paradox’®.

The paradox lies in the fact that, under specific conditions, an increase in

the sample size leads to Bayes factors accepting the null hypothesis'® rather

9 Alternatively named the ‘Lindley-Bartlett’, the ‘Jeffreys-Lindley’, or the ‘Jeffreys
paradox’. First formulated in its present form by Dennis V. Lindley (Lindley, 1957),
with additional comments by Maurice S. Bartlett (Bartlett, 1957).

10 The null H, is assumed to be nested within the alternative H,.
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than rejecting it, as is the case with frequentist tests. A typical example to
illustrate this behavior is the following (Sprenger, 2013):

Consider a normally distributed sample x ~ N(6,06°), with variance o*
known and fixed, and suppose one seeks to test the hypothesis Hy: 8 = 6,
against the alternative H,: 6 # 6o. Further, consider the prior 6 ~ N(6,, c4°)

under H;, the function

x—6,
z(x):GN;, (2.1.1)

and assume that the sample mean X is different from 6, at the limit of
significance for some level a, for an arbitrary sample size n. In other words,
for any size n, a sample x = x(n) can be found such that z(x) = = Z,», since
z(x) follows a standard normal distribution under the null hypothesis. Under

these circumstances, the Bayes factor of H, over H, is given by

2 2
BFy = 1+2 % exp| -1 20 2(y)]. (2.1.2)
o 2no,+o

The first implication of equation (2.1.2) is that as the sample size grows,
the Bayes factor tends to infinity in support of Ho, even if the data correspond
to a p-value that implies rejection. This result comes in opposition to
frequentist tests’ rejection of null hypotheses for large sample sizes, hence the
apparent paradox. A second important implication was noted by Bartlett, who
pointed out that the Bayes factor also supports the null H, when the prior
variance o,° of parameter 6 becomes very large. In fact, it has been
demonstrated that making the prior variance arbitrarily high will
systematically lead to preference for the simplest hypothesis regardless of the
data (Wagenmakers et al., 2010).

The consequence of the latter result is that diffuse or flat priors are risky
choices in Bayesian hypothesis testing. Diffuse priors are used liberally in
problems of parameter estimation because they are a convenient way to

represent ignorance, and thus lead to “objective” posterior results. Due to the
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Lindley paradox (from Bartlett’s side), this approach does not lead to valid
results in hypothesis testing when the prior is specified carelessly. The use of
relatively non-informative priors will lead to activation of the Lindley
paradox and to eventual undermining of the inferential process. The use of
improper priors is similarly proscribed, as they lead to divergent marginal
likelihood integrals that require unknown multiplicative constants to be fully
determined (Ntzoufras, 2011), making the computation of Bayes factors
infeasible (Carlin & Louis, 2000).

One solution is to avoid diffuse priors in Bayesian hypothesis testing
(Shafer, 1982). Other researchers refer to the absence of the Lindley paradox
in the case of interval parameter hypotheses as an indication that the problem
is due to the philosophy of point null hypotheses, and not due to the prior
distributions (Aitkin, 1991). Another group of researchers, including Jeffreys,
suggest not to be bothered by the use of improper priors on nuisance
parameters appearing under both hypotheses, since evidence suggests that this
approach does not severely affect results (Kass & Raftery, 1995). Another
seemingly obvious solution could be the use of the Schwarz criterion, as it has
the property of being asymptotically independent of any prior distribution.
However, its inaccuracy and ambiguity concerning which sample size is
sufficient for the validity of its asymptotic results, make it a subpar choice
(Kass & Raftery, 1995).

While some researchers attempt to reconcile the apparent contradictions
introduced by the Lindley paradox on a philosophical level (Spanos, 2013,
and Robert, 2014), others have followed the more practical approach of
proposing modified versions of Bayes factors that allow the use of improper

priors, and are more robust to changes in prior variance.

2.2 Bayves Factor Variants

This section presents some alternative versions of the Bayes factor, most

of them adapted to accommodate the use of improper parameter priors. A
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summary definition is provided along with a description of their most

important properties, advantages, and possible drawbacks.

Pseudo-Bayes Factor

This variant (Geisser & Eddy, 1979, and Gelfand & Dey, 1994) is based on
a cross-validation criterion of leave-one-out predictive densities. Let x = {xi,
X2, ..., X,} be the sample, and let x denote the set x\x,,k€({1,2,..,n}. If
Xu 1s used to turn a prior p(6) into a proper posterior p(f|xwx), then the

pseudo-Bayes factor is given by

n

(f@u fo(xk|(90)p0(90|x(k)) d(go)

1

BF =t (2.2.1)

I/

3

11 (IQI f1(xk|91)171(01|x(k))d‘91)
Local Bayes Factor

This Bayes factor variant was developed by Smith and Spiegelhalter
(1980), and Spiegelhalter and Smith (1982) with the aim of allowing the use
of improper priors when comparing nested linear models. To illustrate the
concept, assume we compare hypotheses H, and H,, with improper priors p,

and p, respectively for parameter 6, such that

(2.2.2)

where go and g; are functions with finite integrals, and co, ¢; are some
unknown constants. While these improper priors do not affect posterior
densities, their impact on Bayes factors is critical. In this problem, the Bayes

factor of the compared hypotheses equals

BF =X , (2.2.3)
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so when the ratio of multiplicative constants is unknown, it is impossible to
make any inferences. The solution of the local Bayes factor entails using an
imaginary sample x, called a ‘training set’ to estimate the ratio c¢o / ¢;. That

estimate is given by

(0) f@ f(x,00,)g,(0,)d0,
:BFOI X 1
J'@Uf(xowo)go(go)dﬁo

: (2.2.4)

where BF(OOI) represents the Bayes factor calculated using the training set

alone, but is arbitrarily set to 1. Finally, the desired Bayes factor is

approximated using the original data:

X = . (2.2.5)

While this approach is imaginative, it raises two important objections.
First, no definitive rule on how to construct the training sample exists. Smith
and Spiegelhalter state that it has to be the smallest possible sample that
results in proper posterior distributions'' while maximizing support for the
simplest hypothesis, but these criteria are somewhat vague. Second, the
decision to set the training sample Bayes factor equal to 1 is dubious and

lacks rigorous justification (Gill, 2014).

Posterior Bayes Factor
Another variant that allows the use of improper priors is the posterior
Bayes factor, proposed by Aitkin (1991), which replaces the usual marginal

likelihood ratio with the ratio of posterior means:

11 Such a sample is referred to as a ‘minimal sample size’. Specifically, it is the smallest
possible sample size that results in finite marginal likelihoods using objective priors,

and is typically the number of parameters in a model.
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o _ Lo, Solx100) pu(04x)dt, .
v .[@ fl(x|91)p1(01|x>d91‘ (220

1

Although the use of the posterior is an attempt to make it robust to the
prior (Gill, 2014) the double use of the data has drawn criticism, as it results
in violation of the likelihood principle, and a tendency to support more

complicated models (Ntzoufras, 2011).

Partial Bayes Factor

This variant, proposed by O’ Hagan (1995), relies on subsamples of the
real data, rather than imaginary ones. Specifically, it subsets the data x into a
training set y, uses it to turn improper priors into proper posteriors, and uses
those with the rest of the data z to define the Bayes factor BFi(z|y). The
undetermined ratio of multiplicative improper prior constants is eliminated by
the property that BF(z|y)=BF,(x)/BF,(y). The partial Bayes factor has
the asymptotic property of consistently picking the correct model when the

size ratio |x| / |y| tends to infinity (Gill, 2014).

Fractional Bayes Factor

In the same paper where he presented the partial Bayes factor, O’ Hagan
also presented another variant that aimed to minimize the importance of
training set selection. If x and y are the full data and the training set
respectively, the author defines their size ratio # = |y| / |x|, and uses the
formula f(y|0) = f(x|0)" to approximate the training sample likelihood through
the size-adjusted full sample likelihood. This approximation leads to the

fractional Bayes factor, given by

|
X

BF} (x)="+~ (2.2.7)
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This approach replaces the choice of training sample with the less
restrictive choice of its size, but creates the need for constant adjustments

when Bayes factors have to be updated for new observations (Gill, 2014).

Intrinsic Bayes Factor

This variant was developed by Berger and Pericchi (1996a, 1996b).
Similar to the partial Bayes factor, it uses subsamples that can turn improper
priors pi(6;) into proper posteriors, and then uses said posteriors to construct

Bayes factors. For subsample x(/), authors define

o o x(=1)18y, x(1)) po(0,lx(1))db, N N
BFm(x(l>)={ °f EX(—Z)W x(l);l; Eﬁ W);de =BF X BF(x(1)),  (2.2.8)

1

where x(—/) denotes all data points except those in subset x(/), p.(0]x(/)) is
a proper posterior of #, BF), is the common Bayes factor, and BFiVO(x(l)) is
a Bayes factor using only the data from the subset x(/). The superscript N
denotes the use of improper (non-informative) parameter priors, and the final
product in equation (2.2.8) demonstrates that any undetermined multiplicative
constants from these improper priors necessarily cancel out.

The authors bypass the problem of how to select x(/) by averaging BF (/)
over all possible sample subsets that fulfil the necessary criteria. If S such
subsamples exist in total, then the (arithmetic) intrinsic Bayes factor can be

calculated by

BF =< 2 BFy (x(1)), (2.2.9)

but other summary statistics can be used, like a geometric mean, a harmonic
mean, or a median. While averaging over all potential training sets fixes the
problem of selection, it is at the same time a drawback. In settings where
sizeable samples are common (e.g.: social sciences) the number of potential
training sets becomes prohibitively large for the method to be used as

intended, and random sampling has to be employed instead (Gill, 2014).
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Additionally, computing a summary statistic of the individual Bayes factors
leads to multiple use of the data, making it a non-fully Bayesian model

selection procedure.

To the extent that the aforementioned Bayes factor variants enable the use
of improper priors, they can be considered steps towards a more objective
approach to model selection. However, the fact that they still rely on entirely
subjective choices (specification of training set or its size) seems to defeat
that very purpose, and makes them less than ideal. The question of what
constitutes truly objective analysis has been of great interest to statistical
researchers, and many have attempted to provide a coherent definition of the

concept in the service of Bayesian inference.

2.3 Objective Bayesian Analysis

The need to define ‘objective’ versus ‘subjective’ Bayesian analysis has
sparked discussions that transcend statistical inference altogether, and take on
philosophical dimensions. One such recent suggestion by Gelman and Hennig
(2017) has been to abandon this inadequate binary paradigm, and to replace
‘objectivity’ with concepts such as ‘transparency’ and ‘impartiality’, and
‘subjectivity’ with ‘context dependence’ and ‘awareness of multiple
perspectives’. Despite such efforts, no universally agreed upon definition of
objective Bayesianism exists, and many Bayesian researchers even go as far
as to claim that no form of statistical analysis can be truly objective (Berger,
2006).

Since objective Bayesian model comparison is a subset of objective
Bayesian analysis, it naturally follows that the lack of strict definition for the
latter applies to the former as well. Despite that, a conventional understanding
of objective Bayesian model comparison does exist, and it mainly revolves
around prior distributions and how they can be optimized to be as

uninformative as possible. Research in this context traditionally involves the
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proposal of new methods and priors, followed by post hoc evaluations of their
objectivity, as well as other properties which ensure a well-behaved model

comparison methodology.

2.3.1 Criteria for Objective Bayesian Model Comparison

Researchers Bayarri et al. (2012) presented a list of seven strictly defined
criteria that future objective priors should fulfil. They are categorized into
four different classes:

* One basic criterion

* Three consistency criteria

*  One predictive matching criterion

* Two invariance criteria

The notation that follows is:

M,: f,(x|a) for the full model,
M,: f.(xla, B;) for other models,

where f; are vectors of model-specific parameters, a is the vector of common

ones, and p(a,p)=p:(fia)pia) is the joint parameter prior, for i€ {1,2,...,N}.

