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ABSTRACT

Maria Bakogeorgou

A Linear Mixed effects application to data coming from patients
suffering from periodontitis.

November 2005

This study is an application of mixed effect models in longitudinal
data. In general, the linear mixed model assumes that the probability
distribution of the individuals’ response vectors belong to the same family,
while the random effects can be varied across individuals with a specific
distribution, allowing to test and model the covariance matrix.

The current study, advocates the above method on a dataset of early onset or
aggressive periodontitis patients; the measurement of a clinical level called
loss of attachment has been used as a response variable. The main purpose is

to discover the factors that affect this level after a treatment.



INEPIAHYH

Mapia Mrakoyedpyov

Mia ypappukn e@appoyn pPIKTAOV EXOpacemv o€ dedopéva mov
npoépyovral and acOeveic o1 omoiol Tacyovv ané TEPpLodovriTida.

NoéuBprog 2005

H epyacia avtn eivar pio epapproyn 1oV ypoppuik®v RIKTOV LOVIEA®V CE
emavaiapfavopeva oto ypovo dedopéva. I'evikd, 10 piKtdv emdpdosmv
LOVTELD VTOBETEL OTL 1] KATAVOUT} TOV ATAVINTIKAOV SLAVUGUATOV TOV
AVTIKEIPEVOV AVIIKODV 6TV i61a oKoyEvela, eV 01 TVYOIEG EMOPACELC
UTOPOVV va TOKIAOVY UETAED TOV AVTIKEIUEVOV UE CUYKEKPLUEVT] KOTOVOUT],
EMTPETOVTOG TOV EAEYYO KAL TNV LOVTEAOTOINGT) TOVL Tivaka dH1aomopac-
oVVOLACTOPAC.

21NV gpyacia, n péBodog avti epappoletal oe éva oeT dedoputvev and
acBeveig mov mdoyovv and weplrodovtitida. Ot peTpnioels evog kKAvikon deiktn,
ovoualopevov andiela TPGGOVONG YPNCLUOTOLEITAL WG ATOVINTIKT
petaPinti. O kKvprog okomdg ival va Bpovue ToVg TAPAYOVTEC TOV

ennpealovv Tov deiktn avtdv votepa and Bepaneia.
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Chapter 1

Introduction

1.1 Longitudinal Data

Longitudinal data can be defined as a special case of repeated measures. The
term ‘repeated measures’ is referred to data in which the response of each
experimental unit is observed under multiple occasions. When the repeated
measurement occasions are strictly throughout the time then the data can be referred
as ‘longitudinal data’. Therefore, its defining characteristic is that individuals
(experimental units) are measured repeatedly through time.

There are three types of longitudinal surveys: a) Trend studies: this is a type of
a longitudinal survey that uses different individuals in order to conduct a study over
time, b) Cohort studies: this is a type of longitudinal survey which although uses
different individuals, focuses on the same group of people. The same population is

used with, but uses different samples and c) Panel studies: this is a type of



longitudinal survey, which studies the same people over time. This type of data is
considered very important for medical researchers, sociologists and economists.
Longitudinal data can be collected either prospectively, following subjects
forward in time, or retrospectively, by extracting multiple measurements on each
person from historical records. In most cases, longitudinal data are collected
prospectively. Additionally, analysis of longitudinal data requires special statistical
methods because observations on one individual tend to be correlated. This
correlation cannot be ignored, if valid results are requested. Longitudinal studies
gained a great interest in the social sciences, such as sociology, psychology and

medical sciences.

1.2 Hierarchical Structure

Many kind of data have a hierarchical or clustered structure. Hierarchical
structure, refers to units grouped at different levels. The existence of that hierarchy is
neither accidental nor ignorable. However, taking into account this hierarchy seek
more satisfactory and valid results are achieved. In longitudinal data, the occasions
(time) are clustered within individuals. These structures include strong hierarchies
because the variation between individuals is much more than between occasions
within individuals.

In the analyses of longitudinal data, it is required the time for each individual
to be the same. This may be possible, but often, in practice, individuals will be often
measured irregularly, at different number of times. However, the techniques of

multilevel models can be used, if they are considered as a general 2-level structure.

1.3 Overview

This study is divided into two parts. The first part, comprising three chapters,
covers the theory of the analysis of longitudinal data and the second part is dedicated
to the presentation of the study and its results.



In chapter 2, univariate and multivariate approaches are described. These sorts
of approaches are implemented in computer packages such as SPSS, S-Plus.
However, the anova method requires fairly balanced designs and fairly simple models
which proceed to a suitable variance-covariance structure for the observations. In
multivariate methods, the covariance structure is unrestricted. In this approach, the
analysis is more in line with regression than Anova.

The third chapter provides an introduction to statistical inference for linear
mixed models. The theory and computational methods for LME and GLME models
are the topics of this chapter.

McLean et al (1991) introduce linear mixed models and Ware (1985) gives an
overview of their application to linear mixed models of repeated measurements.
Chapter 4 describes the representation and the estimation techniques of both random
and fixed part of the linear mixed effects models for longitudinal data. Also, some
covariance structures for the variance-covariance matrix of random effects
are described in details.

Finally, chapters 5 and 6 discuss the analysis of the data along with the results

obtained.

)
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Chapter 2

Statistical modeling in Longitudinal Data.

2.1 Univariate Analysis of Variance.

The analysis of variance for longitudinal data is applicable only in the special
case where the data are balanced. The general analysis of variance model (ANOVA)

is described by the following equation:

y,=H+T, +a te, fori=12,.n, j=12,..,t 2.1)

where:

¥, 1s the observation of subject i at time j (response)
M 1s the overall mean
7, is the time effect

a, is the individual effect and



e, is a random error.

The model above is divided in two parts. The first part contains the terms u

and 7, which are constant over all occasions and called fixed part. The second part is
consisted of the terms g, and ¢, and is called random part. The term g, represents the
consistent departure of y, from overall meanu. The population, of which the

individuals came from, assumed to have zero mean and constant variances. The

mean zero is assumed for simplicity since any nonzero mean can be absorbed by the

overall mean:

Using a linear transformation it could be defined: x4’ =u+E(a) and

da =a,—E(a,). Then, the model can equivalently be written as:

Y, =M +7,+a+e; 2.2)
in whichE(a,)=0.

The most suitable distribution for the components of the analysis of variance is

the normal distribution (Gaussian). Thus, it may be assumed that:
a ~ N(O, 0'3) (23)

Moreover, the term e, represents the within-units variation since responses

vary not only between individuals but also within each individual. It is also assumed
that the error term is normally distributed with mean zero and constant variance o’ .

Thus:
e, ~ N(O, o’ ) (2.4)
Finally, the random errors are all uncorrelated:

Cov(e.

””

e, )=0ifi=i orj#j. (2.5)



The random components, g, and e, are uncorrelated too. Thus:
Cov(a,.e, )=0 foralli,j,i’,j’ (2.6)
2.1.1 The y,’s Distribution.

Suppose y, the jth measurement on i individual, i=1,2,...,n and j=1,2...,t.
Denoting y, a random ¢x1 vector which includes the measurements on subject i and
y the n-tx1 vector which includes the total number of the n-¢ observations, then:

Vi
y, = ys" =(¥a Yo - ¥.) and

Yir
In
Y2

M
Ya
32! Y

YE| L FE ' =(J’u Yo = Y 0 YV Ve yn:)'

ynZ

Y

The mean of each variable y, is:



(23)
E(y,.j)=E(,u+‘rj+ai+e,.j)(i_),u+rj=,u,.j 2.7

Thus, the mean vector of y, is:

E(ya)) (4
— E(yrz) - Hir (28)
E(v.)) \m
and the mean vector of y is:
H
p=| 2 29)
H,

The variance-covariance matrix of vector y is computed as follow:

Computing, firstly, the variance of each y, , we have:

3)

(24)

Var(y,, )(Q)Var(,u +7,+a +e, ) =Var (a,.)+Var(e,.j)(2

ol +o? (2.10)
Supposing two measurements y; and y,. the covariance between them is calculated

as:

Cov(yif"yi'f' ) N E(yij - E(y,j ))(yi'j' - E(y,.,j. )) = E(“i te, )("i’ ey )=

(26

) (26)
=E(a-a, +a,-e, +e, -a,+e, -e,) = E(a, -a,)+E(e, e, )

()
= §1i' (0'2 +6_/_/'O-3)

0,i =

where &, is the Kronecker delta, defining as: 6, = {1 A
’l =]



Thus,
0,izi",j=#j
Cov(y,,y, )=402,i=i,j# ] @.11)

2 2 . .
O'a+0'e,l—l,]—_]

Combining the equations (2.10) and (2.11), the variance-covariance matrix for

all observations y; is:

ol+o! - o 0 0 0 0
: 0 0 0 0
o’ ol+o 0 0 0 0
0 0 c,+0, o) 0 0
5 = 0 0 : : 0 0
0 0 o? 0 0
0 0 +o? o
0 0 0 g
0 0 0 o’ o’ +o
2.12)

The covariance matrix X is a block diagonal matrix, in which each submatrix
has a special form, knowing as compound symmetry.

By the corresponding variance-covariance matrix of y, :

To=| i fekey ¥ E (2.13)

it is noticed that although the observations from different individuals are uncorrelated,

those on the same individual are correlated. Its correlation is measured by:

2
g

a

p=Corr(y”.,yU.,): g

O-U

+0,




and it is the same for any pair of observation. This correlation ranges from 0 to 1 as

2
a

ranges from 0 toco. It measures the strength of the ‘personal touch’ and, as a

2
e

correlation between different measurements on the same individual, is called
interclass correlation (Crowder and Hand, 1990). However, this assumption is highly

restrictive and often unrealistic.

2.1.2 The ANOVA Table

The ANOVA table for a model is similar to that of two-way mixed model with
one observation per cell and no subjectxtime interaction. Under the assumption that
the model (2.1) is correct and using the usual F-ratios, (based on the ANOVA table
for its construction), it may be tested the validity of hypothesis tests on the parameters
of the model.

The analysis of variety procedure is displayed on the next table:

source of sum of d.f. mean squares expected mean
variation  squares (SS) (MS) squares(E(MS))
Total SSotal nt-1
Subject SSs n-1 MS, = SS, E(MS,)= o? +no?
n-1
Time SSy t-1 SS; , #
My === E(MST)=0';+nZn_’1
Residuals SSkr (n-1)(t-1) MS, = SS E( MSR) =0’

Table 1: The ANOVA table

The sums of squares are defined as follows:

10



n 14

SS,., = ZZ( ¥, =Y. )2 ,

FEE
55,% Z;(j =) :,i(},. -5,

58, =3 3(3,-7) =n¥(5,-7)

= j=l =l

SSR = ZZ(-VU b { S 4 +y--)— »
i=k j=l
where ; represents the overall mean, ;,, is the average of the n measurements under

its subject and ; , represents the means at each time point over subject. Symbolically,

it is noted:

n I
_ 22y
= =l j=} =X_
N nt nt
[
Zyi/
= /=1
t
2
Yy =—.
n

There are two hypotheses of main interest in model (2.1). The first is the
importance of the main effects of subjects. Thus, the null hypothesis is tested:

H,:02=0 v H,:c62>0

The appropriate test statistic is the ratio F, = % , where Fj is following the
R

F-distribution with n-1 and (n-1) (t-1) degree of freedom(FB ~F

n—l,(n_])(,_l) ) Y mlder the

null hypothesis. Thus, the null hypothesis is rejected, at a significant level a, if

11



Fy > F | (i) (a).

The other interesting test is the check of the significance of the main effect of

time. The null hypothesis is tested:

Hy:p=pu,=...=u for all j vs H iy, #u, for at least

one pair(j,j')
or equivalently:

Hy:t, =0 Vs H,: at least one 7,#0

. .. . . MS .
The appropriate test statistic here is the ratio: F, =—L where F, is
R

following the F-distribution with t-1 and (n-1)t-1) degree of

freedom(FT ~ F;_l,("_lx,_l)), under the null hypothesis. Thus, the null hypothesis is

rejected, at a significant level a, if

Fr>F_ oy (a).

2.1.3 Compound Symmetry, Sphericity

’
Let y,=(,,¥,,...5,) the vector of observations on an individual, assuming

that the covariance structure as described in (2.13). Explicitly, the covariance

structure assumes:

12



Zl = = + —~—
o ol+o o’ o’ 0 G
1 1 1 0
=c’ +o)| : =c.J, +0.1,
1 1 0 1

where I, is the txt identity matrix and J, is the txt matrix of 1’s. Thus, the
covariance matrix has a special form, with diagonal entries equal to 6 +o and off
diagonal entries equal to & . This special form of covariance matrix called compound

symmetry. The hypothesis of the compound symmetry is tested (on the form of the
covariance matrix), using the following test (Crowder and Hand, 1990):

Let S be the sample covariance matrix; for a single group of n individuals S

has (j, k) th element S, = ZL(*V'/ —;1 )(yik _;k) where —J;, = liyff =1, 2,....n.
niq

n—1

1 S,
Let a =;Z’S"’ , b= Z-""‘p(p—jk—l) be the averages of diagonal and off diagonal

elements of S correspondingly and s, =a+(p—1){(a—b)bp—-1. Then
(k-n)|s,|" log(detS) (2.14)

p(p+1)

follows approximately the X} distribution with v = — 2 degrees of freedom,

for large n under the hypothesis of compound symmetry.
Compound symmetry is a special case of a more general situation, sphericity
or circularity, under which simple F-tests are valid. The sphericity condition can be

expressed in a number of alternative ways:

. The variance of all pairwise differences between variables are equal,

that is, Var( y,— y”,) is constant for all j,)’. According to the following

equation Var ( Y, =Yy ) =Var ( Yy ) +Var ( Yy ) - 2Cov( Vis Yy ) , a condition,

13



under which this is constant, is when Var( y,.j),Var ( y,j.),Cov( Yy yy) are

constant. However, the variance is constant without assuming constant

individual components under other conditions. When sphericity holds then this

reduces to (0': +o?! ) + (0'3 +o? ) ~20? =20, which is constant.

= Assuming the individuals on t occasions, (t-1) orthogonal contrasts to
these t occasions can be applied. For simplicity, it is assumed that the
orthogonal contrasts are also normalized, named them orthonormal. Then the
anova F-tests are valid if and only if the covariance matrix of the orthonormal

contrasts has equal variances and zero covariances, that is the covariance

matrix is a scalar multiple of the identity matrix: ¥V = 6”1, .

In the covariance matrix of contrasts each diagonal term estimates the
denominator mean square in an F-test of the contrast. When sphericity holds then all
estimate the same thing. In such a case, a better estimate of their common value can
be obtained, by averaging them. That is what exactly the univariate F-test does. This
explains why the univariate F-test is sometimes called ‘average F-test’, (Hand and
Crowder, 1996). On the other hand, when sphericity does not hold then different
things can be averaged, leading to biased tests.

In addition, it can be either restricted or extended the requirement of
sphericity. If someone is interested in some subset of derived variables, it can be
restricted those variables to satisfy sphericity. It can be also required all (t-1) variables
to satisfy sphericity.

Although there are tests for compound symmetry (2.14), the major statistical
package place more emphasis on the condition of the sphericity. Mauchly (1940)
derived the most famous test for the sphericity condition, and henceforth it is known
as the Mauchly’s test of sphericity. It is based on a statistic of the following form
(Hand and Crowder, 1996):

_ Ics,c|
lr(cs,.c)/(e-1)|”

(2.15)

14



where S; represents the pooled within-subject sample covariance matrix and C

represents a matrix of (t-1) orthonormal contrasts and t is the number of the repeated
observations on each individual. The Mauchly test follows, asymptotically, the X
distribution with (r—2)(r+1)/2 degrees of freedom, under the null hypothesis.

Alternatively, tables for W are given in Nagarsenken and Pillai (1972) and in Kres
(1983).

However, the Mauchly test is sensitive to non-normality. It tends to err on the
conservative side for light-tailed distributions, the discrepancy between the empirical
type I error and the nominal significance level being greater for large samples and for
smalla. For the heavy-tailed distributions, W exceeds the critical value for the
nominal significance level. Increasing the sample and decreasing the a, the situation
becomes worse again.

When sphericity does not hold the level of significance of the univariate F-
tests exceeds the nominal level. Thus, the null hypothesis is rejected while it is true
(type I error.) To overcome this, there are two choices. The multivariate procedure is
adapted, which it makes no assumptions at all about the structure of the covariance
matrix, or the univariate tests are adapted. Firstly, the deviation from sphericity is
measured, using a measure, which is denoted by ¢ and is given by the equation
(Hand and Crowder, 1996):

)Y (Xe)
(-Nr(2) -)2E;

(2.16)

where Z_=CZ,C’ denotes the covariance matrix for a set of t-1 orthonormal contrasts

and 6, denotes the t-1 eigenvalues of Z, .

