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Restricted Mean Survival Time

Regression Analyses

Abstract

Survival analysis in clinical trials has an important role in biomedical research. The
most common approaches for comparing treatment effects are the non-parametric log-rank
and the Cox semi-parametric models. These methods are based on the proportionality of
hazard assumptions, that require the hazard ratio of compared treatment to be constant
over time. However, there are occasions, where the data do not satisfy the proportionality
assumptions. Especially in cancer clinical trials involving immunotherapy, there is often a
potential for delayed effects. For this reason, there is a need for alternative methods, that
can be applied to data without assuming proportionality.

Restricted Mean Survival Time is a very promising method, with several advantages,
and it can be applied to all kinds of survival data. This dissertation is a general overview of
this method. It includes definitions and estimators for calculating this quantity, adjusted
with covariates. Furthermore, it discusses tests for the equality of RMST between groups
and methods for designing clinical trials based on this. Two simulations studies are
conducted one for comparing estimators of RMST and one for comparing power of tests
that investigate the treatments effect.

Among the estimators, Cox model should be avoided under non-proportionality
patterns. Methods proposed by Andersen et al. (2004) and Tian et al. (2014) are good
estimators of RMST, under any scenario. However, researchers, who intend to estimate
this quantity, could use the appropriate model according to their purpose. There is no
doubt, that the cut point τ is the challenging part of this method. Consequently, tests
should handle the dependence of RMST to time τ , especially in scenarios of crossing
hazards. This is the reason why tests proposed by Royston and Parmar (2016) and
Horiguchi et al. (2018a) are more appropriate.

In conclusion, Cox and Kaplan Meier are optimal methods for analyzing survival
data under proportionality. When proportionality is invalid, alternative methods should
be used, and RMST is a dynamic method with several advantages and can be applied to
any pattern of data. The choice of cut point time τ is very crucial. Estimators of this
quantity can be compared and use the most appropriate one, hile tests should take into
consideration the role of τ .
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Περιορισμένος Μέσος Χρόνος Επιβίωσης

Μία εναλλακτική μέθοδος για την ανάλυση επιβίωσης

Περίληψη

Η ανάλυση δεδομένων επιβίωσης σε κλινικές δοκιμές έχει σημαντικό ρόλο στη βιοϊα-

τρική έρευνα. Οι πιο γνωστές μέθοδοι για τη σύγκριση των θεραπειών είναι ο μη παραμετρικός
log-rank και το ημιπαραμετρικό μοντέλο Cox. Αυτές οι μέθοδοι βασίζονται στην προϋπό-
θεση των αναλογικών κινδύνων, που απαιτεί ο λόγος των κινδύνων ανάμεσα στις συγ-
κρίσιμες θεραπείες να είναι σταθερός ανά τον χρόνο. Παρ’ όλ’ αυτα, υπάρχουν περιπτώ-
σεις που τα δεδομένα δεν ικανοποιούν την συνθήκη των αναλογικών κινδύνων. Ειδικά σε
κλινικές δοκιμές καρκίνου που περιλαμβάνουν ανοσοθεραπεία υπάρχει συχνά μια πιθανότητα

καθυστερημένων επιπτώσεων. Για αυτόν τον λόγο, χρειάζονται εναλλακτικές μέθοδοι, που
μπορούν να εφαρμοστούν στα δεδομένα χωρίς να προϋποθέτουν την αναλογία των κινδύνων.

Ο περιορισμένος μέσος χρόνος επιβίωσης (ΠΜΧΕ) είναι μια πολλά υποσχόμενη μέθοδος
με αρκετά πλεονεκτήματα και μπορεί να εφαρμοστεί σε όλα τα είδη των δεδομένων επιβίωσης.
Αυτή η διατριβή αποτελεί μια γενική επισκόπηση αυτής της μεθόδου. Περιλαμβάνει ορισμό
και εκτιμητές για τον υπολογισμό αυτής της ποσότητας, προσαρμοσμένους με επιπρόσθετες
μεταβλητές. Επιπλέον, συζητά ελέγχους υποθέσεων για την ισότητα των ΠΜΧΕ μεταξύ
ομάδων και μεθόδους σχεδιασμού κλινικών δοκιμών με βάση αυτό.

Μεταξύ των εκτιμητών, το μοντέλο Cox θα πρέπει να αποφεύγεται όταν υπάρχουν
μοτίβα μη σταθερών αναλογικών κινδύνων. Οι μέθοδοι που προτείνονται από τον Andersen
et al. (2004) και τον Tian et al. (2014) είναι καλοί εκτιμητές του ΠΜΧΕ, σε οποιοδήποτε
σενάριο. Ωστόσο, οι ερευνητές που σκοπεύουν να εκτιμήσουν αυτή την ποσότητα, θα
μπορούσαν να χρησιμοποιήσουν το κατάλληλο μοντέλο ανάλογα με τον σκοπό τους. Δεν
υπάρχει αμφιβολία ότι το σημείο αποκοπής είναι το πιο δύσκολο μέρος αυτής της μεθόδου.
Κατά συνέπεια, οι έλεγχοι υποθέσεων θα πρέπει να λαμβάνουν υπόψη τους την εξάρτηση
του ΠΜΧΕ από τον χρόνο αποκοπής, ειδικά σε σενάρια που οι καμπύλες κινδύνου τέμνονται.
Αυτός είναι ο λόγος για τον οποίο οι έλεγχοι που προτείνονται από τον Royston and Parmar
(2016) και τον Horiguchi et al. (2018a) είναι πιο κατάλληλοι.

Εν κατακλείδι, το μοντέλο Cox και το logrank είναι οι βέλτιστες μέθοδοι για την
ανάλυση δεδομένων επιβίωσης όταν ισχύει η αναλογικότητα των κινδύνων. ΄Οταν αυτή η
αναλογικότητα δεν είναι έγκυρη, θα πρέπει να χρησιμοποιούνται εναλλακτικές μέθοδοι και
ο ΠΜΧΕ είναι μια δυναμική μέθοδος με πολλά πλεονεκτήματα και μπορεί να εφαρμοστεί

σε οποιοδήποτε μοτίβο δεδομένων επιβίωσης. Η επιλογή του χρόνου περικοπής είναι πολύ
σημαντική. Οι εκτιμητές αυτής της ποσότητας μπορούν να συγκριθούν και να χρησιμοποιη-
θεί ο καταλληλότερος, ενώ οι έλεγχοι θα πρέπει να λαμβάνουν υπόψη τον καθοριστικό ρόλο
του χρόνου περικοπής.
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Chapter 1

Introduction

At the early stages of biomedical research, basic methods of survival analysis are used to
elaborate data. In data from clinical trials (CT), the most common interest is the time
till an event occurs, such as death or disease recurrence. Concerning this time, two or
more groups of patients are compared. Groups of patients received different treatments,
and the purpose is to investigate which treatment is better than the other. The first
approach for this analysis is the non-parametric, Kaplan-Meier estimator and the logrank
test that can evaluate if two survival curves are equal or not. However, this estimator
can not explore how survival curves differ and, moreover, does not take into consideration
possible confounders or characteristics of patients. The next step of the analysis, that can
transcend these obstacles, is the Cox Proportional Hazards (PH) Model. Cox models are
based on the baseline hazard function and can perform a multivariate analysis. These two
methods, Kaplan-Meier estimator and Cox models are very simple, easy to implement,
and achieve high power under proportional hazard assumption. The majority of clinical
trials are designed based on these methods.

Nevertheless, there are some clinical trials where the treatment has early or late effect.
In these occasions, the proportionality assumption is not valid. One representative example
of clinical trials with potentially delayed treatment effects is cancer immunotherapies.
This leads to considerate new methods for comparing the treatments, that deal with
the proportionality assumption and are not limited to this. As a solution, there have
been proposed some additional changes to the aforementioned approaches. These are the
weighted logrank test, the stratification, or the time-varying coefficients, however, these
methods have disadvantages. Restricted Mean Survival Time (RMST) is an alternative
method for estimating the treatment effect.

More and more, RMST is widely used in clinical trials, when non-proportional
assumption occurs. RMST is defined as the area under the survival curve up to a specified
time τ . The choice of time τ is crucial. Ideally, when there are no censored data, RMST
is a simple mean of patients’ time until the event of interest occurs, during the τ time
of follow-up. Several methods have been applied in order to estimate this quantity. A
basic consideration would be to estimate the survival curve and then calculate the area
under the survival. In addition, RMST can be interpreted as the ”expectancy of life”. As
a result, it is easy to understand, apply, and interpret this quantity.

Furthermore, treatments can be compared with the estimated RMST. The equality
of RMST can be tested. Equivalently, the difference of RMST, that is the area between
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2 CHAPTER 1. INTRODUCTION

the two survival curves up to time τ , can be tested, if it is statistically significant different
from the value of zero. In publications such as Royston and Parmar (2013), the power
of RMST test outperforms the logrank and Cox test, when there are non-proportional
hazards, and presents a little bit lower or almost equal power when the proportionality
occurs. Finally, RMST is a promising method in the designing of CT. In some occasions,
research of Weir and Trinquart (2018) has indicated by simulations and redesigning of
processed CT, that the sample size, that is required to achieve the specific value of power,
is remarkably lower than the sample size proposed under the hazard ratio design.

This thesis is about the RMST. In the first chapter, there are noted general ideas
of survival analyses, definitions, methods, and properties. Moreover, there is a brief
introduction to clinical trials, with definitions and categories that are mentioned in the
following sections. In the second chapter, the definition of RMST is provided, along with
several methods for estimating RMST with and without adjusted covariates. The crucial
role of cut point time τ is commented. Moreover, there are presented some appropriate
processes for investigating hypothesis testing of equality of RMST, and also some methods
for designing Clinical Trials under this quantity. The third chapter includes a simulation
study, where different methods for estimating RMST are compared, under several scenarios
of PH and non-PH assumptions. RMST is calculated for two hypothetical treatment
groups (treatment and control group) and the equality of RMSTs is investigated under
various tests. A comparison of power is performed under the previous scenarios. Finally,
there is presented a summary of the results with a discussion for further research.
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Chapter 2

Survival analysis

2.1 Definitions

Survival analysis is a statistical approach to analyze the expected duration of time until
an event of interest occurs, often called failure. The purpose of survival analysis is to
approach the portion of a population that will survive past a certain time, the rate of
failure, or even more the characteristics that affect the probability of survival. It is widely
used in medicine, physics, economics, sociology and engineering known us reliability theory.
Examples of failure times could be the lifetimes of machine components in industrial
reliability, the duration of strikes or periods of unemployment in economics or the lengths
of tracks on a photographic plate in particle physics. In medicine, survival compares the
failure times in two or more groups, to decide which one is longer and which covariates
contribute to these results. The most common events are death, death from a specific
cause, occurrence of a disease, recurrence of a disease after treatment,or infection. In order
to define a failure time, there are three requirements: a time origin must be unambiguously
defined, a scale for measuring the passage of time must be agreed and finally the meaning
of failure must be entirely clear.

In biostatistics, survival time is defined as the duration of the time from the beginning
of follow-up until the event of interest occurs. Survival time is a non-negative random
variable denoted by T . T can either be discrete, taking a finite set of values, or continuous
defined on (0,∞). When the information about the survival time of an individual is not
known exactly and it is partial, occurs censoring. There are three types of censoring:

• Right censoring. A subject is right censored if it is known that failure occurs some
time after the recorded follow-up period. It is called right-censoring because the true
unobserved event is to the right of censoring time and the event has not happened
at the end of follow-up.

• Left censoring. A subject is left censored if it is known that the failure occurs some
time before the recorded follow-up period. An example is a study of the age at
which children learn specific tasks. When the study began some children already
knew the tasks

• Interval censoring. A subject is interval censored if it is known that the event occurs
between two times, but the exact time of failure is not known. In an observational
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4 CHAPTER 2. SURVIVAL ANALYSIS

study of HIV seroconversion, a population of HIV-infected individuals every three
months. Patients who are negative on the first test and positive at the next are said
to have seroconverted. These individuals are said to be interval censored with the
first sampling date being the lower interval and the second sampling date the upper
interval.

The right censoring is the most common type of censoring to deal with survival
analysis. Furthermore, there are two more categories for censoring. If censoring time is
statistically independent of failure time then censoring is non-informative. This could
happen if the censored time is the planned end of the study, then it is usually independent
of the event time. Censoring is considered informative if the distribution contains any
information about the parameters characterizing the distribution of T . In cases, where
patients dropped out of the study because they got much sicker or had to discontinue
taking the study treatment, censored and event time are not independent. The notation
that describes censoring time is C and the indicator is

δ =

{
1, if T ≤ C

0, otherwise

The observed time of follow-up is equal to the minimum of censoring and event time.
Several techniques have been used to analyze survival data. One method is to define a
binary response such as death or alive and compare the survival rates for two or more
groups in a period such as six years. This approach is simple, but it has important
disadvantages. For various periods the rates can change dramatically, and censored
subjects are not taken into consideration.

2.2 Distributions of failure time

There are several equivalent ways to characterize the probability distribution of a survival
random variable. For the following a homogeneous of individuals is considered, with each
having a failure time. This would be a single non-negative continuous random variable, T.

• density function:

f(t) = lim
∆t→0

P (t ≤ T ≤ t+∆t)

∆t
.

• cumulative density function:

F (t) = P (T ≤ t) =

∫ t

0

f(t)

• survival function:

S(t) = P (T > t) = 1− F (t).

• hazard function:

λ(t) = lim
∆t→0

P (t ≤ T ≤ t+∆t|T ≤ t)

∆t
.
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2.2. DISTRIBUTIONS OF FAILURE TIME 5

• cumulative hazard function:

Λ(t) =

∫ t

0

λ(u)du.

The hazard function is the rate of failure given that the failure has not occurred before
time t. It is strongly related to survival and density function.

λ(t) = lim
∆t→0

P (t ≤ T ≤ t+∆t|T ≤ t)

∆t
=

= lim
∆t→0

P (t ≤ T ≤ t+∆t|T ≤ t)

∆t P (T ≤ t)
=

=
f(t)

S(t)
.

Relationship between distributions:

It is obvious that dS(t)
dt

= −f(t) and

− d

dt
[logS(t)] = −(

1

S(t)
) S ′(t) = −−f(t)

S(t)
=

f(t)

S(t)
= λ(t).

This concludes in the following relation:

logS(t) = −Λ(t) ⇒ S(t) = exp(−Λ(t)).

Important parametric survival distributions

On some occasions, the pattern of survival time for the study subjects follows a predictable
pattern. Some distributions are widely used to model or simulate data. These distributions
describe the event till an event occurs and should be over non-negative values. However,
even distributions that have support that includes negative values, can be used to describe
a transformation of time such as log(T ).

Exponential distribution

Exponential distribution with parameter λ and mean 1
λ
has the property of lack of memory.

According to this property, the probability of an event occurring after a period s is equal
to the probability of occurring unconditionally to period s. This reflects the constant
hazard over time.

• density function: f(t) = λ exp(−λt)

• survival function: S(t) = 1− F (t) = exp(−λt)

• hazard function: λ(t) = f(t)
S(t)

= λ

• cumulative hazard function: Λ(t) =
∫ t

0
λ(t) = λt
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6 CHAPTER 2. SURVIVAL ANALYSIS

Weibull distribution

Assuming a Weibull distribution with scale λ and shape p.

• density function: f(t) = pλptp−1 exp(−λt)p

• survival function: S(t) = 1− F (t) = exp(−λt)p

• hazard function: λ(t) = f(t)
S(t)

= pλ(λt)p−1

• cumulative hazard function: Λ(t) =
∫ t

0
λ(t) = (λt)p

For p = 1 Weibull distribution is equal to exponential. For 0 < p < 1, the hazard is
decreasing, while for p > 1 is increasing.

Piecewise exponential

Piecewise exponential distribution assumes hazard rate is constant within each interval
but can vary between intervals. This approach is useful when the hazard rate is not
constant over time, and the survival can be better captured by allowing for different rates
in different time segments. This means that there are some specific time points where the
hazard changes. Defining one change point τ1 where the hazard rate differs, then there
are two time intervals and two ratios noted:

• hazard function:

λt =

{
λ0, for 0 < t < τ1

λ1, for t > τ1

• cumulative hazard function:

Λ(t) =

∫ t

0

λ(t) =

∫ τ1

0

λ0dt+

∫ t

τ1

λ1dt =

=

{
λ0τ1, for 0 < t < τ1

λ0τ1 + λ1t− λ1τ1 = τ1(λ0 − λ1) + λ1t for t > τ1

• survival function:

S(t) = exp(−Λ(t)) =

{
exp(−λ0t), for 0 < t < τ1

exp[−τ1(λ0 − λ1)− λ1t] for t > τ1

2.3 Methods for survival analysis

2.3.1 Kaplan Meier

The Kaplan-Meier estimator is probably the most popular approach and is also known
as the product limit estimator. It is a non-parametric method that is used to estimate
the survival function from lifetime data proposed from Kaplan and Meier (1958). Here,
censoring is assumed independent of the likelihood of developing the event of interest.
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2.3. METHODS FOR SURVIVAL ANALYSIS 7

For ties between failures and censored observations, the failures are assumed to occur
first. With a large enough sample size, approaches the true survival function for that
population. Based on the empirical survival function, when there is no censoring the
general formula for survival is:

Ŝ(t) =
# individuals with T > t

total sample size
.

The estimator of Kaplan Meier deals with censoring and provides a survival estimator
is based on conditional probability and the multiplication law of probability. Suppose
that time points a1, a2, ..., ak represent k distinct death observed times, rj is the number
of individuals at risk before time aj (everyone who is dead or censored at or after that
time), dj is the number of failures at time aj and cj is the number of censored observations
between the jth and (j + 1)st death times. For each time the number of individuals at
risk is equal to the previous number rj−1 removing those who were censored and dead in
the previous time point, noted as cj−1 and dj−1, respectively Then, for t ∈ (aj, aj+1) then:

Ŝ(t) = P (T ≥ aj+1) =

= P (T ≥ aj+1, T ≥ aj, ..., T ≥ a1) =

= P (T ≥ a1)
k∏

j=1

P (T ≥ aj+1|T ≥ aj) =

=
k∏

j=1

[1− P (T = aj|T ≥ aj)].

considering that P (T = aj|T ≥ aj) is the probability of events occurs at time aj divided
by the probability of an event occurs after time aj. This fraction could be estimated as
dj
rj
, for all j ∈ {1, 2, ..., k}. Thus, the survival estimator is:

Ŝ(t) =
k∏

j=1

( 1− dj
rj
) =

∏
j:aj<t

( 1− dj
rj
) .

Logrank test

The logrank test is a hypothesis test to compare the survival distributions of two samples.
It is a non-parametric way and widely used for censored data. Supposing that there are
two populations, the null hypothesis to test would be H0 : S1(t) = S2(t). The logrank test
is obtained by constructing a (2× 2) contingency table at each distinct death time and
comparing the death rates between the two groups, conditional on the number at risk
in the groups. if the survival curves were the same, the number of deaths in each group
would be expected to be proportional to the number at risk in each group

The logrank test is:

χ2
logrank =

(
∑k

j=1( d0j − r0j
dj
rj
) ) 2∑k

j=1
r1jr0jdj(rj−dj)

r2j (rj−1)
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8 CHAPTER 2. SURVIVAL ANALYSIS

Die/Fail

Group Yes No Total
0 d0j r0j − d0j r0j
1 d1j r1j − d1j r1j

Total dj rj − dj rj

Assuming that tables are all independent, then this statistic will have an approximate χ2

distribution with 1 df.

2.3.2 Cox model

Proportional hazards Cox model is a widely used model in survival analysis proposed
by Cox (1972). It is a regression model, that assumes proportionality of hazards and
respects explanatory variables. Moreover, a baseline hazard(λ0(t)) is unspecified. As
there is no parametric form assumed for baseline hazard and covariates are adjusted with
regression, the Cox model is also known as the semi-parametric model. Let n be the
number of subjects observed with failure or censoring time t1, t2, ..., tn. Supposing that
there p covariates that represent characteristics of the population noted as xi. The hazard
function of the failure time is given by the formula:

λi(t) = λ0(t) exp(β
′xi)

Parametersβ are estimated by maximum likelihood estimators of the partial likelihood
function of the Cox model. Let δi be an indicator of the event that occurs and Ri be the
set of individuals who are at risk at time ti.

The conditional probability at each time would be:

Li(b) = P (individual j fails |1 failure fromR(aj) =
λ(tj, xj)∑

l∈R(aj)
λ(tj, xj)

.

The partial likelihood would be:

Lp(β) =
n∏

i=1

(
exp(β′xi)∑

l∈R(j) exp(β
′xl)

)
δi =

k∏
i=1

exp(β′xi)∑
l∈R(aj) exp(β

′xl)
.

Estimators of β are defined from the derivatives of the log partial likelihood. Consequently,
the Cox model is a linear model for the logarithm of the hazard ratio.

log

(
λ1(t)

λ0(t)

)
= β′x

A simple example could prove the importance of Cox model in comparing treatment
groups. Assuming a binary covariate for the treatment, where x = 1 for treated and x = 0
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2.3. METHODS FOR SURVIVAL ANALYSIS 9

for control. Then λ1(t) would be the hazard rate for the treated group, and λ0(t) the
hazard for control, then:

λ1(t)

λ0(t)
= exp(β)

• λ1(t)
λ0(t)

= 1: No treatment effect

• λ1(t)
λ0(t)

> 1: hazard rate for control lower than treatment’s

• λ1(t)
λ0(t)

< 1: hazard rate for control higher than treatment’s

Baseline hazard function

The Cox model adjusts covariates to explain the hazard ratio. It gives information about
the hazard ratio between groups, but not about their absolute hazards as the baseline
remains undefined. How it could be used to estimate hazard functions? The estimation
of baseline survival Λ0(t) is a challenging problem to deal with. There is a well-known
estimator proposed from Breslow (1972). To begin with, the Breslow estimator is based on
extending the concept of the Nelson-Aalen estimator to the proportional hazards model.
For a single sample with no covariates, the Nelson-Aalen estimator of the cumulative
hazard is:

Λ̂(t) =
∑
j:τj≤t

dj
rj

where aj are the distinct times of failure, dj is the number of failures and rj the number
of subjects at risk. When there are covariates and assuming the PH model above, one can
generalize this to estimate the cumulative baseline hazard by adjusting the denominator:

Λ̂0(t) =
n∑

i=1

dj∑
l∈Ri

exp(β̂′xl)

Moreover, it has been proved that, S(t) = exp(−Λ(t)) and according to the Cox model:

Si(t) = exp

(
−
∫ t

0

λi(u)du

)
=

= exp

(
−
∫ t

0

λ0(u) exp(βxi)du

)
=

=

exp(−∫ t

0

λ0(u)du

)exp(βxi)

=

= [S0(t)]
exp(βxi)

Α method for estimating S0(t) is the Kalbfleisch-Prentice estimator proposed Kalbfleisch
and Prentice (1973) and it is analogous to the Kaplan-Meier Estimator. Considering a
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10 CHAPTER 2. SURVIVAL ANALYSIS

discrete-time model with hazard λj = (1− αj) at the jth observed death time. For x = 0
then:

S0(t) =
∏

j:τj<t

aj.