Criterion 1: Basic

This criterion states that prior distributions p;(f:|a) for model-specific
parameters should be proper, to prevent the emergence of undetermined
multiplicative constants that would render the Bayes factor arbitrary.
Furthermore, they should not be excessively vague, in the sense of attributing

almost all of their mass outside of reasonable parameter values.
Criterion 2: Model Selection Consistency

Assuming that one of the models being compared is the true one, this

criterion states that priors should be chosen in such a way so that the true
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model’s posterior probability converges to 1 as the sample size diverges to
infinity. If several priors satisfy this requirement, it seems reasonable to
prioritize them according to their speed of convergence (Consonni et al.,

2018).

Criterion 3: Information Consistency
If for any model M, a sequence x, of n-sized datasets exists such that the

likelihood ratio

_Supa,ﬁ,fi(xn|a , ,Bl)
AiO(yn)_ Supafo(xn|a)

—o as n—oo, then BF,(x,)—oo. (2.3.1)

In other words, asymptotically and for the same sets of data, the ratio of
likelihoods averaged with a prior as a weight (Bayes factors), should lead to

the same conclusion as the ratio of maximized likelihoods.

Criterion 4: Intrinsic Prior Consistency

It is sometimes possible for model features such as sample size n or even
the data themselves to affect the form of a parameter prior. This criterion
states that when this is the case, these effects should disappear as n becomes

asymptotically large, and that the prior p.(f;

a,n) should converge to a proper

one p«fia), called an intrinsic prior when it exists.

Criterion 5: Predictive Matching

Before this criterion is described, the concept of predictive matching
should be defined. Two models M; and M; with priors p; and p; respectively,
are ‘predictively matched’ for a sample size m when their marginal
likelihoods based on an m-sized sample are close (in terms of some distance
measure), and ‘exactly predictively matched’ when they are equal.

The idea behind this criterion is that when using a minimal sample size it
should not be possible to draw support for any hypothesis, since all degrees of
freedom are expended on setting parameters and none are left for model

discrimination. Proceeding from this intuition, the criterion states that for an
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appropriately defined minimal sample size used in comparing two models,
parameter priors should be chosen in such a way so as to at least result in
predictive matching (Bayes factor close to one), when the ideal outcome of

exact predictive matching (Bayes factor equal to one) cannot be obtained.

Criterion 6: Measurement Invariance
This is the shortest of the criteria in terms of description. It states that
units of measurement used for observations or parameters should not affect

Bayesian answers.

Criterion 7: Group Invariance
If the models being compared have density structures that are invariant to

a group transformation Gy, then prior distributions pi(f:|a) should be chosen
so that the marginal distributions fl.(x|0c)=ffi(x|a,,3i)pi(ﬂi|a)d,b’i are also

invariant under that transformation.

2.3.2 Frequentist Properties of Bayesian Tests

As previously mentioned, frequentist methods are dominant in science,
while Bayesian ones find researchers hesitant to adopt them, in large part due
to the stigma of subjectivity. One way to bridge this gap could be to
demonstrate that the two approaches are actually complementary, and that
seemingly conflicting results are not necessarily irreconcilable. Objective
Bayesian methods are the most promising route towards that goal (Bayarri &
Berger, 2004), unifying Bayesian and frequentist conclusions in a wide
variety of statistical problems, or imbuing Bayesian answers with often
needed frequentist properties (Berger, 2006).

Regarding model comparisons, one major consolidation of Bayesian and
frequentist results was achieved by connecting Bayes factors to a powerful
but underappreciated modification of classical testing, called ‘conditional

frequentist testing’. The idea is to allow type I and II error rates to vary by
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conditioning them on a statistic that measures the strength of the evidence,
rather than keeping them constant throughout tests. Building upon existing
ideas, researchers Berger et al. (1994) and Berger (2008), outlined this
method when comparing simple hypotheses Hy, and H; (although it has since

generalized to accommodate comparisons of composite hypotheses as well):

*  Calculate the usual p-values po and p;, when H, and H, are the null
hypotheses respectively.

*  Define statistic S = S(x) = max{po, pi}.

* Reject H if py < p1, reject H, otherwise.

* Report conditional type I and II  error probabilities

o(S)=P(Reject H |S, H,), and B(S)=P(AcceptH |S, H,).

The connection of conditional frequentist testing to Bayesian testing was

achieved when the authors proved that

(2.3.2)

when assuming equal prior probabilities for the hypotheses. The result
benefits both sides, as Bayesians can use objective methods to give
frequentist interpretations to their results, and frequentists can calculate
conditional error probabilities through the Bayesian route without having to
perform complex computations.

Another interesting method of connecting frequentist and Bayesian
conclusions in hypothesis testing, is the minimum Bayes Factor (Goodman,
2001, and Page & Satake, 2017), which allows the construction of an
“exchange rate” between Bayes factors and p-values, enabling direct
comparison of results. The minimum Bayes factor is designed to reflect the
greatest amount of evidence against the null hypothesis for a given p-value. In
doing so it provides an objective lower bound on Bayes factors, making it an

example of an objective Bayesian procedure (Held & Ott, 2018).
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For tests based on the assumption of a normally distributed (or
approximately so) test statistic, the minimum Bayes factor of null H, vs H, is

given by

ZZ
MBFm:exp(—T), (2.3.3)
where Z is the number of standard errors away from the null value. For
example, a p-value of 0.05 (Z = 1.96) corresponds to a minimum Bayes factor
of 0.15 (Page & Satake, 2017), meaning that the evidence supports the null

15% as strongly as it does the most plausible alternative.

3 2 1.5 1 0.5 0

1.0

Minimum Bayes Factor

00 02 04 06 08

0.0 0.2 04 06 0.8 1.0

p-value

Figure 1: Comparison of p-values and minimum Bayes factors for a two-sided

test. Blue dot is the example of p = 0.05.

Minimum Bayes factors have been claimed to be at least as objective as p-
values, and have demonstrated that in many cases p-values tend to overstate
the evidence against a null hypothesis (Goodman, 1999b). Other techniques
that attempt to bridge the gap between Bayesian and frequentist testing are the
posterior and partial posterior predictive p-values, both of which use
objective priors with the data to derive posterior densities, and proceed to

calculate the p-values through them (Bayarri & Berger, 2004).
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2.4 Popular Priors

This section provides a short description for a selection of popular priors
used in objective Bayesian analysis, their properties, advantages, and

disadvantages.

g-Prior
Proposed by statistician Arnold Zellner (1986), g-priors are used to model
the behavior of covariate coefficients in problems of multiple linear

regression. Let m; be one such model, where

YIX,, B0’ m~N,(X,p,.0°1,), (2.4.1)

)

YeR"™! is the observations vector, X,ER"X(”’+1 is the design matrix, p; is the

number of non-intercept covariates, f; is the vector of covariate coefficients,

o’ is the variance, and I, is an identity matrix. The g-prior on f; is given by

Blo* m~N, . \(n,.g(X] X)) 6], with p(c’lm)oco. (2.4.2)

The prior mean u, can be set equal to zero, or specified using imaginary

data, preferably generated from the null model. These priors allow for closed-
form expressions of posterior distributions, are computationally efficient, and
relatively easy to use since the only unspecified hyperparameter is g. For g =
n, g-priors asymptotically lead to Bayes factors that behave like a BIC-based
model selection procedure. While consistent in terms of model selection, g-
priors have the drawback of information inconsistency (Liang et al., 2008, and

Consonni et al., 2018).
Hyper-g and Hyper-g/n Prior

Building upon Zellner’s suggestion to treat hyperparameter g in g-priors

as a random variable that follows some prior distribution p(g) (Zellner, 1986),
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researchers Liang et al. (2008) introduced the family of hyper-g-priors, where
g has a probability density

-2 =<
p(g)=a2 (1+g) *, g>0, (2.4.3)

which is proper for any a > 2. This distribution corresponds to placing a
Beta(l, a/2 — 1) prior on parameter w = g/(1 + g), which is a factor controlling
the posterior shrinkage of the non-intercept, centered covariate coefficients.
One disadvantage of hyper-g priors is their tendency to inflate posterior
inclusion probabilities of unimportant covariates towards 0.5 (Consonni et al.,
2018). Like g-priors, hyper-g-priors are computationally efficient, and have
the added advantage of being information consistent. They are also model
selection consistent, except in the case where the true model is the intercept-
only model (Liang et al., 2008). This latter limitation is fixed by a slight
modification called the hyper-g/n prior, where g has density

S

p(g)=a_2(1+§)2, g>0. (2.4.4)

Robust Prior

This prior was proposed by Bayarri et al. in the same paper where the
seven criteria of objective Bayesian model selection were presented (Bayarri
et al., 2012), and it satisfies all of them in the context of multiple linear
regression. For a comparison between models m, and m;, the robust prior

under m; is given by

0

Pf(ﬂo:ﬁz\o:C’)‘xUﬂf Np,_po(ﬁz\o
0

0,8%,)7"(g)dg, (2.4.5)

where f, is the coefficient vector of the covariates that are common to both

models'?, while pB,, is the coefficient vector of covariates exclusive to

12 This does not imply that S, is the complete covariate coefficient vector of my, or that m,

is necessarily nested within m;.
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model m;. Also Zz\ozaz(VlT\on\o)_l’ Vl\():([n_XO(XgXO)_lXg)Xl\()’ Xo
and X,, are design matrices, p; and p, are numbers of non-intercept

covariates under m; and m, respectively, ¢* is the variance, and

7" (g)=alp,(b+n)"(g+b) 1 10 trn) oy (2.4.6)

with @ > 0, » > 0, and p, > b/(b+n). Robust priors have the advantage of
providing closed-form expressions for Bayes factors. For a default parameter
value of a = 3, the hyper-g prior can be derived from a robust prior with
parameters « = 1/2, b = 1, and p;' = n + 1, while the hyper-g/n prior from a
robust prior with parameters « = 1/2, b = n, and p;' = 2 (Consonni et al.,

2018).

Shrinkage Priors

When dealing with regression problems of high dimension, it is crucial to
identify unimportant regression covariates, and discard them. This way, we
can reduce the model to a (computationally) manageable size in terms of
parameters. That can be achieved with various regularization methods that
introduce a penalty in their estimation procedure, which eliminates
components with trivial effects. In the Bayesian framework, such
regularization methods can be implemented using special ‘shrinkage priors’
(van Erp et al., 2019). One of the older regularization methods, called Ridge
regression (Hoerl & Kennard, 1970) can be carried out in the Bayesian

context by having covariate coefficients f; follow the conditional prior

2

,Bj|/1,02~N(0,07), je{1,2,...,p}, where Ai~Cauchy_,(0,1) (2.4.7)

is the penalty parameter that controls the amount of shrinkage (Hsiang, 1975).
Another popular regularization method is the LASSO (Tibshirani, 1996),

which can be implemented under the Bayesian paradigm by having
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ﬁj|r§,02~N(O,azri),
2

T?,|/12~Exp(%), JE1,2,..., p}, (2.4.8)

A~Cauchy _,(0,1).

Many other shrinkage priors have been proposed as default choices for
high-dimensional problems, and more are being developed and assessed based
on their computational efficiency, frequentist properties, and ease of
interpretation. More on the subject can be found in Consonni et al. (2018),

and van Erp et al. (2019).

