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LTCIXEIA 5 THDAOY TIOOETPIAZ
A’. TIOAYTQNA —- TIOAYTRNIKAT T'PAMMAI

1. o )\vywvo v xaAetTot 'r) éninedog smcpcweccn. g ne=
patoBtal elg edOOypauua TufuaTa (n)\evpag) Avc)»ong Tod &~
ptOuod Ty wkaupwv Sraxplvopev Té mordywva elc Tpiywva,Te~
Tpdrhevpa, mEVTAyWYA X.0.X.

2. MMepipetpo ¢ Néyerar 16 8bpoiopa Tdv mAevp®dvy Tod
TOAVYWVO V.,

A Lay oy tog rokvywvou Néyetar wdv g0, Tp‘r]p.d. 76 omol~
ov OpiZetal drd &. 5 uf dradoyixdg xopuvgdg adtod.

3. ”’gm EPLXMN wim ';co?\uywvov Ksye'can B O‘anQTLL_,O"
pevn URd TLVOG nkevpag adtod xal TH¢ mpoextdorwe wpidc éx
TEY NPOOUELUEVWY £iC adTAY Thevpdy.

3 .

L. ToAvywvixf ypapun Aéyetar xdBe davouxth Emi-
7edo¢ TEONCOUEVT YPUULT.

5 Kvpt1 moAvYywyLxd Yp@(.ipn Kaye'can n Yoappn ’ET}C oo i~
ag exdorn 7:)\E:upa TpOEX"ESLVOp.SVT] excm:epooeev, dprver SAnY ThY
EAAny yoauufy medc 16 adtd pépog adriic.

6. Kvptdyv mordywvoy Aéyetat té morbywvov T8 oOmolov
’ 3 , s ’
nepLXAefeTal And XVETTY TEONAOPEVTY YPOUUAV.

B’.TPITQNA

1. Ex 1@y nstpwv Tov €v 'cpw{cuvov Xsyz—:'ca.t,.

Icrom:’}\s vpov, eav at mhevpal adtod € [vo.. Tout.
'Tcooxeké Gy gy &bo udvov n?xeupm. u.u'rov elvar Tour.
Zxarnvdv, év ai mheveal adtod stvou. dvioon,

2 "Ex TGy vwvidy ,Tov Ev fcp:,ywvov Keyerm'

Op Boywviov, ecw e:x pcav v iay openv.
Apﬁkvywv Lov, sow ex‘. pnav wita) apﬁ?\aw.v.
VEvydv Loy, éd Exn xal tdé vpelc yusliag d&elag.



3. Bdoi ¢ AMyetar ula tdy mievpdy adtod.
“Y¥oc Myetar 1 dmdoraotg dné 1fic Bdoewe tHc  dmévavte
0P vig.
At agleow>g Xsyemau 16 90, Tpnp& 16 omofov oplietor ¢~
6 uulc xopvefic xal 0¥ péoov Tiic drévavti hevpdc.
Auxotépoc ywiag ToLydvov Aéyetar 7 ebBeia frig =
arpel THY ywviay abdtod eig Sdo Touw uépn.

I*.IZ0THE TPIT'RNRN

1. Ado Tptwia Xsyovrau {oa dtav tiBéueva 16 &v  éni
~ ¥ ’
0% E\ov gappdovy dxpiBdc.

2. Abdo Tpiywva e?van {oa édv Exovv'

a. Ado nxsvpag Lcag plav mpdc ulav xal TAY un *adtiy me-
pLSXOpevnv Yoy Cay Lonv.

B. Miay nkeupmv Lonv xul 1éC mpooxELPEVAC € G avmnv Y=
viag Lcug,pbav npb¢ pulav.

v. Kai tag tpelc mhevpbg avTHY {oag Jutay mpldc pcav.

3. Abo dpBoyivia Tpiywva etvar (oo ddv Exo.v:

a. Miav tdv mdhevpdy Tfic Sp6fic yuviag Tomy i plav b=
Eelay ywviay Lcnv

B. Técg nkeupag Tng Openg wicag Loug play nede pcav.

¥- Tag droteLvodous towg xal piay tdhy mhevpv TG openg
WY € O Lcnv.

8. Tdc vnotetvobong loag xal piav Tdv SEsL@» ywvidy {-

ony.

A’. TIAPAMHAOT EYOTLTIAT

1. Abo evelar xeluevar éni Tod adtod éminédou,Aéyovrtal
rapdAAniot, édv doov xal &v mpoextabody &év  ovvavtdv-
Ta“l.

s ~ A P ’ ’ 2 . R4 ~
2. Abo ebdbelar xdbetor émi 7y avtiy evbefay elval ma-
pdAATNO L .

3. Atd onueiov xenpsvov exwog ev@euag, Sdvatal vd  dx6H
pta pdvoy mapdiAnioc mpdg adry (altnua ¥ Edxhe(dov).



L. By 61)0 e00elar 'rspvopeva.l, 07:0 'cpmng OYMUATL LoV s

a. Téc av'rog schO\a; wit(lg Lcmg

B. Tég ev'rog AL em Té cwfcc, p.ep’q toug #

y. Tag dvtde xaf em 6 adtd HEPT napmknpwpanxqg
efvat nepdAATAOL Xl GVt iLoTpdeuc.

E’. AFPOIZMA TQRNIQN TPITRNOY - MOAYTRNOY

1. Té &6poropa oy yavidy TpLythvov elvar 2 dpbai (180°)
2. TS aepoccrpcn TRV ywvLdy molvyivov elvatr 2v - 4 dpbdc

(v dptBudc iy mhevodv).

IT'. PONIAT ME [AEYPAZ NAPAAAHAOYZ H KABETOYZ

1. By ai mdevpai upiéc Ywv fag elvat mapdArmhot A udoe-
TOL 7\:pog q:cug ﬂXeupag aM\ng, pLCL 7EDOC pl,av, at ywvial elvat
Toat pav, av eivou. C«p(pOTSpCLL dEeiat n 4 )\a(.cu, TAPATATIPW=
pertuxal 88, &v 1) pia elvar dZefa xal 1) GAAN dupiela.

Z'. TETPAIIAEYPA.

e Hapa?\)\ nAdypappoy Aéyetar 16 teTpdrAevpov TOd
omolov at dnévavti mhevpal elvai RapGAATMOL.

2.°I816tntec: "Av tetpdnievpoy elval mapaAATAGypaupOY Té

TEs
a. A¢ dmévavte ywviar elvac tfo‘m,.
J ’
B. Al dmévavti mhevoai elvay Toue.
¢
v. AL dvaydvior Buyxotopodvral xal dvtioredews.

3.°0p00ydviov Ayetar 16 Tetpdrhevpov 6 Omoloy E-
xeL ONag the ywviag dpbdc.

PéuBoc Myetar 6 Tetpdmhevpov 16 onofov Exer  Ghag
Téc mhevpdec Touc.

Tetpdywvoy Aéyerar 16 tetpdnhevpov Tob omofov af
Téovupeg xksupan elvar Toow xal al téooupeg wincu opem.

TparnéZioyv Aéyetar ¢ Tetpdnrievpoyv 1o drotoy Exet
8o pévov mAevpdg maparAiAovg.
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H". XAPAKTHPISTIKA ZHMEIA TPITQNOY

1. At xa@emoc eng Td pad& TV nkevav evog TDLY@VOD TS'
HyovTaL eug 6 adtd cnpsbov 6 OTOLOV dréxel €& lovv &nd
1d¢ xopvedg Tol TpLydvov.

2. T¢& Pyn evds tprydvov Siépyovrar §1d to¥ wdtod onuei-
ov (3pBéuevipov).

’ ~ ~ A3 , ’ 7 ’
3. At SuyoTdéuotr THY wvidy evég TpLydvov Sitépyoviar &ié
b

tol wutol omuelov.
4o Au 6Lap800L wavmog Tpuymvov T&pUOVTCL etc Toamwoon—

uetov,té omolov dméyer dmd Thy xopuvghy td 2/3Tfig dvrtiorol-
xov Stauécov.

. [IEPT KYKAQOY

2 e . . ’ . w =0 . .
1. Evbela xal meprpépera ddvavtar vd exovy Sdo xotvd on-
~ ’ L2 /4 ~ P4 ’ > ’
peta (téupvovtar), v xotvéy onuelov (Egantouédv i) o088y xou-
vév omuelov.

2. Abo mepreépeiat ddvovtar vd Exovy ddo wrewd omuela
’ 4 ’ ~ ) s 3 ’ ’
(téuvovtar ), v xowvdéy onuelov (Eodmtovtatr), ovdéy  xotvdy

omuetov.

b ’ & ’ , A » b4 2 ’
3.c, Dx OTHELOV EXTOC x0xhov Gyovtar OV0 LOUL E£QanTOpE—
VG ﬂpog Ty mepL@epeLav.

6; I cnpeuov eni Tng Tapb@epeaag xoxhov Syerar pia pd-
VOV E¢OMTOREVT) TPOC TNY TEPLPEPELUY,

I°. ANAAT KATASKEYAT

1. Wa AGTACKE VATDT Tplywvov, 108 omolov 8idetar 1) ywvia
& waf at 8bo TPOOXAE L peval mwhevpal B xal .

2. Nd xachxevaoﬁn Tpnywvov 108 omolov 8{dovtat n TAE V=
od a xal ot 8o wpodxotpcvac cwwvior B oxal T

¢ ~ , ~ s G ¢ ~
3. N& xatcoxevactf] tplywvov Tob omoiov d{dovraial Tpeis



mAEVPAL .

1‘
2.

3
b
D
6.
1.

2.

3.

{lc

Avaloyia Aéyetal 1) todTne ddo Adywv: —%—

*I81éTnTec. YAy

IA°. EMBAAA EYSYTPAMMQN ZXHMATQRN

’Eupaddéy dpboywviov : =B.v

" naparArhoypdppoy ¢ I = B.v

ToLYWYoL : b :--;—- B.v

" Tpomesiov : E %ﬁ-vsz (6 = 8rdpecn)
" x0xhov : E = xR?, (R =dutic, m= 3,14)

Mfjxoc mepLgepetag I' = 2xR

IB’, ANAAOTTAT

. o S =B o
Lvvexne avaloyia S

'G>|g
i

%‘ té1e

a. TS yivduevoy Tév péowv icodtar pé Té yiLvduevov Tdv
»
axpwy : a.b = B.y

B. Avvdpeba vd avtipetabéowuey Tod¢ Spovg dic EERc:

v

S .y N e _ B
B8 a v &

¥. Ovvdueba vé mpocBéowuey eic Totc dpubumrdc Tobc
a+B _ v+ 0

TAPOVOULOT cﬁ; 5 B = S
“hy ~w-L =-£ o4 ef Lo X B _atyde
S. Ly 5 3 z 04 etvat B 5 Z BB+ Z

IT’ . GEQPHMATA INI TRN ANAAOTSN METTE=@N

Ado H mepLovdtepa peyédn Aéyovtar dvdioya  wedg
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&NNa opoet &7 naf Lo‘oat)\ne'q Twv, dtav mpoxdnTovy EE adtdv Sié
2
noANarhaot aopod éxi Tév adTéy aptep.ov.

2. Bedp npo Tod Elc.)\n *Tév &do ev@et.c.t. ’T.E:p.VOVT(LL e
7o ')(CI:DGJL)\.T]W eveenwv, Téte Th 1T T]p.cn:a adTév ,Té ﬁsp'exope-
va petafd @y adtdv mapalhpwy elval cx.va)toyc.

IA°. OMOIA TPITENA

1. Ado E:Devypa,ppa. o’xnpc:cc, AEvovTaL opo ta  Stav Ez(ovv
Tég yww.ag muq, piav npog plav, xai Tédc dmévavti TdY Lowy
YoV &Y XeLuévag RAEVpag ava)\oyoug.

2. Abo Tolywva glva, Spova Srav Exovy :

a. Avo '\"(WLCLQ LOU.g, pl.c,v xpog pz.a.v.

B. Tdag 7(7\.81)0(1{ cLu'cwv ava}\o«(ovg.

v. Miav ywviay (ony, mepiexouévry petald dvahdywy mAev=

8. Tdg mhevpdg Twv mapaAAfpovg 1 xabétovg.

IE’. E3:PMOTAI TSN OMOIQN TPIIQNN

1. 0Ip OB oA 7 sueuypc.ppov Tpnp.c.'roc; eni aéovog Xeye"mt, 16
TUTHO 'tou 3Eovoc¢ ftom:ov, 7é omoloy opiLetatr dné 1é¢ mpoBo=
ANag iy &xpwv ToT edOvypdupov TpHRaTOG.

2. v Oc.-yo petoyv Oehp npa. TS 're'cpavwvov THC vRo-
'cswouc'qg dpboywyiov TpLydvov toodtal pé 16 o,epo(,o‘pq, TRV
TETPAYOVWY THY XWOETWY TAE VPOV .

3. 'H ecrmepnxn Ral egmspnxn Bc.xo':opog ywvv,ag TDLY(.{)VOU
Tepvouv TT‘lV a.mva.v'n, xhevpdy el¢ cr‘qpew. Tév omolwy at G4~
7too’racrang dné 18 Txpa Tfic mhevpdc currng elvar dvéheyo mpdg
’L‘C:t: 'KDOO'Y.SLP.EVG.Q 7()\.81)00'(_: To¥ 'L'DI.Y(DVO‘D.



$TOIXEIA EYOYTPAMKOY TPITQNOMETPLIAL

1. Tpuywvopetpixol &ptOuoi dEefac ywving dpHoywviov Tp =
YOOV,
a. Hui{Tovov Aéyetat 6 AMoyo¢ =THE Gmévavti xabétov
~ rd , L3 ’ ~ 4
7hevpld¢ mpdg THY vmoteivovouy Tol TpLydvov, -

B. Zvvnuitovoy ?\e'fam.c S Aéyocg mc npoo“xatpevng
XaBETOY nmAevp8C RPé¢ THY Vmotel{vovouy Tod TpLydvou,

v.’Toantouévn Aystar ¢ Aéyog ol MuLtévov npdc 16
o vruitovov Tfic ywviag.

5. Zvve ¢amTO uEé VN Ayetatr o ASyoc tof cuvnuLTévov
xpd¢ T8 Tuitovoy THc ywvicc.

r

2. Ixéorig petaEd Tlv 7hevpdv xal Tdv SEeLdv yuwvidy S~
Boywvlov Tptywvov,

. Lxmn xaee'rog ﬂXeupa.,'cpz,ywvou {ovlTat pe 'vnv vmoTe i
vovouw éxi 16 npmovov THG UREVAYTL wiccng, f 6 ovvnulto~
vov 1fig mpooxetpévnc. ‘Hrot B = anuB xei B = aovvl.

8. ‘Exdorn xaeerog 7!);8000» 'rpbywvou ch‘ov'rcu, ué 'cnv CJ\M]
xd.BeTo 7(7\61)9(1 éni Ty s<pc.7vcop€vnv tHic dmévavti ywviag N thy
CVVEQaRTOUEYTY THS MPOOUE LHEVNG, NTOL !

B = yegB xai B = yool.

3. TpeywvopetpLxof dpibuol Ty ywvidv:

00, 300, 459, 60°, 180°, 270°, 360°.
muo© = ovy 900 = 0 eg0 0 = o 900 =
mu30 & ovy £0° = -%—*' e@30°= og 60
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nui5® = oow5 = e 50 = gl © = 1

60 ° = ovv30° = _\/—2.i £g60° = 0p30° = V3

muo0° = ovw0 ® == 1 €990° = 00 ° = =
mu180° = 0 cvv1B0° = =t £¢180° =0 0p180° = + =
Mu270° ==1 oww270° = 0 €@270° =+ gp270° = Q

nu360° = 0 ovw360°= 1 €0360°=1 0@360° =

L. Exéori¢ petaEd 1Y ToLywvoueTpLxdy dpLfudy ywvioag w.

e + oviw = 1

2 = 2 2 = 2
uw = 1-guvw o‘vvw_1—pgw
MW = 2 Vi-ow?e cuvw = = 1-np2w.

£QW W T A
VYW W
1 1
spw.opw = 1 ew:o‘_m) O‘W:Ew

5. Totywvopetpixol &ptBpol d6poiouaroc xai Stapopdc Té-
Ewv: a + 83 , a = 8.

nu(c+8) = nuacvyd + cvvanuB np(a-p) = nuarovd - cvvanup

ovv (a+f ) = cvvacvyB = Nuanu ovv (a~B) = cvvacvyd + nuanuB
- EQut EQB (a-B) = —£9& = 0B

G(P((I'+B) - 1‘8(‘)0»8(?61 SCP(O' B) - 1 + S(PG'E(PB

_ T PA.OT -

() Sy o ov(e-p) = SEERTS

6. Tpiywvouetpixoi dpubuoi Stmhaciov TéEov.
NH2C = 2NPacvva
ovwv2a = ovw?a - nu?e = 2ovvia - 1 =1 - 2nua

o2a =
1 - egp®a 2000

7. Ixéoeic petoEd TdY ToLywvousTpLxdy dptfEdv peptxdy Té-
Ewv.
a. Té6Ea dvrifeta: a, -a

(- a) = - nua , eg(~ a) = - eqa
ow(~ a) = owae , op(~ a) = - oga



B. T6Ea ocvpurAnpwpati xé
(% - a) = ocwva , (90 ~ a)
oo (90 - a) = nua , oe(90 - o)

0 -a, c.

= gYa
= epa

v. TéSEa napaninpwpatexd:/180 - a , a.

(180 = a) = nua , e¢(180 - «
ovy (180~c) = ~ovva, op(180 - a
6. T6Ea E€xovra &bpoLopa:
(360 - a) = - nua 8@g360 2
ow (360 ~ a) = guva , op(360 -

g = - gga
360 , 360 - a
a - epa

a - opa.

H

e

11
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STOIXEIN AATEBPAR

1. Av vape v¢. T6 onpsvov v ’}\’.CLDCL‘YO\)TU)V Towy pdca xa-
Aeitat vvognt Sdvautg To¥ dpiOpod o uai naptowamat dtd Tob
cvyBdrov ¢ . TS @ xaAeizatr Bdotg ¢ Sdvvdupewg xaf té v éx-
8étne adrfig.

2.I81étntec &V 6vvupeww
a. [I8ou ddvapig Betixod &puOpod &{det OeTixdym.y. 32 = +9,

B Avvaptg uanTLXOU apLGpou uE apTLov axesTnv 5{6e. Oe-
Tuxdy, pé mepttTdy 68 xBétny dpvmriwdy, .. (-2)7 = +4,(-2)% -8

Y. 16 YLvopevoy Svvdpewy t0¥ adtod dptOuod cfvat Sdvautc
709 adtol dpiOuod Exovon éxBétmy 6 86poLopa Tdv ExBeTdy w. Y.
ad, a2 = gd*2= of,

6. Té wnXonv 8v0 60vapewv to¥ adTtod dpLbuod, s?vabxﬁova-
HLe o abtol dpLbuo® Exovou éxbétny 1Ay Stagopdy TdY Exbe-
Tdy m.x. at: a? = at-?2=q2,

€. Aﬁvaptg pé dpvnTLxév éx081n (oobrar pé x\dopa Exov d-
pLouNTAY ThY povaéa xyi mapovopaotiy Thy tdia Bdol pé GeTi-
xS éxBétn m.x. 273= 53 -

oT. anopevov dyobrat SLC 6vvapuv Gy axacwog vanapayov-
Ty VYwb elc Thy Sdvaury cdtiy n.x. (a.B. Y) =a”, BV.Y .

& Kkaopa Vo drat SLg Sovaply éév ap¢owspou ot Spot Vw=
Boly el{¢ thy Sbvouly TCdTny.

BJAgblUﬂpechOL noANarhaotaopo {.
a. (ou+(3§)2 = a + 208+4B2

B. (a-8)2 - 2aB+p2

Y. (o48) (@-Bg = a2-B2

8. (x+a) (x4) = x2+ (asf) x + of

vo (a+B+y)? = a?+ B2 + y2+ 208 + 2By + 2y

8. (a+B)3 = a3+ 3a2B + 3082+ 63 = ad+ B3+ % éa+ﬁ;
e. (a=B)? = 3a’B + 3&&2-~B = a3~ 33- a3
o, (aB+y)? 'Cf"+ B+ y3+ 302 (B+y)+ 3B (y+a) + 3y* (a+4B)

L. Mg pC pLL@dv. Edy unapxn ﬂpGVpGTLXOC apc@pogﬁ,ocwng
uyovpsgog £LG Tnv vovoorny dbvauiy (v ¢vcwxog kprpOQ) ‘YL-
VETGL 100G 7p0g doBévta Kpavp@TLXOV ot nTOL B -~ a tote o B
Aéyouev OTL elvat 1 vvoorh plZe tol a, tolto & ovuBohiZo-
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s Vi
HEV WC EGMG a =8

o I&Lomnrsg TAY oL &by,
a. Pl akxng piing too¥tal ué pnépw sxovcmv v deixtny 16
yivépevoy Tdw detxtdy ol dmépprZov 6 adtd: ViE =YV

8. Iva mapdywv elouyd? évtdc plZuxol, doxel vd Oywdij elc
thy dbvaptv 1ol deixntov.

RE ‘H dgia pngng dév paTcBQAxeTCL v 6 deixtng Tt otgng
xaf o exﬁerng ¢ DﬂOpDL%OU 7006 TNT0¢ moANamhactaoody 1) S~
aipebody pé 1éy adrov dpidudy.

5. PL%@ uwoumac elc évvmpnv év vuwen 6 vndppLiov elc Thy
Sdvapty adthy.

€, TLVOpSVOV (n ﬂnXonv) Ljoﬁaepbmv pLZv (oodrcty ué pi-
ZOy EY0VOT TOV adbtéy Sefxtny xaL Ymépptiov té  yuwdpevov (R
xrh{xov ) TdY VmopplLwy ROCOTHTWY.

6. Avvduevc pé XN GO daTL xSV sx@ernu.
Auvcpcg WE xXaopamnxov exc:mnv a¥ elvar tchvvapog
Tnv wvoomnv pleay ,THig pvoatHic 6vvapawg 10 c,roL oF a”
"Ioybovy Eraout al (SidTtnreg TEY Suvduswy.
1z LELU@USLQ hE eva avadwov ax + 3 = 0.
Kadeitat sgucwcmg, 7 Loorn’ Buo xapaamaoswv LGXUODGGL@L
wptcpevag Tiude TdY ypappdtwy td omofa mepiéyovial el¢ abd=
TAV.

8 'I&i1édr1mreC T®EY éé LOROOTEWY.
Yay npooﬁsawpev eLg Gp?OTSpQ 4 pexn ptdc éELotoeng Thy
aanv RapGoTaTLY RPOXIRTEL EELOUWOLE (00O HVaNOG.

8. Av wokkankaomaompev up@OTSDG T8 uéhn éEiotoewe éni Ty
adtdy dpLbudy mpoxbrret egnouomg tooddvapoc tHc dobeiomg.

9. Ao éE Lﬁwude(ng xc>w1c>u Babpod.
Aca vd, Ndowuey ptav EELowoL v prTOD Baduod
. Archelgopey ToUC mapovouasTic

B Exronvpav 1é¢ omueLwde{oug mpdEet g xal xwpnbogev~nur
otobg dmd dyviorovg

. Kduvouev dvaywyfy opofwy Spwy xai

8. AvatpoBuev duedtepc Td péin 61é tob cvvrereotod Tof d-
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yvioTov, &v elvar Sudgopog tob undevdc.
Napddetypa. N& Mo 1) éElcwotg

2 !
SHa + i :x?l,. K = x(x=2) (x=4) £ 0
2.x (x4) + 3(x2) (x4) = 5x(x2)
2x%%- 8x + 3x%2 - 6x - 12x + 24 = 5x2 - ,0x
2x%+ 3x%~ 5x® - 8x - 6x - 12x + 10x = - 24

- 16y = - 24
fexi= 2 a3
16 "2

i 0 Exet upia pdvov Kuo‘cv

10. Atepedvnot g Eoo‘wo‘ewg a.x+,3
Ecw a%OTorsnax+[3 =

B4y o = 0,B ;L‘On ax + 8 = 0 €y Exet ovéeptav Aoy
’Béy & = 0,8 =0 ax + B = 0 elval tavtdrng.
1. E,LO'wo‘eLg devitépov Babpol ax? + Bx + y=0.

‘H )»uo‘tc tfic éEroticewg ax? + fx + v = 0 8(detar VrS 710D
TOMOV
-8 2% VB2 - hay
2a
Napddetyua. N& Awbf 7 é€lowore 15x%- 8x - 12

_(-8) ¥ \f(8)2~415(12) 8 T Ve, + 720

X =

"
o

x— =
.15 30
36 6
N i\/784~_8-28/430 5
= 30 =T
_\A___Z_
30 3

¥ 6 4 2
Gpe py =g~ XAl Py = —E5T

12 Acepevvno‘bg TH¢G s@«.o‘wdswg ax?+ Bx + ¥=0
Ecw A =32 - hay> 0 m EE{owolg Exet plZa¢ mpayuoTL=-
xag xal dviocove xai dvtiompdeug.
B.'BGv A = B2~ Lay = 0 7 éElouwoig Exer &vo piZag toag xal
VT LOTPSOWE .
y. Bév A = B?= hay « 0 N éElouotg éxeL &%o pliac upLyddag
ovivyelc xal dvtiotedeuc.
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13.°4 ot epn'rcxa.x, xpoo&o Ly

Kcn)»er.'mx. CLpLep.T]’tLXT] npoo&oc; uia dxorovOia dpibudv éx T@dv
omo {wy exum:og tveTal ex rov TOOMYOVUEVOD ToV OLd RpooOé~
oewe To¥ adtob dptBuod, o omolo¢ xareftar Adyoc.

sty a o npmog opog e xpoo&ov, T 0 Televtalog,v T8 mAf-
Boc v Spwv xal A O Aéyog 64 Exwuev:

atT 204 (y=1)N
2 . m— 2 .

T=a+ (v-1)A, L = v

1. I‘swpe'cpcxa.t. 'npoo6o Lo

Ko.xet,-cc.t. stpe'rpt.xn 'npooﬁog pia dxorovOia dpiOudy gx TR
omo e axcm:og Ywem'c.(. €x Tod npomoupevou tov Otd ~molAa~
fNacLeopod éxi Téy adtév dpubudy o omofoc xareiTai ASyoc.

’Edv a o 'np(m:og opog i m:pooéov T O televtalogyy 6 ﬂ)\n-
Boc Thy Spwv xal A O Aéyog 66 sxwpsv.

o= a-!

= -z TA = 3 . ~

=T edv /N1

g = = gy v = xai /A/<1.

1.IATOTHTED TRN ZIYNAYAZHQN

a. a(Y) = (v‘f- u) (BMN.émédetELy elc "Tevi xd Mabnuor
L@ J15

B. (V+1) (p) + (p—'l) (BN.énddetEly elc " Tevixd
Maenparcxa' g

vo ()= )+<p-4>

Am:o&el.gcg.
A ewppo'mg to¥ Toémov (8) T@v " Tevixdv Mabnu o -
TLxdY" KG.HBG.VO}J.GV'

]

.

v=1
()= _-G-u) () v1-u)

v=13 -1)! (v=1):
(w1} = (p-1) (v=Tmpr)l = Cu1): (vep)!

’ ’ ’ ’ ~ ¢ ’ L4
’AvtixadLondusy eig Téy Tdmov y. Tobg Tpelc opovg pE T L
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ot Tav xal AcpBdvouev:

(v=1)? (v=1):
u(ru) ORI R CEE D H CEIT M

I’oh)\cm)\amaéopsv Tob¢ Spovc 1o devtépov . xkaopc/rog ech
(v - p) o g 'covg opoug To¥ TpiTov xAdouatog éni p xaf odtw n
televtala (odtng yiveral:

v, ’ - (v=1)!(y=-p) + (v=1):
THOERNE pI(=p=1)(v-u (w=1)7¢(

3. T ,
€€ 7Mn¢ mpoxbmreL:

_lv-1) L:u) =) (=)l op)

,

u%v-u) pe fv-pl wi (v=p)l

v-u)lu

’ >
(V - 1)- 4 Ve v
d rd = i ’ 008‘6-
g (v=p). THOEINE
‘H cato&&:t.&_‘,t.g Tod Thmov y. 6vva,1au vd o‘*rnpt,xen ecg TV cu-
<
'xoéeu’éw Tol 'nmov B. dobévtog OT!., o 'cvacog Y. 'KDOXD'K’ESL ex
<o® B éév el¢ t6v Terevtaiov Toftov tebf Smov v+1,v xal 6=
Tov Vv, v = 1,

5. (p-\:’!) =
‘ANSSEVE L ¢

A’ épappoyfic Tof Tomov (8, 1@ " Tevi x®v Habnu a =
T @ V" AapBdvouey:

v i)
1) = 7 7
(b+1) (u+1)I(v-p=1)!
Yy V=i Ve VR
O ey BT Ty

Bredh pl (u+1) = (p+ 1) wal (vep)! ¢ (v=p)=(v-u-1)!
7. TE€AevTALC todTng ‘Ypd.(pSTCLL :
V.

% V.= 1% - t
(B) p+1 7 (p+e1)i(v=p+1)! o

M
o

2. TPITQNON TOY PASCAL

'Edy Ypaqrwpev fr:ovg o‘vvs:ekeo*mc; 1@y dradogixdy Svvipewy Tod
X + a 84 mpoxvyy 6 naTwrdpw wivaE:



17
loc  28gc %og Log Sog  6og  Tog

o ()

I

1 & D

21 G &) &

510 @) Q) Q)

TS Ko RO N e9 B¢ M09
51 0) Q) GO @)

‘0 npog té& dpioTepd TH xaﬂ:c.xopuq)ou chuppng (fbpz.ﬁpog pave=
pwveL THY 6vva.pw Tol Siwvduov, ot 8é eig 'tnv a.v'vnv o‘z-:cpa.a
pet’adtod YO, pEVO L apuepm, pavepwvovy xaxd oetpdy TodgoVY=
teheotdg @y Opwv TOD dvarTiypatog.

‘0 a.vurcepw n{voE xaheltatL tpflywvoy Tod Pasc al?ex
Tod emvonouwrog Todtov.

'Bév el¢ tév av(m:epw 7L Vaxa avmxa.rao*nm»pev Trca m)p.Bokct.
oy ovvdvaoudy S1é tod mARBove TodTtwy Bd mpoxHYn o xaTwrépw
w{vaE:
1bg. _2o0¢ 3o0¢ 4og; Sogbac Tac
1

[0 AR Pl U SWRNE'S )
S G

-

*) MoMof ovyypupelc xchodor Tobre Tpiywvo Tof Tartaglia,
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Opocwc o mivag OUTOQ xehelTal Tptywvov tob Pascal xal 7
ACTACUE VT Tov OTﬂpbéﬁTGL eug Ty B° Léuoxnma T@v va6vaopwv
Mpaxt t xdg n xcmccxevn Tod ﬂbv&XOQ SﬂtTuyxuVETQ WG s&ng.
Tpa¢0pev Tag dvo ﬂpwmcg Gwnkag wg Gvarépw xac v vaexebq
6La Tnv ebpeoy exdorov Spov mpocﬁemopev téy Gvwbev TtodToOv
evpuouopevov, petd tod napmwkeupwg o0 Sevtépov xecpevov.
Im.x. npog svpeowv Tod npunou 4 Tfg ﬂepnmng yvoaupfic mpocOé-
TOHEY w6y Gvwdev Tov xsnpevov 3 petd tob KGQQKXevag Ttod 3
xSLpsvov 1° npog evpeowv To¥ Bsuwepov 15 Tng eBSopnq cetpdcg
ﬁpodﬂsmopev tdy dvwdey Tov xefuevoy 5 petd tol mapcmiedpwg
100 5 xetpévov 10 x.0.x.

3. XLYMBOAIZIMOE AEPOIZMATSN

"Bre8f) cvyvétate cvvaviduev &Bpolouata THig pop@fic:
Gy Gy + Uyt eeeaneet G,
v

xprpmpOﬂoaoupev 41 ekxnvuxov Ypappa 5 mpd¢ ovpBorioudy TV
€v Noyg &6poLoudtwy. 0%tw yodgopev :

N

Qg Tyt Gy eenoset Gy

" v ‘l
= Za,i

i=1
T 6svfrepov pekog 'tng x,oo'rm:og cnv@YL\fvmemuL.
aepol.opcu dnd i=1 swg i=y" XGL ﬂapLO'Tq Té a6powpa SAwv
6w Spwv olTivec mpoxbmrovy Stav elg T i daowuev Tée TL=
GG 1,2,3, 4evue, V.

Béoet tob dvwrépw cvyBoriopol Exopev:

n

7
Xt Xt Xa 4 Xg + Xt Xe+ Xy 3 Xy

i=1
CX 1t OyX g+ QX3 + coved Gy Xy Za, 5 X4

"Fx Tng mxo&oxng tod nponyovusvov cvaoXLouov ovvuyerau
wpuo‘psvog a.px,epog 6eu)pnpcx/rwv KVPLOTEPQ TOV o';tow.)v ebyol ;TG
xdTwb :

e 7 -y 4 . 7
c. Bebpnpa. By o elvar otabepd moodtng

v
> ai

1=



Npéypati: 3 a, =

CHO+ A+ + .,
i=1

.4 G = VG

a7
V 0pOoL

B. Eedpnua. "Bév o elver orcbepd ROGOTNG
v
> (a+xy)=va+ S

5 =1

1%

Xi
i=1
v

Hpdypate: 3 (a+xg)= (a+x)+ (e+x,) +

=1

cat
(a4 Xy) = GEOE G F Kt L +X
v
S o+ Z x
i=1
] 7 ’ »
Y. Oedpnua. 26y o elvat otabepd moodtng
v v
Saxy= a2 X
=
1= 1=1
y
Medyucte: 2. GXs = 0 % +QX,+ aXy+ o..u.. +ox, =
i=1
v
= ax+xptnat cenns +xv) = a .Z x5
=1
8. BedpnuG. Z(x +V) Zx.,, Z ¥y
i=1 i=1 e
v .
Nodypeti: 2 (Xi+yi> = (X + 7)) + (X4 ¥,)+ !
+(X3+y3)+..,+(x +y)_(x1+. S "'Xv)+
: i v 3%
+ Gty etyat y,) = i_xl+ I

19
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’

32 ’ ’
Kot dvdhoyov Tpdnov evpiowouey STt

Y v v
-} (‘Xi_ yi) 0 > X '>-- v
i=1 i=}

v v v
Y = a. 5 >
i,_.jl (cnxi+(3yi) e ];}__ x.+B 2 ¥

e. Bedbpnua. Aepoumo Sowy pé &do delxtag — aj g Smov
té i psfraﬁc)\xefcct. dind 1 gwg p owal T8 3 dnd 1 Fwc v ypdpe=
tar xaf we Sumhody 2, Hrrou:

= (LQ1+G:12+--.+ C..1v+
+ a21+a22+...+cbgv+......

+ LL“1+u.p2+... +Cpye

‘Ouotwg Exopev:

g v M v v
Z Z G'ij = Z (Z CL..)Z Z&
i1

3=1 i=1  j=
v v v
+j_z1ccpj= g(a1j+a2_j+...+apj)= Z Z %35

AYA cwcmfcvaewg THY SLrAdy I xatadetxvieTat n o)\neem. TT]Q
OXECEWG:
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b voow
i1 =t o= im M

Dupddetypa:

> > a .= 2 ( 3 c.0= 5 (cir+aiz) = an+
i=1 =1 "9 im0 3= i=1
oy 2""'042 1'+CL2 g Gy 57
2 3 2
> 3 iy 2. (au; "’c‘aj*%j) = Gy HQy g Gy Gy G, o+
3= 1= 5=

Eat TP
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ATANYZMATIKOZ AOLTIIMOZ

$ 1. ‘OpLopol.

“Yndoxovy peyédn, &tiva SplZovial mifpws du Evdc dpubuod
éxppdiovtoc v mAfPoc povddwy (udia, Oeppoxpacia,ufixog,oy=
%0G % A.%. ). Té peyédn tadre xadobvtar dpt 6unTte xd pef
fadpwrd.

’Extéc tdv dpLbunrixdy peyedidv dmdpyxovy xai &repa peyébn
Gtiva 8év Sbvavtar vé dpLobior &u’évdc xal pévov Lhpufpdd,
MG draiTobvral mpdc mMANen xabopioudy TodTwy, xwdi Etepa
ototxela. MetaEd Tdv peyediv Todtwy elvar xal 64 &t av v-
ou Cl.)'t txé peyéon (dvvduerg, Taxdrnrec, émitaxbdvoeig x.
AR, ).

‘H omovdn) Tév Stavvopatix@y peyeddy yivetar S1d Tdv & 1=
074 2 2 e » 174
avvopdtwy,dtiva 516 té Sravvopatixnd peyédn elvar  8,Tt.
L3 3 2 . ’ 2 P .
ot dpiLBuol S1d T4 dpLOunTLxd peyédn.

, ‘omac Sud Ty omovdiy v dpubunTuxdy peyeddy Exopev Tév
ApitOunziexédy Aoyiopdy,obdtw xaf 8td d diavvopa-

Tund peyébn Exouev v Avavvopatixdv loyioudv ¥

‘H Bvvota tfic SLevdidvoewg.

3 ~ v » ,y - ’ ’ 3

Ex tfic Zrouxeit®dovc TeapetTpiag yvwpiiopey 6te, ddo ev-
fetar tod éminédov elvar mapdAAniot, 8tiv dév cvvav=
w@dvrtal 600 xal vé mpoexTabdo LY.

Avti vé 2éyauey STu ddo edbetar elvar med¥\Amhor  Svvd-
peba vé Néywuev 8ti Exovy Ty adTAY SLedBtvo L V. Zvve-
ni¢ Graoar af peTaEd Twy mapdAArpot ed0eTar Tof adtod ému-
xédov Exovy THY adtiy SiedbuvoLy, fric xaboplZetar BEx Ti-
vo¢ Ty etbeldv TodTwy.,

‘0 xabopLopdc utdc Suevddvoews cvviotatar el¢ tév  xabo=
pLoudy Tfic Béoewe pidc edOelac.

’ *)‘Ol}uavvopd'vuxo’g Aoyiopd¢ dgelhetar xvplwg.
et¢ 1é¢ Epyaoiac T Hamilton (1843),6r as smann{1844)
Gibb s (1/301) xa{ Tdv Burali~-Rorti xai Marcolco =

grg (190
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YAEwy ¥ edBela mpocuvatolouévn.

"l [TLvog G‘KSDLOQLG’COU eueemg ?\apﬁcwopev 6vo onuela A
1ol B. ‘H pemﬁcmg éx 'rou evog o*qpenou elc 6 €tepov ea t-
vn) N éx tod A mpdg ©é B ¥ x TOU B npdg 16 A. Zuva'nwg n Ent
'rng euesuag anm,g voemac we exovcm §d0 gpopdc Ty éx
708 A mpdg w6 B xal T &:x to¥ B ’}\ZDOQ 6 A. Tnv pLav TV
Ewo Pop&EY Xa.po,mnpu.,,opuv wg Betixny xal TAV eTépov,ThY
dvtibetov wec dpvmTy % fv.