While for x ̸= 0, the estimator would be:

S(t;x) = S0(t;x)
exp(βx) =

 ∏
j:τj<t

aj

exp(βx)

=
∏

j:τj<t

a
exp(βx)
j

The estimators of aj are obtained by the maximum likelihood and are the equation:∑
k∈Dj

exp(βxk)

1− a
exp(βxk)
j

=
∑
k∈Rj

exp(βxk)

Hypothesis testing

Wald test As mentioned previously, the Cox model is a flexible method because it can
identify treatment effects and also the importance of covariates. The significance of the
parameter could be tested, assuming the null hypothesis:

H0 : β = 0

and the alternative hypothesis
H1 : β ̸= 0

Wald test is a classical approach for this hypothesis testing. It is constructed either based
on chi-square distribution or standard normal distribution, assuming that all the other
parameters in the model are held constant. Then:

• z = β̂

se(β̂)
∼ N(0, 1)

• χ2 = ( β̂

se(β̂)
) 2 ∼ χ2

1

If a factor with a levels, needs to be tested, then the appropriate Wald test is based on a
chi-square distribution with (a− 1) degrees of freedom and the value would be:

χ2 = β̂′
aV AR(β̂a)β̂a

where βa = (β2, β3, ..., βa) are the (a− 1) coefficients corresponding to x2, x3, ..., xa group
reference of factor.

Likelihood ratio test

The likelihood ratio test (LRT) can assess the goodness of fit between nested models. Let’s
assume that one model contains p covariates and the other model contains p+ q covariates,
LRT compares which model is better. In other words, it tests if the q coefficients are equal
to zero and if the corresponding covariates should be included in the model. Considering
the following models:
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2.3. METHODS FOR SURVIVAL ANALYSIS 11

• Model 1 with p covariates:

λi(t;x)

λ0(t)
= exp(β1x1 + ...+ βpxp)

• Model 2 with p+ q covariates

λi(t;x)

λ0(t)
= exp(β1x1 + ...+ βpxp + βp+1xp+1 + ...+ βp+qxp+q)

The null hypothesis is
H0 : βp+1 = ... = βp+q = 0

and the alternative

H1 : βj ̸= 0, for some j ∈ (p+ 1, ..., p+ q)

The LRT is constructed as

χ2
LR = −2[log(L̂(1))− log(L̂(2))]

Under the null hypothesis H0 this test statistic is approximately distributed as the
chi-squared distribution with q degrees of freedom.

2.3.3 Accelerate failure time model

Another method of survival analysis is the accelerate failure time model (AFT model)
mentioned from Cox and Oakes (1984). AFT models are parametric and do not assume
the hazard proportionality property as the Cox model. If an appropriate parametric form
of AFT model is used then it offers a potential statistical approach in case of survival
data which is based upon the survival curve rather than the hazard function. The AFT
model describes the relationship between the response variable and the survival time. The
general assumption of AFT model can be described as:

S(t|x) = S0(exp(β
′x)t)

where S represents the survival function and S0 is the baseline survival function. This
means that the survival function of an individual with covariate x at time t is equal to
the baseline survival function at the time exp(β′x)t. The factor exp(β′x)t is known as the
acceleration factor. An alternative representation of AFT model could be:

log(ti) = β′x+ σϵi

This is a log-linear representation, where linear regression is fitted in the logarithm
transformation of time. The residuals ϵi represent the unexplained variation and follow
specific distribution such as exponential, Weibull, Gamma or log-normal. The assumption
in fitting AFT model is that the residual ϵi and time ti have the same distribution.
Parameters can be estimated using the maximum likelihood estimation (MLE) method. If
the death of an individual is observed then the time corresponds to the density function of
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12 CHAPTER 2. SURVIVAL ANALYSIS

time. While, if an individual is observed as censored corresponds to the survival function
of the time. In other words the likelihood would be:

L =
n∏

i=1

[
fi(ti)

]δi [Si(ti)
]1−δi

Where δi is the event indicator for the ith individual, fi is the density function and
Si is the survival function. The parameters can be found by maximizing the log-likelihood
function.

2.4 Proportionality hazard assumption

The proportional hazards assumptions implies that the hazard ratio(HR) measuring the
effect of any predictor is constant over time. The Cox model assumes proportional hazards
assumptions. Although the baseline hazard λ0(t) depends on time t, the hazard ratio
depends on the covariates, but not on time t, if and only if the covariates do not depend
on time t. Moreover, assuming two individuals with covariates xi and xi′ respectively.
Then, the hazard ratio will be

λ(t, xi)

λ(t, xi′)
=

λ0(t) exp(βxi)

λ0(t) exp(βxi′)
=

=
exp(βxi)

exp(βxi′)
=

= exp(β(xi − xi′)) =

= constant

If the PH does not hold, then for some xi, xi′ , the function λ(t,xi)
λ(t,xi′ )

depends on time t.

When the analysis of survival is based on the Cox model the PH assumption should be
satisfied, otherwise the results will not be reliable. There are several options for testing the
assumptions of proportional hazards either graphical or testing of time-varying coefficients.
If the survival curves are fairly separated and then crossed or the estimated logarithm of
cumulative hazard curves are nonparallel over time then there is very strong evidence to
counter the PH assumptions. Furthermore, the most widely used test is the Schoenfeld
residuals mentioned in research of Grambsch and Therneau (1994). Under non-PH, the
hazard ratio for two subjects i and i′ who differ only in jth covariate will change over time.

log(
λ(t, xi)

λ(t, xi′)
) = βj(t)(xi − xi′)

where βj(t) = βj + γj(t). The Schoenfeld residual are the estimated γj(t). A formal test of
γj(t) = 0 could investigate if the PH holds concerning βj . Visually, the plot of Schoenfeld
residuals against time should not show a pattern of changing residuals for that covariate.
If there is a pattern, that covariate is time-dependent.

2.5 Designing survival study

In clinical trials the primary goal is to show that the experimental drug or treatment is
statistically significant compared to a control group. In addition to this goal it is important
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2.5. DESIGNING SURVIVAL STUDY 13

the trial to have a high probability of detecting the a clinically meaningful difference. This
probability is known as the statistical power of the trial and is directly dependent on the
planned hypothesis test, where the null hypothesis usually implies similarity between the
treatments. Generally, a standard design is associated with:

• power

• significance level

• difference of interest ∆

• sample size

The challenge for designing a survival study is to decide how many patients or
individuals to enter the study, as well as how long they should be followed to detect the
difference of interest with the desired power and under a significance level.

In order to apply hypothesis testing the null and the alternative hypothesis need
to be specified. The difference of interest is under the alternative hypothesis(Ha) while
the opposite is set under the null hypothesis (H0). There are four possible scenarios with
corresponding probabilities:

H0 Ha

Reject H0 α 1− β
Do not reject H0 1− α β

There are two possible errors known as type I and type II errors:

• type I error is known as α, which is equal to the probability of rejecting the null
hypothesis when in fact the null hypothesis is true. This error can be controlled
by choosing the level of significance α that is a criterion for determining whether a
test statistic is statistically significant. In other words, α represents an acceptable
probability of a Type I error.

• type II error is known as β, which is equal to the probability of not rejecting the
null hypothesis when in fact the null hypothesis is false. This type of error is
more difficult to control, because depends on the significance level, the difference in
treatment effects, the variability of treatment effect estimates, and the sample size.

The power of the test is supplementary to type II error, which means that the power
represents the probability of not making the type II error. It is the probability of rejecting
the null when the alternative hypothesis is true.

power = 1− β

For a certain significance level, the statistical power can be augmented by increasing the
sample size. Furthermore, in designing a survival study, the significance level needs to be
determined, and the sample size is calculated under the wished power.
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14 CHAPTER 2. SURVIVAL ANALYSIS

As an example, supposing that there 2 samples of groups noted as Group 1 :
(Y11, Y12, ..., Y1n1) and Group 0 : (Y01, Y02, ..., Y0n0) that are normally distributed with
mean µ1 and µ0 respectively and they also have equal variance. The test will be applied
is:

H0 : ∆ = 0 vs Ha : ∆ ̸= 0

A standard test is the z-statistic which is normally distributed under the null hypothesis.

z =
Ȳ1 − Ȳ0√
s2( 1

n1
+ 1

n0
)
∼ N(0, 1)

If the sample sizes are equal in the two arms,n0 = n1 =
n
2
, the power will be maximized,

then the test statistic will take the simplest form

z =
Ȳ1 − Ȳ0√
s2( 1

n1
+ 1

n0
)
=

Ȳ1 − Ȳ0

2s/
√
n

The steps are the following:

• Set the significance level α and then calculate the critical value c:

a = P
(∣∣Ȳ1 − Ȳ0

∣∣ > c
∣∣∣H0

)
=

= P

(∣∣Ȳ1 − Ȳ0

∣∣
2s/

√
n

>
c

2s/
√
n

∣∣∣∣∣H0

)
=

= P

(
|z| > c

2s/
√
n

)
= 2Φ

(
c

2s/
√
n

)
so c =

z1−a/22s√
n

• Calculate the probability of power.

1− β = P (rejectH0|Hα) =

= P
(∣∣Ȳ1 − Ȳ0

∣∣ > c
∣∣∣Hα

)
=

= P

(∣∣Ȳ1 − Ȳ0

∣∣−∆

2s/
√
n

>
c−∆

2s/
√
n

∣∣∣∣∣Hα

)
=

= P

(
z >

c

2s/
√
n

)
= 2Φ

(
c

2s/
√
n

)
so zβ = −z1−β = c−∆

2s/
√
n

• Combine the previous step to estimate the sample size:

z1−α/2 + z1−β =
∆

2s/
√
n

or

n =
(z1−α/2 + z1−β)

24s2

∆2
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2.6. A BRIEF INTRODUCTION TO CLINICAL TRIALS 15

2.6 A brief introduction to Clinical Trials

2.6.1 Definition

Clinical trials have become an essential research tool for evaluating the benefit and the
risk of a new treatment or prevention of disease. CT represents an experimental approach
of research. According to Buyse et al. (1984) :

”A clinical trial may be defined as a carefully designed, prospective medical study
which attempts to answer a precisely defined set of questions with respect to the effects of
a particular treatment or treatments.”

A trial contains a control group against an intervention group that is compared.
Participants must be followed forward in time. Most often a new intervention is compared
with the best current standard therapy. If this approach can not be conducted, the control
group contains participants who are on no active treatment, which means they receive
either placebo or no treatment at all.

Every clinical trial should be well designed with all the suitable information mentioned
in a protocol. The protocol should be developed before the beginning of participant
enrollment and should remain essentially unchanged except for minors updates. A typical
protocol should include a background of the study, primary question and response variable,
secondary questions and response variable, subgroup hypotheses and adverse effects.
In addition, in the design of the study should be inclusion and exclusion criteria of
patients, the sample size, enrollment of participants, description and schedule, measures
of compliance, assessment of adverse events, data collection and data analysis.

Clinical trials are categorized into four phases:

• Phase I trials: focus on safety, determine the maximum dose that can be tolerated
without excessive adverse effects. A small number of patients participate in phase I,
usually they are healthy volunteers or patients who have already tried and failed to
improve on the existing standard therapies. In estimating the maximally tolerated
dose, the investigator usually starts with a very low dose and escalates the dose
until a prespecified level of toxicity is obtained.

• Phase II trials: focus on safety and short-term efficacy. The purpose is to investigate
if the drug has any biological activity or effect. Several hundred patients with
medical conditions participate in phase II. They also examine if the results are the
expected. As the power is not sufficient, treatment effect may depend on multiple
inputs, clinical outcomes and more safety signals.

• Phase III trials: focus on efficacy and evaluate the effectiveness of the new treatment
relative to the current standard of care. They, also, examine adverse effects. Several
hundred- thousand of patients participate in phase III. There are strict inclusion
and exclusion criteria and it is necessary to evaluate fully the proper role of an
intervention in clinical practice.

• Phase IV trials: focus on effectiveness in routine clinical practice and assess unusual
adverse reactions. There are no inclusion and exclusion criteria and they demonstrate
cost benefits. Usually follow patients who have completed phase III to determine if
there are long term adverse events.
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16 CHAPTER 2. SURVIVAL ANALYSIS

2.6.2 The Role of Clinical Trial

Well-designed clinical trials are the best method for determining if a new treatment is
more effective or not than the current standard and thus, have the power to improve
public health. When there is uncertain knowledge about a disease and large variations
in biological measures, it is difficult to claim whether a new treatment is better and
how it affects the health of patients. Clinical trials are the most efficient method for
detecting if the new treatment is effective or not. Controlled clinical trial is a tool that can
compare the control group against the intervention group and result in whether is a better
treatment. A clinical trial can determine the incidence of adverse effects or complications
of the intervention.

Clinical trials are conducted because it is expected that they will influence practice
and improve health. As CT is well thought-out, well-designed, appropriately conducted,
and analyzed, it is undeniably an effective tool. The collection of appropriate data is
essential. The designing of the trial and the analyses of the data based on statistical
principles leads, safely, to interpretable results. Clinical trials are conducted to answer
a very specific question. Even before the definition of this question, all clinical trial
investigators should have training in research ethics. It is obligatory to understand ethical
principles and the related regulatory requirements.

It is important to explore if the benefits from the trial are worth the added risk.
Doctors need to apply their knowledge in order to achieve the best treatment for their
patients and also obtain new knowledge in order to help future patients and communicate
it to other doctors. Although some potential adverse events are known before the trial, it
should prevent or minimize their appearance. In some occasions, where this is unavoidable,
the question must justify the possible adverse consequences. But, what is this question?

The planning of a clinical trial depends on the question that the investigator is
addressing. If the question is clearly defined, the design of the CT is proper. The goal of a
CT is to establish the safety and effectiveness of the intervention in the target population.
A CT aims to compare treatments. the most general question is about whether a new
treatment is beneficial, neutral, or harmful compared to placebo or nothing. This kind of
question can be converted to a hypothesis test. this test should be based on a sample size,
and a specific outcome such as a clinical event (illness, disease or reducing symptoms,
etc). Then the corresponding results are reliable and interpretable. In general, should be
kept in mind that results depend on the type of design.

Furthermore, other types of questions can be answered by CT. One type of question
is the secondary and is related to the primary questions mentioned previously. For
example, if the primary question asks whether mortality from any cause is altered by the
intervention, the secondary question might ask whether mortality from a specific cause
is altered. Another category is questions that are based on a subgroup. A subset in
the control group can be compared with a similar subset in the intervention group. In
addition, questions can be regarding harm, such as what adverse event might occur or
how to monitor the demonstration of serious toxicity.

The possible types of endpoints are:

• Binary (response to treatment, cure,...- explained by the risk ratio or the odds ratio)

• Categorical (tumor response: complete, partial, stable, progression)
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2.6. A BRIEF INTRODUCTION TO CLINICAL TRIALS 17

• Continuous (blood pressure, weight etc.)

• Failure time (survival time or hazard function)

• Repeated measurements

• Multivariate/Multiple (quality of life)

• Measures of treatment effects (explained by the relative or absolute risk reduction
or the relative odds reduction)

2.6.3 Randomization

Randomization is a method by which all trials are judged. In the simplest case, ran-
domization is a process by which each participant has the same probability of being in
the intervention or the control group. Randomization ensures that assigned treatment is
independent of outcome and eliminates all sources of bias except accidental bias. It tends
to ensure balance among treatments for known and unknown prognostic factors according
to Byar et al. (1976). Moreover, it guarantees the distributional assumptions of the test
statistics and estimators. There are several types of randomization.

Fixed allocation randomization

Fixed allocation procedures assign the interventions to participants with a prespecified
probability. As example, an unequal allocation ratio of intervention to control could be
2:1.Unequal allocation may indicate to the participants and to their personal physicians
that one intervention is preferred over the other. There are three common categories of
fixed common allocation randomization.

• simple randomization (a simple process to apply this randomization is to generate a
uniform sample and do the allocation according to the table look-up)

• blocked randomization (if participants are randomly assigned with equal probability
to groups A or B, then for each block of even size (for example, 4, 6, or 8) one-half
of the participants will be assigned to A and the other half to B)

• stratified randomization (allows randomization according to a prognostic factor)

Adaptive randomization procedures

In contrast to the previous methods of randomization, where the allocation probabilities
where constant, adaptive randomization fits the allocation probabilities as enrollment
progresses. There are two types of adaptive randomization procedures.

• baseline adaptive randomization attempts to balance the number of patients in
each treatment based on previous information but does not take into consideration
participants’ responses. Efron (1971) suggest an allocation probability equal to 2/3
when a correction is needed.
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18 CHAPTER 2. SURVIVAL ANALYSIS

• minimization participants enter a group intending to reduce imbalances.

• response adaptive randomization where randomization considers participants’ re-
sponses.

2.6.4 Superiority VS Non-inferiority Clinical Trials

Some trials are designed to investigate if a treatment is better or worse than another
treatment or to placebo. These trials intend to prove the superiority of one treatment
compared to the other. However, in some diseases is difficult to show superiority. With
the development of effective therapies, many trials are designed to show that a new
intervention is not worse than the other intervention. This consideration leads to different
hypothesis testing. In superiority trials, for example, the null hypothesis would be to test if
the difference between a measure of treatment A and B is equal to zero. In non-inferiority
trials, the key is to interpret the phrase ”not worse than” in order to compose the null
hypothesis. This can be accomplished with the help of a value δ and detecting, for example,
if the difference excludes the value of δ. Moreover, clinical trials that intend to prove that
a treatment is equivalent to another treatment are called equivalence CT. In paper of
Kishore and Mahajan (2020) these types of clinical trials are explained very clearly and
visualized with examples.

• superiority

– difference: H0 : µA − µB = 0 vs HA : µA − µB ̸= 0.

– benefit of A: H0 : µA − µB ⩽ 0 vs HA : µA − µB > 0.

• non-inferiority

– H0 : µA − µB ⩽ −δ vs HA : µA − µB > −δ.

– H0 : µA − µB ⩾ δ vs HA : µA − µB < δ.

• equivalence : H0 : |µA − µB| ⩾ δ vs HA : |µA − µB| < δ.
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Chapter 3

RMST

3.1 Definition of RMST

Restricted mean survival time is a method to analyze survival data. It is widely used
when the non-proportionality assumption assumption occurs. RMST is denoted as
µ(τ) = E(min(T, τ)) where T is a random variable representing the time until an event
of interest occurs (the individual’s survival time) and τ is a specific time point. It has
been proved that it is equal to the integral of survival function S(t) up to time τ .

From the law of total expectation:

E(min(T, τ)) = E(T |T < τ)P (T < τ) + E(τ |τ < T )P (τ < T )

=

∫ τ

0

tf(t)dt+ τS(τ) =

=

∫ τ

0

t
d[1− S(t)]

dt
dt+ τS(τ)

= τ [1− S(t)]τ0 −
∫ τ

0

[1− S(t)]dt+ τS(τ) =

= τ − τS(τ)− τ +

∫ τ

0

S(t)dt+ τS(τ)

=

∫ τ

0

S(t)dt

In other words, it equals the area under the survival curve from time t = 0 to t = τ
and it depends on time τ . RMST is always a positive quantity, it is a monotonically
increasing function of τ , and it is equal to the mean survival time as τ approaches infinity.
Consequently, it is always lower than the unrestricted mean survival time. Due to censoring
data, the mean survival time is not always feasible to estimate. Additionally, it is ”almost”
interpreted as the ”life expectancy” meaning that the patient is expected to be alive
in ”RMST” units of time, out of τ units of follow-up. Except that it is very easy to
understand the interpretation of this quantity, it has the advantage of being independent
of the proportional hazard assumptions. By calculating the difference in RMST between
different groups, the effect of treatments is more comprehensible. Especially, when the
proportional hazard assumption is not satisfied or is approximately satisfied, testing the
equality of RMST between groups, proposes better or similar results to the logrank test,
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20 CHAPTER 3. RMST

respectively.

The supplement of RMST is a quantity that can be used to conduct survival analysis.
It is known as the Restricted Mean Lost Time (RMTL). This quantity can be defined as
the expected value of τ−min(T, τ ). Additionally, it is equal to the area under the survival
curve from time t = 0 to cut point time t = τ . If the value of RMST is known, then the
RMTL can be calculated with a simple subtraction. As RMST is easier to interpret, it is
more preferable than the RMTL.

RMTL = E(τ −min(T, τ)) = τ − E(min(T, τ)) = τ −RMST =

∫ τ

0

(1− S(t))dt.

Figure 3.1: Kaplan Meier curve and estimated RMST.

