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Abstract

The following thesis investigates the use of different Kelly criterion strategies in
tennis betting. Results show that not only bettor’s ability to predict a game result

is important to a profitable betting strategy but his money management method.
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Chapter 1

Introduction

1.1 Online betting markets

Online gambling is an industry in constant growth; according to Zion market re-
search [1] the global revenue in 2021 was $61.5 billion and is estimated to reach
$114.4 billion in 2028. Reportedly there are more than 3.000 online betting sites,
which offer sports betting, casino and lotteries, with tennis being the most popu-
lar individual sport and the fourth most wagered sport. UK gambling commission
reports tennis being the most popular sport for online bettors after football [2]. Rea-
son is that yearly there is around 1500 ITF (international tennis federation) tennis
tournaments, which comprise to about 93.000 matches, so there is always a game
to bet on. The top tier tennis tournaments are ATP Tour (Association of Tennis

Professionals) and Grand Slams, they are considered in this study.

Betting strategies suggest how much of their capital should a punter risk on a par-
ticular bet, they are divided in level staking, a fix amount or percentage of the
bank, and proportional staking, where the amount to risk depends on the subjective
probability of an event and the offered odds. Kelly criterion is a very popular propor-
tional betting strategy because it promises optimal growth of the punter’s bankroll.
With the use of Monte Carlo simulations fractional and simultaneous Kelly betting

strategies are tested in favorable and unfavorable games to assess the factors for



their long term profitability or loss . Also, properties of the betting market such as
the accuracy, overround and efficiency are examined for biases that could influence

the betting strategies.

1.2 Derivation of Kelly criterion

In 1956 John Kelly suggested a wealth allocation method that maximizes the growth
rate when a bet is repeated [3]. Consider a bettor that assumes subjective proba-
bilities p for some event, 6 is the corresponding bookmaker probability in form of

European odds and x is the wagers on the bet. The bettor is profitable when
—x(1=p)+ (z0 —x)p >0

from which follows that

p> - (1.1)

Kelly criterion [3] argues that the optimal fraction of the bankroll for wagering

is given by: )
=l
f(p.0) = (1.2)
0, p<jy
0

For example, if the subjective probability for some event is 75% and the bookmaker

odds are 2.1 then it’s recommended that the bettor places % = 52% of his

bank on that bet.



Proof: Suppose By is the initial bankroll, f is the fraction of the bankroll wagered
in each bet and w takes 1 if the bet was correct and 0 if not. The next bankroll

would be

Bi(f) = (1= [+6f)"(1— )" B, (1.3)

Kelly criterion maximises the expected log utility:

9(f) = Ellog(B:(f)/Bo)]
= E[log(1 — f +0f)“(1 — f)'7*]
= Efwlog(l — f +0f) + (1 — w)log(1 — f)]

= plog(1 — f+0f) + (1 — p)log(1 — f)

(1.4)

differentiating for f and equating to 0 delivers the f(p,#) formula in (1.2). Figure
1.1 shows the growth rate for a bet with odds 2.1 and subjective probability 0.75,

the optimal Kelly fraction is 0.52.
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Figure 1.1: Kelly optimal fraction of capital

A 1961 study by L. Breiman [4] uses simulations to show that asymptotically under
favorable games Kelly criterion maximises the rate asset of growth. Also shows that
the expected time to reach a predetermined goal is less than any other strategy.

However a later study by MacLean et. al [5] (1992) examine fractions of a Kelly
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model and show that in medium - short horizon the full Kelly model does not
dominate the fractional models, half Kelly, quarter Kelly, etc. There is a trade-off
of risk and return, and the full Kelly model is too risky because it often leads to
over-betting. Specifically, they find that the probability of doubling, tripling, etc the
initial bankroll before going bankrupt is higher for various fractional Kelly strategies
than with the full Kelly. In cases of large uncertainty due to intrinsic volatility or

estimation error, security is gained by reducing the Kelly fraction.

1.3 Simultaneous Kelly criterion

The sequential Kelly models require that the result of a game is known before
one can calculate the amount to risk for the next, but in many competitions the
games overlap each other time wise. If a punter uses the Kelly fraction (1.2) in
simultaneous games, the total amount of bet will exceed his capital, which is not a

realistic assumption.