~

‘H dreptépLotog 90t énl T éﬁon'ou; ExeL opLo®ij 1 6e-
- s ~ . B ~
TLxn eopd, ovven®dc ol dpvm:t,xn popl ,xareftar € O 6¢  a

mpocavatortopuédvn 1 GEwv.

Mpdc xa@opbopév Thi¢ GeTLxfig onpdg cmpsboﬁpsv gv  upuxpdy
Béroc 5euxvuov 'cnv Ge'mxnv popdv ;toog 6n)\mw 6w 800 o=
ofv B€topev gic 16 év &xpov + xal etc 16 Etepov -.

,_;m exdotov 8Zovog \a“ﬁavexau adbalpétwe onueidy tv 0,
6 omotov *ano Buey &anv n onuelov uvmpoDdg. ‘H
BéoLg fcwv DL APEPWY TTE [ WV "cou GEovoc cuvcupsps'rm elc TR
C’prnv n a)\\wg, xadopleetal év oxéoel mpedg THY aanv 0.

Opouoc ETL exdotov dlovog )\CL“B(LVSTCLL Tp'{‘]p.CL u,on pxXpPNT
choxousum L WG pové ¢ petproews Tdv éni Tol &Eovog xei-
pévewv e d8vypdupwy Tunudtwy.

v@uypa; wpov Tufjua 6€wpovpcvov we SuavvOdy  xab’ u‘)pm‘pé—
vy gopdy Vo Trvog xLymrod xakeftar &t dvvopa H & v v-
cupa (Vector) N xufjua mpooavaTtoliopévov.

2 ’
Ini €xdotov 6mvvopcnfcoc; Exopev 8o X pCLXT'r]pLO'L‘LMCL on-
D

Y

pem EL v 18 Ev xo)\emm d.pxn xai 4 €tepov 7tep a g
To® 6 tavdo HotToC, ‘H aan To¥ 6Lavvcmcwoc; eival 16 on-
pefoy exxwr}cewg to¥ xvnrob, onep 6quvce 6 eg%ypapgov
Tpnpa%&b népac tod dravlopatog elval 6 €tepov  axpov Tod
"e00Uypdupon TUAUGTOC

¢ ’ ~ ~ Id 2 ~ ’
0 8&wy éni{ Tod omoiov xelwalr 16 Sidvvouw xakeftar o1 A=
pLypa Tol Staviouartog.

= dpc@pog O éxppbiiwy TS ufixoc dravioparoc xahefTar pé =
Trov 108 SdravbdopaTocd.

"y s o‘wupwswg gvée 6Luvvcrpmog xsupsvov éxi GEovog
81é 1fic povddoc Tob pMxovg Atue Oewpemau ndvrote OeTLxN,
0d "npoxuxjm etc cn?vyfpnxog oinptepoc, ocrng KCGAELTAL OYET L=
xév uétpov N GAyeBptxf TLpn Tol 6Lavvopa—
T 0 Ga
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"Bén ©6 6mvv0'pa exm (popav copmvvcovcmv pe'rd Tfi¢ OeTLxfic
<p0pdg tob G€ovoc éni To¥ Smolov xec.'m.x., i a,)\yeﬁpx,xn TOVL TL=
qu gefvar Beti1xé¢ dou Bud gy EANwc elval dpvnTLxdC
dpiLoudc,

:Y

‘H drdéhvtog 'ct,pn TOU oxXeTLXOD p.efcpou elvar 76 ps'rpov tol
Sy avidopatog. Anavvo‘pa £xov, C’npxnv 'co A& xai wépag 6 B mz.pc-
OTUTQL 64.(1 Tod cup,eo)»ov AB . To abdtd 6¢,c.vuopa. ovpBor(ZeTal
xad dnd evog povov yodupatos éni tod drolov TiBetar Béhog,
a, xai dvayivioxetar "Sidvvoua.TS oxeT by pefcpov 700 Su-
avdoparto¢ AB maplotatar 61d to¥ cvuBdhov AB xal Té pé€tpdv
Tov 81d AB.

‘Edv 8vo Suavdopata AB xal TA xelvia éni ROPOANTAWY 8-
&',ovwv X { e'xovv TAY adThY gpopcw xa.l, 16 adtd pe*pov X0AQ By-
ToL, LO‘CL 7 LgOKO)\LXd xaf 1 todTne Tww Ypa«ps'rc‘t. AB
= TA, ’Eév 1d AB xal TA axovv RoApEAATAG cr'cnpw‘mrw. 76 avTd
Eg:'rpov xal dvti0étovg popdc, xahoBvtor av'c { et a.lbtw, T
AB et.vow, dvti6etov To® BA. TS o,vfuee'rov evéc 8La.vvcpmog AB
onueiodrar 814 ToB couBSrov = AB.

Avdvvopa odtivog t6 uétpov elvar undév, xad:ziTal unde
vixdy dtdvvopa,

Avdvooua Exov oxetixdy pétpov toov mpédc 'rDv fetLany po=
vdda. xehelftar povadiatov drvdvvopa N SrLavvopuo
TuLxf povdg,

BewpoBuey Tola dLaviouara Oh, OB OI‘_qu xeipcsva éni  To®
adTo® am'nééov (Zx 2) T$ xinebov < OA, OB ywplZer 6V
x®pov el¢ dbo uépn.Té or dvfjxer elc v eva. Tiy 80 uepdv.

z

L3 §

v’ ‘h_j

. ’ ~ . s ¢ 3 o 3
*) név dplotatar €vialog ovuBohtoudc 8ud Td Gybouata.Ot
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@awctéopeea. wapmnpmnv (,o"ccipavov éni Tob O pé 'vovc; 7=
dag st,g 16 0. 'Edv ¢ napa.rmpnfcnc_; Bksm'] G'rpecpopsvov 76 ddvo-
opa OA xard, 'l:'r]v 6snxnv gopdy (dvtiBeTov THC xx.v'qcewc; 'r{bv
Setxtdy Tod wpo)»ow.ou) étay TodTo yvelzar Sud vd néoy ént
To® OB Néyopev 811 Td Sravdouata OA, 0B, 01‘ cvvigtody 8-
& ooq:po<pov ocboTnua dgovwv Tovvc.v'uov édv 16 OA
bedral xuvobugvoy dvtiotpdene 16 odornua wadeltar bp o oTe
pbdotpogouv.

Td c'cnpbypa'v& Thy ToLdY w¢ Svw E)Lav\)opdrcwv X'X, ¥Y'¥,4°%
Néyouev 471 ovviotody oot nua degdvewy H odboanp o
dvoupo pdc Té xowov o‘npetov 'mv 'cpt,wv dgévay  xarelTat
apxr] naf T cucr'mpa G.VO‘(pep&’t.CL(. w¢ obotnue 0X¥Z. Ot tpelc

© 8Eovec XX, ‘I"lf Zxct.?\oﬁv'tm a.govsg o‘vv'ts'ccx.ypé-
voy  xal éx fcov'cwv o mpdToc anewcu. LEwy Ty X f
TRV 'r:ampm.xevwv o 68v'1:epog ang TRy ¥y tdvTe
Taypevwv xal & 1pitoc LEwY &Y 2z H BV xaTny -
pEvwy,

_Avaviopata Tdy omolwy Td oTnelyuate elvat TapGAN TG KO-
Molvtar cvyyp app L &.Tov TVUYYOAULL XEY dvavvopdrwy  Sv-
vdpeda vd ovyxpl{vapev td p€tpa Twy xal 'rc’ug q;opd TGV,

‘0 Aéyog &0 o*owpc.ppwwv 6ca.vuo‘pa'vwv a. B {oo¥tal mpdg
6 'm‘])\l.xov Th¢ diaw p€oewg Ty oxXETL 1OV pe'r%wv @y Szcwvo‘pa-
Twv., ‘Edy & Aéyog napcoTedf ué N, 64 elvar o = A, |3,

51‘& oxe'nxd. wérpa Tdv xpoBc\wv iy TOYYPGLL x@y dravvopd-
tov Exi Tiv dESvav ocvytetaypévwy efvar dpitOuol dvddoyo...

O%Tw 86y NiBuuev Té cvyypaupt xd Sravdouata OM O, (5x.1)
04 exwpsv- ) -

|

OM, _ _OM, _ O, _ _M,M _ _OM
ON, ON, 0I5 NN ON

waoocbngsg xpndtponor.ouv eic pev 6 ev'cum;c. naxea(pa.ﬁpa)
moLlxeta, elc 8¢ =d Xebpo’{pa(pd. 0étovy émi Tol ch.ppcvcoc
nadhav. O¢ I‘sppcnvox. xpno‘t.po';co:,ovv Yo'cet.x'qv yoapRy  xal ot
TA\hot xaf of 'Ttodol T4V ovuBoltopdy, GVTLYG XPNELUOTOL =
oBuev évtabba.
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X x 2

§ 2. NpdZetc éni whv Sievvopdtuv.

a. ToMAarNaotaopudc &tavbouatog éni dou &
pov,

~ewpoﬁp8v 6Lavvqya\AB O xpaqpaTonv GptBudy K. Kakgl-
pev yLvluevoy tdv AB xal K, xaf wapucxapev Tobrp 6La K.AB,
76 Bnavvopal*onep etvat ovyypappbxév ®pOG T6 AB Exer ps-
TPOV K . AB, nTou 16 ano#svov Tng anokumov Tnpng T0d K
éni 6 psmpov TOU AB, xal gopdv Thyv aurnv ,n TNV deuearov
Tfs tol¥ AB, s¢ ’6cov 16 K elvai Betixdg n GownTL %06 , dvti-
owouxwg

"BEdv x elvar 16 povadialov didvvoua 7ol oTneiyuaTog tod
AB 84 Exwuey:

=1B.% (1)

[

'Bév elvar K = 0 6swpoBuey 1t & mpomyoduevos molAamha~-
craouds 64 ddon undevixndv didvvopa.

"By K,\ elval, 860 mpayuatixol doubuol, 04 {oxdovvat xd-
TwdL LodTnTec:
(K +2).AB=K.AB + \.AB (2)

K(\.AB) = 1. (K.AB) = K.\.AB (3)
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B! Npdobeoig Sravvoudrwy.

Anavuopama TV ononwv 1 pETGEU TWV 6Ldmmgug e TOL=
avmn, wGTS 6 mépag €xdotov TobTWY VS dupwcnrn pé Tnv dp=
XAy ol Emopévov Tov, xahodytar SiLadoytxd dravioua
TO,

Té &t avbouata Aﬁ, ﬁ}, fZ,(Zx.3),.sTvau Sdradoytxd Siavi-
OuaTC.

%, 3 I Sl

Aepocopa 6LG6OXLXDV étavvopamwv ACAETTGL
(1) 6Lavvcpa énep Exer dpyxfv thy doxfy To¥ mpdmov xaf wé-
pa¢ 16 wépoc Tod Terevtalov 6Lav60pamog.

Aeponcpa Ty B Lavooudmwy: AB, BT, PA (2x. 3),elvai 76 &i-
dvvoua AA. Exwpagemau Tobto 5ud he LGOTﬂTOC.

AB + BT + TA = AA.

*Edv 8 ﬁnavucpara 8éy elvar Suadoxtxd ©6 aepOcha Ty
S¢detaL vné 1ol dbpoiouato dradoy iy 6Lavvcpd¢wu {owy, dy-
TLOTOLXWS ®ESS T4 Sobévta.

Ecmw n.x. ¢ Suaviopara TA, MN P, (Sx.4 ) .Meéc eVpeayy
709 aepotcparog Twy AapBéyvopev TG 6Laéoxcxa 6Lavucpama OA
AB BI, axcva glval dvmzomouxwg log npdc ©dh Soeevma T 5L-
avvcpa OP elvar 18 aepoucpa TGy KA LMV xaf mp. =6 ¥ EXWIEY ¢

KA + MN + HP 0L + AB + BT = O

_ = —p

"Bév uapaowncwpev pé a, B, Y,-.., Otdgopa diavdouara, af

L6Lorn¢eg 108 &ﬂpoucpamog S avvoubrwy dratvrofvtar Std wdv
x6twdL (oo THTWY :

-

1.a+B =F +a
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2. G+ 0=a

3. Py + g = ; + g ddy afvatia = ; o E = g-
k. K(a+§):}{a+1_>
5.3+B+y=a+ B+7)=(@«B)+7

yo Apaipeot 6Lavvopdmwv.
YBotwoav Té §iuvdouaTa (L {3 KaroBpev &t apop, 4 v Tdv
&v%o Siavvoudtwy 9 6Lav00pa onep KDOGTL@SpSVOV eicté deb-
Tepov Otdvvopa plc dioet wg a@oono‘pa 6 mpdtov. 'Lév té vé=
- oV éuavvopa RAPAOTAGUWEY pé vy M Tp8ELC ovpBorileTar O d
THe (,o‘o'rmoc.

- - —

a=-p=x.
Té v Sbvatar vé ﬂpoxfnl:n xatd T00¢ €Efic 8o Tpdmove:

L 1.7Dx tfic Lupxng 709 B, (zx. 5) ¢épopev &1 dvvopa ’IEO‘O\') T
a. TS Stévvoua vy Omep exeu upxnv 16 xspag T08% B xaf mépag
"EO "EED(.uC ToD SLVGL o) Q,T]’FO\)}J.EVO\J X(,ue OUOV ELVQL

- — —
B +y=a.
E
-+ SN
N\
F - .
- \\ -
\7
& \

=x. 5

2. "Ex 1oV mépazog tob a (pcpopsv 5Lcw1,>oya {oov j_gpog 16
- B. TS éacwvo‘pa Y . om-:p exec apxnv Ty dpxfy Tod axal mé=-
pac 16 mépag tod - B glvar w6 Znroduevov, d16TL elvar;

— —>

a+ () =yHa-B =¥
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§ 3. Aravvopotiun dxtic.

ALavoopati xi dxtic whelrar 16 Sidvvouabuep &-
Xet apxnv Ty doyAv 0 To¥ ovoTAuATOC TEY cvvTeTaypévwy Xal
népag T6 Ttuxdv onuelov Tob xdpov.

Mia OL@BﬂKOTS 6Lavucpamtxn dxtic opiZet THv SSGLv évég

orueiov tod xWpov, wg REPATOC i 6cavuopamtxng dxtivog xai

vTLoTedews el¢ Tuxdy omuelov Tod ydpov dvtiotouyel ula Su-
avvopattxfy dxtic Exovoa mépac Té onuelov.

Té 1uvxdv 5LGvDOpG clc tév x®pov {(ooTrat
npdg Tﬁv 6La¢opav Tn, 6Lavv6paruxngax'rr
vo¢ to% mépatog pelov Thy dravvopattxfv
dxtiva tfc dpxfic Ttob So06évrog Sravd oy a-
TOoG.

Béy MN elvae 16 800év dtdvooua (2x.6), 84 Exauev:
MN = ON - ON

dtéTi
- - — o
OM + MN = ON %
— — -
= ON - OM
2!
M
A
’
’
//
T N
oy
bYe Zx &

S 4. Tetunuévn orueiov.

“Botw cnpsnov A xsnuevov éni ,Tevoe agovog Tooxewbxovpe-
tpov To¥ Sravdouatoc 0A, Smep Exer doxfy Thv apxnv 0 wod
GZovog xal mépag T6 onuefov A xoheftor Tetpnpévn Tod
onueiov A.
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‘H tetunpévn tob 'cuxov'cog o‘n,pet.ov L, Gobévroc oéovog T
piotatar Si1é tob 'q'rot, 0A = x. [Ipdég &4 woLy tob 81t T6 on-
petov A Exer tetunuévny x, yodgouey A

4., Bedprua toY Chasles.

AoBévtwy TPy O'npeuwv .»,,B T, xamévmv éni{ Tuvoc &Eovog
&u olavdfmote 8oLy, THY Snoluy Exovy medc EANTAG,loyder 0
oxéoig (Tevixd Iﬁaam¢mnxé, 0.28).

AB + BT + TA = 0 (4)

‘1 oxéoLg (&) eww YVeoTh &g Gedpmpe 0% Chasle s xai
énextelvetal xal elc 7. ,v repi{nTWOLY %60’ 'qv axopev éri Tod
aEz,ovog mhelova Thv Tpuwv cmpe(,wv. o%tw &dv A,3,0,..., K,A,
elvar 1¢d onuelo tob GEovog, B4 Exwuev:

53 4+ BT + ...4 KA + AB = O (5)

2 ~ ’ 2t b4 , ~ s o~
Ev 1% nepiatwoer, xab nyv exopev ddo onueiz A xai B Tod
GZovoc, 64 loybdn, &vexa 1fic(4), 1 (odtnc:
OA + £EB + 80 = 0

"By THY pav 'rerpnuevnv T0b A mapao"rgcmpev pé X4, thv &€
Tetunuévny to¥ B ué x,, 1 mpomyovpévn LodTnG yodeeTal :

X 4 +A.B-x2=0

) Y ’
€€ TG TPOXVRTEL

A_B :XZ-X1

frtoe : To O'XGT!.XOV pe'cpov 5L&VUOpGTOC X8L(J.€"
vov éni Tivocg agovog,boov'coun npod¢ 'cnv TE-
’Cpn'&:vnv tol népatog pelov THY TeTunuévny
tfic dpyxfic tofdiaviopartoc.

5. ‘ArhoB¢ xai dumhol¢ Aéyog.

Eotw éxi Tivoc GEovoc 16 BLCLWO‘pa AB *o{ __I]pecov cu’)'roﬁ
M. TS m]Mxov Thic dralpéoews 'cov WE 816 1ol MB xcheitgl a-
nhof¢ N peptxdc Aéyog. Edy 18v Aéyov Toltov mapa-
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ortoupey Sud = N64 Exwuev:

el ﬁ
MB
MA + A°MB =0 (7)

"Edy 'c'qv 're'cpnpsvnv 700 A ﬁQpGO‘TTp’prV peé Xy, TTJ\) TETUT~
péyny Tol 3 pe X, xaf TNy TET(.mpsvnv To0 M p.e X, M {odtne
(7) &bvatar vé ypagdi, Bdoer Tob Tirov ( ), ¢ &xorobowe:

(x1 -x)+7\(x2 -'x) = (71)
¢€ Tic 81 émuhboewe W¢ mpdc x, Mpﬁcivopsv:

_ X1 3 AX o /
ETON (8)

By T HEPLAT) REQLRTWOEL %O Ay AngdfH A = 1, S tbénoc (8)
AauBdver Trv wopeny
¥ = 5.1._;..3_(.2__ (8,)

‘0 Térog, (84) mapéyer THY TeTunuévny tol péoov Tob  Siam
viouatog A3.

Abo Béoerg I‘ xa¢ A tol onuelov M, 'row,o'ca.t. tote ol pe-
DL’KOL Aoyor vé sxovv ’L'I.p,d.g dv'rcee'covg, opv,c_,ovv 806 onuela,
Gtiva xadobvral ov gvyn a.ppov txé& ) daAdc ov vy fids
npd¢ Té onueta A xai B."06ev 64 Exwuev:

1
A 8, (9)
T'B AB

, €4y mopuothwpey wé Xy xal X, TAg TeTunuéveg Ty T xaf

b4

B 3x

Xq = Xq X4 = X4

X2 -X3 X2 "X4 =0 (1O>

‘H televtaia {cdTng, petd THY dmodolghy Tdv ROPOVOUAT TRV

yodepetal :
o Ex1 - X3) (Xz'x4)+(x1 -x4) (x5 —x;,) =0

» 2
N petd v éxtéheciy Tiv mpdEewv,

(X + %) (X3 + %4) =2 (x9%, + x3%,) (11)
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‘H o‘vppempmorng ﬂ:n5 Tekevfc(u,cxg oxéoeEwS WG npog T4 c_,sﬁ-
YOG X1, X2 xai ¢ npog 16 gauyog X35 X4 Setuvider 8ty ,édy T
N A elvat co(gv'm WG npog Td A wal B, xal té A xal B el-
var exione ovivyH w¢ wpéc ¢ T xal A.

KahoBuev StnrhoBv Adyov ) dvcpuovixdy Xéyw
TV teocdpwy onuelwy . ,B,I',A, Oewpovuévwv xutd Ty oeLpdy
To0TWY, THY WOCSTNTG

\ = Ta DA X mXy Xy mX
B AB X, = X5 X, = X,

TS A Aéyeter xal dumhoJ¢ Xdyoc iy Goubuidy a8,
v,5, o‘(ﬂ.vag ncpéxovot Tl Titunuévac Tdv tecodpwy onueiwy.
Avé téy SumhoBy Adyov xpnoipomotoBuey té oduBorov (43TA) A
(a,8,7,6).

6. Tpoporf druviouwtoc.,
KahoTpey oBfoAnv evic §iaydopatog AB éni tivoc é-

. ‘ -z > 2 , .
TLEdov By, (~X 7), 16 Sidvvoua & B, dmep Exer Gpyxhy T
~ . J ’ ~ > ’ ’ » . ’ ’

npoBorny 4 1ol /. enl Ttob €rus.€dov wul mEpag TAY wpoBoAny B

3 r
] .
A/ “‘-»-.H
B a 1 H“'x.‘hd
f 2 T T TTTT T T
/ ¢ i
Y a3’
f i
."lIE J |
LE 1
x’ r’ &’ x
.7 Ix. 8

tob B éxi To® I.

KahoBpev mnpoBorfv €vég 6La.vv0pwrog T'A Eni tivog G-
Zovog X'X, (“X 8), 73 6(,a.vvopc. I'’A ,o';csp exe:, doyniv Ty
npoBoM’w P’tob I' énl to¥ &Eovog xal mépag thy mpoBolfy A’
108 A éni 7ol X'X.



§ 7. Tauvla 80 diavecpdtov raf &So &Edvwv,

(25(.9), cgépg,},lev ro3iTe) 6/‘4(]‘”60“@'8@ OA=?1;, 0B=F, % yewuesptxf
vyavia AOB, #v6a 0K AOB<L180 ,Htig eivar dveEbpintog th¢ 06

o
T 8

Zx. 9

» T4 ‘ 4 2 e 2 2 . ’ .
Y Eotwooy &vo Sravbopara a, B, Eby %, TVY6vToc ompeiov G,

4

3

~ ~ ’ ~ ’ ’ o) = s
cewg tob 0, xoheltor ywvia tiv_Sbo Siavvoudtwy a, B, xal ma-

3
plotatar St& tob ocuppdbrov (a, B).

Twviav 8do 6‘?-;;6 voy XXYY xahobuey Thv  yuwvlay
dbo povadratwy dtavvoudtay TOv,
ASPuwpey Hidn, 16 Stdvvoua A@,(E_x.m), ‘c'm%p £xel mpoBoAfiv

gni tob 8Eovoc XX T8 Sidvioua TA xal elvar =xoplAimhov
npd¢ téV &Eov ¥V, Ex Tuydvtog omuelov O ¢épouev 66n 8Zo-

Zx. 10

vag RAPOAATAOVg xal Suoppdrove mpbe Tobg EEdvag XX wal ¥V,
E&v An¢bolv 0B"= AB, 04°= T4, 66 Exwuev, Pboer tdv Sowv &x
tfi¢ Tpuywvopetplag yvapiZouev, &ti:

O0A’= OB’. ovve.
iy
Evoa 6 N ywvia Tdv Sbo dESvwy, xal ovvendc

A = A.TB.Guve.

fror: T6 oxetixbdy pétpov TH¢c mpoPorfic & mi
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TLVoOC &govog Goeev'cog Svavbopatoc { oob-
tTar pé Tt6oxeTLx6Y pérpov Tof Sob6éviocg b
avbopatog €xi 16 cvwnuiztovov 1fc yawviag
thy Odmoflav oxnpati{Zetr & do06el¢ LEwWwvV pe -
T4 T0¥% octmpiypatoc To¥ doBévrog Srav.b
oHaToOC.

$ 8. MNpoPorfi dBpdiauanoc Suavvoudtwy,

T End 606€VTOQ &;ovoc x'x, (Zx. 11) rpoBiAhopey Th 6Lavu—
oUaT O AB ET‘ PA xof 76 G46pot cua adtlv AA. Top~rampoduev dtL
{oxber m oxéoic:

> >

ATA’= ATB'+ BD'+ T7A°

B
: 4
| |
L i
/f—f‘”‘n
|
: ! P
i L. e {
X' A B’ r’oal x
Ix. 1]

Hrots T O oxettxdv pértpov TH¢ 'npoBo)\ng E ¢
TiLvog GEovog,0taviopatog, Smep ezvacaepon-
cpa Sob6évriay dravvopdtw v,lcoltar mpbdg Td
dopoiropa TdY oxeTLx@V pé'tpwv T0v mpo B o -
Ay Thy SobBévtwy Sitavvopbtay &xi{ Tol av-
to0% &Eovoec.

$ 9. Zvviothoar 6tavbopatog.

stpoqiev TPLoOP BOYRVL OV 6eELoo'rpo<pov cruo'mpc, d.govmv 0XY4,
(Zx.12), xal 16 onueila A,B,T 'npoc&t.optgov'ro Exi Thv TpLdy
déovwv 7 pova&tata St ovdopata adtdy, &tiva xaptc’rwpsv &y~
TLO’EOwag ué 1,7k "Ewpo%nsv émcmg i) 6mvvcmcm o = MN ok

.

pépouev T6 bté.vvoua ob .
'BE adtol tobtov TOD mem’l:og TpoxdRTEL STL -

-> —»

+2P+PP"’T’]
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O_ﬁ = 0—21 + 0—3:2 + 023 (d:)
2
N
z3 ~ ~
\\ a
~
N
~
\\
~. R M
1
|
|
A {
|
. B z
bs) o l 2
A \\\ i // 9'/"
\\ l //
~ ) -
AN | ///

Sx. 12

uav ﬂapa.ofmcrw,.zev ué Gy,0z, O3, 14 oxetixnd pétpa Tdv 0% 4 ,
022 ,Oza,av'ct.o"cocxwg 64 t-:xwpev.
021 = G:]_._:.i). 9 022 = 0:2 J 5 023 = 0'3'k

xof ovvendc f ladme (o) Sdvatar vé Ypo.qm o¥tw:

ﬂfN 431+ ap. J+ a5 k (12)

0¢ &ptbpol aq,ay,as, xakobvtar cvvi otdocal { cuvv -
Tetaypévatr tol Stavicuatoc MN,

$ 10, Atavbouata ypapulxdc EEmprnuéva,

A0BEVTE B1OvHOUATA 1,0z, .. 4Dy A youev otL elvar ypa p-
wexic EEmpimpéva é4v velotaviar v doubuol ki, k...
k., uh fnavrec umdevixol, xal toroBtol Gote v&  ExaAmBed-
ovv THy oxéoLv:

kja,+kpop+ ...+ kay =0 (13)
"Béy 6év vRGpovy &pibuol ki, ke, ...k, olTivec vi &xo-
AnBebovy thY oxéarv (13) 68 Méywpev %t T4 SLavbouata aj,
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-

0,2,...,3\, el vat ypappuxdic dveEdprnta,

‘H oxéotg (13) dvopdZetar Ypapptxf OLAvVVOopOTL -

xf EElocwot c.

Ado O‘vyypappnxé SLoviopaTa al xaijiz e (-
vart Ypa_yptxwg agnpmnﬂs va, At,om EGv A elvar &
Aoyog Thv ay xai G, 64 Eywuev o, = Aoy A 0.1-7\0.2 = 0., 'Bbv
dpcpow:pcn T4 uéhn Tfic televtal ac oxéoewg moMarhact dowpe v &

x{ &pLoudy TLva k£0 84 XdBuuev:
= k)\,-az = O

d6ev, 1‘)(pio'mv'cou. 860 dpLbuol k xal -k 6depopot. o0 unde-
vog, ué Toug onotoug 'no)\)\aﬂ;)\a.cu Zoueva T4 Sravdouata c,_on.C
ap 8tdovv ag &Bpotoua €v undevixdy Sidvvoua.

*AvTL oTPoPwG, FYoRY ’1»7\7]681)?;1 N OLavvopaty xf| €€ owot 2
k, Gy + Kpdp = 0

t4 Ot avbouata ;1,52 elvar ovyypopuuxé. Mpdypate 64 Eywuev:

- ko — — —_ ic

g,l:..?%u,z A oa:ay, = -2

1 : ES 1
"Ehv 14 Sutaviopata a; xal asdévelvar ovy-
ypopptxd xai{ xelvrtar &xi{ Tob ad1tod & m -
xéEb&ov ea elvat YpCLp.}J.l.)tUJg &vegd._pmnfca AvoTe
5\we 66 foav. cvy'{paupcxa. Evvsv:wg, g4y T4 ay,0, O€v elvar
ovaapm,xd xaf xetvial sm Tod adtod emateéo 514 v& (-
oxtm | oxEOLC ka4 + k20.2 = 0, &ov dnag ewc(, k.= 0 xaf

kl\ -_— O.

—

Tola uh oLYYPaUL X& 6Lavvcpc;ra al, (12,(13,xel.ueva Eni . &-
voe &m médov H ﬂapa}\)\nk.a npbc 16 abtd Emimedov elvar ypou-
pixdic €Enptmuévo wal xchobvtor gvverimeda, &&v Yol oravtan
tpelc &pLbugi K, Ky, ks, uf Sxavtec pmdevixol, xai totobtoL
tote ‘4 éna}meevovv Ty oxéoL v:

E kja, + kgay + kzaz = 0

Mpdypati, by dvarbouwuev 16 €v &€ av’cwv eo’twg 'co al,elfg
&bo 6Lo.vuop.cx:ca Eyoviathc SLevbdvoeL ¢ TAY @2’0;3’ 08 Exwuev:

0‘1=l1@2 +)\.2CL3

- — -
O‘l')‘la‘2'>‘20‘3 =0
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Ev0o vooBuev k; = 1, kp = -A,, k3 = -Aj.
"Avtiotpdque &4y Velotatar M oxéoug:

- - -
k10:1+k20:2 + k3(13 =0
} k
” 3. = - X2 3 =
. ay = - Qp = a
84 Eyuwuev: 1 K, 2Tk, 3
freot TO ay etvmt 1) ﬁGpoLGpa St avvopdtwy GUYYpGppwav dy-
TLotolywg, THV az xal Oz, qpa,xettat éxu tod adtod M ma-
pou?\)m)\oueﬂ%‘ne&ou dbe mpbc 16 dp xal Tz, Mror T&  Siavdopara
d,,dg,d5 etval ovvenineda,

§ 11.’Eowtepexdv N Badbuwedy ytvépevov dbo Sitavvopdruwy,

. . ’ -> ’ ’ ” 50 O
AoBéviwy Sbo Sravvopdtwy @, xetpdwwy énl  Sbo  PZdvay

xehoBuev owteoLxdy % Babuwtdy yivdpevoy odTiv T8 yLvdue-
vov:

a.B.ovv(a,B)

’ . ’ ~ ’ -
Té dowreptxdy yuvduevoy maofotatar dt° 10% cuuBélov G.P
h 4B, %rou:

a.B =3B =a.B ovv(a,B) (12)

ETEL&H, dg ebéopav a. ovy (a B) xal Bduv(a B)xapLoTwou5
”vrcowotxwg,To cTonv pampov The ﬂpoﬁokng Tob a &xni Tob
crnpnyuatcg ¢ovq% xal 16 qxemuxov pempgv TH¢ ﬂpoBokﬂg 0P

éni Tob otmplynatog tob a cvvmyopev ott: To eowrepnxov
yivduevoy &bo duavvoudtwy idouTaL pé td yivduevov tol oxe-
Tuvxod uétpov Tod £véc Suavdouatoc Eni Td  oxeTixdv pétpov
ThHe mpoporfic Tob &tépov Gravbopatog &nl tob ormplymatog
TPWUTOL ,

v , ’ 4 3y ~ , , ,

Tva '170 Babuwtov ¥ vop.evov Lgou'mc ME pnéev npémret  xad
dpxet ¥y Tdv or. avvoubdtwy vé etvar undevixdv Sitdvvoua f 14
dtavbopata vé elval x&6eta METAED Twv.

Té EZOWTSPLXOV onpevov 6Lo,vvopcmog &nl 18y gavtdy  1Tov
loobtar mpdc T4 Tetpdywvoy toB pétpov: a? = a2,

TIAIOTHE A° (NSpoc Avtiuetabéosuc)

ap = B.a

P - —> - —_ = - - — -—
AvdtL glvar: QB = a.Bovv(a,B) = B.c,ovv(B,a) = B.a
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w

IATOTHE B’ (Népog’dmuuepuotinoc)’

1

-
G‘l' ((124- 0.3) = 0.1,0.2 + Gl.a3

Avdte elva:

- = - - , - - g K
a,(a; +az) = a,. [oxet.uétpoy Tfic npoB.Tob (ap+az)] =
a, (oxet.uét.mpoB.tob Q@ + oxem.pam.ﬁpoﬁ.8;3:=

ay (oxeT.peT.mpoB G ) + (Gxe'c:,u_.e"v.,;zt.ppﬁeas)-=

- - o -

= Qy.03 + Gy.03

§1?° Tshb*&c ovgypayggfévéza\gg T, B0 e

Tola 6!. avuq.mxm Exovta xoivAv dpxhv xal Téd % p3d  Toy
xecpeva. éx suee'o.g, xc)\ouv'v:o,t Teni g orvyYOOQ UL~
x4 drtaviouparta, : = .

Tpio Telixlic ovyypoputxéd Stavdouata 81,32,53 ovvdéoviat
514 THc SLavvouatLxfic &ELolicewc:

- . = - _
klc‘l - 1‘20"2 + kzaz =0

xal 16 Gbpoioua vk ,ko,ks fooTrar wé. p.”\&év

Hpc’wprvn v )\G.mev O_Al— Dy 0A, —aa, OA3—<13, o' 13\
retdh 6 6(o.vvo1m"u. ,.1A2 XOL Aré;; cfum o‘vV‘,,Ja,ppcxd

4,

. 13

66 Eywuev: AzAp =A.ApAs

i 31--(1#\)52 +?\.cz3~= 0
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HNapatmpoBuev &1t té &Bpotoua Thv

ovvteleotdy (codtal pé
undév: 1={(1+1A)+Xx =0

TAvtiotpdoue Edv elvar:

- - -
k.0; + koo, +kzas = 0
=

’ = =2 2 ~
t4 dvaviopata a1,0,,03 etval TeAlxdg ovyypauplxa,

Mpdypatt érevdfi k== (k + k3) 66 el val
~(Kp +k3)01 + kply + 5305 = 0
f ka(az‘Ch) = k:’:(o’l"a‘:i)

» ’ = = = , P ’
fitol t6 Suéwvopa AjAy = dp-a; elvar ovyypauul xéy mpdc T6
6cc’wudpa,A?A} = d1-03 xal ovverlg T4 onuela Ay, Lp, As
xelvTAl ER eLBeLOC.

513."Exgpaocs ¢ tob &owtepirol yivopévov O8té& iy cuveota~
oldy,

"Bv a1,05,a5 slvar ai ovviotdow 10 o xal B1,Bs,Bs al
ovviotiion. ToB B, elc 16 adtd olornua &Edvwy, 64 Exwuev:
—_ — - ~
& = Q1,1+ Qp, g+ Q3. k
-

B=By.1+Bp.J+8B5. K

a.B =a.(B1.T+ BT + BxK) = B1.A.T + B,.A. 5 + Bsd.K =

n

Bid (e T+ayd + azk) + Bpi(aT +a, J+ aszk) +
+ B3.K(a,.T+0,7+0as5.8) =
018132 +apB,. P +asBs. K2+ (apBy+aqBp)i. §+

+(azBq+ Baa'l) 1.ic+ (asBs + Baas )3. ic.

f1

*Exeudf lval:
H_ 1 - Eig

=, F=1, K2=1, T.7=T.X = J.X=0
% mpomyovuévn {odtng ypdoeTat
a.B = a8y + APy + azPs (15)

"Béy 14 Suavbouota elval x&GBeTo pETAED Twy T Tporyovuéwn
lodtmc AauBbvelr THY popehy;



ayfy + G2Bz + azfz =0 (15,)

"Edv t& dvavbouata elvar Yoo 0& Eyauev:

c2=al + af + af
’ _ 2, 42 . .2
xal a=+Va2+a2+a? . (16)

Mnbc ﬂpo?ﬁLopcopév ¢ yaviag T@dv Stavvoudtwy a, B, Aau-
Bhvouev T6 Eowtept xdy yi vduevov 1dv SiLavvoudtay

d.B = a.B.ovv(a,B)

3 ~ I 4 . P
Ex tfi¢ oxéoewg tadtne mpoxdntet 1 oxéotg:

- -

ovv(a,B) = g_.
!ﬁ'tl'c_. )\.O»}J-BC’LVEL T'ﬁv HOp(,O'ﬁ\J:
O‘v\)(Z,E) = @383+ ayBa + 0zBa (17)

o
\/q"l'-r a2+ a? . \/B'i+ Bf_» + Bg

2

$ 1, *ESweepLxdy 7 diavvouawindy yi véusvoy,

Ko)\ovpav SEwTGmeOV ¥ 6Lc.vvo}mu\cov YL VOUE voV 6tcw opa-
To¢ tLvde & EnL ETEPOV 6Lc,vvop0, B, €v dtavvona ¥ (covmpde
6 Suavvoua OT, (Zy. 11+) SprZduevoy wg dxolobbuc:

Ex fcvxov'tog cmpanov 0 <pspopev 74 Svavdoupata OA = a 0B =
= B xai Etepov OT = ¥ wabetov &ni 16 &ninedov AOB, % Exov pé-

tpov Loov mpdc 16 éuBaddy Tob xap.)\xnxoypwuou Tol exov'rog
TpooxetL uévac mhevpdc 0A xai OB waf Totoltoy, tote 16 fo) oy At

-
7

= rf"\\\\

p S



L1

na 16 SpuZduevov bxd tiw O0A, 0B, O vé elvai SeEidotpogov.
T6 &Ewteptxdv yLvduevoy mapioratar Sté tob cvuBdhov AXB
T6 wétpov 1od ¥ tLoobtar mpde: a.Prp (a,B)
‘H ywvia (a,B) Aappiverar wévtote petcgy 0° xai 180°%.

 Aé e elvan Té sgwmsponv vyt vduevov unéev npéxet  xof
Gpxel vé egvac undév ev &x tdv Sitavvoubtwy % 14 &bo Stavd-
opata v& el val mapGAATAQ,

IAIOTHE A°

‘0 vdpog Tfic dvtipetabéoewe 8év  loyxler OuLédTL, ovughvag
7pbd¢c Tév SpLopdy tob EEwteptvod yivouévov, 64 elvai

—_ —>

BXa = -oX@

IATOTHE B!