RMST for some distributions

There are some distributions widely used to model or simulate survival data, such
distributions can be exponential, gamma, Weibull, or log-normal. As RMST is estimated
as the area under the survival function, it is essential that for some distribution the
integral of RMST can be calculated in closed form or approximately estimated. For the
following, there are some examples of RMST for exponential, Weibull, and piecewise
exponential distributions.
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3.1. DEFINITION OF RMST 21

Exponential distribution: if survival time T ∼ exp(λ), then:

S(t) = 1− F (t) = exp(−λt)

RMST = µ(τ) =

∫ τ

0

S(t)dt =

∫ τ

0

exp(−λt)dt =
1− exp(−λτ)

λ

Weibull distribution: if survival time T ∼ Weibull(λ, p), with λ and p being
positive numbers, then:

S(t) = 1− F (t) = exp(−λt)p

RMST = µ(τ) =

∫ τ

0

S(t)dt =

∫ τ

0

exp(−λt)pdt

With the transformation (λt)p = u the integral of RMST is:∫ (λτ)p

0

1

λp
exp(−u)u

1
p
−11

p
du =

1

λp

∫ (λτ)p

0

u
1
p
−1 exp(−u)du =

1

λp
γ(

1

p
, (λτ)p)

where γ is the incomplete integral of gamma function.

Figure 3.2: Difference in RMST for Weibull distribution

Piecewise exponential distribution: piecewise exponential distribution assumes
that the hazard rate is constant in specific time intervals. Defining one change point τ1
where the hazard rate differs, then there are two time intervals and two ratios noted:

λt =

{
λ0, for 0 < t < τ1

λ1, for t > τ1
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22 CHAPTER 3. RMST

S(t) = exp(−Λ(t)) =

{
exp(λ0t), for 0 < t < τ1

exp[−τ1(λ0 − λ1)− λ1t] for t > τ1

RMST = µ(τ) =

∫ τ

0

S(t)dt =

{
1
λ0
[1− exp(λ0τ)], for 0 < τ < τ1

exp(−(λ0−λ1)τ1)
λ1

[1− exp(−λ1τ)] for τ > τ1

Assuming an estimation for restricted mean survival time as: µ̂(τ) =
∫ τ

0
ˆS(t)dt.

In the setting of non-censoring before time τ , the asymptotic variance of the estimated
RMST is:

V (µ̂(τ)) =

∫ τ

0

{
{
∫ τ

x
S(t)dt}2λ(x)
nS(x)

}
dx

where n is the sample size, S(x) is the survival distribution, Λ(x) is the cumulative
distribution function of the censoring time, and λ(x) is the hazard function of mortality.
For exponential survival with rate λ the asymptotic variance will be:

V (µ̂(τ)) =

∫ τ

0

{
{
∫ τ

x
S(t)dt}2λ(x)
nS(x)

}
dx =

=

∫ τ

0

{
{
∫ τ

0
S(t)dt−

∫ x

0
S(t)dt}2λ(x)

nS(x)

}
dx =

=

∫ τ

0

{
{1−exp(−λτ)

λ
− 1−exp(−λx)

λ
}2λ

n exp(−λx)

}
dx =

=
1

nλ

∫ τ

0

{
exp(λx)− 2 exp(λτ)τ + exp(−2λτ) exp(λx)

}
dx =

=
(1− exp(−λτ))

{
exp(−λτ) + 2λτ

}
nλ2

.

Based on Gill (1983), it has been proved that an estimator Ŝ(t) is uniformly consistent
for survival function S(t). As RMST can be estimated as the area under the Ŝ(t) from
time t=0 up to t=τ, noted as µ̂(τ), it follows that µ̂(τ) is uniformly consistent for RMST,
too.

3.2 Methods for estimating RMST

It is essential, that RMST is a very promising quantity and it would be beneficial to
estimate it. Generally assuming that there are no censored data, restricted mean survival
time is equal to the average of observed time of patients till time τ or time τ , if the
observed time is higher than the cut point. In clinical trials, it is guaranteed that there
will be censored data, the previous estimation is inappropriate. Another approach would
be to estimate the survival curve and then the area under the curve from zero until
time τ . As mentioned previously in Chapter 1, survival curve can be estimated with the
non-parametric Kaplan-Meier estimator, with AFT models, or the Cox models. These
methods and other alternatives are presented in this section.
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3.2. METHODS FOR ESTIMATING RMST 23

3.2.1 Non-parametric

Estimation via Kaplan Meier

In practical terms, the Kaplan-Meier(KM) curve is a non-parametric estimator of the
survival function. The estimation of the RMST at a specified time τ is given by the
integral of the estimated survival function up to time τ:

µ̂(τ) =

∫ τ

0

Ŝ(t)dt

The non-parametric estimator of survival function is given from the formula ˆS(t) =∏
ti<t[1−

di
yi
], where ti is total set of failure times recorded, di is the number of events that

happened at time ti, and yi the number of subjects at risk up to time ti. Also, assuming
that D is the total number of unique event times, the area under the Kaplan Meier can be
estimated according to orthogonal decomposition that decomposes the survival function
into orthogonal components:

µ̂(τ) =
∑
ti

(ti+1 − ti)Ŝ(ti)dt,

where the sum is taken over {ti : 1 ≤ i ≤ D, ti < τ} ∪ {t0 = 0, tD+1 = τ}. The variance of
this sum is equal to :∑

ti

(ti+1 − ti)
2V̂ (Ŝ(ti)) + 2

∑
ti<tj

(ti+1 − ti)(tj+1 − tj)Ĉov(Ŝ(ti), Ŝ(tj)) (3.1)

To ensure that RMST can be estimated and identifiable for each treatment group based
on observed data, Zhao et al. (2016) proposed as a necessity the probability of an
event occurring after cut point time τ be bounded away from zero. In other words,
π(τ) = pr(T ∧ C ≥ τ) should be equal to a non-zero value. Here, T represents the time
of the event, and C is the censoring time in the treatment group. Τhis implies that the
minimum of π(τ) should be greater than zero. In practice, restricted time τ could be the
minimum of the 95th percentiles of observed T ∧ C from two treatment groups. They
also mention as an appropriate estimator of variance, this one by plugging Greenwood’s
estimator of the variance and the covariance of Ŝ(t) concluding to the formula:

Moreover, there have been mentioned two formulas for estimating the asymptotic
variance of this estimator. The estimator given in 3.2 was first mentioned by Meier (1975)
and Sander (1975), plugging the Greenwood’s estimator in equation 3.1. The estimator
provided in equation 3.3 was mentioned by Eaton et al. (2020) plugging the variance
estimator of Aalen and Johansen (1978) in equation 3.1. This estimator was proposed by
Tian et al. (2018), using the Nelson-Aalen estimator of the cumulative hazard Λ̂(x).

• V̂ (µ̂(τ)) =
∑
ti

[∫ τ

ti

Ŝ(t)dt

]2
di

Yi(Yi − di)
(3.2)

• V̂ (µ̂(τ)) =

∫ τ

0

[∫ τ

x

Ŝ(t)dt

]2
1

Y (x)
dΛ̂(x) =

∑
ti

[∫ τ

ti

Ŝ(t)dt

]2
1

Y (x)

di
Yi

(3.3)
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24 CHAPTER 3. RMST

It has been proved by Gill (1983), that according to the martingale central limit
theorem and uniform consistent KM estimator of survival curve, µ̂(τ) is uniformly consis-
tent for RMST, too. In simple words, as the sample size increased, the estimated RMST
by the area under the Kaplan-Meier curve approaches the ”real” value of RMST. Fleming
and Harrington (2013) mention that

√
n( ˆS(t)−S(t)) has weakly convergence to Gaussian

process, approximated as:

√
n( ˆS(t)− S(t)) =

√
nS(t)

n∑
i=1

∫ t

0

dMi(u)

Ȳ (u)
+ op(1)

where x = min(T,C),∆ = I(T ≤ C),Mi(t) = Ni(t)−
∫ t

0
Yi(u)λ(u)du,

Ni(t) = I{xi ≤ t,∆i = 1}, Yi(t) = I{xi ≥ t} and Ȳ (t) =
∑n

i=1 Yi(t) and λ(t) is the hazard

function for T. As a result, applying d-method, as
√
n( ˆS(t)−S(t)) converge in distribution

to a mean-zero Gaussian processG(0, σ2), then the distribution
√
n( ˆRMST (t)−RMST (t))

converge in distribution to a mean zero Gaussian process.

Perturbation Resampling Method

As
√
n( ˆRMST (t)−RMST (t)) weakly converge to Gaussian process, Zhao et al. (2016)

proposed a perturbation resampling method, that approximates the distribution of KM,
when the sample size n is large. This method is based on bootstrap weighted samples,
where the weights are random samples from the standard normal distribution. The steps
are the following:

• take a sample n from data.

• generate n weights noted as zi from N(0,1), where i = 1, 2, ..., n.

• calculate the distribution L∗(t) =
√
nS(t)

∑n
i=1 zi

∫ t

0
dNi(u)

Ȳ (u)
.

• estimate RMST as
∫ τ

0
L∗(s)ds.

The symbols are defined as previous. Repeating the procedure for M different
times, concludes in a sample of RMST with size M, where the standard deviance can be
calculated. A satisfying number for M, proposed from authors, is 1000 repetitions.

Pseudo-observations

Jacknife

Another approach for estimating the restricted mean survival time is to use pseudo-values
via resampling methods. Leave one out Jackknife are approximately unbiased estimates for
RMST. The first step is to estimate the Kaplan Meier estimator, taking into consideration
all the observed values. If there are i=1,...n observation, each time we leave out the jth

observation and estimate the Kaplan Meier estimator without the jth observation. The
pseudo-observation of RMST T ∗

j will be calculated as:

T ∗
j = n

∫ τ

0

Ŝ(t)dt− (n− 1)

∫ τ

0

Ŝ−j(t)dt
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3.2. METHODS FOR ESTIMATING RMST 25

where Ŝ−j is the estimator of survival curve without the jth observation. The final

estimator of RMST will be the mean of these pseudo observations, µ̂(τ) = µ̂(T ∗) =
P

i T
∗
i

n

and σ2(T ∗) =
P

i(T
∗
i −T̄ ∗)2

n−1
. The variance of the estimator is approached by ”sandwich”

method. Generally, the sandwich estimator is provided as:

V (θ0) = A(θ0)
−1B(θ0){A(θ0)−1}T

where: A(θ0) = E
{
− d

dθ⊤
Ψ(Ti, θ)

}
and B(θ0) = E

{
Ψ(Ti, θ̂)Ψ(Ti, θ)

T
}
.

According to Andersen et al. (2003) a good approach would be to use as function Ψ
an odd function for the location parameter mean θ1 and an even function for the target
scale parameter variance θ2 defined as:

n∑
i=1

Ψ(T ∗
j , θ̂1, θ̂2) =

(
(T ∗

j − θ1)
(T ∗

J − θ1)
2 − θ2

)
=

(
0
0

)

Here, for this case: A(θ0) = I(θ0) and

B(θ0) =

(
σ2 µ3

µ3 µ4 − σ4

)

where µk is the kth central moment. As a result, the variance estimator would be
V (θ0) = I(θ0)

−1B(θ0){I(θ0)−1}T = B(θ0).

Synthetic

Synthetic data is another method for pseudo-values. Supposing that the true uncensored
data are xi and the observed data are (x̃i, Di) for i=1,2,...,n, where indicator of failure is
Di = I(xi = x̃i) and D = 0 when xi > x̃i, that means that the event did not happen at
time x or more simple is a kind of censored. The purpose is to create synthetic data x∗

i to
replace the observed times of observations and then apply a regression modelling. Also,
x∗
i can be given from the formula:

x∗
(i) = x̃(1) +

∫ x̃i

x̃1

Ĥ(s)
−1
ds

where H̃(s) is the Kaplan-Meier estimator for the censoring distribution and x̃(1), x̃(2), ..., x̃(n)

are the ordered times of observation.

3.2.2 Semi-parametric

Cox model

The Cox model can be used to estimate RMST. Let, λ(t|Z) = λ0(t) exp(β
TZ) and

the estimated Ŝ(t) = Ŝ0(t)
exp(β̂Z), where β′ is a vector of coefficients corresponding to z

covariates. The integral of tŜ(t) can give an estimate of RMST. For example, one covariate
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26 CHAPTER 3. RMST

could represent the therapy of the patient. It could be an indicator that takes values
zero or one if it refers to control group or treatment group, respectively. The baseline
hazard function can be estimated according to the Breslow estimator. Then, by numerical
integration of Ŝ(t) up to time τ we estimate RMST. In the following chapter, there is
more information and details about using Cox model adjusted with covariates. However,
this method is expected to be biased under non-proportionality assumptions.

3.2.3 Parametric

Restricted mean survival time can be estimated by using parametric models. In this
occasion, the survival time is assumed to have a specific characteristic, that follows a
hypothetical distribution with parameters θ. It is required to find the parameter and then
RMST =

∫ τ

0
S(θ, t)dt. The value of θ can be estimated by maximization of the likelihood

function. It is worth mentioning, that the information about the censored data should be
included in the likelihood function. As a result, the likelihood would be:

L(θ/t) =
n∏

i=1

f(ti, θ)
I(ti<ci)S(ti, θ)

1−I(ti<ci)

The maximization of the likelihood estimator could be achieved with numerical methods
and the variance for RMST =

∫ τ

0
S(θ, t)dt is estimated by using ”sandwich” and d-method.

Accelerate failure time

Andersen et al. (2004) mention a regression modelling for mean survival time, using the
accelerate failure time model g(θi) = β0 + βT zi + ei, where g() is a link function such as
the identity function or the logarithm. In case where ei are independent and normally
distributed with zero mean, regression is a simple standard linear model. Residuals can be
specified parametric, with maximum likelihood estimation when they follow distributions
such as Weibull, log-normal or log-logistic. If residuals distribution is not specified,
estimations can be calculated with a generalized least squares procedure or estimation
based on rank test.

Piecewise exponential distribution for survival time

Royston and Parmar (2013) developed a method for estimating RMST and the standard er-
ror, when the survival time has a piecewise exponential distribution. Assuming that hazard
function is piecewise constant in k+1 intervals, with k point times being knots. Hazards
will be noted as λ1, λ2, ..., λk and λk+1 constant in time intervals (0, τ1], (τ1, τ2], ..., (τk, τk+1]
respectively. The restricted time will be defined such as τ > tk. Estimation of RMST is
applied by integrating survival curve from t=0 up to t=τ. They proved that:

µ(τ) =

∫ τ

0

S(t) =
k∑

j=1

e−ΛjBj+1

for j=1,2,...,k, where Λj = Λ(τj) is the cumulative hazard function at time τj and

Bj+1 =
1−e−λj+1δj+1

λj+1
.
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δj+1 =

{
τj+1 − τj, j < k

τ − τκ, j=k

As suitable standard error proposed adding a positive scale parameter ϕ in standard
deviance of min(t,τ).

SE(µ̂(τ)) = ϕ
RSDST√

n
,

where RSDST is the standard deviance of min(t,τ).

For RSDST, using the law of total expectation:

E(min(T, t)2) = E(T 2/T < τ)P (T < τ) + E(τ 2/τ < T )P (τ < T ) =

=

∫ τ

0

t2f(t)dt+ τ 2S(τ) =

∫ τ

0

t2
d[1− S(t)]

dt
dt+ τ 2S(τ) =

= [t2(1− S(t))]τ0 −
∫ τ

0

2τ [1− S(t)]dt+ τ 2S(τ) =

= τ 2 − τ 2S(τ)− 2

∫ τ

0

[t− tS(t)]dt+ τ 2S(τ) =

= τ 2 − 2

∫ τ

0

tdt+ 2

∫ τ

0

tS(t)dt = 2

∫ τ

0

tS(t)dt

Consequently,

V ar(min(t, τ)) = E[min(t, τ)2]− E[min(t, τ)]2 =

= 2

∫ τ

0

tS(t)dt− [

∫ τ

0

S(t)dt]2 = RSDST 2

It is proved that: 2
∫ τ

0
tS(t)dt = 2

∑k
j=0 e

−Λj(Aj+1 + τjBj+1)

where Aj+1 =
1

λ2
j+1

[1− eλj+1δj+1(1 + λj+1δj+1)].

Therefore, RSDST can be calculated by integration. Parameter ϕ is calculated by Monte
Carlo simulation.

• generate a sample of size n, from the piecewise exponential distribution.

• fit a flexible parametric model and estimate µ̂(τ) according to Royston and Parmar
(2002).

• calculate se(µ̂(τ)) by delta method.

Now, ϕ is calculated as ϕ =
√
nSE(µ̂)

RSDST
, where RSDST is known, calculated one time and

not estimated in each simulation.
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Dynamic mixture model

A mixture model for estimating RMST has been proposed by Liao et al. (2020). Specifically,
they proposed a survival curve denoted as a mixture of three components of Weibull:

S(t) = p1 exp

[
−
(

t

λ1

)k1
]
+ p2 exp

[
−
(

t

λ2

)k2
]
+ (1− p1 − p2) exp

[
−
(

t

λ3

)k3
]

The algorithm of ”Expectation-Maximization” is used to estimate probabilities p1, p2 and
parameters of Weibull distributions. Then RMST is estimated as the integral of the
survival curve from zero to time t, with the use of incomplete gamma functions. The
standard error can be obtained from the delta method. This method can be used to
predict other events and also approach the survival curve with a smooth function.

Flexible parametric model

Flexible parametric regression model presented from Royston and Parmar (2002) as fast
and efficient method. The method takes the idea behind the Kaplan-Meier method one
step further by assuming a parametric form and fully defining a smoothed version of the
survival curve. It approaches the baseline survival function as a cubic spline function of
logarithm time. The hazard log-scaled model is noted as:

log(Λ(t, z)) = log(Λ0(t)) + z′β = s(log t) + z′β

where log(Λ0(t)) = s(lnt) is modeled as a restricted cubic spline in logarithm transforma-
tion of time, z is an indicator that takes values zero or one if it refers to the control group
or treatment group, respectively, and β is the corresponding coefficient. Spline s(lnt) is a
linear combination of basis functions and regression parameters γ:

s(log t) = γ0 + γ1 log t+ γ2u1(log t) + ...+ γk+1uk(log t)

The survival curve can be estimated and the value of RMST can be obtained from
the integral of survival. This type of model can be extended for Non-PH. The scale of
logarithm is used to provide positive and interpretable values of RMST and spline function
s(lnt) constrain a linear approach to extreme values of boundary knots. The variance
can be estimated with d-method or bootstrap. While this approach is fully parametric
and the survival function is completely specified, the model is ought to be robust against
distribution misspecification. Moreover, the spline and the piece-wise modeling between
the knots offer great flexibility to the model.

3.3 RMST adjusted with covariates

RMST adjusted with covariates is an analysis to estimate the way that covariates affect
the survival outcome. It is a method to research potential confounding variables that
might impact RMST. To achieve this goal, several methods have been proposed and are
mentioned in this section. Some of them use regression models with weights or pseudo
observations and apply direct regression for estimating the restricted mean of survival
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time. These methods are more intuitive and can explain how RMST depends on covariates
by the appropriate inference. On the contrary to other methods where the covariates are
adjusted in a previous step in the estimation of RMST. For example, some method adds
covariates to the survival curve or in Cox model.

A challenging question to answer is when the estimation of RMST adjusted with
covariates is needed. As the general purpose of clinical trials is to compare treatment effects
between groups, covariates should be included in the model to improve the estimations. In
simulations of Karrison and Kocherginsky (2018), noticed that in the stratified Cox model,
covariates associated with the outcome provide an increase in precision. However, adjusting
non-prognostic covariates did not improve the results. In clinical trials where there is an
a priori knowledge about which covariates affect the outcome or are mentioned in the
protocol, should be included in the model. In general, covariates should be appropriately
chosen in order to contribute to more reliable and robust results.

Methods conclude to one value of RMST for each observation. Let’s consider a
simple example of a possible method, where there is one continuous covariate with n
different values and the model is RMSTi = β̂z. Then, the method will estimate one value
of RMST for each observation. In order to have only one representative estimation of
RMST, two cases can be conducted. One approach is to calculate the average of estimated
RMSTs and the other approach is to calculate the mean of the covariate and then the
corresponding RMST. For the following, we assume that there are z = (z1, z2, ..., zp)
covariates that need to be taken into consideration and β is a vector of corresponding
regression coefficients.

3.3.1 Semi-parametric

Cox model

The next two models are based on Cox modeling, assuming hazard proportionality during
the period up to a specific time τ. Firstly, Zucker (1998) mentions an approach based on
the casual stratified Cox model:

λi(t|Z) = λ0i(t) exp(β
TZ)

where i is the index for groups. The estimates of β̂ are obtained by the maximum partial
likelihood model and λ0i is estimated using the Breslow procedure. Let Ti(p) denote the
ordered event times in group i, Yij(u) to be 1 if the individual ij underwent neither the
event nor censoring in the interval [0,u) and 0 otherwise and zij is the covariate vector for
individual j in group i.

Λ̂0i(t) =
∑

p:Ti(p)≤t

 ni∑
j=1

Yij(Ti(p)) exp(β̂
TZij)

−1

There were two approaches mentioned for estimating the RMST of treatment
groups. In the first approach, RMST is calculated based on the baseline survival function.
Survival curve is given by the known formula S0i(t) = exp{−Λ0i(t)} and the RMST as

µ̂0i =
Li∑
p=0

(ti(p+1) − tip)Ŝ0i(ti(p)), where Li is the number of events in i group, ti(0) = 0
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and ti(Li+1) = τ . The other approach is to average the survival curve for each group as

Si(t) =
1
n

1∑
g=0

ng∑
j=1

Si(t|Zgi)(t), then, the average RMST is estimated as previously where

S0i is the Si.