1.3.1 Two coins

Thorp [6] gives an analytical solution to the most simple simultaneous bet, two
independent favorable coins, n = 2, m = 2, symmetrical payout # = 2, with success
probabilities py, po and Kelly fractions f; and f. Suppose the expected growth rate
is

9(f1, f2) = ppaln(1 + fi + f2) + prgaln(l + fi — f2)

(1.5)
+qip2In(l = fi+ f2) + qigeln(l — f1 — f2)
then solving for g—}f’l =0, g—é = 0, which gives
it fo= Pib2 — 192 _ ¢
D12 + q1G2 (1.6)
- 2:p1Q2—Q1p2 _d
D192 + q1p2
it follows f; = %i and f; = %l. In the special case where p; = py = p and



ff:fg‘:f*,d:Oandf*:%:%forp+q:1.

1.3.2 n simultaneous bets

Consider the case where the punter makes bets on n independent simultaneous
games. Let S denote a set of all possible outcomes for ¢ = 1,2,...n games and

j = 1,..m results, the dimension of S is dim(S) = m". Let z; = 0; — 1 represent

the profit for a winning bet (decimal odds minus one) and z; = —1 for a losing bet.
Then
R(S) =1+ z(9)f; (1.7)
i=1

be the bettor’s total return from the joint outcome S. The objective function a

Kelly bettor maximises is

U =E[logR] = p(S)logR(5S) (1.8)

The concavity of this function guarantees the existence of an optimal solution as a
local maximum is also a global maximum. Breiman [4] shows that there may be
multiple optimal solutions but they are all global, meaning that all solutions have

the same value in U.

Taking the derivative with respect to a stake f; delivers

with > f; < 1. An exact calculation of every derivative in (1.9) involves m"
terms, so for example in ten simultaneous coin drops the partial derivative of U has
up to 1.024 terms. Medo et al [7] show that closed form solutions exist for up to
four simultaneous bets with symmetrical payout, for more than five or bets with non
symmetrical payout the solution is not anymore tractable and numerical methods

need to be employed.
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In his article Whitrow [8] describes two numerical algorithms for the optimal allo-
cation of simultaneous wagers in pairwise independent outcomes. Both algorithms
are based on the approximate gradient ascent method and achieve to present high
returns with lower volatility by spreading the risk among many positive expecta-
tion bets. One method is constrained and the other an unconstrained optimisation,
the difference is that in the unconstrained approach the variables are constantly
re-scaled and normalised to ensure that the optimal fractions f* are positive and
sum up to one or less. On the other hand the constrained method is using auxiliary
parameters to ensure the optimality of the solution. Both methods are tested and
found similar results, but the constrained method uses less iterations and converges
faster. For those reasons this study is considering the constrained method, one of

choice for the maximisation of the utility function (1.8).

The derivative of (1.9) can be approximated by the Taylor series expansion in fi,

define R, =1+, 4k B fi as the return on all events except k, then

oU 2 22 o,
—— = kg ZRp2 1.10
Of. R sz’f Rgf’“ (1.10)

where terms of order O(fZ) or higher can be ignored. We assume >, f; = 1, since
we consider the fraction of the bankroll that is not wagered as fy with py = 1 and

29 = 0. To ensure the constraints are met via the logit transformation

exp(t;)
fi=<w— > 1.11
5, eanlts) Ay
where t; = log(f;). Then the gradient ascent algorithm is
St = fr +7AL (1.12)

the starting values for f; can be the values from (1.2) for simultaneous full Kelly or
multiplied by a decimal for fractional models. The percentage of the bankroll that

is not wagered, fy, is one.
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At is the step, more specifically
Aty = flAfi =D Afi* fr) (1.13)
k

A f; is the Taylor series gradient approximation from (1.10) and + is the step size, a
small number that is multiplied by 1.05 when the step is not changing sign and by
0.95 when it does. The algorithm terminates when it reaches a certain number of

iterations or when the difference of fr1 — fx is smaller than a specific threshold.
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Chapter 2

Data analysis

2.1 Explanatory data analysis

The dataset has been retrieved from http://www.tennis-data.co.uk/ and consists
of 55.659 ATP Tour and Grand Slam games with the corresponding bookmaker odds.
Data ranges from 01.01.2001 until 07.11.2021 grouped by year, location, tournament

importance and court surface.