2.5 Point versus Interval Hypotheses in Bayesian Testing

The majority of statistical tests involve a formulation of the null
hypothesis as a point, or Hy: 8 = 6, referred to as a point null hypothesis.
This approach has long served statistical analysts in many fields of science,
and researchers have claimed that it is a good approximation to the actual
problem in a large number of cases (Berger & Sellke, 1987). Many others
however, have expressed criticism against it and have argued that in practice,
a point null hypothesis can rarely, if ever, hold exactly (Held & Ott, 2018,
Morey & Rouder, 2011, and Kim & Robinson, 2019). In the words of
statistician Jacob Cohen: “/The point null hypothesis] can only be true in the
bowels of a computer processor running a Monte Carlo study (and even then
a stray electron may make it false)” (Cohen, 1992). A consequence which
appears in both frequentist and Bayesian testing, is that even when the true
value differs from the point null by a margin of no practical importance, the
hypothesis may still be rejected given an adequate (yet indeterminate) sample
size (Morey & Rouder, 2011).

A suggested solution is to abandon the point null hypothesis formulation

in favor of an interval-based one (Fig. 2) (Hodges & Lehmann, 1954).
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Figure 2: An example of a point null (left) compared to an interval null

hypothesis (right).

An example of such a test is the minimum-effect test, comparing hypothesis
Hy: |0 — 6| <0 versus H,: |0 — 6y > d, where 0 is determined by the researcher,
and signifies the maximum difference between the null and the true value that
can be considered unimportant. Many other types of interval null tests exist,
and Bayes factors provide an easy way to implement them; all needed are two
prior distributions for the parameter in question, with supports on the

parameter value regions defined by each hypothesis.

2.5.1 Local and Non-Local Prior Approaches

When both null and alternative hypotheses are intervals, it is not sufficient
to only define how the parameter of interest is distributed under the
alternative; a similar distribution is required for the null hypothesis as well.

Suppose null Hy is compared to alternative H, for parameter 8 € O, such that

H,:0~p,(0), 0€6,,

H,:0~p,(0), 6€0,, (2.5.1)
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where ©,n0,=0, O,U0,=0, and p,(0)=0 YO€O,. When prior pi(0) is
positive on 6, it is called a ‘local alternative prior’, and H; a ‘local
alternative hypothesis’.

Historically, most Bayesian hypothesis tests have relied on local priors,
but practical and philosophical arguments against their use exist. A general
objection is that the existence of a parameter region which is consistent with
both hypotheses eliminates any notion of meaningful distinction between
them. In the case of interval null tests, it has been observed that hypotheses
with common support can make Bayes factors converge to finite non-zero
values for large sample sizes (Morey and Rouder, 2011). This behavior
violates the model selection consistency criterion of objective analysis. In the
case of point null tests, an undesirable feature is a severe imbalance in the
rate of accumulation of evidence. When the alternative hypothesis is true,
evidence in its favor accumulates at an exponential rate, but when the null is
true, evidence in its favor accumulates at a sublinear rate (Johnson & Rossell,
2010).

A solution to these problems is the use of alternative priors that have no
common support regions with the null. Morey and Rouder (2011) proposed
the use of ‘non-overlapping’ priors for interval null tests, while researchers
Johnson and Rossell (2010) proposed ‘non-local’ priors for point null tests.
Such priors improve the balance between rates of evidence accumulation, and
vastly enhance the asymptotic ability of Bayes factors to detect true
hypotheses (Morey & Rouder, 2011, and Johnson & Rossell, 2010). Non-
overlapping priors are straightforward (Fig. 30, Appendix), but as non-local
ones are more complicated, a strict definition is necessary. Here, we adopt the
definition of Johnson and Rossell (2010). Under the conditions described in

(2.5.1), prior pi(#) is called a ‘local alternative prior density’ when

3e>0: p,(0)>e V0€06,, (2.5.2)

and a ‘non-local alternative prior density’ when ¥V ¢ > 0 3 { = {(¢) such that

43



CC BY: Attribution alone 4.0 https://doi.org/10.26219/heal.aueb.6623
https://creativecommons.org/licenses/by/4.0/

pi(0)<e VO€O: inf, ,(10-0]<(. (2.5.3)

Such a definition imposes a smooth transition to zero on the alternative prior

when moving from 0, to ©,, visualized in Fig. 3 and 4.

[(w]
=T | Hypothesis
| B [ull
] 8 Alternative
o 7 |
|
=
o |
= |
(73] (o]
S © 7 |
o |
g |
|
PR |
|
o
=g
T T T T T T T
-3 -2 -1 0 1 2 3
Parameter &

Figure 3: Point null hypothesis with non-local alternative prior.
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Figure 4: Interval null hypothesis with non-local alternative prior.
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2.6 Closing Remarks

While the various schools of objective Bayesianism succeed in resolving
many deficiencies of broader Bayesian inference, they are not entirely free of
shortcomings themselves. In particular, the extensive use of improper priors
in objective Bayesian analysis is criticized as an erroneous utilization of
probability theory, since improper priors are not true probability distributions.

Another criticism is the myopic focus on the prior distribution when it
comes to subjectivity. The form of the likelihood, following from the choice
of model, has the capacity to affect results, just like the prior. Therefore, the
degree to which choice of model is arbitrary, is the degree to which
approaches that seek to eliminate subjectivity should take it into
consideration. However, it is often the case that objective priors cannot be
chosen independently of model, with the latter being a prerequisite for the
former. Objective Bayesians claim that a statistical model provides the
general context, without which it is not possible to define the notion of
objectivity. Hence, any drawbacks resulting from the model-dependent priors
are the price that we have to pay in order to achieve a certain degree of
objectivity (Berger, 20006).

Finally, objective Bayesian methods lack the solid axiomatic foundations
that subjective Bayesian methods have, resulting in a variety of incoherences
like the marginalization paradox (Dawid et al., 1973). The topic of objective
Bayesian analysis is still under intense research. New objective priors are
being proposed and added to the existing arsenal, which is already large
enough to overwhelm any casual analyst. Having such a great variety of
objective Bayesian approaches at hand can distract from the fact that
subjective Bayesian methods work sufficiently well in the majority of

problems (Fienberg, 2006).
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CHAPTER 3

HYPOTHESIS TESTING IN CLINICAL TRIALS

3.1 Purpose and Design of Clinical Trials

Generally speaking, clinical trials are experiments that seek to measure
the safety or efficacy of different medical interventions in human subjects.
The focus of this chapter is on a particular subset of broader clinical trials,
known as ‘randomized controlled trials’ (RCTs), which draw conclusions after
a period of observing patients who have been randomly assigned to two or
more groups. One group, called the ‘control group’, receives the standard
treatment (or no treatment at all if it does not exist), and the other group(s)
receive(s) the new or competing treatments. The aim of such a trial is to
determine the efficacy of the new treatment in comparison with the standard
or other competing treatments'’>. RCTs have gained significant ground in
medical research during the past decades. When properly conducted, they are
the most reliable technique for evaluating medical interventions (Friedman et
al., 2015, and Pocock, 2013). In the following of this dissertation, ‘clinical
trials’ are to be understood as referring to RCTs, although the two terms are

not generally interchangeable in the academic literature.

3.1.1 Clinical Trial Phases

Before a new drug can be mass produced and released to the public, it has

to undergo a thorough, formal examination in order to establish its safety and

13 Concerns of whether individual patients are given optimal medical care are outside the

scope of clinical trials.
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efficacy. This process is typically organized into four phases, each with a

different structure and goal.

Phase 1

Generally performed on small groups of healthy volunteers, phase I trials
are conducted to establish drug safety. Their aim is to determine the drug dose
that can be administered without resulting in unacceptable toxicity levels.
Initial estimates are commonly extrapolated from tests on animals. After
multiple dosage-escalating experiments, the maximum tolerated dose (MTD)
is determined, which corresponds to the maximum accepted level of toxicity.
For example, it could be set as the dosage level at which a specified
percentage of subjects start to develop serious side-effects. The size of a
phase I drug trial usually ranges from 20 to 100 subjects (Mahan, 2014).
These sample sizes are flexible rules of thumb that are not strictly adhered to

in any trial phase.

Phase 11

After the MTD is established, drug trials move to phase II, where the
objective is to determine the effectiveness of a drug. They are conducted on
patients suffering from the disease that the drug is targeting (Armitage et al.,
2008), and monitor their response. While the typical size of a phase II trial is
greater than of a phase I, ranging from 100 to 300 subjects (Mahan, 2014), it
is still too small to provide adequate power for confirming treatment effects
(Friedman et al., 2015). Phase II trials can be thought of as screening
processes that select the most promising of drugs that can proceed to the next
phase of more extensive testing (Armitage et al., 2008). Optimal dose finding

is also a usual goal for a phase II trial.

Phase 111
In this stage, trials are usually comparative and confirmatory. They seek
to establish treatment efficacy according to a prospectively defined level of

evidence. Specifically, the drug under examination is compared to the
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standard form(s) of therapy, in order to evaluate its effectiveness. These types
of comparative trials are the most scientifically rigorous. They are the most
extensive clinical investigations of new treatments, and may require large
groups of subjects, even up to 3,000 (Mahan, 2014), in order to achieve
adequate power. Some researchers reserve the term ‘clinical trial’ only for
phase III experiments (Pocock, 2013), while referring to phases I and II as
‘clinical studies’ (Friedman et al., 2015). Statistical testing regarding
equivalence, superiority or non-inferiority of a new treatment is conducted

during this phase.

Phase IV

After completing phase III trials and being approved for public use, drugs
continue being monitored to identify potential efficacy and safety problems
that failed to be detected previously. Phase IV trials can be thought of as
‘post-marketing’ surveillance studies that examine how the drug works in the
real world. Although the scientific value of their conclusions is limited
(Pocock, 2013), they have the potential to detect adverse effects, and even
lead to drugs being recalled from the market (Mahan, 2014).

3.1.2 Principles of Clinical Trial Design

Clinical trials are essentially statistical experiments. Thus, they are
subject to basic principles of scientific experimentation, such as replication,
control of variability, and minimization of bias (Pocock, 2013, and Armitage
et al., 2008). The execution of a scientifically rigorous and valid clinical trial
largely depends on its design, which has to be planned carefully in advance, if
the desired result is to be achieved. This subsection lists the most important
aspects of a clinical trial’s design, and the considerations that have to be made

by the researchers with regards to every one of them.
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Randomization

As stated previously, clinical trials are studies of comparative nature,
because they categorize subjects into different ‘intervention’ and ‘control’
groups, in order to monitor their responses to new therapies. The assignment
of a subject to either the intervention or the control group, is not determined
by the researchers, but by a process of randomization. This leads to a more
balanced allocation of subjects across groups with regards to their prognostic
characteristics (e.g.: age, sex, smoker or non-smoker, etc.), ensuring that
differences in treatment outcomes will not be due to systematic reasons. For
example, an unbalanced allocation of smokers into the study groups of a trial
measuring lung health, would lead to biased results. Such a phenomenon is
referred to as ‘confounding’. Randomization of subjects is the standard
method for suppressing the effects of confounding, thus minimizing bias.
More importantly, random allocation guarantees the validity of statistical
tests, by making it possible to ascribe a probability distribution to the
differences in group outcomes (Friedman et al., 2015). Failure to perform
randomization properly can result in a trial that is just as biased as a non-

randomized one (Pocock, 2013).

Blinding

Even though proper randomization avoids bias from one source, it does
not entirely eliminate it. Patients’ knowledge of what treatment they receive
can induce psychological bias that influences their responses, and thus
distorts the trial’s measurements. A way to eliminate this is to mask the
treatments from the patients, or to use inactive duplicates of their medicine,
known as placebos. For example, if an old treatment A (control group) is
compared to a new treatment B (intervention group), they can be formulated
to look similar to each other, and clinical staff may administer them to
patients according to their group, without revealing each treatment’s identity.
In the case where a new treatment is being compared to the absence of
treatment, the control group receives a placebo version of the therapy

administered to the intervention group. This kind of masking where only the
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patients are unaware of their treatment is called ‘single-blinding’. However,
knowledge of treatment by the clinical staff can also lead to bias, as the staff
is responsible for monitoring, recording, and evaluating the patients’
responses. This can be avoided by concealing the identity of the treatment
from both patients and physicians, in what is called ‘double-blinding’. While
double-blinding is not always possible for more invasive treatments such as
surgery or chemotherapy, it is ideal for eliminating two potential sources of

bias during treatment evaluation (Friedman et al., 2015).