When sphericity holds then &=1, otherwise & <1 because the eigenvalues 6,

are all equal if and only if the sphericity holds. If the sphericity holds then the usual
anova F-test follows, approximately, the F-distribution with t-1, (t-1)(n-1) degrees of
freedoms. However, when the matrices are non-spherical then the appropriate
distribution is approximated by an F-distribution, as above, but the degrees of
freedom adjusted by multiplying by £ . Hence, the mean squares test statistic follows

the F-distribution with £ (t-1), £ (t-1}(n-1) degrees of freedoms.

15



However, this £ is unknown and it has to be estimated. Greenhouse and
Geisser (1959) overcome this problem by replacing ¢ by its smallest possible value,

namely 1/(t-1). The strategy that they suggest has the following steps:

=  First, conduct the F-test with unadjusted degrees of freedom. If there is non-
significant result then stop (the null hypothesis is rejected), otherwise go to the
next step.

= If the result is significant, carry out a conservative adjusted F-test, multiplying
the degrees of freedom by its smallest possible value: 1/(t-1). If now, this yield
a significant result then stop (the null hypothesis is rejected), otherwise go to

the next step.

= Estimate £ from the sample covariance matrix and conduct the approximate

test.

However, it has been shown that for £>0.75 and n<2t, the simple estimate

£ =£(S) may be seriously biased so that it tends to overcorrect the degrees of

freedom and produce a conservative test. (Collier et al (1967), Stoloff (1970),
Mendoza, Toothaker and Nicewander (1974), Wilson (1975) and Huynh (1978)).
Because of this, Huynh and Feldt (1976) suggested an alternative estimation of

£, less biased, which is defined as:
min(l,—) (2.17)

where a = n(t—l);—Z
b= (z—1){n—1—(t—1)2} and £ =z (S).
To sum up, the Mauchly test would be used in order to check the existence of

sphericity condition. If the sphericity holds then the usual anova F-test is valid.
Otherwise, if sphericity does not hold then the degrees of freedom have to be

16



adjusted, as above. But, it seems that the Mauchly’s test for sphericity is weak at
detecting small departures from sphericity and yet that departures can produce
substantial bias in the F-tests. Hence, it would be better to use adjusted tests, unless

the sphericity holds under theoretical reasons.

2.2 Multivariate Analysis of Variance.

Multivariate analysis of variance (MANOVA) is an extension of the univariate
analysis of variance (ANOVA) in cases where the response is not just a scalar, but it
is considered to be a vector. Hence, the key concept of multivariate methods is that
the observations are not separated variables but they are considered as components of
a multivariate vector. It should be reminded that MANOVA refer to balanced
longitudinal data. In MANOVA the univariate variances are replaced by multivariate
variance-covariance matrices and the sum of squares of anova are replaced by the
corresponding s.s.c.p. (sum of squares and cross-products) matrices, as well.

In the multivariate case, the effects are referred only fixed since any random
effects have been subsumed into the covariance structure. The usual anova F-test is
based on ratios of the sum of squares while here, in multivariate case, there is no such
unique way of comparing matrices, so multiple test criteria are available. Before
turning our attention on how MANOVA is adjusted and fitted in longitudinal studies
analyses, it would be useful to present some basic states on the multivariate general

model.

2.2.1 The Multivariate General Linear Model

Suppose y, the jth measurement on i individual, i=1,2,....,nand j=1,2....t.
Consider those measurements as components of a vector y,, on individual i.

Hence:

17



Ya
!

y,,) , 1=1,2,...,n

Y= ylz =(yi1 Vi

Vit

Thus, from n individuals, n vectors are made, such the vector above, each for

each individual and stacking them, the nx¢ data matrix is constructed:

’ Yo Y o W
y] y y e y
prz _ : - 21 22 21 (218)
y,, ynl yn2 e ym

Using matrices, the general multivariate model can be written as:
Y=XB+FE

where: Y is the nx¢ data matrix (2.18)

X is the nx p known design matrix of rank p <(n—1):

X Xy Xip X
X X X !

21 22 2 x

X = 14 - 2
Xp Xnp np x !

B is the pxr parameter matrix:

bll b12 1t
b b
B= 21 22 2 - (ﬂ‘ ﬂ? ﬁ,)
bpl bpz pt

and E is the nx¢ matrix of random errors:

18



E= € ey € e,
enl en2 € e !
Assuming that ¢, ~ N, (0,,Z),
I 4 el
L 1~N,,(0,.1,®%) (2.19)

where the operator ® denotes the direct Kronecker product.

2.19)

(
Thus, the mean of Y is: E(Y)=E(XB+E)=E(XB)+E(E) = XB and
34
var| @ |=1 ®Z.
Y

2.2.2 Multivariate Tests

In the univariate case, hypothesis tests are made, using ratios of sums of
squares to error sums of squares. In the multivariate case, however, those sums of
squares are extended and are replaced by matrices. In these matrices, the diagonal
elements consist of the univariate hypothesis of squares and error sums of squares for
each variable separately. The off-diagonal elements consist of the cross-product
terms. Matrices of this form are usually called sums of squares and cross-product
matrices (sscp). Instead of the univariate ratios, the product of those matrices and the

inverse of the error matrix are used.
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Let y be a t-variate vector, with mean x and let test the null hypothesis:
H,: pt = u,. The most common multivariate test is the Hotteling’s T -statistic that is

an extension of the usual t-test. Its statistic is:
T’ =(;_/‘o) S (y_llo)'n
where S, is the sample covariance matrix of y. Under the null hypothesis,

n—t
t n—l)

T* ~F(t,n-t)

In the two groups case, the null hypothesis is tested H, : 4, = u, and the test

is yielded:

nn,

T’ =(;n ‘;z)' S:-I (;n "52)' n+n
(PR

where the S, is the sample covariance matrix, », and », is the groups size. Under the
null hypothesis and the assumption that the two groups are distributed as N (x,Z,)

and N (1,,%,),

n+n,—t-1_,
A2 7 F , —f=
t(n,+n2—2) (t.n, +n,—t 1)

Both above cases have solutions given by the roots of the characteristic equation:

10y =240, |=0 (2.20)

where O, represents the between-groups sums of squares matrix and Q, represents

the within-groups error sums of squares matrix.
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Based on the characteristic roots 4,,4,,4,,...,4, or on the eigenvalues of the

equation (2.20), different test statistics arise. The most common tests are the Wilks’
lambda (1932), the Pillai-Bartlett trace (1955), the Hotelling-Lawley (1951) trace and
the Roy’s largest eigenvalues statistic (1957).

Wilks’ lambda measures the difference between groups’ means and it is given

by the following:

T
A 0, +0,| [ 1+, 2:21)

where A are the solutions of (2.20).
The Roy’s largest eigenvalues statistic is described as being the largest

cigenvalues of matrix @, (Q, +Q,) " or equivalently is

. A
o =— 2.22
1+4 ( )

where A is the largest solution of (2.20).

_].

The Pillai-Barlett trace is defined to be the trace of matrix O, (Q, +Q;) :

V = trace [Q,, (O +0s )"] =59 2.23)

where 6, are the solutions of |0, —6(Q, +0;)|=0 (2.24)

Finally, the Hotteling-Lawley trace statistic is:
U =trace(Q, Q7' )= 2.4 (2.25)
where 4, are the solutions of (2.20).

Comparing these tests we conclude that when the population characteristic

roots are roughly equal, then the ordering from most powerful to least powerful is
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¥V > A >U , while when the roots are unequal, the ordering is U > A >V . However,

since the roots are unknown in practice, we general prefer the Wilks’ lambda.
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Chapter 3

General Linear Mixed Models

3.1 Introduction

Linear models provide the tools for the analysis of the relation between a
continuous dependent variable (response variable) and one or more independent
variables (explanatory variables). Linear mixed models are linear models consisting
of two parts. The first part includes all fixed effects factors and it is called fixed part,
whereas the second part includes all random effects factors and it is called random
part. For a fixed effects factor it is assumed that there is a finite set of levels that
contains all level of interest. However, for a random effects factor it is assumed that
the set of levels is infinite and it is considered that the levels present in the study as a
sample from that infinite population. For mixed effects models, it is assumed that the
relation between the response and the factors is linear in the parameters. They extend

the general linear models by incorporating random effects, which can be regarded as
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additional error terms, to account for correlation among observation in the same
group. Such models are extremely useful in clinical trials, agriculture and economy, in

physical and biological sciences.

3.2 The General Linear Model

As the general linear mixed models can be considered an extension of the
general linear models (GLM), it would be useful to represent the basic results of GLM
theory, especially those which associated with the estimation of the vector of fixed

parameters b.

3.2.1 The representation of GLM

Let y=(y.¥Y, )' be annxl vector of observations (response). The

general linear model is described by the equation:
y=Xb+e 3.1)

where X is the nx p design matrix (or model matrix)
bisa px1 vector of unknown parameters
eisa nxl1 error vector.
It is assumed that all components of e are independent, normally distributed with zero

mean and constant ¢ variance:
e ~N (O, o’ )
The model (3.1) can be also extended by assuming that the e,,e , are not independent

for each i # j, having the vector € mean vector 0, and variance covariance matrix X,

with arbitrary structure:
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e~(0,.%) (3.2)

Thus, for the vector y is derived:

E(y)= E(Xb+e)=E(Xb)+E(e)(3;2)Xb (3.3)

Var(y)=Var(Xb+e)= Var(e)(i)z (34

3.2.2 Estimation of Fixed Effect Model.

The most commonly used approaches to the estimation of fixed parameter

vector b for the GLM are:
=  The Method of Least Squares
= The Method of Maximum Likelihood.
The basic difference between the methods of least squares and maximum
likelihood is that in the former there is no any assumption about the distribution of the

response vector y, while in the later it is required the knowledge of the probability
function of y.

3.2.2.1 The Least Squares Method.

Consider the special case where e has zero mean (E (e) = O) and all elements

of e are uncorrelated with another with the same variance, o . Thus, the variance-

covariance matrix of vector e is:

Var(e)= oll,
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The ordinary least squares estimator of b, I;OIS, is the value of b that

minimizes the sum of squares of the error terms. The error sum of squares is:

’ (33)
ee'=[y-E()] [y-E()] = [y-X0] [y-X0]=
=yy-yXb-b'Xy+b'XXb=
=yy-2b'Xy+b'XXb

as (b'va)' = y'Xb due to the fact that 5'Xy is 1x1 matrix(d':1x p,X": pxn,y:nx1)
Differentiating e'e with respect to the elements of b and equating it to zero:

“2XY+2XXb=0= XXb= XY (3.5)

Equations (3.5) are known as Normal Equation. If matrix XX is nonsingular,

the least square estimator of b is:

bos = (X?()_l Xy

If the XX is not of full column rank, hence its inverse does not exist, the
generalized inverse of XX, namely (X X )— is used. (For general matrices A, the

generalized inverse always exists and satisfies the equation 44 4= A. For non

singular square matrices, the generalized inverse is unique and coincides with the

inverse of A, A™ = 4). Thus, the corresponding solution of (3.5) is:
b=(XX) X%
In the general case, where var(e)=V, the generalized least squares estimator

(GLS) of b is given by
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bos =(XV'X) XVy

3.2.2.2 The Method of Maximum Likelihood

Consider that all the elements of vector e is uncorrelated, normally distributed

with zero mean and constant variance. In vector terms, it can be written e ~ N, (0,Z).

As a consequence the response vector y is distributed as: y~ N, (Xb,X). The

likelihood function for the sample of observations is:

L(y, Xb,%)=———rexpl~=(y=XB) =" (- Xb)
G i

Thus:
N 1 1 ' et
logL(y,Xb,Z)=——2—log27t—510g|2|—-2—(y—Xb) 2 (y-X0)
and:

ologL(y.Xb.5) 18(y-Xb) T (y=AB)

0= X'Z ' Xb=X'S"y
ob 2 ob

If X'T'X is non singular, ie. the inverse of X'Z7'X exists, the maximum

likelihood estimator of b is:
3/»114 = (X'VﬁlX)Al X'V_ly
In the case where the X' X is singular, then the generalized inverse of it, is used:

b =(X'V“X)_ XV'y
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In the special case of V=0l , the by, is given by the equation
by =(XX)" Xy,

It is noted that ;LS = I;ML and bois =bume .

3.3 General Linear Mixed Models (GLMM)

As it has been already refered, general linear mixed models allow, except for
the random error e, the existence of another source of randomness. This source of
randomness is the random part of the mixed model. In GLMM the estimation is based
on the maximum likelihood or on the restricted maximum likelihood for the fixed

effects and on the best linear unbiased prediction for the random effects.

3.3.1 The representation of GLMM

Let y be an nx1 vector of observations (responses), then the general linear

mixed model can be represented in the equation:
y=Xp+Zb+¢ (3.6)

where £ isthe px1 vector of unknown parameters of fixed effects factors
bis the ¢ x1 vector of unknown parameters of random effects factors
X is the nx p design matrix for the fixed effects
Zis the nxq design matrix for the random effects and finally

¢ is the nx1 vector of random errors.

In the model (3.6) the fixed component is the A, while the random

components are the b and ¢. For the b, it is assumed that it is normally distributed

with zero mean and variance-covariance matrix D:
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b~N,(0,D) (3.7)

For the random error ¢, it is also assumed that it follows the normal
distribution with zero mean and variance-covariance matrix ¥, as well. The

covariance matrix X has an arbitrary structure:
£~N,(0,%) (3.8)

Additionally, it is assumed that b and £ are uncorrelated. Thus,

@N : ((gj(lg g]) (3.9)

Taking advantage of the above equations, it can be easily determined the

expectation and the variance-covariance matrix of the response vector y. Hence:

E(y)=E(Xf+2Zb+&)=E(XB)+E(Zb)+E(¢) =

- XB+ZE(5)+E(s) 5 XP

and

(3.9)

V=Var(y)= Var(Xﬁ+Zb+8) = Var(Zb)+Var(g):

(1)

= ZDZ'+3.
(38)

3.3.2 Estimation of Fixed Effects and Prediction of Random Effects.

In this section, it is presented the statistical techniques that are required in
order to estimate the fixed effects and the random effects of the model (3.6). In the
following results, the variance-covariance structure is considered to be known (i.c.

D, X and consequently V.)
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3.3.2.1 Estimation of Fixed Effects

Both estimation methods of section (3.1.2) apply also for the estimation of £

in the GLMM. Consequently, the maximum likelihood estimator for # which equals

the generalized least squares estimator is:
Bas =(XV'X) XVy
The variance-covariance matrix of f;; can be computed as:

D( Bovs ) - Var( Bovs ) - [(X'V—'X)‘ X’V“]D( y)[(Xv-'X)‘ X'V“]' -

= (X'V"X)‘ Xvvvix(xv'x) = (xv'x) X'V"X(X'V"X)— =

—_— S

=(xv'x) .

The fact that both g3, and D( ,B(A;LS) contain the dispersion matrix V, which

is considered to be known, makes the above expressions not very useful in practice.

However, replacing the V with its estimator V , they can be rewritten as:

A A=l - Al A Al 2
,BGLS=(X’V X) X'V yand Var(ﬂasj:: (X'V X]

1

The estimator (X "V X J is biased downwards since the variability

introduced by working with estimated variance components in V while the

(X’V'lx)' is unbiased and the test statistic based on it.
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For simplicity, sometimes, it is considered the special case V=01, ignoring

the correlation structure in the data. In this case the ordinary least squares (OLS)

estimator is ,&GLS =(XX) Xy.

3.3.2.2 Variance Components Analysis.

Let now choose N-1 linear combinations k,.' y, i=1,2,... N and group their
coefficient vector &, into a N x N —1 matrix K. It is also considered that the vector £,
is linearly independent and that XYy.,k'y are statistically independent

(Cov (XY, k’y) = 0). There are a lot of choices for the structure of the matrix K.

®  One first choice for K is that in which the vectors £, are linearly independent

and the elements of each k, have zero sum. Thus:

[ BRI

N N N N

| 1 1 1
L= 1-= - = Jy. 1y
I (S S

=1 _1 e

N N N N

yielding
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»  Another choice for K is given by so-called pairwise contrasts:

-1 0 0 O
1 1 0 0
K'=l0 0 1 0 0
0 0 O 1 -1
and
=W
Kry: -VZTy:i
Yna =y

It can be shown that the resulting vector K'y of error contrasts (Harville, 1977) is
normally distributed K’y ~ N(0,0°K'K)

Then the likelihood function (called restricted likelihood) can be computed:

L(c*)= l o ! , exp{—ly'K(crzK'K)_l K’y}
@ (o e
Thus:

N—
2

/(az)zlogL(az): - 1log27r——;—log

o’ K'K| —-;- yK(o°KK) Ky=

N=1 -
o log2ﬂ—N !