The bookmaker odds refer to the odds published shortly before the games start,
known as closing odds. They are reportedly more accurate than the opening odds
because they incorporate important predictors such as the latest news and the wis-
dom of the crowd. Moreover, the odds used in this thesis are the average of several
bookmakers, which averages out possible outliers. Although taking the maximum
of available odds is a good betting strategy because it reduces drastically the book-
maker margin and in some matches it even allows for statistical arbitrage. Of course
this would require the bettor to move his bankroll from one bookmaker to the other,
sometimes not possible, so average odds is a more general representation of the

bookmaker market.

Fig. 2.1, a histogram on the odds shows that their distribution is positively skewed,

not normal, with a long tail towards high values. The distribution of winner odds
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has as expected higher kurtosis and less outliers.
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Figure 2.1: histogram of winner and loser odds

Prices or odds provide the market expectations for the outcome of some event, and
can be to be converted into event probabilities, summing to one, when the overround
is removed. The overround is the bookmaker profit, in form of a percentage, and
bookmakers can distribute it on either side of the bet in order to keep their books bal-
anced by making one side of the bet more attractive for the punters than the other.
For example, odds (2.05,1.74), the overround in this bet is 5t + 1+ — 1 = 6.2%.

Suppose p; is the price-implied probabilities for an event with possible outcomes

J = 1,2 and 0; the corresponding odds for the event, then

0

and the bookmaker overround is calculated as
o= 60" -1 (2.2)
j=1

Due to the overrround there is an uncertainty regarding the implied probability, for
example, the bet with odds A = 2.05 and B = 1.74 and 6.2% overround. If it is on

the A side, then the implied probability is pa = 1 — 15 &~ 43%, pp ~ 57%. Onthe
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other hand if it’s on the B side then p4 = ﬁ ~ 49%, pp =~ 51%. Balanced books
allow the bookmakers to make a profit irrespective of the outcome of the event being
bet on. The formula used on (2.1) is the additive model as described in Viney et al

[9], where the overround is split evenly between the 2 outcomes.

Another information is the distribution of the predictions. Fig. 2.2b shows that
moderate underdogs/favorites are the majority of the odds, heavy underdogs and
even odds are less common. Whereas the overround distribution on the probability
space fig.2.2a shows that it is not a fixed percentage but is used by the bookmakers

to compensate for the uncertainty of their predictions.
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Figure 2.2: distribution of overround and predictions in 5% probability ranges

The market accuracy is varying over time and per tournament level, for high pro-
file tournaments the predictions are more accurate. This can be attributed to the
wisdom of the crowd and also the fact that for high profile tournaments the market
has more available information to include in the odds. Fig. 2.3 shows the difference

in market efficiency between Grand Slams and ATP tournaments.
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Figure 2.3: market accuracy over time and under different tournament levels

The increasing popularity of internet gambling had led to more competition between
the bookmakers, the average overround, fig.2.4 shows a decreasing trend over time.
Every year more bookmakers compete with each other for customers by offering
better odds. The more popular Grand Slams have also on average smaller margin

due to the bigger competition between bookmakers
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Figure 2.4: bookmaker margin over time
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2.1.1 Market efficiency

An instrument to visually inspect the quality of the bookmaker’s predictions is the
reliability plot (Hosmer—Lemeshow test). As it can be seen on fig. 2.5, except some
small exceptions that can’t be exploited, the bookmaker’s predictions show an al-
most perfect fit and calibration in all ranges of the probability space. A deviation
from perfect calibration would result in biases in the market prices that can be ex-

ploited and result in abnormal returns.
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Figure 2.5: reliability plot of the bookmaker’s implied probabilities