Trial Size

Clinical trials require an adequately large sample size, so that statistical
tests can have enough power to detect treatment effects. For any given
significance level a, power 1 — f, and expected treatment effect o, the
necessary sample size n can be estimated through power calculations. Choice
of treatment effect ¢ is usually based on what has been discovered in earlier
(i.e.: phase II) trials, or trials for treatments with similar mechanisms of
action. As the choice of J can be arbitrary, even in the presence of prior
knowledge, power calculations offer a mere approximation of the required
trial size (Armitage et al., 2008). For example, if the expected observed effect
o 1s overestimated, the sample size will turn out to be insufficient, resulting in
an underpowered trial. Ultimately, the final choice is up to the researchers,
who are tasked with defining a trial size large enough to detect important
effects, yet small enough so as not to render the experiment infeasible or

unreasonably costly.

Protocol

A crucial part of every clinical trial is the protocol. It is a formal
document which describes in exhaustive detail every aspect of the study’s
design, conduct, and analysis. It is written before the implementation of the
trial and it serves as a well planned guide. A protocol not only assists
communication among the trial’s research staff, but also provides information

regarding the trial to third parties such as inspectors or regulatory agencies. It
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describes the trial’s motivation and goals, how patients are to be enrolled,
randomized, examined, how data are to be collected, analyzed, and assessed,
along with various administrative details and sources of funding. An
important part of the protocol is the statistical analysis plan (SAP), in which
every detail of the statistical analysis to be conducted is described (e.g.: tests
to be performed, adjustments for multiple comparisons, handling of missing
data, etc). Various guidelines have been published on how to write proper
protocols that adhere to international standards, such as the SPIRIT 2013
Statement (Chan et al., 2013).

3.1.3 Ethical and Legal Considerations

Since clinical trials are experiments on human subjects, several ethical
issues arise that have to be dealt with. At their core, these ethical issues are
mainly about finding a balance between patient suffering, and medical
progress through experimentation. One major ethical conundrum is the claim
that administering placebos to patients amounts to deceiving them (Pocock,
2013). Another ethical problem arises when a study is not yet complete, but
accumulating evidence starts to indicate that one treatment may be superior to
another. Under these conditions, it could be considered unethical for a doctor
to continue providing an inferior treatment to one group of patients. These
kinds of problems have been studied by medical and legal experts, leading to
the creation of international ethical guidelines that clinical research has to
adhere to, such as the Declaration of Helsinki (World Medical Association,
2001). Ethical considerations may also be codified into national law, whereby

each country sets its own standards.
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3.1.4 Regulation of Statistical Aspects of Clinical Trials

Claims concerning the efficacy of proposed new drugs translate to
statistical hypotheses to be tested in the light of data emerging from
appropriate studies (e.g.: phase III randomized controlled trials). Claims can
also refer to the efficacy of generic or biosimilar products, in which case the
hypothesis of interest is the equivalence between the currently approved
product, and its potential generic/biosimilar replacement.

The use of statistics in drug authorization is regulated (International
Council for Harmonization of Technical Requirements for Pharmaceuticals for
Human Use, 1998) in order to ensure public health safety. There are several
regulatory guidelines dictating the statistical methods to be employed for
specific inferential problems commonly encountered in drug development
(European Medicines Agency, 2014 and 2017, and U.S. Food and Drug
Administration, 2017). Such guidelines are mostly driven by the desire for
strictly confirmatory inference regarding drug efficacy. The strive for
‘objectivity’ in decisions concerning drug licensing, has given frequentist
statistics an indisputably dominant position in the field of drug development.
Frequentist hypothesis testing (i.e.: null hypothesis significance testing, or
NHST) is founded on the concepts of type I (false positive) and II (false
negative) errors and their long-run rates of occurrence, which in turn are
established as the decision criteria in drug authorization.

Bayesian methods, however, are receiving increased attention and are
being encouraged for use in specific areas of medical research, despite not
being premised on the long-run control of type I and II errors. For example,
the U.S. Food and Drug Administration (FDA) has released guidelines on the
use of Bayesian statistics, where it urges a simulation-based evaluation of
clinical trial operating characteristics (type I and II errors rates) (U.S. Food
and Drug Administration, 2010). Apart from highlighting the critical
importance of controlling type I and II error rates in clinical research (a
traditionally frequentist achievement) this also indicates that Bayesian

methods can be appropriately adjusted to fulfil similar requirements.
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3.2 Tests for Superiority, Equivalence, Non-Inferiority

The three most common types of tests conducted in clinical trials are the
superiority, equivalence, and non-inferiority tests. This section presents the
motivations behind them, and how they are implemented within the

frequentist framework.

Superiority Testing

Traditionally, most clinical trials have been conducted in order to establish
the superiority of a new treatment to a standard treatment (or to the absence
of treatment) (Friedman et al., 2015). That can be determined by a one-sided

test called a superiority test, formulated as

H,:0=0,

H 050, (3.2.1)

where 6 is the treatment effect difference (Orreatment — Ocontro, assuming higher is
better). This is equivalent to the lower end of a 100(1 — a)% confidence

interval for @ being greater than zero (Fig. 5).

Superiority established

Superiority not established I

Superiority not established

- L

Treatment effect difference 8

Figure 5: Visualized confidence interval conclusions for superiority testing.
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Equivalence Testing

A common goal of clinical trials is not to determine whether a new
treatment is superior to the standard one, but whether the two treatments are
equivalent in their effects. If equivalence is established, no other better
treatment is available, and the new treatment is known to have lower cost,
fewer negative side-effects, or other advantages, then it makes sense to
replace the standard treatment with the new one. Equivalence is not meant in
the strict sense that the two treatments have exactly equal effects, but rather
that they are close enough to be considered equivalent. This “closeness” is
defined by an equivalence margin that is chosen by the researchers, and
signifies the maximum acceptable difference between the treatment effects
that can be considered unimportant. In terms of hypotheses, equivalence tests

arc expressed as

: 0
H.:0€(0,,0,), (3:2.2)

where @ is the treatment effect difference, and 8. < 0 and Ay > 0 are the lower
and upper equivalence margins respectively. Equivalence can only be asserted
when H, is rejected. This can be determined by conducting two one-sided

tests (TOST), through the following steps (Armitage et al., 2008):

1. Test Hio: @ = 6, against Hy,: 6 > 6., and derive p-value p;.
2. Test Hx: 8 = Oy against H>i: 6 < Oy, and derive p-value p,.

3. If p = max{pi, p.} < a/2, we reject H, and assert equivalence.

Visually, equivalence is demonstrated when a 100(1 — a)% confidence
interval lies entirely within (6., 6u) (Fig. 6). In classical point null
equivalence tests where Hy: € = 0 and H,: 6 # 0, it is not possible for p-values
to quantify evidence for H,. The TOST procedure constitutes a creative
workaround by moving the assumption of equivalence from the null to the
alternative hypothesis. This enables quantification of evidence against non-

equivalence, and hence for equivalence.
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Figure 6: Visualized confidence interval conclusions for equivalence testing.

Non-Inferiority Testing

Following a motivation similar to the one behind equivalence tests, non-
inferiority tests have the goal of demonstrating that a new treatment is not
worse than the standard treatment. Just like in equivalence tests, the phrase
“not worse than” is not literal, but defined by an effect difference between
some negative margin and zero (assuming positive values imply
improvement). A value within this interval technically implies an inferior
treatment, but researchers tolerate it for the sake of the treatment’s other

potential benefits. The hypotheses being compared are

H,:0=0,

H 05 (3.2.3)

where 6 < 0 is the non-inferiority margin. Rejecting the null and establishing
non-inferiority is equivalent to a 100(1 — @)% confidence interval with its

lower bound greater than ¢ (Fig. 7).
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Figure 7: Visualized confidence interval conclusions for non-inferiority

testing.

Superiority, equivalence, and non-inferiority tests are crucial in
biomedical research, but their implementation from a frequentist perspective
makes them vulnerable to the drawbacks inherent in frequentist inference, as
described in Chapter 1. Bayesian methods in general, and Bayes factors in
particular, resolve many of these deficiencies, and have inferential properties
that make them increasingly popular in clinical trials (van Ravenzwaaij et al.,

2019).

3.3 Bayesian Methods in Clinical Research

Despite the historical dominance of frequentist approaches, Bayesian ones
have become increasingly prominent in broader biomedical research (Xuefeng
& Yunling, 2011, and Ashby & Smith, 2000). Areas other than phase III
clinical trials include diagnostic testing, epidemiology, survival analysis and
meta-analysis (Ashby & Smith, 2000, and Ibrahim et al., 2012). Due to its
flexibility, the Bayesian approach is better equipped to deal with complex
models, such as longitudinal or hierarchical ones, which are common in health
research (Xuefeng & Yunling, 2011, Ibrahim et al., 2012, and Berry, 2006).

Furthermore, to the extent that the goals of confirmatory clinical trials are
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decision-oriented rather than inferential, it has been argued that Bayesian
decision rules are an optimal choice (Ashby & Smith, 2000).

Regardless of whether the goal is decision-making or inference however,
the incorporation of evidence from past studies can be of great importance.
Through the prior distribution, the Bayesian framework allows for elegant
incorporation of historical data and expert opinion into any ongoing study.
Spiegelhalter et al. (1993, 1994) have promoted the use of a wide range of
such prior distributions, loosely categorizing them into:

* Vague or reference priors, used to represent ignorance by being

minimally informative.

* Clinical priors, formalizing the opinions of well-informed medical
experts.

* Sceptical priors, representing the beliefs of researchers unenthusiastic
about the new treatment, and their doubts that it will have any large
effect.

* Enthusiastic priors, representing beliefs opposite to those behind
sceptical priors, and a reluctance to stop the experiment even when
evidence supporting the null hypothesis (no treatment effect) has
started to emerge.

Another proposed prior that utilizes historical data is the power prior

(Ibrahim et al., 2012, and Campbell, 2017)

p(‘9|xo:ao)ocpo(0>f(xo|0)%: (3.3.1)

where x, are the historical data, p, is the prior before xo were observed, and a,
is a scalar from 0 to 1 that controls the influence of the historical data. For ay
= 1, the power prior is equal to the posterior from the old data, while ao = 0 is
equivalent to historical data having zero influence. Using a power prior in a

problem with new data x and historical data x, returns a posterior

p(Olx.xq,00)oc po(0) £ (x,]0)* £ (x]0). (3.3.2)
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When it comes to phase III clinical trials, Bayesian methods not only offer
a basis for inference, but also for the regulation of various aspects of the
trial’s design, such as sample size (Whitehead et al., 2008). They are thus
particularly well-suited to adaptive design trials, where adjustments take
place according to the observed data (Jack Lee & Chu, 2012, and Chang &
Boral, 2008). In an example related to stopping rules, researchers may employ
data monitoring and prior-to-posterior analysis to predict the probability of
observing a certain effect 6 ~ p(d|x), if the trial continues (Spiegelhalter et al.,
1993). Based on that prediction, they can elect to either resume the trial, or to
terminate it early as futile and save resources.

When pondering the advantages and disadvantages of the frequentist and
Bayesian camps, one should not assume that they are necessarily
incompatible. In fact, there is increasing evidence that the two outlooks
converge into a cooperative future which capitalizes on the strengths of both
(Jack Lee & Chu, 2012). For example, Chang and Boral (2008) have proposed
a Bayesian-frequentist hybrid approach for phase III clinical trials, while
Inoue et al. (2005) have discovered that some Bayesian and frequentist
methods for determining sample size give identical answers.