2 1 ' 1 ’ 2t [}
logo —EloglKK|—5yK(0' KK)Ky
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and:

‘\/ i _ ' ’ ., _ 4 ! !
(ff)=o:>—N 1JT+yK(K€)Ky=O:>_l N71+yK(KK)Ky .
oo’ 2 o’ 20 2| o’ o'
-1 yK(KK)'K -
3]\;-?1_y ( 0-4) y=0:>(N‘1)"2=le(K'K)lK'y:>
,  YK(KK)'Ky
= Oar = (N-)l

It is noted that the o2,,, depends on the non-unique constant matrix K'.

These results can be extended in any multivariate normal model (which they

are discussed in the next chapter).

3.3.2.3 Prediction of Random Effects (BLUP).

Consider the simple random effect model:

Y, =u+b+eg, (3.10)

Each components of random vector b, can be predicted by the conditional

mean of b, given ;,A . By (3.10) it is derived that b, (T — ;1) —¢, . Thus:

b 0 Gi o-b
_|~N ( ] ) . o 3.11)
Y. K)o, o +—

Hence:

b =E(6/3,)=E[(y,-#)-2./3.]|=E[(.-#)/3.]|-E[2./7.]=
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COV(b,,;,-.) = -2 e - _ no, (-
=E(bl)+m(y:_E(y,)) = aija_g(yl_#)_m(y:_:u)

If 6} >> 0 then the 5, is given by y, —u while if 62 <<o? then the expected value
of b, is 0.
An alternative way to define predictors for b, is based on Bayesian methods.

However, these methods are not included in this study.
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Chapter 4

Linear Mixed Models in Longitudinal Data

4.1 Introduction
In chapter 2, the classical methods (ANOVA, MANOVA) for analyzing

longitudinal and generally repeated measures data have been discussed in detail.
However, both methods are valid under special circumstances.

Firstly, it has already been considered that the validity of analysis of variance
F-tests of the ANOVA model depends on the sphericity assumption. However, more
of the applied settings in studies rarely satisfy the assumptions that required on the
covariance matrix. On the other hand, the multivariate analysis of variance method
presumes a completely arbitrary covariance structure. Hence, this method does not
take into account the two sources of variation.

Last but not least, the above methods are valid if and only if the experimental
design is balanced. Although this does not causes serious problems in many types of

designs, often there are situations where it becomes a major drawback.
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For the above reasons, other strategies for the analysis of repeated measures
and longitudinal data are advocated. Most common approach is based on the linear

mixed method, which overcomes the balanced design’s problem.

4.2 The LME Model Formulation

4.2.1 A Single Level LME Formulation

Let y, = ( YisYaseeos Yy )’ be a n, -dimensional response vector for the ith group,

i=1,2,... N. The linear mixed-effects model for y, is described by the equation (Laird
and Ware, 1982):

Y, =XB+ZDb +¢, 4.1)

where £ is a p-dimensional vector of fixed effects parameters
b, is a g-dimensional vector of random effects variables
X, is a n,x p known fixed effects design matrix
Z, is a n,xq known random effects design matrix

g, is a n,-dimensional vector within group error.

The random components of model (4.1) are the vectors b, and ¢, . The random

vector b, is assumed that it is normally distributed with zero mean and variance-

covariance matrix ‘¥ . Thus:

b~ N(0,%) 4.2)

As b, has defined to have zero mean, any non zero mean for a term in the

random effects must be expressed as part of the fixed effects terms. Thus, the columns

of Z, are usually a subset of the columns of X,. It is also assumed that the variance-
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covariance matrix ¥ must be symmetric and positive semi-definite; that is, all its

eigenvalues must be non-negative.
For the random error vector g, it is also assumed that it follows the normal

distribution, its mean is zero and its variance-covariance matrix W has an arbitrary

structure. Hence:
g, ~N(O,W,) (4.3)

However, it is usually assumed that the variance-covariance matrix W has the

especially structure W, = ¢*1 (a multiple of identity matrix).
Finally, the random effects b, and the within group errors ¢, are assumed to

be independent not only for different groups but also for the same group.
The mean and the variance-covariance matrix of vector y,, are computed

based on the (4.1):

E(yi)=E(XilB+Zibi +8,.)= E(X,ﬁ)+E(Z,.b,.)+E(é',-)i:%;Xiﬂ

and
(42) ,
Var(y,)=Var(X,B+Zb +&)=Var(Zh)+Var(s, )(Z) ZYZ +W,.

It is more convenient to express the variance-covariance matrix in the form of
a relative precision factor A (Pinheiro and Bates, 2000). This is any matrix that

satisfies the equation:

-1

=A'A 4.4
1/o0° 44

If the variance-covariance matrix W is positive, then a A exists, without
being unique. A possible A is the Cholesky factor (Tristed, 1988), which is ¢*¥™.

The term relative precision matrix is used for the matrix A because it factors, ¥ '
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the precision matrix of random effects, expressed relative to the precision, 1/ o’, of

the error ¢, .

4.2.2 A Multilevel LME Model Formulation

The model (4.1) can be extended to a model containing multiple, nested levels

of random effects. In this case, special procedures are required to obtain satisfactory
parameters estimates. In these models, the structure of the random part is the key
factor.

The case of two nested levels of random effects will be first illustrated. The

model (4.1) is extended and it is rewritten in the following form:

Y, =X,B+Z b+Zb +¢, (4.5)

where y; is the response vector

X; isthe n; x p design matrix of fixed effects
P is a vector of unknown parameters
b,.,b; are the first-level and the second-level random effects of length ¢,.q,
respectively.

Z

ij?

Z, are the n, xg,,n, xq, models matrices of first and second level of

random effects

&, is the within groups error

For the subscripts i, j we have: i=1,...,M and j=1,...,M, where M denotes the
number of the first level groups whereas M, denotes the number of second level
groups within the ith first level group.

It is assumed that the level-1 random effects b, are independently, normally

distributed for different i, with zero mean and variance-covariance matrix Y,

b~ N(0,%,)
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The level-2 random effects b, are also independently, normally distributed for

different i or j, with zero mean and variance-covariance matrix ‘P,
b, ~N(0,¥,)

Finally, the within groups etror &, follows the normal distribution with zero

mean and variance-covariance matrix o/
~N (O, ol )

The within group error is independent for different i and j and independent of
the first and second level random effects.

The same pattern is valid in the extension of 3-levels of random effects. Thus,
the response for the kth level-3 unit within the jth level-2 unit within the ith level-1

unit is written as follows

Vi =X BHZ, b+ 2, b, +Z,b +8, (4.6)

i, jk™i i, k~ij ifk™ ijk

As above, it is assumed that b ~N(0,¥).b, ~ N(0,'¥,).b, ~N(0,'¥,) and
£, ~N(0.°1).
A posteriori the formulation is extended for Q nested levels. It is generally

assumed that the random effects and the within group error follows the multivariate

normal distribution (Gaussian). The variance-covariance matrix ‘¥ for the level-q

random effects can be any positive-definite, symmetric matrix. However, sometimes

it can be restricting, requiring to de diagonal or a multiple of the identity.
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4.3 Estimation of Fixed Effects

The two general methods of parameters estimation in linear mixed models are

the maximum likelihood (LM) and the restricted maximum likelihood (REML).
4.3.1 Maximum Likelihood Estimation

In the chapter 3, the maximum likelihood estimators of fixed effects for the
general linear mixed models have already been computed. Assuming that each

subjects’ i response vector is multivariate normal with known variance-covariance

matrix V,, y ~N(X,B.V,), the ML estimator of S had been computed:

~ N -l N
ﬂ:(ZX,.'V,“X,) > X'V'y,. Indeed, on considering the model (3.1) and
i=1

i=l
assuming that each measurements’ i response vector is multivariate normal with mean

X,p and known variance-covariance matrix ¥, then the (marginal) probability

i

density function of y, is given by:

f(y/;Xiﬂ’I//)=+lexp{_%(y: —X“B)' Vi_l(y, _X:ﬂ)}

As there are n measurements in total, independent to each other, vectors y,,

i=1,2,...,N the likelihood function of all measurements y = (3, ,....yy) is:

2

L(X,-ﬂ,V,-;y,)=Hf(y,;X,ﬂ,V,)=H+ICXP{—%()/, —X:ﬂ)' V/_l (y/ _XUB)}=

i=l

19| =
ol

= (20'2 )_

Sn (INIIV,

i=1 i=l

)exp{—%g:()’, -XB) V' (5, —Xﬁ)}

Thus, the corresponding log-likelihood function A is:
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S (LI Jewo -2 0= -0 -

A=loglL —log(( ') %
i=1

1 ul 2 1 N 1 o t _
=(—52n,)log2a‘—ElogHIV,-l—EZ(y,—X,ﬂ) V'i(y-XpB)=
i=l 1]

i=l

=1

-

1 L 1 -
=(‘52n,)logza‘ —5 2 loelV| =22 (- XB) V' (5, - X.5).
i=1 =1 =1

To obtain the maximum likelihood estimator of fixed effects £, it has to be

maximized the log-likelihood function, A, with respect to £. Thus:

OL(X.B.V;y.) _ o &1
o =0=>-— aﬁ; (v X,B) (»-XB)=0=>

= ia(;v, -X.B)V,

(y-XB)=0=>- 2ZXV (y-xpB)=0=

-1
= iXi'I/i_lyi —i Xi'I/i_lXiﬂ =0 :>ﬁ = (ﬁ:Xi'I/i—lXi) iXi'Vi—Iyi >
=1 i=1 i=1 i=1

N 1
> XV X, ) exists.

i
i=1

under the assumption that the inverse [

The mean of ,B is given by:

i
i=]



_ L(i XX, )"1 i Xi’V,.“]Var( yi)[(iX,-'V,-_lX, )—l ﬁ)X,’V,'_ _

i=1 i=1 i=1 i=1

J =l

[ N -1 N N "N ot
(> xwx, ZX,-'K"K(ZX,-'K“) (ZX.-'V.-“X.) -
i=1

i=1 J =l

N ' N (& B
=13 xv'x, ZX!(ZX,.’V,-“) [(ZX.-'V,»“X,) }=

It
M=
o}
-~
>
e
M=
>
3
]
—
—
M=
>
5
>
~—
N
|

4.3.1.1 A Pseudodata Approach

An alternative way to compute the ML estimates of f and variance
components (i.e. the elements of the variance-covariance matrices ¥,W =o°I) is a

pseudodata approach (I. Pinheiro and D. Bates, 2000). This approach creates the
effect of the marginal distribution by adding “pseudo observations”. The contribution
of the marginal distribution of the random effects has been changed into extra rows

for the response and the variance matrices.
Now, the parameters of the model are £, o° and the parameters that

determine the matrix A (as it is defined in (4.5)). An unconstrained set of parameters

of A is presented by 6. Thus, the likelihood function of vector y =(y,, ¥,5.., ¥y )' is:

L(B.6.6%1y)=p(y/B.6.6")

Since b, ¢, are independent, the likelihood function can be expressed as:
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N

L(ﬁ,e,az /y) — Hp(y, /ﬁ,H,az)

i=1

To obtain the marginal density for the data, as the no observed random effects
b,i=1,2,..,N are part of the model, it is required to integrate the conditional density

of the data given the random effects with respect to the marginal density of the

random effects. Hence,
N
L(B.6,0/y)=]1][r(»./5.0.6%) p(b./6.5% b, 4.7
i=1
The conditional density of y, is multivariate normal that can be expressed as:

exp(—“y, -X,B-Zb| /20‘2)

3

4.8
(27[0'2 )”' N @9

P(y,- /bi,9,02)=

The marginal density of random effects b, is also multivariate normal, thus:

exp(-b/¥8,/2) exp(-b/ (a'8)b,/2) exp(~ab [} 120%)
@) ¥ ey o) o (22)" abslal”

(4.9)

p(b/6.07)=

Substituting (4.8) and (4.9) into (4.7)the conclusions are derived as follow:

a exp(~|y, - X.B-Zb| /20% -|ab| 1267
L(,B,G,O'Z/y)=l-\-[ absIA ( ” “ " )

=1 (27[0'2 )"i/z I (27[0'2 )qlz i

exp| —(ly, X, B-Zb| +|ab] /201]
el eel R el P

s (27:0'2)”'/2 (27r0'2 )ql2

43



s exp[_(ui,-zﬂ-zb,“z),z,,z]db »

-t (2707 )"i " (270° )qlz I

- (3= (X\= (Z
where y,=()gj,x,.=(o’],z, (A} @.11)
\ \

The exponent in the integral of (4.10) is a squared norm, to be more accurate,
it is a residual sum-of-squares and it can be prescribed the conditional modes of the

random effects given the data, by minimizing it. For computing the solution, the
partial derivative of it, is calculated, with respect to the b, and then it is equated the

resulting derivate to zero. Thus,

and

The squared norm can be expressed, therefore as:

2

”AI’ -;\’V,,B—bel

p-a-Zal o5
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Nl

—~ —~ —
!
A

indep;ndem
on b,

o +6-8) 22 (e-5) @)

Yet it holds:

exp[—(b, -b )' Z’Z(b,- - B,)/ 20,2:|
L

(411)

\/’Z Z’ J.Z Z +AA’

By combining (4.12) and (4.13) the (4.10) is expressed as:

(4.13)

(4.12)

L(B.0.6%1y) =

\ CleIAl J-e‘p[_ (";: _Zﬂ_zb, “: +(b —g)’ Z’Z(bi _a))/zo_z]

db, =

o (2r0) ()"
o anpy ool i-Ta-f) el -AVZEB)e)
B ()
(4:3) N absiA[ exp(—ll;_zﬂ_zbl “:) l _
e N o
_ 1 eXp( Z"J’ -Xp- Zb|| ) X abs|| e

(270° )N/2 20° \A
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The expression in (4.14) could be used as an algorithm to compute the

maximum likelihood estimates of B, o* and #. The maximization of likelihood

function (4.14) is simpler if we profile the likelihood to be a function of

this, the conditional estimates 2(9),3—2 (6) are first calculated, as the

6 only. For

values that

maximize the (4.14) for a given &. The least squares estimates for £, however, will

depend on conditional modes b, and vice versa. Hence, it is required to determine

these jointly as the solution of:

i
’

(13. ,ba .. by ,3) =arg, , ,minly, - X,(b...b,.5) |

N
S

0 0 X B2

A 0 0 0 0

0 7 0 X, Y2

where X,=| 0 A 0 O jand y,=| O
0 Ly X, Vi

A 0 0

Therefore, the estimates are obtained in the following equation:

14

Al AT A I -1
(b, - ,,BJ =(X2'Xe) X'y

N

However, the matrix X, is sparse and can be very large, thus it would not be

useful to use it. The conditional maximum likelihood estimate for o, using linear

regression theory, is:
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Finally, combining the above conditional estimates, the (4.14) becomes:

exp(-N/2) H abs (A

N/2 ,
[27[0‘ (9)} - \Az z,‘

1(6)=L(5(6).6.5"(0))-

Al AT A ! AT
However, it does not be needed to compute b1 ,b2 ,...,bx , 3 (6) to evaluate

the profile likelihood, but the only that it is necessary is the norm of the residual in
(4.10). Convenient methods of this calculation are described on the next paragraph.

4.3.1.2 Orthogonal-Triangular Decompositions
Orthogonal-Triangular decompositions of rectangular matrices are a numerical

method for solving least squares problems. ( Chambers, 1997; Kennedy and Gentle,
1980; Thisted, 1988). The decomposition is written:

X:Q| R}:Q,R (4.15)

where X is an nx p matrix of rank p
Q is an nxn orthogonal matrix (i.e. Q'Q=00Q'=1)
Risan px p and upper triangular matrix

O, consists of the first p columns of Q. It is orthogonal too.

The orthogonal matrices have an important property. That is, that they

preserve norms of vectors under multiplication either by Q or by Q’, for example

ool =(@y) (@¥)=y00y =y =|»|
or | =() ()=yQ=yy=|p
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According to that, for the residual vector in a least squares problem, we get:

-l

5

lv-x8 =|o (-xp) =|ov-0xp

(4.16)

2
[

a R 2_ » R 2
““lo B =l —RA| +

14

where ¢ = (cl',cz') =(Q'y is the rotated response vector. (¢,,c, are of lengths p and

n-p, respectively).

Because X has rank p, the pxp matrix R is non-singular and upper
triangular, thus, the least-squares solution ,B can be obtained from the equation:
Rﬁ=q.

The residual sum-of-squares is |c, ||2 , the second term in (4.16)which can be

computed without calculating ;é .