In this model coefficients of regression covariates β, are assumed the same for each
strata. In contrast with Chen and Tsiatis (2001), who proposed a more general model for
the comparison of two treatments, where coefficients β are different for each group. Let A
be a treatment indicator that is equal to zero or one according to the treatment referring
to. The model is defined as

• λ(t|A = 0, Z) = λ0(t) exp(β
T
0 Z) and

• λ(t|A = 1, Z) = λ1(t) exp(β
T
1 Z)

The matrix of covariates, here, does not include the groups for treatment. Again
estimators of β̂T

0 , β̂
T
1 can be obtained from the maximum partial likelihood estima-

tor and Λ̂0, Λ̂1 from the Breslow estimator using data only form individuals in each
treatment group 0 and 1, respectively. Survival curves are given from the formulas:

Ŝ0(t, zi) = exp{−Λ̂0(t) exp{β̂0

T
Zi}} and Ŝ1(t, zi) = exp{−Λ̂1(t) exp{β̂1

T
Zi}}. In addi-

tion, treatment groups are not in the model as covariates, in contrast to the model that
Zucker proposed.

3.3.2 Regression model

Pseudo-observation and regression analysis

Andersen et al. (2004) proposed a way to combine observations and regression analysis
to estimate RMST. In contrast to other research, this method applies direct regression
analysis of mean survival time. Let θ = E[f(ti)] and θ̂ be an unbiased estimator for
RMST. Also, let the identically distributed covariates mention as zi, i = 1, 2, ..., n. Then
the conditional expectation is defined as θi = E{f(ti)|zi}. Based on the leave-one-out
Jackknife method mentioned previously, respectively, pseudo-observations are obtained
for θ̂i. If there are i=1,...n observation, each time we leave out the i-th observation, the
pseudo-observation θ∗j will be calculated as:

θ∗j = n

∫ τ

0

Ŝ(t)dt− (n− 1)

∫ τ

0

Ŝ−j(t)dt

where Ŝ−j is the estimator of survival curve without the jth observation.The regression
model for the parameter θ will be based on covariates zi given by the formula: g(θi) = βT zi
where g() is a link function. The coefficients β can be estimated as:

U(β) =
n∑

i=1

Ui(β) =
∑

(
d

dβ
g−1(βT zi)V

−1(θ̂i − g−1(βT zi)))

where Vi is the covariance matrix for θi. The standard sandwich estimator can be used
for the variance of β̂. Calculation should be applied according to the following formulas:

Σ̂ = I(β̂)−1v̂ar{U(β)}I(β̂)−1

where I(β) =
∑

i(
dg−1(βTZi)

dβ
)TV −1

i (dg−1(βTZi)
dβ

) and v̂ar{U(β)} =
∑

i Ui(β̂)Ui(β̂)
T .
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Weighted regression models

Weighted regression model for predicting the restricted mean of an event time is a method
for estimating the RMST adjusted with covariates. This approach used the pseudo-
observations that are equal to the minimum of the observed time and the cut point time
τ , with symbols: Yi = min(Ti, τ). By applying regression to this response, the mean of
pseudo observations is modeled. In other words, these models estimate the relationships
between RMST and the covariates. A problem to deal with is the censoring, as some
observed time is not the time till the event occurs and the estimators from the least
squares will not converge. For this reason, is important to take into consideration weights,
that handle the censoring and contribute to the convergence of estimators.

Tian et al. (2014) proposed a weighted method for estimating the RMST, assuming
that the censoring does not depend on the covariate vector. The weight function is the
inverse of the Kaplan–Meier estimator. Moreover, they came up with a link function
based on logistic regression, considered as a success if the event occurs before time τ . The
function for event time that is restricted to interval (0,τ], is the link function denoted

as g(a) = log{ a
τ−a

}. For two samples, the regression coefficient could be log
{

µB(τ−µA)
µA(τ−µB)

}
,

where μ is the restricted mean event time. The regression model will be noted as:

g(E[Yi/Z]) = g(µ(τ)) = β′Z

Following the least squares principle, an Inverse Probability Censoring Weighted (IPCW)
estimating function of β is:

Sn(β) = n−1

n∑
i=1

∆̃i

Ĝ(Yi)
Zi{Yi − g−1(β′Zi)}

Where ∆̃i = I(Yi ⩽ Ci), Yi = min(Ti, τ) and Ĝ is the KM estimator of the corresponding
time C based on {Ui, 1−∆i}, i=1,2,...,n.

In the paper of Wang and Schaubel (2018), they accept the proposed method of
Tian et al. (2014), however, they mentioned that random censoring is rare in observational
studies. For this reason, they proposed a method to handle the covariate dependent and
the dependent censoring that is correlated with the event time through the time-varying
covariates. In this method, the weights are through two separate Cox models, that
correspond to two different types of the model. Assuming g() a link function, the model
will be denoted as:

g(E[Yi|X]) = g(µ(τ)) = β′Z

This regression is the same as the previous one, but the weights differ. The proposed
weights, here, are products of two weights that originate from two different Cox models.
One Cox model is based on the potential censoring denoted as T , which is not conditionally
independent of the survival time given the baseline covariates. The last one Cox model
is based on the potential censoring denoted as C, which is conditionally independent of
the survival time given the baseline covariates. The weights are the inverse probability
censored weights defined as Wi(Yi) = W T

i (Yi)W
C
i (Yi).

• W T
i (t) = exp(HT

i (t)), where HT
i (t) is the cumulative hazards estimated from the

Cox model hT
i (t) = hT

0 (t) exp(β
′
TZ

T
i (t)).
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• WC
i (t) = exp(HC

i (t)) where HC
i (Yi) is the cumulative hazards estimated from the

Cox model hC
i (t) = hC

0 (t) exp(β
′
CZ

C
i ).

Just to note, the first Cox model is for conditional dependent censoring, where the observed
time is the censoring T and ZT the covariates for predicting T . Respectively, the second
Cox model is for conditionally independent censoring, where the observed time is the
censoring C and ZC the covariates for predicting C. Similarly to the previous method,
according to the least squared principle, coefficients can be estimated by equation:

Sn(β) = n−1

n∑
i=1

∆̃iŴ (Yi)Zi(0){Yi − g−1(β
′
Zi(0))}

where η = (α, β) and Zi(0) are the baseline covariates. The standard error of response
can be estimated by delta-method.

Furthermore, Zhang et al. (2022) proposed a weighted regression model through
fixed covariate X∗ and time-dependent covariate X(t), especially for dimensional time-
dependent covariates X(t). Corresponding to a generalized linear model, the model will
be denoted as:

g(E[Yi/X]) = g(µ(τ)) = aTX∗ + βTX(t)

where a = (a0, a1, ..., ap), β = (β1, β2, ..., βq) and X∗ = (1, XT )T . Again, the proposed
weights are products of two weights that originate from two different Cox models. One
Cox model is based only on the fixed covariates and the other is based only on the
time-dependent covariates. The last one Cox model can be also mentioned as T-Cox. The
weights are the inverse probability censored weights defined as WC

i (Yi) = WX
i (Yi)W

Z
i (Yi).

• WX
i (Yi) = exp(HX

i (Yi)), where H
X
i (Yi) is the cumulative hazards of fixed covariates

estimated with the use of Cox model hX
i (s) = hX

0 (s) exp(a
T
c Xi)

• WZ
i (Yi) = exp(HZ

i (Yi)) where HZ
i (Yi) is the cumulative hazards of time-dependent

covariates estimated with the use of T-Cox model hZ
i (s) = hZ

0 (s) exp(β
T
c Xi(s))

In the second Cox model with time-dependent covariates, the baseline hazard is estimated
according to both covariates fixed and time-dependent. But which is the corresponding
value Xi(t)? Here, for one subject there are ni observed values of time-dependent covariate.
The ti is the maximum value of the maximum observation time and the cut time point
τ . As a result, the corresponding value of Xi(t) is the value of Xi at the maximum
observation time point or it is equal to the last observation of Xi till time τ . According
to the least squared principle, coefficients can be estimated by the equation:

Sn(β) = n−1

n∑
i=1

∆̃iŴ (Yi)Zi(ti){Yi − g−1(ηTZi(ti))}

where η = (α, β) and Zi(ti) = (X∗T
i , X∗T

i (ti)). The standard error of response can be
estimated by delta-method.

In general, examples of link functions could be the identity link g(x) = x, the log
link g(x) = log(x), and the logistic link g(x) = log( x

τ−x
). Choosing a link function in

statistical modeling involves some thoughtful considerations. The identity link function
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is often the most appealing due to its clear interpretation. However, it comes with the
drawback of predicting unbounded values. In contrast, the logistic link function might
be a preferable option, particularly for predictive purposes, as it addresses the issue of
unbounded predictions. Moreover, practitioners have the flexibility to perform sensitivity
analyses and diagnostic procedures to assess and compare the performance of various link
functions.

3.3.3 Parametric models

All the parametric models, that are mentioned in the previous section, can be generalized
and can be adjusted with covariates to estimate RMST. Again the events of failure time
and the survival function follow a parametric distribution. The purpose is to estimate
these parameters in order to find the integral of survival function. For example, let’s
assume that the failure time t follows an exponential distribution, then the function is
f(t) = λexp(−λt) and the survival S(t) = exp(−λt). Parameter λ can be adjusted with
covariates such as:

log(λ) = β0 + β1z1 + β2z2 + ...

λ = exp(β′z)

As a result, the density function will be equal to f(t) = exp(β′z)exp(−exp(β′z)t) and the
survival function is S(t) = exp(−exp(β′z)t). Coefficients of covariates can be estimated
with the maximum likelihood estimator. The corresponding RMST can be calculated by
the formula:

RMST =

∫ τ

0

S(λ, t)dt =
1− exp(− exp(β′z)τ)

exp(β′z)
.

Every value of observation can give a corresponding estimation of RMST. Assuming that
there is one continuous variable with n different observations then there will be n values
of RMST. A representative value of RMST for a categorical group would be the average
of RMSTs. The possible parametric models are:

• Flexible parametric model.

• Accelerate failure time model.

• Dynamic mixture model.

• Piecewise exponential model.

Piecewise Exponential

Karrison (1987, 1997) defined a piecewise exponential model for estimating the RMST
adjusted with covariates. As in simple piecewise exponential without covariates, the
hazard rate is assumed constant within defined intervals. Let assume that there are k+1
time intervals where hazards will be noted as λ1, λ2, ..., λk and λk+1 constant in time
intervals (0, τ1], (τ1, τ2], ..., (τk−1, τk] respectively. For each treatment group, the piecewise
constant hazard rate with proportional hazard covariates effects will be:

λg(t, z) = λkg exp(β
′Z)
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where g refers to the number of treatment groups, usually g=1,2, k= 1,2,..K and t ∈
(τκ−1, τκ) and β is a vector of regression coefficients. Let Rkg be defined as the set of
individuals entering an interval k for treatment group g (or the set of individuals that are
at risk interval k for treatment group g) and Dkg the set of individuals dying in interval k
and treatment group g. tik refers to individual i that is observed surviving in kth interval

tik =

{
ti − τk−1, if i dies or is censored in interval k

∆ = τk − τk−1, if i survives through interval k

The partial likelihood can be written

Λ(λ, β) =
2∏

g=1

K∏
k=1

 ∏
i∈Rkg

exp{−λkg exp(β
′zitik)}

∏
i∈Dkg

λkg exp(β
′zi)


and the corresponding log-likelihood is:

l(λ, β) =
2∑

g=1

K∑
k=1

(−
∑
i∈Rkg

λkg exp(β
′zitik) + dkg log λkg +

∑
i∈Dkg

β′zi)

Parameters λ and β can be estimated using maximum likelihood estimates with
Newton-Raphson method, where λ is a vector with size 2k. The inverse of the observed
Fisher information matrix provides an asymptotic variance and covariance matrix. The
estimated survival curve for group g at a specific value z will be:

Ŝ(tr; z) = exp

− exp(β̂′z)
r∑

k=1

λ̂kg∆k


The corresponding RMST can be given from the trapezoidal rule, as the survival

curve is estimated, and the variance can be given from the d-method. Again with this
method, the RMST is estimated to any fixed value of Z. RMST will be different for
different levels of covariates Z. For an overall comparison of treatments, an average
over the observed marginal covariate distribution arising from both treatment groups is
proposed.

• Ŝg
D(tk) =

1
N

∑N
i=1 Ŝ

g
zi
(tk) or

• µg
D(τ) =

1
N

∑N
i=1 µ̂zi(τ)

Karrison’s model does not assume the proportional hazard assumption but assumes points
of time where the hazard ratio changes. These points need to be defined for applying the
model.

RMST in observational studies

Conner et al. (2019) propose an adjusted RMST estimated by integrating an adjusted
Kaplan Meier estimator, in observational studies. The adjustments are applied with
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inverse probability weights. Furthermore, the weights are based on the inverse of the
probability of being in the observed exposure group, k. can be estimated with a logistic
model given the observed covariates. Let pki = P (gi = k|zi) be the probability of i

observation belongs to k group, then wi =
∑K

k=1
I(gi=k)

pki
.

Methods Pros Cons

Kaplan Meier Kaplan and
Meier (1958)

non-parametric method
with simply implementa-
tion

covariates are not adjusted
and there is a limitation for
the values of τ (an event
should occur after τ)

Cox model Zucker (1998) assumes proportionality for
treatment effect

results are not reliable if
proportionality is invalid
and covariates are adjusted
in the logarithm of hazard
ratio

Cox model Chen and Tsi-
atis (2001)

alternative method under
non-proportionality, a more
general model

covariates are adjusted in
the logarithm of hazard ra-
tio

Flexible parametric model
Royston and Parmar (2002)

baseline hazard is ap-
proached with cubic splines
(smooth version of survival
curve)

number of knots need to be
defined

Piecewise exponential Kar-
rison (1987)

”good” estimator if change
points of hazard ratio are
clear

change points need to be de-
fined (not an easy task)

Accelerate Failure Time An-
dersen et al. (2004)

alternative method under
non-proportionality, where
hazard ratio has patterns

parametric distribution
need to be defined

Dynamic mixture model
Liao et al. (2020)

smooth approach of survival
curve

combination of distribu-
tions need to be defined

Pseudo-observation Ander-
sen et al. (2004)

directly applicable for re-
gression analysis and refers
in each observation effect

needs further research for
link function

Pseudo-observation Tian
et al. (2014)

directly applicable for re-
gression analysis and infer-
ence

needs further research for
link function

Pseudo-observation Wang
and Schaubel (2018)

directly applicable for re-
gression analysis and infer-
ence, handles the dependent
censoring

needs further research for
link function, regression is
applied only with baseline
covariates

Table 3.1: Comparison of methods for RMST
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3.4 Difference of RMST

In clinical trials there more than one group, apart for estimating the RMST in each group,
there is an interesting in the difference of RMST between the groups. Most commonly,
this quantity is mentioned as ∆.

∆(τ) = RMST1(τ)−RMST0(τ) =

∫ τ

0

S1(t)dt−
∫ τ

0

S0(t)dt

where RMST0 and RMST1 are the corresponding RMST and S0(t), S1(t) are the survival
distribution for group0 and group1, respectively. The value of ∆ corresponds to the area
between the survival curves of group0 and group1. It is essential, that the cut point of
time τ is defined with one value, and the estimated RMSTs of groups are estimated under
this specific value. All the methods that are mentioned previously can be applied to
estimate the RMST for each group. In addition, when the non-parametric method is used,
cut time τ should be chosen carefully. As described earlier, with the aim of convergence,
the probability of an observed event occurring after cut-point time τ should not be zero.
This assumption should be satisfied for both groups. This is the reason why τ can be
defined as the minimum of the maximum observed time or the minimum of the failure
time between the two groups. On the contrary τ can not be equal or higher than the
maximum observed time. The standard error of ∆ estimator is computed by the form:

SE(∆̂) =

√
SE( ˆRMST1)2 + SE( ˆRMST2)2

where SE( ˆRMST1) and SE( ˆRMST1) are estimated by d-method.

3.5 Choice of τ

It is clear, that RMST obtained by any method is a function that depends on the cut
point τ . The choice of the time point τ is crucial and the most challenging part of using
RMST as a method for clinical trials. Ideally, as Liang et al. (2018) mentioned, the cut
point should be prespecified in the design stage of the study and it is connected with the
null hypothesis, that would like to test. In some methods such as the non-parametric,
the events after the time point τ , in one point of view, will be ignored. Selecting τ as
large as possible seems to be a powerful approach. However, as it is mentioned previously,
KM is a valid estimator of RMST, when the probability of an event occurs after the
time τ is bounded away from zero. If a small τ is selected then min{Xi, τ} = τ , where
xi = min{ti, ci}, will lead to a non informative analysis. On the other hand, if τ is too
large Ŝ(τ) ≈ 0. Usually, the selected τ is close to the end of the follow-up. In many papers
such as Uno et al. (2014) and Huang and Kuan (2018), where there are two treatment
groups, τ is set equal to the minimum of the largest observed time in each of the two
treatment groups and to the minimum of the largest observed event time in each of the
two treatment groups.
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Empirical time window

Once the data collection phase is complete, it becomes valuable and necessary to explore
the viable time interval within which one can calculate estimates for RMST. Tian et al.
(2020) proposed an empirical choice of a time window for estimating RMST. Let T be
the event failure time and C the censored time for n observations. Also, time T is a
continuous random variable and C has bounded support as in most randomized clinical
trials with upper limit τc = inf{τ |P (C ≥ τ) = 0}. Additionally, the probability of
observing an event of failure after time τc should not be equal to zero (P (T ≥ τc) > 0),
which means that the upper limit of T is higher than the upper limit of C. In other words
if Xi = min{Ti, Ci}, then τ̂c = max{X1, X2, ..., Xn}. It has been proved that the RMST
estimated by the integral of the Kaplan-Meier curve up to a time τ that is smaller or
equal to time τC is a consistent estimator.

They also note, that the ∆(τ̂c) converges weakly to a Gaussian process for t ∈ (0, τc).
As the asymptotic variance of ∆(τ̂c) should be a finite number, a sufficient condition of
this is that:

lim
t→τc

fc(t)

(τc − t)1+δ
> 0

where fc is the density function of censored time and δ ∈ (0, 1). That means that the
density censored function cannot reach zero too fast when the time goes to the upper
bound of time τc. For example, if τc, the largest censoring time is far away far away from
other censoring times, then the previous condition is not satisfied. Ιntuitively, a flat tail
in the Kaplan-Meier curve over a long time interval up to τc containing very few censoring
observations, reflects in density censored function that approaches the zero. This could
happen in clinical trials, when the enrollment is very slow at the beginning of the study
and highly increases later, then the condition is not satisfied. Making inferences for RMST
based on τ̂c might be misleading and τ cannot be chosen to be τ̂c. In their simulation for
two treatment groups, they choose as τ the minimum of the largest censored time τ̂c from
two arms and the time τ at which there would be at least 5% of the patients at risk in
both arms.

τ under maturity of the data

Royston and Parmar (2013) mention that τ should be a value between the smallest
follow-up period of a patient and the maximum follow-up time of a patient. The collected
data might differ from the design under which the τ was calculated. For this reason, they
proposed to analyze the data up to a value of time τfinal that maximizes the power of
tests. That is the time when the data are mature enough to analyze the treatment effect.

In clinical trials that are designed with an RMST outcome, the maturity of the data
depends on the variance of estimated ∆̂ and the design value ∆. Generally, the structure
is to test the null hypothesis where the difference in RMST for treatment groups is ∆
at some τ under a level of statistical significance α and achieve the value of power ω.
Consequently, after setting specific values for α, ω and ∆, the planned power ω is achieved
when var(∆̂) ≤ ∆2

zz2
, where zz = zω + z1−a

2
. In other words, the process is to estimate

var(∆̂) for different values of τ and choose as appropriate τfinal the value when the pmat
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reaches 100% pmat is the percent of maturity of the data noted as:

pmat = 100
∆2

zz2var(∆̂)
(3.4)

or the value that maximizes pmat. Alternatively, the power for the current data, estimated
under a value τ is given by the following formula:

ωcurr = Φ[

√
∆2

var(∆̂)
− z1−α

2
] (3.5)

Finally, τfinal can be chosen as the value that maximizes equations (3.4,3.5). They
also suggest defining τfinal equal to the largest uncensored time to event(tmax), when τfinal
is higher than tmax.

3.6 Hypothesis testing

In clinical trials, most of the time, the purpose is to compare two treatments. Especially,
it is important to test if the two therapies differ significantly. In this section will be
mentioned some tests based on RMST. In practice, if two or more treatments need to be
compared, the difference or the ratio between RMST can be tested. Let assume the null
hypothesis as:

H0 : µ0(τ) = µ1(τ) = . . . = µk(τ)

vs H1 : µi0(τ) ̸= µi1(τ)

for some i1, i2 ∈ {0, 1, ..., k}.
A test statistic for treatment effect follows a chi-squared distribution with 1 degree

of freedom. In other words, the null hypothesis for two groups of treatment could be
expressed as:

H0 : ∆(τ) = 0

vs H1 : ∆(τ) ̸= 0

where ∆ij(τ) is the difference of RMST between treatment groups. The square of the
ratio of ∆ to its standard error, under the null hypothesis, follows a square distribution
with one degree of freedom. Moreover, when RMST is estimated with parametric models
where treatment is a categorical covariate, the treatment effect can be interpreted. The
importance of the treatment effect can be tested with the chi-squared test. However,
RMST is a function that depends on the restricted time τ. For different values of τ, the
results of RMST will be varied. The decision to restrict time is challenging. Applying
hypothesis testing for only one specific value of τ may mislead unless this value of τ is
prespecified in the trial protocol. A solution might be to calculate the chi-square for
different values of τ and apply the test based on the maximum value of the chi-square.
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Combined test

Royston and Parmar (2016) suggested a combined hypothesis test based on a permutation
test of the difference in RMST across time. Taking into consideration the crucial role
of restricted time τ and the performance of the Cox proportional hazard model, they
combine the minimum of the Cox and the permutation test p-values. The process is the
following:

• choose nt the number of time points at which RMST and χ2 are evaluated. nt could
be 5, 10, 15 or 20. authors proposed 10, as 5 tended to miss the optimal τ too often
and other numbers required more computing time. As the lower bound of time (τl),
they proposed the 30th centile of the event times and the largest uncensored event
time as the upper bound(τu). Then, for i ∈ (1,2,...,nt) :

τi = τl +
τu − τl
nt − 1

(i− 1)

• for each τi calculate RMST and the corresponding value of χ2
1 noted as ci.Then,

Cmax = max{c1, c2, ..., cnt} and the corresponding p-value of Cmax is noted as pmax

• repeat the same process M times. Here the treatment covariate is randomly permuted
for M times, and the ci are calculated for the same restricted time. This conclude
to a sample of Cmax of size M, {C1, C2, ..., CM}.