The reconciliation of Bayesian and frequentist outlooks is not simply a
potential advantage, but sometimes an obligation for researchers. Many
regulatory agencies and clinical review boards still insist on an explicitly
frequentist assessment of each study’s operational characteristics, even when
the analysis itself is purely Bayesian (U.S. Food & Drug Administration,
2010, Berry, 2006, and Chang & Boral, 2008). This has primarily to do with
keeping the (overall) type I error rate a below conventional benchmarks (e.g.:
5%), thus guarding against false-positive results. An intuitive way of
achieving this when testing with posterior distributions could be to set a small
threshold a, and reject the null Hy: 8 < 6y when p(0 < 6y | x) < a, but other
ways have been proposed (Quan et al., 2019).

A second important consideration relates to the power of a Bayesian test
to detect differences when they exist. Consider a common approach to power

calculations, assuming a normal test statistic X, ~ N(J, ¢*/n), where o
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represents the effect difference, and J, is a specific difference that we would
like the test to detect. The sample size n to achieving power 1 — f is selected
so that it satisfies P(X,>1.96 0'/\/;|5:5a> = 1 — . A Bayesian variant of this
(Spiegelhalter et al., 1993) could be to let § be distributed according to a prior

p(0), and then to calculate the unconditional power

[ P(x,>1.966/\n|6) p(5)ds. (3.3.3)

Another way to estimate an experiment’s type I and II error rates for different
sample sizes is by performing repeated Monte Carlo simulations (U.S. Food
and Drug Administration, 2010). Evidently, even though Bayesian methods
are not designed to control long-run error rates, they can be imbued with such

frequentist properties without losing their distinctive advantages.

3.3.1 Present Baves Factor Approaches

A common objective in medical research is the comparison of the means
of two groups. A popular way to do this is through the two-sample z-test,
assuming equal variances (Gonen et al., 2005). For independent observations
xi, j€{1, 2, ..., ni}, i€{l, 2} following a N(u,, 0°) distribution, hypothesis Hy:
w1 = o against Hy: uy # uo is tested using the statistic

(3.3.4)

which follows a #-distribution with v = n, + n, — 2 degrees of freedom. The
‘effective sample size’ is ns = (n,”' + ny')"', and the common (or ‘pooled’)

variance s,” is given by

e (m=1)si+{n—1)s) (3.3.5)

p n+n,—2
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Bayes Factor of Gonen et al. (2005)

Under the Bayesian paradigm, the two-sample comparison requires the
specification of prior distributions for the difference d = u; — >, as well as for
the variance o°. A straightforward choice could be to place a normal prior on
d ~ N(4, 6/%), and an improper prior on ¢°. However, this parameterization can
be problematic, as it does not take into consideration the scaling of d, and

2 is unclear. A solution can

thus the choice of the variance hyperparameter o,
be offered by switching the parameterization from {ui, w2, 0°} to {u=(u: +
1:)/2, d, 6*}, and placing a prior on the standardized difference § = d/o. The
benefit of this approach is that it provides an intrinsic scaling for the effect
sizes that is easier to model and applies broadly to different populations
(Rouder et al., 2009, and Goénen et al., 2005). Under the new

parameterization, the model describing the data is given by

Yi:,u+570—5aXi+ei, e~N(0,5°)
5~N(1,0%), (3.3.6)

plu,o’)cllo’

and X; is a dummy variable indicating whether a subject belongs to the control
group or not. Based on the above formulation, Gonen et al. (2005) obtained a
closed-form Bayes factor for testing Hy: u1 = u» = u against H;: uy # po. Under
assumptions of normally distributed, homoskedastic, and independent data,

and the priors in equation (3.3.6), the Bayes factor is given by

T,(tl0,1)

172

BF = ,
o T,(tln)* 2, 1+n,07)

(3.3.7)

where ¢ is the observed value of the two-sample test statistic (with equal
variances assumed), and 7.(x | a, b) is the density function of a non-central ¢-
distribution with v = n, + n, — 2 degrees of freedom, location parameter a and

scale parameter b'?. For prior mean of § equal to A = 0, which can be thought

61



of as expressing prior ignorance concerning effect direction, the Bayes factor

simplifies to

1+ /v

(v(1+n,07)]

BF
3

Sample size
— N=30
- = N=860
=== N=90

= N=120

BFy

(3.3.8)

Prior effect variance

— oi=04
— - g=08
cee gi=15

2_ 52
.= g=2

Figure 8: Simplified Génen et al. (2005) Bayes factor, for different (full)
sample sizes N, and prior effect variances os’. The left graph assumes o;> = 1.

The right graph assumes N = 60.

Bayes Factor of Wang and Liu (2016)

Even though the Bayes factor of Goénen et al. (2005) is convenient to
calculate, it is information inconsistent. Specifically, it converges to a non-
zero constant when the z-statistic increases indefinitely (Wang & Liu, 2016,
and Gronau et al., 2020). To eliminate this drawback, researchers Wang and
Liu (2016) adjusted the model of Gonen et al. (2005) by placing a hyper-prior
on g,°, given by

K(x aﬁ)b(lﬂcaﬁ)*“*b*z
Bla+1,b+1)

ploy)= (3.3.9)

’

which is a Pearson type VI distribution with shape parameters a > -1, b > —1,
and a scale parameter x > 0. With this adjustment, plus the setting of the prior

mean at A = 0, the resulting Bayes factor takes the form
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v+1 1

—1
? ><(l+n50'§)2p(0'§)d0'§] . (3.3.10)

+00

J‘ 1+¢%v
0 1"'12/{"(1"'”50'(25)}

BF =

With the particular choice of ¥k = ns and b = (v + 1)/2 — a — 5/2, it greatly

simplifies to

BF =

r (v+1)/2)r(a+1)( tvz)x—z—z)

( 2
r'(vi2)r(a+3/2) : (3.3.11)
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Figure 9: Simplified Wang and Liu (2016) Bayes factor, for different (full)
sample sizes N, and prior parameters a. The left graph assumes o = 1. The

right graph assumes N = 60.

JZS Bayes Factor of Rouder et al. (2009)

A different way to avoid the restrictive choice of placing a fixed value on
the prior variance o,°, is to assume that it follows an Inverse-X* hyper-prior
with one degree of freedom, an idea proposed by Zellner and Siow (1980) in
the context of regression models. It was later proved (Liang et al., 2008) that
integrating out o,” using this prior results in a Cauchy-distributed standardized
effect size 0 = d/o. A Cauchy distribution is equivalent to a ¢-distribution with
one degree of freedom, and its heavy tails make it a reasonable choice in
problems where we should expect large effects. The combination of a Cauchy

prior on standardized effect size, and of an improper Jeffreys prior p(c*) o«
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1/6? on the variance of the data, is referred to as the Jeffreys-Zellner-Siow, or
JZS prior, and is a model selection consistent, objective choice for both two-
sample and one-sample Bayesian ¢-tests (Rouder et al., 2009, and Morey &
Rouder, 2011). Researchers Rouder et al. (2009) maintained the model
assumptions of Gonen et al. (2005), with the only adjustment of placing a
Cauchy prior with scale parameter » on the standardized effect 6. The
resulting JZS Bayes factor for testing Ho: u1 = p, against Hy: wy # u, takes the

form

BF =

: (3.3.12)

+00 _1 2 v+l _1 3 1
[ (n,gr) 2 14— % (27) 2g e *dg
0 (1+n,g7°)v

where ns is the effective sample size, v = n; + n, — 2, and ¢ is the value of the
pooled-variance two-sample test statistic. As noted by the authors, and

validated in Fig. 10, increasing the prior scale » results in more support for

H,.

Sample size & Cauchy prior scale
o | -
- . —_— N =30 w \‘ —_—r=1
-“‘\ N =60 o “\ r=2
®@ .o === N=090 o .. . == r=3
MY <= N=120 D R c= r=4
- L)
B© R
o o N
[
= o _| .
— s‘\
.-
“ ] \
i
g 3
o o —
T T T T T T T T T T
0 1 2 3 4 0 1 2 3 4
t-value t-value

Figure 10: JZS Bayes factor, for different (full) sample sizes N, and Cauchy
prior scales r. The left graph assumes r = 1. The right graph assumes N = 60.

Bayes Factor of Gronau et al. (2020)
Working within the framework of Gonen et al. (2005), researchers Gronau
et al. (2020) proposed having the standardized effect size 0 = d/o follow a

prior with density
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p(a):lTk((s_”"), (3.3.13)

which is a generalized version of the ¢-distribution, with location
hyperparameter us;, scale hyperparameter y, and k degrees of freedom. A
motivation behind this formulation is that it could allow for easier
incorporation of expert opinion into the design. The resulting Bayes factor

takes the form

BF,=T,(

-1
+00 S—
O [ T.(eWnyo)y Tk( ”“5)615] , (3.3.14)

where T.(x|a) denotes the density of a non-central ¢-distribution, with
noncentrality parameter a. It is worthy to note that for y = o5 and £ — + oo,
this Bayes factor converges to the one of Gonen et al. (2005), while for the

specific choice of £ =1 and us = 0, it is equivalent to the JZS Bayes factor.

3.4 Closing Remarks

This chapter aimed at familiarizing readers with the fundamental
principles and motivations behind clinical trials. It also introduced the most
common statistical tests conducted during clinical trials, from a frequentist
perspective. Furthermore, it explored how broader Bayesian inference is
utilized in biomedical research, and presented a list of popular Bayes factors
for conducting Bayesian #-tests. Using Bayes factors to compare the means of
two groups will be the exclusive focus of the simulation study in Chapter 4.

While formulated for comparisons between point null and composite
hypotheses, the Bayes factors presented in this chapter can be extended to
accommodate interval null hypotheses, by simply specifying a restricted range
over which the prior-likelihood product is to be integrated. In a recent paper,
researchers Ravenzwaaij et al. (2019) implemented a Bayes factor with

Cauchy priors in phase III clinical trial hypothesis tests. For one-sided tests,
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like those for superiority and non-inferiority, they derived Bayes factors by
appropriately truncating the effect size priors to regions consistent with each
hypothesis. Although the same can be applied to interval null equivalence
tests, it would defeat their very purpose. The motive behind constructing
arbitrary intervals around zero is to enable implementation of the TOST
approach, as it circumvents the frequentist inability to provide evidence in
favor of the null hypothesis. Since evidence for the null Hy: & = 0 can be
quantified directly under the Bayesian paradigm, there is no imperative need
for an interval null equivalence test. For those still inclined to implement one,
Morey and Rouder (2011) have proposed a hybrid Bayes factor where the null
is a controlled mixture of point and interval hypotheses.

One crucial detail is that all of the aforementioned Bayes factors involve a
point null hypothesis Hy: € = 0 with a local alternative prior H;: 8 ~ p(6),
meaning that p(0) > 0. As mentioned in the previous chapter, this can cause an
imbalance in the rate of evidence accumulation. Specifically, when H, is true,
evidence in its favor accumulates at a sublinear rate, but when H; is true,
evidence in its favor accumulates at an exponential rate (Johnson & Rossell,
2010). For tests of superiority and non-inferiority, this problem may be
evaded by replacing the point null hypothesis with an interval null, combined
with a non-overlapping prior. As this is not possible for point null equivalence
tests, the use of non-local priors seems to be a promising solution. Fixing the
imbalance in the evidence accumulation rate is a small improvement that

nevertheless contributes to the inferential advantages of Bayesian methods.
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CHAPTER 4

BAYES FACTORS FOR CLINICAL TRIAL HYPOTHESIS
TESTING

4.1 Non-Local Priors for Point Null Tests

Non-local alternative prior densities have the advantage of allowing us to
control the rate of shrinkage towards zero when approaching regions
consistent with the null hypothesis. This could be utilized, for example, in
point null equivalence tests when standardized effects up to a certain
magnitude J are considered unimportant. To avoid rejection of the null for
such trivial effects, non-local alternative priors can be modified so as to
assign very low density to the region (—d, J). Although the definition of non-
local priors provided by Johnson and Rossell (2010) does not forbid their
extension to problems of interval null testing, such settings would
automatically eliminate the above advantage, as the obvious solution would
be to extend the null region (8., 6y) to encompass (—d, J) as well. As such, the
non-local alternative priors examined in this chapter will be exclusively based
on point null tests. In particular, focus will be given on the moment and
inverse moment priors introduced in Johnson and Rossell (2010), and Johnson
and Rossell (2012). The following paragraphs refer to testing hypothesis Hy: 6
= @y versus Hi: 6 # 0,.