4.3.1.3 Maximum Likelihood Estimators Using Decompositions.

In this section, in (4.10) the sum-of-squares is computed, using orthogonal-

triangular decompositions. Firstly, an orthogonal-triangular decomposition of the

matrices Z, is considered as: Z.=Q(i){Rl(;(i):| where R, is gxq and Q,is

(n,+q)x(n, +q). Thus, the sum-of-squares is expressed as:

% 2a] =Jey 5, %20 -

07, -0y X:B-0yZb|

(4.17)
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The matrices in the above equation are defined Q(’,.)X’ =

IOMJ and
R

i 00(1)

, ~ c i . . .
Q> = L‘ E;] or equivalent these matrices can be considered as components in an
i
0
orthogonal-triangular decomposition of an augmented matrix

Z X Ry Rey
' y' Q() l( S . The (4.17) therefore becomes:
a0 Rooy  ogy

7, ~X8-Zb[ =~ R~ Rut | +ewr = Rur|

exp| (I~ X~ 2] +Jab ] }120°]
(27:0'2 )q' : '

“coo') ~ Ry " Ie‘\p ( “"w) = RigyB—Ryb “ /-207 )

Thus:

=exp| - y (27:0-2 ),, 3 db,  (4.18)

The matrix R"(i) is non-singular, therefore it can be performed a change

l(/ lO(l)ﬂ
o

variable to ¢, = ”(') _ . Its differential is dp, =0 abs'R"()ldb Then,

the integral in (4.18) can be written:

. (“ﬂ(f)'Rm(:)/’ -Ryp| 1-20° ) fexp( e /2)d -
(2 J )qn ' abis '()I (2”)41/7 i_
B (4.19)

abis“(i)I

This is the same as (4.13) in the following way:
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.Rl l(l)Rl 1(7) I

z’,z|=\A[R.,(,) ]Q(,,Q(,)[ “"}
= |“(,)||R”(, \/ |

Combining (4.19), (4.20) and (4.10) the likelihood function is:

(4.20)

l l(l

¥ e~ R L
L(B.6.0°(¥))= H (2n ) { 20" abis“(,|

5 ey — R
il

(220%)"" 20 R

The term in the exponential has the form of sum-of-squares. Thus, it is
computed using another orthogonal-triangular decomposition. Using the

decomposition

ROO(I‘) 0] P
: : =Qo( o °] (4.21)
Ry Con) )

lco Rooﬁ" ]Habs[ I | J (4.22)

207 | R

1
we get: L(3,6,0°(y))= — exp[
( ) (270%)" 20

The values of B and o that maximize the likelihood for a given value @,

arec:

B(0)=Ryc, and & () =11l (4.23)
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Consequently, the profiled likelihood is:

L(6/y)= L(ﬁ(‘g)ﬁ&2 (9)/.") =[27f|]|:7_1"2 JM eXp(—%)ﬁabs( 'R

and the profile log-likelihood is:

(=logL(6/y)= [logN log(27r||c l|| )] %f,lj} NJw‘rs 4 =
.'s.:ﬂ""" ~:i:;r-' R l(i)|
) =\
{5 BIBMOBH )T |
=—[logN log2z— l]—-——l gl [ +log &y
\ S/ R

The profile log-likelihood consists of three components, a constant, a scaled
logarithm of the residual sum-of-squares and a sum of ratios of the logarithm of

determinants. Maximizing the profile log-likelihood, with respect to €, the maximum
likelihood estimate @ is derived and replacing 6 by @ in (4.22) the maximum
likelihood estimates 3 and & are finally obtained.

Although the random effects b, are not parameters for the models, they

sometimes do behave like parameters and it is often useful to estimate them. The

conditional models of the random effects are the Best Linear Unbiased Predictors
(BLUPs of b,). They can be computed by the matrices from the orthogonal-triangular

decompositions, as

bi(6) = Rity ()~ Ry B (6)) (4.24)

~

in which the unknown vector @ is replaced by its ML estimator, 6.
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4.3.1.4 Examination of the Profiled Log-Likelihood

For simplicity, A is considered as a scalar. As it has already been refereed the

profile log-likelihood consists of three terms:

= A constant term, %[log N —log2r - l] which can be omitted for the purposes

of optimization.

* The term —%log "c_,"2 , a multiple of the logarithm of the sum of squares of

residuals

13 ]
* The term log abs——— log| abs log the
l—[ z Z VZ'Z +A

! |u<>| = |u(o|

sum of the logarithms of the ratios of determinates.

Note, for the second term of profile log-likelihood, that as & — —o, (A - O) ,

this log-norm approaches a horizontal asymptote at a value that corresponds to the log

residual norm from an unpenalized regression: y = X f+¢& where y = ( VisVasreeVn )' ,

Z 0 - 0 X B
0z, - 0 X :
X = : :2 5 : :2 and /8= IB
0 0 - Z X, B

On the other hand, when 8 takes extremely large values, 8 — o, the relative
precision factor A takes very large values, as well, penalizing the size of the b, terms
in the regression that these are pulled down in the zero. In this case, the regression is

X]
described by: y=| : |B+¢.
X

Now, the third term of profiled log-likelihood, as relative precision factor A
increases, taking very large values, it dominates the term Z,'Z, in the denominator.

Thus, the ratios approach A/A=1 and the sum of those ratios approaches zero.
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However, as A decreases, taking very little values, it effects a little on the

N N
denominator. Thus, Z(9~log,”Z,'Z,I):MG—ZlogJIZ,.'Z,‘ . When € — —oo this
1=1 =1

term approaches a linear function of 6
Finally, in the case which the relative precision factor A increases and &
tends to co the log-likelihood will usually decreases, approaching a constant. There

are, however, data sets in which the log-likelihood increases as 8 — «. In this case,

the log-likelihood estimator of & is zero.

4.3.2 Restricted Maximum Likelihood Estimation

As much mixed models, in practice, have many fixed effects, it would be

useful to compute the variance estimators o> and o} taking into account the loss of

the degrees of freedom involved in estimating the fixed effects. There are several
ways to define the REML estimation criterion.

Consider the model
y=Xp+Zb+¢

where y is the vector containing all the observation and Z is a diagonal matrix with

blocks Z; on the main diagonal and zero elsewhere.

It is also considered that y~N (X ﬂ,V(a)), a represents the vector of
variance components found in V;.

Based on a set of error contrasts U = K'y where K is a nx(n— p) matrix of
full rank with columns orthogonal to the columns of the X matrix. The vector U is
normally distributed with zero mean, variance-covariance matrix K’V (a)K and it is
independent of S.

Harville (1974) has shown that the likelihood function of the error contrasts

can be written as
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The REML estimators of a and S are obtained by maximizing the

loglikelihood function with respect to the a and S respectively. Note that the REML

estimator of a does not depend on the error contrasts, i.e. the choice of K.
An alternative way to define the REML criterion is provided by Laird and
Ware in 1982 as:

L(6.0%1y)= _[L(,B,H,O'Z/y)dﬂ

Within a Bayesian framework it can be assumed that a locally uniform prior
distribution for the fixed effects S is selected and they are integrated out of the
likelihood.

According to the likelihood form in (4.22) and using the same change-of-
variable techniques as in (4.18) the log-restricted likelihood becomes:

€y(0.0°/y)=logL, (6,0 /y)=

—log abs|Rm| + Z log abs IAI

= —?log(bm )
| u(:)l

By maximizing it with respect to the o, the conditional estimate of ¢ is obtained:
or(6)=

obtained:
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Cy (H/y):zR(o,EZ(e)/y) 2

Al
k

N
= const—(N—p)log HC_IH— log abisoo|+Zlogabs '
=1 1)

For the computations of the REML estimation of ¢ the profile log-restricted
likelihood with respect to @ is first optimized and then using this REML estimates

~ ~2 ~
Oz only, the REML estimates of ¢>,0x (9R) are obtained. The estimator of S
depends on € and o. However, it is useful to obtain the “best guess” at £ from

(4.23) when Or is determined via REML. F inally, the BLUP estimates of the random

effects effects are obtained by replacing @ with O in (4.24).

4.3.3 Comparison between ML and REML Estimation

Both ML and REML estimators are based on the likelihood function which
leads to useful properties such as consistency, asymptotic normality and efficiency.
An important difference between likelihood and restricted likelihood function is that
the former is invariant to one-to-one reparameterizations of the fixed effects while the
latter is not. In addition ML estimation provides estimators of the fixed effects, while
REML does not. For balanced ANOVA models, the REML estimates are identical to
classical ANOVA-type estimates. Finally, linear mixed models with different fixed

parts cannot be compared using REML estimators.

4.4 Estimation of Random Effects.

Although one is usually primarily interested in estimating the vector f of
fixed effects and the variance components ¥. o, it is often useful to calculate
estimates for the random effects b,, since they reflect how much the subject-specific

profiles deviate from the overall average profile.
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Consider the model (4.1) and its assumptions. According to the assumption
that the random effects are variables, it is most natural to estimate them using
Bayesian techniques (see for example Box and Tiao, 1992 or Gelman et al, 1995).

The vector Y, of responses of the ith individuals conditional on that
individual’s specific regression coefficients b, follows the normal distribution with
mean X,+Zb, and variance-covariance W,. The vector of random coefficients b,,
also, follows the normal distribution with zero mean and variance-covariance matrix

W,ie. y,/b~N(X,B+Zb.W,) and b~ N(0,%¥).

The distribution of b, is usually called prior distribution of the parameters b,,
since it does not depend on the data Y, . Once observed values y, for Y have been
collected, the so-called posterior distribution of b, conditional on Y, =y,, can be

calculated. Thus:

f(b,/3)=f(b/Y =)= f(»/8)1(b)

“Tr0.15)7 )8 (4.25)

where f(y,/b,) is the density function of ¥, conditional on b,
£ (b,) is the prior density function of b,

It can be shown that (4.25) is the density of a multivariate normal distribution
(Smith, 1973 and Lindley and Smith, 1972).

Very often the vector b, of random effects is estimated by the mean of this

posterior distribution, called the posterior mean of b, :
Bi (9) = E[bi /X = yi]= J-bif(bi /yi )dbi = \PZ,"V;'_] (a)(yi —Xiﬂ) (4.26)

The variance-covariance matrix of b; is:

i
i=l

-1
var(b,) = ¥Z, { v7-voX, (zN: X,.'Vi"X.) Xy }Z,‘{J 4.27)
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Since the (4.27) ignores the variation of b,, it underestimates the variability

b -b, . Therefore, for this estimation we use (Laird and Ware, 1982):

~

var(b,- —b,.) = \P—var(i;,-) (4.28)

Their maximum or restricted maximum likelihood estimators replace the
unknown parameters in (2.26), (4.27) and (4.28). The resulting estimates for the

random effects are called “Empirical Bayes” estimates.

4.5 Multilevel Models.

The techniques and the process are used in the calculation of the maximum
and restricted maximum likelihood function of a multilevel model, are the same as
those, which are used in a single-level model. The process for a single-level model is
described in detail in sections (4.2.1.1), (4.2.1.3) and (4.2.1.4).

A two levels model is first considered such as in (4.5). The likelihood function
for this model is defining as the same way as in (4.7) but integrating over both levels

of random effects:

i

L(B.6,.6,,6% 1 y)=
ﬂAi[[jp(y,,/b,,,b,.,ﬁ,az)p(bv/92,0—2)dbi,]p(b,/Q,az)db, (4.29)

M
=l ~ =1

The inner integral can be computed, augmenting the Z, matrices with A, and

forming orthogonal triangular decompositions of these augmented arrays. The follow

form is used:

[le Zi,j Xy Vi :I _ Q('j) |:R22(U) RZI(U) RZO(‘J) cz(!i) (430)

o8 UL 0 Ry Koy
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The matrix Rzz(.,-) is a ¢, xq, upper-triangular matrix. The other arrays in the
first row in (4.30) are used only if the conditional estimates ,’6\‘(0) or the conditional
modes by (6) and b (6) are required.

The outer integral is evaluated iterating the same process as above. The form,

which is used now, is:

R Romy _
¢ : : Rn(,) 10(/) cl(:)

R R c :QW{ 0 Ry c S
11(iM ) 10(i,) (M) _ 00(#) (i) _

LA 0 0

The Ry.c,.c_, is the same as (4.21). Using the matrices and vectors produced

in (4.30), (4.31) and (4.21) and following the same steps as the single-level the profile
log-likelihood function for 6,6, can be expressed as:

L(6,.6,1y)=log L(8(6,,6,).6,,6,,° (8,,6,)/ y) =

hY) | AII M M, l Azl
= const — N log|lc_, | + Zl log abs IR l + Zl: Zl log abs IR,
= wol) A 2(s)

The correspond profile log-restricted likelihood is

£,(6.6,/y)=log LR(BR (6.6,),6,,6,,5% (91,02)/)1) =

3 Al |, s A,
= const (N - p)log|lc_, | - log abs|Ry,|+ D log abs +3° > logabs| ——2

= |R1,(,.)| = 220)

The same pattern is valid in the extension of Q nested levels of random
effects. In general case of Q nested levels (of random effects), there are Q symmetric,

positive-definite variance-covariance matrices ¥, , k=1,2,...,Q. These matrices are
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=1
expressed in terms of relative precision factors A, that satisfy LA ALA, . To

2

optimize the log-likelihood or log-restricted likelihood function, the variance-

covariance matrices W, /o’ or equivalently the relative precision factors A, are
expressed as a function of unconstrained parameters 6,. Since the matrices ¥, /o’

are symmetric and positive-definite matrices, the parameterization is used, is their
matrix logarithm. The matrix logarithm of e matrix B can be calculated by an
eigenvalue-eigenvector decomposition of their matrix exponential. As exponential

matrix, is defined a matrix A that has the next form:

2 3

A:eB:I+B+£+
21!

+....
3!

The matrix A is the matrix exponential of B, B is the matrix logarithm of A.
Suppose that the matrix A is symmetric and positive-definite. The decomposition for

the evaluation of B is A =UAU’, where A is an gxq diagonal matrix and U is a
g x g orthogonal matrix. As A is a positive-definite matrix, all the diagonal elements

of A are positive. The matrix logarithm of A is a diagonal matrix whose diagonal

elements are the logarithm of the corresponding elements of A . Finally,

B=log A=Ulog AU’

6, is defined to be the elements of the upper triangle of the matrix logarithm

of P, /o . This gives a no redundant, unconstrained parameter vector for ¥, /o™ .
If the variance-covariance matrices have another structure, another
parameterizations are used. For example, if W, /o’ is diagonal and positive-definite,

then the parameterization uses the logarithms of these positive diagonal elements.
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4.6 Unknown Variance Components.

It has already been considered estimations of fixed effects vector S and
prediction/estimation of random effects b,, i=1,2,...,N on the prescription that the

covariance matrix of model (4.1) is known. That is, when the variance components 8

are known, and thus W,W, and V,=ZWZ +W, are consider to be known, closed

form expressions for the estimates of fixed and random effects f and b, can be
derived without particular difficulties. However, in most longitudinal studies,
variance-covariance matrices ¥,W, are unknown. Hence, since equations for the

estimators of fixed and random effects involve these unknown matrices, estimates of

Y. W, and V, are necessary in order to derive closed form solutions for the estimators

1] H

of £ and b,. In this case, the common strategy to proceed with fixed and random
effects estimation is to set 7, =V,(§)=Zi‘P(§)Zi’ +W,(é) and estimate £ and b,
using again the already derived equations of sections 4.2, 4.3 and 4.4 replacing ‘¥, W,
and ¥, with their estimates ¥ ='¥/(8), W, =W, (6) and ¥, =¥,(8).

The most common methods for estimating the unknown variance components
@, is the widely applied Newton Raphson (N-R) algorithm and the more recently
developed Expectation Maximization (EM) algorithm (Dempster, Laird and Rubin,
1977; Laird and Ware, 1982; Linstrom and Bates, 1988; Longford, 1993).

= Newton-Raphson Algorithm (N-M)

It is based on the score function around current estimate 8* to produce the

next estimate 6**. At each Newton-Raphson iteration is calculated the score
function and its derivative, the Hessian matrix of the log-likelihood. Under general
conditions, usually satisfied in practice, the N-R algorithm converges quadratically.
However, since the calculation of the Hessian matrix is ‘expensive’, usually are used

approximations, leading to the so-called Quasi-Newton algorithms.
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=  EM-Algorithm

It is used for incomplete data and it is based on regarding the random effects,
such as the b,, i=1,2,...,N as unobserved data. The EM algorithm consists of en
expectation and a maximization step.

E-step: The E step evaluates the conditional distribution of b, given y, and
then the conditional expectation of the log-likelihood function, which is called
objective function.