'Bby nohkawxogpacwpev 16 G 4 B éni BeTuixdby ApLOudv U,

VYOLG 700 y O&v perchA’eTaL P INA TODTO xadi otatal W,

Suebe
. Edy o p elvat 6pvm:¢,xog, 06 pe’taﬁ)\ne‘n n Siedbvvole ToOb
a # 2, ovvenlig xal tob y, T6 8& pé€tpov Tov B4 mOMATACOLA-
o7 &nl |ui.
Tevixbic Exopev:
(xa) X (p.i) = Ap. @ B) (18)
IATOTHR T:

"EmLpuept oTindC vodpOC

(a+B)Xy¥ = WXy +BXY (19)
IATOTH: AL

'EBbv el vau:

84 Loxin ﬁ'iéuérng;
(T +0p + e e y)X(v g + 0y + coatv )=

El ¢ obotnua deEtbdarpowvoy Exonev:



L2

Tx1=3x3=%x%=0
EXE—'E E];.X?L,'—‘- °—1; (2,1)
iXk=1 kX 3= -1
XxXXi=73 TIxk= -3

$ 15, "Exgpoot ¢ Tob EEwteptxoB yuvoudvov dié& @y  ovviota-
ofiy,

"By aq,0p,05 eZvaa at ouvLomwcan Tob @ xal 61,62,63 at

ovvigtiioar Tod B elc 16 adtd chotmpa dEdvwy 64 Exwpev:
—

G =011+ a,.3+ az.K
- L b d -> -
B =2PB1.1 + Bz.J-+ B3 .k

Bdoetr Tod Tvnov (20) ovvayeman 4TL 16 sgwtapnxév YL -
vogevov Ty a B 64 (oobtat mpdc 16 &Bpoioua Thy sgwmapuxwv
YL Voué vay exaomom dravdopatoc Tod Sevtépov péElovc THC npw-
e yoauutic &ni €xactov dtdvvoua tob 6eoTspou uéhove ¢
Sevmepag yooauufic, AauBavouévov &8 dm oYLy Thv oxecewv(21)
evpnoxcpav-

= (apBs - azBp)i + (0'351"“163)_5 + (4B '0'261)?(
T6 EEwtepuxdy yLvduevoy T@v a, B Shvatal v ypagh xal dnd
THY popEnY

1 7 F
axf = |a; 0p a3 (22)
Br B2 Bs
T
7 cvuBoitxdic 2B = |a (22 1)
B

& 16. Muxtdy yuvduevov tpLliv Siavvouétay,

Do b€ vray 'rpt.wv &t avvopdtwy o B&'{, xc)\oupev pl.x'r bv Y-
vouevo v, Ev Baeuwrov psYseog, Omep mpoxdmrelr €x ToB  &-
cwteptxoB ytvouévov

(xB)



https://pyxida.aueb.gr/handle/123456789/5112
I3

8w o 5 . ‘. o ==

"Eay ©q,0p,03 elvar ai ovyteteypévar «oi o,B1;B2, Bz .l
ovvetaypbvar Tob B xal Ay, YasYs o ouvTETaypEvaL Tob ¥, al
ovvtetayuévar tob éEwteptxod yLvouévov Tlv a.,E' sbva:

agfs ~ C_"lﬂg s G3Bi=0aifs , a1y - a8,
xal, ovveniic, 16 pLxtdy yivduevoy 84 loodrar mpde
(azBs "1332) y1+ (azBr=0a1Bz) v+ (aBp - apBy) v3
o Thv popeiiv:
‘?*i az Gz
v(axB) = |BL Bz Ba
3 Yo Y3l &

omep Sbvatar whiypagf S
(23)

/

'Bx vhi¢ dvwtépw popefic -Tob pLxTob yevopbvov cvvdyetar é-

LT
a(BxY) = B(ekE) = ¥(axP) (2t)

“Otou Sbo &x Thv Suavvoudtwy el vat ovaapul.xp;n, bte . ol
ovvTeTayuéval Twy el vat dyvgroyol % oplZovoa 64 elvar undéw

¢ 7. Napapstpuxf Sravuopatsxd é&lcwa ¢ edoslac.

‘Yro0éowuey &ti edbeta tic & (Zx.15) S(devar. &1’ évdg om-
pefov tnc A xal tfic SuevBivrswg Tng,HitL¢ oplZetar vrd Sra=

viouatog a.
. ]

Zx. 15

"Egtw 0 . dpxth Téy cvvtetayuévay £véc ovItfiuatoc®’ dZ6vay
xaf ‘M toydv omuetov tHc ebbzlac €. Iva Exppbdiiey BT’ 18,
i kdploxstar &n{ The e dp“xw_ff va éxcodowuey ST Té Srdvvoua
A eTvar copypapuexdy Ted a. Mpdc tobto ypdgopev



-
N —

A=A

- —

"Frmeudf AL = OM - 04, M mpomyovuévn oxéotc YPaPETaL ¢
—» —

OM - 0L = Aa

"By € mapacThewuey Thv Stavwouatixfy dxtiva OA pé p xaf
Ty OM pé x, m televtaia oxéotc 64 ypaeh

X = E +AQ (25)

‘H oxéot¢ (25), #iri¢ mapéyet thc Sravoopatixnde dxtivag
Tiv onpelwy tHg edbelac € nal pévov adtdc, xoheltar mapa -
LeTptLxh Stavvopatixhh EE{cwoLe TH cevbel-
a¢c € pé mapbdueTpov,

$ 18, "EE(owoL ¢ edBelac Suepxouéyng dub 860 omueluy.

"E&v ebbela tig Stépxetar 616G Sbo onpeiwv A, Ao OpLZopé-
~ ~ 2 ’ ’ ” ~
vav dné Ty SLavvopatixdy axTivey pi,Pgz, T6 TuXév _omuelov
adtfic M, SptZduevoy vmd Tfic SLavvouatixiic axtivog X, mpoo-
’ ’ , (%4 ’ ’ ['4
SupplZer 16 Gubvvoua A M, omep elvar ovyypauuexov mpdc b
A1A2.
. — » -—> . e - , ~ P
T& ALM xal AjAs ovvdéovior OuLd Tfic oxéoewc:
— - —
i X = p1= A (pe - 01)
§ (R -

Tl ¢ ypboeTal
X=pr+h.(py - p1) (26)

‘H &&lowot ¢ (26) elvar % mapapetplxf Suavvopatixf; &£{ow-
ot thc eddelac tfic Suepyonévng S1d T@v omupelwy 4Aq, Ag,

$ 19. Dopopcsspexfy Staveouatinfy EECowmor ¢ &xurtbon.

» 14 . - ’ IN s
‘YrnoBéowpev oti éminedov Ti E, 6pcé§1at 81’ €vdec  amueiov
Tov, A, ExQVTo¢ &LavuopaTLXMY bdxttva p xal dud 8bo  Sravv-
oudtwy 4, B mapadAfhav npbdc adtd xal ypauutxlic dveZapThrwy.

Bewpriowu ey Tv%ﬁv onuelov M tob émunédov, Exovroc Siavv-
opatexfy dxttva X, Mpdc dfAworv tHc énl to% B BéoeswcTobd M
—

bpxel vé drhdiowuey 8t T8 Suavbouara AM,T,E elvar  ovvenl -



1

45
neda mplypa Smep dmiobrar 8ué wfig oxéoeuc
. — — -
M = p.a + VB

%vea u,v 8bo mpayuatixol. &ptduol .

. ¥ > = , ,
‘Eneldf elvar AB = X = p 1 terevtala ox€oL ¢ yploeTal :

X =0 +p.a+ vp (27)

NET OXSGLQ (27), %Tbg 6668L téc Suavvouatixde &xtivac Tdv
Oanva 100 E xa{ woévov adtdc xarelTal TapaueTpLxl  dLavv-
opottxfy E&{owot ¢ Tol Emumédov E pé mopauétpovg p oxal v,

ﬁ:ZO ’Egibwoté‘éxsnééou duepxouévov Sih ToLly ovuelwy.

' Bbv Al,Az,A3 elvat Tpna cnpeta evog éntﬂeéoo ue dvti -
otolxovg Ot vvoparcxag dxtlvag P, Pe,03 xal B Tvxov onuel -
ov Tob enLﬂngu é, avmnowotyov Stovoopatixfy dxttve X, &
6Lavucpama K12, Aqhg, AtAs G ovverimeda 04 cvvdéwviar SLb
tH¢ oxéoeuwc

A% = Aqafhs + Aphohs

AtL ¢ ypdoetal

—_ -

X=p1 =Mk Pg_--gl) + 2a(ps - pa) ' (28)

‘H]@S)e?yac N nopopeTpl xny dtavvouatixf EELcwolc Ttol &xi-
nEdov ToD Stepyopévov S1éh Thv omuelwy Ay, Ay, As.
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IYMIIAHPGMA KAT AZKHZEIZ

1. Ka}\ogpev S e egw'repuxov yLvoéueyoy Ty 62-
avwopdrtwy a, B, Y, 16 ggwxepcxovyuvopsvov tob o &xl 16 &-
gw'rspt.xovywouevov Thv B, ¥, Aot G.X(BXY)

mcemén 16 egw'cspnxov yivduevoyv el vat 6|.avuopc. ral 16 86i ¢
egwfl:aptxo chopevov ei’.vm Stédvvopa O xéBetov tdooy Enl TOB
OL, ocov xal énl Tod BXY Zuvem;wg, eneuén EXY eiva,t. G-
ee'cov egnl 16 éninedov TO opl.c_.,opsvov brd va B xcu, ~{, td &i¢
EEwTEPLXY anopevov glyat cuvem rebov Ty f} xed Y-

3

EO"U(A)O’(’LV (a‘lsc'230'3) (B_;.,B_g;ﬁ3) (Y13Y2)Y3) at O’RVLO’T(H—
oal, Avtiotoixwg, THV a B, Y. AL ovviotloar Tob BXYGG. SZ—

LAY (%\15): 52'{3 BsYz, 53'{1 51\3, BIYQ"BZYL ©6 66 dic €-
%wmepcxov xwopevov ftor 36 EEwteptxdv yivduevov v o xal
Xy, 64 elvar, (mﬁnog 22),
T 3 X
BzYs -~ BaYz Bavi- ﬁle Bivz = B2Y1

~

2. DoBEviwy TpLly dtavvopdtwv a,B,y, Exdviawyv cuvviatdoag
dv'ct.c'rofxwg (3,4,5), (2,-3,-1), (6 6,6), Znteitar vé 6pt.-
obioL Tpia ot a,vuopaw cu'mpcmmxc, npS¢ 'rd S0bévta xof Eyou-
ta 46potoua kK, pé ovwigtdoag (1,-8,-3).

Bice. iy Sowv éNéxbmouv, &v § 1, 8ud Td.ovyypapplxd Si-
avﬁo‘pma xal té& oxetixd pétpa (ovvcd'rcbdag) TobTwy, 16 Zn-
Tobueva duaviouata 64 elvaw Tfic popefic Aa, uB, vy ol af &v-
t{otolyol ovviotdom TobTwy, (3N,4\,5\), (Zp, -3u,-u), (6v,
6v, 6v) MeTaEs thv ouvt.c'rwdwv Ty E;n'tovuevmv Stawop.d':wv
xal Thy Tob E, 86 deloravrar, (88), al oxéoelc:

3+ 20+ 6y = 1
L - 3 + 6y =-8
5h - p+ by =-3
"EE Gv, 61 émidboewe Tob ovotfiuatog, A Brvopev A = 1,u=
2, v==1, Ov'tw T4 gnrodueva Stavbouate elvni,a, 28, -Y.

3, AC 6ov'ra,t, dbo omueta A, B, Sué thv SLG:VDO’E)GJ"CLX(U\J TWy
bt { vy pl,pz. N& eupeen ul 6Lavuopf"uxn dxtic p onuelov M,
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i) onotov Siatpel .té 6;avvcpa iB elc 8bo oL avbopata, Ty 6=
7wy & dmhobg ANdyog elvat .

*Eyopev (& 5), ) P

M- F WA 4B =o,
WB

— P

AMB = 0 )(G,L’, (8;'3)) ;1-3 i )\'(5‘2_5)

[l

T
€€ ¢ 5 - p1l+Apo
1T+ A
'EgapudZovieg ToV gﬁpseévta ToRoV el¢ Tﬁv neplnTwol v, xad’
v & éLﬂXoﬁg héyoc etvar Yooc mpdc 1, evploxopev, éren du-
avoouaTL XY AxT(¢ Tob péoov Tob Stavbouatoc elvat:

— Ead

—-)_ pl+e
P="2

2 t ~ - ” ) 4 ~ r
L, N& evpebt; ﬁ'éeavvcpgrtxn axti¢ 1ol xévipov Bhpweg TplL~
ydvov, odTivog &{dovtar al &ravvouoatixai dxtiveg Tdy xopv-
eV Tov.,

2 < ~ ~ Q ~ o~
5. N& edpe6 1 dxtl¢ To¥ omuelov <oufic Tl SiyoTdpwy
Tpcyévov bobévTwy ThY unxdy Ty nlevav xal Thy dvavoouo-—
TLxdy dxtivay TdY xopveily To¥ TpLydvov,

6. N& dnodelxoy 6Lavvcpancxwg, 81t 16 Byn mawvrde Tptyw-
vov Téuvovtar gl¢ Té Qbro orueiov.

7. N&- &ﬂoéstxen SLQVUGLGTwaC, dtv af wubBetot eigmd;m-
ot Tdy TAEvpdY TpLydvov Téuvoviar el ¢ 6 adtd omuelowv,

8. xd evpeen 18 éupaddy ¢pwwvov, obtivoc Hibovtar at
CuvLoTHoaL TRV StLavuouaTL @y axtT{vey Tdv TeLdv xopvdy TOD
TV LVWVOD,

9. N& evpeeovv av cvvndmwcan TOU egwmspnxou stopevov
Ty dLavvoudtwy a,B, tiv Omolwy al ouvioTdoal AV TLOTO!XWS

XWG SZVGL 62;1,6), (3,5,4).

10. N& awo6eux6n, gtu 16 pnxrov YLVOpevov AN G‘B,Y,KG
pcota v Syxov tob napakknketunabov 100 exovrog weg TpELG
GXpGg e, avtc xopvefic 14 Tpic 6cavvopaxa. ‘B cvvexeua vé
eupeen o b oyx06 700 napaAATheRtRESOY §1d TRV CVVTETAYMEVWY
@y %0pLPGV.adTod.



LTOIXEIA , 2
EK THZ LTEPEAL ANAAYTIKHY: IERMATPIAZ S

§ 21, Dvvietaypdvar onpelov,
Bewpriowey TpLoopboydviov SeEtdatpogov cbormpa  GESvwY
0X¥Z, (Zx.16), »al onpelov Tt év 1§ xhpw, M.

2z
2 i 7

7 M.~ !
Nimaeainet: Conliag Codlpdiy P |/ ]
i e
i I |
P : =
] g -
| I~

//—-_- I

X ZIx. 16

"Bdv &x tod M cpépwpev tpia &nireda mapldimia mpde T8 Tpia
Enineda qu"ce'm.ypevwv 04 SpiLablioly éni thy TpLGy AEdvwy
tpla duavbouata OA,CTE of, tav omolwy T4 oxetixé ubtpa* mo-
oL oTduEyY, &v’ctc'ronxwg, 6La XY,o. Ol tpetg dpubpol X, ¥, Z,
xaAobvtar, Q¢ YvwoTdy (Tevixéd Mabnuatt xé& 585)0p =
eoywvc oL ov vrewaypsvcu Ll xapmeouavcu. &y
TH xhpw ovvrietaypévatr 1tod orpelov M xal éx tTob-
twy 6 X nohelzar tTetpumpévmn tod onuelov &, 6 ¥ Teta -
Yuévm xal 6 Z xarmypévm 7Tob M,

Hapa’rnpoﬁﬁév, 81L of dpuBuol X,¥,Z2 elvar dxpipidcal ovv-
tetaypévar B cvviotlicor Tob Stavdoudtoc OM (ZvpzRAN p w -

*) El¢ 6 obyypapua, o. 153, vé yivg © Sudpbwotg. ’Avtl
"t& pévpa" v ypagh "th oxeTi w6 upéToan,



poe Pevixdv Madnpatixdy, $9).

“O,7v ENéxOM Sth 10 ompsiov M, (oxder xal dué nldv onuel-
ov Tod xhpov, Hto. elg ndAv onuelov dviuwortoiyel ufa 7pLég
dpieudy.  Avtiotpdpwg 8 el ¢ wloav dobeloav tpeéda &pLoudy
X,¥ 52, Gvtiotouxel v omuelov xal €v pévov. Audtit elc Tobe
tpel¢ GpLBuovc dvitwrotyofor tpla ompela A,B,T <dv TpLlv
dgdvwy, EE dv Sdvaviar vé dxbliolv énineda mapdmianpde 16
énineda ovvietaypévay, dtiva 64 téuweviar elg &v xal pdvov
onuetov. T6 ompelov Topfic elvar 16 £xov ovvietayuévac Tobe
S00évtac dpLBuodc x,¥,z Mpdc ovuBortopdy Tob étL  omuelov
. M Exe. ovvtetayuévac X,¥, 2, ypdgouev M ( x,¥,2).

"Ex T@v TpL@v dpubulv, ol vec elyvar al ovvtetayuévar on
pelov, ovpquwoBuev dmwg, O mpWtoc elvar h Tetunpévn, b ded-
tepoc 1 tetaypévn xal O Tpitoc T xatmyuévn tob onuelov,

"Ex Tob Ooptopod thv ovviettypévwy omuelov Tob ydpov, mpo-
xORTEL OTL:

Znuelov xelfuevov ént Tob énimédov XOY Exev z = O
" " " 1 L mz 1 Y - O
L 1 " " " \I}'OZ 11 X = 0
1" " " " 6&0\’0@ m~ n ¥y = 0, z=0
" ] " " " YOF" ®x =0.2=0
1 n i " " " 702 " x = O:y =0

€ 22, Avevddvovta cvvmultova.

Bewpobuev edBelav Svepyopévnv éx tHg dpxfic 0, TpLoopBo-
yaviov de&Lootpbpov cuothuctog dEbvay 0X¥Z, (Ixd7 ), xal on-
petov éx’adtiic M (x,¥,2). ‘H edBela altn oxmoriZet uetd tod
bZovo v X ywviav a, petd tof GEovog Tdv ¥ ywvlav B xal
uetéd tod &Eovog Thv 2z ywviav y. T4 cvwnuitova <iv ywvebv
Tobtwy xoAobwviar StevBdvovrta ocvvnul{Tova sof du-
avbopatoc OM, xadhe, Eniomg, xal tob BEovoc éxl w0l émolov
xettat 16 dﬁ, Bewpovuévng g BeTuxfic gopdc To8 &Epvec Thv
éx 10D 0 ®pd¢ 16 M. E&v N gopd tob &Eovog SANEER wai té bi-
ev6dvovta ovvmuitova 84 dAN&Eovv mpdomuov, mARY buwe,f -
méAvTog TLuA Twy v 64 AANGEM.

"Bév W &xdotacic Tod onuelov M Ex cfic dpxfic &y  4EGwav
napacna.e@ ué p, &x Tdv dpboywviwy Tpuydvwy OMA,OMB, OMT, (Zx.
17), 84 Exwuev:

¥ =p ovva
y =p ovup ‘29)
z=p ovvy



B e e p——
L
\
\
\
\
J
L= |

X
sx. 17

‘Opolwg, éx tiv dpboywviwy Tptydvwy OMN xai ONB,AapBdévo-
HeV:
O0M2 = ON2 + NM2 = NB? + 0B? + NM?

frot .
p2 s X +y2 4 g2 (20)

"84y &v 1) televtaiq {odtmri Avtuxotaothow:ev Té X,¥,E,
dxd v Yowv twv, Témog (29), 64 elpapev:
p? = p2ovv2a+ p2ovv2B + p2ov iy =
= p2(ovvea + ov V2B + ovv3y)

ftol
ovv2a + quv3B + ovviy = 1 (31)

"Ex 1ol ténov (30) npoxbmrer, 8ti ¥ dxdotacig p To¥ on-
pedov M &x 1fic dpxFic efwan

1

X2 r g2 4 0% (30,)

*Ex tod t¥mov (31) mpoxdmret 8ri, 16 EOpoLopa T
Tetpay@®vey Ty SLevbvvdviawy covnuitTody w
€vég GEovog loo¥ratr 7 povédde,

v
v
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PR, ~ a ¢ ., 3 a

‘EGv b060Bv al ocvvtetaypéval X,y,z, evdg onuelov GEovdc
TLvog, Té SLevd¥vovta cvvnuitova Tod GEovog evploxovtal éx
tiv oxéoewv (29), Hrou:

X

[ \fX.a +y2+z2
L 5 B = X (32)
p k2 +y2 422

2 2

ovwy =
P \/x2+y2+ 22

guva = cvyva

ovyp

oLy

& 23,’Axéoract ¢ 680 onmuelww,
YEotwoay 860 onueta év 1 xdpy A (X1,¥1,21), B(X2,¥2,22).

‘Qc éx 1of womwtépw oxfuatog, (Zx.18), xatapalvetar, &&v
a,B,y, elvar dvtiotoiywg, of ovviotdoar Tof AB,adtar Spl-
Zovtar d¢ EERC:

!

2
B _
~
N
As\ S~
\ ~
NB
\\ I
\ |
> {
A I
| |
! !
. !
! |
! 1
| {
| b
Q i : 2 ’P= -
T 7
'ﬁ\ | I// // Q’
\ i 1 //
B \ 4
______ “_:_. 7/_._
By ___._____“:i///

Zx, 15
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A1B1=0'=x2-x1

AgB, =B =y, -y, (33)

AzBs =y = 2, - 2,
“Eotw 16 Sudwvoua AB, (Zy.19) 'coﬁ omolov Yvuptgouev Thc
cvvtetaypévag Tiv &xpwv X1,¥3, 21 ,B(Xg, 3 xal Zrvob -

nev vd mpoodioplowpev 6 omuefov M (x,y,z 2 Tpdioy Late
$ dn’ adtol SpLZépevoc dmrhobce Aoyoc vd elvat -\.

Zﬂl

©

}

_____ Jg
R ——
e e
Ex. 19
’Ex 1ol oxfiuctoc Stamiotobrtar Ot elvai:
-\ = MA = ﬂ'__= MyAy = X To
B ﬁ"r‘Ba @l Xp =X

A’ émaboewg dg mpde X, 1H¢ EELolicEwg
X1=X

-A = X2 ==
AopBbvopey
4 = XatAXp

1+2
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"EpyaZdue vou Opolwg xal &xi v Bahwy &Zdvwy, AopBévouev
bg ovvtetaypévag to¥ onueiov M,

o XatXp o YaNF2 o Zathap (3h)
o 1+ 14\

YHom, SoBévtwy 860 ompeiwv A, B, (I%.20) 514 tlv cvvieta-

évawv twy, 084 elpwuev thy dndotaciv todtwy. Mpdc tobto &€
exbotov Tdv 800 omueiwy A, B, ¢épopev Enlneda maplAhTia mpdc
4 énineda tiv ovvretayuévwy, 84 oynpatiodP dpboyhviov ma-
paAArhenimedov, ovTivog al pév diaotdoerg elvar Yoo mpdc
16 uétpa Thv ovviotwoly Tob AB, % 8& dtaydvioc té AB.

¥
Y
i P
r""'"'{ ‘‘‘‘‘ 1’5 :
v P
[}

| Eeeee -2

] Vd

R a7

e pa— — —— t——

Ix 20

"ExeOf, G¢ &x tfic aTolyxelt®dove yewpetplac elval ywotdy
©é tetpdywvov Tfic dvaywviov dpboywviov mapaAArientnédov (-
codtas npd¢ ©6 U6poitona Ty tetpayhvwy ThV punxdv tly TpLlv
abtod draotdoswy, 64 elvar:

AB? = a® + B2 +y2

%, Bboer tdv loothzav (33)
AB? = (x1=x)%+ (y1-y2)%+ (z1-22)%  (35)

AB = \/( Ty }:2)2 + ( 1_;}-2)2 + ( 1_22)2 (351\



Sk

"By 1% meptnrdoel, xa®’fiv Znteltal % andotact g Tolf onpel-
ov M (x,y,a) &x tfi¢c dpyhc tdv &Ebvwv O (o0,0,0), EneLdfi x,=0,
¥3=0, 2,50, Xp=X, ¥Ypo=¥,2g =2, &x tof ténov (351)64 rG-

Buuev Tév TimoV:
OM = Vx®2 4+y? 422

%ot elvar & adtdc wpde Tév (304).

§ 24, Twyla 880 SLevbivocwy,

. — —>

YBEotwoay 860 Stavdopatt OA, OB, (Zy.21),Exovia,&viiotol-
xwg, diLevdivovta cvvnuiTova: gvva;, CvvBi, OCUVY; Xal OVVay
_ovvBg, ouvy,. B4 Zmtfowpev vé e¥puwuev Tty ywviav @y dbo
dravvouitwy, i’rcz.‘g xal d’? ywyi -, Ty brbd Thv Siavvopbtwy  b-
pLZouévwy Srevdivoewy ddvatar va OewpmOii.

Z\

\\B

&

o

% Ix.21

'E4v ol ovwretaypévar T@v A, B, elvar dvtiotolywe, (X1, ¥1,
z1), (Xg,¥,22), xai td pétpa tiv OA xal OB elvar dvriorol-
XWG, P 1,P2, 04 Exwpev, Pdoe. Tdv oxéoewv (29),

X3 = paiovva; Xg
Y1 = P00V, Y2 = pgovvBy

Z31 = P00VY1 , %2 T Pa0VUVY2

pa0OvV Vaz

"Edv tdc Tipde tadtag tdv ovwvigtaypévwy v A, B, Gvtixa-
tagtfiowuev el¢ v (35), 64 AdBupev
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ABZ = (p10vva s - poovvay )2 + (p1ovvB 1 - poovvBy )2 +
+ (p ovvy, - PzWVYz)Q =
= p% (ovv2aq +0ovv2B 1+ ovv2yy)+p2(ovvRag+ov veBy+ovv2yy) %
7
-2p 102 (ovva 00ve '+ OVVB 109 VB2 + CUVY 10V VYR)

L ’ v ;’v ~ . »

Emel dn, opug, T0 GBpotopa TAV TeTpaydvwy Tl SLevbvvdv-
twy ovwnuetdvwy (oobtar TF povédi, (§22), 1 dvwidpw oyéouc
AapBdvel THY Hop@ny

hB2 = p2+p2-2p 10, (oVVQ 10VVAL4 3V 1GVYBL+0V VY 100 Vg )

7, ?M\wg, Emevdf AB? =p? + p% - 2p 1pp0vvw (Bedpmua To¥ Cap~
not),

0% + p2 ~ 2p 1000V

= p4+ p§ -2p lpz(ovvalcuva.z + ovyB 100 VB, +O'DVY10'UVY2)

3 T , v
€E oV WPOXVRTEL OTL

OUVW = OUVG 10VVag + OVVP 1 VYR + OV VY 10V VY, (36)

‘0 wdmo¢ (36) mapéxet t6 ovomulTovoy Tiic ywviag T8, So0bdv~
Twy &tavvoubtwy, Ex tol ovwr uutdvov ebpioxetalr ® Intovué-
vn ywvia.

“Iva 14 860 Stavbopata elvar xdbeta déov vé elvar cvvw=Q
xal, ovvendc,

oLV 10V VA, + GUVP 10V VB, + GUVY 10V VY, = 0 (37)

YIva 8¢ 16 8bo Siavbouata Exovy THAV avthiv SitebBuvoLy Sé-
ov v& elvar ovwvw = 1 xal,ocvvendc,

OVVG 0V VAp + CLYP 100V, + OV VY 00 VYy = 1 (38)

& 25, Zvvofixas edovypauuloewg tpelly onuelwy,

"Ev ©% 'Eremédyw 'Avarvtix Pewuetplq elpopev  1hv ovvod-
xnv, Yva tpla onpeta xetviar én’éddeiac, (841). Evialoa 64
eBpwpev thy adtfiyv cvvefuny, év 1§ mepiwrtdoet, xa6’ Hv sa1pia
onueta My(x1,¥ 3, 21),Me(%2,¥ 2, 22), M(xy,2) edploxoviar &v
t§ xdpw thv TpLlly Stactdoswy,

"Edv Sexbipev, 8tv 14 tpla onuela My, My, M xelvrar éxn’ed-

6eiac, t6te xal ol mpoPcrai Twv A, BT, (2x.22),&nl 108 &nt-
nEbov XO¥ 64 xetvrar én’edBeiag. Todt abdtd 6& ovpBalwn xal
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50
14 sde 7mooBolde A B! T) iy Lodeumwy ompslev éxd tob  £-
MREOOY KVZ,

——

A

Ix 22

. . A i \ 4 il %
Exovy cvvteraypévas, dvistolymg, (x1,31), (b2 rel, (g y) xal
~ b ’ o Ld € ; ,
xelvtal én’s d0efng, 64 foxbn m (odTnc*

"Ergidf) T ovucva A, 3T, Oswpodueva éxi tol Emwidoy X2V

Sy e Xy _‘Y-}".‘

-

FEETE ST

‘Opolwg &neudf 16 ompela A%, B, I, Oewpobus: 1 &nl tod &-
mnédov X0z Exovv ovvietaypévag, &vtiotolywe, (.24), (X,
z2), (%,2) »ol xeTviar én’edelag 66 Loxsn f Lodwng

X= X3P, _Z2-2E
X=X, Z1- 3,

*Ex 1ii¢ ovyxploewg 1@y edpebeioiv &¥o (cothtwy mpoxintet
&t petakd tlv ovwretaypévwy Tiv ompelwy My, Mp, M loxder %
oyéauc:

*)'I6é Tevix & Madmpart: xé, témoc (43).



I o . L 3 ‘2
— e 2 e e —, {39
X1=Xp Yi=Y2 5= ) (39)

Bdxdhwg S¥vatar vé dmodeuydf, bt &y loxdn T oyxéoug(39)
16 tpla onpetla A,B, T xelvror &x’ebbefag. Duvenlic,h oxéoug
(39) ovviotd v dvoyxaiav xal (xavhy covehuny, Voo 74 on-
neta A(xl,yl’z), B(xz)y2122): r(x,y’z) xelvrar &n’eddetac.

"Bdv a,B,y, maptotliol th¢ cvviothoag Tob A-i,ﬁéaou Ty oyé~
oewy (335, 6 tomo¢ (39) Sbvosar véd ypagf vnd TAY pop¢niv:

X-X, _ Y-y, _ Z=2.
a g ¥

(40)

& 26, Exhevdoond) énobuet s =’ EE{cudi ¢ Enuxéboy.

TywplZopev (Tevei xéd Madmpati x6, §85), bti ula ovv-
Gptmcie Sbo weraBAmtiv 2 = ¢ X,¥) N, 6rep 16 witd.o(X,¥,2)=0
RApLaTd plav émcpé.vecc,v, Beuw;ovuévny ®¢ O yewdeTpixdg TO-
no¢ 1@y onuelwv, Qv al ovvteraypéva, &xaAnBedovy ThHY I = O
(xy) % tfv o(x,y,2) = 0.

Tvawp(Zopev énfong, 8t ¢by al ovvtetayuévar ompelov  TL-
véc M 2oAnBedwor &¥o ov yr ivog BErobhozig o{xy,z) =0,
o{x,7,2) = 0, 16 onuelov e¥¢ joxeta: &n’ dueotépav Tl &ni-
pGretly Tlv moplotauévay tnd Tdv £ELcloewy TobTwy, Hbrzp 16
adtd, &xi thg Toufic TAv SUo imugaveidv, ftig 64 elvar uia
oo THE N

"E4y Ex Ttuvog &Eiodoswg &) eimm & x, M Emigbvera  <apL-
ot 1éy Témov T@v ovpelwy T, Omolwy al ovvreTaypéval Y, 2z,
draAnBebovy Thv EEfcwory, &0 N x dbvatar vé Exm of avdfino-
Te Tipnv. ‘H émgdvera adtr covioratar E edbetlv  mapaini-
Awv wpég tév BEova Tiv x, fArow elvar pla xvAuvdpLxfé
nugdvera, fitig Exer 68mvbv xetpéwmy énxl Tol émumébov
Y0Z ué &Elowoiv thv Sobelaoav,

‘Onoiwg, ndca &Eiowot¢ otepovpéwn tod ¥ H z,mopLotd xv-
AuvdpLxfiv dnugoverav pé yevételpav mapdAAniov mpdc woév G-
Eova tdv y R z, dvtiotoiywe.

ElSoucv Mdnm xii¢ maplotatar dye pixdc €v Enlredov,

'H 8Elowor ¢ x = a, Svvauévn v& ypag dné AV popeAv
X+0 ¥y+0 2z = a xal énaanderouévn dxd dndvrwy Ty onpelwy

o ydpov, Ytiva #yovv TéTuuévny o, Tetayuévmy &€ xal xa-
i s 4
Tnypévny ofavdinote, moplLotd énimedov mapddmrov mide Td
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Y0Z xai téuvov 1év 8Zova iy x el¢ 16 ompelov (o,0,0). A=
2 s ~ o 3 2 - ’ »
btL pdvov T4 onpela tol &v Aoyw énumédov Emaambebovy Ry
X = a,

‘Opolwg ol &Evohoeic y = B, z = ¥ napiotdor # pév  wmpdinm
¢mlnedov mapdAmiov mpdc té X0Z xal téuvov tdv &Eova dv y
elc 16 onuelov (o,B,0) f 8é OSeviépa &xiRzdouw =apdAAmiov
7tpc'>§; 6 XOY xai tépvov tév AZova thv z el td onuelov (o,
0,¥).

‘H EE{owoitg AX+ By+ T = 0 Svvapévn vh ypagh dnd 1AV pop-
gfv Ax+By+0.z+T = 0 &naknbedetor vné mbvrey Ty onuel -
wv tob xdpov, &tiva dveEaptiitwe T@V TLpdy  1fz  xotmypévng
Twy, Exovy Tetunpévny xai tetaypévny EroAndedovoay THY EE-
{owoty Ax+ T 7+ = 0, Hric &v 10 &munédw XI¥ tapLoTd edOel-
av., Enetdfi 6é pdvov té onucla émtmidov mapIAX hov mpdC ToHV
bEova tdv 2z xal Téuvovytog 16 éninedov XO¥ xatli 1My eldbelav
Ax+ By+T = 0 Exovv Totaldtag ovvietayuévac. cHrvlyetar 6TL
f Ax+By+T = 0 napLotd 16 év Aoyw énlnedov.

Ko8’6potov tpdnov edpioxopev, 67t al EE.olseigs

Jy+Bz+I =0, Ax+Bz+I =0

nopLotdor o Exi{meda &vtiortolywg xdbera mpd 14 Enimeda

Y0Z, XOZ.

‘H énvpdvera E, 1 éxovoa ¢ EElowoiv Thv MApn EE{cwoLy
roWTov BaBuol d¢ mpdc X,¥,2,

(a) AX+ By+1lz+A =0

Exer G¢ Touny petd tob Emumédov XO¥ tév témov Thv onuelwy,
Ty Smolwy al cvvretayuévar elvar ASoeic Tob ovoTAuaTOC:

Ax+ By+Tz+A =0
z =0

f o8 {ocodvviuonv Tove

Ax+By+A =0
z =0

T6 tehevtalov Suwe obornua ExaAnbevetar dnd Thvy  ocvwre-
taypévay thy onpelwy, 8tiva xelvtar &xni tof Emumébov Ax +
+ By+ A = 0 xabdg xal éxnl 7oV Emuenébov z = 0, Hrov &l pi-
Gc¢ edbelac.

Ka6’dpotov tpdmov dmobeixvietar 8ti_al Toual Th¢ &ntga-

velac (a) uerd tdv & néduv ¥0Z, X0Z elva ebBelal ypauuct.
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'B&v Ndn N&Buwuev THY topny € TtH¢ Emugavelag E petd Tivog
Erenébov z = y mopadAfhov wpdc 16 Exlmebov XO¥, 14 omnuela
tfic € 84 énaimBedovy 16 odormpa:

Ax+By+Tz+A =0
z =y
i 16 {oodbvaudy Tov
Ax+By+Iy+4A =0

z =¥
bnep EmainBevetatr Vxd Tdv ovvtsraypévwv Ty xocv&v onuelwy

T@dv b0 éniméduwy Ax+ By+ry+A 0 xal z =y, Hro. Thv om-
petwy pidc eueenag, ftoL M € efvmu ebBela ypauun.

Epvaéopevot *atd Tov adtds Qe dvwtépw Tpouov suptoxopev
St af TOp@L TtH¢ E pet TémuméSwy napakknkwv npbdc 16 X0Z xaf
¥0Z elval ebbelar ypaupal. Tovenlic, f dné tfic &&.ohoewc(a)
napLotwuévn entedvera E elver Eninedov.

Mdvazar vé &uo&ecxen xal 1o &vrtcwpo¢ov, 8T SnKaén nadv
éninedov maplorataw Vvnd EEL choewe npdtov Babuod d¢ ®"po¢ X,
y’z.

Napatnpolpuey, étv M éEloworg (a) Tob émnédov,8bvatat vé
ypagh Snd TRV popenv:

+
“f-

wi:> q
1
"ﬁlD 'y

X
-4
A

"B4v Ted 8&

]

hqc» to|c> >1>
i
w

t
-

% dvarépw EE{ocuwol ¢ ypaupeTat
X

AR S
—G‘_+B+Y—1 (41)

T4 onuela (a,0,0), (0,8, o) (o,0,v) elvar 6 onusla el¢
74 dmoila Td ,nbﬂeéov (41) TEMVEL &vTLoTo yue wobg AEovag



60

@y % 1@y Txal B, Opdyuatt frouf 108 Exunédov (41)petd tob 8-
Eovog v x Oitdetar Vb tof ovotfipatoc:
-.).(_ + .:V.. + —E— =Til
a B
0
0

y =0, z2=0."Opolwg xai &1& &

nn

Yy

z
brep Exer wg Abovv: X = a,
dnérot ma omuela,

T6 o xereltow TeTpunuévn éxi thv doyxhve 16 B T e -
taypévn éxnl thv dpxfiv xal 16 ¥ xatnypévn &xnl Thy
bpyfiv. 0f Tpel¢ OSpol ol &pibuol a,B,y xohoBviaL gv v T € -
taypévar Enl thAv bpxfv to¥ év Adyw émimédov.

§ 27.'BElowor ¢ Exinédov SptZopévov %8 Tpuly onuzlav,

AlSovtar t& onpela Iy (X3,¥1,21), Z2 (Xo,¥2, 22), Z3(xs,
Y3,23) xal Znreltar © Eiowotc tob &mumédov, Bmep bplZetar
dnd Thv omuefay T aiTwy.

"Béy % EElowol ¢ tob EminéSov elva
(a) Ax+By+Tz+A =0

al ovvretayuévar tob onmuelov £, Smep Bewpobuev, xelpevoy &
x{ Tob Emunédov, 64 énaAnbedovy thv EEloworv (a), Hrot

(B) Ax,+By,+Pz1+44 =0
A bgaipéoewe Thy (a) xal (B) xard péAn AouBdvouev
(v) A(x-x1) + B(y-¥1) +T(z=z1) = 0

‘H éeioworc (y) elvar M EElowor ¢ movtde xendbov Suepxo-
uévov 8t& Tob onuelov 2., Bbv &x v dvurtépw tobtwy Emimé-
dwy AdBuuev 16 drepybpevov xai Suh tlv onuelwy Eg, I, 64
npénn v& Loyboovy al todtnreg

(6) A(xp-%1) + B(yew 1) +I'(zp=2,) = 0
(e) A(xz-%) + B(ys=y1) + I(z5~21) = 0

Al Tpet¢ oxboeic (v),(8),(e), 6u'dv ovvdéoviar of &yvw-
otor ovwiekeotal A,B,T, elvar tpel¢ Spoyevelc ypaupixal &-
Lodoet ¢ wg wpde A, B,T.