Moment Prior (MOM)
Let ps(f) be a ‘base’ prior density with 2k finite integer moments, two
bounded derivatives in a neighbourhood of 6y, and ps(8y) > 0. For any positive

integer k, the k-th moment prior density is given by
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puy(8)= =00 2sl0)
U (06, ps(6)do (4.1.1)

¢}

Base priors ps(f) can be chosen to reflect tail beliefs about parameter 9; if
large values seem likely, a heavy-tailed base prior like a ¢-distribution is a
reasonable choice. Conversely, a thin-tailed Normal distribution should be
preferred when large values are not expected. The former resulting prior
would be called a k-th ~-moment prior, and the latter a k-th normal moment

prior.
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Figure 11: MOM priors with t-student base densities, for different order

moments. Assuming degrees of freedom v = 9, and 6, = 0.
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Figure 12: MOM priors with N(u = 0, 6° = 1) base densities, for different

order moments. Assuming 6y = 0.
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As seen in Fig. 11 and 12, the shapes of the priors are heavily influenced by
the moment parameter k, with larger values resulting in wider regions of low
density around €, = 0. Although moment priors do not provide exponential
accumulation of evidence for the null hypothesis when it is true, they
somewhat improve the balance.

Beyond this point, we adopt 1* moment priors, with normal base densities
N(0, 76*), where t is a dispersion parameter controlling the shape of the
distribution near 0 (Fig. 13), and o° represents the variance in the data. This
parameterization is recommended by the authors (Johnson & Rossel, 2010).
Under these specifications, and for testing hypothesis Hy: 6 = 0, the moment

prior is given by

r,az)ze—zN(ﬂO,wz). (4.1.2)

g _ Dispersion parameter
— 1=05
- - = 1=1
g === 129
== 1=3
=
2 o |
L4 (o]
0
I .
= | P N
f=) - R - .
,’ . Y '\sb
- N
.-t ."' el S
a | se="" __-" S tea.
2
1 1 T 1 1
4 2 0 2 4

Parameter 8

Figure 13: MOM priors, for different dispersion parameter t values.

Assuming base densities N(u = 0, o° = 1), moment order k = 1, and 6, = 0.

Inverse Moment Prior (iMOM)

For parameters k, v, t > 0, the inverse moment priors are given by

B kTVIz - 7:k
pl(é’)—m(ﬁ—@o) exp[—wl. (4.1.3)

69



0.30
|

0.20
|

Density
l

.00
|

Parameter 8

Figure 14: iMOM priors for different parameters k. Assuming v = 1, © = 1,
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Figure 15: iMOM priors for different parameters v. Assuming k = 1, v = 1,
and 0y = 0.

When approaching 6, = 0, inverse moment prior densities behave like
Inverse-Gamma distributions when approaching 0 (Fig. 14, 15). Their
parameters relate to their shape, and determine properties such as the
convergence rate of the resulting Bayes factors. Inverse moment priors
provide exponential accumulation of evidence for the null hypothesis when it

is true, fully restoring the balance. Adopting the default specifications and
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parameterization of the authors (Johnson & Rossell, 2010), we set k =v =1,

so that for testing Hy: 6 = 0, inverse moment priors (Fig. 16) take the form

2 2
2 \/TO' T0
p,(& 7,0 )=_—zexp - |- (414)
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Figure 16: iMOM priors for different dispersion parameters 1. Assuming o’ =
1.

4.1.1 Applications to Bayesian Variable Selection

The moment and the inverse moment priors of Johnson and Rossell (2010)
can be generalized for testing vector parameters. This can be useful in
regression variable selection problems. Assume a response Y ~ N(X0, ¢°l,),
where X,-, 1s a design matrix, and @ is a p-dimensional covariate coefficient
vector. With base prior ps(0) = N,(6 | 0, 76°2), where X, is a positive definite
matrix, the multivariate moment prior for testing Ho: 6 = 0 under default

specifications, is given by

' x>0
pw2

1,02,2)2

P60 N ,(010,70° X). (4.1.5)
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Likewise, the multivariate inverse moment prior is given by

I/ZF(p/z)

+1)/2
n_(p )

-1
P

2
0

1,02,2)2

p1(9

0T2_10 _1+p 2
1-0-2 ) 2 eXp —ﬁ . (416)

Under these formulations, the multivariate moment and inverse moment
prior densities may be used for variable selection. One of their noted features
is that they become zero only when all components of the parameter vector 6
are zero. As the authors explained in a subsequent paper (Johnson & Rossell,
2012), such a characteristic imposes little penalty to models that contain
covariates with unimportant effects (i.e.: with coefficients very close to zero).
This motivated the development of adjusted product moment and product
inverse moment priors, that shrink to zero density when any of the 6
parameter vector’s components approach zero. Such a feature assigns low
likelihood to an entire model when it contains covariates with trivial effects,
in favor of models that are more parsimonious. Under default specifications

for testing Ho: 6 = 0, the product moment (pMOM) prior density is given by

P 2

6
pM(9|T:0'2):H 2N(05

i=1 TO

0,70°), (4.1.7)

and the product inverse moment (piMOM) prior density is given by

1,02)2

p,(0 (4.1.8)

o’ 0’
{12 ol -]
Although their usefulness may not be immediately obvious, variable
selection problems can have a direct application to clinical trial hypothesis
tests. In particular, the Bayesian ¢-test for equivalence can be expressed as a
linear regression problem where the response variable Y is standardized, and
the standardized effect d is the coefficient of a dummy variable indicating
whether a subject belongs to the intervention group. This will be explored in

further detail in the next section.
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4.2 Description of the Problem

Our goal is to examine how different types of Bayes factors behave when
employed for clinical trial-related hypothesis tests in practice. A way of
performing such an assessment is through a simulation study. Since the data
for every test are simulated, we have full knowledge of the mechanisms that
generated them, and can thus easily evaluate each Bayes factor’s ability of
detecting the true hypothesis. Although all three tests of superiority,
equivalence, and non-inferiority are of interest, tests of equivalence using
local and non-local priors receive increased attention in our experiment.
While theoretically possible to do so, non-local priors will not be employed in
tests of superiority and non-inferiority, for reasons that will be discussed
further below.

For the simulation study, we will generate continuous observations for
independent control and treatment groups of equal size. Specifically, the
observations under both groups are generated from a Normal distribution of
variance o> = 1, with a mean uc = 0 in the control group, and ur = d, denoting
the standardized effect size, in the treatment group. For the alternative
hypothesis of d # 0, we take into consideration the categorization of Cohen
(1988), and therefore test for effect sizes of magnitude 0.2 (small), 0.5
(medium), and 0.8 (large).

Data generation and analysis is carried out using the R statistical software
(R Core Team, 2020, and RStudio Team, 2020), accompanied by a variety of
libraries (Linde and van Ravenzwaaij, 2019, Morey and Rouder, 2018, Rossell
et al., 2020, Bédath, 2018, Wickham, 2016, and Wickham, 2020).

4.2.1 Equivalence Testing

When testing for equivalence, we have the choice of expressing the null
hypothesis as either a point (Hy: 0 = 0), or an interval (Ho: d. < 6 < du). As

mentioned previously, choosing an interval is a necessity under the frequentist
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paradigm, due to the inability of providing confirmatory evidence for the
(point) null hypothesis of equivalence. As this is no problem for Bayes
factors, it makes sense to formulate the null as a point (Ho: 6 = 0), thereby
avoiding the largely subjective specification of an equivalence margin around
Zero.

With the null hypothesis as a point, our goal is to compare the
performance of Bayes factors with local versus non-local priors on the
standardized effect difference. This will be achieved by performing tests

under two scenarios:

Scenario 1: Local Priors

Under this scenario, we will test for equivalence using the JZS Bayes
factor, which places a local alternative Cauchy prior on the effect size d. This
can be implemented in the R libraries ‘baymedr’ (Linde and van Ravenzwaaij,
2019), and ‘BayesFactor’ (Morey and Rouder, 2018), both of which place a
scale of » = 1/42 on the Cauchy prior as the default choice. A Cauchy
distribution with scale » has half its mass within the interval (-r, r), so apart
from the default choice of » = 1/N2, we will use a ‘narrow’ prior with » = 0.3,
and a ‘wide’ one with » = 1.1, as a robustness check (Fig. 31, Appendix). The
three JZS Bayes factors resulting from these priors will be accompanied by
the Schwarz criterion Bayes factor approximation (BIC), and the minimum
Bayes factor (MBF). The latter provides an objective lower bound for the

purposes of comparison.

Scenario 2: Non-local Priors

After testing for equivalence using local priors, we will repeat the tests
using the non-local moment (MOM) and inverse moment (iMOM) alternative
priors of Johnson and Rossell (2010, 2012). This can be implemented in the R
library ‘mombf’ (Rossell et al., 2020) in the context of Bayesian variable
selection for linear regression models.

Consider standardized observations Y;, and a dummy variable X; taking on

a value of 0 when subject i belongs to the control group, and a value of 1
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when it belongs to the treatment group. Assuming equal variances between
control and treatment group, an equivalence test on the standardized effect

difference d is like performing variable selection on the linear model

Y,=by+dX +¢,, where g~N(0,0°). (4.2.1)

The ‘mombf’ library places a multivariate pMOM or piMOM prior on the
covariate coefficient vector of the model, and performs variable selection by
computing the Bayes factor between a fitted full model, and a submodel
where one or more covariates have been excluded. In our case, the full
covariate coefficient vector is [bo, d]’, and the component corresponding to
the excluded covariate is d. Unlike the JZS Bayes factor, which places an
improper Jeffreys prior p(6°) « 1/6° on the data variance ¢°, the ‘mombf’
library places a “minimally informative” Inverse-Gamma prior. The density of

an Inverse-Gamma distribution is proportional to

flo®

o o

a,b)oc(az)_”_lexp(—%)ﬂ%, for (a,b)—(0,0). (4.2.2)

It is, therefore, not surprising that Inverse-Gamma distributions with small
parameter values a and b are popular choices for priors placed on variances.
Finally, we need to specify the dispersion parameter 7 of the pMOM and
piMOM priors. The recommended choices of the authors are 7 = 0.348 for the
pMOM, and 7 = 0.133 for the piMOM. Such choices are justified on the
grounds that they lead to priors with only 1% of their probability mass in the
interval (-0.2, 0.2), thus tuned towards detecting effects of magnitude greater
than 0.2 (Fig. 32, Appendix). We adopt this default specification, but also
implement our own values, with 7 = 0.021 for the pMOM, and 7 = 0.015 for
the piMOM prior. These choices, mostly tuned visually (Fig. 33, Appendix),
place 15% of the probability mass in the interval (—0.13, 0.13) to the former,
and 5% of the probability mass in the interval (—0.09, 0.09) to the latter
distribution. Each analysis is accompanied by the default JZS Bayes factor
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(with Cauchy scale » = 1/72), and the Schwarz criterion approximation (BIC).
Under both scenarios, we test for detecting effects of size d = 0, 0.2, 0.5, and

0.8.