• let N =
∑M

i=1 I(Ci > Cmax), where Cmax is the value from the observed data. The
p-value of the permutation test is denoted as

pperm =
N + 0.5

M + 1

Simulating this procedure 1000 times, authors noticed a strong relation between pperm
and pmax of the Box-Tidwell model: E(pperm) = 1.762(pmax)

0.885 + 0.802(pmax)
2.547

• calculate pmin = min{pcox, pperm} and approximate the null distribution using beta
distribution B(a,b).

I(pmin;α, β) =
Γ(α + β)

Γ(α)Γ(β)

∫ pmin

0

xα−1(1− x)β−1dx

Parameters are estimated with maximum likelihood. From their simulations α̂ was
close to 1 and β̂ = 1.51 (95%CI = 1.49 to 1.53)

• estimate pcomb applying the formula pcomb = I(pmin; 1, 1.5). If pcox and pperm were
independent, then Bonferroni correction would apply and a similar analysis would
give b=2.

Flexible and coherent test

Horiguchi et al. (2018a) proposed a flexible and coherent test procedure based on z-test
in different values of restricted time τ and on permutation data. It is proved that the
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estimator of difference of RMST ∆(τ) based on KM estimators, converges weakly to a

zero mean Gaussian process. As a result z =
√
n ∆̂(τ)

σ̂(τ)
asymptotically follows the standard

normal distribution under the null hypothesis. By choosing between τ flexible, the test
has the flexibility to adapt various patterns of difference. The procedure is the following:

• Define a set of restricted time τ: {τ1, τ2, ..., τκ}

• Calculate the values

zi =
√
n
∆̂(τi)

σ̂(τi)

• The test statistic is:

Z∗ =

{
maxZ(τi) ,1- sided test

max
∣∣Z(τi)∣∣ ,2-sided test

• Generate M independent samples of weights, with size n, from a distribution with
mean 1 and variance 1. (ex. the unit exponential distribution) and repeat the same
process to calculate test statistic from the weighted KM. Then, there will be a
sample of Z* of size M.

• The p value of the test is given by ¶{Z† > z∗|O}, where Z† denotes the reference
distribution and z∗ the observed value of Z∗.

Permutation test

Implementing permutation tests for the difference or ratio of RMST from two groups,
calculated up to a specific restricted time τ, can have numerical issues. Especially, when
the sample size is small, there will be some cases where the survival curve can not be
estimated from KM, due to censoring. Horiguchi and Uno (2020) proposed six possible
solutions to handle these issues. After choosing the test statistic that would be applied,
the general process for permutation tests would be the following:

• Calculate the test statistic with the observed data z.

• for M times, generate permutation data, creating random allocation of treatment
from observed data.,

• recalculate the test statistic concluding in a sample (z1, z2, ..., zM) of size M.

• the p value of the test is given by ¶{Z† > z∗|O}, where Z† denotes the reference
distribution and z∗ the observed value of Z∗.

Applying this test to a small sample size can have issues. For this reason, the authors
proposed the following six methods.

1. The first method simply ignores the cases and iterates the permutations beyond M
occurrences to generate M actual outcomes for constructing the reference distribution.
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2. The second approach involves extending the survival curve up to τ, allowing the
calculation of both Ŝm

1 (τ) and Ŝm
0 (τ) for all m∈(1, . . . , M). To illustrate, if Ŝm

1 (τ)
can only be defined up to t < τ with the mth permutation data, we assume
Ŝm
1 (u) = Ŝm

1 (τ) for u∈(t,τ).

3. The third approach involves reclassifying the final censored observation as an event
when the survival function at is not estimable. For instance, if Ŝm

1 (τ) can only
be defined up to t < τ with the mth permutation data, we assume Ŝm

1 (τ) = 0 for
u∈(t,τ).

4. The fourth approach combines Methods 2 and 3. In particular, when the survival
function of either group cannot be defined at τ with the mth permuted data, RMST
can be obtained by the average of RMST using the techniques described in Methods
2 and 3 above.

5. The fifth method involves employing a parametric model when the survival function
of either group cannot be determined in the permutations. For instance, if Ŝm

1 (τ)
cannot be defined with the mth permutation data, a Weibull distribution model is
used to fit the data. Let S̃m

1 (τ) be the estimated survival function obtained through
the Weibull fit. In cases where the maximum likelihood estimate (MLE) for the
Weibull distribution cannot be derived or the hessian of the covariance matrix for the
MLE is singular, the shape parameter of the Weibull distribution could be defined
equal to 1, equivalent to fitting the data with an exponential distribution.

6. The sixth method is to utilize pseudo-observations to calculate the RMST as
mentioned in the previous section.

Sequential test through piecewise exponential

Luo et al. (2019), and a little bit later Lu and Tian (2021) published papers that mentioned
a sequential test for detecting the difference in RMST. Firstly, they assume that both
event time and censoring distributions are piecewise exponential, with which the RMST
and the corresponding variance-covariance are computed. Let’s assume that there are k
change points of exponential and M cut points τ1 ≤ τ2 ≤ ... ≤ τM for investigating RMST.
Now, hypotheses testing H0(τm),m = 1, 2, ...,M are multiple comparisons based on z test
statistic. The analysis at the last step m is the final and the previous are the interim
analyses.

If a p-value at an early stage, concludes in rejecting the null hypothesis, we should
keep in mind that the earlier claim is for a different null hypothesis than that in the later
claim. It is probable, that this test will not achieve high power. For this reason, the
statistic test at early stage should not be too small such that the predicted power at the
final analysis is sufficient. At middle stage the z-statistic should be bounded to prevent
detrimental effect of the treatment or stop the trial if an earlier efficacy is higher than
expected. At final analysis, if null hypothesis Hm is rejected then a test for rejecting null
hypothesis in earlier stage should be applied, additionally. This test is based on the data
collected till time-point tm but at earlier cut point.

In their simulations, they set a sequence of study time points noted as t1 ≤ t2 ≤ ... ≤
tm and they apply analyses according to the data at times point tm with corresponding
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cut points time τm = tm − 0.5. As example, they applied 3 analyses at time 6, 18 and 30
with cut points 5.5, 17.5 and 29.5 respectively. Let assume the multiple tests with null
hypotheses:

H2 : µ0(17.5) = µ1(17.5)

H3 : µ0(29.5) = µ1(29.5)

The process for the test is the following:

• If z2 > q1−a2 , the trial stop for early efficacy. and H2 is rejected.

• If z2 < q1−β2 , the trial stop for futility.

• If q1−β2 < z2 < q1−a2 , final analyses is applied.

– If z3 > q1−a3 , H3 is rejected and

– If z+2 > q1−a+2
H2 is rejected, too.

z+2 is the estimated value based on the data till time 30, with cut point 17.5.

Joint test

The joint test proposed by Royston and Parmar (2014) is a combination of the logrank
test or Cox and the Grambsch-Therneau test. In their paper, they mentioned that in
most clinical trials, the sample size is estimated based on the logrank test, and the HR is
often obtained from a Cox model. However, if non-PH occurs, the results are not reliable
and the power of logrank test is lower. As a solution, they suggest combining the logrank
test and the Grambsch-Therneau test based on the correlation between scaled Schoenfeld
residuals and the ranks of the failure time. The latter one is for handling the possible
time-dependent treatment effect. Assuming that the Grambsch-Therneau test statistic is
independent of the Cox or logrank test of the treatment effect and under PH has a central
chi-square distribution on 1 degree of freedom, their sum has an asymptotic chi-squared
distribution with 2 degrees of freedom.

Although this method takes into consideration the non-proportionality of hazard
ratio, when the PH holds, it has lower power than the simple logrank test. This can be
easily explained because the Grambsch-Therneau test is null under PH, and the joint test
”wastes” one degree of freedom. Authors also mention the relationship between the power
of joint test and the power of logrank test. Let α be the significance level and ω the power
of logrank test under PH, when the hazard ratio of treatments is different, the logrank
chi-square statistic has a non-central chi-squared distribution with one-degree freedom
and non-centrality parameter zz2, where zz = z1−α/2 + zω. The joint test statistic is non-
central chi-squared distribution with two degrees of freedom and the same non-centrality
parameter. the power of joint test is:

ωJT = 1− F2[zz
2, C−1

2 (1− α)] (3.6)

where Fν(λ, u) is the distribution function of a non-central χ2 with ν degrees of freedom
and non-centrality parameter λ and C−1

ν (p) is the central chi-square deviate on ν d.f.
corresponding to probability p.
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3.7 Design with RMST

In continuation of the previous, designing clinical trials based on RMST is necessary. As
in most clinical trials, the aim is to find the appropriate sample size for applying the
hypothesis testing under significance level α and power β. If a CT is designed based
on the proportional hazard assumption and there is evidence that the hazard ratio is
time-dependent, then an analysis based on RMST would be more suitable. In such
situations, tests with RMST may not achieve the desirable power. This is a plausible
motivation for designing clinical trials with RMST.

In the paper of Royston and Parmar (2013), they proposed a method based on the
difference between RMST for estimating the sample size. It is similar to the initial idea of
sample size as in HR assumption but with the use of RMST. Suppose sampling at random
from the distribution of positively random variable T. The number of patients in the
control arm is n0 and n1 for the experimental arm. Then the corresponding ratio of the
number of patients will be noted as r and it will be equal to n1/n0. Also, the means and
variance of T in the control and the experimental arms are µ0, σ

2
0 and µ1, σ

2
1 respectively.

Setting the power ω and significance level equal to α the test would be:

H0 : ∆ = 0

Vs H1 : ∆ ̸= 0

The required total sample size would be:

n = (1 + r)
(z1−α/2 + zω)

2

∆2/(σ2
0 + r−1σ2

1)
. (3.7)

Note that the estimated ∆ and the corresponding standard error are estimated with the
flexible parametric method as mentioned in their paper. On the other hand, sometimes
when a test is applied for a specific sample size, the interest is in the power of the test.
From equation 3.7,the power ω is given by

ω = Φ{[ ∆2

(1 + r)(σ2
0 + r−1σ2

1)
]1/2 − z1−α/2}.

The usual assumption is that the response variable is normally distributed T ∼
N(µj, σ

2
j ) in arm j(j = {0, 1}). there are three cases, where this assumption does not

occur for RMST. The random variable is restricted time to event.X = min(T, τ). Due to
the right truncation, the distribution of X is strongly non-normal. In most trials with a
time-to-event outcome, T is positively skew, without symmetry. Also, the estimations
of ∆ and its standard error are affected by the right censoring. So, they proposed as a
strategy to calculate the sample size for RMST based on the design assumptions and
modify it as necessary.

Design in non-inferiority trials

Non-inferiority trials have grown increasingly common, in particular in cancer and cardio-
vascular diseases. Designing non-inferiority trials is challenging and they require larger
sample sizes than the placebo control in superiority trials. Freidlin et al. (2021) simulate
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under proportional hazard assumptions scenarios with instantaneous and uniform accrual
period and high, moderate, and low survival rates of experimental arm and they calculate
the power of RMST and proportional hazard tests for superiority and non-inferiority null
hypothesis. They conclude in special occasions of trials where the difference in RMST
leads to a higher power than hazard ratio in non-inferiority trials. Characteristics of such
trials are the low event rates, very large targeted non-inferiority margins, and limited
follow-up past τ .

In their paper, they present when the RMST outperforms the hazard ratio but
not the reason. However, they mention that the hazard ratio estimator depends on the
number of observed events and not directly on the exposure times and the sample size.
In addition to this, Zhao et al. (2012) note that the precision of difference of RMST
increases when the event rates decrease, in contrast with Cox model that decreases. This
happens because the hazard ratio is approximately inversely related to the number of
observed events. Nevertheless, in superiority trials, the increase in the precision of RMST
does not imply an increasing power. Furthermore, Quartagno et al. (2021) agreed with
these statements, and also tried to explain the reasons for these RMST ’s advantages
in non-inferiority trials. As a reason, they present the difference in the null hypotheses
between RMST and hazard ratio tests. For example, for vaccine non-inferiority trials,
for low infection risk, defining the non-inferiority margin as a risk difference would give
much greater power. On the other hand, defining it as a ratio is more meaningful and
transportable as it is a relative population risk.

Finally, in a paper of Weir and Trinquart (2018) are mentioned methods for con-
verting a margin for the hazard ratio into a margin for the difference in RMST and
the way to calculate the required sample size under a Weibull distribution. Under the
assumption of proportional hazards, the survival function would be SC(t) = exp(−( t

λC
)νC ).

Assuming that the shape parameters are equal in the experimental and control arms, the
corresponding survival for the experimental arm would be SE(t) = exp(−( t

λE
)νC ). The

null hypothesis for HR is :

SE(t) = [SC(t)]
(θm) ⇒ θm = [

λC

λE

] vC

⇒ log(θm) = νC log(
λC

λE

) ⇒

⇒ λE = λCexp(−
log(θm)

νC
).

The corresponding margin for the difference in RMST at time τ is:

∆m = RMSTE −RMSTC =

∫ τ

0

SE(t)dt−
∫ τ

0

SC(t)dt =

=

∫ τ

0

exp(−(
t

λCexp(
log θm
νC

)
)νC )−

∫ τ

0

exp(−(
t

λC

)νC ) =

=

∫ τ

0

exp(−θm(
t

λC

)vC )dt−
∫ τ

0

exp(−(
t

λC

)vC )dt.

Furthermore, they proposed a sequential simulation approach for estimating the required
sample size with the following steps.

• Set a Weibull distribution, non-inferiority margin, time horizon τ , power, and type
I error. Also, set the allocation ratio and accrual rate and period.
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• Simulate 20000 randomized clinical trials of sample size 100, according to the Weibull
model.

• For each RCT, calculate the lower bound of the confidence interval for the difference
in RMST.

• If the previous bound is above the non-inferiority margin, conclude to non-inferiority
trials.

• Calculate the power of tests in RCT that are non-inferiority trials.

• Increase the sample size by increments of 10 and repeat the process until the
computed power exceeds the desired level of power for the trial.

Design based on joint test

Royston and Parmar (2014) insisting on the advantages of joint test, they proposed three
strategies for designing CT with the use of joint test. Joint test can detect the treatment
effect when PH assumption does not occur. It is expected to have higher power than
other tests, under non-PH. Moreover, the planned power of joint test can be estimated if
the power of logrank test is prespecified. The three possible strategies are the following:

1. A simple approach is to power the logrank test under PH assumptions and calculate
the power of joint test according to equation 3.6.

2. The second approach is opposite to the first strategy. With more details, the steps
are to specify the power of joint test at significance level of α under PH and estimate
the power of logrank test solving equation 3.6 to ω:

ω = Φ{
√

G2[C
−1
2 (1− α), 1− ωJT ]− Z1−α/2}

where Gν(u, p) is the non-centrality parameter of a non central χ2 variate with ν
d.f. at a value p of distribution function. Ιn other words, if Fν(λ, u) = p, then
Gν(u, p) = λ.

3. The third approach is to increase the significance level of joint test to achieve power
ω under PH. Again from equation 3.6:

αJT = 1− C2[F
−1
2 (zz2, 1− ω)].

In their simulations, they choose the second strategy of designing. First, they set power
for joint test equal to 80%, they calculate the power of logrank test for significance level
α and then they estimate the required sample size.

Design under Kaplan Meier estimator

There are some occasions, where the ΚΜ estimator S(t) can not be defined, thus the
corresponding estimator RMST is not consistent. Three possible approaches can be applied
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to overcome this problem, but each method has disadvantages. Gill (1980) proposed
a method which extends the censoring time of the last person under observation to τ .
This method leads to positive bias. Efron (1967) proposed considering the last censored
observation as an event, but this leads to negative bias. The third approach is to estimate
RMST with an earlier restriction time τ ∗, at which the KM estimator is defined. Although
this method has a different interpretation based on time τ ∗, it is unbiased. τ ∗ can be
defined as the last censored time.

As these methods have drawbacks, should be avoided. Eaton et al. (2020) proposed
to choose τ in the designing of the trial, such as KM estimator will be estimated. In other
words, τ is chosen with the aim that the probability of estimating RMST in control and
treatment groups is high and do not get out of a threshold such as 0.95. the probability
can be estimated as:

pKME = 1− P (Last observation censored and censoring time < τ)

= 1− n

∫ τ

0

P (min(T,C) < t)n−1g(t)S(t)dt.

where C is the random variable representing individual censoring time and g(t) is the
probability density function of censoring time.

Statistical analysis plan

In the previous paper mentioned hypothesis testing, it has been concluded that under
proportional hazard assumption, the logrank test has better power than the tests for
RMST difference. On the other hand, when there is evidence for non-proportionality
hazard assumption, the tests for RMST are more powerful than the logrank test or Cox.
Moreover, if non-PH occurs, the hazard ratio depends on time and results based on this
are not interpretable or reliable. For these reasons, Royston and Parmar (2011) suggest
an approach for primary analysis of clinical trial data with four simple steps.

• Use a logrank test for testing the treatment effect.

• Test for non-PH by using Grambsch-Therneau test based on Schoenfeld residuals
from a Cox model. Additionally perform a graphical diagnostic.

• If there is no evidence for non-PH, the suitable summary for the treatment effect is
the HR and its confidence interval.

• If there is evidence for non-PH, the difference of RMST should be estimated. The
choice of τ should be the value mentioned in the trial protocol. If it is not specified,
τ may be defined slightly below the maximum expected follow-up time.

3.8 Comparison RMST-Hazard Ratio

Most commonly, in clinical trials, the Cox hazard model is used to analyze survival data.
The proportionality assumption is required to give reliable results when the Cox model is
used. For interpreting HR, the assumption of PH should be satisfied. RMST can be one
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of the alternative methods when the PH assumption is invalid. Generally, it is important
to define a specific time τ before the start of the study, then RMST can be considered
as a clinically interpretable measure. Especially, a delayed treatment effect or crossing
survival curves can be observed in clinical trials, such as immunotherapies in oncology.
For example, in the paper of Horiguchi et al. (2018b) the delayed effect of immunotherapy
in metastatic colorectal cancer was evaluated with the RMST. The difference between
RMST is estimated and corresponds to units of time. These are the basic advantages of
RMST, it is a simple and easy-to-understand measure, interpretable, and has the potential
to be a ”good” estimator when the non-PH occurs.

Furthermore, test for equality of RMST is represented more powerful than the test
of HR, when the hazard assumption is not satisfied. Many papers such as, Horiguchi et al.
(2020), Huang and Kuan (2018) and Zhang (2023) mention that the empirical power of
RMST test is higher than the logrank and the Cox test when there are crossing survival
curves or a delayed effect. However, this is not the case under PH, where the Cox test
and has a slightly better performance than RMST. In addition, simulations of Royston
and Parmar (2013) and Weir and Trinquart (2018) indicate when designing a CT under
RMST the required sample size is dramatically lower. In conclusion, Hasegawa et al.
(2020) presents a summary for comparing RMST and Hazard ratio, with advantages and
disadvantages.

RMST Difference Hazard Ratio

Treatment effect as time units up
to a specific time point τ .

Treatment effect as ”risk of failure”
through the study period.

The difference of expected time of
life until the specific time τ .

The percentage of how the risk of
one treatment changes based on
the risk of the other.

Time point τ need to be prespeci-
fied.

The PH assumption need to be
valid.

Depends on time point τ . Under PH, it does not depend on
the follow-up period.

pros Alternative method when the PH
is not satisfied, easy to interpret,
explain and understand.

Hiqher power under PH assump-
tion, it uses the information under
all the follow-up period.

cons Choice of time τ is crucial. Results are not reliable when the
PH assumption is not satisfied.

Table 3.2: Comparison between RMST difference and hazard ratio

3.9 Applied RMST to real data

HERA is a clinical trial about breast cancer that compares patients who had received
treatment and patients in the observation group. Patients were randomly allocated to three
groups: observation, trastuzumab for 1 year and trastuzumab for 2 years. More specifically,
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48 CHAPTER 3. RMST

1697 patients were assigned to the observation group and 3402 were to trastuzumab. From
them, 1702 patients received treatment for one year and 1700 for two years. We include
these two groups to one experimental group with 3402 patients. For each patient, the
following characteristics were recorded:

• menopausal status (1: post-menopausal, 2: pre-menopausal, 3: uncertain)

• hormone receptor status (1: positive, 2: negative)

• nodal status (1: not assessed, 2: negative, 3: 1-3 positive nodes, 4: ≥ 4 positive
nodes)

• age category (1: < 35 years, 2: 35− 49 years, 3: 50− 59 years, 4: ≥ 60 years)

• category of tumor size in cm (1: 0− 2cm, 2: 2− 5 cm, 3: > 5 cm, 4: Missing)

• prior-(neo) adjuvant chemotherapy (1: no anthracyclines, 2: anthracyclines, no
taxanes, 3: anthracyclines and taxanes)

After combining 2 groups of treatments, we exclude two patients with missing data
in characteristics. There are 1695 patients in the observation group and 3402 patients in
the treatment group. In table 3.3 are presented the characteristics of patients by treatment
group. From the patients in trial, 45% are in post-menopausal situation, 14% are in
pre-menopausal situation, and 41% have irregular period. Almost half of the patients have
a positive hormone receptor status. 32 %of patients have a negative nodal status, 29%
have 1− 3 positive nodal status and 28% have ≥ 4 positive nodal status. The majority of
the women are in the age of 35− 49(45%), 32% are in age of 50− 59, 16% have 60 or more
years, and there is a small percentage of women with age more than 35(7%). From the total
of patients, 6% have been in a procedure of adjuvant chemotherapy with no-anthracyclines,
68% have been in a procedure of adjuvant chemotherapy with Anthracyclines and 26%
have been in a procedure of adjuvant chemotherapy with Anthracyclines and Taxanes.
Moreover, 44% of patients have tumor size more than 5 cm, 39% have tumor size between
2-5 cm and 12% of patients have tumor size lower than 2 cm.
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characteristics observation(%n) treatment(%n) total

number of patients 1695(33.3%) 3402(66.7%) 5097

menopausal status
post-menopausal 769 (45%) 1549 (46%) 2318 (45%)
pre-menopausal 234 (14%) 483 (14%) 717 (14%)
uncertain 692 (41%) 1370 (40%) 2062 (41%)

hormone receptor status
positive 841 (49%) 1686 (49%) 2527 (49%)
negative 854 (51%) 1716 (51%) 2570 (51%)

nodal status
not assessed 178 (11%) 385 (11%) 563 (11%)
negative 554 (32%) 1091 (32%) 1645 (32%)
1− 3 positive nodes 490 (29%) 974 (29%) 1464 (29%)
≥ 4 positive nodes 473 (28%) 952 (28%) 1425 (28%)

age category
< 35 years 126 (7%) 252 (7%) 378 (7%)
35− 49 years 751 (45%) 1512 (45%) 2263 (45%)
50− 59 years 545 (32%) 1093 (32%) 1638 (32%)
≥ 60 years 273 (16%) 545 (16%) 818 (16%)

category of tumor size
0− 2cm 194 (11%) 404 (12%) 598 (12%)
2− 5 cm 682 (40%) 1320 (39%) 2002 (39%)
> 5 cm 723 (43%) 1501 (44%) 2224 (44%)
Missing 96 (6%) 177 (5%) 273 (5%)

prior-(neo) adjuvant chemotherapy
no anthracyclines 99 (6%) 203 (6%) 302 (6%)
anthracyclines 1156 (68%) 2311 (68%) 3467 (68%)
anthracyclines and taxanes 440 (26%) 888 (26%) 1328 (26%)

Table 3.3: Frequencies for patients characteristics by group.