M-step: At the (k+1)th iteration, S**,c*™ and ¥"**" have to been chosen

to maximize Q(V;V('”')). The iterates W** and o**"can be obtained either by

direct differentiation of Q(V;V(") ) or by noting that L(V) belongs to the exponential

family and considering the conditional expectations of the complete data sufficient
statistics for #,¥Y and o?. The main advantage of the EM iteration is that the

general theory (Dempster et al, 1977) assures that each iteration increases the
likelihood.

Initial values at , in both algorithms, can be obtained from the current data or
from a previous fit for similar data. In the EM algorithm, although the iterations are
quickly and easily computed, the convergence near the boundary of the parameter
space is slow. On the other hand, N-R iterations are very unstable far from the
optimum, while when they are close to the optimum they converge very quickly.
Details about the implementation of such algorithms, together with expressions for all

parameters in & can be found in Lindstrom and Bates (1988).

4.7 The Covariance Matrix for the Random Effects.

In model (4.1) any special form for the covariance matrix of the random
effects, ¥ is not assumed. However, in many practical applications, it will be very
helpful to restrict W to special forms of variance-covariance matrices that are

parameterized by fewer parameters. Of course, this should be done at a stage prior to
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the inferential stage of the analysis. That is, we must conclude with a suitable form for
¥ before fitting the model, estimating the model’s parameters and conducting any
tests of significance for the models effects. One should always investigate for the
proper form of W to avoid over-parameterization. There are many choices for the

structure of the covariance matrix.

= The General Positive-Definite Structure: It is the most simple covariance
structure. It specifies a variance-covariance matrix with no particular pattern,
essentially leaving W completely unspecified, since the variance parameters

within¥ are all different to each other. Thus, its form is:

g, Op 0,

0, O, 0,5,
2

(e (o2 g

This form, however, has the disadvantage of having to estimate a very large

number of variance and covariance parameters.

= The Diagonal Structure: It is a very common structure of the variance-
covariance matrix. In this case, the random effects are assumed to be

independent, that is the covariance of Vs Vi is zero. Thus, its form is:

o 0 0
0 o 0
0 0 o}

This form restricts the number of the parameters that have to be estimated,

to the variance parameters only.
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= The Multiple of the Identity Structure: This structure specifies the random
effects not only to be independent but also to have the same variance. Thus, its

form is:

20 0
0 o 0 so?]
0 0 o’

The parameter which has to be estimated is only the variance o”.

= The Compound Symmetry Structure: The compound symmetry structure

specifies the variances and covariances included in each variance-covariance
matrix of the data to be: Cov(y,.j,y,.k)= o; for j#k and Var(y,.j)= o’ +o},

for j=k. Thus, its form is:

o’+o} o - o]
2 2 2
o} o’+ol - o
Rl i
o} o] - o +o).

This structure corresponds to the structure assumed by the Analysis of
Variance (ANOVA) methods for longitudinal data, presented in chapter 2.

4.7.2 Selecting the Best Covariance Matrix.

There are many methods for choosing the most appropriate structure for the
covariance matrix of the data. Models with the same fixed effects, but with different
covariance structures, can be compared using again statistics based on the likelihood
function. In the following sections, these methods are presented and the situations in

which each of these methods apply.
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4.7.2.1 Likelihood Ratio Tests.

A general method for comparing nested the fit of models and the significance
of random effects using the maximum likelihood is the likelihood ratio test (Lehmann,
1986). Consider two models, a general and a restricted model with the same fixed
effects specification. This test can be used if and only if both models have been fitted
by REML and their fixed effects specification is the same. The null hypothesis is

tested:

H, :the general model is adequate Vs H, : the general model is not adequate

with the restricted model with the restricted model

Denoting L, L, the models’ likelihood functions, the likelihood ratio test (LRT) is

defined as:
~2log(L,/L,)=-2[log L, ~log L, ]= ¢, (6} ¢, (6)

where & is the ML or the REML estimate of the known variance components that

maximizes L , L, respectively.
The LRT under the null hypothesis follows the X distribution with d
degrees of freedom, where d is the difference in the number of variance components

fitted between the two models. A large value of the difference ¢, (é)— l, (@) leads to

the rejection of the null hypothesis that the two models are the same.
4.7.2.2 Akaike’s Information Criterion (AIC)

The likelihood ratio test is valid only for nested models. Thus, in the case of

non-nested models, covariance structures can be compared using an alternative
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approach, such as Akaike Information Criterion (AIC) (Sakamoto, Ishiguro and
Kitagawa, 1986) and the Bayesian Information Criterion (BIC) (Schwarz, 1978).
AIC is a statistic based on the likelihood function and it is given by:

AIC = -2log L+2n,, = —2@(@/ y) +2n,,

is the number of parameters in the model.

r

where n ”

The REML version of the AIC is:
AIC==2log L, +2n,, =2£,(8/y)+2n,,

If AIC is used to compare two or more models for the same data, the model

with the lowest AIC is more preferable.

4.7.2.3 Bayesian Information Criterion (BIC)

The Bayesian Information Criterion (BIC) (Schwarz, 1978), which is

sometimes called Schwarz’s Bayesian Criterion (SBC) is computed with:
BIC=-2logL+n,, logN = —2f(é/y)+ n. logN

where n,, is the number of the parameters in the model and

N is the total number of observations used to fit the model.
The REML version of the BIC is:

BIC =-2log L, +,,, logN = -2£,(8/y)+n,, log N

Similarly, when using BIC the model with the lowest BIC is more preferable.
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4.7.2.4 Simulation

The likelihood ratio tests are helpful in selecting the appropriate random
effects terms in the model. That is, we fit different nested models in which the random
effects structure changes and apply likelihood ratio tests.

One way to check on the distribution of the likelihood ratio test statistic under
the nuil hypothesis is through simulation. Consider two models, the null model and
the alternative model such as the null to be a special case of the alternative model. To
simulate the likelihood ratio test statistic comparing the two models, data is generated
according to the null model using the parameters values of it. Then, both the null and
the alternative model to each set of simulated data are fitted and the likelihood ratio
test statistic is calculated. By doing this we obtain an empirical distribution of the

likelihood ratio test statistic under the null hypothesis. The empirical distribution can

then be compared to different X distribution.

4.8 Hypothesis Tests for Fixed Effects Terms.

While estimation of effects (both random and fixed) in the linear mixed
models for longitudinal data is usually of prime importance, tests of hypotheses

associated with the fixed effects vector £ will inevitably be required to assess the

significance of the latter effects. The general linear hypothesis is tested:
H,:L'f=0 vs H:L'f=#0 (4.32)

where L is a pxg specific known matrix of full rank and S is the px1 vector of

fixed effects.
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4.8.1 The Likelihood Ratio Test. (LRT)

The LRT is applicable in the situation which the models are nested and can be
used for testing hypotheses of fixed effects such as hypothesis (4.32). Consider two
models that differ in the specification of their fixed effects terms, the full model and

the reduced model.

Denoting L,,L, the models’ likelihood functions of the full model and the
reduced respectively, we define the likelihood ratio test (LRT) as:

2log(L,/L,)=2[log L,~log L,]>0 (4.33)

If k,,k, are the numbers of the parameters to be estimated in each model then

asymptotically, the LRT under the null hypothesis follows the x* distribution with
k, -k, degrees of freedom.

Despite the fact that the LRT is an approximate method based on large sample
theory, it has proven to be more reliable for small sample sizes. In addition, as the
number of parameters removed in the fixed effects became large, the reported p-

values can be very inaccurate.

4.8.2 The F-test.

An alternative way to the likelihood ratio test approach for testing hypotheses
of the form (4.31), one can use F-statistics of the following form:

Z"L'[L(ZX{V;‘ (é)X,)L’]L,@
F —

- rank(L)

Under the null hypothesis it can be approximated by an F-distribution. The

parameter vector @ is the maximum likelihood or the restricted maximum likelihood

estimate of # and it bases on the conditional estimate of variance. It holds, as the
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LRT, only approximately. Generally, we prefer the conditional F-tests and t-tests for
assessing the significance of the terms in the fixed effects.

These conditional tests for fixed-effects terms require both denominator and
numerator degrees of freedom. The numerator degrees of freedom are defined by the
term itself while the denominator degrees of freedom are determined by the grouping
level at which the term is estimated. The terms are divided into two categories: inner
and outer terms, relative to a grouping factor. A term is called inner to a grouping
factor if and only if its value can change within a given level of the grouping factor. A
term is called outer to a grouping factor if and only if its value does not change within
levels of the grouping factor. We consider that a term is estimated at level i, if it is
inner to the (i-1)st grouping factor and outer to the ith grouping factor. If a term is
inner to all Q grouping factors in the model, it is estimated at the level of the within-
group errors, which is denoted as the (Q+1)st level. Finally, the intercept is treated
differently from all the other parameters. Although it had to be estimated at the level 0
as it is outer to all the grouping factors, it is estimated at level Q+1. This is because
the intercept is the one parameter that pools information from all the observations at a

level even when the corresponding column in X, does not change with the level. Let
m,  denote the total number of groups in level i, with

3 {1 if an intercept is included

m, = and m,,,=N, and p, denote the sum of the

0 otherwise
degrees of freedom corresponding to the terms estimated at level i, then the ith level
denominator degrees of freedom is defined by: denDF,=m —(m_ +p,),
i=1,2,...,Q+1.

4.9 Confidence Intervals

Confidence intervals for the estimates of fixed and random effects can be
approximately constructed, basing on their approximate distributions. The vector of

estimates of fixed effects, as we have already discussed, follows a normal distribution:

p~N [ ﬂ,(z Xv'x ,.] ] or equivalently, if we want to use the denoting of the

i=1
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pseudodata approach: ﬁ ~N ( B.o’ [Ro_ol Ry, }) and
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.~ |~N : g («91,...,490,0') where
9() 9(_) -
log o log o
&*( el A
06,06, 00,06/ Olog 006
1(0,,...,09,0):— 1S the empirical
o o o
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information matrix. Thus, the approximate confidence interval of level 1-a for an

element S, of vector S is:

iji-t% (1—a/2)1’var(ﬁj)

where df; is the denominator degrees of freedom for the conditional t-test

corresponding to the jth fixed effect based on the ,’é The approximate confidence

interval of level 1—a for the within-group standard deviation o is:

gexp(—z(l—a/E),/[["lm ).S'exp(:(l— al?) [1"]m )

where z(1-a/2) denotes the 1-a/2 quantile of the standard normal distribution.

This confidence interval formulation works for both ML and REML estimates, with
the obvious modifications.

However, the construction of confidence intervals of the random effects is not
as simple as the fixed effects since we are interested in getting confidence intervals on
the original scale of the elements of ¥ and not in the scale of the unconstrained
parameters € used in the optimization.

If ¥ has a special structure, as diagonal structure or multiple of the identity

structure, the confidence intervals obtained in the unconstrained scale back to the
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original parameter scale can easily be transformed, exponentiating the confidence
intervals limits.

On the other hand, if ¥ is a general positive definite matrix, it is not possible
to transform back to the original scale the confidence intervals obtained in the
unconstrained parameter used in the optimization.

In this case, the natural parameterization (I. Pinheiro and D. Bates, 2000) is
used, denoting it as m. It uses the logarithm of the standard deviations and the

generalized logits of the correlations. If —1< p <1 is the correlation parameter, then

the logit of the correlation is defined by the log i+p . The elements of n are
—-p

individually unconstrained, but not jointly so and they can be individually
transformed into meaningful parameters in the original scale. The approximate

confidence interval of level 1-a for the n, which corresponds to the logarithm of a

standard deviation in ¥V, is:

[exp(;q, —:(l - a/Z)\/m”),exp(;lj +z(1—a/2)\/mﬂ )J .
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Chapter 5

The study: Part 1

5.1 The Experimental Design

The purpose of this study is to evaluate the level of the clinical attachment loss
(CAL) and especially the factors, which affect this level, on patients with early onset
or aggressive periodontitis (EOP). Early-onset periodontitis is a type of periodontitis,
which is characterized by severe attachment loss and bone destruction in otherwise
healthy patients with a tendency to familial aggregation. Clinical Attachment Level
(CAL) is the measured distance to the nearest mm from the cemento-enamel junction
to the deepest probeable pocket point.

Twenty-five patients with a diagnosis of early onset or aggressive periodontitis
(EOP) participated in the study. The patients had already received treatment at a
private practice limited to periodontics. The group consisted of 11 males and 14
females, aged between 30 and 39. Ten of them were smokers. Each mouth was
divided at four quartiles and from each quartile using simple random sampling, a
tooth was chosen. The four canine teeth are chosen, one at each quartile: tooth 13, is

located at the up and left quartile, tooth 23, located at the up, and right quartile, tooth
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43, located at the down and left quartile and tooth 33, located at the down and right
quartile, as you looking towards the patient. Four sides around each tooth were
examined (mesial, backal, distal and palatal/lingual).

Initially, oral hygiene instructions (bass brushing methods, dental floss and
interdental brushes, scaling and root planning were advised to the patients (SRP).
Periodontal surgery and systemic antibiotics following microbiological testing were
performed when indicated. Antibiotics were either ornidazole or tinidazole. More
specifically, ten patients received SRP treatment, four patients received SRP treatment
and periodontal surgery, seven patients received SRP treatment and antibiotics and
finally, four patients received SRP treatment, periodontal surgery and antibiotics.
Three months later, all patients were recalled. Additionally, they were enrolled in a
maintenance care program with annually measurements of the clinical attachment
level. All clinical procedures were carried out by the same periodontist (Joanna J.
Kamma) with a time limit of 10 minutes approximately per tooth.

The patients were not all measured at the same sets of time points, that is the
design is incomplete. The dependent variable of interest is the Level of loss
attachment, CAL. Available for other 7 independent variables which were related to
the response, namely: time taking values from 1 to 9 for each annual patient’s visit to
the periodontist, subject taking values from 1 to 25 for each patient, footh which is
confounded with the quartile and takes values from 1 to 4, side taking values from 1
to 4 if it the mesial, backal, distal or palatal/lingual side was examined respectively,
sex a factor variable taking the value 0 if the patient is male and 1 if the patient is
female, age denoting the age of the patient, smoke a factor variable taking the value 0
if the patient is not a smoker and 1 if the patient is a smoker, trearment a factor
variable taking the value 0 if the patient received SRP, 1 if the patient received SRP
and periodontal surgery (SCRP+FL), 2 if the patient received SRP and antibiotics
(SCRP+AB) and 3 if the patient received SRP, periodontal surgery and antibiotics
(SCRP+FL+AB).

All the computational work concerning the analysis has been done using the
statistical package SPSS. Paired t-tests were admitted in order to test the differences
among the means of CAL of each tooth and at each side separately between the first
time point, after the treatment they received and the following ones. In addition,

restricted maximum likelihood estimation used in the ANOVA table in order to test
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differences all over the time points and finally multivariate tests as they have already

been discussed refer to section 2.2.2.

5.2 A first Approach.

An initial step for a researcher when encountering al
By constructing the appropriate plots, one can foresee impo
to model the data. From the plots, empirical results and some initial tests-estimates for
the representation of main effects of factors or the interaction between factors can be
obtained.

Firstly, a dot plot is presented for the data, in which measurements of each

patient over time are obtained:

16
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24
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MONTHS
Figurel: The measurements of patients over time.

From the plot, it is noted that all patients are not measured at the same sets of
time points, in consistent to the above the experiment is unbalanced. It is obvious, for
the first twelve months, after the initial treatment phase, the CAL is decreased for all
the subjects. After this period, it is noted that although there are increases and
decreases (quite limited), the CAL fluctuates almost around the same levels. Hence, a
main effect of time is taken into account.

However, a plot of means can be constructed all the measurements that belong

to the same tooth/quartile and a same one for the measurements that belong to the
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same side, since it would be interesting in obtaining differences among the means of

the teeth/quartiles and the means of the sides. Thus:
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Figure 2: (a) Plot of means of the measurements on the same tooth via time

(b) Plot of means of the measurements on the same side of tooth via

time

From the plot of means of the measurements on the same tooth/quartile, it is
noted that all the teeth, after the end of the first treatment phase, have almost the same
behavior until the sixth month. It is also note that the lines of teeth 43 and 33 are
almost parallel, indicating that a difference between the means of these two teeth is
not likely. However, since the other two teeth have not the same behavior as the
former, it is worthwhile to test the existence or not of the main effect of the
tooth/quartile.

On the second plot, a main effect of the side seems possible because of the

lack of the parallelism among the lines.

Measurements can be plotted, which belong to the same treatment via time,

testing the existence or not of the main effect of treatment.
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Figure 3: Plot of means of the measurements on the same treatment.

Although it seems that a difference does not exist among the means of SCRP,
SCRP+AB, SCRP+AB+FL, the 3rd treatment (SCRP+FL) does not follow the same
pattern. Therefore, it is worthwhile to test the existence or not of the main effect of the
treatment, using another statistical tool.