4.2.2 Non-inferiority and Superiority Testing

For non-inferiority testing, we face a similar choice of formulating the
null hypothesis as either a point (Ho: 6 = —m), or an interval (Hy: 0 < —m). In
the former case, an alternative prior p; with support on (—m, +o) that doesn’t
smoothly shrink to zero when approaching —m’* would fulfil the definition of
a local prior, and could potentially cause the usual problems of evidence
accumulation rate imbalance (Johnson and Rossell, 2010). While this could be
fixed by employing a non-local alternative prior on (—m, +o), a simpler
solution would be to express the null as an interval, and use truncated priors
on the regions defined by each hypothesis. Under this formulation, the
definition of local alternative prior does not hold, and there is no apparent
reason to expect an imbalance in the rate of evidence accumulation. For this
test, we will employ the JZS Bayes factor with narrow, standard, and wide
Cauchy priors (Fig. 34, Appendix), as defined in the equivalence test of
Scenario 1. We will test for effects of d = 0, £0.2, £0.5, and +0.8, and the
non-inferiority margin will be —m = -0.1.

The setup for the superiority test will follow the same logic, employing
JZS Bayes factors with Cauchy priors truncated at (—oo, 0) and [0, +o) for the
null and alternative hypotheses respectively (Fig. 35, Appendix). The tested
effects will be d = £0.2, 0.5, and +0.8. Both non-inferiority and superiority

tests can be implemented using the R libraries ‘baymedr’ and ‘BayesFactor’.

14 Meaning that there exists an & > 0, such that for any J > 0 there exists a point x > —m

such that |x+m|<§ and p(x) > e.
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4.2.3 Bayesian Power Analysis

As previously mentioned, the assessment of operational characteristics is a
crucial aspect of clinical trial hypothesis tests, and a major reason for the
dominance of frequentist methods in the field. However, operational
characteristics can be assessed under the Bayesian framework as well. For
each test of the simulation study, the type I error rate a and power 1 — £ will
be determined through repeated Monte Carlo simulations, in line with the
suggestion of Schonbrodt and Wagenmakers (2018). What is required is a
decision rule for accepting or rejecting the null hypothesis, so we choose to
accept the null for BFy > 1, and reject it for BFy < 1. While this is not a
threshold that requires decisive evidence, the choice is regarded as valid by
the authors. For every type of test, operational characteristics will be
determined through the following process:

For any given (total) sample size N, and true effect d, we will generate
observations for the control and treatment groups, and perform a test using the
Bayes factor of interest. This will be repeated B = 10,000 times, resulting in a
large sample of Bayes factor values. Based on that sample, we will calculate
each Bayes factor type’s probability of false rejection of the null (a), or
correct acceptance of the alternative (1 — f). The sample sizes that give the
desired operational characteristics o = 0.05, 0.025 and 1 — f = 0.9, 0.95 will
be estimated through trial and error.

An advantage of this approach, according to the authors, is that it can
account for expected effect size uncertainty, unlike frequentist power
calculations that condition on a fixed effect size. For instance, we may
suspect that the effect size follows some distribution, e.g.: d ~ N(u, ¢%), and
we want this variability to be reflected in our power calculations. The solution
is to generate a different effect size from this distribution, for each of the B =
10,000 Monte Carlo simulations. In our tests of equivalence, we use this

approach as well, under the assumption that d ~ N(0, 1.57).
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4.3 Results and Conclusions

Presenting the values of different Bayes factors at the end of every test
would not provide much insight. Instead, our analysis is based on the

following steps:

1. Simulate B = 1,000 datasets of (total) sample size N.
Calculate all the different Bayes factor types for each dataset.

Derive a measure of centrality for every Bayes factor type.

S

Repeat for incrementally larger sample sizes N, up to a reasonable

limit.

The measure of centrality that we use is the median, due to its robustness.
Most graphs are presented in the 2/og.(BF) scale, as recommended by Kass
and Raftery (1995).

4.3.1 Equivalence Testing

In this section we will test Ho: d = 0 vs Hi: d # 0. Let’s first consider local
prior Bayes factors, when the real standardized effect difference is d = 0.
H[]: d=0

Real effectd=0
B = 1000 datasets per sample size
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Figure 17: Equivalence testing with local priors.
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As observed in Fig. 17, the Schwarz approximation provides the most
optimistic evidence in support of the null hypothesis, followed by the JZS
Bayes factors, in order of decreasing Cauchy prior scale r. For most Bayes
factor types, evidence for the null becomes strong at sample sizes of about N
= 1,000. In contrast, the JZS Bayes factor with scale » = 0.3 fails to provide
strong evidence, as it increases very slowly. The overall picture suggests that
Bayes factors with Cauchy (local) priors are hesitant to support the null
hypothesis when it is true, something in line with the conclusions of Johnson
and Rossell (2010).

Let us compare this with the behavior of non-local prior Bayes factors
with default specifications, this time with both graphs on the 2/og.(BFo:)
scale. Comparing Fig. 18, and 19, we see that the Bayes factors with default
non-local priors show extreme support for the null hypothesis from small
sample sizes, with the MOM Bayes factor initially in the lead, but eventually
overtaken by the iMOM Bayes factor. This could follow from the fact that the
default iMOM prior decreases a lot faster than the default MOM prior as it
approaches the null value of 4 = 0 (Fig. 32, Appendix).
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Real effectd=0
B = 1000 datasets per sample size
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Figure 18: Equivalence testing with local priors.
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Figure 19: Equivalence testing with default non-local priors.
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Our non-local prior Bayes factors with custom specifications (Fig. 20)

eventually provide strong support for the null at large sample sizes. However,

when it comes to smaller sample sizes, they are a lot more hesitant to support

the null compared to the ones with default specifications. Likewise, the

iMOM prior Bayes factor eventually overtakes the MOM prior Bayes factor,

at sample sizes of around N = 400.
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Figure 20: Equivalence testing with custom non-local priors.
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Let us now

standardized effect size is d = 0.2.
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B = 1000 datasets per sample size
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Figure 21: Equivalence testing with local priors.
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In Fig. 21, all Bayes factors incorrectly point towards H,, but they eventually

start to favor H, at larger samples. The evidence against the null becomes

strong at about N = 1,000, which is easily visible in the 2/0g.(BFo:) scale (Fig.

22). The behavior of Bayes factors becomes almost indistinguishable as the

real effect increases to d = 0.5 and 4 = 0.8 (Fig. 36 — 39, Appendix), and they

require much smaller samples to reach strong levels of evidence.
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Figure 22: Equivalence testing with local priors.
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In the problem where d = 0.5, the custom non-local Bayes factors seem to

be slightly lower than the standard JZS Bayes factor (Fig. 23). This minor

improvement at detecting the true alternative hypothesis also manifests when

the true effect is d = 0.2, and 0.8 (Fig. 40, 41, Appendix).
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Figure 23: Equivalence testing with custom non-local priors.
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Conversely, non-local Bayes factors with default specifications seem

predisposed to falsely supporting the null hypothesis, in light of anecdotal

data (Fig. 24). It may be easier to understand the magnitude of this behavior

for the same test on the linear scale (Fig. 42, Appendix).

2log(BFy ) median

Hg: d=0
Real effectd=0.5

B = 1000 datasets per sample size

—-—
-_——
e Y. T ™
e o M L I R .. SRS AU
e
¥ —
...,_':-- L
—
— L
\_-*
- -..."""-':._7_: .
TN
\-=_-.
—
S e
_—
50 100 150 200
Sample size

Data source: Simulation

Figure 24: Equivalence testing with default non-local priors.
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This phenomenon is also present when the true effect is large (d = 0.8)

(Fig. 43, Appendix), or small (d = 0.2) (Fig. 25).
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Figure 25: Equivalence testing with default non-local priors.

4.3.2 Non-Inferiority Testing

In this section we will test Ho: d < —0.1 vs H;: d > —-0.1. To analyze the
behavior of JZS Bayes factors with truncated Cauchy priors in non-inferiority

tests, let’s examine the case in which the real standardized effect is d = —0.5.
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B = 1000 datasets per sample size
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Figure 26: Non-inferiority testing.
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In Fig. 26 the evidence seems to become decisive at a sample size of
around N = 100, and larger Cauchy prior scales r result in portraying the
evidence more favorably. As expected, effects of larger magnitudes result in
Bayes factors which strongly support the true hypotheses at smaller samples

(Fig. 27, and Fig. 44 — 48, Appendix).
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Figure 27: Non-inferiority testing.

4.3.3 Superiority Testing

In this section we will test Ho: d < 0 vs H,: d > 0. Like non-inferiority
tests, superiority tests with JZS Bayes factors are straightforward. As a typical
example, we present the tests where the real effects are d = —0.2 and d = 0.8
(Fig. 28, 29), while the rest are provided in the Appendix (Fig. 49 — 52,
Appendix).

As expected, effects of greater magnitude require samples of smaller size
in order for the Bayes factors to reach strong levels of evidence. Another
interesting behavior, also present in non-inferiority testing, is that larger
Cauchy prior scales r lead to Bayes factors that are more favorable towards
either hypothesis, conditional on all Bayes factors being on the same side of

the horizontal line y = 0. This can be clearly seen in Fig. 28 and 29, where the
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relative positions of the three Bayes factors are ‘mirrored’ across the line

defined by y = 0.
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Figure 28: Superiority testing.
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Figure 29: Superiority testing.

4.3.4 Power Analysis

Bayes factor type

== JZ8.r=03

- JZ8.1=42/2
©J78 r=11

Bayes factor type

= 7S, r=03

- Jzs.1=42/2
= JES.r=11

As previously stated, the operational characteristics of every Bayes factor

have been examined exclusively through simulations. By using the value of
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one (1) as a decision threshold' our analysis leads to taking decisions even
when the evidence is anecdotal (e.g.: accepting H, when BF, = 1.3). We
could have chosen a stronger threshold for decision-making, such as accepting
H, when BF, >10, and rejecting it when BF < 0.1, but this approach would
have created an inconclusive non-decision region between 0.1 and 10. As the
option of no decision is not available in traditional power analysis, we
avoided this approach, in order to keep our Bayesian results in line with the
prevailing philosophy.

For equivalence testing using local priors, results for every Bayes factor

(including the Schwarz approximation) can be seen in Tables 5 — 8.

JZS Bayes factor r=0.3 r=1/2 r=1.1
Operational Sample Sample Sample
Real effect size
Characteristic Size Size Size
a<0.05 N =900 N =190 N =100
d = 0.0 (Ho)
a <0.025 N=3,500 |N=720 N =340
1-p>090 |N=1,100 |[N=1,350 ([(N=1,500
d=0.2(H)
1->095 |N=1,400 [(N=1,650 |N=1,900
1-4>090 |N=140 N=176 N =200
d=0.5H)
1-45>095 |N=180 N =220 N =250
1->090 |N=50 N =60 N=170
d=0.8 (H)
1-p>095 |N=70 N =280 N =90
1-4>090 |N=420 N =500 N =750
d ~ N(0, 1.5%) (H,)
1->095 |N=2,200 |[N=2,240 |N=3,400

Table 5: Equivalence testing power analysis for the JZS Bayes factor with
Cauchy prior scales r = 0.3, 1/\/2, and 1.1.

15 Accepting Hy when BF,; > 1, and rejecting it when BF < 1.
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Schwarz criterion Bayes factor approximation

Operational
Effect size Sample Size
Characteristic
a<0.05 N =60
d =0.0 (Hy)
a <0.025 N =190
1-4>0.90 N =1,650
d=0.2(H)
1-£>0.95 N=1,950
1 -5>0.90 N=210
d=0.5(H)
1-5>0095 N =260
1-£>0.90 N=170
d=0.8 (H))
1-5>0095 N =100
1-4>0.90 N =700
d ~ N(0, 1.5%) (H,)
1-4>0.95 N =3,800

Table 6: Equivalence testing power analysis for the Schwarz Bayes factor

approximation.