TS éx tiv éEwodoewv (v),(8),(e) ovviordpevoy  Spovevéc
obotnua 01& vé Exn Adouv Sidgopoy  tHg undevixfic (A=B=I'=0),
fitig Séov vé Amoxherod?, SEov brug W bpiZovoa To¥ TeTpayw-
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vixod mivaxog Tlv cvvieeotdv tdv dyvdotav vé elvar 0,%tol
Séov vé elva:

XXy Y-y, Z-"2,
X=Xy  Yp-¥1  22~2Z,f =0 (42)
Xz=Xy; Y3=¥Y1 Z3=2,

‘H ¢El owaot ¢ (42), énaAnbevopéyn vxé v  guvrteTayué-
woy Thv omuelwy Tol Emunédov Tol¥ diepyouévov 8ié v TpLlv
onuelwy I 3,8z,83, xol pdvov dxn'adthv, elvat # EE(ocw-
otg Tob Zntovuévov émimébov, :

A& va xeltatl €v Tétdptor omuelov :24(&,}’4,24) &l Tob
Emunédov (42) 6éov brug éxa’mbedy ThHy EElowowy (42) Frolbé-
ov vé& loxdn % (oétng -

Xg=X31 Y4-l1 Z4-2;
Xg=X3 Ya=¥1 22-21| =0 (43)
X3~X3y Ya=vi1 Z23-23

‘H {odanc (43) ExoppiZer Thy dvayxaiav xal
txavAv ovvefixmv,¥va 16 ompelov Za(Xa,urs,2a),
xeltatr éxni{ 708 éniunédov T0F bpLZomévov ¥
nd tBv tpudyv onmpeiwv Zi(%X,¥1,21),20(%,,52,%2),23
(x3:y3,z?5)-

8 28, Topfi éno=ébwv,’EEL Wdost¢ edbzlag,

YEgtwoay 8o énineda E,, . B4y 14 &xlneda Tadta T pvev-
Tar % Touf Twy, d¢ yvwordy, elvar ebdBela ypapuh. Eret ih, 8E,
af ovvretaypévar mdvtwy T xouviv elg Téd &bo Enineba om-
pelwv 66 émarnedovy dugotérag Tée éElotioeig TdY Eq,Ep, 16
8¢ obotnua tiv 8¥o EELotosws Tdhv Eq,Ep, 64 émaAnbedetalud-
vov Ymé Ty ovvtetayuévav Ty xouviv onuelwy, Svvdueda vé
ANeBupev Gg dhyeBpuxfiv Exgpoolv tiic edBelag, MTLg z%vau To-
uf Ty E,,Bz, 16 obotnuo tlv 886 EEolicewy @Y E, o,

Pevixdtepov, pla edBelo 64 mapiotatal Ynd ovorhAuatog dvo
yYoapuLxiiv éErodoewy d¢ mpdg x,y, 2, maptotdviwy ddo énlneda
Suepydueva 818 tfig eddelag. O0Btw, T6 olornua

0
0

Ax+Byy +T12+0;
(4d)

Apxx+ Ber +Toz+ Ap

1
(&)
Q
£,

£u vével, plav z86etay.



62

"Fav tpltoy Emimedov Azx+ By T % = pvn THY €~
getav (44), 16 xouvdv omuelov 84 elvar x To0  ouvoTH-
puatoc Tiv tpLlv ELohoewy.

AoB EvToc ETL at tpelcg égnaﬁcebg cvvLoTody qugggxév ob -
ot Tptwv EEL otoswy pSTa Tptwv dyvaotwy, 64 Exwpev, &v
yével uiav pdunv Adouv, fitor €v udvov omuelov TOMTIC¥

"By 1% mepintdoet, xad’ Ty 16 Enineda Lix +Byy+ T 1z +0,=0,
Aox+ Boy+Tpg+ 0, = 0 8€v Exovv xovvdy ompelov, Hror elvar
rap & Tha, 16 obotmua (44) 8év 64 Exm Adouv,nplypa drep om-
palver, §tr 6 éMNimAic xal mfpng nivaE Tob ovotfuatog

A, B, 1‘1) [Al By Ty Ap)
he By Tp),, g By Ty Bp)
b8y ExeL xolLVAY XpAXTNPLOTLX AV,

Al yopaxtnpiotixal thy dvwtépw mivdxwy Sév Sdvavtar  va
elvatr dvdtepar tod 2. ‘H 1o Sevtépov nlvaxoc Sév ddvaral vé
elvar 1 8udte 1HTe T4 oToryxela THc mpdimc ypauufic 64 Houy
bvaroya mpde Th Thc devtépag ypauufic, al Sbo EEicdoeig 64
ovvénLnTov xabbic énfong xaf T4 %0 énineda, Zntetran,568v
dmwe 6 éxxtxng r{vaE ExEL YapOXTNPLOTLAAY 1, dte T4 otoL-
xeta THC mpWTTCc Tov ypouufic 64 el vat &vdkova Ty tfic dev-
tépag ypaupfic.

Tvumépaopua.’Avayxaia xal {xavfy cvovefixm,
{va 174 660 8o00évrta énixedba elvat map &\ -
Amia, el vat

Ay _ B8y _ I3y

Lo B, T,

"B&v Znteltar W EEicwot ¢ émunmédov, bmep Suépyetal Ex TL-
vog onpelov M( xi, y1, 21) xaf elvar mapdAAmhov mpdc Sobéy -
ninedov Lx+By+Tz+4A = 0, 04 épynoBduey d¢ $ENG:

T6 Zmobuevov éninedov 68 Exn &Elowoly THic popefic
A'x+By+Tg+0°=0

xai €¢'boov 64 Siépyetar éx Tol M &¥vatar 7 &L owot ¢ Tov vh
byt uxataotadf vrd tH¢ EELodoewg:

*) Té dmdhotmov Tufipa Tfig mapaypbgov TabTne mpotmobéTel
Gptopévag yvdcelg éx thHg Gewplag tly Muvéxwy,Avd Tév  Adyov



T#c terevtalag EZuclioewg T& Ay By I'° 66 mpoodiopLcdiioly
d6v NeBupev dpLBupodc dvardyovg mpdc todbe A,B,T.

YAoxmouv¢ 1. Edpelv 16 onuelov Toufic Ty Eni nédwy:

2x+ 3y~-2 = 5
3x=- ¥y +2z= 9
X+ Yy+2 =5
Exouev
5 3 -1 2 5 -1
|9 -1 2 '3 J 2'
x=to 1 1l L,y L5 Al
2 3 - ’ 2 3 -
,3 -1 2 '5 -1 2
1t 1 1 11 1
2 3 5
3 -1 9] .
S S B L
Z = 7 3 -1 2
]
11

§ 29, "Bewodioet ¢ tii¢ ed0el ag,

'Bv 'r'q ﬂpon‘{ovuevn ROAPAYPCs P e’(&opev oty pia evesi.“a opi -
Z_’,e'ra.c vRd ovorruatog d%o éE: cuoewy ovuo*conxovowv gl ¢ 8%0
Enineda Siepydueva dub. T ¢ cd6elac,

"BaV 16 obotnua Tiv S0 £Z odoewy el vai:

(a) LyXx+Byy+T,2+48, =0

A2x+ B2y+ PQZ + Aa =0

dvvéduebo v& yplywuey Tobto drS TAY popeny
X = wZ+ A

adtdby #.6uarpayubrevorl ¢ tobTw yivetas perb vy OXETL XAy Bew=
play Tdv M vaxwy,



r& glownua (45) mpoéxviey én vof wevotfuaetog (a), elg %
eCeupficaucy 16 pévz Gg yvwotdy 4 &€ x,y, d¢ dyviortovc, 0l
S, v, dutixatéotnoay Tob¢ ovwvreleotlg Tob 7 xol Todg ura-

Bepob¢ Gpovg, Stav edpébmoav ol Tipal TRV X,¥y.

76 obotrua (45) éplZer TAv edbelav d¢ Topdv 800 Emusis-
dwv, &€ dv 16 pév Ev elvar mapddirhov mpde tdv &Eovativy,
6 66 #tepov mopAAAmhov wpdc Tév EEova Tiv x,

’Bév M"gxl,y 1,2 1), elva. onuetov tfic mpomyovievng e86elag

ag, 64 etvae:
X1 = Xzy+A
Yyi1= Hzrty
xail xard ovvéreitav,
X=Xy = X z-2
B 1 l;
Q y-y1=n(z-2,
"Ex tdv tehevrtaliwy &L cloewy AauBdvouey
X=X - =
SR SR, (46)

DoBévtoc xof devtépov ompelov N(xp,¥2,22) tHe edbelag,
ebploxopev Ex tob (B)
Xg~X1 <= XgZQ - Zl;
¥Ye=Y1 = Hlza~z3

T Ld
£E ov mpoxdnTEL

2 = X=Xy
Z2"% 1

= Lt ’
z.z'zl

"Ebv tb¢ evpebeloac Tipde thv x xal ©  &vtixataotiiomuey
el¢ v (46) 04 ASBwpev

X=Xy _ Y-=¥3 _ _2=Z; (47)
Xe=X3 Yo=Y Zo=Z,

Al derodoeve (47) elvar al dEvodoeig tiic edBelac tHe Su -
epyoufvng 1 tdv omuelwy M~ 1,y4,7 1), N(a,32,22),
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§ 30, ©ovg onuelov Gc npdc Exlredov,
YEotw &nlneddv v B, (Ix.23), &xov &Eicwotv
(a) Ax + By + Tz + A =0

T3 toxbv ompelov tod ydpov 64 xeltar % énl wod &m médov
E % &xtb¢ cdtob.Elg thy mphtny meplntwolv af ovvietayuévat
tob onpeiov TuBéuevar dvii Tdv X,¥y,z, elg thy EElcway (a)
84 Sdhigovv &fayduevo undév,el¢ thAv Seviépav repimmotv 64 Sd-
covv ¢ &Eayduevov elte Betuxdv elte dpvntixdy dpibudy,

Ix. 23

Xapoxtnptoti xdv e?van‘,‘éu E&v omuetdy w1 II (xl,yl,z 1),
xeipevoy éxtdc tob énunédov,8don w¢ éEayduevov dettxdv(bp-
yntixdv)bpLBpdv, 8y omuetov Tal ybpov,dnep xettal mpde T4
adtd wépoc,mpoc 6 xeltar 6 I,d¢ mpdg 6 E,d{6et Elayduevo
Betixndy (dpvntixdy) bpiBudv,Tovvavtisov, n8v onuelovxelpevoy
xpdc ©6 Etepov pépog tob xWpov,dc mpdc Td Enineday S(ber é-
Eayduevov dpwmtendy (6etixdv) &ptbpdv,

Npéyuate , &x tod dvwtépw oxfuatoc, (2x.23 ), &ant 00 tat -
T

Mé 15 omuelov P ( xy yu,z° ), 6mep xeltar éxi tod E,04el-
en

Axy + By, + I'zs’+ A =0
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A o ompetov I ( xa, Y1, 21),0mep xeltat éxtdc ol E, 64
elval
AX1+By1+I‘Zl+A}50
Au.a 16 c’r\petov X (xl,yl, z"), O7t€p xelTol émog To¥ &ni né ~
dov Q¢ mpdg T AviiBetov mbTol pépoc, b mpdg 16 1, 04 elvat
Axy + By, + I'z" + A £ O
"Enetdf z.>2 *,08 elvai
Axy + By; + Tz + A> A% + BV, +T2% + A
fitoL
Axy + Byy + 'z + 4 >0
‘Ouoluwg,énetdfy z" <z °, 64 el vai
Axy + By, + T'2" + A < Ax + By, +TZ + A
fitou
Axy + By, + I'z" + A <0
TEx thv dvwtépw SuamiotolTw, bt bdpxel vé yvwplZwpev thHv
BéoLv,bg npdc 5068y &ninedov,évdc ol ovdfinote ompelov dud vé
dmo avbipev L& Thy B6éotv,lic mpdg 10 Exinedov, Tob ofovdh-
mote onueiov tod xdpov. ‘R¢ TutoBtov onuelov wpoTt plil :v ThHY
boyhv tiy ovvietayiévwy 0 (o,0,0)

NMapddetyuas
YEotw 16 érimedov
3x=2y+z+5=0

Avd x=0,y=0, 2=0,16 npitov uého¢ Tfic EELohicewg &(deL
égcrfépsvov +5."Oee\:,ndv'onget’ov )fe('.uevoy mfég'cé pépog, npdc
16 Omolov xeftar 76 0 &6idet &Eayduevov,bg dvwiépw,Betixbv-
n&v onuelov xeluevov mpdg 16 dvil6etov pépog (et EEayd-
uevoy &pvnti xév &pibudv,

§ 31, AAN\ayf} 1ol ovortfiuatog Wy ovvretayuévay,

“Onwg el¢ Tév xdpov tiv 660 dtaothoewv,obtw xaf el¢ Tdv
x@pov Thy TpLlv St actdoewy, ) dvaZftnol¢ &dmhomotficewy xatd
Thv Adouy Ty Oucedpwy mpoPArpAtwy xal xvplwg f &vaZitnoug
ebxohwtépac popgfic EELchicewg THe npdg omovdny &xtgavelag,
8yer elc Thy &hayfiv 100 ovotfiuatoc AEbwwy, el¢ 6 dvapépor-
tar vé onuelo pildc &nigavelacg,

'BEetboupey Té¢ Baotxbdc uwopebg dAlayhe Tob ovot finatog -
vay,

a, NapbAAnhog petagopd SESvay

Gewpovpav 4 ovothuata XO¥ xai XO¥ (Zy. 24) Ty dmolwv of
@ovec elvas dv'n.c'col.xwg napdkkn)\m xal 6 onuetlov P Smep
&v pév 1h mpitw ovotfuati ExEL oVVTETAYREVAG XY, Z,EV 68 TP
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Sevrépw X", ¥, 27,

z 1z’
p
0’ s
/| /: #l
A |
C o l !
0 A : ' -
: e i A
[} |// |//
E R = s
y &
___________ [ k-
X
Zx. 24

‘EE altol TovTtou 7Tob cxﬁpamog xa8( oTaTat ¢avep6v i, &dv
a By, elvar al cvumsmaypevau Tob 0, ¢ mpbc Wobortnua XDW
6¢LOTGVT“( al xdtwbe oyxéoelc:

X= X+g _ X'=X‘a
y= y+p (48) ¥ y=y-p (49)
z= z +y Z=2-

B) Stp om GEbOvVwyV.

2ewpoluev db6o ovorfipata OX¥Z, 0XV¥Z, Eyovta xotvAv ap,fv
6 0 (2%.25)
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YEotwoav X,Yy,z, Ot ovvieteypévar Tob Tvxdvvoc omueiov
P, ¢ npég 16 obot mua Xov¥ xal X, y,2 al ovvtetaypéval tod-
Tov ¢ ®"pdc 16 obornua X 0¥,

T& drevbbvovta cuvnpctova al,Bl,Yi, tvba 1= 1,2, 3 TRV

dESvwy Tob 0X'¥Y 2, dg mpdg Té obotmuo O0X¥Z, 6L60vwau v b Tob
7t vaxocgs

X{vi2

Xlai|Balya
¥l az|Bz Yz

2| aziBs|ys

"Ex 100 oxfHatog mapoTmpoduey OTi:
—) -—-_'E+):—i'[+lﬁ3
xaf, cuvenwg, pstagu @y mpoPor®v Ty St avvoudtwy EP E,i&
1 Coxusu 7 100TNC:
(a) xpOB.OP = npoﬁ.éi + npoﬁ.ih + npoB.E?

‘H dvwtépw {odmc (oyber &veEaprfmwe tod 4Eovog E&nl Tob
dmotov 84 y(vn M mpoBoAf.

"Bav H ﬂpoBokﬁ ylvn 6Laéoxuxmg, éni
ovomnpam0g 0X°'v°2° wapahknkwg npdc 16 En
vay tod adtob GUOTnp@TOQ, 66 Exwuev:

iy tpLdv dESvwy Tob
{reba ovvtetayué-

X'=a;x+ B1y + Y12
Y=ax+ Boay+ Yoz (50)
Z'= azx + By + Y32
Kab’8uotov tpdmov ebploxouev
X= a.X+ apy'+ azz
y=B81X+ By + B32 (51)

2=y, X+ Yo'+ y32

"

§ 32, Kavowixfi €l owon ¢ &xixédov.,
YZotw éximedov I xal OP = &, (Bx.26), % &ndoracic thc bp-

-y

xAc tdy 86wy 0 &x tob A,



69

X

Zx. 26

Noptotdipey pé a,B,y 1é4 Srtevdivovta ovynuitova ©o¥ OP pe-
td Thv tpidv &Edvwy, Ev cvvexelq, &ool A&Bupev Tvydv omuei-
ov M(x,y,2) &ri 10V &mimédov E, Smep Exet mpoBorfy &ml Tob
XO¥ t6 omuetov M xaiéni 7Tod GEovog T@v ¥ 16 onpelov N, npo-
BéAhouev 16 maddywvov OPMM'NO &xi 1o¥ 8Eowoc énl tob .
ov xeftar té OP, B4 Eywuev:

npffN + ﬂpr'+ 7t.pM7>M + mpMP = mpOP #
y.B + x.a+z.y =96 Ll
ax + By + vz = 8 (52)

‘H éZlowotc (52) énaambedetar vrd madviwy thv onpeiwy Tob
éninédov B xal pbvov dm’ adtdv xal &1’ adtd mapiotd v EEL-
owoty tod 3, ‘H éE{owoig (52) dvoudZetar xavovixfh wop-
of THc éEl({ochoceweg Tol émumédov.

MeptLxal WMeplLRTACEL G,

1.’ B&v 16 Enlnedov diépxetar 816 g dpyfig @y &ESvwy 64
elvar 8 = 0 xal ovvenlic % éE{oworc (52) AauBlver TAY uop-
Qhv:

ax + By + yz =0

2.'Bbv 16 &nlnedov elvar napdArrov mpdc t6 Exbredov X0OZ

84 Exwuev:
a=0,B=1,y=0

xal ovvendc n éEloworc (52) NauBbver ThAY popohy
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y=25

‘Ouotwe &y 16 Enimedov elvar mapdAimiov mpdc © t6 X0V A
npdc 16 YOZ 64 Exwuev &vtiotolywe:

Z=5
x:6

3, Eév té enimedov elval ﬂ@pd&lﬂkov npbdec Tév GEova @V
X, 64 Eywpev o = 0 xal cvveﬂwc,n égtowotg to¥ Emumédov(52)
6& otepfitatr Tol opou pe X, Opotwg, N EE{owoLc To¥ éﬂtneéou
Tob ncpaxanOu npdc tév agova T@vy 64 otepHital Tod Spov ué
y xaf 1 Tob mapaAAfilov mpdg TOV 4Zova Ty z 64 otepfital Tob
Spov ué z.

$ 33. Twvla ebbefag xal Exixédov.

Eowwcav 1 ebdeta (e) HE dtevBbvovta cvvnulTova x, A, p,
xatl t6 énimedov g, Onep éxev églowoly AX + By + Tz + A
(2x. 27).

‘H yavia V i edbeiac () xal Tob &ninédov B elvau f oo~
anpwuatLxf Th¢ yavlag V', 1AV dmolav oxnpatiZer N (e) petd

s 18

M
N

Zx. 27

¢ xaBétov npdec 16 E edbelag (e7) xal ovveniic:
nuV = ovwv’

Edv a,B,y elvar té SLevBivovia ovvnuiTova Tfic xafétov
(), W xavovcxn Hopgn THC egncwoewg 108 E 66 elvar, (8§32),
ax + By + yz - & = 0 xal xatd ovvéreiav 664 el val:

+ VaZ+p24y? 1

Vp21B24D2 % Vp24824T2

o _B _x __5 _
A B T AT
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’ﬁ@:i A B=t_“"‘_——"‘—'B
’ b
VA24B24T2 VAZ4+BZ4D2
SR P R~
[ = P ”
VA2 4B24T2 VA24B2 4 TR

Tvvenlg, Bboet Tob T¥mov (36), 64 Exwpev:

+ Ax + B+ 1 (53)

nuv = =
VA=+B2+T?

& 34.’ Andoraci ¢ onpelov &xé Eminédov,
‘H dndotacic & T dpyfic Tdv dEdvwy &nd Tob émimédov:
Ax + By +Tz+ A =20
di{detar dmd to¥ Thmov:
A

§ =t ——B
VAE 4+B24T2

(54)

v eVpouev &v Tﬂ ﬂponyovpevn napaypa¢w To npdonuov Xapﬁa-
VETUL eernxov 7 &pvnrcxov avakong ¢by n &oxn xeltar mpdc¢
16 BetixbV M dpvntindy Tufipuo tod ydpov d¢ mpdc 16 Enlmedov

YEotw Hdn Tuyxdv onuelov tob xlpov M(xl,yl,zl)oﬁrbvog Zn-
tettal M &tdotacie dnd To¥ mpomyovuévov antneéou. Modc Tod-
To ﬂpoﬁatvopev el¢ play napakknkov pema@opav 100  dobéviog
ovornpzmog &Eovwv elc Tponov wcre n dpxn TOD do6évtog ov-
othuatoc  v4 cvuréaom uera tob ., dte 64 mpémy véd dvtixata-
otablicly &4 xy, z vmé Ty Lowv Twy, TiROCg (AS)

X=X + X

rd
y=y1+7¥
2= 27+ 2°

evea X,y, ¢ ‘K@pLOTNGL td¢ ovvretaypévag To¥ tvxdvtog om-
Helov wg npdc Td véov obotmua AESvwy.

‘H ¢€lowot ¢ Tob &mnédov 6& AGPm TAV popeny
AMlxg+ ¥) + B(yr+ YY) + T(za+2) +08 =0
A AX+ By + Iz'+ (Axg+By1+Tz3+44) =0
%te o Témoc (54) 64 NiBm ThHV mopehv:
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Ax ,+By.+Il'z,+A
6 = t Rl 1 1 (55)
VA24R2412

‘0 1émoc (55) 8(der AV Zmrovuévny Amdotaciy.

§ 35, Nepl =fi¢c agalpac.

¥Eotw K(a,B,y) té xévipov cqx:u.pag, bxttvog p. Adyw Tob &~
Te ndv onuelov M(x,¥,2) e equx.vet.ag ¢ ogalpac Anéyel
% tob xévipov c,ﬁfmg p, 66 Exwpev 8tv M EELowotc

(x-a)? + (y-8)% + (2-v)% = 02 (56)

64 évca)\neeuemat VRO ThY vace'm.'fusvmv dmdv'rwv va onue twy
TR ém vet,a. TR cr(po.l.pc,g xal pdvov dn’abdtdv, YO6ev,® &E-
(cwot ¢ vm. n &€lowot ¢ The ogalpac THe éxoucmg xév-
Tpov K(a. B Y) xab dx'n va p.

"E&v 16 xévtpov tfc opaipac cvurinter wé Thv doyfv Tiv &
Edvav, 81e K(o,0,0), % &Elowoig (56) AapBlvel AV popeny

X 4 y2 o R = o (57)

‘H &Elowol ¢ (56), 4ol Aneddol 14 dvamtdyuota v TeTpa-
ylywy, AouBavel TRV popgny

X2 + ¥y + 22 + A X+ By +Tz+A=0 (58)
gvoa &téon

=20 = A
=28 =
-2y =T

2 4 8% 4+ 42 - o2 = p,

*hvtuotpdouwg, mGoa EElowat ¢ THC popefic (58) mapt oTd ogal~
pav Exovoa xévipov 16 onuelov

A B T
S R

A% + B2+ 12
-..-.n_u..lT..___-A,

dudTy M (58) Sbvatar va A&Bn TAY popehv

xal dxttva

2 2
(x2+ Ax +%~) + (y2+Py+-E— )+ (22+I‘5+-E-2) =
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¢ - AP B4 BAut T
= A
% &g, e o
B e T A<+Bc+T
(x+3)2 + (y+5) + (z+ )%= 2222 _ ) (59)

‘H tereviala &Elowot¢ elvar tHc adthc wopehic npdc Thv bp-
yuudg Angeeloov éElowory (56) tHg ogalpac.’ Ex 68 tHc ovy-
xptoewe thc (59) uetd 17c (56) mpoodiopiZovtar % &xtlc xal
6 xévtpov 1hic ogalpag The éxodong EElowoiv tHc popefic(58)

§ 36.'Eglouwot ¢ xvAL vdpixiic &ni goveloag.

"Ev tolc¢ mpomyovuéworg, (§26), dutificauev mepl Tiic xoliv-
SpuxTy émugavelag, MTic efvar énu gdvera mapayoudvn ¥nd ed-
Belac xtLvovuévne mapaAAfwe mpdc eavtny xal ovvavtdong do-
feloay ypauunv.

»
Eotwoayv
B=Ax+By+Tlz+A = 0, Es54%+ By+ T2+ A°=0
al EEiodoel ¢ pLlc otabepdc edbelac (e),

‘H yevétzipa ¥ xvAtvdpLxfic Entgavelag, dg  mapdAinrog
npd¢ thv (e), 04 Exm éEvotoet ¢

(a) E=7, By =v

"Bdv af éElchoelc THg ypapufic, thv omolav 64 cvvavtd  #
vevéteipa, Rtor TH Sdnyod, eival

(8) o(x,y,2) =0, o(xy,2) =0
84 mpémm va xaboplowuev ThHY oxéoLv Thv mapauétpwy N, v, fitic
neptoplZer Thy év T8 xdpy xlvnoty ¢ edbelac (a).'H oxé-
ot ¢ aftm, Eotw

(y) £ () =0
86 evpe6f 81’ dnakot gfic @Y X, ¥,z petaEd tdv éEuchoewy (a)
xal (B).

TMpdc evpeotv the &ELohioewe THC xwhevdpixtic émepavelag
8oy v dmarelyuwuey petoEd tav (a) xal (y) T& A,v.’Ex 7T¥¢
Ttovadtne drahot ¢fic 66 mpoxdym M EELowol ¢

£(E,E1) = 0 (60)

fitie elvar B Ztovpévn EE(ocwolc.
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& 37.'BE(owol ¢ xwvixfic &xigavelag,

Kauvixfy &xitgbvetr v xohoBuev thv éntpbvetay, -
TL¢ mapbyetar dnd edBelac xtvovuéwvng, elc Tpdmov, Bote vé
duépyetar d184 otabepob omueiov xal vA ovvovrdl odolsloav
Ypaupfy,

Té otadepdv onuelov xnheltal xopv ¢f, T xtvovuévn et~
Pela xoheltalt yevétetpa xal M &tépa ypauuft xareltal
66myodec.

¥ =

LOTWOOY

"

o(x,y,2)
((L) ‘P(X,y’z) =

al EEvohoet ¢ T 6Omyol xal

|
o

x=-%x, = K(z-2,)
(8) y-yi=u(z- z)

at EELotioel ¢ TH¢ yevetelpag, TAV omoiav Oewpolpev Siepyo-
wévny S1& Ttob omuelov (X, ¥i, 21).

‘H éElouwol ¢ thic xwvixfig &m gavelag 64 edpedf brug edpéon
xal M &Elowoig THe xvAiLvdpuLxfic Emugavelag. Edploxouev Té¢
tipbe @Y X,y,2z, éx 10V ovorAuatoc, T Smoltov dmoterobv al
éZvohoerg (B) xal pia &x iy (a), xal té¢ Tipdg Tabtag dv-
Tuxa bt otluey el¢ ThAv Evaropsivacay Ex @y (a). @6 wpoxdyn
oftw pla oxéot¢ petagd t@v mapapérpwy k,u, otw £ (k,u) =0.
"Amorelpovieg T8 k,pu, petaEd TiiC f(k;p) =0 xal =®v (B),
AauBévouey Thy &Ziowoly Tfic xwvixfic Emtgavelacg.

f(u_l_ l‘_.YJ._) =0 (61)

z2-2, ’ 2- 2y

Inpeitwtéoy, 8t N &Elowoie (61) elvar pia dpoye v A ¢
ovvdptnolg thv Xy,z, Htor &év 18 x,y,z molhardaotachiol v é-
ni éva &piLBudy a, M OAn ovvbpinolc moAamAaoibZetal &nl pli-
av Sdvapty 1ol a, Eotw aY Evba, &c ywwotbv,u b B 0O b ¢

™

buovyevelacg ¢ duoyevol¢ ovvapthHoewc.

& 38, Kwvoeidfic émolveta.

Kauvoet & émigdvera xaholuev, thAv érntobdverav it ypé
gpetal dmd AL vmriic edBelag ovvavtdone Sobeloav edbetav xal
bobeloav ypapufiv xal mapaupevodong mapadfrov mpdg Sobéw é-
ninedov. '
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‘H edoela, Atic mapbyer TAy ériplvetay xoheltar y € v é-
tetpa 1f¢ Entgavelag, Td énlnedov, ®pdc 16v dmolov™ ye-
véteitpa mapapévetl wapdMrnioc xadeltat 66rnyolv énitme-
ov.Télog, T pév edbela, ThY omolav cvvovtd xath Thy x{ -
ynowy Tne M sté’cstp@ xa)\emcu npw'rn 686 nyd¢,moE dobel-
oa ypauuf, mv omolav cvvavtd m yevéteupa, xoAeltar S v-
tépa 6dnydc.

"Edv AGBupev g mpdtmy 6dmydv tév GEova v z, 16 68 6-
dnyoSv éninebov dg 18 énimedov tlvxy, 101e al &ELohoetc Tig
yveveteipac el vat

(a) Yy =uX, 2=V

‘YroBéowuey 871 al dELohoelc TRic devtépac 6dmyod el var
a(x,y,2) =0

(8) o(X,7,2) =0

YOrwg xai el¢ tdg d0o mpomyovuévag mapaypbeovg, ebpioxo-
pev Thy petagd thv nopapétpwy u,v, oxéoly, dmieleoviec Té
X,¥,2 petaid tdv &ELohoewy (a) xal (B). B4y % oxboig abrm
nap aotadf ué

(v) £ (k,v)
51’ dmanow gfic Tdv p, v, petaEd thic (y) xal @y (a),edpionopey:

y
f(,2)=0 (62)
(%4 t jov) ~ ~
MTLC efvat, n égtcwocg THc nwvoei dolc.

& 39.’Enigbvetas &x xepLotpogfic.

'Emitodveta &x meptoTtpoefc xaheltar M  &m ¢h-
veLa, ‘ﬁ"c L xapdye"cat. dmd ypapfic o”tpE(pop.'vng neol evdelav
o‘ﬁrwg, wore gxaoTov onpelov adTfic v& ypden KSpL(pSpG(.CLV xb-
¥hov, Tfi¢ omolag 16 pev xévtpov va xeltar &nl tfic ebdBelacg
16 Oe gnlneddy tnc vé elvatr xdBetov &ni Thy eddelav.

‘H ebdbela, mepl thv dmolav ylvetar M TEP L OTPOYPN, XOAET TAL
LEwv mepLoTpoofic K &ng 'rng Edntoavel acgAhl
topal TH¢ mapaxbelone ént gavelag Ymd Entnédwy 6cepxopavwv
St4 1ol &Eovog meptotpogiic xoholvtal peomnuBeptLvol 'r?\g
érnigavelac. Al Topal Thic mapaybelong émq;auenong trd ool -
Suv xatéiwy mpde Tév &Eovo kA obwvrar map &N Amhot .

Thv &t pbvetcy &x meptotpoehig dvvdueda vh tnobécupzy mo-
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payouévny xal ¢ égﬁg: davtaZduedo nept pEpetay xbxhov, THg
dmotag 16 pév xévipov xitveitar &n’edbelag otadepldc,fitig 64
elvas 6 BZwy Thc gnugaveiac, t6 6& éninedov &nl Tol Omoiov
xettal, x&Betov &xi Thv edBelav, &vd % Axtic Tng petafdr-
retat oftwg, dote v& ovvavtd Sobelouv ypappfiv. *3v mpoxet-
pévw N xivovuéum mEPLPEPELQ elvar W yevétetoa xal % Sobel-
oo ypauun f ddnydc.

Al xvpihtepar Tiv Extgavelly &x mepLoTpowfic elvat al xb-
TwWoL :

a.’EXAetyoetbéc éx meprLotpoefig E€xnipunxe ¢
ué EElowotv

x€ 4yve 2.2
gt o= (63)

Tofto Bewpeltal mapayduevoy vrd EAhelyewc oTpeopévng
meel tév peybrov adriic &Eova.

Zx.28

Npdc ebpeaiv tiic EEiodoewe (63) pyaZducdba b EEWC:

AopBbvopey 16 Enlnedov Y0Z b¢ 16 énlnedov tic &8myol & -
relYewg xal tdv péyav abrfic &Zova mepl Tév Smelov mepiotpé-
petar d¢ 8Eova tiv z(Zyx.28). TS EAhelyoet dé¢ 84 mapax oy £4v
pavtacbiuev, Bti 18 Exinedov THC mepLgepelac

x2 + y2 = p2, z=0

A veltar mapaAfwg ®pdc 16 éninedov XO¥ xal M =eptgépera
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ovvavtd Thv Exl Tob Y0Z EArelyiv

2 2

X=0 tvoa a>B

(a)

Adyw tob OTu M mepugépera 84 xuviTar Enl EmnéSov mapad-
Afhov mpSg 6 XO¥, 64 Exn EELclioeic:

xe ye - ®
(8) { e

"Arodelgoviec Té x,y,z petagd tiv (a) xdu(B) AauBdvouey

2 2

(¥) -z =1
xal év ovvexetq, &ﬂaxet¢ovreg T4 p,v petTagld Ty (B) (Y) gV~
ploxouev thv EElouwoiy (63).

B.')EXretfyoe1tdéc éx mepLotpogf¢ éninrrartv,

Tobto 66 mapaxdf Su& meptotpoghic EAhelyewe mepl Tév pu-
xpdy adtfic &Eova, ‘B EElouwol ¢ thc énitgavelac tabtne 64 ev-
pe6¥ Gnuc xal N ol ENelyoetdolc €x meptotpogiic &mtpufixovc.

Y. YrepBoroeltdé¢ éx mepLorpogefic poviyu
vouv.

‘H émt gbvera abtn mapbyetal d1d4 meptotopeiic $mepBorfic ne-
pi 1év uh téuvovta tadtny &Eova.

‘H églowot¢ tof dmepBoloetdolc &x mepiLaTpoghc povoylvov,

gvploxetas Gc &xorodbwc:

PR
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AopBavouey T6 éninedov Y0Z &g 16 énimedov tfic 66myod O~
repBorfic (Bx. 29) tHc Eyovong &&s choelc

y2 ze ’
-2 = =
(O,) a .EE-
x =0

aé EE.cdoeic thc yevetelpng meplpepelac el vat

2 2 _ .2
(8) AR

Z =y

P Anakel oopev petaEd tiv (a), (B) T4 x,y,z, xoi edploxopev

THY PETAEY Thy ROpAPETPWY W, V, OYEOLY

(yv) -5—--5—:“-‘1

’ s ’ - ¥ ~ 3 4 (74
xal &v ovvexeiq, petagy Ty (B), () drareigopev T4 u,v,b7e
evploxoupev Tthy EELCwoLY

2
S = 1 (64)

v T [ o ~ ot ~ 2 ~
Ntig elvar m e&lowotg ol UrepBolcetdolic €x meptLoTpo hig Lo-
voy®vov .

5.'YmepBoroeibéc Ex mepioTpooefic & xwvow

‘Y Eni@bveta altn mopdyerar Vb VmepBorfic OTHE QOREVTC Tiem
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pb 'cov 'teuvw'ca adTfic a.;ovc, ‘H E:z;,LO’UJO’Lg Tcv 64 svpeeﬂ xath
tév adtdv Tpovcov xad’ v evpeen % ¢Ziowoic Tob 157(50(30)\091.—
So¥¢ &x mepLoTpogiic povox®vov,

‘H popen the &ntgavelag Sidetar dvwtépw (Byx.30).
e. NapaBoroetdéc &x mepLoTpoofc.

‘H ént gdveta aftn mopbyetal dwd mapaBoific,oTpegouévng ne~
pl ©év &Eova adafic, ‘H EElowoi ¢ tng 64 evpebf be edpddm
EEL owot ¢ Ty mponyovuévawy érLgaveldy éx mEpL OTpoPTIC.

LO "Bxipdverar Sevtépov Bo.apoﬁ

S
a.’BAhetyoetdéc xareltar m &mtodvera, Hrig Exetr &~
%;Eowc
A
B, Movbéywvov VmepPBoroet dé ¢ xareltar m ém-
pdvera, AT éxet éElowoty

fl
-

(65)

x2 y2 22
o YT 7 =1 (66)

y. Alxwvov drepBohroetdé ¢ xareltor M énLedmeia,
Yitvc Exer EE{ouwoty

oz t T T ¥2 ==1 (67)
8.’EAretnTtiLxdy wmapaPBoloetdéc xodeltar N é&-

’ v » 3
nuphverta, MTig Exel eElowoty

c 22
L2 = 2X (68)
n v
e.YrmepPorixdy mapaBoNoetdéc xaeltaw % é-
nugéveta, hrig Exer éElouwotv

2
ypz = Zv = 2){ (69)
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IYMIIAHPRMA KAT AXKHZEIL

. BEdpetv 14 drevblivovta cvvnp.mova edbefac Siepyouévmcg
Ex 'cng bpyfic Ty &ESvav xai Tob o*npe(.ov M(A -2 1)
' Egapuoy? tomev(31)

2. Edpelv tfv dnbdotacty Ty Sbo omueiwy A(6 -k, 3) xal B
(2 3,-1) xadwg xal Téhe ovvretayuévac Tod péocov Tol Tunua-
T0og AB,

(4B = V(6-2)% + (-=3)2+ (3+1)2 = 9
A’ Egappoyfic Tiv torwy (33), &vba A = 1, AapPdvopev
x:_6_;_2_.=4, yz_-b'_tL:_O5’ Z""i“’_"’]

3, Edpelv tfiv &ﬂoc'mdw iy %o cmpet,wv M(2 -5, 2) xat
1‘(0,-—7 1)_ xablc xal té¢ ovvretayuévag to¥ péoov Tol Sia-
YOOPATOC MN
ESZQ 7 xponyovpévq]

L, N& eupeeovv T4 écevevvov'cc, ovwnuitova To¥ Siavbouo-
Toc A_B 516 16 SmoTov exopev A( X, Y1, z), B(xgz,yz, za)

[:Td dievbivovta O’I)VTUJL'L’OV(I 'cov 6(.a.vuoucfrog ;\—g el vat
adtd mpdc 1& Ttob Loov mpdg 16 AB &t avbopatog oM Tob exov-
Toc bpynv, 'mv dpxfiv v 4ESvwv. Al cvvre'cu.'{pevm To0 M 64
{oobvtar npdc The ovviotdong Tol AB, 'n’l:o(. Xg-%,Yp-Y1, 2Z2-
-2 .Y00ev, Gvii tdy TtVRWY (31) ea Exupev Tobg TOMOV ¢

ovva = X2 - %
\/( %-%3)% + (¥1-¥2)% + ( 2-25)2
coyB = Y= N
V(x=%)2 + (55 2)% + ( 22 ,)2
e G ]

\/( X -Xp)2 4+ (¥1-Y2)2 + (2,2,)%

5. N& edpeboly té SiLevddvovta ovvnuitova tof  Sravboua-
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to¢ 108 Eyovtog dpynv T onuetoy. A(2,3,5) xal wépag T6 om-
uetov B(1,-2,4).