Additionally, plots can be constructed in order to obtain likely differences in

means of the CAL in the factors sex, age and smoke.
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Figure 4:(a) Plot of means of the measurements of males and females via time
(b) Plot of means of the measurements on the same age via time

(c) Plot of means of the measurements of smoker and non-smoker via time
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The plots above indicate differences in the means of CAL between males and

females and among the level of ages. However, a main effect of the smoke seems

possible due to the lack of the parallelism between the lines.

Finally, a check of the existence or not of the interaction between the tooth-

side, tooth-treatment, and side-treatment is shown below:
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Figure 5: Suggestive interaction plots for the mean of CAL.

From the plots above, it is noted that it is possible that an interaction exists
between the factors tooth-side, tooth-treatment, sex-treatment, sex-treatment, sex-
smoke, tooth-smoke and smoke-treatment while it seems that there is non-existence
an interaction between treatment-side, tooth-sex, side-sex and side-smoke.

A basic descriptive statistics is presented below for each tooth comparing to

each other. Thus:

. __ | Minimum Maximum Mean Std Deviation Variance
t13 3,00 9,00 4,90 1,07 1,14
t23 2,00 7,00 4,58 1,30 1,70
t43 2,00 9,00 4,28 1,27 1,61
t33 2,00 9,00 4,47 1,21 1,47

Table 2: Descriptive statistics of each tooth.

Table 2 above confirmed the results found in the plots which indicate a likely
main effect of the tooth/quartile. We can also note that tooth 13 has the maximum
mean of CAL, while tooth 43 has the minimum.

The corresponding table is constructed that contains the descriptive statistics

of each side of tooth:
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Minimum | Maximum Mean Std Deviation | Variance
mesial 2,00 9,00 4,73 1,31 1,72
distal 2.00 8,00 4,72 1,19 142
backal 2,00 7,00 4,18 1,19 1,42
palatal/lingual 2,00 7,00 4,61 1,17 1,37

Table 3: Descriptive statistics of each side.

Table 3, it is noted that the difference in the means, between the sides mesial

and distal is very minimal. However, since there are differences among the other

sides, the existence of a main effect of the side seems possible. It is also observed that

the maximum mean has the mesial side and the minimum mean of CAL has the

backal side.

Also the computation of the descriptive statistics could be calculated for a

time Maximum Mean | Median Minimum| Variance | Std Deviation
baseline 9,00 5,85 6,00 4 00 1,09 1,05
8,00 6,10 6,00 4,00 1,21 1,10

7,00 547 5,00 3,00 1,03 1,02

7,00 5,96 6,00 400 1,14 1,07

2 7,00 4,03 4,00 2,00 63 79
7.00 4,31 4.00 2,00 1,03 1,02

6,00 4,03 4,00 2,00 1,33 1,15

7.00 4,31 4,00 2,00 .99 1,00

24 7,00 4,36 4,00 2,00 1,18 1,09
6,00 4,51 4,00 2.00 1,12 1,06

6,00 410 4,00 2,0 1,24 1,11

6,00 4,63 5,00 2.0 143 1,19

t36 7,00 4,57 4.00 2,0 1,34 1,16
6,00 459 5,00 2,0 1,17 1,08

6,00 3,98 4,00 2,0 1,23 1,11

6,0 4,50 4,00 2,0 1,38 1,18

t48 7.0 4,77 5,00 2,0 1,63 1,28
7.0 4,57 5,00 3,00 91 .96

6.0 4,164 4,00 2,00 1,41 1,19

5,0 4,20 4,00 2,00 69 .83

t60 9,0 473 5,00 2,oq 173 1,32
7.0 453 5,00 3,00 i 1,07

6,0 3,83 4.00 2,0q 1,2 1,12

6,0 4,31 5,00 2,00 8 94

Table 4: Descriptive statistics of each side via time
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tooth and the side of teeth over time, noting how the mean of CAL of teeth and side is
changing through time.

From the table below it is noted how the means of each tooth/side have changed as
time passed and differences among them throughout each time. It is obvious, that
there are increases and decreases (minimal), in means throughout each time, almost in

the same levels. Hence, a conclusion that there is a main effect of tooth/side can be

made:
Std
Maximum Mean Median Minimum Deviation
baseline 7.00 6,16 6.00 4,00 ,88
7.00 5,65 5,50 3,00 1,04
9,00 564 6,00 3,00 1,24
8,00 5,83 6,00 4,00 1,11
t12 6,00 4 .54 4,00 3,00 ,88
6,00 4,24 4,00 2,00 1,28
6.00 3,79 4,00 2,00 .80
5,00 3,94 4,00 2,00 ,66
t24 7.00 4,76 5,00 3,00 1,03
6.00 4,43 4,00 2,00 1,33
6,00 412 4,00 2,00 1,09
6.00 429 4,00 2,00 ,96
t36 7,00 4,78 5,00 3,00 1,03
6.00 443 4,00 2,00 1,30
7.00 414 4,00 2,00 1,13
7.00 4,29 400 2,00 1,06
t48 7.00 4,72 5,00 3,00 ,95
7.00 4,39 4,00 2.00 1,19
7.00 4,20 4,00 2,00 1,10
7.00 4,39 5,00 2,00 1,11
t60 7.00 4,78 5,00 3,00 .99
7,00 4,39 4,00 2,00 1,09
8,00 3,98 4,00 2,00 1,15
9,00 4,25 4,00 2,00 1,28
t72 8,00 4,82 5,00 3,00 1,05
7.00 4,71 5,00 2.00 1,30
9,00 4,33 4,00 2,00 1,44
9,00 4,56 4,00 2,00 1,37
t84 6,00 4,54 5,00 3,00 69
7.00 4,52 4,00 2,00 1,37
7,00 4,02 4,00 2,00 1,24
7.00 423 4,00 2,00 1,04
t96 5.00 444 4,00 4,00 .51
7.00 4,06 4,00 2,00 1,34
7.00 3.75 3.00 2,00 1.24
6,00 400 | 4,00 3,00 - 1,03

Table 5: Descriptive statistics of each tooth via time.
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It would be useful to examine the existence or not of the interaction tooth,
side. As it can be seen from the table below, there are differences between the means

of the cal of each quartile/tooth and side.

| Minimum I Mean l Maximum | Std. Deviation
Quartile — Tooth 13
Mesial 3,00 4,75 7,00 1,29
Distal 3,00 5,05 7,00 1,02
Backal 3,00 5,05 7,00 1,05
Palatal 3,00 4,98 7,00 1,01
Quartile — Tooth 23
Mesial 3,00 4,80 7,00 1,06
Distal 2,00 4,59 7,00 1,40
Backal 2,00 4,36 7,00 1,48
Palatal 3,00 4,60 7,00 1,19
i Quartile — Tooth 43
Mesial 3,00 4,58 9,00 1,29
Distal 3,00 4,56 8,00 1,18
Backal 2,00 3,66 6,00 0,93
Lingual 3,00 4,45 7,00 1,31
Quartile — Tooth 33
Mesial 2,00 4,69 9,00 1,35
Distal 3,00 4,83 8,00 1,12
Backal 3,00 3,94 6,00 0,96
Lingual 2,00 4,53 7,00 1,19

Table 6: Descriptive statistics of each tooth and side.

Dividing the measurements in groups, based on the treatment which the
measurements belong, (SCRP, SCRPFL, SCRPAB and SCRPABFL ) the descriptive

statistics are computed for each of these groups:

Minimum | Maximum Mean Std Deviation [ Variance
SCRP 2,00 8.00 4,09 1,04 1,08
SCRP+FL 2,00 7,00 4,77 1,38 1,90
SCRP+AB 2,00 7,00 4,66 1,12 1,26
SCRP+FL+AB 2,00 9,00 5,33 1,22 1,49

Table 7: Descriptive statistics of each treatment.
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From the above table, it seems that SCRP has the minimum mean of CAL and
SCRP+FL+AB has the maximum mean of CAL, which indicates that the treatment
lacks.

Viewing each treatment (tables 7, 8, 9 and 10), it considered that the time
affects the CAL, as the mean of CAL changes among the time points. However, it is

noted that the deviations in means of CAL among them are not large enough.

SC/RP
Std
Maximum Mean Median | Minimum | Deviation
baseline 8,00 5,40 5,00 3,00 1,00
t12 6,00 3,80 4,00 2,00 ,84
t24 6,00 3,96 4,00 2,00 ,95
t36 6,00 3,89 4,00 2,00 ,88
t48 7,00 3,91 4,00 2,00 ,86
t60 7,00 3,91 4,00 2,00 ,92
t72 7,00 3,83 4,00 2,00 ,83
t84 7,00 3,85 4,00 2,00 ,86
t96 5,00 3,50 3,00 3,00 73
Table 8: Descriptive statistics of treatment SC/RP
SC/RP+FL
Std
Maximum Mean Median Minimum Deviation
baseline 7,00 6,20 7,00 4,00 1,04
t12 6,00 4,14 4,00 2,00 1,14
t24 6,00 4,61 5,00 2,00 1,27
t36 6,00 4,72 5,00 2,00 1,31
t48 7,00 4,69 5,00 2,00 1,22
t60 6,00 4,52 5,00 2,00 1,28
t72 7,00 4,84 5,00 2,00 1,38
t84 7,00 4,80 5,00 2,00 1,35
t90 5,00 3,25 3,00 2,00 77
Table 9: Descriptive statistics of treatment SC/RP+FL
SC/RP+AB
Std
Maximum Mean Median Minimum Deviation
baseline 7,00 5,76 6,00 3,00 ,99
t12 6,00 4,29 4,00 3,00 ,90
t24 7,00 445 4,00 3,00 1,02
t36 7,00 4,48 4,00 3,00 1,06
t48 7,00 4,53 5,00 3,00 1,05
t60 7,00 4,46 4,00 2,00 1,10
t72 7,00 4,81 5,00 2,00 1,18
t84 7,00 4,42 4,00 2,00 1,07
t96 7,00 475 5,00 3,00 ,92

Table 10: Descriptive statistics of treatment SC/RP+AB
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SC/RP+AB+FL

Std
Maximum Mean Median Minimum Deviation
baseline 9,00 6,59 7,00 4,00 ,99
t12 6,00 4,64 4,00 3,00 .97
t24 7,00 5,22 6,00 3,00 1,06
t36 7,00 5,28 6,00 3,00 1,12
t48 7,00 527 5,00 3,00 ,96
t60 9,00 5,09 5,00 2,00 1,24
t72 9,00 5,31 5,00 2,00 1,39
t84 6,00 5,00 5,00 4,00 ,52

Table 11: Descriptive statistics of treatment SC/RP+AB+FL

5.3 Paired t-test

5.3.1 Paired t-tests at each time point.

As all the above results are empirical, it would be useful to test them, using
hypothesis testing. It is interesting in obtaining the existence or no of differences
among the means of CAL in each time point, tooth and side of tooth. In addition, it is
assumed that the design is balanced, which means that all patients are measured at the
same sets of time points. The data is treated as balanced by using only these
measurements which have occurred at the same time points (tb: baseline, t12: twelfth
month, t24: twenty forth month, t36: thirty sixth month, t48: forty eighth month and
t60: sixtieth month). The tests are focused between the time points t12-t24, t12-136,
t12-t48 and t12-t60 in order to examine whether there is a significance difference
between the measurements of the first time point (t12) and the following ones.

The null hypotheses refers to:

Hyiph, =thy  vs  Hiipny 7t

Hy:ipmy =156 vs  Hi:py, #

Hyiphy =y vs  Hitpn, # py

He:phy =ty vs  H gy, # fg
where u4; is the mean of cal at time point i.
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For this test, paired t-test are used at significance level a=0,05 as it is

considered that the observations are depended. Thus:

Tooth 13
Mesial
time t df Sig. (2-tailed)
t12 - 124 -2,13 24 ,043
t12 - t36 -4 24 24 ,000
112 - 148 -5,25 24 ,000
t12 -t60 -3,41 | 24 ,002

Table 12: Paired t-tests on tooth 13, side mesial

Distal

time t df 'Sig. (2-tailed)
112 - 124 -2,45 24 022
t12 - t36 -4,34 24 ,000
t12 - t48 -4,71 24 ,000
t12 - t60 -5,10 24 ,000

Table 13: Paired t-tests on tooth 13, side distal

Backal

time t df [Sig. (2-tailed)
t12 -t24 -1,44 24 161
t12 - t36 .90 24 376
t12 - t48 1,55 24 134
t12 - t60 1,41 24 170

Table 14: Paired t-tests on tooth 13, side backal

Palatal

time t I df Sig. (2-tailed)
t12 - t24 -2,58 24 ,016
t12 - t36 - 44 24 664
t12 - 148 2,87 24 ,008
t12 - 60 -34 24 , 739

Table 15: Paired t-tests on tooth 13, side palatal.

At all time points, for the sides mesial and distal the p-values are < 0.05, thus
the null hypothesis is rejected. However, in side backal we note that all p-values are >
0.05 thus in this case evidence is not existent in order to reject the null hypothesis.

Finally, in palatal side, between time points 12-24 and 12-48 the p-value<0.05, thus
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the null hypothesis is rejected. A conclusion can be made that the difference in the
means of CAL among the first time point and the others are statistically significant for
the sides mesial, distal and for the time points 12-36 and 12-60 for the palatal side,
where as not significant for the backal side and the time points 12-24 and 12-48 for

the palatal side.

Tooth 23
Mesial
time t df Sig. (2-tailed) |
t12 - t24 -2,91 24 ,008
t12 - t36 -3,36 24 ,003
t12 - t48 -3,48 24 ,002
112 - t60 -3,84 24 ,001

Table 16: Paired t-tests on tooth 23, side mesial

Distal

time t df | Sig. (2-tailed)
t12 - t24 -1,41 | 24 170

t12 - 136 136 | 24 | 185

112 - 148 46 24 647

t12 - t60 =22 24 ,824

Table 17: Paired t-tests on tooth 23, side distal

Backal

time t | df | Sig. (2-tailed)
112 - 24 1,81 24 083

t12 - t36 -1,14 24 265

12 - t48 -1,28 24 | 212

t12 - t60 -,90 \ 24 | 376

Table 18: Paired t-tests on tooth 23, side backal

Palatal

time t | df | Sig. (2-tailed)
t12 - 124 00 24 | 1,000

t12 - t36 81 24 | 425

t12 - t48 2,38 24 | 026

t12 - t60 1,81 24 | ,083

Table 19: Paired t-tests on tooth 23, side palatal
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From the paired t-tests shown in tables 16, 17, 18 and 19, it is noted that for the
mesial side the p-values are < 0.05 at all time points. Thus, the null hypothesis can be
rejected. On the other hand, in the distal and backal sides at all time points the p-
values are < 0.05, thus the null hypothesis cannot be rejected. In side palatal, between
time points 12-24 and 12-60 the p-values > 0.05 where as p-values < 0.05 in time
points 12-36 and 12-48. All that mean, that there exist statistically significant
differences of the means of CAL among the time points on mesial and palatal side,

and do not exist on the distal and backal sides.

Tooth 43
Mesial
time t df!  Sig. (2-tailed)
t12 - 124 275 ! 24| ,011
t12 - 36 -3,16 : 24/ ,004
t12 - t48 -4.11 24, ,000
t12 - t60 -4,04 24, ,000

Table 20: Paired t-tests on tooth 43, side mesial

Distal

time t dfl  Sig. (2-tailed)
t12 - 24 -2,29 24| 031

t12 - t36 -2,87 24 ,008

t12 - t48 2,13 24, ,043

t12 - t60 -64 24 524

Table 21: Paired t-tests on tooth 43, side distal

Backal

time t df Sig. (2-tailed)
t12 - 124 213 24 ,043

t12 - t36 ,00 24 1,000
t12 - t48 -2,28 24 ,032

t12 - t60 1,66 24 ,110

Table 22: Paired t-tests on tooth 43, side backal

Lingual

time t df| Sig. (2-tailed)
12 - t24 -3,44 24 1002

t12 - t36 2,91 24 ,008

t12 - t48 2,58 ' 24 016

t12 - t60 1,08 24 291

Table 23: Paired t-tests on tooth 43, side lingual



For the mesial side and for the distal and lingual sides at all time points except

for the last, the p-values are < 0.05. Thus, the null hypothesis can be rejected,

meaning that the differences of means of CAL are statistically significant. However,

in the backal side statistically significant differences exist between the time points 12-

24 and 12-48, and do not exist between the time points 12-36 and 12-60.