MOM Bayes factor 7=0.021 7=0.348
Operational
Effect size Sample Size Sample Size
Characteristic
a<0.05 N =350 N =26
d = 0.0 (Hy)
a <0.025 N =690 N =150
1-4>0.90 N =1,500 N=12,700
d=0.2(H)
1-4>0.95 N=1,900 N =3,200
1-4>0.90 N =140 N=310
d=0.5(H)
1-4>0.95 N=190 N=370
1-4>0.90 N=50 N =100
d=0.8 (H)
1-5>0.95 N =60 N =130
1-£>0.90 N =650 N =1,600
d ~ N(0, 1.5%) (H))
1-4>0.95 N =4,500 N = 8,000

Table 7: Equivalence testing power analysis for the MOM Bayes factor with
custom (t = 0.021) and default (7 = 0.348) specifications.
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iMOM Bayes factor 7=0.015 7=0.133
Operational
Effect size Sample Size Sample Size
Characteristic
a<0.05 N =350 N =150
d =0.0 (Hy)
a <0.025 N =750 N =100
1-4>090 |N=1,500 E
d=0.2(H)
1-4>095 |N=1,900 okl
1-4>090 |N=150 N =280
d=0.5(H)
1-4>095 |N=200 N =340
1->090 |N=60 N =280
d=0.8 (H))
1-p>095 |N=70 N =100
1-4>090 |N=650 N =12,500
d ~ N(0, 1.5%) (H,)
1-p4>0.95 k18 otk 19

Table 8: Equivalence testing power analysis for the iMOM Bayes factor with
custom (t = 0.015) and default (z = 0.133) specifications.

A notable finding is that the custom specification iMOM Bayes factor fails
to reach power greater than 0.92, even for very large sample sizes (e.g.: N >
10,000) when d is assumed to be a random variable, generated from a N(O,
1.5%) distribution (Table 8). A potential explanation for this phenomenon, is
that small effects (generated from the N(0, 1.5%) distribution) are assigned
very low probability density under the custom iMOM prior. Hence the Bayes
factors end up favoring the null hypothesis in the absence of extremely large
samples. This behavior is more pronounced with the default iMOM Bayes
factor, which even results in computational precision errors when the software

attempts to compute Bayes factors for small effects.

16 For sample size N = 2,820, power reaches 1 — f = 0.669.

17 Greater sample size than N = 2,820, leads to technical failure of the ‘mombf’ library to
compute Bayes factors.

18 For sample size N > 10,000, power stays fixed at about 1 — f = 0.92.

19 Similarly, Bayes factors fail to be computed for sample sizes greater than N = 2,500,
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For non-inferiority and superiority testing (Tables 9, 10), results show
very little variability across prior scales of the JZS Bayes factors. The overall

conclusion is that large effects require smaller samples for similar levels of

power.

JZS Bayes factor r=0.3 r=1/\2 r=1.1
Operational Sample Sample Sample
Effect Size P P P P
Characteristic Size Size Size
a<0.05 N =900 N=1,000 N=1,000
d=-0.2 (Ho)
o <0.025 N=1,350 N =1,450 N=1,500
a <0.05 N=170 N=170 N=170
d=-0.5 (Ho)
o <0.025 N=100 N=100 N=100
a <0.05 N=24 N=22 N=22
= —08 (Ho)
o <0.025 N=140 N=30 N=30
1-4>090 |N=2850 N="1750 N="1750
d=0.0 (H)
1-4>095 |N=1,300 N=1,200 N=1,200
1-4>090 |N=280 N=90 N=90
d=0.2(H)
1-4>095 |N=130 N=130 N=130
1-4>090 |N=20 N=20 N=20
d=0.5(H)
1-4>095 |N=30 N=36 N=36
1-4>090 |N=10 N=10 N=10
d=0.8 (H))
1-4>095 |N=16 N=14 N=16

Table 9: Non-inferiority testing power analysis for the JZS Bayes factor with

Cauchy prior scales r = 0.3, 1/N2, and 1.1.
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JZS Bayes factor power analysis r=20.3 r=1/12 r=1.1
Operational Sample Sample Sample
Effect Size P P P P
Characteristic Size Size Size
o <0.05 N=260 |N=260 N =260
d=-0.2 (Ho)
o <0.025 N=380 |N=380 N=390
a <0.05 N =148 N =46 N=50
d=-0.5 (Ho)
o <0.025 N=064 N =66 N=170
a<0.05 N=18 N=18 N=20
d=-0.8 (Ho)
a <0.025 N =26 N=26 N=30
1-£>0.90 N=170 |N=170 N=170
d=0.2 (H)
1-5>0.95 N=280 |N=270 N =280
1-£>0.90 N=28 N=26 N=28
d=0.5(H)
1-£>0.95 N =46 N =46 N =148
1-£>0.90 N=10 N=10 N=10
d=0.8 (H)
1-4>0.95 N=18 N=18 N=20

Table 10: Superiority testing power analysis for the JZS Bayes factor with
Cauchy prior scales r = 0.3, IN2, and 1.1.

4.4 Closing Remarks

We began this chapter by introducing two classes of non-local priors, and
explaining how they can be utilized for Bayesian variable selection. Based on
formulating the two group means comparison as a variable selection problem,
we planned and implemented our simulation experiment. While the behavior
of Bayes factors in non-inferiority and superiority tests received attention, the
main focus of the simulation study was the use of local and non-local priors in
equivalence testing. In the chapter’s final sections, we presented graphs and
power analysis tables accompanied by commentary, for a variety of problems.
The main conclusions and takeaways are reserved for the next and final

chapter, which is the epilogue of the thesis.
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CHAPTER 5

EPILOGUE

5.1 Main Findings

After completing our study, the following general conclusions emerge:

* In equivalence testing, a higher Cauchy prior scale r for the JZS Bayes
factor leads to greater tendency to support the null hypothesis. This is
expected, as higher scale » assigns lower density to d = 0 under the
alternative hypothesis.

e The MOM and iMOM Bayes factors do indeed speed up the
accumulation of evidence for H, when it is true. However, correct
adjustment of parameters is of extreme importance if we want to avoid
misleading conclusions when true effects are present (and hence H, is
not valid).

* The authors’ default MOM and iMOM specifications, explicitly tuned
to detect standardized effects d > 0.2, should not discourage analysts
from experimenting with their own custom specifications. In fact, our
position is that since even small effects (d = 0.2) are easily detected by
the JZS Bayes factor, there is no advantage in employing MOM and
iMOM Bayes factors in such cases. Aside from supporting H, sooner
when it is true, it is not obvious that MOM and iMOM Bayes factors
offer any other practical benefit.

* Judging by how differently the various types of Bayes factors behave,
it may not be sensible to rely on a single type (or a single set of

specifications) when conducting hypothesis tests. Instead, it is prudent
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to use many Bayes factor types in the same test, and take them all into
account before drawing a conclusion.

* For tests of non-inferiority and superiority, a lower Cauchy prior scale
r is associated with JZS Bayes factors that have a greater tendency to
stay close to the horizontal line y = 0 (y = 1 in the 2/og.(BF:) scale).
In other words, small scales r result in Bayes factors that need greater
amounts of data to provide strong evidence, in any direction.
Conversely, for higher scales r, Bayes factors portray the evidence in
any direction more favorably.

* With regards to power analysis, high levels of power are achieved with
reasonable and realistic sample sizes, for any scenario we have studied
in this dissertation. Where this is not the case, tuning of parameters, or

switching to a different Bayes factor type can offer a solution.

5.2 Discussion

Simulation experiments aiming to explore the behavior of various Bayes
factor types in hypothesis tests rely heavily on computational efficiency and
speed, especially when assessment of operational characteristics is a goal.
Examples of Bayes factors that are not prohibitively cumbersome to calculate
include those using g, hyper-g, and hyper-g/n priors. Although we elected to
use versions of the JZS Bayes factor in our experiment, the above choices
would have probably been easy to implement, even in the absence of
specialized software. On the other hand, the Bayes factor variants described in
Section 2.2 are not only harder and more time consuming to calculate, but
also lack many desirable properties in terms of ‘objective’ inference to
warrant the effort under time constraints.

Other areas of potential interest that were not explored in this dissertation
include:

* Bayes factors for hypothesis testing where the clinical outcome is a

categorical measure, instead of a continuous one.
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* Other kinds of priors, such as the exponential moment (eMOM) non-
local prior (Rossell & Telesca, 2017), or a spike-and-slab approach
when the equivalence test’s null hypothesis is an interval.

* The application of Bayes factors for hypothesis testing on a real
clinical dataset, accompanied by sequential monitoring of the evidence.

* Incorporating elements of decision theory into our simulation
experiment, and comparing the behaviors of different Bayes factor

types with regards to selected loss functions.

Given the above, we cannot claim that this dissertation is even close to an
exhaustive study of Bayes factors, or of their implementation in clinical trials.
Bayes factors are not as popular as classical hypothesis tests, but the volume
of different types and variants has crossed the point where a complete and
thorough assessment could fit into any single study. However, we believe that
the insights concerning the use of Bayes factors with local and non-local
priors can be valuable, since they have not been yet studied (to our
knowledge) in the context of clinical trial hypothesis testing. A secondary
goal, mostly successful, has been to demonstrate that the operational
characteristics of Bayesian tests can be assessed through Monte Carlo
simulations.

Furthermore, studying and employing Bayes factors has led to a renewed
appreciation for frequentist hypothesis testing. Using and interpreting Bayes
factors correctly, requires significantly deeper mathematical knowledge
compared to the simple option of calculating a p-value. It is easy to see why
the frequentist approach is attractive to so many statistical analysts, without
discounting the advantages of Bayes factors. It is our view that the popularity
of Bayes factors would be greatly boosted by the development of appropriate
Bayesian testing software, offering a greater variety of Bayes factor types for
different tests. The R libraries used in our simulation study, as well as the
point-and-click statistical program JASP (JASP Team, 2020) are steps in the

right direction.
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Figure 30: Hypotheses with non-overlapping priors.
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Figure 31: Local priors for equivalence testing.

95



1.0

— — Default MOM
© | — Default iMOM
o Cauchy, r=+2/2
2z 3
w
o
o I
od
o
o |
e I I I I I
-1.0 05 0.0 05 1.0
Effect size d

Figure 32: Cauchy and default MOM, iMOM priors.
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Figure 33: Cauchy and custom MOM, iMOM priors.
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Figure 34: Cauchy priors for non-inferiority testing.
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Figure 35: Cauchy priors for superiority testing.
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Figure 36: Equivalence testing with local priors.
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Figure 38: Equivalence testing with local priors.
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Figure 39: Equivalence testing with local priors.

99



CC BY: Attribution alone 4.0 https://doi.org/10.26219/heal.aueb.6623

https://creativecommons.org/licenses/by/4.0/

Hp:d=0
Real effectd=0.2
B = 1000 datasets per sample size

2log(BFy|) median

0 250 500 750 1000
Sample size
Data sowrce: Simulation

Figure 40: Equivalence testing with custom non-local priors.
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Figure 41: Equivalence testing with custom non-local priors.
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Figure 42: Equivalence testing with default non-local priors.
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Figure 43: Equivalence testing with default non-local priors.
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Figure 44: Non-inferiority testing.
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Figure 45: Non-inferiority testing.
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Figure 46: Non-inferiority testing.
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Figure 47: Non-inferiority testing.
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Figure 48: Non-inferiority testing.
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Figure 49: Superiority testing.
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Figure 50: Superiority testing.
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Figure 51: Superiority testing.
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Figure 52: Superiority testing.
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