(4B = V(2-1)2+ (3+2)2% (5-h)2 = VAT = 3/3.

. =
g S R
33 23 9
v = =223 . _18V3.
33 9

@Wzi:i_z__\/_g;]
33 9

6. N& ebpeeovv té Suevobvovta cvwmuitova To¥  Siavioua—~
toc, Toll Exovtog Gpxfiv 16 ompelov A(6, -k, 3) xal xépag 76
onuetov B(2,3,-1).

[opotwc dc % npomyovpéyn]

7. Eépeiv T4¢ ovvieTtayuévac tob xévmpou deoug K; %AOGC
xal & pfixm Thy Mevpdy Tob TpLydvov, Tol Exovtog Mg xopy -
odc 16 ompeta A(3,5,2), B(2,3,4), 1k, 1,3).

[®épouey TV 6Lapecov AA, BG& szaL

A(j) 2, 3:5)3 —%_%— = =2

2 o » » ) - 2 14 ’ ’
EgopudZouev Tovg TumoOvE (33) xal v OVVEXELQ, TOV TOROV

(35)]

8. AoBévtww TpLdy omuelwy A(2 1,3), B(3,3,5), T'(o,4,1),
vé &xoés&x@n v, AB® + AT? = B2, N& gvpeboly d §LEVOS oy~
TQ ovvnucrova Ty TAgVPDY TOD TpLwiOD ABT,

Q. Na evpsen % ywvia TAY ool av oxmuati Zovy Tc.6navvopa-
1a 0A, 03, £voa A(-1,0,1), B(o,2,2).

- V2 V2
[ovva, = =i _ . Nz, ovvBy = 0, Ovwy; = ==
G T2 slpia
V2 ,

. 2
, OLVWg = 5y OV = 5 x1OE,
51’ Egapuoyiic Tob TﬁnovJ136),
V2 2 1

Vv = —eem ==, %o w=2]
2 * 2 "~ 72 " 3

ovvag = 0
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10, N& &rodevx07, ét. O1b td tpiywvov ABL, ¢ boxfoeuwc
8, cuwBAT = 0.
[YOnwg xal # mpomyovpéwn ﬁoxncbq

1. Aldovtar ol xdTtwdr ywvial, thg Omofag oymuotiZovv
puetd &bo éx Thv dEdvwy ovvtetayuévay tpel ¢ edbelar xal In-
T?ETGL va §épseﬁ ﬁ'wiEa, ?ﬁv omolay oxnuoatiZer éxbotm TdV
e06eLdv TobTwy petd Tob TplTov &Eovoc:

602, 602
450, 450
120°, 60
[Bhoet Tof wémov (30), 84 Exwuev 814 tAv mphimy edbelay

1 e 1 < 2 o 3 T _ ‘ E
(%) 4—(2r) +ouvdy =1, &g ob cvvy = =5~

frrov vy = L5° ¥ 1359, ‘Opoiwc evploxouev SL& afiv Sevtépav
edBetay v = 90° xal 614 AV Tpltmy vy = L5° & 135°].

12, T& duevdivovta cvvnuitova e Stavvopattxfic dxtlvocg
Py, el vat )
V3 V3 V3
S 3 3
ng td 8L evodvovta cvvnultova THic St avvopatixfic dxtivoc pa
el vaL
V3 VBB V3-3V5
3 7 12 12 '

N& edpebf f ywvia Ay dmolav oxymuatiZovy al &bo Siavu-
ouatexal dxtlvec.

[ovvw = %r , ftoL @ = 60°]
13, M{oa Sued6vvorg elvar GpLopévn dnd thv &pLeudv 2,2, 1
xaf pia GAAmM StedBvvoig Smd Ty dpuLbpdv 5,-8,%, Mofav TuL-
unv mpéner vé Exm mxdi1d vé elvar xéBetor al 880 SLevbdv-
cetg; lota T4 diLevdvovta cvwnpitova €xbotng Suevddvoewg;
[Mpénee vé elvar: 2.5+2,(-8) + x = 0, HroL_x = 6.T4 &L~
evOdvovta ovvnulto va The mpding Stevddvoewe el var

2 2 4

37 32 3 °
‘Ouoilwg edpioxovtar xail T4 SiLevdivovta ovvnultova t#c Sev-
tépac].
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14, N& Sproboby Té éxlmeda, T8 SpiLZbueva Ond Thv xbTwoL
¢EELohoewy.
x+5 =0, x+y

=0, 3x+2z2=0
6x+5y+1 =0, 2y+38-6 =

0, 7x+2y-6g=0

15. Mohuvxal cvvietaypévar &v 1§ xdpw. H Béot¢ evdg on-
ueiov &v 1§ xWpy ddvatal vd SpLodf Sib Ty xahovuévwy ®o-
Ax@Y ovvteTaypévay, frtot TH¢ "ol txfi¢ dxootbdoe w ¢
p, uetaBalropévng amd O Buceo, TH¢ moA L xfi¢ ywvia ¢
8, uwetaBaiiouévne &nd 0° Bwg 180° , xal Tob &Zupuov B {ov
netaBadhopévor and 0° fwg 360°, ’Eav L(xy, z) elvar 16 do-
0év omueiov, M dmdotacic p Tod onuelov & &x i doyfic O T
dzdvay elval % mohuxh &ndotacieg, T ywvia L0Z elvar f moht-
xf yavia, xaf N yavio YOI, tnv omolav oyrpatiZet 6 8Ewy tdv

zl
A
ﬁ/ !
BL]
(3] AN I: ‘k
N
X Fx.384

—» ~
x petd 1Hc npoBorfic Tof O éxl 7ol &munébov XO¥, elvar b
dZLuobdOLov, Metagd v xaprecioviv cvvietaypévav X,¥y, z xal
Ty moALx&@V TouobTwy p,B6,w, Tob omuefov M, Voloraviar al

oyéoeig
X = pruBovvw, ¥ = MUOnuw, 2z = povvd
Té futeninedov tiv Betixiy Mutagévwy 0X, 0Z,xoAeltot o=
Aexdy Enimedov.

16. N& &dnodevydf Btu T4 ompeta (1,1,1), (-2,3,6), (-5,5,
11) xeTvrar &n’edBelac,
(Mmoc (33)]

17. N& eSpebfi W &Elowolc oV émunédov sof Suepyouévov
814 v omuelwv A(2,-1,4), B(o, 3,1), I'(o,0,6).
tTﬁ'Jtog (42)]

18, El¢ thv nponyovuévny Goxmolv, vé edpebff f|  cvvbnxm,
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thy dmolav mpénetr v& mMimpolv al ovvietaypévar X,¥,z Tod on-
petov A 81d vé xelraw &ni tob émunédov tol SptZopévov Ixb
Tty onuelwy A,B,T.

19. N& edpedf i =pdg &GAATAa 6doug Thy EmtnéSwy
X+ by~-2z-15 =
X+y~-2-15 =

a)

G xal iy Emunébwy
6x=-3y+9z2-7 =0

B) =2X+Y~-32+8 =

20. N& edpedbH £4v 14 tpla &nineda
X -2y+2 =6
2X+y-2 = -1
-X=-y+22z =3

6Lépxovrcu, SLé tob adtod ompelov xal vé edpedf (&4v Indp-
xm) Té ompelov Tobto.

[ =6 e&_‘,e’raowpev &4y 18 obotmua Exm piav pdvov Adotv, ThHY
dmofay xal 84 mpocdtopicwpev ]

21. NA &noéet.xeﬁ 6t té dubvvoua, Té Exov cvvioTdoag a,
B,y sTvcu. x40etov Exl 16 éninedov ax+Py+yz+6 =0

(BewpoBuev 6%0 omueta tof Emunédov M(xy yi, 7 ),N(e,y2
zp). B4 elvas

aXy+By1+Yz1+0 = 0, axz +Bya+yz2+8 =0
a(xz~ %) +B(yz-y1) +v(2z2-21) = 0
fitor 16 Eowtepixdy 6&6.\)00}1& 100 Oravdopatog tod Eyxovrog

ovvioThioac &, B,y xal Tol Tvxdvrog Suaviouatog ToD Emnédov
T0b Exovtog ovviothoog (Xz-% ), (¥Yo-n), (22-2) elval 0J

22, N& ebdpeoR N E&lowor ¢ &xtnébov 16 dnolov &t épyetar 516
e TouRc Ty Emi nddwy 3X+ 5 -22 = 7 xal X- 2¥ + 6215 =0
xal xadétov mpdc 16 &nimedov X~2y ~15 =0

(Mav &rinedov Suepyduevov Sué iy Sbo mpdtwy Em nEdwy E-
xetr £Elowoly T popyefic 3x+ 5y =-2z-7+A(x-2y+6z=15)=0
‘H éElowot ¢ aftn ddvarar vd ypaeh

(F+n)x+(5=-20)y+ (-2+6N)z-(7+15\) =
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Avd vé elvar, BBev, €v tiv émuméowy Tobtwy xdbetov Enl
6 Tpitov &x Thv SobEviwy, Séov vd elval

(3+4n).1+(5-2\) (-2)=0
"Ex tfic oxfoewg tabtng evpioxw 16 A xaf v ovvexelq 76
Zrodpevov éninedov].

23, N& edpedfy 1 éElowotc tod Emunédov ToB Siepyopdvov
816 Tol omuelov M(3,-1,2) xal wabétov &n’dugotépww Ty &nt -
nédwy 3X+y-z+6 =0, x-y-2+3 =0,

[’Bév Ax+By+Tz+4 = 0 elvar 18 Znrodue vov gnimedov, 66
Exupev:

A-B+2l'+A =0
MN+B-T'=0
A-B-T =0
’Ex 1fi¢ Moewg tob ovorhuatog OdeVpuwpev T8 A, B, T, ov veriic

xa{ 16 Zmtoduevov &ninedov].

2L, Bdpelv thy dntotacty Tod onpelov M(-2,3,0) &nd 1ol
trunédov Lx+ 2y- z-10 = 0,

25, N& &mobevy6f, 8t % EElowouc Tob Eminédov Tob diep-

youdvov Su& tdv onuelwv A( Xy, ¥1, z1), B( %, ¥, z2), I'(xs,ys,
zz) Sbvataw vé ypagi dmd TAV HopeAv

| X ¥y z 1
X3 Y1 z1 1
X Yo Zp 1
X3 ys 23 1



86

LTOIXTIA ANRT IPAE AATEBPAY
I. TPAMMIKH AATEBPA
A OPIZOYZAT

§ 41. Elaaywyh.

‘H énl 1@y SptZovody Bewpla* StevioAdver THv Abovy Thy
YpoppLx@y cvormudtwvi*, Thy dnakowpfiv dyviotwy elg T4 ov-
oifipata Tabta, ThY Stepedunoly ot ouéwwy mpoPATHATWY X T,

Moo 5!.041)90, TH¢ uopqmg 0.B-v.5 xarefTow 6p { éo v O a
tdy Tecotpwy &pi Budy "covg owoCovg nepuéxab ObTwg, N OSva-
gopl 5. 5 2.6 slvar pla dpiZovoa. ‘Ouofwc 7 &t apopd 7.6-2.0
elvar pla éplZovoa.

’E&v Tobc apcepovg THC opt.éoucmc_; 5.10 = 7.9 ypaywuev elc
oxfua TeTpaydvov, we x&drtwbt xal 7oA aXAQoLAowgey TolTOVC

5 0
9 10

dvaywving, év ocvvexelq 8& and Tol mpdtov yivoupévov 5.10 &~
pat péowpev ©d Sebtepo yrvdpevo 7.9 64 AaPuuev thv dobeloav
oplZovoayv.

YAracar af dvwtépw Argbeloa oOpiZovoar xahoBvtar OpfZov-
ouw devriépac TaEewc éx Tod Aéyov, 4tL ol Téooapeg G-
pLBuot, Tobg dmolovg mepLéyxovv Sbvaviar va moteréoovy mi-
vaxa dpt Budy Exovta 860 ypaupde xai 8do orfirac.

‘0 mlveE Thv Tecohpwy apL Oudy SptLZodong, meptoplZOHEVOC
petald 880 xotaxopbewy ypouudv, cvviotd té odbpBolov  dmel-
xov{oewe THe opLodone. 0Btw 16 oduPBolov Tfic 6pt Lodong 5.
10-7.9 elvau

|9 10| ‘Ouoiwe Té obuBorov THi¢ dptZodbome 2.1-3.5 elvar

‘H nsg( optZovoliv ewpia dpelietar el¢ Tobg Le1bn1tz
(1646 1716), Cremer (1707-1752), Lenlece, Jacobi,Cauchy x.%&.

*% ) To QR L x6 xaheltar b oboTnua, od7TL vo¢ al ovvt otl-
o‘ou. 1010 egl.owcet.g elvas RPpHT OV Babuob, dg npd¢ Tode
&yvdotovg, Tobc émolove meptéyovy(’I6E § 56).
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‘ E 15, i Spuodone aaBa - apBy elva
fay Qp|
0%,
181 Bai

.)\-

}:.x ThY o,vw'rspw O'OpBoMuv St.muo'rou'cc,l. e:w.o)x(»g o 'rpom:og,
xaf’ ov 'roatoee'couv'mc ot Tsovapsg apt.eum. Tol =l vaxoc.

Aoeeﬁcmg SpL Zobomc dLa ’L‘O'ﬁ SvBSAoY N, edp( oxouey Tab-
'rnv ﬂo?\xcmkcxmcz_,ov'ceg 'roug bpt Buodc Tob wlvaxoc GLQ,Y(H\)LOJQ
xal anpou,povv'ceg gx Tod mpdTov Y vouévov 16 dedtepov, g éu-
eal veTal xaTwrépw:

'lel<ﬂi] -
4B B =@ - @ = 6Bz~ B2
@A‘ l s g@ =

§ 42 Opfi_‘,oncaz a.vun'epao; T&Esue, oy

Al opcéoucmt 6av'vapag ’ECLES(B(;, nepl Qv éyeva'ro Royog elc

© TRV npon’roupavnv rapdypagoy, OV vavT@VTAL xom:a Ty Adouy

Ypopmx(bv o‘ucrnpcrcwv &%o égcowo’ew pné 8do a‘{vwc’tovc. Katé

'rnv Adoty ypauptxdy ovotmudtwy TpLldy égtcmdewv ué ’tpet.g -

Y\’wo"fougovvc,v'cwwa,u A\ yeBpLte: aepofdmon‘c, YU VOUEVWY. gx TpL~-
Gy mapayovtwy THC popcpng

G3BaYs + azBsy1 + azBiYz - axBiys - GsBaYl - a1B3¥2
} "7‘\) c)\YSBo(.xov aﬁpotcmcn ¢ avw'cépw uopefic xohettat 6pl-
Zdvcyd,t. TpolTng TbEeweg xal moplortarat Sud Tol cvuBélov

a3 CGp a3 |
B1 Bz Bs
Y1 Yz Y3

0t dpt epou THC opLZ,ovcmg 'rpx.'c-ng 'ragewg efcsencaveﬂg 'cpe(.c_;
Ypoppc,g xaf 'rpet.g o'mxa.g, €€ ob xal o XapaxTnpt opudg ’E'r\g,wc_;
bptZobomc Tplrng Thiewg,

"Extdg Ty opLZovoly Seviépag xal Tpling TéEewg, Exopev
xal optZoboag TeTdping, MEMRTNG,...V OTfi¢ TéEeuwg,

At SpiZovoan TéEewg twwrépac TH¢ Sevtépag xahoBvTal,mpd¢
SudxpLory, bpiZovoa tvwrépac TaEewg.

TPevindic, OpiZovoa vorfic TéEewe 64 cvaoMéamab wg at &6-
pCéovo‘a,(. Sev'repc,g xal 'rpt’.'mg TdEewg, nd mivaxwy é&‘, bpL 6udy
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88

* v tol¢ émopévoirg 64 omovddouwuev pedddovg, &1 dy &x Tod
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tob 1 (¥ ypauph xaf B’ OoTAn, 3+2) & ovvieeotAc £lval:
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Lt &¢ ypappfic M pLd¢ oThAANMCE,

Napadelyuarta:

a) 13 7 3 6 0 2 0] 2 6
2 6 0| = 3 l l -7 +3 = ~80

5 1 1 1 1 5 1 5 1
T6 éEayduevoy mpoéxvye &t dvaxt6EZewe¢ THe 6 p -
Zodong xatd T4 ocrtorvyxela TH¢ "plTNng Y P o~

TRl
B)l 0 3

5 0 5 0
w0 4]
9 2

5 6 0©
0 L 4 =-6l
9 7 2 9 2 0 3

€

T6 EEayduevov mpoéxvyev 8 dvartdEewe THe b p t-
Zobonmg %xatd tdotoitxela THg devrépag o TAN NG,
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Mpoxet uévov dt1é tée dpt Zobdoag Tplmng TdEewg, Loydet 6 x&~
TWot xav(ﬁv:’E'navcx)\a.uBc'xvopav 7\:p6g T4 Ssgnd'tc’xg
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Srtayaviwy (o*npet.ovpevwv St ovvsxwv Ypappwv)xu,i a<pa.o—
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elval &vihoya. Thc 6eu'repag dpLZovone el vat &dvéloya T4 oToL-
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cewe Tob Omolov 6& edpeblictv af upat TOY o'rot.stwv ThHe X,
THAv Abovy ToiobTwy cvornudtwy 6& éEetdowney év tol¢ énopé-
voiLc.

B! MIKCEL

5 47.‘Opropol:

Nivag % pAhtpcer (metrix)xcdreltar 16 padnuatind odu-
porov, Bmep cvvictatal &x TAABoLC apiOuBY TomoBeTNué vy £L ¢
ypoppbg xal otfhag, €v eldel oTavpoléEov, g w.Y.:

715 1 0| & 3
312 7 {11 |16
9 |10 1 3 5

51 0 7

ZvynBéotepoy TA petoEd ThV apt Buiv Malote  mapaie {mov-
Tar xal of &ptBuol Tob =wlvaxog mepuxrelfoviar petaiZd 6o wa-
pevBéoewy N b0 &ysvAdy, g &xolobbug:

Geoslsede il

0f &dpLbuol Tob mlvaxogc xakodvtar octolyxel a abrtob.

*) H M:F;(.g unTpa mpoépxeTal Ex THC vacxng Xeas«)c pn—
ToT = M pfrtne, 7\o:rt.w, xby matmx,p.S'raq)opcxwg l mwn h cpxn
ﬂpaypou'cog Tivoc. Kat’ aM\oug l M:Et,g ﬁpoepxs'rcn, éx 'r:ou 1.10,
oo'ug elval cuws'cpnuevoc cu.o)u.uog LGl Bwpcxog Témog &vii Tod
p’r\’rp’r] dg év H gpboet hd v& avti Tob whtnp 'y (Aloxdrov
‘Ixévi beg, 890, 899) xal dv XPMotponot oot el¢c tédec Srapdpovg
Yhooag SLé thy NEELV pmepa(madre mére, mother, mutter).
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KalTot & wlvaE, dc mpdc TAV popofiv, OpoldZet mpdcthy O-
plZovoav, &v TobTol¢ etvar padnuatixdy oduPolov Shwe Oub-
popov ThHC SptZodome. ALdéTL, vk W dplZowoa elval elg  Apu-
Budc i, yevixhtepov, €v morvhvopov, & nlvwaE gelvaw & m e L=
xdbvioitec WANOBove mpd Eewy peTaEd T8y oTO U=
xelwy Tow,

Nivas Tug Méyetal dpBoyh@vi og péy &&v mepLéyxn . Vv
otolyela Tooldetnueve elg U ypaupde xal v owﬁkag(p;fv), T g~
Tpaywvilxdg 08 £&v reptéxm p° otolyxela Tomobetmuéva el
& yooupde xal p otfhhog.

T&EL ¢ OpBoywvliov =l waxog, Exoviog p ypaupbe xal v orh-
Aag, xareltar Td yevduevoy p.v Omep xal ypdgetar obTw mpdg
XaB0PLOMOY TUY K ypouudv xal v otrAdy tob mlvaxoc. 0¥Tw, ®.Y,
bpBoyaviog wivaE Exwy tpelc ypaunbg xaf 6o otfhag elvat
t8Eewg 3.2, wlvaE Exwv &bo ypaupde xal téocapag oThAag el-
var Téfewe 2.4 %, a0, x%.

T&EL ¢ Tetpaywvixob mlvaxog, £xoviog { ypoupbae xal p
othrag, xcheltar O &pebpdg p. 0%1w, m.x. 6 Tetpaywvixdg wi-
VoE, & Exwv 860 ypoupdc xal 860 orflac elvar Seviépac The-
Eewg, 6 exwv 1tpel¢ ypauuhe xal Tpelc oThrac elvar Tpiing
TEEEWC x.0.X.,

'Ex 1Y L vaxwy

35306 573

9
[3 5] L 8 10
7 64, 9 6 0
3 2
of uév 8bo mplitor elvar dpBoydvior (& mplroc TéEewc 2.3, 6

debdtepoc TéEewg 2.4), of 8¢ Sbo Tehrevtalot wetpaywvixol (6
tpitog Sevtépag TéEewe xal & Téraproc TplTne TEEewc).

‘H yevixfi popof nlvaxoc elvat 1 &xdhovboc:
%11 G122 @13 ... CGipn
QGz1 Gzz Gp3 ... O2n
a3y Qzz2 ®33 ... O3n

Gy 9mz2 9m3 ... Gon-

‘0 vwrtépw mival stvpr Tiewe .M. N xal cLYORT Lx&¢ xaploT a-
, ~ . I ~
Tat Sté& Tod ovuBdhov .@i,j]’ i (ai13). 0 mplitoc Ttdy Seuxthy
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xaboptZetr ThHY ypapphv xal o Sedtepog ThHy otfilny, el¢ Hv &~
vixet 16 orotyetov tob wlvaxocg.

‘0 Tetpaywvixdg wival mapiototal OBvonTuxdc Su& Tod cvu-
Bohov 5 ;

Zvvndéotore ol wivaxeg woplotavial Std Tivog xeporalov
Yeauuntog A,3,4, ...

Baoixfh Otaydviocg TeTtpaywvixol mlvaxog, xarelTal
# Staydviog M Evodon 16 wmplitov £E dpioteplhv otolyeiov T
npWTNg Ypauufic pnetd Tod Tterevtalov mpdg T4 deELéd otolyelov
THi¢ tehevtalag ypouuhic. O%twg, év T® mivaxt

S

” 3 i 3 t ~ ’ 2 ,
Baotxn St ayhvi og elvat m evoloa Tobc dpiLbuobe 3,6,5.

Soppetptxdg wndeltar & Tetpaywvixde wlvaE, Tob 6-
molov & orotyxela T4 cvpuetplxd g mpde THY Baotxfiy dtaydh-
viov elvar Toa, OY%twg, & mivaE [a;:lelvat ovpuetpixde &&v
aij = aji . By elc¢ tév =l vaxa _-?l.izl:jsiva,b aij = -0 3i, &
7lvaE xakeltal OTPEPANOCVUNETP LXOC M NUL OV W e
TptLxbc,

i va& tetpaywvixdg, obTivog Gnavta Té& otoiryelao TAfiv TdY
¢ Baotxfe St aywviov elvar pumdevixnd, xcheltar dv a ydh vi-
o¢ "ivak.,Oy.:

(2 0 0 '3
Lo 7 0/ , |oO
0 0 & 0

0 0 0O

Avaydveog ®lvak, obTLvog T4 otolyeta TtHe BaotxFc Ot ayw-
I 1’ ~ ’ ~ ~ ”
viov elvar Toa TH povddlt xoheltar povadiraltog MTav-
ToTitxbdbg wmlvaE, ®.X.,

O ONO
- O O
(S NeoNeNe

1 0 0) [t 0 0 O
{010 0 1 0 0
o 0 1J,l0 0 1 0©
0 0 0 1

Mpbc xaPopropdby Thy otoryelwy povadtalov nlvaxog, XPMOL =
poxot obuev 16 obuPorov 1ob Kronecker Oij. Atbdi=jel-
vat 8i3= 1, gvd S181 £ elval 813 =0.

‘0 povadt dloc ®iveE mapiotatal S1é Tob cvuBhov [1] A I,
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(%4 P ” P ~ ) s < . ’ 2 2 o
Ot’cw Smpo,ou av exet ey ’cvg fQ\yg:Bpg, M p.ogc.g, 'rnv~c,v~1:nv c'Sr\pa,-
olav Exer xal 0 povadialog wiveZ &v T® Aoyl oud Ty T vaxwy,

- ~ rd ~ 7
lvas, Tob Oomolov wbvta t& otoiyeia elvar O xokelTar
undevevxdb¢ =l vag, IMx.,

[o o] 0 0 0
0O 0Jj,10 0 O

O 0 0O
Tév pndevixbdy mlvaxa maptotdpey pé 0,

"Bow wmlvaxdg tivog A, Evalhayfiorv al ypaupel potéd Thv
~ . 2 ’ ~ 2 ’
otrAlly, 6& wpoxLyvn wivaE, dotic xarelTay cvmAAaypévog

Tob SoBévtoc xal maplortatar pé A° N ué A, M.y,

ay @ daz) [-0'1 Bi a2
A=1B1 Bz Bs{ A'=]az B2 Yo
Y1 Y2 Y3 az Bz Ys
'Eav A = [a33] 66 elval A'= {asi], €& od cvvéyetaw éT0 &-

v M T8ELg Tod A efvar p.v f ToB Evihhaypévov Tov A4 el-

Avd ThY olxovopuxfiy Shwg (dLb&Zovoav onpactav  Eyxovy ol
nlvaxeg, ol Exovieg plav pwbvov ypapuhv H piav pdvov oTHvmy,

‘0 "{vaE, & Exwyv play pbdvov ypappfy xakeltar &t a v v -
opat L xf ypapuh A Stdvvoua ypaupfi B &hic
v avvopa, my. (2,3),05-7], [6,8,0] x.0.x.

‘0 "CvaE, & Exwy plav pdévov otfimy xaheltal Sia v ooy a-
Tuxf oTAAN K Stdvvopa ocTAAM B didg S bvv-

O‘}J-(I, 'J[.X'
;’ 6 —l

s 6 X. 0. %,
-2

T4 ototyeta Tfigc dtavvopatixfg ypauufc xal Siavvouare xfig
TN xoAoBvial cv vioTdoatl TobTwy,

"Tre1 8% elc téy SLavvouatixdy ylpov 1dy v Siadtdoewy 16
Stavvoue waplotatar St Thy ovvieTaynévwy Tov, alTiveg ovp-
SonLxBic SOvavtar v& ypageDy 1 ula mapamiedpug N xatwdev Tig
GAne xal va éywuev obtw wivaxa ué plav ypauhv f ufav oth-
Any, of mivoxec obtol xahgBvtar diavbouata, TobTo, dpwg,5év
onpalver, 81v et¢ nlval elvar &v Stavvoua Sné ThHY Ewwolay
thy Sobeloav el¢ té dudvvoua &v ¢ 1, 0.23, MAv,duwg, o St -
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avbouara yeapual f orfhor, Suevxordvovy omuavtyxlic Tobc of -
xovoutxoﬁg OoN oyt cuob ¢,

Xnnotg THC 6cayvcuoxcxng chp&ng f orfkng, mpde anst-
XOVLOLY pLBg oeLplc apLGuwv Bév el val ﬁpoxaewpcopevn,alk
stvau brotéheoun ovuowvl ac,

Q¢ ﬁagﬁbebyun otavbhoiatog Svvipedr vd  Avagépuuev  THY
xpovcxxv oeLpbv, ﬁucr T oéxen T&g TLUEG pbag ol XOVOuL XTiC
Tcpﬂpetpov eig wpeoucvug eﬁoxag Ouo»wg at  xab’ &pncpévov
xpovov Tepal povAogg OLa¢opwv &yadbty év Sedouévy &yopd e
vai al cvviotdoa evoc 6Lavbouatoc %.o.x.

§ L8, 'Yrowlvaxec.

0f mivaxec &yovv Trv {diLdTnTa v dvarbwvtar elc Tuhua-
Ta, Griva xahobvtat dmomn{ vaxe g,

Noap&dbetypa 1,

a1 B1 Y1
A=lag! Ba ¥z
az1 Bz ¥

H ’
Bav 6éowpev:

[01] =%x2, [By Y] = x

G2 _ Bz Ya21 -
[G3J = %3 LB Ya] *35
64 NaPwuev

(B
%3 X4

G11 O12 | @13 Gia G1p

Napadetypa 2.

!
Qo3 Gpz | OGpz Jdg4 Ozs

2

T4y Oéouwuev:
Q11 alz] . =|:0‘13 G14 0'15]

Xl=
Laz1 G2z Uz3 Qo4  Opp



10L

azy O3z Q33 O34 G3s
X3 = |Oa1 Cap | %a = ! Qaz Qge Osg
@51 Js2 y 053 UOg4 GOss

6 806el¢ wlvaE ypageTat
=l o)
Xz Xg

§ 49, NpbEetg &nl hv =i vaxay,

a)Hpoceecbg' To c,epot.o‘pcn Ly dx wy TN ¢
adbThc ThEewc el v at 'IECVCLF Exuvy & ¢ oTo 4 -
xyela vé& &6polopazna ThyY c,v'cc,ﬁ"cocxwv gT ol -
xeflwy Ty Sob6évTwy mLvaxwy,

O08twg, &&v A = (Oij) xal B = (B_’Lj) 06 el var :

A+B = (aij+ Bij) m.X.:

a1 Bai Y1 X1 Ay Ha aytxy Bithi YaitHa

az Bo Yo | ¥ |%2 Az M| = loagtus Pathz  YatH:

s Bz ¥3 Xz Az Uz az+xz  PBs+ths  Y3+is-

3 21 L1 -1 971 _ [3+4=1 2+149] [ 6 12
* * = =11 13
6 2 0 8 7 -2+8 6+0+7
B)’ A cpa( peotc:'H 6ccnpopc, TV T4 vaxmv T abTfic ThEe-
wg A xal B op«.és'ro,t e xal Td aepoto‘pa Atou:

A - B‘(alJ Bij)

Y)I’L vaxe¢ toot:Adbo mivaxeg A= (alJ)B(B_LJ)
THe adTHc Tagewg,xeyovwat toovéddy 16 v~
t{otolya adtdyv cTtotxeta elvat {oa,fror ajy=
Bij.

§) Horxranrhaoctacudbe wlvaxog &nl bptobpdw
TO6 yLVvOUHEVOVY ﬂivaxogA—(alJ)évtC &pt 6 udv
TLVa K,SZV(‘LL nivat B E€xyuwuyv w¢ oTtotyela T &
ctolLyxela 100 606EvTtog MoAAamAact a0 bév T a
En( X, ’r’rcocB=(1(ciJ)

e) MoAraoarlaoctaopbdbeg 600 wLvéxwv:0 oA a~
"LaciLacpbe Sbo muvhxay AABelvatr ént tp e -
n1é¢c E¢o’boov & &pueuog 'tdﬁv ogTmAdyY T ol A
etvar VYoog mpdg 16v &puBpudy 1dv ypaup & v
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Tol B,

Obtwe, &&v 6 wivaZ A elvar TéZewg m.nxal & B thEewg N.T
0 mOA\ amhact aopbe Sbvatar vé yl VTl

Té yuvbuevov Tob mlvaxoc A téEewg men &xl 1oy wmlvaxa B
téEewcerelyar wlvaE T' = A B téEewcm.r Exwv Q¢ ctotyxela T&

&6polouatas
n
E_:” Glg : Baj

&tuva edploxovtal mOM amhact &Zovteg dravta Té otoiyela THC
i ypauufic Tob wlvaxoc A €l Th& otovxela tfic Jorimc Tob i~
vaxoc B xal mpootétoviec T& peptxd v vdueva,

O¥w, T(L o’rot.xen.a TH¢ mpAhTNC Ypappng, 100 mlvexocg I‘,7tpo-
xvmovo‘w éx Tod moANaTAact ou:mov 'cng npwmng ypaupfic tol A
énl éxbotny orfiny Tob B. Ta G’cotxer.a THC 6ev'repa,c; Ypappng
tob wlvaxoc T wpoxdntovoiv €x Tol moMamhaoct copod 1fic dev-
Tépac ypaupfic Tob A &ni éxborny oTtHAMY Tob B x%.o0.X.

Mapadeilypatas
1 4 3
1) (3 2 1) x|5 7 6=
6 2 5

(3.142.5+1,6  3.4+2,7+1,2  3,3+2,6+41.5) =
(19 20 26)

[2 3 5] [2] [2.2+3.5+57] [5
L1 2 hixi5|=|1.2+2.5+k.7|= |ko
5 5 ol B e duns

a1 By Y1 -Xl A1 oMy
az Bz Yz|sjxz Az M2l =

az Bz Y3 [x3 Az Uz

a1+ Baxg +y1xs a1 +BAp + ¥yl aquy+ Bius +yils
GoXay+ BoaXo+ Yok  aphi+ Bolo +¥oAs  agpy + Bopo + Yol
azX1+ Baxa + Y3xs  ashy+ L3z +yshz  aziy + Balo + Yais

§ 50.’1ou67reC THY =i vaxwy,

"HWrl 1@y movéxwy Loxbovy al x&twbL oxdoeuc:



(L+B)+T = A+ (B+T)

K.A = A.K, Evoa K &pi6péc mpovuart xoc(Badpwtdy)

A.B#B.A

A.B.T = (£.B).T = A.(B.T)

K.A.B = /.X.B = A,B.X, Ev0a K 4pL0pdc mpaytottxd¢ (Ba-

A.BE LD = A, (BET) BUOTOY )
BN ERE L=k

L2 m s S =A AN 5 Y= A AL LA

AL Y =V o pet 1

(fH)Y = (LV)M = ARV

A+0 =0+h =24 xa{ O0,. =4,0=0

& 51, ‘0p€Zovoa nlvarog. M {debwr wlveE.’ ’Aviiogpcgoc
=l vaE.

‘Opf{Zovoay tetpaywvixod mlvaxog, xchobupev tfy  Opf~-
i Ve b e ~ ’, ’ 4 .
Zovoav, THY Exovoav Td& dvtd orotyela xal xatd Y adThY T
Evv pé tév mivaxa,

‘H éplZovoa to¥ wlvaxoc A maplotatar dt& Tob ovuBdrov |A

MA (8LéZwy xakelta & TeTpaywvixde nlvad, odTLvoc #
SplZwoa elvar Suagopoc Tof undevédc.

'Avtiotpogog wml{vaE A”Y 8béwvioc phi (St&Zovroc
wmlvaxoc A, xakeltar & TeTpaywvixde ®{vaE, doTt¢ ToAAamAa~
ovaZbuevoc éni 1év A Sidet ¢ yivduevov povadialov mlvaxa,
¥ -1
ntot AT-,A = [1]

"Ex{ Tdv Gvtiotpbeuy L vaxwy (oxbel B oxéoig:

A=Y = aAmY = (1]

v 52, Bonomrixdg wlveE.

hoBévtoc TeTpaywvixol wivaxog A, AouPdvopev ToHV Eviiha-
yuévov tov A'wal, &v ovvexelq, oxnpatlZopev mivaxa Exovia
W¢ ototxela Todg ovvteheotdg Tav otovxelwy Tfic OpLZobomg
f£].0 oftw mpoxdmtwy mivaE xaheltar Bomnéntixde x (=
vaE Tob A xof maplotatar Std Tob ocvpBélov AT,

Napéderya:

2 3 1 f2 0 -1
A=025A'=;32 I
-1 4 1 i1 5 1
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"241_3A{+32l“

5 1 11 1 5 e
T_i 10 -1 2 2 0 I~ om *1
el el - = )

WA RIS Ea]

§ 53. Ixfouc Avmiotpdem ncf Porermiexod xlvanoc.

Npdc eVpeciv the oxéorwg , THC SoLoTopéwic uetafd &viu-
otpdeov xal Bondnrixol wivaxog, AquBdvope v teTpaywvixd mi-
vaxa A = [a.ij] téEewg 2, xal mpoddtopiZopev tév &GvrioTno-
poy Tov A--,

Sewpobuev TV TeTpaywyLxoy Tivaexa Oevtépac T&Eewe B =

Bi;l, Tov Emampetovta thy oxgovv B.A. = [1], firo

{311 5121 lagy G:ng=f1 OJ
Bz Boot laza 6ep {o 1

3 ~ ~ ~ ’ I3 2
% Tob moAAamhact acpol ThY Sbo i véxwy mpoxdnTEL :
r !
[(‘311@11“‘512‘121 CEELEP +512<122J - i1 0
i ‘l
Bz1011 + Pe2021 P21tz +B2zG22 0 1

"Ex the tehevtalac (odTMTOC MpoubMTEL TO CVOTMUA

B11a11+Pa2aza
11012 +B120G22
Bo1011 + B2l
Bz 1012 + B22022

o Hnn

~ ¥ ’
elc 16 Smotov &yvworor etvar T& B xai yvaworol T4 a.

’Ex thv teockpwy &yvactwy B té& pév 8%o Byi,Bie mepiéyov-
T elg Té¢ 800 mpitac éELchoerg, Ta 68 Etepa &S0 PBoy,Boe
neptéyoviar el¢ 16c 8bo Tehevralac EElchoelc. "Ex tHg Aboe-
we @y 860 ovornudtwy, TV mpoxvmTOVTWOY €x TRV mphTwy  xal
thy 6bo tenevtalwy £ELohgewy evpioxouev:

B — (122 = 0‘22
11 =
G11022=021%12 [A]
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B i _0‘12 . -,
12 - = A
G110p2=0p 1G32 |A|

Bay = =921 - _=CG23
Q1102 =0p 1G22 [A]

Bap = Q11 = %13
011022=021012 [A]

Nopatnpobuey, étu of dptbuntal Ty dvwrépw xhoopbdTtwy i -
*

vat T4 ototxeta tod Bomdmrixol =lvaxog 4, Hrtot

Ar

— A=1 _
S A

Kavv: Aob6évioc Tetpaywyvixold pn (6t aZov -
To¢ mivaxog, 0 AviioTtpogdg Tov edVploxeTat
8t 4 OSivartpéboewe Told BombdBnrTtixod Tov wiva-
xo¢c Otd TR dptZobong Tov,

Hap&detyya:
T3z 1 (3 -2 41
A= [-2 0o 3| A= 52 0 1|
Ly -1 5J 1 3 5]
. -1 _ 12 1] _ ]2 1
, 5 1 5 1
A = R R I I B R [ R _
3 5 1 5 1 3
L2 by 3 s |3 -2
_ 1o -1 N 2 ol
[3 11 6]
= |22 11 11 |
11 L
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2
3 =11 6] | 22
A-1=51—5-;22 11 -11 | 22 1
L2 11 &y 55 5

2 1

55 5§ 5%

§ 54, XapmmmptaTurf] £E(cwor ¢ Tespaywviiol 7l vaxog.

Sewpobuey nivaxd Tiva A, Ttetpaywvixdy xal pf (& dZovra,
v povadtalov mivaxa I, the adthc pé tév 4 téEewg, xal &~
ptOudy Tiva (Babuwtdv) K. IynuotiZouev tdHv wlvaxa A-KL. ‘H
bpiZovoa |A-KI| Bewpovpéym wg ovvéptroig Tof K, dvopbZetos
XapaXxTMptLtoTL XA covadptnoi ¢ Ttol =lvaxoc A.