Tooth 33
Mesial
time t df Sig. (2-tailed)
t12 - t24 -3,10 24 ,005
t12 - t36 -3,00 24 ,006
t12 - t48 -3,67 24 ,001
t12 - t60 -3,78 24 ,001
Table 24: Paired t-tests on tooth 33, side mesial
Distal
time t df Sig. (2-tailed)
t12 - t24 -2,86 24 ,009
112 - t36 -2,68 24 ,013
112 - t48 -2,59 24 016
t12 - t60 -2,03 [ 24 ,053
Table 25: Paired t-tests on tooth 33, side distal
Backal
time t df Sig. (2-tailecL
t12 - t36 1,44 24 ,161
t12 - t48 -3,10 24 ,005
t12 - t60 1,81 24 ,083
Table 26: Paired t-tests on tooth 33, side backal
Lingual
time t df Sig. (2-tailed)
t12 - t24 -5,10 24 | ,000
112 - t36 3,77 24 ,001
112 - 148 -1,16 24 256
t12 - 60 -1,16 24 ,256

Table 27: Paired t-tests on tooth 33, side lingual

In mesial and distal sides, it is noted that the p-values are < 0.05 except for the

time points 12-60 in distal side where the figure comes to 0.053 (> 0.05 limiting

case). Thus, the null hypothesis is rejected for all time points in both sides apart from
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the time point 12-60 in distal side, in which it cannot be rejected it (limiting case). In
backal side, the p-values for the time points 12-48 and 12-60 are < 0.05 while in time
point 12-36 it is > 0.05. Hence, the null hypothesis can be rejected for the former time
points. Finally, it is noted that a significant difference exists between the means of
CAL at the two first time points in palatal side.

As a general result, it is noted that in the mesial side, in each tooth and at all
time points, the differences between the means of CAL are statistically significant. In
addition to the above, for the distal side, in all teeth except for the tooth 23, it is noted
also statistically significant differences between the means of CAL. On the other
hand, in the backal side, no statistically significant differences between the means of
CAL were noticed, in the first two teeth, while in the last two teeth, statistically
significant and not significant differences exist between the means of CAL.

5.3.2 Wilcoxon signed rank test within treatments

For the purpose of the study it is interesting in determining the existence or not
of differences among the means of CAL at each time point, in each treatment group
(SCRP, SCRPFL, SCRPAB, and SCRPABFL).

For the first group, SCRP, the null hypotheses test refer to:

Hy:py =ty vs  Hyipny # b,
Hyiphy =t vs  Hiip, # p
Ho phy =g Vs HU:phy # flyg
Hi phy =t Vs Hpy # pi

where 4, is the mean of cal at time point i.
For this test, Wilcoxon signed rank test is used at a significance level a = 0,05

as it is considered that the number of observations is small enough. Thus:
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Tooth 13

Distal
time z Sig. (2-tailed)
t12- t24 ,000 1,000
t12 -t36 -1,732 ,083
t12 -t48 -1,732 ,083
t12 -t60 -2,000 ,046

Table 28: Wilcoxon signed rank test on tooth 13, side distal (SCRP).

Backal
time z Sig. (2-tailed)
t12- 24 ,000 1,000
112 -t36 -2,236 ,025
112 -t48 -2,449 ,014
112 -160 -2,236 ,025

Table 29: Wilcoxon signed rank test on tooth 13, side backal (SCRP).

Palatal
time V4 Sig. (2-tailed)
t12- t24 -2,449 ,014
t12 -t36 -2,449 1,000
t12 -t48 -2,449 1,000
t12 -t60 -2,070 ,038

Table 30: Wilcoxon signed rank test on tooth 13, side palatal (SCRP).

From the tables above, it is noted that there are no differences in the mean of
CAL during all the time points apart from the t12-t60 in distal side and during the
time points t12-t24 and t12-t60 in palatal side. It is also noticed that in all cases except
for the time points t12-t24 in backal side, the null hypothesis is rejected.

Tooth 23
Distal
time Z Sig. (2-tailed)
t12- t24 -1,732 ,083
t12 -t36 -1,732 ,083
t12 -t48 -1,890 ,059
t12 -t60 -1,890 ,059

Table 31: Wilcoxon signed rank test on tooth 23, side distal (SCRP)
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Backal

time z Sig. (2-tailed)
t12- t24 -1,732 ,083
t12 -t36 -, 816 414
t12 -t48 -,378 , 705
t12 -t60 -,378 ,705

Table 32: Wilcoxon signed rank test on tooth 23, side backal (SCRP)

Palatal
time Y4 Sig. (2-tailed)
t12- 124 ,000 1,000
t12 -t36 -1,732 ,083
t12 -t48 -1,000 317
t12 -t60 -1,000 317

Table 33: Wilcoxon signed rank test on tooth 23, side palatal (SCRP)

From the tables above it is noted that at all time points, in all sides and teeth,
the p-values are >0.05. Thus, the null hypothesis cannot be rejected, considering also

that differences do not exist among the means of CAL.

Tooth 43

Distal
time Z Sig. (2-tailed)
t12- t24 -1,000 3
t12 -t36 -1,000 1,000
t12 -t48 -1,000 317
t12 160 -2,449 ,014

Table 34: Wilcoxon signed rank test on tooth 43, side distal (SCRP)

Backal
time Z Sig. (2-tailed)
t12- 24 -1,732 ,083
t12 -t36 -1,000 317
t12 -t48 -1,000 317
t12 -t60 -1,732 ,083

Table 35: Wilcoxon signed rank test on tooth 43, side backal (SCRP)
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Lingual

time Y4 Sig. (2-tailed)
t12- t24 -1,000 317
t12 -t36 -1,000 1,000
t12 -t48 -1,000 317
112 -t60 -1,000 1,000

Table 36: Wilcoxon signed rank test on tooth 43, side lingual (SCRP)

In reference to the previous case, all the p-values are >0.05. Hence, the same

results can be concluded, as before.

Tooth 33
Mesial
2 time V4 Sig. (2-tailed)
t12- 24 -1.414 157
t12 -t36 -1,414 1,000
t12 -t48 -1,414 157
t12 -t60 -2,236 ,025

Table 37: Wilcoxon signed rank test on tooth 33, side mesial (SCRP)

Distal
time z Sig. (2-tailed)
t12- 124 ,000 1,000
t12 -t36 ,000 1,000
t12 -t48 - 577 564
t12 -t60 -1,342 180

Table 38: Wilcoxon signed rank test on tooth 33, side distal (SCRP)

Backal
time Zz Sig. (2-tailed)
t12- t24 ,000 1,000
t12 -t36 ,000 1,000
t12 -t48 -1,732 ,083
t12 -t60 -1,732 ,083

Table 39: Wilcoxon signed rank test on tooth 33, side backal (SCRP)
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Lingual

time Z Sig. (2-tailed)
112- 24 -2,000 ,046
t12 136 1,732 083
t12 -t48 1,732 083
t12 -t60 -1,732 ,083

Table 40: Wilcoxon signed rank test on tooth 33, side lingual (SCRP)

Once again, general conclusions can be made the same results appear as the
two previous cases.

For the second group, SCRPFL, the null hypotheses is tested:

Hy:phy =ty vs  Hyipy# i,

Hy:pp=1 vs  Hiipn, # i

Ho:phy =g Vs H:phy # Hyg

Hi o =g vs  H iy # fig
where 4, is the mean of cal at time point i.

For this test, Wilcoxon signed rank test is used at a significance level a = 0,05

as it is considered that the number of observations is small enough. Thus:

Tooh 13
Distal
time V4 Sig. (2-tailed)
t12-124 -1,000 ,317
t12-t36 -1,414 ,157
t12-t48 -1,414 157
t12-t60 -1,414 ,157

Table 41: Wilcoxon signed rank test on tooth 13, side distal (SCRPFL)

Backal:
time y 4 Sig. (2-tailed)
t12-24 -1,000 317
t12-t36 -1,000 317
t12-t48 -1,000 317
$12-t60 -1,000 317

Table 42: Wilcoxon signed rank test on tooth 13, side backal(SCRPFL)
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Palatal:

time Z Sig. (2-tailed)
t12-t24 -1,000 317
t12-136 -1,000 317
t12-t48 -577 564
t12-t60 -,378 ,705

Table 43: Wilcoxon signed rank test on tooth 13, side palatal (SCRPFL)

It can be noted from the table above, all p-values, in all cases, are greater than

the 0.05. Hence, the null hypothesis cannot be rejected. Moreover, it must be

considered that there are no differences between the means of CAL, through the set of

time points.

Distal:

Tooth 23
time 4 Sig. (2-tailed)
t12-t24 ,000 1,000
t12-t36 ,000 1,000
t12-t48 -1,000 ,317
t12-t60 -1,000 317

Table 44: Wilcoxon signed rank test on tooth 23, side distal (SCRPFL)

Backal:

time

t12-124
t12-136
t12-148
t12-160

Z
1000
,000
,000
,000

Sig. (2-tailed)
1,000
1,000
1,000
1,000

Table 45: Wilcoxon signed rank test on tooth 23,

Palatal:

side backal (SCRPFL)

time

t12-124
t12-t36
t12-148
t12-160

V4
,000
,000

-1,732
-1,732

[ _Sio. (2tailed) |

1,000
1,000
,083
,083

Table 46: Wilcoxon signed rank test on tooth 23, side palatal (SCRPFL)

In all sides, the p-values are greater than 0.05. Thus, the null hypothesis

cannot be rejected for all time points in all sides.




Tooth 43

Distal:
time Z Sig. (2-tailed)
t12-t24 -1,732 ,083
t12-136 -1,732 ,083
t12-148 -1,732 ,083
t12-160 -1,732 ,083

Table 47: Wilcoxon signed rank test on tooth 43, side distal (SCRPFL)

Backal:
time Z Sig. (2-tailed)
t12-t24 ,000 1,000
t12-136 ,000 1,000
t12-148 -1,732 ,083
t12-160 -1,732 ,083

Table 48: Wilcoxon signed rank test on tooth 43, side backal (SCRPFL)

Lingual:
time Y4 Sig. (2-tailed)
t12-124 -1,732 ,083
t12-t36 -1,732 ,083
t12-t48 -1,732 ,083
t12-160 -1,732 ,083

Table 49: Wilcoxon signed rank test on tooth 43, side lingual (SCRPFL)

As before, the p-values in all cases are 0.058 (> 0.05 limiting case). Hence, it
can be considered that there are no existent differences between the mean of CAL, at

all time points, independently from the side or tooth.

Tooth 33
Mesial:
time z Sig. (2-tailed)
t12-t24 -1,732 ,083
t12-t36 -1732 ,083
t12-t148 -1,732 ,083
t12-160 -1,732 ,083

Table 50: Wilcoxon signed rank test on tooth 33, side mesial (SCRPFL)




Distal:

time 4 Sig. (2-tailed)
t12-24 -1,732 ,083
t12-t36 -1,732 ,083
t12-148 -1,732 ,083
t12-160 -1,732 ,083

Table 51: Wilcoxon signed rank test on tooth 33, side distal (SCRPFL)

Backal:
time Z Sig. (2-tailed)
t12-t24 ,000 1,000
t12-t36 ,000 1,000
112-t48 -1,732 ,083
112160 -1,732 ,083

Table 52: Wilcoxon signed rank test on tooth 33, side backal (SCRPFL)

Lingual:
time Y4 Sig. (2-tailed)
t12-124 -1,732 ,083
t12-136 -1,732 ,083
t12-t48 -1,732 ,083
112-160 -1,732 ,083

Table 53: Wilcoxon signed rank test on tooth 33, side lingual (SCRPFL)

In this case, the same results again appear as the previous ones, without

rejecting the null hypothesis and accepting that there are not differences of means of

CAL.

For the next group, SCRPAB, the null hypotheses test is:

Hy:py =ty Vs
Hyiphy = g vs
Hyiphy = tyg VS
Hi:py = pley s

where g, is the mean of cal at time point i.

H, @y # poy
Hy: gy, # I3
HY: pyy # g
HY 1y, # pio

Using Wilcoxon signed rank test at a significance level of a=0,05:
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Tooth 13

Distal:
time 74 _Sig. (2-tailed)
t12-t24 -1,000 ,317
t12-t36 -1,732 ,083
t12-t48 -1,732 ,083
$12-t60 -1,732 ,083

Table 54: Wilcoxon signed rank test on tooth 13, side distal (SCRPAB)

Backal:
time Z Sig. (2-tailed)
t12-t124 -1,000 ,317
t12-t36 ,000 1,000
t12-t48 -1,000 317
t12-t60 =577 564

Table 55: Wilcoxon signed rank test on tooth 13, side backal (SCRPAB)

Palatal:
time Z Sig. (2-tailed)
t12-t24 ,000 1,000
t12-t36 -1,000 37
t12-t48 -2,000 ,046
t12-160 -1,000 ,317

Table 56: Wilcoxon signed rank test on tooth 13, side palatal (SCRPAB)

In the distal and backal sides, at all time points the p-values are greater than
0.05. Therefore, differences cannot be observed between the means of CAL at all time
points. However, in the palatal side, at all time points except for the 12-48, the p-
values are also greater than 0.05. At the time point 12-48, the p-value is 0.046 that

means that there is a possibly, statistically significant difference in the mean of CAL.

Tooth 23
Distal:
time V4 Sig. (2-tailed)
t12-t24 ,000 1,000
t12-t36 ,000 1,000
t12-t48 -1,000 317
t12-160 ,000 1,000

Table 57: Wilcoxon signed rank test on tooth 23, side distal(SCRPAB)
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Backal:

time Z Sig. (2-tailed)
t12-t24 -1,000 ,317
t12-t36 -1,000 317
t12-t48 -1,414 1567
t12-160 -1,414 ,157

Table 58: Wilcoxon signed rank test on tooth 23,

side backal(SCRPAB)

Palatal:
time Z Sig. (2-tailed)
t12-t24 -1,000 317
t12-136 -,577 564
t12-t48 -1,732 ,083
t12-160 - 577 ,564

Table 59: Wilcoxon signed rank test on tooth 23, side palatal (SCRPAB)

In this case, it is noted, as the other cases that the p-values are > 0.05. Thus, a

statistically significant difference is not observed between the means of CAL, at each

set of time points. The same results can be concluded for the teeth 43 and 33, as it can

be noted from the next tables:

Tooth 43
Distal:
time 2 Sig. (2-tailed)
t12-124 -1,000 317
t12-t36 -1,000 317
t12-t148 -1,633 ,102
t12-t60 -1,134 257

Table 60: Wilcoxon signed rank test on tooth 43, side distal (SCRPAB)

Backal:
time Z Sig. (2-tailed)
t12-t24 -1,000 317
t12-t36 -1,000 317
t12-t48 ,000 1,000
t12-t60 -1,342 ,180

Table 61: Wilcoxon signed rank test on tooth 43, side backal (SCRPAB)

Lingual:
time Z Sig. (2-tailed)
t12-t24 -1,134 257
t12-t36 -,816 414
t12-t48 ,000 1,000
t12-t60 - 577 ,564

Table 62: Wilcoxon signed rank test on tooth 43, side lingual (SCRPAB)



Tooth 33

Mesial:
time I o Z By Sig. (2-tailed)
t12-t24 -1,000 317
t12-t36 -1,342 ,180
t12-t48 -1,604 ,109
t12-t60 -1,511 ,131

Table 63: Wilcoxon signed rank test on tooth 33 side mesial (SCRPAB)

Distal:
time Zz Sig. (2-tailed)
t12-t24 -1,000 317
t12-t36 -1,000 317
t12-t48 -1,134 257
t12-t60 -1,134 257

Table 64: Wilcoxon signed rank test on tooth 33, side distal (SCRPAB)

Backal:
time 4 Sig. (2-tailed)
t12-t24 .000 1,000
t12-t36 -1,000 37
t12-t48 -1,000 317
t12-t60 -1,414 157

Table 65: Wilcoxon signed rank test on tooth 33, side backal (SCRPAB)

Lingual:
time Z Sig. (2-tailed)
t12-t24 -1,732 ,083
t12-t36 -1,000 317
t12-t48 -,577 ,564
£12-t60 =577 ,564

Table 66: Wilcoxon signed rank test on tooth 33, side lingual (SCRPAB)

Finally, for the next group, SCRPABFL, the null hypotheses test is:

Hy: = 1, vs  Hyip, # 1,
Hy:phyy = p6 vs  Hph, #
Hiipy, =gy vs Htpny # g
Hi =t vs H gy # g

where 4, is the mean of cal at time point i.