Following, fig. 2.6 presents the bankroll if one unit (flat bet) is bet on every favorite
or underdog for the complete period. Betting on all favorites, 54,605 money units,
would result in a total loss of 2,119 money units (-3.8%) and on all underdogs a
total loss of 7,206 money units (-13.1%). This staking strategy can be compared to
a naive diversification strategy, where the the available capital is spread equally to
a selection of risky assets. Table 2.1 shows a more detailed breakdown of the returns
on 5% probability buckets. The bigger loss can be noticed on the underdogs and
confirms the existence of favorite - longshot bias [10], the tendency of bookmakers
to suppress higher odds in favor of lower ones. Absence of the longshot bias at any
odds would be associated with the same negative expected return in all probabil-
ity buckets. This can be seen in the Grand Slam tournaments where the odds are

strongly efficient, fig. A.1. Moreover performing a binomial test on the predicted
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and realised probabilities shows some inconsistencies, p-values < 0.05, but it is not
translated in some abnormal profit, as all frequencies have negative return on in-

vestment (ROI), table 2.1.

— favorites
underdogs

—1000 A

—2000 A

=3000 A

—4000 A

money units

=5000 -

—6000 4

=7000 A

T T T T T T
0 10000 20000 30000 40000 50000
number of bets

Figure 2.6: returns on unit bets under existence of longshot favorite bias
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probability average realised

overround | p-value | ROI %

bucket probability | probability

(0.0, 0.05] 0.035 0.025 0.037 0.09 -52.706
(0.05, 0.1] 0.077 0.065 0.051 0.026 -35.679
(0.1, 0.15] 0.127 0.119 0.055 0.16 -22.38
(0.15, 0.2] 0.176 0.174 0.06 0.672 -14.97
(0.2, 0.25] 0.226 0.22 0.06 0.299 -13.62
(0.25, 0.3] 0.275 0.26 0.06 0.005 -14.724
(0.3, 0.35] 0.325 0.318 0.063 0.174 -10.741
(0.35, 0.4] 0.376 0.38 0.063 0.458 -6.609
(0.4, 0.45] 0.424 0.425 0.066 0.801 -6.799
(0.45, 0.5] 0.474 0.473 0.068 0.893 -6.814
(0.5, 0.55] 0.526 0.527 0.068 0.892 -5.901
(0.55, 0.6] 0.576 0.575 0.066 0.801 -5.648
(0.6, 0.65] 0.624 0.62 0.063 0.458 -5.457
(0.65, 0.7 0.675 0.682 0.063 0.174 -3.481
(0.7, 0.75] 0.725 0.74 0.06 0.005 -1.99
(0.75, 0.8] 0.774 0.78 0.06 0.284 -2.969
(0.8, 0.85] 0.824 0.826 0.06 0.672 -3.234
(0.85, 0.9] 0.873 0.881 0.055 0.16 -2.213
(0.9, 0.95] 0.923 0.935 0.051 0.026 -1.426
(0.95, 1.0] 0.965 0.975 0.037 0.09 -0.915

Table 2.1: Theoretical and realised probabilities grouped in 5% buckets
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2.2 Modelling subjective probabilities

Williams [11] describes the betting markets as weakly efficient, meaning that prices
(odds) contain all historical information and they are influenced only by new events
and new information. According to this is assumed an informed bettor, that is highly

correlated with the market and has a noisy edge depending on his information.

In their paper Buchen & Grant (2012) [12] use the Beta(a, 8) distribution to model

the subjective probabilities for each game. The mean and variance are given by

Elp;] = m; = BLj + (1 = B)p;
m;(1 —my)

Yil="05 23)

2
with ij =1
J

where 7 € 1,2 is the possible outcomes for any game, k& € 1,2 the result, p; is the
bookmaker’s implied probability for the corresponding outcome, 3 is a bias param-
eter and [ a post factum indicator function that takes the value 1 when j = k£ and 0
otherwise. For 8 > 0 the bettor’s winning expectation m will always be higher than
the bookmaker’s p and for § < 0 a negative edge is ensured. 7 > 0 is a precision
parameter that controls the variance. Obviously the bigger 7 is, the less variance
have the simulations, for 7 — oo the simulations are all replicates of the expected
value. More details about the derivation of E[p;] and V[p;] in the beta distribution

are discussed in the Appendix A.1
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Chapter 3