1
5
A

) 4
Eav, m.%.,

Az'{s 3]

LL 6

G.-KI = {-5 3:‘ -K ;_1 O] = FB-K 3 ]’
Lt 6 to 1 I_ L 6-K

| 4-KT| = 52'5{ 63 l= (5-%X)(6-K) = 3.4 = K2 = 11K + 18 = o(K)
-

‘H Elowotg |A-K.I| =0 dvoudletat X apaxTmpto Tt x A
¢E(ocwor ¢ tod mlvaxog A. 'H yopaxinptotixf) é&€locwotg St-
gvxohbvetr peydlwe ThHY omovdhv ¥ Srapbplicewe tob =l vaxog.

‘H yapaxtnpL otLxfi £Ziowot ¢ Tob- v 1l mapadelyuatt Angbév-
Toc wlvaxoc elvat:

K2-11K+18 = 0
Brig, dg Exovoa plZac Ttolg &ptbuobe 2 xof 9, yphpetar xaf
imbé THY popefiv

(k-2) (¥k-9)=0

“Exacto¢c wivag émainbedetr THAvV xapa xTn-
pLoTiLxAy Tov EE(ocwot v (Pehpnua Hamilton-Cayley).
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Blc ©6 AneBéy map&detyua 64 Exwuev:
o(a) = (A-2.1) (4-9.1I) =
Mpéypate Exouev:
o(A) = AR =114 +181
[5 Rk 3-1 “11 [5 3] as [T 9]
. 6] 4 6] | ,

[5.5+3.4 5.3+3.67 _ [55 33} . |18 o}z
L. 5+6.h L.3+6.6 thh 66 '

(37-55+18 53-33+o~]= [0 o}
Wl -lh+ 0 L48-66+18

I‘svug{g(’hg, g6y A elvar elc Tetpoywvixde ph (OL&Zwy =l vak
xal K et¢ dptBudcg, 6& Exuwuev:
— b _ v Ve 1
o(K) = |A-K.I| = ayKV+a, K¥"+.., +q

‘1 EElouot ¢ G(K) =0 %4 vaaL N yopaxtmptotLxfy  EE{owot ¢
tod mlvaxog A xaf 0& &Anbedny © Lodtne o(A) = O,

"Arodeuavietar* St 'Hyxoapaxtnptotixf éELow g
TeTpaywvitxold cvupetTpiLxod ’ccva*tog,ob'cbvoc;
T4 ototxela elvat mpayuattxof d&dptbpof,d -
xet wGvtote pildag mpaypati xdc,

§ 55. Nopreyduevag mivaE. ‘"Bh&osoveg dplZovse:  mlvaxos.
Eapaxfcmzszem 7L varog.

HoBévtog wvaxog Svviueba va& oxnpaticwuey &tépov¢ wlva-
xag AauBévoviec T4 ototyela, dtiva evploxoviar ele THy St -
actabpwot v ypaup®y Tuvdv xal (oopfbuwy ctmidy tol dobéviocg
nt vaxog. NivaE mpoxdrtwy xatd Té6v vwtépw Tpoémov xarelTal
Reprexbdbuevocg wivaE, Al dplZovoar TRV TeplLeyopévwy
mu véuwy xahobvtar ENbdoocoveg dpi%ovoar tol dpyxixob
7wl vaxoc,

*)’I6& Y Maxima et Minima " tof Ragnar Frisch , METOPPao,
gtc tAv Talexfv vné M.Gilliard, oer, 16L,
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Tod mlvaxog, &nl mopadelyuate,

|_0'1 B1 Yl]
laz Bz ¥z

échoveg OELZ,OUO‘G.L elvar ol 6plZovoar mplrnc TéEew, frot
al Byovouas ev pbvov otoixeiov tod wlvaxoc, xal af OpiZov-
oat devtépag TAEEwWC.

['0»1 B1 lfoy Y [Bl Y1
|
loz Ba2l, [az Y2, 1Bz Y2
Ii vaxog TAEEWG .V (p yooppal xaf v o'vn}\a,l.)'hue fotn Th-

E,Lg Tty #hacocdvwy Spt éovo‘«'bv Tov xo,eopfgs'rc,(. we elvar  @a-
vepdy, Vmd Tol puxpotépov Tdv Sbo dpuLbudv p,v

Bav Grocor ok éNdocovec opf Zovoas téEgwe K, at ﬂpoxmlla.-
oat Ex Tivoc Tivaxoc, elval undév, 04 elva pn&ev xaf cma—
o al 'raf‘swg h+1 e<p000v adTar Gvadbovta elc K+1 6pu-
goucog K t4%ew sxoo‘r'r\ "cwv ool wy ei.vr ¢ undév. ALd tévad-
Tov Abyov 64 e!.var. undév ol g booovec optZovoar TEEewe X+2,
K+3,...

Ka)\oﬁusv BaBpdy % yapaxtmpitotix A v nlvaxde
TLvog, ThHy peylotny TadEy  1dv Elacodvwy SpiZovoly Tov,al -
Tiveg O&v elvat Gmooar undév.

"Bav & Pabude wlvaxdg Tuvog elvar A, 6& elvar Tovh&ytotov
uia é)\ao‘owv 'l:aE,swq; A Suagpopoc Tol pn&evog, gvlh B&elval un-
6év 4Grooar af &éNaoooveg TéEewc dvwtépac Tob A. ‘Exdotn tdhv
&\ aocobwuy SptZovoly Tiy Ot apdpuwy Tol pn&evog 'régewc A, Xa-
Aeltat éA&doocwy YapaxTnptoTt xf tod =ivaxoc.

6 9 &4
Eyer yopaxtmpt otuxfy devtépag TéEewg, xab’8oov al  éAbooo-
veg opizovoa Sevrépag TEEwWE

SR

i Topdbeiyua 1.
‘0 nlvcE
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elval Stépopor Tob undevdc. ‘¢ ENdoowy xapoxtnprotLxfi Tol
x{vaxog ddvartar vé AnedH ula @y 860 SpuZovohv.

Napddet yua 2.

‘0 mfvaE
Eaasid
%6 4 1;
= 90 =12

exe(. xapax'rrp(.c'nxnv tpitng téEewg, dudtL M OplZovon ToV,
fitvg elvar tplang 'rai—;ewg, elvat 8t agopog 'coﬁ pn&evog E)»ac—
owy 8¢ yapaxtmprotixf Tob mlvaxog elvar adth abtm M épl-
Zovoao Tob mlvaxoc.

§ 56. Ivotfiuara ypaupixdv &Ztohoeay,

M\ABoc ypautx@y &7Lchoswv* EnaAnBevoudvwy vad Thy ad-
BV Tipdy T@Y dyvdcTtwy, Todbg Onoiovg mepiéyovv,xareltal o b-
oTMRA YPpOAUPLXAY EELCGCEWY N YPOM KU L X OV
choT My a.

Té ypouppt.xa ouc’cnurwu shyxeLvTaL, &v Yévez, Ex K EELoG-
cewv pé v dyvhotovg. 'Ev T™H xepcmmet, xad’ Ay el val H =y,
6 obornua xorelTar xavovixbv, Eﬁc; nioay GAAMY Tepl-
mtwol v (u #* v) 1 obotmua xohefTalt 4f AXavovi xb vFx,

'EB&v 16 ypapuixdv odotnua glval xavovixdy 64& Exn ThY pop-
Pnv:

Q11 X1%¥01pX2+e .. QapX, = B3

Op1X1%02zX2+. .« O2yX,, = B2 (1)

Qy1X1+0y2X2te o« Qpyxy = By

L e ~

T6 dvwtépw obotnua maplotatal cvuBoitxdc G¢ €ERC:

M

aijxs =By, 1= 1,2...,v
=1

*)’ Egﬂowowg TLC kéye'rc.c ypapptxf &&v elvar wphtov
Baepob’ ¢ mpdc 'toﬁg a:{vdmwg, To6¢c omolovg mepLéxet.
) Eviote, é&v p<y, &vtl ovotfiuatoc Aéyouev S ®o o 6 -
oTMHa xal 4y u>v Aéyopey YV repodoTnua,
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"Bav 16 ypappexdy oborrua elvar pfi xavovixdy, Hrot °Fy,
08 &xm Thy popefiv:

QrixytlioXp+. .. T0yXy = B4

Gg1xX1*t0pz X2+. .. tapyx, = B2 (2)
R
Atv ¢, maplotatar cvuBoluxiic St
v
j}; ay5%5 = By, 1= 1,200, 0

Melota elvar 1& npoPAfiuatc, Ty drolwv M AboL¢ avaye-
Tat el ThHY Adouv ypauut xo® ovotfuotog.

'Rav wLy. 3 B wapt.c’rwcn Tac elonpdEetc éx TwAfoEwy # 'rag
Sambvag o1’ Cwooc.g QpL OHEVRY TOCOTATWY ajj emtopevpcm:wv o b=
’\ZOKOYLO'}-LOQ THY QXE'ELxuv "L'LpJJv xj dbvara va avaxen glc Thy
AdoLy EvbC Ypﬁpgtxou GDO’TmmTog. Knl 16 :wmc*tpccpov Tpd-
BAnua, xre o0 Sidoviar ol 'ct.pm. a5 3 Thv éni pépoug emtopeu—
povccuv at ﬂpmvgm:owouﬁe toat elc dradoytxéc m)\ncet.g n &~
yopac xal &mrobvian af av'uo*rmxo'. TcochTqTeg X3 qncopeupa:ruw,

Bepoduevar orabepal xath Tag Sragpdpove TpdEeg, Adetat omuwg.

‘Opofwg, &’ evog ypauuixold ovotfuaroc dbvatar v&  dmoho-
yiLoBloL v al X3 Trual v peyebly, 6tav yvwplZuuev tobc oTa=
Buixobd¢ péoovg dpLountixobe Tobtwy, g xal Tobg owTeAeoTAC
oTabul cEwg TOdTWY aj j B, &vtiotpbong, va 67:0)\0'0.666)61,\) of
ouwe)\so'cou. otabuioewg, eewpouuevon otabepol &’ Exactov Wy
peyediv,étav elvar yvworal af Tipal Ty Ot agdpwy peyeOBhv
*xablc xaC of pdoot aptBuntixol todrtwy.

‘Opolwg, S06&vtwy TRY cVLVONL XDV eico&npmwv By, Vv ThEewy
brdpwy elg p écwopovc mpt.oxa,g, xaf iy apl.@pwv ajj Ty
Rap L oTOVTWY TH Mneog Ty cm:owv excw't'r]c TéEewg xal  mept -
oxng, Svvéueba va ebpuuey T scco&npa EXaoTNC 'ruEewg Bew~
pobuevov cupa’taﬁhmov elc T14c Suapopovg =Reptokdg, Ou’ Evdc
ypoppt xod ovothuoatocg.

"Ex 10D mpoavagepbévioc TVOTAROTOC (2) dvviueba va xata-
oxev dowpev todc wlvaxag:
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011 G126y @11 G12...03y By

Gz1 Op2...02y Q21 G22...02y B2

@ o0 0e 0o 0r o0 6 ec 0000000000000

G Gzee-Opy |5 | Op1 Quee- .y By

0 uéy mmog Tiy 600 T vaxwy XO?\SL’CO.L EANL nng n pn
TN p 6o O debrepog xakeitar KA fip 7 ¢ mivaE tof ovoTfuatoc.

@avepov Toyyavet, 4tL o psv e)»)\wmg 7l vaE exet. wc gTolL -
xela Tolg o‘uv're?\ec'ra,g Ty v c,wwo"rwv o 68 annc_; Eyxel Ay
Thv ovwexeowwv thy dyvhotwy xal piav otfdny éx tdv otobe-
p@v Gpwv Bl.

§ 57, Aborg xavovixiv cvorrudtwy,

=24 xpnccpowonnoupev 'co,g opt.éovo‘ag 7pd¢ kucnv Guo*rnpcuroc_;
v eE,Lowcewv exaotn Ty o'nou.ouv wspt.exe:. v avacrcoug. ‘H AD-
oLg Ty €v AOYW ovo"tmo:rwv &t va ExAfidnoay xavovixa, dtev-
xo)\uve'ca;. onrovte xlig L& "mg xphicewg ThY opL;ouowv xal Ty
mvc.xwv w¢ 64 S amt oTwd a,uecwc; XOTOTEPW xal év tolc émo-
pLévot c.

"Eav 16 xavovixd obotmua Exm 8o éEichoeig pé Sbo  ywd-
otovg, Sbvatrat v& A&Bn ThAV popefiv:
a1 x+ By = Y2
a2 x+ B2y = ¥z

‘9 yphotg wag Ty yvwotdv éx thc AAyeBpag pedddwyv  (&v-
Tt 6s'rwv GV VTEAECTAV, &M L XOTaOTa0ewg, ovyxploewg Ty 8o
Tepdy €vO¢ ayvmcrc01>3 64 udc Bombfom va ebpwpev, &o’doov el-
var a1fz = apsf1 7= O,

- YaBe-yaB - SaYz-02Y3
T aiBo-azfi ? a1Bp-a28;

Al gbpebetoor Tupal Thy dyvaotwy Sdvavtar vé&  ypaplot v
xal obtw:

1 E ; a; Y

. L = |92
* oy 1] o Y ay B
az Bo» az By

‘Onofwg 818 ©é ypaupixdv obornuas
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Gy X+B1y+yw =8,
ap X+ Bo¥+ Yo = &,
as X+ Bsy+ ysw = O3

64 evpupuev,Eq’8oov f oplZovoa TEY cvvieheotdy TV &yvhoTwy
et var dudgopog Tob pndevdg,

51 B1 Y1 a1 91 Y1 a; B1 O,
2 Bz ¥z ax Oz ¥» ag Bn &p
0z Bz Y3 asz O3 ¥ as Bz 03
BB y= e ’w = ——— e s
ax Bi Y1 a1 Bi Y2 ey Bi ¥i
az Bz Y2 az Bz ¥z az B2 Yo
az Bz ¥s az Bz ¥s az Bz ¥s

‘H popq)’ﬁ Thv Tiuly Tiv Gyvhotawy TéooV 6:.&: 10 np&n:ov cn’)-
otnua, 6oov xal Sté T 65u*cspov totodtov, Gyet el¢ thy &~
vaZATnoL v yevix el cEwe End cvcrcnpc:rog v é&o‘dx)‘ewv TEPLEYOD =
oy v &yvhotovg, frror elg Thv Abovv Tob ypauptxod ovorfiua-
TOC:

Q11x1t Gi2xp t ... ta1yx,, = By

O21X1+ GpaXe +...+02vX, = Bp (1)

ayixX1+ GpeXa +...%+0, Xy = By

Mpbc AboLy Tob dvwtépw ovorfuatoc (1) épyaZéueba &g &-
Efic:
LiapLothuev Thy 6pliovca Tdy cvvtereotdy Tty dyvhoTwy pé
A, Frot
G131 10w C!.lv

A - 0'21022...0:2\)

PR 90 e P e 00 s

Gy 10vz . . Gavv

raf mapt otiuey pé Ay 'cov ovvre)\eo’tﬁv tob ajj . 'Ev ovvax»:(q
&po® no)\?\mo\umaompev cpqurepa té péhn exdotne Ty EELod-
cewv Tol ovotfuarog (1), a,v'ncrrot.)swg, &l All,Azl,...,Avl,
7\‘.p00'6€’l:op€v tbe EELodoet g, Mrror, wg Aéystat, crwbva.éo;.;ev
vpauptl xlic tae EELctioevc (1), 51 & xat ANFAWY  ROAAGTACOL G
otly. ‘H éEl{ouwoig, Mg 6& mpoxdyn 64 meptéyr uéVOV TS X1,
Auétr, ol cvvteheotal TRV X3, Xp,...,X,, 06 elvar:
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a11811 + ap1Bpit. . +ayhyy,

GiphA11+ apzhpat.. . +tayshys,

(IlvAll + Q2 vAz 1t... +G:va.v 1

¢€ Qv & pév mpltog elvar M B, of 88 &ow elvar undév,dusd-
TL TpoxdwTovy £x THc A, &4v avti T¥¢ mphtng orhitng Béowuev
Thy deviépav, ThHY 'tpC'mv %X.T.A. OTfAMy, éte 6& Exwuev bpl-
Zovoay ué 6vo othhag Tde abdTéc.

T6 Sebtepov pérog THe egtomcewg, 8& elval
B1A11+Bahpi+...+Byhy,,

Smep eivar 16 AvbmTuyna opLZobomg, HTLg mpox$mTeL % THC A,
g4y el thv A dvtixataotaddf 1 wpdtm othAAn dnd Tdv B, Bz,
oo c A mS

By ¥ év Aoy opt.éovo‘a, ATLc exen o.vormuypa, T4 debdtepov
péhoc THC samwoewg, napactadfl ué A, 64 exwuev

X1, & = Ay

wal ovvendc

x = 21
A

*Boyazdue vou wath 16y adtéy Tpdmov,AToL ovvdvaZovTed Yeau-
Huxle tag & ohoetg (1) pé moMamhaotaoTdg Api,Aps,...Azv,
LT Avl,A e:""Avv waf wapcc'r&m:eg pé Ai twhy OpiZovoa,
ThHY npoxvmovcav éx the A &’ avnxa’mm:co‘ewg Thy Bl,Bz...,
By Omb tdv dpwy tfic i orfAng, eVploxopev

AP A A
x2=—a‘—3x3= A:’> ’“-:xv_—'[sv—':

do’8aov elvar A# O.

Baoet Ty dwwtépw, mpdc Abotv évdg xavovixold  ypauptxoB
ovotfuatog, &gapudZouey TV x&GTwdL x wdvaF:

Ko.vé)v. Ppaupuxov cn‘)o"cnua v €ELohocewy de~
v o,vao"cwv dvnmyupévov elg¢ ThAvy popofiv
, £9'8oov 1 opﬂéovo‘aA THv vZ cuvvTeEN e~
By 1oy ayvhortawv elvat 8itdgpopoc Tob pm-
v

T &
(")
ot
6 4

b¢c, Exer plav pdbvny Adoty, ATiug edpl oxe

*)'0 xavdw odtog dgeidetar el ToS¢: G.W.Leibniz » 1678,
xa{ G.Cremer, 1750,
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Tat AapBbvovieg G¢g TLufAlv €xdotov dyvaoTov
6 tMAixoy Th¢ Statpéoewg dbo SpLZovody,
EE av f pév mphim 6& mpoxbmay éx tHe A &
dvTtixaTtactboewe THe oThAlNe TRV ocvvTe N e-
ct®y Tob &yvdotov,9md TdvV cTabeplv S pwv,

(3 P

H 6é Sevtépa B4 el vatr 1 A
Tupddetype 1:

16 Avofi 16 ovotnua:

2x- 3y+w = 1
X+ y-w = 2
3%+ dy+2w = 1
YExonev:
2 =3 1
A= |1 1 ~1|=25
3 3 2
11 =3 1 2 11 1 2 =3 11
2 1 -1 1 2 -1 1 1 2
e B el
25 25 25
EE Qv AouBavopev: x = 3, y==2, w = -1,
Hapddetypa 2,
N& Avéfy 16 oborrua.
2%, +X3 = 24
3%Xp - X3 ==15
Y Ey ope v:
2 0 1
A=1{1-1 0]=5
o 3 -1
24, 0 1 2 2L 1 2 0 24
17 =1 0 117 0 =T
xolm15 3ol g Mo -ts b o 515l
5 5 5
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59, Bedpmua toB Rouchd (1875).

“Iva chmpt.xév O‘UG’L’"’]HO. u éZiohoewy pé v
bdyvhotoveg Exm Aboiv n s(vac,wg GANwe ANE-
vyetTat, cvpuBLBaoctdv, mpémet Aol dpxel & &n-
X%ﬁﬁg ral wAfApnc nfvag To0d ocvoTfApatog va
gtvat Tob adtod PBabuobd*,

&

v ¢ ’
LoTwoay oL Tl VaxEC:

011012.. .01y | a11012...01y B3y

Qp1022.,.02y 0210pp...0z2y B2

8 e 2006006006000 6 s 0 e 0cb e e

0202 .. OuY |5 | 0uaGyn. ..y By

¢ Qv & uév mpGrog elvar & &Mhumhc, 6 82 Seltepoc & mMfpng
=l vaE Tod ypapptxol ovoThApatog

.5."1 aijszﬁi » 1= 1,2,00.,0
J:

} 7 ¢ . ) s ~ - . ~

Eav N etvat 0 Babudc duootépwy Ty L vawyF*, & ﬂprOC
éx tobtav (6 wlvcE va ovyteheotdy Thv dyvaotwy) 64 exn &~
Naooova bpl Zovoav, MTLC 6@ el vat uégopoc Tob undevdg, To-
Eewg A, T& owonxsna T év Aoyw OpuL Zpdomnc avnxouveﬂgh TOY
v dyvdotwy xaf el¢ N Tdy p égcowdewv 700 ovoTRLaTOC.

Mpbc ebpecty tdv Aboewv tol ovocfuatog Bewpobuev pulav &-
Aaooova xapaxrnpnctnxﬁ To0 uh TAfpovcg ﬂﬂvaxog.’uv cvvexs(q
&x TQv EELodcewy Tol ovoTfaToc \apBavopev gxel vy ag povov
ge Qv ehn¢encav Th owouyccc qu dptZobong, Blg Tde é&ELoh-
oeL¢ TGUTGQ peTa@Spope” Eog e 6“DT800v uéhoc Tobg dmorol -
TOLE V= avadmovg, Ty ORofwy o« cvvieheoral S&v mepLe-
Apbnoav etg Tﬂv optl Zovoav, Al dndhoimor EEiclicelc Sév AE-
vrinpetodv, &¢ doov elvar ovvémeital TV Tpomyovuévwy,

“Araoot at Aboet¢ ToD cvothmtog 64 edpebicw Sldovrec alg

*) Thy dndédetiiy tol Oewphuatoc mapahelmopev, g &Eepyo-
pévmy Ty "AaLolwy Tod pabfipow ¢,

%) @avepév Toyyaver, 6tiL & Babpdc To¥ TAfpovc ﬂtvaxog
bév 6vva¢ac v& ecvat puxgomspoc Tob pn Tknpoug,xoﬁ 8oov pe-
TaED Tty éhaccdvwy tov etvar Gmacat af To¥ mphTtov.
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Tolg ue'cacpepeév'rcg V=X éyvd)o'l:ovc_;, af)ec.l.pe'coug Tipbe xal &-
xoho0Bwg Abovteg &v obotmua N éELohoewy pé A &yvhotove (&

57).

"Ex tod Aéyov, 6ti xatd ThHY Adavv Tod O’UU‘L'T]}.LOJEOQ 6560uev
adBas pétovc 'upqg elc tob¢ v—x cveJo'roug, Td O‘DO"L'anL el-
yal v~-)x (popag cntpocr&'.opl.d'rov n, hweg, déxetar_ piav (v-r)
Ty &dretplay AMoewy, Mrov ©6 oboTre ’éxal. oV Aboet .

Mapdderyua 1.

NG eVpebliict tpel¢ apibuol, Tdv omolwy & pév péoog otTa-
BuLxde dprOumtixde elvar 2, pé ovwreleotdc otabuicewg dv-
TLotolywg, 4,3,1, o 6& pécro% TobTwy, pé ovvteleotic oTabul-
oewg, vtiotoiywe, 2,5,3, elvar 3.

2 T ~ ] 2
"B&v x,y,w eivat ol Tpelg Zntobpevor d&pubuol, 6& Exuwuev:

Lx+dy+rw

2 =2
2X+ 5y + 30 3
10 -
8E Qv ) opBévouey
LX+3y+w = 16

2x+ by+ 3w = 30

AopBévouev 10V MM xal TAApn wi vaxa

v o3 1] e 3 1 16
2 5 3 [25330

0t Obo mivaxeg Exovv xcspax'mppcmxﬁv Sconépag  ThEewg,
xab’'boov Sdvavrar éx 'covfl:wv vé é&’,axewm 7ivanec OSeviépag
TdEewg, Mé avuc’ronxovg optLZovoag Stapdbpovg Tod undevodc.ALb
To%7To Saxowu amA Ry cmst.p(c,v Adcewy, aff'n.veg 84 chpewo‘t.v
dool 8o8F pla a.ueaipe'rog 'u.pn eig 'rov gva c,vao'cov xal, Ev
ovveyelq, AOR 16 obortnua g mpdg Todg S0 GAAovg c,*{vd)-
oTOovG.

Napddetyua 2.

N& Av6f} 16 oborrua
X+27+ 3w = 14
5x+10y+ 150 = 6
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‘0 éMimie wCvaE
1 2 3
5 10 15
exel. 184 ototxela T mp@dTMC Ypappng Gvddoya Tdv ototyefwy

¢ Sdevtépog ypauuic. Zovemg at uev optZovoar devtépag
téEewc elvar undevixal o 8& wlvoE elval mphrov Rubpod.

"Ex tod mAfipovg =i vaxog
[ 2 24 Sy
| 5 10 15 6

AapBavouev Thg Opl Zodoag

R I I
5 6 10 6

4 1“, = 162

15 6

Emt&n, )\owvw 6 pév 'anng 7l VoE elvai Geufcepov Bo~
Buobd, o 8¢ un mnpng ebvar mphtov Babuol S&v vvta.pxe(. rbog,

Mapddet yua:
N& A 067 76 cborrpa:

X=y+w = 2
2x+ 3y +2w = 24
IX+2y+ 3w = 26

, ” . o » T ’
Tooov & EMMLmAG 600V xal TAfApng =i vaE el var Sevtépov Ba-
Buol xal, ovvenlic, T6 obotnua elvar cvpBiLBactdv, Hror Exet
Aoy,

J\:scén 6 "iveE o oxnucrrl.éopevog éx Thy ovvieheoTdY T@Y
dbo ﬂpw'twv gELohoewy Exel piav éhdocova devtépac 'ra.E,ewg ot~
agopov Tol pn6evo<,, 6uvapaea. va éyxatoleiywpey THY TplTny
ééjfcwcnv ral vé exwpev uiav drerplav Adoewy Tovdvo’mpa'vog.
Tolto opwg bév onpou, ver 8TL ebc ol oobfirote v Ayvéotwy
dbvatar va )\aﬁn TLuAY a,ueo.t.pe'rov O%ng, énl mapadelypome,
&y dvviueda vé Showuey el ¢ Tdv y ad Bat peTov TLUAY, BLOTL M
bdpiZovoa Tty ovviereotdy Ty X xal w etva

1 1

g of =0
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Enec&n, opwg, n optZovoa Thv ovwe)xeo'rwv thv X, ¥ elva
Ot &gopog Tob pnéevog, dvvhueBa va evapev Thc¢ 'rt.pag Thy X,
¥ ovvapthoet Tod w, Tlpdc Tobto Adopey T6 odorrua:

X=y= 2=
2X + %y = 24 - 2w

xab chﬁcwopav x= 6-w, y= L, A s*co,o'tnv auec,cpe'vov 'r«.pnv
Tod w, 64 Eyxuwuev mo,v 'L't.p.”rlv 700 X xat plav TLufv Tody Aol
Wi ay xvdcv Tob ovotfiuatec.

§ 59. Ivorfuara v+ 1 &FLofoeny pé v &yvhotovc.

ngnoov\penurcog TUYY QVEL bl ﬂept.mwcl.g, xab’ Ry 6 apcepog
TWY egt.o‘wdawv 1')7cspBa(, ver xath povada Tov dptBudy Thv &yvi-
oTWy, fitor ol pév Gyvwotot elvar v af 82 éELohboeLg v+ 1.

Elc 1é cuornpa tobto 6 pév pf MApng nl vaE 64 elvar b
TOND v Baduob, 6 88 ’anng ('ce'cpcwwvwog) 04 elvar T6 TOAD
v+ 1 Baeuou Tvvenlg, €&v exn AboLy 1o o‘uo"cnpa, dneudf ol
600 mvaxeg 84 EC\’O.J. "cou adTob Baduob, é "\:M}png nivak npEnet
cma.pa.t.'rn'rwg va Q.LT] exn endooova )(c,pa.mnpw*nxnv v+ 1 t&Ewg,
TT‘COL npEREL n opcz_,ovcya, To¥ RANPOVE Tivaxrog vd gtvat undév.

“00ev, 1 ava.'{xal.c, xal odyxi (xavh ocvvOhAx m,
‘(va Gvo‘ftnua, v EELcdocewy pé v+1 dyvdaotovg
exn Mbouy, EYXELTGL elc ©5 vd elvar umn-
8€v opuéouo‘a tod mAfpovg ni{vaxoc.

Sdv & xoLvdc Bcﬁpog @y 8bo mvixwy ef var v, €& dol ota-
T l.u.o, pdyn Advorg, Bitve 84 evpeen &’ avu)\ucrswg,'coﬁ oVOTH-
HaTOoC, om:p 6& wpoxdyny SLd Tcapaket.wewg ptdc ol aodfimote ThY
SoletL oty &&Lolhoswy,

HopbdeLypa:
N& Av6fi 16 chotnua:

29x+ 45y = 75
X=-5y = -2
3%-5y= 1

‘H 6plZovoa 108 mhfipove nlva og el vai undév, ol
29 45 75
1 =5 =21 =0
3 =5 1
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Av’ Emunbcewe To¥ ovotfpatog v 8bo EElchoswy w.y. ThY
890 TelevTalwy,

~Z
1

n

X~ 5y
3x=-5y

edploxopey x= 1,5, y=10,7

"

8. 60. Tpqusixd dpoyerti cvotfipcre.

Katd 'mv AoLy Suapdpuy év 'cn TOAEEL o‘ovc,v'cwgevwv RPO~-
BANuGTWY, c:{opeec, elc yoauutxé ovotfiuata, @y Ta&ev'cepo,us-
Am By Ty eELolioewy Ty szc,t, 0. T& cvcm:npcro, Tabta, T& o-
mola xahoBuey ypoaputxd dpoyevd, Exovv, yevixlc Thy
Hop¢iv:

U11X1 + QioXo + ...t Ct,lvxv =0

Qp1X1+ dgpXp + ...+ GpyXy = 0 (1)

¢ GuaXat QuoXe t.LlF QypX, = 0

Elg 14 f\UOYE,VT] ouofmpoxco, 7 opi éouo‘a. To¥ nxnpovg nEVaxog
{oobTal gs pn&ev, €7E<.L6'Y] aravza 16 orotyeta ’L‘T]c; terevraiag
CTTATG E:LVCL(. 0.%06ev, © ,Ba.ﬁ)poq to% mAfpovg mva.xog Sév 60~
vatat véd elval HEYG)\.UTGQOC dnd 1y Ba6p6v 0¥ éMhimofc mi-
vaxog xm, cvvenwg, 84 sxupev néviote Xucw. Hpampcm:t, 16
Op,o',svec Gvo’tma Eyet ow'co'ca Abory, dvriotouxodoay eig THyY
Toufy 0 & "8hovg tol¢ dyvdorovc.

Ec.v "EO 8o8év olormua axn ~ca(, ak)\nv Aoy pn pn&avcxnv
64 Exm dnelpovg )mo‘ex.g, 6Lo'|:r. gdv exam:'q 'cv,p'q'rwv a,vao"cwv
nol)\an)\wnaoen én{ 1év adTdy apcepov 64 mpoxbyovy dptBuol,
oftiveg 64 6{Sovy Aoy To¥ cvoTALATOG.

A(,a. va exwpav Opwg arelpovg kﬁceng 5é-
ov oxwg,o‘vpcpwvwg npég T ev §58 Kaxyev"ca. o BaepégK
tod un 7:7\1]pouc xt\’c.xogva. etvat pLxpdrte -
po¢ To09d apnepov ThY avacfrwv.

‘Q¢ L&La.ucepcw xspummw cuva.v'twpevnv O'vxva,mg xatd Thy
Aoy npoﬁxrpu.'cwv ecpo.ppoywv, vacpapopev zé Opoyeveg Ypa.p—
pl.xov O’DO"C'qp.c. om:p sxex. m'c,p:, epovg eguo‘wenc npdc wodc &
Yvum:ovc; todtwyv. Iva T6 cvo*rma TobTOo exg desz.g Suapdpovg
¢ pn&evuxng, npéner xal dpxei vdé elval Hn -
SEv Tl e Léovo‘a 108 pf xifpove mivaxocg,xaw’
ocov 84 cwfcwmouxn s«fg ’T.‘CLUTT]V XOPAXTNPLITL ATy TAEEWS L XPO=
tépag Tfic TdEewg TG opuooucng.

Naodde L yua: Murel Tig xal dyopdZe épnopa\}'paﬁ:a. e{c tpb~
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nov, Qote va exn { colbyt ov eEonv xal éc6dwy. Bav Thc Rw=
Koupevac; ﬂocé'rmag eswpno‘wuev We 6eTt xovg a.pt,epovg xal Tde
dyopaz_,opevc.g Qg dpvnTixobe opl.ep.ovg xal &ni TAE oV, Vobéow-
pev, 8Tt al dyopacdeioar xaf mwAndeloat moodimTec e?vcm..

a. Muépa: ~5 + 2 + 6

B Tuépa: 8 -4 + 9

y! fuépa: =25 +10 +30,
molat af Tipal Thv TpLdy elddy;

"Eqv thc Znrovpévac Tupde, mopaothiowtey pé x,y,w, 88 Exw-
HE V:

-5%x+ 2y + 6w

8x-4y+ Sw

-25x+ 10y + 30w

inou
N oo

0

'Eret 84 M optéouca, 100 un n)\npovg i vaxog elva 0, dag E-
Xxovoa dvéhoya T4 OTO(,XSL(L Thic mpdng xaf Tplang Ypappng,’to
obotnua SéxeTal nal G\ ac Moeu ¢ &xtdc ThHe undevixfic Touab-
ne.

*Augbtepor ot wivaxeg tol ovorthuatog elvar devtépov Pa~
Buod xal, ovvenddg, TO ocbotnua Exetr axeipove Avoeig Oudopé-
vac dmd Tol ovorfipatoc

-5X+ 2y = -bw
Ax-by = -9

<

Ev@a 0 w AouBdvel TLpdc adbarpétove.

&y 16 terevtalov obotmpa Avbf Bewpovuévov Tol w g
adepd¢ w00l TiTog, 64 mpPoxd¥y

x=10,5.w , y= 23,25.w
&€ od Sramtotobtar, 411 elc The Srapbpovg Tipbe o w B4
dyvTiotoLxoby Tipal Tob X petaEd twv &vdhoyor. T abdtd Sra-
mroto¥tar x4l &ud Tdc Tipag Tol y.

8 61, Tpozdiopiayibe pietic dxepalag ovvaprhicowc.

YEotw 7 pntA axepal a ovvapTtmou ¢

¥ = apx¥ + ayoaxV=T4, L +aix+ ag (1)

2voa v dxépatoc xal Betixdc dptbude,

Accmo‘tov'l:o.(. sﬁxo?\wg, o'rt. g4y elvar yvwotol ol ovviele~-
otal Gy, Gy_qyeve50g, €L EXOTNY TLpfv Tob X &vTeotoryel
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wla xai pdvn tiph Tob y.

’Evtab6a 6& 6éowuey 16 &vriotpogov mpdfinua, Smep Suatv-
moBTaL Q¢ GxorobBuwg: Aobetcdv adBarpétwy TLudy TLvwy Tol x:

Xos X1y, X2yees
xaf Thy avtioTolywy Tupdy Tob y:

Yos Y1, Yore--

motov Séov va elver t6 mAHBoc thy dwwtépw Tk, {va xabo-
pto6% v mohvdvopov Babuod v, Srep 64 NauBdavy bg &dvticTol-
Xovg TLpag THY Xo, X1, Xg,... TAG TLHAC Yo0,¥1, ¥2---;

‘0 xabop:opdc Tol moAvwyduov &vc’we'va.t elc 16y xaPopLoudy
ThY v+ 1 OV yTENECTIY TV éumpopwv dpwy Tob TWoAvwydpov, TA-
YVWoOTOoL, ’EOU’CSO""LV 84 etvar ot v+ 1 ovviereotal Qyy Ayo1,

06 o Al

'E&v tbc Sobeioac 'r(.uo.c Ty X,y dvtixatactfiowdey elg TAY
(1), 84 AéBupev 6 cbormpa:
. V-1 u
avxoTcuv_,xo *e.o 0, T Y,

v Ve . 2
QX3+ Gyo1X1 ... +a =Y, (2)

@ 9 e o @ 0 00 0 v e s a0 s s s e R0 e o

L

3¢’ 8oov elvar ywworal v+1 Tupal Tof x xal (o8ptBuoLTt -
pof Tody 16 obotnua (2) 64 &roteleoh Ex v+ 1 &Eiohoewy pé
v+ 1 &yvdotovg xol d¢ ypoputxdy cdotnua 64 Nvb6f xord Té yyvw-
ota.

MG vh sxn AbGLy Té O‘DO’C'ﬂp.(l (2) 8éov M SpiZovoa TdY oV
TS?\SO’T(UV v m{vwm:wv vé elvar Stagopog tof undevdg) Enewdf
58 M &v Noyw OplLovoa 64 el vat opt?;oucm dvvauewy, 6x,ava.ez—
var Stédeopog Tob pmdevéog Séov Srwg al Tupal Tob X elvar pe-
TaES Twv St bgopor (§45),

Zourépaoua: Axepaﬂa pPMTH cvvédpTmnotc B a -
Buod v, 60va,'ca¢. v & opt.0'6n 'rexe!.wc éx T L
pdv t4d¢ O6mofag AauBlaver, 8tavdx Aap B avn
v+l Stagdpoveg GAAAAWY TeLpbc .