In figure 3.3, power is calculated under the assumption that proportionality of hazard
ratio is valid. According to the publication of Royston and Parmar (2013), the logrank test
is overpowered compared with the RMST, under PH. Consequently, the power of RMST
difference is expected to be lower. Moreover, under the proportionality assumption, the
RMST test achieves higher values of power near the time of the last patient’s follow-up.
If the trial was designed based on RMST with a cut-off time of τ = 120 months, 3767
patients will be required to achieve 80% power with equal allocation to the control and
treatment arms, after observing 783 events of DFS. the number of patients is higher
compared with the proposed sample size based on logrank test. It is confirmed that
under proportionality the logrank test has better performance. However, if the CT was
designed based on RMST, assuming Weibull distributions for DFS events, that lead to
non-proportionality, the required sample size would be remarkably lower and equal to
1374.
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Figure 3.3: Power of logrank and RMST difference test, under different values of time for
HERA trial
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Chapter 4

Simulations

4.1 Simulation for estimating RMST

4.1.1 Scenarios of Simulations

In this chapter, the quantity of RMST is estimated under different scenarios. The
estimations are conducted with various methods for the RMST of the control and treatment
groups and also the difference of these values is calculated. The data contains one
dichotomous variable for the treatment group (0: for the control group and 1: for the
treatment group) and one more continuous variable generated from a uniform distribution
with minimum and maximum values equal to 0 and 1, respectively. The distributions of
controls’ survival time follow either an exponential, a Weibull distribution, or a piecewise
exponential. In all cases, survival time of control group has a median of 10 months and
the HR for the continuous variable is equal to 0.7 The scenarios for the distribution of
control group and the hazard ratio of the control and treatment groups are the following:

1. Exponential distribution with parameter log(2)/10 for control, HR = 0.67 for
treatment effect and sample size N = 222.

2. Exponential distribution with parameter log(2)/10 for control, HR = 0.8 for treat-
ment effect and sample size N = 692.

3. Weibull distribution with shape parameter equal to 0.80 and scale parameter equal
to log(2)1/shape/10 for control, HR = 0.67 for treatment effect and sample size
N = 222.

4. Weibull distribution with shape parameter equal to 1.2 and scale parameter equal
to log(2)1/shape/10 for control, HR = 0.67 for treatment effect and sample size
N = 222.

5. Exponential distribution with parameter log(2)/10 for control, piecewise constant
HR for treatment effect and sample size N = 456.

HR =

{
1, for 0 < t < 10

0.5, for t > 10

51
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52 CHAPTER 4. SIMULATIONS

6. Exponential distribution with parameter log(2)/10 for control, piecewise constant
HR for treatment effect and sample size N = 780.

HR =

{
0.67, for 0 < t < 15

1.2, for t > 15

Also, censored time is taken into consideration with 10% percentage of dropout rate.
Theoretically, scenarios 1-4 assume proportionality, in contrast to scenarios 5 and 6
where the assumption of proportionality is invalid. These are also confirmed by applying
Schoenfeld’s test

scenario 80% N N 120% N

sc:1 - type I error 0.056 0.054 0.054
sc:2 - type I error 0.06 0.062 0.054
sc:3 - type I error 0.054 0.06 0.052
sc:4 - type I error 0.062 0.064 0.062
sc:5 - power 0.756 0.842 0.902
sc:6 - power 0.822 0.894 0.94

Table 4.1: Schoenfeld’s test for assumption of proportionality for 6 scenarios

Figure 4.1: Survival curves of simulated scenarios comparing treatment arm (green line)
with the control(red line)
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4.1. SIMULATION FOR ESTIMATING RMST 53

4.1.2 Methods for estimating RMST

The following eighteen methods are compared for the estimation of RMST.

1. Kaplan Meier.

2. Weighted Kaplan Meier with propensity scores as weights.

3. Regression model proposed by Tian et al. (2014) with ”identity” link function.

4. Regression model proposed byTian et al. (2014) with ”log” link function.

5. Regression model proposed by Tian et al. (2014) with ”logit” link function.

6. Pseudo-values of RMST and regression model Anderson’s method Andersen et al.
(2004) with ”identity” link function.

7. Pseudo-values of RMST and regression model Anderson’s method Andersen et al.
(2004) with ”log” link function.

8. Flexible parametric model Royston and Parmar (2002).

9. Accelerate failure time model Andersen et al. (2004).

10. Cox model Zucker (1998) with treatment effect as variable.

11. Weighted Cox model with treatment effect as variable and propensity scores as
weights.

12. Cox model Chen and Tsiatis (2001) without treatment effect as variable.

13. Piecewise exponential model Karrison (1987).

14. Flexible parametric model Royston and Parmar (2002), applied in pseudo-data.

15. Accelerate failure time model Andersen et al. (2004), applied in pseudo-data.

16. Cox model Chen and Tsiatis (2001) without treatment effect as variable, applied in
pseudo-data.

17. Cox model Zucker (1998) with treatment effect as variable, applied in pseudo-data.

18. Piecewise exponential model Karrison (1987), applied in pseudo-data.

RMST is estimated with these methods under the following four different times as a
cut point of time τ .

• τ1: the minimum of the maximum observed time in control and treatment group.

• τ2: the minimum of the maximum failure time in control and treatment group.

• τ3: the minimum of the time such as 5% percent of patients be a risk in each group.

• τ4: the minimum of the maximum censored time in control and treatment group.
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54 CHAPTER 4. SIMULATIONS

• τ5: a constant point of time.

In simulations, the RMST was calculated for each different observation with the
corresponding standard error. The RMST of treatment groups was estimated as the
average of RMST and the standard error, too. All scenarios were repeated 500 times.
Furthermore, the estimators were also estimated under 80% and 120% of sample size
mentioned in scenarios achieving an asymptotic convergence

4.1.3 Results

Proportional Hazard

In exponential distribution scenario 1 (table A.2), when the cut point of time was constant,
Cox, weighted Cox, Cox model by Chen and Tsiatis (2001) and piecewise exponential
model applied in pseudo-data (methods 12,13,16 and 18) are unbiased. Estimator 11-
weighted Cox model achieved a lower asymptotic standard and Monte Carlo error, while
the method proposed by Tian et al. (2014) had the highest. For cut time point τ3 all
methods presented a small bias. Moreover, the Cox and weighted Cox (methods 10 and
11) in τ1 and τ2 presented a high bias, this might be explained by the strong right tail
of some datasets. Weighted Kaplan Meier and Cox model (methods 2 and 11) had low
asymptotic standard error, in both scenarios of exponential. Furthermore, asymptotic and
Monte Carlo standard errors decreased as the cut point of time τ decreased. In scenario
2 (table A.2), all methods overestimate the quantity of RMST, as the bias has positive
values. For cut point τ3, methods 14, 15, and 17, which are applied in pseudo-data, present
low values of bias. Methods 10 and 11 have high values of bias at the restricted time point
of τ1, τ2 and τ3.

As far as the Weibull distribution is concerned (tables A.3, A.4 ), weighted estimators
achieve small asymptotic standard error in comparison to other methods. While estimators
proposed by Tian et al. (2014) and Andersen et al. (2004) approach well the real RMST,
as low values of bias are observed. For cut points tau1 and τ2, the Cox and weighted
Cox (methods 10 and 11) have high bias The piecewise exponential model (estimator
13) performs high bias. Τhis could be explained, as the assumption of proportionality
is valid, applying a more complicated model as piecewise exponential, while there is no
need for it, it might have disadvantages. Furthermore, estimators based on the Cox model
(2,10,11,12,16 and 17) have a lower asymptotic standard error in comparison to other
methods. Especially, for Weibull distribution with a decreasing hazard rate (figures 4.2 -
4.3), Cox model proposed by Chen and Tsiatis (2001)(method 12) is an unbiased estimator
of RMST under τ1.
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Figure 4.2: Difference of RMST under scenario 4 at τ1−4.
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56 CHAPTER 4. SIMULATIONS

Figure 4.3: Difference of RMST under scenario 4 at τ5.

Non Proportional Hazard

For scenarios 5 and 6, where the proportionality of hazard ratio is invalid (tablesA.5
and A.6) Kaplan Meier estimator for RMST (method 1) is unbiased under cut point
of time τ2, τ3 and τ4. Parametric and semi-parametric models, in more detail AFT,
flexible parametric and Cox model with treatment effect as variable, have a higher bias in
comparison to non-parametric and regression models (figures 4.4 - 4.5). This is expected,
as the aft model approaches the piecewise exponential scenario under Weibull parameters,
the Cox model assumes proportionality, and for the flexible parametric model, just two
knots are used. On the other hand, the piecewise exponential model with a change point in
the median of events, and the cox model proposed by Zucker (1998) without the treatment
effect as a covariate, are better estimators.
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Figure 4.4: Difference of RMST under scenario 5 at τ1−4.
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58 CHAPTER 4. SIMULATIONS

Figure 4.5: Difference of RMST under scenario 5 at τ5.

Conclusion

In all estimations, it is clear that the value of RMST depends on the cut point of time.
The difference in RMST increases as the cut time is away from zero. In the following
table 4.1.3, the estimator of the difference of RMST with higher bias are mentioned
with symbol ×, and estimators of treatment groups’ RMST that have high bias are
mentioned with symbol ∗. Non-parametric estimator and model proposed by Tian et al.
(2014) and Andersen et al. (2004) perform a good fit in all scenarios. In proportional
hazard scenarios, the model proposed by Chen and Tsiatis (2001) is a good estimator of
the difference of RMST but not of the group’s RMST. On the contrary, this does not
occur in non-proportionality scenarios. Furthermore, the Cox model proposed by Zucker
(1998) is not an appropriate estimator when there is a late effect or crossing hazard. The
flexible parametric model proposed by Royston and Parmar (2002), the aft models and
the piecewise exponential proposed by Karrison (1987) need further research when they
are applied. For example, in flexible parametric model, the number of knots needs to be
investigated. In aft models, the appropriate distribution needs to be used and in piecewise
exponential models the changing points of time need to be explored.
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Proportional Hazards Non Proportional Hazards

exponential Weibull decreasing Weibull increasing late effect crossing effect
hazard rate hazard rate

τ1 τ2 τ3 τ4 τ5 τ1 τ2 τ3 τ4 τ5 τ1 τ2 τ3 τ4 τ5 τ1 τ2 τ3 τ4 τ5 τ1 τ2 τ3 τ4 τ5
1
2
3
4
5
6
7
8 ×* ×* ×* ×* ×* ×* ×* ×*
9 ×* ×* ×* ×* ×* × × ×* ×* ×*
10 × × × × ×* ×* ×* ×* ×* ×* ×* ×*
11 × × × × ×* ×* ×* ×* ×* ×* ×* ×*
12 * * * * * *
13 × × × ×* ×* * * ×* * *
14 ×* ×* ×* ×* ×* ×* ×* ×*
15 ×* ×* ×* ×* ×* × × ×* ×* ×*
16 * * * * * *
17 ×* ×* ×* ×* ×* ×* ×* ×*
18 ×* ×*
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4.2 Test for equality of RMST

4.2.1 Applied tests

In this section, several tests are applied to investigate the equality of RMST for two
treatment groups. The survival data were generated according to the previous scenarios
of simulations.

1. z test for equality of RMST estimated with Kaplan-Meier method.

2. z test for equality of RMST estimated with weighted Kaplan-Meier method.

3. z test for equality of RMST estimated with regression model Tian et al. (2014) with
”identity” link function.

4. z test for equality of RMST estimated with regression model Tian et al. (2014) with
”log” link function.

5. z test for equality of RMST estimated with pseudo-values Andersen et al. (2004)
with ”identity” link function.

6. z test for equality of RMST estimated with pseudo-values Andersen et al. (2004)
with ”log” link function.

7. z test for equality of RMST estimated with Cox model.

8. z test for equality of RMST estimated with weighted Cox model.

9. chi-square test for the equality of treatment coefficient with zero in the Cox model
applied in pseudo-data.

10. z test for equality of RMST estimated with AFT model.

11. chi-square test for the equality of treatment coefficient with zero in the AFT model
applied in pseudo-data.

12. z test for equality of RMST estimated with flexible parametric model.

13. chi-square test for the equality of treatment coefficient with zero in the flexible
parametric model applied in pseudo-data.

14. z test for equality of RMST estimated with piecewise exponential model.

15. chi-square test for the equality of treatment coefficient with zero in the piecewise
exponential model applied in pseudo-data.

16. Permutation test Horiguchi and Uno (2020).

17. Combined test Royston and Parmar (2016).

18. Flexible and coherent test 1 sided Horiguchi et al. (2018a).

19. Flexible and coherent test 2 sided Horiguchi et al. (2018a).
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20. Joint test Royston and Parmar (2014).

21. Logrank test.

22. Cox test.

23. AFT test (chi-square test for the equality of treatment coefficient with zero).

24. Flexible parametric test (chi-square test for the equality of treatment coefficient
with zero).

25. Piecewise exponential test (chi-square test for the equality of treatment coefficient
with zero).

The first 15 test were applied for different cut time points, the same cut times were
used for estimating the RMST in the previous simulations.

• τ1: the minimum of the maximum observed time in control and treatment group.

• τ2: the minimum of the maximum failure time in control and treatment group.

• τ3: the minimum of the time such as 5% percent of patients be a risk in each group.

• τ4: the minimum of the maximum censored time in control and treatment group.

• τ5: a constant point of time.

All tests were applied for 20% increased and decreased of the sample size, that were
aforementioned for each scenario.
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4.2.2 Results

Proportional Hazard

Under scenarios 1 and 2, the power of tests 1-15 is higher for later cut point τ , in each
sample size(tables B.1-B.8). Comparison of RMST based on weighted Kaplan Meier
and Cox models (tests 2,7,8,9) achieve the highest power in comparison to other tests
in each tau. Moreover, chi-square tests of aft and flexible parametric models applied in
pseudo-data (tests 11 and 13, respectively) present high power especially in tau1-τ3. While
the Cox and Logrank tests present a little lower power. Performance of joint test Royston
and Parmar (2014) (test 20) is impressive, with power higher than the two aforementioned
tests. In scenario 1,3 and 4 combined tests by Royston and Parmar (2016) (test 17)
under-perform with a small difference the Cox and the logrank test(21 and 22) or they
achieve equal power. In contrast to scenario 2 where the power of combined test has
better results than the other.

Non-proportional Hazard

In the scenario of non-proportional hazards due to late effect(tables B.9-B.10), the power
of tests 1-15 for RMST in τ1 and τ2 and tests 16-25 demonstrate strong performance. This
could be explained by the major benefit of experimental treatment, after the change point
of time. For the two last sample sizes, tests yield good results under τ3 and τ4. The tests
for the equality of RMST based on Cox, weighted Cox, and piecewise exponential applied
in pseudo data(tests 7,8, and 15 respectively) exhibit remarkable results in all cut points
of time τ . Combined and flexible and coherent tests (17 and 19) are more powerful than
cox and logrank tests (21 and 22).
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Figure 4.6: Power of tests under scenario 1.

When proportionality is invalid due to crossing hazard, it is undeniable that the
choice of time τ has a significant role (tables B.11-B.12). Tests are more powerful when
the τ is lower. As RMST equals the area under the survival curve, if survivals are crossed,
the RMSTs might be equal under a time τ after the crossing point. Test based on weighted
cox and piecewise exponential model applied in pseudo-data( tests 8 and 15) show better
results in comparison to other tests. Moreover, they have satisfactorily high power at all
times τ . Finally, tests 16-20 demonstrate remarkable results, in contrast to the logrank
and Cox tests(21 and 22) which are weak in identifying the effect of treatment.
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Figure 4.7: Power of tests under scenario 6 and 80% of patients.

Conclusion

In all scenarios, the power of tests increases as the sample size is increased B.1-A.9. There
is no doubt that the point of time τ has a crucial role in comparing RMSTs. It is preferable
to use tests that compare the RMST at different times through a period. In the following
table 4.2, there are mentioned tests with low power using symbol ×. Logrank and Cox
tests achieve high power under proportionality, this is not the case in non-proportional
hazards scenarios. Joint test proposed by Royston and Parmar (2014) present remarkable
results. While permutation test proposed by Horiguchi and Uno (2020), combined test
porosed by Royston and Parmar (2016) and coherent test by Horiguchi et al. (2018a)
present high power when the hazard ratio is not proportional and a bit lower than logrank
and cox test under proportionality.
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Proportional Hazards Non Proportional Hazards

exponential Weibull decreasing Weibull increasing late effect crossing effect
hazard rate hazard rate

1 ×
2 ×
3 ×
4 ×
5 ×
6 ×
7 ×
8
9 ×
10 × × × ×
11 ×
12 × × × × ×
13 ×
14 × × × ×
15 × × ×
16 × × ×
17
18 × × ×
19
20
21 × ×
22 × ×
23 ×
24 ×
25 × × ×

Table 4.2: Summary of tests, × represents low power.
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Figure 4.8: Power of tests under scenario 6.
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Figure 4.9: Power of tests under scenario 6 and 120% of patients.
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Chapter 5

Discussion

Survival analyses have an important role in the field of health. Kaplan Meier and Cox
proportionality models are the most widely used to investigate the effect of treatment.
However, in some occasions, the proportionality assumption is invalid, when there is an
early or late effect of treatments such as in cancer immunotherapies. There is a necessity
for methods that do not assume proportionality. Restricted Mean Survival Time (RMST)is
an alternative method with several advantages. This dissertation is a general overview of
RMST. The definition of RMST and methods for estimating this quantity are mentioned.
Furthermore, this study reports processes for designing clinical trials based on RMST and
tests for investigating the treatment effect based on RMST.

RMST depends on the cut point τ and the selection of τ is the most challenging
part of using this method. In clinical trials, the choice of time τ should be prespecified in
the design stage. When tests for equality of RMST are applied, the importance of time τ
should be taken into consideration. This leads to considerate tests that investigate the
effect of treatment in different values of τ , such as tests proposed by Royston and Parmar
(2016) and Horiguchi et al. (2018a). The results of simulations confirm the crucial role of
cut point τ .