Results

3.1 Simulations

The complete dataset is simulated 500 times for each level of bias, from -0.01 to

0.03, and precision, 30, 50 and 70. The size of the dataset (19 years of data) allows

to study asymptotically the different models. The bookmaker accuracy and over-

round are varying over time, per probability frequency and tournament level. The

final bankroll table 3.1 shows the natural logarithm of the mean of the returns and

it’s standard deviation. For a better comparison between strategies one can use the
mean

Sharp ratio <: T d ) where higher values are better. Using best available odds is
st.dev.

increasing the expected return in favorable games, for example when simulating 0.1
fractional Kelly, 5 = 0.01, 7 = 30 the expected return is 21.18, (4.05) in comparison
to 1.6, (2.79) with average odds but still delivers negative return in all simulations
when the edge, [, is not bigger than zero. A difference in performance can be seen

on figure 3.1 where the above simulation is tested in four strategies.
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Figure 3.1: 100 simulations with 5 = 0.01 and precision 7 = 30

Using the simultaneous Kelly reduces the standard deviation of the returns with
every additional wager, the starting values can be the full Kelly as in table 3.1 or
fractional as in table A.1. Noticeable when the simulated edge is small, 5 < 0.01,

more wagers increase the expected return, but when the edge is bigger it decreases.

The bankroll algorithm for the sequential models is given by

Bankroll; .y = Bankroll; + Bankroll; x kelly;(odds; * I; — 1)
1, if correct
I = (3.1)

0, otherwise

fori=1.n.
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While for the simultaneous models

k
Bankroll;, , = Bankroll; + Bankroll; x Z Kelly; j(odds; j x 1; ; — 1)
J

With k, the size of the simultaneous wagers and i the number of the k groups.

edge B
Kelly
fraction -0.01 0 0.01 0.02 0.03
simultaneous
wagers

. i it -402.31 | -24.93 | 353.9
(32.98) | (33.54) | (32.54)
05 -465.21 | -271.27 | -79.24 | 105.7 | 291.59
precision (15.2) | (15.39) | (14.02) | (16.37) | (16.21)
30 0.95 -201.87 | -106.44 | -12.02 | 81.28 | 174.37

(7.47) | (7.61) | (6.9) (8.2) (8.2)

o1 -73.71 | -35.52 1.6 39.85 | 77.24

(2.97) | (2.74) | (2.79) (3.3) (3.32)
5 o -474.02 | -204.06 | 68.78 | 334.95
(20.62) | (19.51) | (19.26) | (23.18)
5 -545.26 | -326.72 | -115.99 | 92.79 | 295.11

(18.97) | (17.22) | (15.82) | (15.18) | (17.9)
10 -364.5 | -151.82 | -50.61 94.8 | 236.15
(14.02) | (11.35) | (12.69) | (10.86) | (12.37)
. -803.81 | -445.92 | -101.93 | 227.93 | 553.93
(23.44) | (22.26) | (21.02) | (20.12) | (20.05)
05 -330.32 | -161.71 | 7.89 170.9 | 334.54

precision (10.74) | (10.54) | (10.24) | (10.04) | (9.92)
50 0.95 -149.55 | -64.99 | 18.06 99.6 | 182.06
(5.24) | (5.32) | (5.1) (5.06) | (4.97)

o1 -56.22 | -22.29 10.6 43.29 | 76.49

(2.07) | (1.81) | (2.04) | (2.04) (2.0)
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) -565.72 | -299.18 | -38.6 | 212.58 | 460.72
(17.94) | (16.14) | (15.39) | (15.91) | (14.87)

. -442.6 | -222.33 | -10.53 | 189.96 | 384.92
(14.69) | (13.54) | (12.49) | (12.92) | (11.89)
" -319.76 | -151.08 | 8.22 | 157.21 | 299.14

(11.32) | (10.22) | (9.62) | (9.47) | (8.72)