Hapbdet ypa:

Eav M xa,u.vtv)\r Ty &cbdwy 1od Kphtovg ﬂG,pLO’TCLTG.L 15710 pn-
Tfi¢ cuxepo,tag ovvap'mcewg SevTépov Boﬁpoﬁ mola el vau ncvy—
xexpLuévn Tabtng pop¢f, dobévtoc étL T4 eco&a elc tola &=
adoxt x& €tn noav, aviiotolywg, 21,27 xof 30 Sioexatouubolc:
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*Exet 8% 1 YEVL XAl popof THc ovvapTAcewe el va

y = (I;zxz + aix+ 0.0’
&4y mopaotfiouwpev pé Xg, X1, Xz T Tpla Stadoyixb Etn, 64 B-
YXWUE VS

Xog =1, X3 =2, xp =3
xaf, &’ &vtixatactdoewe elg THy mponyovuévny ovvdpTmoL v,
az + a1+ Qy = 21
hao + 201+ aq = 27
9az + 3a1+ ay = 30

’Ex 1fic AMboewg Tob ovorfiuatoc TobdTov AapBdvouev:

21 1 1
27 2 1
30 3 1 3
= = = =1
e 1 1 1 2 52
L 2 1
9 3 1
121 1
L 27 1
9 30 1
Uy E—— = 10, 5
1 1 1
L 2 1
SRS
Gy = 12

O8twg, M Znrovuévn xaumdin didetal vmd 1H¢ ovvapThicewg:
y = =1,522 +10,5x+ 12

§ 62,°Axépar oz ovvaptfioet ¢ &x TavtdTmrog undév i éx Ttav-
té1reoc Vo,

YEotw O0TL M OV VAPTMOLG
y=ap+a, e, L+ %

AouBéver dtd v+ 1 Tipbg 100 X, v+ 1 pnéevtx&g TLpubg. . Tee 6
Gﬁo"r'nua, TRV v+1 é&_’,ccwcswv ué dyvaorove Tobg v+ 1 cvviehe-
o*vou;, wepl Tod oiov e’{evs'r:o ?\oyog eﬂg fcnv TOOMYO VUE VTV
Tapaypapoy, eq, elva opo;;eveg xal &¢doov 7 opngovcrc,'mvovv-
TeEAECTAY ThY dyvaoTwy el val S1&popoc Tob pn&evog, 84 exn
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play pévov AMSavv, ThHv prdevixfv, Hror ag = a1 = ap = ... =
ay = 0

Tvvéreta 'rov'cov elvar 87Tt nyea elvat undév S1é waoov
Tupfiy 100 x xafl 6 moAvhwvpov 64 elvar &x TawTdInToC LMW
*Aviiotpbgug, €8v elval
ayXY + a1 X7 L+ a, =0

‘c'mta.v'ceg ot ovvteleotal [Goy Gy Gzye.ey Gy elvau pn&ev B 6=
u,n Tcw'vo'mg S€ov va, gmxaAnfedetar O1La wAcav TipAy Tob X
%pa xaf Su& x =0, $1¢ 64 elvar ag = 0 xal

¥

a.va+c.v_‘x"" + ... +Q1X=0 M

x (a,xV"a, 1xY"2+, ., +a;)=0

3 ~ ~ ’ . P
Ex thy 860 mapaydviwy, 6 mpldtoc Sév undeviZeTor ®apd pd-
pa ’ < ’ -
vov 81& X= 0, Gpa mpénet o debdtepog maplywy vhelvar éx tav-
ya »
totntoc O, mMrot

V=1 Y =2 =

xaf 6t4 x =0, ay = 0.

'EnavalapBavoviec té6v adtdy ovAloyt oudy moArdxic 68 ef-
PULEY :

O%twc anedelyxdn T6 £Efc Sedhpmuar

‘H dvayxaia xal (xavhh ocvvéfAxn {va & xe-
paia pnth ocvvéaptmotce etvatr éx TavtTdintoc
undév elvar va €xm Gravrtag Tol¢ OCvv Tele-
014 ¢ Loovg pé undév,

Bewpoluev Ndn 880 &uepalac pnrdc ovvapTAcEL ¢ Tob

y= a“X“+ au_lx“‘l+ cee +OYX+ Oy

= By X + By ¥+ L 4Bax + B,
cul"rweg Kapﬁa.vovv Thv adthy Tepny 8¢’ ot.a,vémto're TLuhy Tod
%, fitol 14 8bo morvdvopua elvar £x TavTtdTtmroc Loa.
‘Yro6éouuev étL p>v,
B4 Exwue v THY Tavtérmas
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ChHXP"'Q}J-IXP-l*''-+a'vxy+0v..1x-""l+...c,lx+q0;5
BVXV+Bv-lXV"1+‘ o +B 1 X + BO
A 1fy toodbvapdy Tng
Gﬂx“+a}1-1 X“_l+' b +(G'V-Bv)xv+(a‘v-1‘ "Bv—1 )Xv

+oeo+(a1-1)x+ (ag=Bo)= 0

, Bboet Tol mpomyovpévov Bewpfluatog, mpoxdniel 6TL el -

&g
vay

oo _j,.z

O’cno,av+l= 0’

% = 0y 0p-a

ay = Byy Gy = Byoyseeey 0o = By
Mpogavidg xaf T6 &vm(drpowov ioxﬁet. Svvenlc, al edpedel -
oat (corgmeg cvvacwovv Thv avayxo&av xaf ixavﬁv ov vOfmY
51& va elvar al ovvaptfcElc ¥y xai w éx TavtdTMrOC (O .

O8tw &nedelybn 1d EENC Oehpmpa:

“Iyva 600 &xépanac pnTal dvvapTﬁd&thoB
x elvat &x tavtdinrtocg Loat,mpémetr xal &p-
xel vé elvalr Tob aumovﬁaeuou xaf of va-
tTeheoTtal tHy adTtdv Svvéduewy Tod x vi el val
{oou.

63. Térnog mapeuporfic Tol Lagremge.
s{8ouev év tol¢ rpomyovuévor ¢, (861), 8t % ovvéprnolg
y= ayx’ tay T+l o (1)
84 mpocdLoptadfl Ot edpéoewg TWY )y Qy,_ 150 ..y g

MeTd Tﬁv évtbxaxéowaOLv THY ovvTele oTdY WS ThY  TL by
Twy, S’ GVTLXGEGOTGUSwg, gy TR ovvaptnoet T0d x Omd TLvoC
6eéopevng Tupfic Tov evploxouey THv dvtiototyov TLufy THCY.

84 éEetdowuey oM uébodov, xab’ nv, 2o 8oov ecvan*wuowaf
v+ 1 trpal 100 X1 X, X1,..4x, Xal e &vTLcTOLXoa TLpGL
To¥ Yi Yor Yiseres Ty 8vvape%a vd evapav Tnv Ttpnv e y
Tnv avtnomocxovcav eic dobeicav Tl v TOU x,avev dvTLxaTa-
otdoewg ei¢ thy (1). ‘H pébodog, Si'#¢ ennrvyxavexac Todto
xahelTal peeoéog nape._lﬁo)\ng. ‘H peeoéog c,vr-q owi-
oTaTal ecg Tnv evpeccv Tng g;novpevng Tiafic &1 dvtixata-
oracewg elc ténov, Sv 64 eVpuuev gvtabba xal OBy xarobou
TORoY mapeuPoriHc.

‘Yrépxovy Sudgpopor T¥moL mapepPorfic, dpelAduevol elc Tdc
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Suragdpovg xPMOLpoToL ovpévag pebdbovg. ‘0 Thnog mopepuBoAfic,
14y omolov 64 eVpupey dvtabba xaAeltaw TOXROC T o p EP-
BoAfic Tol¥ Lagrange.

Bl¢ t6 odotmua, Omep Séov vé MN&Puuev  mpdC  Imoloyt opdy
1y ovvtereotdy, (§ 61), mpoobétopev xal TAY &Elowory (1)
xal obtw 04 Exuwuev obotnua Tod dmolov 6 4piBudc Ty EELoh-
cewv 64 elvar xatd povdda peyddtepoc Tol apt buod Thy dyvi-
otwy., Té obortmua todto Sud va Exm Adouv Séov omug i dplZov-
oa Tod mAApove xCvaxoc vé elvar pmdéy, (859),ftor Séov vé
loxdn % {obtng:

Y ine
y x xV7l . .x 1

v V-1 _
Yo Xg Xg TeeeXq

'Eav bvantbEwpey thv dvatépw OplZovoav xaté T8 ortoixeta
THe mpdtng oTfidng xal év ovveyelq tde OpuZodoag,al TLveg el -
var of ovwteheotal Thv oroixelwv tiic al othiing, vantdEwpcy
xatd 184 yvword, (§45), elc yivdpeva map aydvrwy, 66 Exwpev:

Lvyvteheotfic 10V ¥
(xo=%1) (xp=x2 ) (xy=%3). . . (%,~%,)
(x2=x2) ( X3=%3 ). .. (x3-xy)
(x2=x3)...(x2-x)
(%y-yxy).
Lvytekeothc Tob Yot
-(x = Xl)(x"xa)(x - xs). eolx- Xv)
(x 1= a3 )L L (x3-x,,)
()(2-x3), 00 (xe"xv)

( xv-— 1‘xv )

S
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ZvvteleoTAC Tol ¥i:
(x -xo)( x-xp)(x-x,V. .. (x-x,)
(xG-xz)(xo-xg,), .o (Xcﬁ‘v)

(xa "Xs)o-- (2 "Xv)

(Xy_1=Xy)
xal oftw xaBeEfic uéxpt Tob ovvtereor ¥ Tob ¥,, SoTig elval
(-1)V=(= -xo)(x- x)( =xg)e.. (2% y)
(Xo-xl)(xo—xz)o o (xo"xv-l)
(x1x2),..(m-%,_,)

------------

"Bay 1Ay EElowot v, Atig 64 mpoxdym petd 16 dvamtuyua THC
SpuZobong émiaboupey wg mpdg y, B6& ABwuev
y= (x_xl)(x-XZ)oer(x_xU) y -
o
(xo' xl) (Xo-xz\- oo (Xo"xv)

G mx0) (e g0 s G =x,)

(Xo‘ X9)(X1=%p ). . (x 1‘xv)

Y1 +

(X —xn)(x "’xl)(x "X:,)- ..(X -x\l)

(k) (105 ) (X3, . . (Xp%,,)

Yo =

(_1)v (E-X\,)(X-xl).-.(x'xu-l) ¥
(%o=xy)(xy %), o0 (Xym g =x,,)

A& Taxtomol icewe ThY Spwy Tob Sevtépov pélove AauBavo-
HEV:

+

= (x"xl)(x"xa)-~-(x'xv)y +
T Y S

(x=x0)(x=%p)... (x-%,)

(x1-x ) (x 17X2). .. (%3-%,,)
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(xox0)(x= %) (=) (X=%0) 5 L ()

(x2-%g ) (x2-x1) (x2=x3). . . (x2=xy)

. o . o LI} . . s e o o . . .

(x = %) (x = %) 000 (X = xy_1)

(x)=%5) (xy=%2). . . (x,~xy_1)

+ yv

‘0 tomoc (2) gtvat 6 THmo ¢ rapeuB orfic Tol La-
grange, (1795).

"Ev 1% neptntdoet, xab Hiv M ovvdpmaotc elvar mphrov Pa-
Bpod, ¥mor v = 1, o mpomyobuevog THrog AauBdver ThHY popofy

X-X X =X
y_-____._.__l_. yo+._.___.o._.y1
Xo—X1 X, ~Xo

%, 814 wpoobéoswe xal &garpioewc el¢ 16 debdrepov péhog Tg
X ~-Xo

’
TOTOTNTO
ML TR

Yo, THV popofiv

X=X
Y=y, + —== (yo-¥1)
Xo- Xl

Tév T6mov toltov ebpopev elg T& MABHMATIKA NISTERE, (o,
45), &vea Eyéveto ypappti xf mapepBolf, HAror dvrexa-
Teotdbn, wpdc TOV oxondv &mhomoiAoewg, TO TuHHa THC Xapwd-
Ang Tob Uyovg xeparalov, elg ThAv obvBetov xepahatomolnoty,
td duepyduevov 61 & 6o onpeiwy, dnd Tob edBLYPAULOy Tufua~
tog Tob Stepyopévov 61L& TdY omuelwy TolTay,

Map&der pua: Blg 16 mapddetyua the § 61 Exouev:

X°=1’Xl=2,X2=3
Yo =21, ¥1 =27, y2 =30

"Ex tob eVpebévioc TOROV mapeuPorfic 64 Eywuev:
(x=2)(x=3) | 21 + _(x=1)&x=3) o5,
(1-2)- (1-3) (2~1)(2-3)

+ —(-—LLX'1 X=2 30 =
(3-1)(3-2)

y:
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2. 2_
o XEXAE oy f__if_ﬁ_ﬂ s
2 -

2,
+ X<=3X+ 2 30
2

=R

y = -1,5%x2 +10,5x + 12

§ 64, Oehpmpa zob Dascartes.

AdBauey &x véov ThHY ovvdptvioty (1) THc RPOTYOVHEVYC Tar
pcwpdq)ou xaf dmoBéouwpev, Gri Sud ;.u'ouv Ty TLpdy Tol x, E0Tw
THY Xy, 1 dvtloroiryog TLpufi The ¥y, N ¥y pn6evt.ée'cou. To'rs, 6
Terevtal o ﬂpOO’GETSOg Tob devtépov péhove THic (.o‘o*cn'rog (2),
'rng ﬂpowouuemg ’KGpCIYpOQOD 04 ,m&evt.cen xal ol dméAhotmot
opot. 84 axovv ,cor,vov napdyovta TOV opov (x-xv).Tov'to ovve-
néyetal 16 STv M ovvbpT 1oL ¢ (1) elvar Suatpeth Sué (x-xv)
xal, cuvswwg, {ooltat mpdc Td Yl.vc’mevov tob (x-x,)énl &xe-
pcu,av ov vépTmo v Bcvepov v - 1, Av'cto'rpocpwg, g4y ny elva
6Lcups'm bt.ou X—Yv, dte 64 toobtaw mwpbg TO  yiwduevoyv Tod
(x-xv) énl dxépatov moAvdwopov Babuol v - 1, 64 umdevlZetar
oth x=x,,

"Ex Thv dwtépw cvvayetar Td £EN¢ Gehonpa Tod R.Descartes

(1637).

‘Havayxala xaf {(xavf ocvvehxn {va cvvap-
TNnel ¢ pn&eviée’tac L& TLpAY TLVA x, Tod
x, etvar % StatpetdTng TH¢ c)vc,p'cncswgét’
X=X ,

v ~

‘YroAiowuey, 'r;fm, o’c(. v €x Ty Sobetoliv tiudv tHc ¥ ci-
var undév xal udvov M ¥y, elvat 6La,(popog Tol p’n&avoc Téte o
ThToC (2), THg moomyovuE VN mapaypdgov, AauBdvet ThHY  pop-

efiv:
y = (x-xl)(x—xz),..@-xz_Ly
o
(o= 1) (xgmka ).« (x,%y)
Y . 1
n, Eav TedH Yo = K

(st 1) (k2o -« (xg-%,)

TAHY popefv

y = K(x-xl)(x—xz)---(x-xv) (0.)
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'Ex tol teievtalov Thmov ocvvdyetar 0TL: maoca axepala
cvvé,p'c'r\dngy, v BaBpod, Aitrc pndeviZetatde d
v "Cl.pcx,g X1, xz,...,xvmoﬁ x, elvar dravpeth &’
Exboctov Thy drwvipwy X X1y, XXgyes X~ X, X a f
b6vatal vé Te6f Sné ThAv popehv(a),? 28a K me-
pLOTA Tpaspas wubdy otabepdy &ptBudyv.

§ 65. THrog wapeufolie Taf Nawicor.

v » ~ T 3 2 ~ 7

Evepoc tdnog mapepPoriic elvar 6 tdno¢ 105 Newton, OV
64 eVpupev &vtabba. Ipdg Todto jpmotponotolucy T& xdTwoL
obuBora:

(xg,%) = =Lr=L- (1)
(Xg,%1,%) = (me}::) -X(XQ,X) (2)

(anxlq Xz)‘(xnoxqu) (3)

Xo =X

(xopxl’ x23)()

s e e e ¢ . . 0 s e o . . . e » . - .

(-{O!XJ_!'""X\)—].) (xn5 xl-ou-nx\J—P’x)( )

(RoyX1s ey Xyop¥) =
Xyr1-%

tvBa ¥ dxepala pmrf ovvaptnoic Tol X Babuol V.

Al &vwtépw moodtntec éEaptdiviar éx Ty Sedouévwy xal xa-
AoBytak cvvapTnNoelL ¢ mape B ol Rg,

Haparmpoug&:‘! ote 24y St x= Xo elvat ¥ = Py 'n ov vapTr-
oug (1) 04 elvar &dtepala ocvvéptmot¢ Tob ¥, B pov ve1,0L~
bt. €@’ boov i & x= Xo stval y= Y., h dtagopd Yooy 64 e"fvcu.
StaLpethi 61 & Xg-Xq, ‘Ouoiwg 7 ovvap'rncng 2) efva.t. coct-:pa.ﬂo.
ovvdpTnoic v - 2 Babuod ¢ npég x, xaB’dcov & dpiluntig €
vat mohvdvouoy Babuod v - 1, oatep pn&ev:,z;e'ca.t. OLb x=x3_ xaf
quexwg, 6Lou.pe'|:ov 814 x-xl. Ouoiwg n ovva.p'cnmg (3) elva
axepal a vaap'rnotg Babuol v - 3, &1’ ol¢ lo*{oag a,vsq)"pcpev
rpomyovpdvwg, Zvvex(Zovieg xatd tév adrdy Tpdmov 64 xaza-
ArEwpey elg 16 étL 16 obuPBorov:

(xogxngZ,- ..,Xv_1 ’X) = (xnsxln ce qx\;:’.”)':f)}innxllt oo o* v"2-.-x)
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04 mepLéxn 6 x elc ThHv undevixfiv. ThHv mocdtmra Tadtny woa-
~ rd
protliuey pé (X, X1, Xay..vyXy).

"Ex 1f¢ (1; gvploxouey THY Tnpﬁv The ¥ xal &vsuxaech&n
pev t6 (%o, x) ¥nd tod Yoov ~ov, breo mpoxdmuet ex T (2)
?Avtuxabotdpey, xoatdxriv, ©d (XO,Xl,A, b7 Tob Toov oV, é-
TEP sﬁpioxousv éx ThcC (33 xaf oBtw xaBeEfic, péxplc od év-
TLXATAOTHOWLE Y TO (X Xl,.,.,Xv_ 9X), 6nsp 04 npoxuwm éx
(4). ToiovtoTpdmwe 6%, Exwuev:

Y =¥+ (X-%5) (%o, x1) + (r=x,) Gr=x1) (%, % 1, %p) +
+ (X'Xo)(X"Xl)(x"xz)(xo,xl, Xo, Xs) + ...t
+(x"xo>(x'xl)---(X"Xv—J.)(XO,Xl,---,XV) (5)
‘0 t67oc (5) elvaw & T6moc mapepBorfic Tod New

ton (1687).

"By T ﬂepcxchsc xab’ Hiv 1 ovvéprnole y elvar mpdrrov Ba~
Buol, O mpomyoduevog Thmoc & pdg Skom:

Y =y,+ (x..xo) oV
*o=¥1

‘0 16moc odtoc elvan 6 adtdc pé TdY evpeBévia O’ Egapuo-
yfic To0 Tdmov Ttob Lagrange.

Hapddetyua:

AapBavouev 16 map&detypa tHe § 61,
Xo=1, Xl=2, XQ=3
Yo =21, Y1 =27, Yo =30

5 21-27 _ 21=30
=21+ (x-1) B2 o (x-1)(x-2) 122 12 .
1-2 2-3

y=-1,5%+10,5x+12

§ 66, Aber ¢ xavovixof ocvotfuotoc ué Ty wi vimwy.

THy AboLy ypauutxod xavovixod ovotfAuatog Ot b thy  ®t v~
wy 84 dhowuev du b ovyxexpl pEvwy mapade typbTwy,

1. & Mwof 18 obotnuas
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BX:L +x2 =11
Té obotmua TtolTo YpageTal:
{1 2 ] "xl f?]
3 1 x2] LM
"Bév, mpdc edxorlav, mapacTthowuev TOV mpWTov mivaxa pé A
tév devtepov pé X xal toHv tpitov pé B, W dvwiépw EElcuwotg
ypdoeTat
A-X=13B

MoAA amhaot &Zopey auedtepa Td uéin thc tehevtalag &ELoh-
’ ’ v . s —r
cewg &xl Tév mivaxa A=*, 6te AouPbvouev thy EE( owot v:

AT A X = A‘l.B, €& %g RpoxdmTeL:
(a) X = A"LB

‘YroAoyi Zouev tév mlvaxa A=T:

1 3 r 1" =
A = o 1 . AT = _—5 Al }AI = = —5,
1 2
A-ler [
m ‘-3— --:l-
5 5

A’ dvtixataotdoewg év TH €Euvctioer (o) Tol wvaxog A
dnd ¢ TLug Tov, AauBavouev:

1
3 7_3
2 . -

£ 11 2

1 =
5 5
L ol
5k =5

Gpa x1 = 3, Xp = 2

2. N& Mof 16 cbormuar
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X1-2X2+X3 5 2
5x1+5x2 =20
X1+ Xp=2X3z ==2

’1:‘ ~ ¢ - 2
Ex tol ovorfuartog TodTov mpoxdRIEL :

1 =2 1] x4 2
3 5 0].|%| = |20
4 1 - 5o -

Avd tRic xphioewe Tob ovuBoirtopod THC mpomyovuévng donf-
oewe AauBbvopey THY EE{owoL v:

Ae X=B
8E Pc mpoxdmie
(a) X=A"1B

‘Yrohoyionbe Tob mlvaxcs ATL:

1 3 -
A= |-2 5 1
|1 0 -
|5 1] _|-2 1} |-2 5]
0 =2 1 =2 1 0
-10 «3 =~
T ,3 -1 1 -1 1 3
At= |- + - = 6 -1 3
30«10 |1 -1 |1 3
|5 1 -2 -2 5|
1 =2 |1 . AT
= 0| = =14, A™Y = =
A -5 ? -2 ’ Tal
10
+?-E +:’% +:’%+
- |. 6. .3
S B T Y R Y
8 _ 1 11
1L L " 1L

Oftw &’ avtixataotdoewe et¢ thv (a) AouBbvouev:
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10 3 5]

14 1L 14 .
. 6 1 30 .l o3
H = \"1% 1% 7L - [Zg =
e O N & B 3

14 "% 7L

*Ix 1hec lodtnroc Tol mphtov xal Televialov wlvaxoc ocvva-
YeTal :

\

¥ =5, Xp =1, X3 = -1
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TYMIIAHPQMA KAI AZKHEEIZ

9o EvpeLv, e@ "8coy Todto elvar Svvardy, Td xdTwdL aepon—
guata, wnaf eng Ty mep{nTwoly tol advvdérov TngnpOGescewcva
ava@epen S Néyoc:

¥ 3
a. tﬂ + |0

B: [-2, 3, 1] + O’[Z’ 5, —6J
v/ [2, 5] + 3+ 10+ [1

) T
2. Edv elvat

2 X1 5
3 oty Xo = -4
5 X3 OJ

< ~ ¢
vd evpebodv 16 x,, X, X

3, "By elvat

x1' 3
5 | % =|0
X3 5

3 ~ ’ e ~ >
evpely 1dg ovviotdoag tof mpdrov Tdv dravvoudtwy.

be Dy "ExacTov GTOpov eewpovpev Buavucpatnxnv Ypﬂppnv -
xovoay WG vaaomwcag tfv uxiav, 18 Yyog xal 6 Bapogrov.
“Exe. Evvoiav n npédeeocg étavvopamwv ava@epOpevwv elg dud-
popa npéownag Exeo gvvorav © nokkaakaozaopog €vég ToiobTov
Stavibopatoc eni plav orabepdv moodrmras

5. ELg £xao0Toy TRV WEANaTEV peYdAcov Tnvég xaxaarnpamog,
TV ﬂpOpnaevGSVva SLGwopa euBU Gewpoupav v Sumucpaypqr-
pnv,’wou orolov al cuvvioTioal exwpazpvv TGC,KGPG T0d ﬂeka—
TOV ayopaoeencag roodétrrag. N& dravificete elc 1d épwrfuata
Tod mpomyovuévoy TPOPRATIATOC, :

6. N& éxterecdoly of xdrwdr moAhamhactaouol :

i B -5] ' [—ﬂ
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—_ N O -

-2
-1
4 -
5

£~ O OWw

|

r
ye [X1 9 Xo ,X3} 0 l

O O -
O - O
- O O

|

Te mvpew, g¢’8oov tobto elvar Sovazdy TV AOOLY T@Y xd-
Two cwxncewv

U

al [x,, x,0 L7 5:] [7,0], evpeiv 18 Sidvvoua T8 Exov

OUVLOTWOGE Xy, X,
3. [:-2 1]{“} = [5] , evpely 16 dtdvvoua ©6 Exov cov-
5 -1 Lxg 7

LOTROAE Xy, X,

. k) ~ ’
8. N4 éxtehecHoby al xdtwdt wpdEeLc:

f3 2 13

al 5 t1 -4 -2 {2 -1,
1 4 0 0
(3.’5—25 2-10
1 C6 01

A= [?) ;J, evpelv 16 A2, A3,
10. "Edv

A= I-j‘ }J, evpely 16 A4,
11. 'H Exgpaotc
v

‘z“ijxj‘_‘a‘i1x1 + Qyoxp teso+ Aguxy, 1=1,2,..00

il
xahefTaL ypapptxf popef we mpbg thHY petafimriv x.
Moxe x3=2%x, + x5+ 5xy4

12, ‘H Exppacic
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gov

2 3 ay =

l
i=1 3 745

Gy 4 X4 Y1+ Qg XqYobe oot QX0 Yy +
Gp 1 K ¥y + Qoo XyYot.eotOyyXyyy +

F it etsssscscsecs0ccnssen e . +

QuaXpyr ¥ o X Yot o+ y X, ¥y

dvoudzetar &{ ¢ ypapptx?h (pilinear) uopo?h  wg modg
Xi5 Y oxe

+

+

IX4 Y+ 2%+ X4¥3 +
Xo¥y = 3%Y, + Oxpy3 +

O0xX3y4 + X3y, - 6x3y3 =

+

+

3X4¥ 1+ 2X4Ya + XY3+ Xo¥y T 3o + X3Y2~6X3¥3-
Mepuxf mepintuotc g 8¢ ypauutxfic popefic elval éxeivm,xad’
v

a;s=ass xal x. = 02

£ J= ga J
&te n 8¢c ypaupitxf pwopen dvoudZetal TeTpayYWY L X G uo p
o7 wg npbg xi. oXe

2
Oy X 42+ GpoX? + G33X3®+ 204 ,X4X, + 203X 41Xy + 20, 3X,X 3.

13. N& énarnBev67j Std cvyxexpiuévov mapade fyparog Stu

I. (4+B) =4"+ B’
II. (4B) =BlA’
IIT.(4BT) " =T.B. 4

14, N& dmodeuy67) Etu
(4B)~'= B™'. A™1
[(B"’. A=')8B= B, (a7'.8)B= B~'.B= [1]]
15. N& dnodeux67j Sti
(A7) = (a=1)°
[é’A“A)E AT (am1)°

A=t.a) =[] = 1]

A'(a7") = [1]} »xai, ovvemdc, (87')" = (A')"B
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~ = PO [
16. Atdovtai Td diaviopata a, B, TiY OMOLwy at AvT{OTOL=
~ 5
XOL CVVLOTEoAL E£LVat

2 <= 1 2 s o~ ’ ~

(7;'?:_31/25 3 )) ( V2 ! 3y3? 3_)" Na Sépeenﬁ ywvia  Tov

&vo Stavvoudtww Aapfdvovtec 1d Sbo Stavdopata wg Sravicua-
Ta ypappds 1 GTMAGG.

—_
K
"Eme 189 dc_yvwordy, (§ 13, tdroc (15) ), €dv at ovvioTd-
car o8 & elvar (ay, a,, a3) xal 108 B elvar (B,, Bs, B3),
84 elvas
= T 4 . 2 . ’
a.B=a;By+ 0P, + a3Ba, Onep Sbvarar vd mpoxdyn xal dud

10¥ moAhamhaotacpod.

By

[ay, @, a3] . |B,

06 Exwpev Tdc xdtwdt oxboetg:
1
'7?

e e .,

O = V2 VR 3] (3VE | T

‘Ouolwg B2 =1 B

1
"V
- - - - 2
owi@, =57 [, 5 4] |50
2
5

” ’ L4 r4
frotr td Sravbopata elvae xdfeta,
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IT. MITAAEZ APISMOI

§ 67. ‘Opropof. Eig ©8 mediov Ty mpoyuaTL XY Gp L Budv,
uq)t.o*ca.v"co.t. ﬂpoﬁhmaxa un 8vvoyeva vé AvBEoL éx  Tod Xéyov
6t 16 ouc’rma. AN eeuxwv xal dpvrrixdy, _ovpus Stpwy wal a.-
Uupue'cpwv apnepwv elvas e))\u\:ag. Me’ca.é;ﬁ TRV npcs?\n)m:cwv ab-
TV swa.z. 7 egcx{wm p(.é'qg pé belxtmy apuov a.'nf)p?v Ty Gp-
vy kv dot Buiv xc.r,, ot dxorovdiav, 1§ Aoiv¢ TG SElodoewy
devtépov Babuol, wv n draxpivovoa etvat &pmexOQ apt6ude.

Mpd¢ Adorv 1ol npoa.vougchev'cog npoﬁ?\mcwog 6mupov6n 76
ovoT T 'rwv MPAYHOTL YWY dpt Budy &id 'mg e(.ca.ywmg TV oL
Yc.&u)v dpt 6pwv Y dexbueba {oybovtac Todg yOuovg
tfic todtrroc xal Tdv tecodpwy Bepehtwddy mpdEewv.

‘0 apb@p.éc; tof Smofov 1é te'rpo,ywvov {oofTal pé€ -1 xahel-
TaL 9avTacTixfn povdc xaf T(G.pLO'TCLTCLL 61.0, Tod ooy~
Bé)\ou i. THic eavTacttxf¢ povaéog encayopev xal mdoac ra.g é-
maveATyerc 1+ 1, i+i+i, i+di+i+1i,... xal{ wdvra td pépn

4 bl i 1 i 2 b4 ¢ ~ ) . L
Tabtng mroL 59 35 g0 [Ip0¢ EXTENECLY TNGC GPalp TEWG ELTA~
yopev xal thy dpvnrixfy gavtactixfy povdda -i.

o¢ ct.pnepoc ot éx povddwy i, =i xa.(. 8)t L pdy adtidy  ouvy-
xe{pevor xakolvrtalr ¢avtacTixol ap LO6pof, w.x. 3i,
7i, =51 x.A.m.

0¢ éx mpayuatixdy xal PaAVTATT L XDV dptBuiv GUYXE . UEVOL -
pLuol xarodvtar pwiyddec H pryadixol dp 6uof,
".X., 5+5i, 7-2i, -5—+1 KeNoTo

‘0 pév npaypa'uxbg o.pz.epoc; Tob pwaéog CLpLelJ.OD A AeTTOL
Tpaypatixoy pepog abtod, & 8¢ pavtactixdc a1 8ude
xaheltalr pavrtacTtixdy pepog adrod.

AoOévtog pLyddog a.pt,epov a+ Bi, O GeTixé¢ npaypcvcnog a-
pLeude a.2+ Bz xakeftalr yv dpwyv T0¥ pwa&og. ‘H Betixq Te—
Tpaywvixf plZn 108 yvduovos xakeltar péTpoy (modulo) To®
pwa.&og xal maplotatal S1d T0T cvuBdAov mod (a+Bi) f Sid
t0¥ ooppdrov |a+ Bi|.

»

Mueydcg apbepég a+Bi 64 elvat LO’Og BE_ BN~
8év udvov el¢ THY mepimTtwoiy xad v elvat
a=0 xaf [3:0r
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§ 68. Tpuywvopetpixf] poped @y piydduy dptL6udv.

AeSOpevov, 8ti S uiydc a.p(,@pog a+ pBi efva.t, 'ce}\e(.wg nQ~
BwpLopévog dLd Tdv npawmuxwv a.px,ep.wv a xal B xaf cwfrt.-
cmpécpwc;, Guvcw{e'ca,(,, Sti mdv otoiyelov edpiouducvoy elc TE=
Aelay a,v'rncr'cocxw.v petd ét.omafcaypevwv Ze Vv KpG.YpGTLX(DV G-
p(.epw.a; dbvarar vd Tebf el Ts)\em.v &v'rt.o*couxt,a.v pé tolg -
Ya&a.g apLBuode xal ovvendg, vd ypnotpedon mpde dneLx8v oLy
TOVTWY.

Ou'roo, évvapseo. va cme.,yow.cm)p‘,v év q:(f Eminédw wiydda a.-
pLOudy a+ Bi, &1’évéc oruelon M, (Tx.22) Exovtog Teturpé-
vy a xai tetaypévny B.

¥

M

o
£ 8

P [
4 iA

o a a &

Iy, 32

‘0 péy opuz_’,éwcnog &Ewy, éni tof onofov ch(icwe'mt. 6 a
xc.)\sr.'ra,r. a.é’—;wv T TPaypaT wav,o &€ wxtaxdpwpoc, éxi Tod
onouoo hay a.vm:cx.(. 0[3 m)\svccu. GEwy THY fpavTacTt x Gy, TS
ént ne&ov €9 o Op[,ZO\)"‘(lL td bi1dpopa onuela,td civ'r',crfcouxovv—
TQ E0C 'rovg pwcbc,c; apLBuods xedettalr piyadixby €
nedov fH énimedov tod Gaus s,

"Ene 64 onueioy v M t0¥ pwa&mou redlov xaeopz,Z_,sL e
duévvopa O, t6 Exov a.pijv 'cnv Ty GESvwy 0, XG.L avt Lorpé—
Pwg, S00€v Scavvo‘pa OfvT X0V aoxqv 6 0 opu‘;u gv  omnuelov
M, 60\1041560, vd anszxovco‘wpsy totg pc'{aécm: apcepoog 514 dra-
vucpcvtwv 0% éxinédov o Gaus s. H Totabtn arelxdvioLg xa-
Aeltat Stavvopati xm.

Td¢ no)»t.xc.g dvv'ce'ra.mevag p,0 (no)\cxﬁv n 6a.o,vvopa:c(.xnv
axtiva xal mo\txAy ywv(u.v) xaAofuev évtabba, av'u.d'rouxwg,
puétpov (modulo) xaf prtopa wob pwdbog a,pl.epov atBi.
Té uérpov p Aappdvetar mdvrtote Getixdv,
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éa.vepov 'rvaave:., 8t ELC pnyac; apn@pég Exer Ev 're)xs(.wg
wptouévov perpov xal wlav dretplav Spioudtwv diapepdvrwv G-
Mot xatd moAharAdotoy Tod 27,

"Ex 10% opGOwiLov TpLydvov OAM, (Zx. 32) npoxdmTEL  OTL
glval

p.ovvb

= p.mub
2 = g2 4 p2

T TR
1

"Bdv dvt{ v a xoi B tol a.pt,epou a+ Bi TebioLy ar dvar
Tspw 'cupa.n TWY , S pLyéc apnepég AapBdver THY TELYOVOUETPL=
xfy popeiy ,

p (ocvvb+ imu6)
pdg 6Laxpco‘w, 'r'qv pé€v popefy a+ Bi xaholuev xapTe-
ctraviy, 'l:r.v &¢ e'rapcw p (ovv6+ l'rp,e) xahoBuey T p Ly w-
VOUETPLXAY N TON L xHAv poppfv 10T utyddog dptbuod.

"Ev Tq ﬂEpLKTwUSL, xab’ nv &vo pnxa&eg aptepon ecvan LGOL
6d npenet vd napcctwvrac uno Tov aumov anSLOU Tov enune-
dov xau, xratd cuvexezav, Td pév perpa Twv 6d elvat {oa, Té
&€ opuopama Twy 64 6La¢epwcc xatéd moAhamAdoov nepn@epsu—
ag, nmou xama 2kT, evea k mapiotd tvydvra apceyév axepan-
ov Betixdy 1 apvnruxév N undév.

Evxérwec Svamiotodvrar td xdtwdi:

o¢ npcwpo;rx,xo:, apc Gpoz, exovv p.e'rpov {ooy xpég 'rnv cmo—
AvToy TLpfy Twy xal 8pioua 0 N n dvarbywg édv o aptBude et
var Getuxdc N dpvrre xdc.

o¢ ¢avTaoT vxof apc@gou 'c'qg popoefic Bi 8xovv pefrpov tooy
npd¢ ThHY andhvtov TLpfy To¥ ovvieleorod B tof i xaf Spwona,
{ooy npég > 7 32 dvarSywe édv elvat B Getixbg napvml.xog,

Abo pwa&eg a.pz.epoc a+ Bi xal a-pi éxoviec 16 adtd npa-
Ypo:rl.xév uépog xal c,v'rt.6e'tov 18 ¢avractixdy, xakouv'mt. ov-
ZoyeiT¢ puyddec xual 9né tpiywvouetplxfy popefy  ypd-
govtar p(ovwO+ itub), plovvd - inub).

§ 69. Hpbodeois xal depalpeaic.

‘Qc GBpoLoua pnyaéwv dpt epwv voofuey téy piydda G.pl. Budy
8y o‘vvm'rdpevov €€ EAwv Tdv povddawv tdv Sobévtwv. QbTwg,
6 GOpotoua TdV a+ Bi xal y+ &i elval

4

a+ i+ v+ 8i = (q,;f.,Y_)?,_ (B4 &)1
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Té c,epoco'po. &80 cvZuy®v puyddwv a+ i, a-pi elvai npa~
yuat L x8¢ aptoudc 2a.

‘U doalpeoic pryddoc dné tivog Ehov, dvdyetar elc Ty
xpéabeoiv To¥ dvti6étov Tov.
O¥twg Exopev
a+Pi-(y+8i) = a+pi+ (-y-81) = (a-y)+ (B-8)i.
Bx 1R eupeeeﬁo*ng SLapopdc ﬂpOXD’K’E“L, O’L'L’ 73, Sragopd dbo
pLyddwy a+ Bi xcu,~+8~ ewvar 0 povov £ Oocov e~
var a-y =0 xal p-8 =0, Hrov, é¢’8oov elval a = y xaf

B = 6.

Hapatnpioesce

I. O¢ pwcbeg apLGpOL 8év &bvavtar vd ypcupwo‘l. xafco. oeL=~
pdy peyéBovg. 'Ex 1dv &vo c.pt,epwv 5+ 21 xaf 7+1i, énl [ RQpa:
68(.*.:}.10.’[:!., 88v yvwplZouev molog elvar 6 puxpérepog xafl mof-
0¢ O peyaAdTeEPOC.

II. O¢ v0p01. T wpoaeaceug xaf o.cpa.(,pw‘ewc om:u-sg
oxbovy &1d 1od¢ mpaypatixodg a.puepoﬁc Lo‘voovv xai 814 o
ptyddag.

’
L=
5
veg

YAg Gewprpwpev n&n, gti ot pwaésg e&derpw, vné TPLYWYO—
pETPLXAY wopehy xai Zmeltar té &6poroua 1 1) Stapopd adtdv.

"Eotw, éni mapadelyuati, Sti £860rgay ol uiyddec

p, (ovv6+ inud), p, (cvvd, + inusd, ), p3(ovw6,+ inubsy),
veoy PylovvOy + inub,,

’ ~ 13 L% ~ 2 P
xal Zrettat m evpeoig tod abpoiopardc Twy,

"Bév 6 zmroduevov &6poioua mapactadf $né tof dpubuod
p. (Cov6+ inue)
64 npéner vd elvas

p= V(p,oow8, + pyavv6, + ... )2+ (pymub, + pymuby+. .. )2=

V(o2 + 02 + +..4+2p,p,00v(0,-0, )+ 2p,ps00v (6536, J+...

xal
v v
. %pgcuveg .. Z1p~o‘vv6€
oove = L= = =
P > )

'Bdv, éx{ mapadelypati, ol mpbc mpbobeciv Sobévtec dpL—
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GpOL elvar 860 pbvov: . p1\0uv6 i 1np6 ), p, (ovve, + inus,), 64
Exwuey :
p= Vp2+ p2+2p,p,00v(6,-6,),

povYB, + p,oVVE,
P
pamuBy + o,
p b
Mpoxetpévov mepl a@abpedewg tef p, (ovw8, + inud, ) &nd 1of
o, (oww6, + inu6, ) 84 exup;

ovvb =

e =

p, (cov6, + inub, ) - p, (CvV6, + inu6, ) =

= (pyovv6, = po0v6, )+ 1(py b, — py s, )
xal dv TebF

piovve, = p,ovvb, = a

Pymuby b, = B,

7 Stapopd 64 S{detar Ynd to¥ GpiLOuod a+ Bi, Sotic Exer ué-
TpOoY

V(P1°'°V61"on_uvez )2+ (917}161-927'1“62 )2 =

\/912 + pf - 2P192°'UV(61"62>

s, v ¥
xal optopa 6, evba

oy = p,o0V0,~p,o0v6,
P
Lm0, —pomuby
6=
i P

§ 70. MoAhamiaciaoudc.