In addition, several methods for estimating RMST are compared under different
scenarios. A general method for comparing estimators could be the Focused Information
Criterion. However, each method has its own advantages and disadvantages. Researchers
who intend to use RMST could use the method according to their purpose. For example, if
they are interested in a simple implementation, then the Kaplan-Meier method is preferred.
If the aim is to assess the effect of treatment adjusted for relevant covariates and the
inference, then regression models applied in pseudo-observation proposed by Andersen
et al. (2004) and Tian et al. (2014) are more appropriate.
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72 APPENDIX A. SIMULATION FOR RMST

τ1 (83.89 ±17.68) τ2 (82.51 ±22.18) τ3 (44.65 ±5.99)

∆̂ As.se MC.se bias ∆̂ As.se MC.se bias ∆̂ As.se MC.se bias

1 7.48 2.77 2.48 0 7.44 2.76 2.48 0.01 5.12 1.99 1.68 -0.06
2 7.48 1.96 2.48 0 7.44 1.94 2.48 0.01 5.12 1.41 1.68 -0.06
3 7.48 3.38 2.48 0 7.44 3.36 2.48 0.01 5.12 2.46 1.68 -0.06
4 7.47 3.35 2.48 -0.01 7.43 3.33 2.48 0 5.12 2.47 1.68 -0.06
5 7.47 3.34 2.48 -0.01 7.44 3.32 2.48 0.01 5.12 2.46 1.68 -0.06
6 7.47 3.36 2.47 -0.01 7.44 3.34 2.47 0.01 5.12 2.41 1.68 -0.06
7 7.47 3.33 2.47 -0.01 7.44 3.31 2.47 0.01 5.12 2.43 1.68 -0.06
8 7.61 3.23 2.48 0.13 7.56 3.21 2.48 0.13 5.21 2.24 1.53 0.03
9 7.59 3.22 2.46 0.11 7.54 3.19 2.46 0.11 5.2 2.18 1.54 0.02
10 7.74 2.16 2.51 0.26 7.69 2.15 2.51 0.26 5.23 1.48 1.55 0.05
11 7.74 1.53 2.51 0.26 7.69 1.52 2.51 0.26 5.23 1.04 1.55 0.05
12 7.45 2.91 2.47 -0.03 7.41 2.89 2.47 -0.02 5.1 2.02 1.67 -0.08
13 7.55 3.21 2.47 0.07 7.51 3.19 2.46 0.08 5.16 2.26 1.61 -0.02
14 7.51 3.29 2.48 0.03 7.48 3.27 2.47 0.05 5.13 2.32 1.59 -0.05
15 7.51 3.28 2.46 0.03 7.47 3.26 2.46 0.04 5.14 2.32 1.6 -0.04
16 7.45 2.91 2.47 -0.03 7.41 2.89 2.47 -0.02 5.09 2.02 1.67 -0.09
17 7.57 2.16 2.49 0.09 7.52 2.14 2.49 0.09 5.11 1.47 1.58 -0.07
18 7.48 3.31 2.46 0 7.45 3.3 2.46 0.02 5.11 2.37 1.62 -0.07
Real 7.48 0.62 0 7.43 0.64 5.18 0.62

τ4 (39.84 ± 15.5) τ5 17.35

∆̂ As.se MC.se bias ∆̂ As.se MC.se bias
1 4.43 1.75 2.26 -0.03 1.69 0.83 0.78 0.01
2 4.42 1.24 2.24 -0.04 1.69 0.58 0.77 0.01
3 4.43 2.16 2.27 -0.03 1.69 1.02 0.78 0.01
4 4.43 2.17 2.27 -0.03 1.69 1.03 0.78 0.01
5 4.43 2.16 2.27 -0.03 1.69 1.03 0.78 0.01
6 4.43 2.12 2.26 -0.03 1.69 1 0.78 0.01
7 4.43 2.13 2.26 -0.03 1.69 1.01 0.78 0.01
8 4.48 1.95 2.11 0.02 1.72 0.81 0.57 0.04
9 4.47 1.89 2.12 0.01 1.72 0.72 0.56 0.04
10 4.48 1.3 2.11 0.02 1.72 0.59 0.56 0.04
11 4.48 0.92 2.11 0.02 1.72 0.42 0.56 0.04
12 4.41 1.78 2.26 -0.05 1.68 0.83 0.77 0
13 4.43 2.01 2.2 -0.03 1.68 0.97 0.75 0
14 4.43 2.04 2.23 -0.03 1.66 0.94 0.74 -0.02
15 4.43 2.03 2.23 -0.03 1.67 0.92 0.74 -0.01
16 4.4 1.78 2.26 -0.06 1.68 0.83 0.77 0
17 4.42 1.3 2.23 -0.04 1.65 0.59 0.73 -0.03
18 4.43 2.08 2.24 -0.03 1.68 0.98 0.77 0
Real 4.46 1.61 1.68 0.06

Table A.1: Estimated difference of RMST between control and treatment group with
the asymptotic se, the Monte Carlo se, and the bias for each method under scenario 1
(exponential, HR=0.67)
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τ1 (98.29 ± 15.78) τ2 (96.68 ± 17.37) τ3 (46.36 ± 3.37)

∆̂ As.se MC.se bias ∆̂ As.se MC.se bias ∆̂ As.se MC.se bias

1 4.17 1.52 1.47 0.06 4.16 1.51 1.47 0.07 2.98 1.13 1.06 0.03
2 4.18 1.07 1.47 0.07 4.17 1.07 1.47 0.08 2.99 0.8 1.07 0.04
3 4.18 1.83 1.47 0.07 4.17 1.83 1.46 0.08 2.99 1.39 1.06 0.04
4 4.18 1.82 1.47 0.07 4.17 1.81 1.46 0.08 2.98 1.39 1.06 0.03
5 4.18 1.82 1.47 0.07 4.17 1.81 1.46 0.08 2.99 1.38 1.06 0.04
6 4.17 1.83 1.47 0.06 4.16 1.83 1.47 0.07 2.98 1.36 1.06 0.03
7 4.17 1.82 1.47 0.06 4.16 1.81 1.47 0.07 2.98 1.36 1.06 0.03
8 4.21 1.78 1.48 0.1 4.2 1.77 1.48 0.11 3.01 1.28 1.01 0.06
9 4.21 1.8 1.48 0.1 4.2 1.79 1.48 0.11 3.01 1.28 1.02 0.06
10 4.26 1.13 1.51 0.15 4.25 1.12 1.5 0.16 3.02 0.81 1.02 0.07
11 4.26 0.8 1.51 0.15 4.25 0.79 1.51 0.16 3.02 0.58 1.02 0.07
12 4.17 1.56 1.46 0.06 4.16 1.56 1.46 0.07 2.98 1.14 1.07 0.03
13 4.2 1.79 1.48 0.09 4.19 1.79 1.48 0.1 3.01 1.3 1.03 0.06
14 4.19 1.79 1.47 0.08 4.18 1.78 1.47 0.09 2.97 1.32 1.03 0.02
15 4.19 1.8 1.47 0.08 4.18 1.8 1.47 0.09 2.97 1.33 1.03 0.02
16 4.17 1.56 1.47 0.06 4.16 1.56 1.46 0.07 2.98 1.14 1.06 0.03
17 4.22 1.13 1.49 0.11 4.21 1.12 1.49 0.12 2.97 0.81 1.03 0.02
18 4.18 1.81 1.47 0.07 4.17 1.81 1.47 0.08 2.98 1.34 1.04 0.03
Real 4.11 0.19 4.09 0.19 2.95 0.19

τ4 (59.15 ± 15.61) τ5 17.36

∆̂ As.se MC.se bias ∆̂ As.se MC.se bias
1 3.39 1.26 1.31 0.05 1.02 0.48 0.47 0.04
2 3.4 0.89 1.32 0.06 1.02 0.34 0.47 0.04
3 3.39 1.54 1.31 0.05 1.02 0.59 0.47 0.04
4 3.39 1.53 1.31 0.05 1.02 0.59 0.47 0.04
5 3.39 1.53 1.31 0.05 1.02 0.59 0.47 0.04
6 3.39 1.52 1.31 0.05 1.02 0.57 0.47 0.04
7 3.39 1.51 1.31 0.05 1.02 0.58 0.47 0.04
8 3.42 1.45 1.28 0.08 1 0.47 0.35 0.02
9 3.41 1.45 1.29 0.07 1 0.42 0.35 0.02
10 3.43 0.91 1.29 0.09 1 0.34 0.35 0.02
11 3.43 0.65 1.3 0.09 1 0.24 0.35 0.02
12 3.39 1.27 1.31 0.05 1.02 0.48 0.47 0.04
13 3.41 1.47 1.29 0.07 1.02 0.56 0.45 0.04
14 3.4 1.48 1.29 0.06 1.01 0.54 0.45 0.03
15 3.4 1.49 1.3 0.06 1.01 0.53 0.45 0.03
16 3.39 1.27 1.31 0.05 1.02 0.48 0.47 0.04
17 3.4 0.91 1.3 0.06 1.01 0.34 0.45 0.03
18 3.4 1.5 1.29 0.06 1.02 0.56 0.47 0.04
Real 3.34 0.51 0.98 0.03

Table A.2: Estimated difference of RMST between control and treatment group with
the asymptotic se, the Monte Carlo se, and the bias for each method under scenario 2
(exponential, HR=0.8)
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τ1 (139.5 ± 35.24) τ2 (134.92 ± 22.18) τ3 (64.5 ± 10.51)

∆̂ As.se MC.se bias ∆̂ As.se MC.se bias ∆̂ As.se MC.se bias

1 12.23 4.61 4.14 0.04 12.1 4.54 4.09 0.07 7.68 2.97 2.48 -0.1
2 12.23 3.25 4.15 0.04 12.1 3.2 4.09 0.07 7.68 2.09 2.49 -0.1
3 12.22 5.57 4.14 0.03 12.09 5.49 4.09 0.06 7.68 3.66 2.49 -0.1
4 12.21 5.51 4.14 0.02 12.08 5.44 4.09 0.05 7.68 3.68 2.48 -0.1
5 12.21 5.48 4.14 0.02 12.09 5.41 4.09 0.06 7.68 3.65 2.49 -0.1
6 12.22 5.58 4.13 0.03 12.1 5.5 4.08 0.07 7.68 3.6 2.48 -0.1
7 12.22 5.53 4.13 0.03 12.1 5.45 4.08 0.07 7.68 3.62 2.48 -0.1
8 12.46 5.2 4.15 0.27 12.3 5.12 4.11 0.27 7.84 3.29 2.31 0.06
9 12.45 5.29 4.14 0.26 12.29 5.21 4.1 0.26 7.85 3.31 2.31 0.07
10 12.73 3.65 4.26 0.54 12.56 3.59 4.2 0.53 7.87 2.21 2.35 0.09
11 12.73 2.58 4.25 0.54 12.55 2.53 4.2 0.52 7.87 1.56 2.35 0.09
12 12.19 4.89 4.14 0 12.06 4.8 4.08 0.03 7.65 3.01 2.48 -0.13
13 12.74 5.45 4.21 0.55 12.61 5.37 4.18 0.58 8.17 3.52 2.51 0.39
14 12.34 5.37 4.16 0.15 12.2 5.29 4.12 0.17 7.71 3.45 2.36 -0.07
15 12.33 5.39 4.14 0.14 12.2 5.31 4.1 0.17 7.72 3.47 2.37 -0.06
16 12.18 4.89 4.13 -0.01 12.05 4.8 4.08 0.02 7.64 3.01 2.47 -0.14
17 12.46 3.64 4.22 0.27 12.3 3.57 4.16 0.27 7.69 2.21 2.36 -0.09
18 12.41 5.56 4.14 0.22 12.3 5.49 4.11 0.27 7.83 3.59 2.44 0.05
Real 12.19 1.24 12.03 1.28 7.78 1.08

τ4 (68.78 ± 32.18) τ5 35.20

∆̂ As.se MC.se bias ∆̂ As.se MC.se bias
1 7.59 2.95 3.89 -0.09 4.31 1.79 1.66 0.01
2 7.59 2.08 3.89 -0.09 4.31 1.27 1.66 0.01
3 7.59 3.62 3.9 -0.09 4.31 2.22 1.66 0.01
4 7.59 3.63 3.9 -0.09 4.31 2.24 1.66 0.01
5 7.59 3.6 3.9 -0.09 4.31 2.22 1.66 0.01
6 7.59 3.57 3.89 -0.09 4.31 2.17 1.66 0.01
7 7.59 3.58 3.89 -0.09 4.31 2.2 1.66 0.01
8 7.74 3.28 3.75 0.06 4.41 1.9 1.43 0.11
9 7.74 3.3 3.74 0.06 4.41 1.88 1.42 0.11
10 7.77 2.22 3.79 0.09 4.4 1.31 1.41 0.1
11 7.77 1.57 3.79 0.09 4.4 0.92 1.41 0.1
12 7.56 3.02 3.9 -0.12 4.29 1.81 1.65 -0.01
13 7.99 3.53 3.97 0.31 4.49 2.12 1.64 0.19
14 7.65 3.43 3.91 -0.03 4.35 2.07 1.6 0.05
15 7.65 3.44 3.89 -0.03 4.35 2.07 1.6 0.05
16 7.56 3.02 3.9 -0.12 4.29 1.81 1.65 -0.01
17 7.65 2.22 3.94 -0.03 4.33 1.31 1.59 0.03
18 7.75 3.57 3.93 0.07 4.39 2.14 1.63 0.09
Real 7.68 2.8 4.3 0.15

Table A.3: Estimated difference of RMST between control and treatment group with the
asymptotic se, the Monte Carlo se, and the bias for each method under scenario (weibull,
shape=0.8)
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τ1 (59.35 ± 10.52) τ2 (58.80 ± 22.18) τ3 (34.95 ± 3.94)

∆̂ As.se MC.se bias ∆̂ As.se MC.se bias ∆̂ As.se MC.se bias

1 5.32 1.96 1.75 0.01 5.3 1.95 1.75 0.01 3.84 1.51 1.29 -0.04
2 5.32 1.38 1.75 0.01 5.3 1.38 1.75 0.01 3.84 1.06 1.3 -0.04
3 5.32 2.4 1.75 0.01 5.31 2.39 1.75 0.02 3.84 1.86 1.29 -0.04
4 5.32 2.38 1.75 0.01 5.3 2.37 1.75 0.01 3.84 1.87 1.29 -0.04
5 5.32 2.38 1.75 0.01 5.3 2.37 1.75 0.01 3.84 1.86 1.29 -0.04
6 5.32 2.37 1.74 0.01 5.3 2.37 1.75 0.01 3.84 1.82 1.29 -0.04
7 5.32 2.36 1.74 0.01 5.3 2.35 1.75 0.01 3.84 1.83 1.29 -0.04
8 5.41 2.29 1.74 0.1 5.39 2.28 1.74 0.1 3.91 1.68 1.15 0.03
9 5.41 2.28 1.73 0.1 5.39 2.27 1.73 0.1 3.91 1.67 1.15 0.03
10 5.48 1.51 1.74 0.17 5.46 1.51 1.74 0.17 3.92 1.11 1.16 0.04
11 5.48 1.07 1.74 0.17 5.46 1.06 1.74 0.17 3.92 0.79 1.16 0.04
12 5.3 2.04 1.74 -0.01 5.28 2.03 1.74 -0.01 3.82 1.52 1.29 -0.06
13 5.25 2.23 1.71 -0.06 5.23 2.22 1.71 -0.06 3.75 1.68 1.21 -0.13
14 5.33 2.33 1.72 0.02 5.31 2.32 1.73 0.02 3.84 1.75 1.21 -0.04
15 5.33 2.32 1.72 0.02 5.31 2.31 1.72 0.02 3.85 1.74 1.21 -0.03
16 5.3 2.04 1.74 -0.01 5.28 2.03 1.74 -0.01 3.82 1.52 1.29 -0.06
17 5.35 1.51 1.72 0.04 5.33 1.5 1.72 0.04 3.82 1.11 1.2 -0.06
18 5.27 2.32 1.72 -0.04 5.25 2.31 1.72 -0.04 3.8 1.77 1.24 -0.08
Real 5.31 0.38 0 5.29 0.39 3.88 0.41

τ4 (28.53 ± 10.00) τ5 23.14

∆̂ As.se MC.se bias ∆̂ As.se MC.se bias
1 3.06 1.24 1.65 0.02 2.48 1.07 1 0.01
2 3.06 0.87 1.64 0.02 2.48 0.75 1 0.01
3 3.06 1.53 1.65 0.02 2.48 1.32 1 0.01
4 3.06 1.54 1.65 0.02 2.48 1.33 1 0.01
5 3.06 1.53 1.65 0.02 2.48 1.33 1 0.01
6 3.06 1.5 1.65 0.02 2.48 1.29 1 0.01
7 3.06 1.51 1.65 0.02 2.48 1.3 1 0.01
8 3.09 1.35 1.5 0.05 2.53 1.13 0.82 0.06
9 3.09 1.34 1.5 0.05 2.53 1.11 0.82 0.06
10 3.09 0.91 1.5 0.05 2.53 0.77 0.81 0.06
11 3.09 0.64 1.49 0.05 2.53 0.55 0.81 0.06
12 3.05 1.25 1.64 0.01 2.47 1.07 0.99 0
13 2.98 1.4 1.54 -0.06 2.45 1.22 0.94 -0.02
14 3.05 1.43 1.6 0.01 2.5 1.22 0.93 0.03
15 3.05 1.43 1.6 0.01 2.5 1.22 0.93 0.03
16 3.04 1.25 1.64 0 2.47 1.07 0.99 0
17 3.04 0.91 1.6 0 2.49 0.77 0.93 0.02
18 3.03 1.46 1.59 -0.01 2.5 1.26 0.96 0.03
Real 3.04 1.11 0 -2.47 0.08

Table A.4: Estimated difference of RMST between control and treatment group with the
asymptotic se, the Monte Carlo se, and the bias for each method under scenario (weibull,
shape=1.2)
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τ1 (97.60 ± 20.63) τ2 (96.07 ± 22.18) τ3 (46.21 ± 4.52)

∆̂ As.se MC.se bias ∆̂ As.se MC.se bias ∆̂ As.se MC.se bias

1 7.97 2.22 2.15 -0.02 7.93 2.21 2.16 0 4.04 1.48 1.31 0
2 7.97 1.57 2.17 -0.02 7.92 1.56 2.18 -0.01 4.03 1.05 1.32 -0.01
3 7.97 2.69 2.16 -0.02 7.92 2.68 2.16 -0.01 4.04 1.83 1.31 0
4 7.97 2.63 2.16 -0.02 7.92 2.62 2.17 -0.01 4.03 1.82 1.31 -0.01
5 7.97 2.63 2.16 -0.02 7.92 2.62 2.17 -0.01 4.03 1.82 1.31 -0.01
6 7.97 2.69 2.15 -0.02 7.92 2.67 2.16 -0.01 4.03 1.8 1.31 -0.01
7 7.97 2.63 2.15 -0.02 7.92 2.62 2.16 -0.01 4.03 1.79 1.31 -0.01
8 7.42 2.57 2.06 -0.57 7.38 2.55 2.05 -0.55 4.75 1.66 1.19 0.71
9 7.69 2.53 2.07 -0.3 7.65 2.52 2.07 -0.28 5 1.65 1.2 0.96
10 7.59 1.69 2.11 -0.4 7.55 1.68 2.1 -0.38 4.84 1.09 1.22 0.8
11 7.59 1.19 2.11 -0.4 7.55 1.19 2.09 -0.38 4.84 0.77 1.22 0.8
12 7.95 2.28 2.15 -0.04 7.91 2.27 2.16 -0.02 4.03 1.49 1.31 -0.01
13 7.96 2.58 2.1 -0.03 7.9 2.56 2.1 -0.03 4.04 1.69 1.21 0
14 7.38 2.61 2.09 -0.61 7.34 2.6 2.08 -0.59 4.42 1.73 1.25 0.38
15 7.58 2.57 2.1 -0.41 7.54 2.55 2.09 -0.39 4.54 1.72 1.26 0.5
16 7.95 2.28 2.15 -0.04 7.91 2.27 2.16 -0.02 4.03 1.49 1.31 -0.01
17 7.43 1.68 2.1 -0.56 7.4 1.67 2.09 -0.53 4.41 1.09 1.25 0.37
18 7.94 2.64 2.13 -0.05 7.89 2.62 2.12 -0.04 4.11 1.76 1.25 0.07
Real 7.99 0.87 0 7.93 0.88 4.04 0.59

τ4 (54.00 ± 18.75) τ5 33.21

∆̂ As.se MC.se bias ∆̂ As.se MC.se bias
1 4.7 1.6 2.34 0 2.36 1.14 1.1 0.05
2 4.7 1.13 2.36 0 2.36 0.81 1.11 0.05
3 4.7 1.96 2.35 0 2.36 1.41 1.1 0.05
4 4.7 1.95 2.35 0 2.36 1.41 1.1 0.05
5 4.7 1.94 2.35 0 2.36 1.41 1.1 0.05
6 4.7 1.93 2.34 0 2.36 1.38 1.1 0.05
7 4.7 1.92 2.34 0 2.36 1.38 1.1 0.05
8 5.15 1.8 1.85 0.45 3.49 1.24 0.94 1.18
9 5.41 1.79 1.9 0.71 3.68 1.22 0.96 1.37
10 5.24 1.18 1.89 0.54 3.54 0.83 0.95 1.23
11 5.24 0.84 1.89 0.54 3.55 0.59 0.95 1.24
12 4.69 1.61 2.34 -0.01 2.36 1.15 1.1 0.05
13 4.68 1.83 2.23 -0.02 2.36 1.3 1.04 0.05
14 4.87 1.87 2.07 0.17 2.96 1.32 1.07 0.65
15 5.01 1.86 2.12 0.31 3.02 1.32 1.07 0.71
16 4.69 1.61 2.34 -0.01 2.35 1.15 1.1 0.04
17 4.87 1.18 2.08 0.17 2.94 0.82 1.07 0.63
18 4.76 1.9 2.27 0.06 2.52 1.35 1.09 0.21
Real 4.7 1.89 0 2.31 0.09

Table A.5: Estimated difference of RMST between control and treatment group with the
asymptotic se, the Monte Carlo se, and the bias for each method under scenario (piecewise
late effect)
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τ1 (88.71 ± 13.03) τ2 (87.04 ± 22.18) τ3 (44.08 ± 2.48)

∆̂ As.se MC.se bias ∆̂ As.se MC.se bias ∆̂ As.se MC.se bias

1 2.17 1.23 1.21 -0.02 2.17 1.22 1.2 -0.03 2.37 0.97 0.95 -0.04
2 2.17 0.87 1.22 -0.02 2.17 0.87 1.22 -0.03 2.37 0.69 0.96 -0.04
3 2.17 1.49 1.21 -0.02 2.17 1.48 1.2 -0.03 2.37 1.19 0.95 -0.04
4 2.17 1.49 1.21 -0.02 2.17 1.48 1.2 -0.03 2.37 1.2 0.95 -0.04
5 2.17 1.48 1.21 -0.02 2.17 1.48 1.2 -0.03 2.37 1.19 0.95 -0.04
6 2.17 1.48 1.2 -0.02 2.17 1.48 1.2 -0.03 2.37 1.17 0.95 -0.04
7 2.17 1.48 1.2 -0.02 2.17 1.48 1.2 -0.03 2.37 1.18 0.95 -0.04
8 2.14 1.45 1.21 -0.05 2.13 1.45 1.21 -0.07 1.64 1.12 0.93 -0.77
9 2.36 1.6 1.2 0.17 2.35 1.59 1.2 0.15 1.71 1.15 0.86 -0.7
10 2.22 0.9 1.22 0.03 2.21 0.9 1.22 0.01 1.67 0.69 0.92 -0.74
11 2.22 0.64 1.23 0.03 2.21 0.63 1.22 0.01 1.67 0.49 0.92 -0.74
12 2.16 1.27 1.21 -0.03 2.16 1.26 1.2 -0.04 2.37 0.98 0.95 -0.04
13 2.19 1.46 1.21 0 2.19 1.45 1.2 -0.01 2.28 1.12 0.91 -0.13
14 2.17 1.46 1.21 -0.02 2.17 1.46 1.2 -0.03 1.9 1.15 0.94 -0.51
15 2.38 1.61 1.2 0.19 2.37 1.6 1.2 0.17 1.92 1.19 0.91 -0.49
16 2.16 1.27 1.21 -0.03 2.16 1.26 1.2 -0.04 2.37 0.98 0.95 -0.04
17 2.23 0.9 1.22 0.04 2.23 0.9 1.21 0.03 1.89 0.69 0.94 -0.52
18 2.2 1.47 1.21 0.01 2.2 1.47 1.2 0 2.28 1.15 0.93 -0.13
Real 2.19 0.12 2.2 0.12 2.41 0.09

τ4 (53.37 ± 13.01) τ5 33.21

∆̂ As.se MC.se bias ∆̂ As.se MC.se bias
1 2.31 1.04 1.04 -0.04 2.36 0.81 0.8 -0.03
2 2.31 0.74 1.05 -0.04 2.36 0.57 0.81 -0.03
3 2.31 1.28 1.04 -0.04 2.36 1.0 0.8 -0.03
4 2.31 1.28 1.04 -0.04 2.36 1.0 0.8 -0.03
5 2.31 1.28 1.04 -0.04 2.36 1.0 0.8 -0.03
6 2.31 1.26 1.04 -0.04 2.36 0.97 0.8 -0.03
7 2.31 1.26 1.04 -0.04 2.36 0.98 0.8 -0.03
8 1.79 1.22 1.05 -0.56 1.29 0.9 0.75 -1.1
9 1.89 1.27 1.01 -0.46 1.32 0.9 0.73 -1.07
10 1.83 0.75 1.05 -0.52 1.32 0.57 0.74 -1.07
11 1.83 0.53 1.05 -0.52 1.32 0.41 0.74 -1.07
12 2.3 1.05 1.04 -0.05 2.35 0.81 0.8 -0.04
13 2.26 1.22 1.01 -0.09 2.21 0.93 0.76 -0.18
14 1.96 1.24 1.04 -0.39 1.74 0.94 0.78 -0.65
15 2.03 1.31 1.02 -0.32 1.74 0.95 0.77 -0.65
16 2.31 1.05 1.04 -0.04 2.35 0.81 0.8 -0.04
17 1.97 0.75 1.04 -0.38 1.72 0.58 0.79 -0.67
18 2.24 1.24 1.03 -0.11 2.16 0.95 0.78 -0.23
Real 2.35 0.12 2.39 0.07

Table A.6: Estimated difference of RMST between control and treatment group with the
asymptotic se, the Monte Carlo se, and the bias for each method under scenario (piecewise
crossing)
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Figure A.1: Convergence of estimators under scenario 1 and τ1 .