, -617.32 | -296.04 | 10.18 | 307.84 | 599.36
(18.78) | (17.79) | (16.84) | (16.47) | (15.65)

0 -265.6 | -110.64 | 40.44 | 188.85 | 335.98

precision (9.11) | (8.31) | (8.25) | (8.26) | (7.9)
70 025 -123.13 | -44.86 | 28.88 | 103.28 | 177.48
(453) | (3.72) | (4.11) | (4.16) | (3.99)

0 4701 | -15.9 | 13.64 | 43.48 | 73.35

(1.81) | (1.69) | (1.64) | (1.68) | (1.61)

) -463.68 | -211.7 | 28.97 | 266.14 | 498.51
(14.6) | (14.93) | (12.96) | (13.3) | (12.56)

. -377.94 | -164.84 | 35.94 | 230.21 | 416.91

(12.55) | (12.93) | (11.06) | (11.12) | (9.89)

" -286.45 | -117.71 | 38.49 | 186.36 | 325.67

(10.28) | (10.12) | (8.61) | (8.55) | (7.33)

Table 3.1: Simulation results

3.2 Discussion

From the simulation results can be seen that the biggest obstacle for a bettor to
be profitable in the long run is the edge over the bookmaker, if they don’t have a
positive £ in their predictions overall or at some probability range, eventually they
will go bankrupt. The edge, when is possible to estimate exactly, is also decisive
which Kelly strategy to use, for a small edge smaller fractions and more simultaneous
wagers deliver better results. Of course then a much bigger starting capital would be
necessary to make a worthwhile profit. The simultaneous model is an effective risk
management practice especially for a small edge. eg. a simulation of 0.1 fractional

Kelly model with § = 0.01 and 7 = 30 has 0.57 Sharp ratio, table 3.1, for the sanie
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simulation the Sharp ratio for 5 simultaneous wagers is 0.62 and 0.70 for 10. On the
other hand when 8 = 0.03 the Sharp ratio for a single wager is 23, vs 22 that is for

5 or 10 simultaneous wagers.

Bookmakers are risk averse, predictions with high uncertainty have higher overround
and also higher odds are being suppressed, which leads to the favorite longshot bias.
Using the best available odds reduces the overround significantly, but just this is
not sufficient for a profitable betting strategy. More insights about the bookmaker
behaviour could be revealed by a time series analysis of the betting line, the changes

happening from the opening to the closing odds.

Simulations in this study are highly correlated with the market, correlation coef-
ficient > 0.9, and the simulated edge is same for all probability ranges and time
periods. Maybe more comprehensive simulations would include varying edge over

different probability ranges and time, to result in smaller correlation.
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Appendix A

A.1 Beta distribution

The probability density function of the beta distribution is
xa—l(l _ .T)b_l

for a, b positive shape parameters and x between 0 and 1.

The mean of beta(a,b) is

and the variance is
9 ab
(a+b)*(a+b+1)

with 4 € (0,1) and 0% < p(1 — p).

Let

then b = ka so that

ka? = o?(1 4+ k)?a®*((1 + k)a + 1)

k=o?(1+k)?((1+k)a+1)
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it follows that

A.2 Data descriptives

0 ‘\- — favorites

_1000 underdogs
—2000
3000
4000

=5000

money units

—a000

—7000

—&000

0 2000 4000 BO00 BOOO0
number of bets

Figure A.1: unit wagers on favorites and underdogs in Grand Slam tournaments
under absence of favorite longshot bias
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A.3 Simulations

edge 3
wagers | -0.01 0.0 0.01 0.02 0.03
.. -71.52 | -34.41 1.83 37.71 | 72.07
precision 30 12 1o 63y | (2.88) | (3.2) | (2.68) | (3.18)
5 -68.58 | -32.86 1.91 36.26 | 69.02
(2.57) | (2.76) | (3.06) | (2.56) | (3.04)
10 -64.18 | -30.58 | 2.02 34.07 | 64.49
(2.42) | (2.59) | (2.85) | (2.39) | (2.8)

Table A.1: simultaneous model with 0.1 fractional Kelly as starting values
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