‘0 noxxankacuaopég ToV apc@pwv a+ Bi xal y+ 8i, xatd 1év
eniueptotixdy véuov 64 Sdom

(a+ Bi)(y+ 8i) = ay+ adi+ Pyi+ 36i% = (ay~Bd)+ (ad+Py)i.

"Edv ot napayovreg glval TMAELOVEC THY 6vo 16 YLVOpevov
6d evpebf Std nokkankacuaopov TO¥ TPOTOV exu 16y Sebrepov,
16 anépevév tav éni tév tpltov x.0.x.

Aed vd elvar €8 Yuvéprvov &%0 puyadwy LGO\ B pndevi 84,
npéim et¢ tovhdytoToy iy 8Uc mapaydvrwy vd eivar undév.
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Mpéyuate, 61d vd elvar 8 (ay-p8)+ (ad+ By)i:O déov vd
elvat ay - f8=0 xai, v 'ta.u't(p, ad+ py=0 n B = %xo.f .

B,

= -% f, dxbun,8 == y2, wpdyna Smep elvar dAneéc pdvov el¢

% neplnraory elvar 8=0 xal y=0, frol y+ di=0,

TS YLVdpSVOV 560 ocvZvydy piLyddwv apu-
Budv toodrtar mpdg tév xoitwvdy yvdhuova Tod~
Twv,

Mpdyuatt,Exouev:

(a+pi) (a~pi)=a?+p2

"Bév or npég ‘oA amh oL aopov 6L60pev0n dpt6uol Exovy tpuL—

yaovopetpLxfy popefy, 64 elpuuev 8ti elvat

py(oVV6, + 171P61,) . Py oWV, + 171Pez) =
PP, (oVVO,0vYC, - MO, Mu, ) + (cCVYO MuE+ iB,owe,)i =
p1Py oUV (B, + 6, )+ imu(6,+ 6,)

"Bv 1 nepuntdoet, xa® Hy Exouev mhelovac mapdyovrag, 6d
ei')pwpev

rrpg(crvveg+ mper) =

v
= PrePoesep [crvvze+i'rp28]
R W= TR

fvea 1 naptotd ©6 yuLvuevoy
oy (ovve, + inue, ) . p, (cvve, + inus, )p (cvve Ly inuéy ).

Ea.v cmo.v'reg ot nc.po.yov'reg eewpnﬁum.v wg {oou, 64 AdBaw—
HEV WG yivSpevoy téy tdémov 108 Moivre.

[p(ovvo+ ique)]Y = p¥. [ovv(ve)+ inu(ve)],
oL :
TH vvooth §6v pt.g uityddoc dpiLbuod elva
eL¢ puryde apte pég Exwoy pérpov THAY vvo -

otfly d¥%vaupLty t0?0 pétpov tof dpibuod xa
Sptopa 16 vonrrdortovto? Splopardg tov.
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8 73, Avalpecugo
"Bév of npog Snanpecnv apnepou efvaa a+ i xal y+ 81 xaf
unoeecwpev 8tv 18 mrri{xcv todtwyv elvai o apbepég x+ iy, 64
Exupey
(x+ yi) (y+6i) = a+pi
g€ od xal
(yx=-by)+ (yy+ 8x)i = a+ Bi
Svvendc 64 elvar:
a = yx-8y
B = vy+ dx
At 6uo TEXSUTGLGt GXVGCLC cvvioToby &v GDGTTpa &bo egt-

cdoewv ¢ npdc x xal y, éx Tfic extidoewc tof Smolov mpoxd-
RTEL
_ oy + B8 Pyaclh
X=R ¥ 822 YT 278
Obtwg, v T ﬂepLKTaUEL xa6’ nv etval vy + 8i #()nrot y3-
+8 # 0, 16 mhi{xov tdv a+ B xal y+ 8i &{detar vné To¥ &ﬂ
pLOuod

ay + 56 By = a6
Y2 o+ &2 * Y2 o+ 52+

"Edv ot mpdc 8La peaiy dp.Buol S6C8wvral VRS ThHY TPL YWy O
pemptxnv TWY pop£nv 94(Guv6 + inub, ), pz(cvve + inub, L T8
T { xov Ty 84 eivar ei¢ aptBudg p(cale+-1np6) 8ot g 66 xa-
6opLabi) we EEfC:

Eyopev:

p.lovv, + i ;nggi%
P, Loy 6 + ined

ég 0%
p,(oov8, + inub,) = pp,[ovv(0+ 6, )+ 1nu(6+ 6, )]

p(ovvB+ inub)

xa!, Aoyy Tiig (obtiroc Tading,
pyovv9, = pp,ovv(6+ 6, ) (a)
PiTidy = ppymp(B+ 6,)

"Edy ap@d*epa 16 uéan Ty 690 TeXcomawa LGOthna (c),s
ywswp vV ELC I6’T£Tpaywvov xal, év ovveyelaq, rpoobéoupsy wég
viag (odétntag xatd péin 64 Adlumrcy
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pf = p?¢ef
8’5 ng:B-L
P2

‘Bdv 1My evpeBeloav tiufv 108 p dvtixaTaoTiowuey £l¢ TdC
oxéoetc (a), 64 MéBuuev
o6, = cov(6+6,)
o, = nuib+ 6, )
ég wv
6, = 6+6, 16=10,-6,.
Bdoe. ¢ evpeeewng TLPNG Tob nn)\lxou TRV 6vo apuepwv,
Aappdvopey Ty dvtiotpopov dobévtoc dpLbuol, wc AxXONOBBwG 2

1 1 (va0+ inu0)
plowb+ inub) ~ plovvB+ irud) ~

lp [ow(0-6)+ inu(0- 8)] =

-15 (cvv® - inud) = -:; [ovv(-8)+ inu(-6)]
TToL :

‘0 a.vq:x.c*chq)og o’n.pt,epof)‘ Exer upéapov 16
c.v"cuo"cpocpov Tof pértpov To¥ So6évioc xal
8pitoua 18 dvii{betov tod oplopatogc To0b So-
Bé€viog dpiLbuo .

§ 72. Teuwuetpixf) naplovacic tdv Pactxdv nedEewv.

EG'cuxJ’o.v ot pwa.éeg c.px.epoc a+ Bl xai y+ &1 xal T dv—
’EEUTO_}XG' TobTWY 6Lavv<mcwc. oM, OI\: (Zx.33). T6 &6poioua Tav
O, ON elvar 8 &idvvopa 0%,

"Bdv td tpla 6¢.a.vvcpa.ma. OM ON OE npoBdAauey & { tod a-
EOVOC TOV TPayUaTL XBY G.pt,epwv, 0d Exwuev, (§ 8),

ON’+ON’=0zZ° (a)

"Ereldf elvai
M = a, ON' =y, éx tfic oxboeag (a) AapBdvouev:
a+y =0%°

"Bdv d Tpia 6(.cwvc7poxca. OM ON 0% xpoPANOGEcLY Ex( TOT G-
£ovoc Tiv @avtactix®y 64 sxwp.ev
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oM "+ ON"* = 05”* ®)
A, éneldf
oM’ ° = 8, N/ = 5,

B+ &= 03"

L [

=
S e A 74
3 | /" :
1 N -
9 I o 1
i |

g !
g ,_ ,
~ n.f” / | }
§ [ et |
v g | ' 1
=X i o .
Ay LM 1 2 "

Q

3

YAwy moatypatikay

Zx. 33

B. Ex _tob oxfuatog, (Ix. 33), maparmpoduev,8ti 1 Sapopd
t@dv OM, ON,elvar ©é Sudvvoua NM. Zvverdc 64 elval

O - ON = Wi 7 O = ON + N,

oM’ = ‘+ N'W°
a=y+ NN
T Pug P

NM =a-¥%

’ , 1% , o=y ’ I~ ¥,
‘Ouofwe eﬁpzax?pav, oTL N npoBorf Tof NM én{ tod dEovog
TdY pavtaoTLxdy aplBudy toobtar mpdg B~ .

v. “Eotwoay of puyddec dapubuol p,(ovv6, + inub,),p,(cvve, +
+ imub, ) xa{ 1é avtioroixa tovtwv dSiavbouata OM, ON. ’Exi
T0¥ dEovoc tdv mpayuatixdy dpibudv Aaupdvouev 18  Sidvvoua
5h (2x. 34), Exov GhyeBpuxfy wupfy OB = 1.

‘Ey cvvexelq xataoxevdZopey 16 Sudvvoua OF pé pérpov p . p,
xal optoua 6, + 6,.

Napatnoodpev, 8tv Té Tplywsa OMM xal ONT efvar Spota xai
Suotoudpewe tonobetTuéva, xabdcov etvay (04,0M)= (ON.Or) xaf
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OI' : ON = OM : OA.

“06ev, 16 Stdvvopa tod yivopévov 850 pu-
yadwv cx.pr,epwv,xa.'ca.cxevaz,eﬂ:a.(. St  éxteré -
cew¢g éxi 'cou 6L0.v1)0’p0.'cog gdvéc T1idv 8bo pe-
yddSwy TdY adTdv npagawv {dvéroyog p.STCLBO'M'] Tob
pueyébovg tov, nepuo"rpoq)n Tfic dLevbdvoedc tov) 1d¢ Smo (-
ag S€ov v @ ex'rekeo‘wpev én{ Tof povadiaf=-
ov 6La,vvopo.'cog d1d vdéd NdBwpev T8 BiLdvv -
cpua t00 £tépov mapdyovtog.

2224

Yhtwy gqavzacTe

YA&wy Rpayua Teudy
¥, 34

Napatnpfioec.
’Bév u xa{ v mapiotior 860 puyddac dpubuode, Bdoe. tdv d~
vatépw, 64 Exuuev:

I. Ju+rv] € (pl+ v

Tod o‘rp,et,ou Tiic LO‘(STT]’L‘O(_; MppavOpevou év tf nepuntdoet ,xaf’
nv ©é Siavdouata td mapLoT@via TobC U, v, £lvaL ovyypauui-
xd.
B. 'H oxéoig I sm:x'ce(vewm xal eug 'vﬁv nepcmwcrw TAE L~
y
6vu>v Qv 609 uLyddwv, oc xal elg frnv wspr.mwo’w,_ xa8 'y Te-
veg TOUT(D\) avtixataotabioly vnd Tdv dvtebéteov tav (lul =

l—“,)s TTFO'-
[+ v+ &+ o.of < ful+ fvi+ B+ ...
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II. ju=vi?> “P} - i ‘ ; . % 24
'cou aner,ov ¢ LO‘é’l:'rTEOg 'Ka.p.BCLvOp.&:vOU v xij mepLnTAoEL , xa6”
v td Staviopata td m.pt.o‘wwv'ra 'coug p,v, 'ewcm. ovyypaput xd
xal dvti6étov ¢opdg, Troir, Stav Té ooEcmcwm. Twy OLapE puot

‘)(CL’T.'CL Te
III. (a+Bi) « (-1)=- a-Bi,

frrou 6 nokkc.nkao‘taopég 6(.a.vvopa.'tog én{ -1, onualve. ueta-
'rpom]v TOV sx.g 16 a.v'tt.(?)e'rov 1oV, ToL neptdfcpoq)ﬁv T0%1TOD
nepl thv dpxfy Tdv dESvav xatd *|80O

V. (a+pBi)«i = ai-B,

7oL o KOAKGJE)\GO’LGO’(JOQ 6Lo,vvcrparrog éni i, ana.t.vet. eg'n ATV
RePLOTPOPTY TobTOV mepl THY dpyxfy Tév dEdvav xatd 90°.

§ 73. Plzot piyddog dpibuod.

Aldetar 1) éEfowoig xM = a, €véa a eic TUXEOY pLYdg dpL-
bude r(ovvg+ :mpe) xaf axepa.:.og apuegég,xau Zretrar  vé
e¥peBoby at 'c(,pcu. tof x at sna.)\neeuoudcu, Ty e&wwo‘w,mon
ZnrotvTat at ASoelc Tfic dobeiong ¢ELodoewc.

"Edy p xal w mapiotdolr 6 pérpov xal opnopc. ptdc Tav I
L ,» ¥
tovpévwy AWoewv, 64 Exuwuev,
p(ovvw+ inuw) ¥ = r(ovvO+ inue)
8te, Pdoetr 1o?¥ tdémov tol Moivre,

ot ooy (pw) + inu(pw) = r(ovwd+ inud).

"Ep’8oov ol 620 px,yu.éeg apuepon., omcveg gvploxovtar éni
Tdv &b0 pehdv elvar tooi, 64 mpérn vé elvat

pH = r, pw = 6+ 2Kn,
gv6a K dxépatog dptbude.

AeSopévov 8t 6 dpLBudc p elvar BeTixbc xcu. o B axepa.x.—
og, 64 elvar xal & r elg Gemxog apt 6ude )cu,, xatd ovvéneL-
av, xatd tolg vduove Tfic hotbunTuxiic, 04 elvat

aL
p=r"

‘H- 6cu'cspc1. v 8o npomovpevwv oxéoewv, uw= 6+ 2Kn, ThHv
Smolay ypdpouey S THY LOPPHY

6 2K
W= —  ——

Boon
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loxSer &1 dnelpove cipdg €0 K (0,+1,42,43,...).

TOI.OU'L'O’Cpé’Ith vaapeiao, vé e(.xammev, 811 €‘x_0p.€V cmscpm)g
Tipdc Tof x, Trrou drelpove piyddac dpubuode Exovtac pértpov
1
rp Xai opt.cma exao'rnv ’l.'l.p.‘r]v 'rou w, npoxuwcouccw eg éxdotng
EnBOpevng TLufic tod K. H)qu Suwg, €v g KPG.‘Y].LG.TLXOTT]’IL Sév
etvat G.'K.ELPOV ©6 TR0 TRV émovpevwv p(.Z_wv xa6Soov atl T
pa.l. Tod w, cu.fn.veg 6La.q>epovm, xatd no)\kcm)\aonov o 2x dv-
'ct.cr'conxovv el dp1Buodc cvpmm:ov'rc.g. ’Edv 8¢ 6 K AQBn TL-
udg 0,1,2,3,... (p.- ), at ’tl,p.CL(. TGV a.v'cc.o*coz.xwv pt.'{a.éwv el-
vat Bt.c.cpo;)ou, pe'm.gu twv, vy 51d Tiude 1ol K peyarvrépag Tof
(u=1) AquBdvouev tdc mponyovpévac tiudc.

Hpcwpa:n, S1étL édv )\qcpen K=y.v+ x, évba x <y, 1 dvil-
otoLXo¢ Tiun Tof w 64 gtvat

© =5 + 2(pv+ w)x =, §+ Y 2xR

" m " b
xa.t., ovvendc, w6 w’ éuwepeu e 'n.p'qg 100 w 8té K=x (x<u)
xatd 2vx, &pa 64 5(6n 18 avtd drotéleoua.

’Edv 1d7, )\a.ﬁupev &bo 'rt,pa.g 'cou K, éotw "ca.c K,, K2 Noailtty
mm:oucag ué &bo gx 'rwv Tudv, ag )\a.pﬁévev. d K peTaEd  Tdv
dpL6udv 0 xal u=1, 64 Exauev Sdo dpLBuode

r& o O+ 2K, & + i 6+iK,7t )

rfl Goy 6+ 2K, iy 0+ 2Ka T )
m m
ottivec Exovy pétpov 18 adtd xal opiouata Siapépovta xatd
2K, =K, )m 14 7 e » [ ’
—1—1—21—-—, Smep, etvar pixpbtepov tof 2m, dpa ot dpLéuol

8év elvat toot.
Zounépaouat 'H éE{cwoir ¢ x"=a €xer p piZac.

apatnpfpELc.

I. Ed.v S dpioube a elvas RpaYHATL x8¢, 64 elvar r=a, 6=0
xal af plZar tov &{Sovtar dnd T8y tixov

& 2K 2§n

at jovy = + ), to¥ K AapBbvovitogc td¢ tiudg

0,1,2,...(u=1). ‘H npdntn plZa elvar rédvtote wmpayuatixf. "Edv
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&€

[ » < re < y 3 » »
S u elvar dpriog, 1 plZa 1) dvtiotolyofon elc THY TLpfy
x= g elval Tpayuatexd dpvntexd.

1T. Eam o a efvar dpyrrixég npaypamnxég, 8d elvar r=-a,
6=n xal al plZat tov &{dovtar &né 8y Tdnov:

(o) ovv i_Ku)zr o 28 J__Ll?_‘

tod K AauBdvovtog Td¢ TuLudc O,1,2,...(p—1).
"Ex d@v puZiv todtwv 1 pla pbvov, &4y 16 p elvar mepir-

Tév, Std X = E—- elvar mpaypatuxf 1 oddeula, éév 16 u elva
dpTiov,
III. A¢ plZat Tfic Betixfic povddoc S{dovtur dand tév <6~
ROV :
ooy 2kn + inp ras.s
B M

814 K=0,1,2,...,(u=1).



EQAPMOTAI THY MASHMATIKHZ ANAAYZER2Z
47 ETOIXEIA HIINEAOY KAMIIYAHY

1. 'BElowoic tHig épantopévng.

“Eotw 1) xaumdin y= U(x) xai{ Ev o*qpsE‘Ov c.u'cng M(xo, yo)
(zx. 35). dépopey THY scpc.moysvnv TRE XAPTOATIC elc 6 M.

Th

X

Zx. 35

‘Q¢ Yvumov 7 8(p0.7tf:0pevn 'rng xa,(.mu)\ng st &v o‘npet,ov M(xo,
yo), EXEL wil.o.xdv ouv're)\ecr'cnv 'mv npnv 'mg napcwwyoo TT]Q
OVVAPTTTEWS elc 16 év Noyw anuetov. "Bév ThHY v Aoy TLuhy

4y
¢ rapaydyov mapaoTiouwuey d1d | =L, f elg ©6 oruelov M é-
pantopévn Tfic waumding vd €xn éElowoiv:

YYo= [%}X{]O (x -x4)

Napdderypa. N& evpehf 7 éE{owrtc ’H]C “gamTouéens
x2 P
6 ekkc'yswg + y9 8(.,C 16 orueioy L4,1§
YEyouev:
9 A w7
y-= = = . (x-
5 5 (x=4) 7
4Lx + 5y - 25 =

2. 'EEfouwot¢ Tfic xadévcu,
Kahofpusy xdBecov xaurding et¢ Tu¢ oOrueiov Tadtng
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M(xg, Yo), THy x&Betov éri tfy égantopdvmy THc xaurding el
16 onuetov M(xo, ¥o).
"Bdy 1) xauntin &xn éElowoiy y= o(x), S ywviaxdg cvvtehe-

othc THc éeantopfvne THC xapndine 64 elve [%]O.Em:.f:ﬁ &¢

7 xd6etoc éni thy dpantopévry THc xaumding elc té M 64 Exn,

Q{-} ,MEE(ouric Tiic

xatd 14 yvword, yoviaxby cvvreleothy - o

xapndine el¢ ©6 M 6d elvar:

dx
Y=Yo=" (Gygjo (X~ *o)
Napddevypa. N4 svpeeq n eEno‘wO’t,c ¢ xabétov 1Hg
e)\)\swewg tfic mpomyovpévne doxficewg, eic 6 506év  oruelov
adTiic. "Exopev :

y-§9 = % (x-4)

€€ T, werd tdc mpdEeic, Aappdvouev: 25x- 20y- 6y = O.

3. ‘YroxdOetog, vpantoufun,

‘H _KPOPOAT) én{ to¥ &Eovog Tav x, (Ix. 35), of Siavbopa-
Tog AM, TroL t6 &udvvoua AT xa)\emau vpaxtopévn THC
xaunbing el¢ 16 onpeiov M(xo, ¥o)-

‘H ﬂpoeo)vq én{ tod cu’;ovog Tl X, (Ex. 35), Tob 6ca.vuopa.—
106 MB, nrot 76 étcwuopc, I'B xareitar dmoxd6etog T
XapRBANC elc 16 onuetov M(xo, Yo)-

’Ex 7o Tptydvov AMD Eyouev:

AT = TM.o9pA ot

S [%_i;’c}o
Ere 18R at yawvlat B xal T elvai ovuminpauatixal, 64 Exw
- TB = IMowB = I'M.epA, Trot
s - v,

"Ex wdv 860 dpboywvi{wy Tpiydvay AMT, TMB AapuBdvopev
AM? = AT? + TM2 ya{ BM® = I'M®+TB°,

»

- AM = y. . ./1+ [gjrt]o’ BM = 7, \/1 [%]2



156
4. Tuwvla éeantopéung xal mohuxfic dxtivog.

" Eotw 'q é LO’(DO‘(,C xcupvr.u?mc; glg noxcxdg Guvfce'ca.ypevo,c_; p=
= o(8). Karc a.va.)»oymv npég S,TL eysvs'to Stay negwum.g TTC
XQAUTOATIC cweqpepeq:o 118 ‘)(O.pTEO'I.CWCLC, dvv'ce'mypsva.g, S ywvia~
x8¢ ovvteAeoTAC TTC gpantouévne Tfic xaumbAng el 16 Tuyxdy
do,
ao

"Edv 6 mpumc. THY TOAL XA Yu)vl,c.v ¢ Thy wina.v 'c-r]g RO~
A xfig a.m:wog oM, Zx. 36), pe'rd TT]G acpa.mo“evng TH¢  xap-
ROANG xal w THY wa,av ¢ épantopévng elc 16 M perd tof
TONL XOD agovog, 6d, sxwpev.

onuetov 6d efvai

Y

v epO+ 9@
PO = 00, epp

AL&Op.sv elc 16 6 ulay c.vgrp'(.v 86, Ste npoc&nopcgomv 6
onpsnov M tfic xa.mwkn ‘H ecpan10pévn TTC xa.p.vw}\ng et.g 16
M’ ox'qpa,uz_}:t. peq:d 'rng noxcxng dxtivog OM* wit.a.v cp T]"C(.Cj,
Se:wpoupstU 100 M* g telvovtog npéc 16 M, 6d ex-q Spiov THY
yuoviay @, T']"L’OL

lim ¢° = ¢.
A6 - 0

’Bdv 1 OM »AnBfj p, 1 OM’, 7 dvtioroiryoloa el¢ abEnowy THic

8 xatd A6, Sbvatar vd xAndij p+ Ap.

Evtez.&q 16 M Gswpst,'ca.t. 7co7\v m’vqo‘c,ov Tol M, éwdpcea vd

6ewp 1ev, 6t 'r, ywvia ¢ ovuninter npdc 'rnv yaoviay EM°M,
Ste 64 EXUWLEY :
. _ME PMUAD  mees :
£ =@ T p+ OAp ~ povvd6 ¢
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_ prudb
2 =
Ap+ 2pmu >
TRAE
= - 26 -
sp, e M
56" P 16
2
lim ep¢” =
A6 - O
p.1lim ﬂ%g
= Tol NG + O
o 28
. Ap . A8 2
lim 76" plimmu > lim 26
2
xal
- P X
e('P(P - g-g T]
ae
a6
e(P(p e dp

O%twe, 6 ywviaxbg cvvteleotfic ThHc égamtopévne TR xau~
ndane &detar vnd tdv S0 oxforwy

_ EQO+ ego _ pdé
EPw = T-e9begpp EPP = ap

Napdde typa. Eﬁgc—:i‘v v yavlay ¢ €l¢ THY xa.mu’)}\ry,
» j s '8 ’ -
gxet €E{ouoiy p=e*” xal Néyetar AoyapiOpuexf e~

eop=eXx9, ;(—.—;-fgzix , ot elval orabepd.

LG
AL E.

5. Mapauetpixal éEuotoric.

"Bdv at cvvtetaypévar tod tuxbvrog oruelov xapmdh el-
va. cvvaptipetg utdc tpltng petapimfic t, x.x. x=olt), y=
= ¢(t), ar &bo €Euodoeic x=o(t) xal y=¢(t) xarodvrar na-
pauetpixal éElohoete THg xaumdAnc.

"Edv Siapopl{owuey, Aaupdvouev td¢ oxéoeic:
dx = o’(t)at, dy = ¢ (t)dt
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2E &y mpoxdnret
dy _ @ it
dx ~ o’ (t
MNapd de typc . Eotwoav al 2ELotoetg THC  xaunding Tiic
xahovuéune xvxAoer dodcg,

x = a(t-nut)
y= a(1-cvvt )

8d Exwuev
dx
i a(1-ovvt), %% = anut.
‘0 ywviaxbe ovvieheotAc ¢ épantoudune Tiic xaumding eic
16 onueloy tzg elvat:

) - (2 -
ax)E - {(1-owtJE ~

e L& _ |®_ ;o
Acd t—z,x—a[z 1} xal y = Q.

‘H é&fowoi ¢ tfic égantoudung eic 18 év Méyw onmuetov elval
s
y-x-a [2-'2'; =0
xal 7 1fic xadétov
y+x —-a Z-0
- 2 -
TS ufixoc Tfic vcpa.mogevqg Tfic xounding elvai a. ‘Ouoiwe a
etvar xa{ t6 ufixo¢ tfic vnoxabitov.,

6. Arapopexby t6Eov.
a. Kaprteorava o‘vv'ts'raypévc.«

YEoww y= c(x) 7 e%‘wwmc; wapmidne eic Kapreoiavdg ovv=
I qub, Eav TCLpCLO"tT]OTWEV pE & 16 pijxo¢ 1éEov tfic xau-
nv)\ng, O'lt_.p axec a,JXnv onusiov Tt o'cc,eepév A, (Zy. 57),7*-
e b wxov onue’oy M(x, y), todto 64 s:..,a.z. pla ovvdp=
Trgt¢ Tod X, gotw s= cp(x)

‘H napdywyos THC ovvapTTewe elvat

1im 88 _ 48
Ax T dx

Ax - 0

[
.



G5

"BEdy et.g 18 x Buxmpev pnxpc.v a.ul—;rp':.v Ax, 'r<5 T(SEO\) 64 ad-
Enbij xatd As xal 6d )\dﬁwwsv 6 onueiov M’ onsp 84 Exny ovy=
TETAYHEVAC x+ X, y+ Ay. Em-:c.ﬁn 6 o'r]p.snov M’ eewpec'ra.c gv-

pLoxbuevoy swvg 7o% M, Sdvarar vd quper; 'ré frogov MM “=As

RPOCEYYLOTLXES LCoOW ﬂpog THy yopdfy MM’, &te 64 Exwuev:
MM2 = (As)? = MP2+ PM“2= (Ax)? + (Av)2

xaf

As = V{ax)? + (by)?

. A8 _ oY P
Lim Ax™ 1l 5 [Ax}

Ax = 0

3%

)

3k

as® = (ax)? + (ay)?

?,

y/' h

Zx. 37

"Eotw & 1 ywvia, 'mv brolav oxmamZzL 1 xop&n MM ped Tob
dEovog Thv x xai w 7 ywvia THic épantopbung Tiic xaumdAng ei¢
16 M petd to¥ &Eovoc¢ Tdwv x.

Bd Eyauev:

. _ ? ’ _& Ax - A
limd= w xafl, enedn vaa——_X°P5ﬁ i m6_—l——xop8ﬁ T

As=0

O‘UV(C?"E) Tpm—g
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B. Mot xa{ ocvvreTayueEval.

) 2 £ 4 ~ < ’ 2 ~ P 2 2

Edv ev 1@ evpebévty Timy, TH mapE€yovrtt TO ds, AvTixaTa~
otfpuwuey td¢ xapteoiavdg S1d TdY mOALxGV cvvtetayufvwv, 64
AABwuev :

2
ds = Vp2 + {%%, < 46

7. Kapmohétngo

‘H fett xn popd fcng Ecpamomvnc xc,mtu)vqg at.g TL o‘mx—:uov cw—
NG, xadopi{ZeTat ug 'rporov tote t6 éni 10d a.govcg THG é--
PATTOPEYNS )lw'q'rov va, mvren To6g Th psnog, noog 8 650\1 va
anen oruetoy N tobd mo&‘,ov l\"\I TG 3 a[.n\:ukqg woTE VA adEfom
16 pfixog tob TéEov MN, Oﬁap exen dpxqv ©6 M,

‘H popef pidc XC(.(.H\:D)\‘I]C gZaptdral xatd 'ré TAeloTOY éx ol
peyseovg psmcnﬁo)»ng 'mg 6L81)6D\)O'ch THC emvtTOpevng o'ccw 76
onueloy énapfic xLvfmar €xt THg xa,pnuxng. O%twg, édv,éni mr
pade( ‘uatTe, o*r]pcnou mvog Stavdovtog 16 16Eov MN n&.eveov-
oLg The eapanTOpevng TapEUEVE otabepa, té téEov &Ev 64 m:o
AQUTONOY,

Adﬁwpev éni x6xNov axtfvog R (Zx 38), toEov AN, ’éxoy
a.p)mv 8 A xal pfixoc toov mpdg s xai xa}\eompev w 'cnv ywvr,—
av THc émawcogevnc 10¥ xfxhov el¢ T8 oruelov M, petdtod &-
EOVOG TAY X.

74

Zx. 38

AiSouey E:LQ 'ro 5 M‘cpcw c.vgncnv As ‘H w 64 vrc"’r"\ p'fcw
abErmiy A xal 7y vovia MIMT 64 {ooftac npéc Aw. ‘H moo TT



164

Aw xakeftar cvvolexn xapmvAdtng Tob T6Eov MM’ xal
6 Aéyoc %%), Sotig mapéyer t6 udyebog THC ovvolixfic waumv-
Aétrrog we mpds T8 As xakeitar péom xaumvi ST ng.
"Enei 89 év 1§ xdxhg elval
As = R.Aw,

dw _ 1 _
s "R otabepdy
Yew.xeuov'tsg Tfy Evvorav 'rﬁc; péome xa.pm)\o'cm:og v 'rn
Toyoboy xaumdhy, xarofuey péony xaumvd étnta tof

Eov MM’ 'rov Koyov Co Edy uvto@eo‘mpev dti 1é As 'cs(.v'r;] 7tp6g
8 umdév, Ste xail T8 Aw telver npdc 6 undév, 6 EpLov TRHC
peo‘ng xapnukormog xahelTtatr xap 7E‘D7\O Tne KtH¢ wnap-
xnéAng el¢c 16 onue Tov M, ot

dw

de

E7\'.8(.5T], 16 avfrw"cpowov T8 xa.mw)xéfcmog 708 xxhov el
var R, <6 a.vuo*cpocpov TT]Q xapmoAbtnrog THe ocm&rpto'ce xap-
mﬂvqg dvoudzerar axt (¢ xaprvAdtintoc el¢ T8 0TuE -
ov M.

§ 8. ‘Ynohoyioude 1fic xaunvAbérnrog,
al E{¢ xapreciavdg cvvrtetayuévac.

"Ex 108 xatwrépw oyfuatoc mapatnpoduey St :

xil‘
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w = TOEEP %ﬁ

’Ex ¢ terevtalag todtrrog, Sid mapaywyloews we ®pd¢ x,
AapBdvouev

a’y

. "
"Ere. 8, w¢ eidopev, eivat

as _ .\ [ (@&
ax = 1+ dx} ’

o mporyobuevoc Témoc AauPdver Thy popeRy

N, petd téc mpdEeic,
éiz

1) i

‘H evpebelon Tipf To K Sbvatar vd ypapij xal ovtw:

L ]

T (1437

e ) K 2 ’
B. Bt ¢ MOALANGQG G CVVTETAYUE VA,

Mpéeg svpeccv TN¢ xapnvhomnmog 51d tdv mOALx@ ovvieTA~
yuévay 64 épyacBiuey wg dxoAobBwc:

’Ex 10% oyxfuatoc 40, mapatnpodusv STt

w= 0+ ¢.

Avd mapaywyloews &¢ mpdc O evploxousv:
dw _ dp
aw®-1" 3

"AAN"éne 8, wg evpouev, elval
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Zx. 40
8ud mapaywyloews wg mpdc 6, AaupBdvoueyv:
.Q'—CE = 1 . i p -
de 1+ p? ae g_g]
ap) 2 a6
a6
dp 2 [iejz } 2
a [de . ae) " P3er _
~ [de)?, .2 dp)?
[de e [de
E@_EJZ a2
de] ~ P 3e?
= Rk
2 q
& [de}

4 2
ELC TTY

o8

At ’dvtuxatactdoewg THg evpebelong Tiufic tod
oxéoty

do _ do
a6 - 1+ 3o
evploxouev:
dw d%p dpl?
36 pz"’dez"z['d%] y

e T
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p2 = pp”+ 2p”°
3
(p?+0%)2
"B 8ooy 1) dxti¢ xapmurértrroc R elvar t6 dvtiotpopoy g
xapmohétrog, 64 elval

X =

R= (x4

$§ 9. Kévrpov xal xbxhog xaumvAérnroc.

Bewpfowuey ThHY cwdptrowy y= o(x). 'Bx{ 1fc xabétov tiic
xaurdAne eic onuelov avtfic M (x,y) AapBdvoucy Sidvvoua MZ,
EvBa I xeltatr mpdc 16 xolhov <fic xaumbing, Exov pétpov 1~
oov mpd¢ R. TS onuelov I xadleitar XEVT POV XA UTRVAS-
Ttnto¢ xal o xdxhog, Sotig Exer xévrpov 18 I wxal dxtiva
MZI= R, xaheltat xOxNo¢ xapmvAdTtnrog.

]

3 ~ %7 ’
"Edv at ovvtetaypévar tof I elvar a,p, ar  ocvvretaypéval
rpoporai ol Staviouatoc ME 64 efvar

a-x B-y
"Ene 187 S GEwv ToS MI oymuatiZer uetd tod &Eovoc tdv x

yaviay w+Z, Evea w 1) ywvlaTHc pantopdvne petd tol &Eovog
Ty X%, 64 “Exuuev: 7(
a-x= Rorvv(w+5), B- ¥y = Rovww

g od
a = X- Rnuw, B = y+ Rovvw
Av dvtixaraotdoews tdv R, mue, ouve dné Tév Lowy Twy Aau-

Bdvopey
AN
%g

a2y
ax2
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Yroti{Betar 81t 1) devrépa mapdywyog efvar  Sudgopoc Tod
undevée.

§ 10, "Evethiyuéin xal éEethiyudin.

‘H xcul.mv)\n, mcg cvvioratal €x TdV xévTpuwy xa.mwké*rnfcog
TOV G.v’cco"cm,xovv'cm el td Sl,cupopo. O'npst,a. dobe f{ong )(a.p.ﬂ:t)-'
g E xadeftar €vethiyuévn 'ra.v"cnc_;. ‘H 808gioa xaumbin
xakeltar éEei AL ypévn 1fic éveuhiyudung Tne.

Bdv % elvar 16 xevfcpov xapmko'rmog TNg xcnwwxng E eic
©6 o"rpei,”ov TG, M, 7 evefa MZ elval gpantopéyn tHc évelhi-
yuévne tfic E elc ©é omuelov I.

Hpa'{parcx., we év 'cn npomovpsvn rapaypdey eidouev, cu. oun-
'ce'ra.ypeva.:. a,B, 108 xévtpov xaumvAdtroc, S{dovtar vmé Tiv
TORWY

a = X -Rnuw
B = y+Rovvw
xail ovvendc,
da = d&x - Rovwwdw- nuw dR
dﬁ dy - Rnpwdw+ cvvw dR
AN\ " Exopuev
dy ds

dx
oVVW = = 5 THW = 3T R=ﬁ

e 14

dx = ovvw.ds , dy= muw.ds

Tov,oofvo'rpénwc &’ avmxmmw&:wg t@v A%, dy xa{ R, vnd
tdv {owv tav el¢ tdc (odétrrag Td¢ mapexoboug td da,dp,Aap-
Bdvopey

da = o‘vvw,ds—%-o*uvw.dw— . dR

ap = mw.ds-%ﬁ)o nuw. dw+ cvvw.dR
frrot

da = - nuw.dR

dg = cvwww.dR

2. o

frol of ywviaxof{ ovviereortal TR épartoudvne THC Eveht yud-
vne %% xai tfic épantopbvng T xaumdine egw, elvar dptbuof
dvt{Beror xal dvtioTpogot.
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B. OMOTINEIZ LYNAPTHXEIZ - ANIZOTHZ TOY SCHVARZ

§ 11. ‘Opoyevel¢ cvvaptioeLq.

EWdPTTP’LC TLG O‘(XH Xyeees Xy) 7\37‘8""" dpoyev fi¢
wc_: xpbdc Tdg pe'ca.ﬁxma.g Xy Xpyee0y Xy, €dv 7(07\7\@7:7»@6!.0.;0—
pévwy TRV pe'ca.ﬁ)\m:uov ént a.pr.epov TLVG p., ) O'UVG.p"CT]O‘LC ROA=
ramhaot dZetat end 6vvc.p¢.v T0¥ b Eotw p . ‘0 éxbétng u xa-
reftar Babud ¢ Tiic cuoyevodg cuvaptfoewc.

M.x. 1) oovdpinoig Z= X2+ xy+ y2 elval ogoyevnc; devtépov
Babpod, duétt (ux)?+ (ux)(uy)+ (ny)? = p2 (X2+xy+ 32).

’I816t1reg SpoyevoBe cvvaptiioewc.
al Zvvdprnolc Ti ¢ O‘(X,,x%,. .y X)) ogoyevng
u Badbpod dratpovuévny OiLa x‘,l, xadioTaTtat

Xp X3 Xy
] Sc e
Xy Xy T Xy

cvvdprnotg Tiv

Npdyuatt, 64 Exwuey
O(uxyy UXpyeeey Bxy)= ue 0(xy, Xo5eees Xy)
e ~ 1
xal, £dv Ane6f u = ot
1

X
0'(1,;21'3--'3 ;':L)_x—j_- O-(}(19 Xgseeey xv)-
M.x. 1 cvvdprnotg
3+ x2y+ xy° + y3
gdv Siaipedij 514 x> 6d Ndpn TAY popehy

.0 2]
1+{xj+ {X + >
xal xabf{oratar torovtotpdrwg cuvdptrolg TOd %

Kai 16 a.v'r(.d'tpoqmv {oxder, ?\:on gdv ovva.p'rrp'x.g TLG xE-
xtmroer Ty dvwrépw (Suétnra, elvar cvvdpinoic Suoyevdc.

B.AL pep%‘xan napa.yw'(on O(J.OYSVOUQ guvy =
a.pmno‘swg elvat Spoyevelcg vaap't'qoet.c_: Ba -
Bpod Spwe xatd povdda prtxporépov.

HprprLTL gdv rapaywylowuey Ty o(uxy, BXpgee. pxy,)=pY
T(xyy Xpyee. Xy) O¢ 7SS x,, 04 NBupuev

“pr1(Px1, HXy 5o ee ,P'xv) -G)q(x1:x2:"sxv)

i 1
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