Figure A.2: Convergence of estimators under scenario 2 and τ1 .
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Figure A.3: Convergence of estimators under scenario 3 and τ1 .

Figure A.4: Convergence of estimators under scenario 4 and τ1 .
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Figure A.5: Convergence of estimators under scenario 5 and τ1 .

Figure A.6: Convergence of estimators under scenario 6 and τ1 .
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Figure A.7: Convergence of estimators under scenario 1 and τ5 .

Figure A.8: Convergence of estimators under scenario 2 and τ5 .

CC BY: Attribution alone 4.0

https://creativecommons.org/licenses/by/4.0/

https://doi.org/10.26219/heal.aueb.6135



82 APPENDIX A. SIMULATION FOR RMST

Figure A.9: Convergence of estimators under scenario 3 and τ5 .

Figure A.10: Convergence of estimators under scenario 4 and τ5 .
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Figure A.11: Convergence of estimators under scenario 5 and τ5 .

Figure A.12: Convergence of estimators under scenario 6 and τ5 .
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Appendix B

Test for equality of RMST

N = 177 N = 222 N = 266
tau1 tau2 tau3 tau4 tau5 tau1 tau2 tau3 tau4 tau5 tau1 tau2 tau3 tau4 tau5

1 0.66 0.66 0.61 0.58 0.45 0.81 0.81 0.75 0.7 0.52 0.86 0.86 0.83 0.79 0.62
2 0.84 0.84 0.81 0.76 0.66 0.94 0.94 0.92 0.89 0.74 0.96 0.96 0.95 0.93 0.81
3 0.66 0.66 0.61 0.58 0.45 0.8 0.8 0.76 0.71 0.52 0.86 0.86 0.82 0.78 0.62
4 0.67 0.67 0.61 0.58 0.44 0.81 0.81 0.75 0.7 0.52 0.87 0.86 0.82 0.78 0.61
5 0.66 0.66 0.61 0.57 0.44 0.81 0.81 0.75 0.69 0.51 0.85 0.85 0.82 0.77 0.61
6 0.66 0.66 0.61 0.56 0.43 0.81 0.81 0.75 0.69 0.51 0.86 0.86 0.82 0.78 0.61
7 0.86 0.86 0.86 0.8 0.71 0.94 0.94 0.94 0.93 0.84 0.96 0.96 0.96 0.95 0.88
8 0.93 0.93 0.93 0.92 0.88 0.97 0.97 0.97 0.97 0.95 0.99 0.99 0.99 0.99 0.96
9 0.67 0.67 0.63 0.58 0.51 0.81 0.81 0.78 0.72 0.57 0.87 0.87 0.84 0.81 0.66
10 0.56 0.56 0.58 0.58 0.57 0.73 0.73 0.73 0.74 0.73 0.76 0.76 0.77 0.78 0.77
11 0.79 0.79 0.74 0.68 0.61 0.91 0.91 0.89 0.85 0.72 0.93 0.93 0.91 0.89 0.78
12 0.57 0.57 0.58 0.53 0.45 0.71 0.71 0.72 0.69 0.6 0.78 0.78 0.77 0.76 0.68
13 0.78 0.78 0.74 0.68 0.61 0.9 0.9 0.88 0.84 0.72 0.93 0.93 0.91 0.89 0.78
14 0.57 0.58 0.56 0.48 0.32 0.72 0.72 0.69 0.6 0.39 0.77 0.77 0.74 0.7 0.49
15 0.58 0.58 0.51 0.47 0.41 0.71 0.71 0.67 0.61 0.49 0.79 0.78 0.72 0.71 0.54

Table B.1: Power of tests 1:15 for scenario 1 (exponential, HR=0.67)

N=177 N=222 N=266
16 0.58 0.72 0.79
17 0.67 0.82 0.87
18 0.6 0.72 0.8
19 0.7 0.83 0.88
20 0.75 0.88 0.91
21 0.69 0.82 0.87
22 0.69 0.83 0.88
23 0.8 0.91 0.93
24 0.8 0.91 0.93
25 0.64 0.75 0.8

Table B.2: Power of tests 16:25 for scenario 1 (exponential, HR=0.67)
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N = 553 N = 692 N = 830
tau1 tau2 tau3 tau4 tau5 tau1 tau2 tau3 tau4 tau5 tau1 tau2 tau3 tau4 tau5

1 0.69 0.7 0.65 0.65 0.45 0.81 0.81 0.78 0.78 0.57 0.84 0.84 0.82 0.83 0.64
2 0.85 0.85 0.83 0.84 0.71 0.92 0.92 0.91 0.92 0.78 0.94 0.94 0.93 0.94 0.83
3 0.69 0.69 0.65 0.65 0.46 0.82 0.82 0.78 0.78 0.58 0.84 0.84 0.81 0.84 0.64
4 0.69 0.69 0.65 0.65 0.46 0.82 0.82 0.78 0.78 0.57 0.84 0.84 0.81 0.84 0.64
5 0.7 0.7 0.65 0.65 0.46 0.82 0.82 0.78 0.78 0.57 0.84 0.84 0.81 0.84 0.63
6 0.69 0.7 0.65 0.65 0.46 0.82 0.82 0.78 0.78 0.57 0.84 0.84 0.81 0.84 0.63
7 0.85 0.85 0.85 0.85 0.73 0.92 0.92 0.92 0.92 0.85 0.95 0.95 0.95 0.95 0.89
8 0.93 0.93 0.92 0.92 0.89 0.96 0.96 0.96 0.96 0.93 0.98 0.98 0.97 0.98 0.96
9 0.7 0.7 0.67 0.67 0.55 0.83 0.83 0.79 0.81 0.62 0.87 0.87 0.85 0.85 0.71
10 0.56 0.56 0.58 0.57 0.57 0.72 0.72 0.74 0.73 0.73 0.75 0.75 0.76 0.75 0.76
11 0.79 0.79 0.78 0.79 0.65 0.89 0.89 0.88 0.88 0.74 0.92 0.92 0.9 0.91 0.82
12 0.57 0.57 0.57 0.58 0.43 0.74 0.74 0.74 0.73 0.61 0.76 0.76 0.75 0.76 0.66
13 0.79 0.79 0.78 0.79 0.65 0.89 0.89 0.88 0.88 0.74 0.92 0.92 0.9 0.91 0.82
14 0.57 0.57 0.56 0.56 0.34 0.72 0.72 0.71 0.71 0.44 0.75 0.75 0.75 0.75 0.49
15 0.6 0.6 0.58 0.59 0.41 0.73 0.73 0.69 0.71 0.52 0.78 0.78 0.75 0.76 0.57

Table B.3: Power of tests 1:15 for scenario 2 (exponential, HR=0.8)

N=553 N=692 N=830

16 0.62 0.77 0.8
17 0.83 0.93 0.96
18 0.63 0.78 0.8
19 0.75 0.84 0.88
20 0.9 0.94 0.98
21 0.7 0.82 0.86
22 0.7 0.83 0.87
23 0.8 0.89 0.92
24 0.8 0.89 0.92
25 0.63 0.75 0.78

Table B.4: Power of tests 16:25 for scenario 2 (exponential, HR=0.8)
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N = 177 N = 222 N = 266
tau1 tau2 tau3 tau4 tau5 tau1 tau2 tau3 tau4 tau5 tau1 tau2 tau3 tau4 tau5

1 0.66 0.66 0.63 0.61 0.56 0.8 0.81 0.77 0.74 0.67 0.85 0.85 0.83 0.82 0.76
2 0.84 0.83 0.82 0.81 0.76 0.94 0.94 0.92 0.89 0.87 0.95 0.96 0.95 0.94 0.9
3 0.65 0.66 0.62 0.61 0.57 0.79 0.79 0.77 0.75 0.68 0.84 0.85 0.83 0.81 0.76
4 0.65 0.66 0.62 0.62 0.55 0.78 0.79 0.76 0.75 0.68 0.84 0.85 0.82 0.81 0.76
5 0.66 0.67 0.61 0.61 0.55 0.78 0.78 0.76 0.74 0.67 0.84 0.85 0.83 0.81 0.75
6 0.66 0.67 0.61 0.6 0.54 0.79 0.79 0.76 0.74 0.66 0.85 0.85 0.83 0.81 0.75
7 0.85 0.85 0.85 0.83 0.81 0.94 0.94 0.94 0.9 0.92 0.95 0.95 0.96 0.94 0.93
8 0.93 0.93 0.93 0.91 0.91 0.97 0.97 0.97 0.96 0.97 0.99 0.99 0.99 0.98 0.99
9 0.67 0.68 0.64 0.62 0.59 0.82 0.82 0.79 0.77 0.73 0.87 0.86 0.84 0.82 0.78
10 0.57 0.57 0.58 0.56 0.56 0.7 0.7 0.72 0.7 0.7 0.76 0.76 0.78 0.77 0.75
11 0.78 0.78 0.74 0.74 0.7 0.91 0.91 0.89 0.86 0.85 0.92 0.92 0.9 0.9 0.87
12 0.57 0.57 0.57 0.56 0.54 0.73 0.73 0.73 0.72 0.69 0.78 0.78 0.78 0.78 0.73
13 0.78 0.78 0.74 0.74 0.7 0.91 0.91 0.89 0.86 0.84 0.93 0.92 0.9 0.9 0.87
14 0.57 0.57 0.58 0.51 0.45 0.69 0.69 0.7 0.65 0.58 0.76 0.76 0.76 0.73 0.66
15 0.57 0.57 0.51 0.51 0.47 0.71 0.71 0.67 0.65 0.59 0.77 0.77 0.74 0.73 0.67

Table B.5: Power of tests 1:15 for scenario 3 (Weibull, shape=0.8)

N=177 N=222 N=266

16 0.6 0.74 0.8
17 0.68 0.82 0.86
18 0.6 0.75 0.8
19 0.72 0.85 0.89
20 0.75 0.87 0.9
21 0.69 0.83 0.87
22 0.7 0.83 0.88
23 0.8 0.93 0.93
24 0.8 0.92 0.93
25 0.62 0.74 0.82

Table B.6: Power of tests 16:25 for scenario 3 (Weibull, shape=0.8)
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N = 177 N = 222 N = 266
tau1 tau2 tau3 tau4 tau5 tau1 tau2 tau3 tau4 tau5 tau1 tau2 tau3 tau4 tau5

1 0.65 0.65 0.61 0.55 0.54 0.81 0.81 0.75 0.67 0.63 0.86 0.86 0.82 0.76 0.73
2 0.85 0.85 0.81 0.74 0.74 0.94 0.94 0.92 0.87 0.85 0.96 0.96 0.94 0.91 0.89
3 0.66 0.66 0.61 0.54 0.55 0.8 0.8 0.75 0.66 0.64 0.86 0.86 0.81 0.76 0.72
4 0.66 0.66 0.6 0.55 0.55 0.81 0.81 0.75 0.65 0.64 0.86 0.86 0.82 0.76 0.71
5 0.66 0.66 0.6 0.53 0.52 0.81 0.8 0.74 0.65 0.63 0.85 0.85 0.81 0.75 0.71
6 0.66 0.66 0.6 0.53 0.52 0.81 0.81 0.74 0.65 0.63 0.86 0.86 0.81 0.75 0.71
7 0.86 0.86 0.84 0.79 0.79 0.94 0.94 0.94 0.91 0.9 0.96 0.96 0.95 0.94 0.92
8 0.93 0.93 0.93 0.9 0.91 0.98 0.98 0.97 0.97 0.96 0.99 0.99 0.99 0.99 0.98
9 0.67 0.67 0.63 0.55 0.58 0.81 0.81 0.78 0.71 0.72 0.87 0.86 0.83 0.79 0.78
10 0.58 0.59 0.58 0.54 0.54 0.71 0.71 0.71 0.68 0.68 0.78 0.78 0.78 0.77 0.75
11 0.78 0.78 0.75 0.68 0.69 0.91 0.91 0.88 0.83 0.83 0.93 0.93 0.91 0.88 0.87
12 0.56 0.56 0.55 0.5 0.51 0.72 0.72 0.7 0.66 0.65 0.77 0.77 0.77 0.76 0.73
13 0.79 0.78 0.74 0.67 0.69 0.91 0.91 0.88 0.83 0.83 0.93 0.93 0.91 0.87 0.87
14 0.57 0.57 0.53 0.45 0.43 0.7 0.7 0.65 0.55 0.52 0.77 0.77 0.75 0.67 0.63
15 0.58 0.58 0.52 0.44 0.47 0.7 0.71 0.66 0.59 0.59 0.79 0.79 0.74 0.7 0.68

Table B.7: Power of tests 1:15 for scenario 4 (Weibull, shape=1.2)

N=177 N=222 N=266

16 0.58 0.7 0.79
17 0.68 0.81 0.86
18 0.59 0.72 0.79
19 0.68 0.83 0.88
20 0.75 0.89 0.9
21 0.69 0.82 0.88
22 0.69 0.83 0.87
23 0.8 0.92 0.94
24 0.8 0.91 0.94
25 0.63 0.74 0.81

Table B.8: Power of tests 16:25 for scenario 4 (Weibull, shape=1.2)
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N = 364 N = 456 N = 547
tau1 tau2 tau3 tau4 tau5 tau1 tau2 tau3 tau4 tau5 tau1 tau2 tau3 tau4 tau5

1 0.88 0.88 0.65 0.62 0.44 0.97 0.97 0.8 0.82 0.56 0.98 0.98 0.84 0.85 0.54
2 0.96 0.96 0.84 0.8 0.64 1 1 0.93 0.91 0.75 1 1 0.94 0.94 0.77
3 0.89 0.89 0.65 0.63 0.46 0.96 0.96 0.8 0.82 0.55 0.98 0.98 0.84 0.85 0.55
4 0.9 0.89 0.66 0.64 0.46 0.97 0.96 0.81 0.82 0.56 0.98 0.98 0.84 0.85 0.56
5 0.88 0.88 0.64 0.62 0.45 0.96 0.96 0.8 0.81 0.56 0.98 0.98 0.84 0.85 0.55
6 0.89 0.89 0.64 0.62 0.45 0.96 0.96 0.8 0.82 0.56 0.98 0.98 0.84 0.85 0.55
7 0.94 0.94 0.93 0.93 0.93 0.99 0.99 0.98 0.99 0.98 0.99 0.99 0.99 0.99 0.99
8 0.98 0.98 0.98 0.98 0.97 1 1 1 1 1 1 1 1 1 1
9 0.83 0.83 0.75 0.73 0.65 0.93 0.93 0.88 0.87 0.77 0.96 0.96 0.91 0.91 0.78
10 0.8 0.8 0.8 0.79 0.78 0.91 0.91 0.91 0.91 0.9 0.94 0.94 0.94 0.94 0.93
11 0.92 0.91 0.87 0.83 0.76 0.98 0.98 0.95 0.94 0.86 0.98 0.98 0.96 0.97 0.88
12 0.75 0.75 0.74 0.74 0.71 0.89 0.89 0.88 0.89 0.88 0.91 0.91 0.91 0.91 0.9
13 0.91 0.9 0.85 0.82 0.74 0.96 0.96 0.93 0.92 0.86 0.98 0.98 0.95 0.96 0.87
14 0.82 0.82 0.54 0.54 0.34 0.93 0.92 0.74 0.72 0.44 0.95 0.95 0.77 0.8 0.44
15 0.98 0.98 0.96 0.91 0.84 1 1 0.99 0.97 0.94 1 1 0.99 0.98 0.94

Table B.9: Power of tests 1:15 for scenario 5 (piecewise exponential-late effect)

N=364 N=456 N=547

16 0.77 0.92 0.95
17 0.87 0.96 0.98
18 0.78 0.92 0.95
19 0.86 0.95 0.98
20 0.99 1 1
21 0.84 0.94 0.97
22 0.85 0.93 0.97
23 0.93 0.98 0.99
24 0.91 0.97 0.98
25 0.98 1 1

Table B.10: Power of tests 16:25 for scenario 5 (piecewise exponential-late effect)
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N = 624 N = 780 N = 936
tau1 tau2 tau3 tau4 tau5 tau1 tau2 tau3 tau4 tau5 tau1 tau2 tau3 tau4 tau5

1 0.38 0.38 0.63 0.6 0.76 0.4 0.4 0.69 0.61 0.84 0.52 0.52 0.73 0.64 0.87
2 0.62 0.62 0.8 0.77 0.88 0.64 0.65 0.87 0.82 0.93 0.7 0.7 0.89 0.82 0.96
3 0.39 0.39 0.63 0.61 0.76 0.42 0.42 0.71 0.61 0.85 0.53 0.53 0.74 0.65 0.87
4 0.39 0.38 0.62 0.6 0.76 0.41 0.41 0.7 0.61 0.84 0.52 0.53 0.73 0.64 0.87
5 0.38 0.38 0.62 0.6 0.76 0.42 0.42 0.71 0.62 0.85 0.53 0.53 0.74 0.64 0.87
6 0.38 0.38 0.62 0.6 0.75 0.42 0.42 0.71 0.62 0.85 0.53 0.53 0.73 0.64 0.87
7 0.62 0.62 0.6 0.61 0.58 0.64 0.64 0.63 0.63 0.6 0.71 0.71 0.69 0.7 0.67
8 0.77 0.77 0.76 0.76 0.75 0.81 0.81 0.81 0.81 0.79 0.81 0.81 0.8 0.81 0.79
9 0.41 0.41 0.47 0.47 0.55 0.45 0.45 0.5 0.48 0.61 0.55 0.55 0.6 0.56 0.66
10 0.21 0.21 0.22 0.22 0.23 0.26 0.26 0.26 0.26 0.27 0.36 0.36 0.37 0.37 0.37
11 0.55 0.55 0.58 0.6 0.67 0.57 0.56 0.62 0.6 0.74 0.65 0.65 0.69 0.66 0.77
12 0.23 0.23 0.23 0.23 0.21 0.27 0.27 0.27 0.27 0.24 0.38 0.38 0.37 0.37 0.35
13 0.54 0.54 0.6 0.61 0.68 0.56 0.56 0.63 0.6 0.73 0.64 0.64 0.7 0.66 0.77
14 0.25 0.25 0.48 0.42 0.6 0.28 0.28 0.51 0.45 0.7 0.39 0.39 0.62 0.53 0.77
15 0.87 0.87 0.83 0.84 0.78 0.94 0.94 0.91 0.92 0.88 0.97 0.97 0.95 0.96 0.93

Table B.11: Power of tests 1:15 for scenario 6 (piecewise exponential-crossing)

N=624 N=780 N=936

16 0.83 0.91 0.94
17 0.91 0.96 0.99
18 0.83 0.91 0.95
19 0.9 0.95 0.97
20 0.98 0.99 1
21 0.42 0.42 0.55
22 0.42 0.44 0.54
23 0.54 0.56 0.64
24 0.53 0.55 0.63
25 0.87 0.94 0.97

Table B.12: Power of tests 16:25 for scenario 6 (piecewise exponential-crossing)
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Figure B.1: Power of tests under scenario 1 and 80% of patients.
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Figure B.2: Power of tests under scenario 1 and 120% of patients.
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Figure B.3: Power of tests under scenario 3 and 80% of patients.
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Figure B.4: Power of tests under scenario 3.
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Figure B.5: Power of tests under scenario 3 and 120% of patients.
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