Using Wilcoxon signed rank test at a significance level of a=10,05:
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Tooth 13

Distal:
time Z Sig. (2-tailed)
t12-124 -1,732 ,083
t12-136 -1,732 ,083
t12-148 -2,000 ,046
t12-160 -2,000 ,046

Table 67: Wilcoxon signed rank test on tooth 13, side distal (SCRPABFL)

Backal:
time V4 Sig. (2-tailed)
t12-t24 ,000 1,000
t12-t36 ,000 1,000
t12-t48 ,000 1,000
t12-160 -1,000 317

Table 68: Wilcoxon signed rank test on tooth 13, side backal (SCRPABFL)

Palatal:
time Z | Sig. (2-tailed)
t12-t24 ,000 1,000
t12-136 ,000 1,000
t12-148 -1,732 ,083
t12-160 -2,000 ,046

Table 69: Wilcoxon signed rank test on tooth 13, side palatal (SCRPABFL)

In most cases, the p-values are just greater than 0.05. Only during the time
points 12-48 and 12-60 in the distal side, the p-values are <0.05 and in palatal side, at
time points 12-48 and t12-t60, the p-value is clearly > 0.05. Thus, in most cases the

null hypothesis cannot be rejected.

Tooth 23
Distal:
time 4 Sig. (2-tailed)
t12-t24 ,000 1,000
t12-t36 ,000 1,000
t12-t48 -1732 ,083
t12-t60 -1,000 317

Table 70: Wilcoxon signed rank test on tooth 23, side distal (SCRPABFL)
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Backal:

time Z Sig. (2-tailed)
t12-t24 ,000 1,000
t12-t36 ,000 1,000
t12-148 -1,000 317
t12-160 ,000 1,000
Table 71: Wilcoxon signed rank test on tooth 23, side backal (SCRPABFL)
Palatal:
time Z
t12-124 ,000
t12-t36 -1,000 ;
t12-t48 -1,732 ”'
t12-160 -1,0001|
Table 72: Wilcoxon signed rank test on tooth 23, side p

the null hypothesis cannot be rejected.

Tooth 43
Distal:
time -7y Sig. (2-tailed)
t12-124 -1,732 ,083
t12-t36 -1,732 ,083
t12-t48 -1,732 ,083
t12-t60 -1,000 317

. Table 73: Wilcoxon signed rank test on tooth 43, side distal (SCRPABFL)

Backal:
time 4 Sig. (2-tailed)
t12-124 ,000 1,000
t12-t36 ,000 1,000
t12-t48 -1,732 ,083
$12-t60 -1,732 ,083

Table 74: Wilcoxon signed rank test on tooth 43, side backal (SCRPABFL)
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Lingual:

time V4 Sig. (2-tailed)
t12-124 -1,732 ,083
t12-t36 -1,732 ,083
t12-148 -1,732 ,083
t12-160 -1,732 ,083

Table 75: Wilcoxon signed rank test on tooth 43,

side linguai (SCRPABFL)

Once again the same results can be concluded as previous.

Tooth 33
Mesial:
time 4 Sig. (2-tailed)
t12-t24 -1,633 ,102
t12-t36 -1,633 ,102
t12-t48 -1,633 ,102
t12-t60 -1,473 141

Table 76: Wilcoxon signed rank test on tooth 33,

side mesial (SCRPABFL)

Distal:
time Z Sig. (2-tailed)
t12-t24 -1,732 ,083
t12-t36 -1,732 ,083
t12-t48 -1,890 ,059
t12-t60 -1,890 ,059

Table 77: Wilcoxon signed rank test on tooth 33,

side distal (SCRPABFL)

Backal:
time V4 Sig. (2-tailed)
t12-t24 ,000 1,000
t12-t36 -1,000 317
t12-t48 -1,000 317
t12-t60 -1,000 317

Table 78: Wilcoxon signed rank test on tooth 33,

side backal (SCRPABFL)

Lingual:
time V4 Sig. (2-tailed)
t12-124 -1,732 ,083
t12-t36 -1,732 ,083
t12-t48 -1,732 ,083
t12-160 -1,732 ,083

Table 79: Wilcoxon signed rank test on tooth 33, side lingual (SCRPABFL)

Finally, in all sides the p-values are greater than 0.05. Hence, the null

hypothesis can be rejected..

100



Within each treatment, the teeth have the same behavior throughout the time.
It is also noted the same for the sides of teeth, within each treatment. Thus, there is
not a probable effect of treatment on the teeth and on the side, throughout the time.
Finally, it is noted that in most cases does not be observed any significance difference

among the time points.

5.4 ANOVA

An advanced analysis of the data can be implemented, using univariate
analysis of anova. In addition, an assumption that the design is balanced must be
made, which means that all the patients have to be measured at the same sets of time
points. The data is treated as balanced by using only these measurements which have
occurred at the same time points (tb: baseline, t12: twelfth month, t24: twenty forth
month, t36: thirty sixth month, t48: forty eighth month and t60: sixtieth month).

Assuming the model:
Y =0a,+b +7, +(ab),-,- +(ay), +(b7’),,, + P+ 6y

where y,,, is the observation of subject 1, of side j of tooth i, at time point k,
a, is the main effect of tooth i=1, 2, 3, 4.
b, is the main effect of side j=1, 2, 3, 4.
7, is the main effect of time k= 1 (baseline), 2 (twelfth month), ..., 6 (sixtieth

month).

(ab )u is the interaction of tooth and side,

(ay), is the interaction of tooth and time

(b}/)jk is the interaction of side and time
p, is the random effect of subject 1, p, ~ N(0,57)
&, is the within subject error, £, ~ N(O, of) g

Additionally, p, and g,

,« are independent.
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First, it is necessary to test the existence of sphericity at significant level 5%.

For this test, the Mauchly test (2.15) is used. Thus, testing the null hypothesis:

H,, : the sphericity holds vs H, : it does not hold

Mauchly's W\ Approx. Chi-Square df Sig.
TOOTH ,594 11,846 5 ,037
SIDE ,591 11,951 5 ,036
TIME ,034 74,599 14 ,000
TOOTH * SIDE ,005 112,127 44 ,000
TOOTH * TIME ,000 391,553 119 ,000
SIDE * TIME ,000 361,187 119 ,000

Table 80: Mauchly’s test of sphericity

As the p-values are < 0.05, the null hypothesis for the existence of sphericity
is rejected. Hence, the sphericity does not hold.

Since sphericity does not seem to be a reasonable assumption, a measurement
of the deviation from it must be applied, using the measures, (refer to 2.16).
However, as the ¢ is unknown, an estimation of it from the data is compiled, using

the Greenhouse and Geisser estimation, the Huynh-Feldt estimation, or the lower-

bound estimation:

Epsilon
|Greenhouse-Geisser Huynh-Feldt Lower-bound
TOOTH ,801 ,896 ,333
SIDE 740 ,819 ,333
TIME ,608 ,706 ,200
TOOTH * SIDE ,538 ,690 11
TOOTH * TIME ,255 ,310 6,667E-02
SIDE * TIME ,207 242 6,667E-02
Table 81: Estimation of ¢
Thus, the null hypotheses tests:
H, : the interaction of tooth, side Vs H; : it holds
does not hold
H, : the interaction of tooth, time Vs H, : it holds
does not hold
H, : the interaction of side, time Vs H; : it holds
does not hold
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or alternatively, the hypotheses:

Hy:(ab), =0 foralli,j vs Hg:
H,: (ay), =0 for all i,k

H,: (b}/)jk =0 for all j,k

(ab), =0 for at least one pair (i, j)

vs H;: (ay), #0 for at least one pair(i,k)

vs H}: (b7),-k %0 for at least one pair(j,k)

Using firstly, the unadjusted degrees of freedom to conduct the F-test,

secondly the Greenhouse- Geisser estimation of £ in order to adjust them, then the

Huynh-Feldt estimation of £ and finally the lower-bound estimation:

Type III Sum of| df Mean Square F
Squares Sig.
TOOTH Greenhouse-Geisser 132,188 2,402 55,031 7,186 ,001
Huynh-Feldt 132,188 2,688 49,180 7,186 | ,000
SIDE Greenhouse-Geisser 95,011 2,220 42 807 20,120 | ,000
Huynh-Feldt 95,011 2,456 38,689 20,120 | ,000
TIME Greenhouse-Geisser 752,049 3,041 247,328 224,030 | ,000
Huynh-Feldt 752,049 3,531 212,956 | 224,030 | ,000
TOOTH * SIDE Greenhouse-Geisser 83,570 4,841 17,262 5,970 ,000
Huynh-Feldt 83,570 6,213 13,451 5970 | ,000
TOOTH * TIME Greenhouse-Geisser 10,610 3,827 2,773 2,133 ,086
Huynh-Feldt 10,610 4,643 2,285 2,133 | ,072
ISIDE * TIME Greenhouse-Geisser 46,726 3,110 15,026 12,584 | ,000
Huynh-Feldt 46,726 3,626 12,888 12,584 | ,000
Table 82: Univariate anova
Checking the first hypothesis test, it is noted that both methods of

Greenhouse- Geisser and Huynh-Feldt, the p-values are < 0.05. Thus, the null

hypothesis is rejected and the interaction of tooth, side holds. Moreover, it is noted

that the interaction of side, time also holds, as the p-values are < 0.05, under all

methods. However, the p-value for the interaction of time, tooth is greater than the

0.05. Therefore, as the null hypothesis cannot be rejected, the interaction of tooth,

time does not hold.

Testing, now, the hypotheses:

H,: the main effect of tooth does ~ vs
not hold
the main effect of time does vs

H;:
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not hold
H, : the main effect of side does Vs H, : it holds
not hold
or alternatively, the hypotheses:

H,: a=a,=a,=a, vs  Hy: a #a, for at least one pair(i,i')
Hy: yy=y,=ys=y,=¥s=Ys Vs Hy: y, #y, for at least one pair(k,k')

H,: b=b=b=b, vs  Hg: b, #b, for at least one pair(j,}')

where a,,b . and y, are the main effect of tooth i, the main effect of time j and

the main effect of side k, respectively.

From the above table, it is noted that all the main effects hold, the main effect
of tooth, side and time since the p-values are < 0.05.

A final conclusion can be achieved, using the univariate anova results that the
main effects of tooth, side and time hold and the interactions of tooth, side and side,

time also hold. The interaction of tooth, time only does not hold.

5.4.1 Multivariate Tests

An alternative way to test the above hypotheses is by using the multivariate
tests, an extension of the univariate analysis of variance: the Wilks’ lambda (2.21), the
Pillai-Bartlett trace (2.23), the Hotelling-Lawley trace (2.25) and the Roy’s largest
eigenvalues statistic (2.22).

The same hypotheses is tested as in the univariate case:

=

(=]

: (ab),», =0 for all i, j vs H.: (ab),»,- #0 for at least one pair (i, j)

Hy: (ay), =0 forall ik vs H,: (ay), #0 for at least one pair(i,k)
Hy: (by), =0 forall j,k vs Hy: (b7),-k #0 for at least one pair(j,k)
H,: a=a,=a,=a, vs H;: a #a, for at least one pair(i,i')
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Hy: yn=y,=rs=y,=r,=ys vs H,: y, #y,. for at least one pair(k,k')

H,: b=b,=b=b, vs  Hy: b #b, for at least one pair(j,j')
Hypothesis Error

Value F df df Sig.

TOOTH Pillai's Trace .41 5,02 3,00 22,00 .01
Wilks' Lambda .59 5.02 3,00 22,00 ,01

Hotelling's Trace .68 5,02 3,00 22,00 01

Roy's Largest Root .68 5,02 3,00 22,00 ,01

SIDE Pillai’s Trace ,83 36,54 3.00 22,00 ,00
Wilks' Lambda 17 36,54 3,00 22,00 ,00

Hotelling's Trace 4,98 36,54 3,00 22,00 ,00

Roy's Largest Root 4,98 36,54 3,00 22,00 ,00

TIME Pillai's Trace 97 139,45 5,00 20,00 ,00
Wilks' Lambda ,03 139,45 5,00 20,00 ,00

Hotelling's Trace 34,86 139,45 5,00 20,00 .00

Roy's Largest Root 34,86 139,45 5,00 20,00 .00

TOOTH * SIDE Pillai's Trace ,89 14,78 9,00 16,00 ,00
Wilks' Lambda A1 14,78 9,00 16,00 ,00

Hotelling's Trace 8,31 14,78 9,00 16,00 ,00

Roy's Largest Root 8,31 14,78 9,00 16,00 ,00

TOOTH * TIME Pillai's Trace .90 6,08 15,00 10,00 ,00
Wilks' Lambda 10 6,08 15,00 10,00 ,00

Hotelling's Trace 9,12 6,08 15,00 10,00 .00

Roy's Largest Root 9,12 6,08 15,00 10,00 .00

SIDE * TIME Pillai’s Trace .96 15,15 15,00 10,00 ,00
Wilks' Lambda .04 15,15 15,00 10,00 ,00

Hotelling's Trace 22,73 15,15 15.00 10,00 ,00

Roy's Largest Root 22,73 1515 15,00 10,00 ,00

Table 83: Multivariate Tests

According to the multivariate test (table 94), the interaction of tooth-side does
hold, either of side-time, or of time-tooth. Additionally, the main effect of time, side
and tooth holds. The only difference in the results of the multivariate tests in
comparison with the results of the univariate analysis is in the existence of the

interaction of tooth-time.
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Chapter 6

The study: Part 2

6.1 General Guidelines for Model Construction

According to the assumptions of chapter 4, the response vector y, is normally

distributed with mean vector X, and variance covariance matrix ZWZ, +W .

Hence, fitting a linear mixed model implies that an appropriate mean structure as well
as a covariance structure needs to be specified. In this section, some general
guidelines will be discussed which can help the data analyst to select an appropriate
linear mixed model for some specific data set at hand. In general, first of all, the

random effects are selected, then the appropriate covariance structure of y, is chosen

and finally the fixed effects model is determined.
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In the first step, the set of random effects will be selected to be included in the
covariance model. One often includes random intercepts and random effects
only for time-varying covariates.

In the second step, the covariance matrix of random effects will be selected,
using the information criteria discussed in section 4.7.2. Moreover, it is
considered that the fixed effects part is ‘full’; with lots of variables, along with
their interactions. For highly unbalanced data with many repeated
measurements per subject, one usually assumes that the remaining error

components g, have a very simple covariance structure.

Then, a determination of the fixed part of the model, where it is decided which

independent variables should be included in the model. A “full” model will be
launched with many variables, along with some or all of their interactions and

conclude to the most economic model.

The above approach can be viewed as a hierarchical approach, as it starts from

a maximal model and then gradually move to a more economic model.

6.1.1 Technical properties.

All the computational work of the analysis has been accomplished using the

LME library developed by J. Pinheiro and D. Bates that runs under the S-PLUS. All

the models have been fitted by restricted maximum likelihood estimations and the

comparisons among them have been achieved by likelihood ratio tests or AIC or BIC,

under the assumption that models have the same fixed effect structure.

6.2 The Random Part

The initial step is to check which parameters should have a random effect

component. Assuming in the fixed effect part a quadratic model with respect to the

time covariate, an examination of the random-effects terms is proceeded.

Each observation, in the experiment, is classified according to the subject

(mouth), the tooth of each mouth and the side of the tooth within each mouth. The
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nature of the experiment is such that the mesial, backal, distal and palatal/ lingual
sides are different, but the difference is not expected to be systematic in terms of
mesial, backal, distal and palatal/ lingual, as it can be obtained from the results of
paired t-tests, anova and multivariate tests. In addition, tooth 13, tooth 23, tooth 43
and tooth 33 are also different, without this difference to be systematic in terms of
each tooth. Thus, subject, tooth and side are considered to be nested classification

factors. That is, tooth factor is considered to be nested within subject and side factor is

also considered to be nested in tooth.
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Figure 6: CAL over time on each tooth of 25 patients

Initially a quadratic model is applied with respect to the time covariate based on the
figure 6, that concludes in the random part both an intercept and a linear term for each

level. The CAL of kth side’s can be written on the jth tooth on the ith subject at the Ith

occasion as Yo i=1,2,..25, j= L.,4,k=1,.41=0,1,2,..,n 6 where n is the
number of patient i annual visit to the periodontist and the time of the ith visit asd,, ,

the model being fit can be expressed as:

2
Vi = B+ pd,+5d, +a,+ a,,d,; + by,] 3 bij,Zdil + Ve t 7ijk,2di1 + & (6.1)
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It is assumed thate,, ~ N (0,02, ),a@,, ~ N(0,62,), b,, ~ N(0,62,),b,, ~ N(0,02,),
Vier ~ N(©0,67)),7,, ~N(0,0;,) and &, ~N(0,0%). In terms of design matrices
X, for the fixed effects, Z, for the random effects for tooth j within patient i, Z, ; for
the random effects for patient i on the measurements for tooth j and Z, for the

random effects for side k within the tooth j within the patient i, the model (6.1) can

equivalently be expressed as:

Y = X,0+Zi’j.9,. +Z,j&.j +Z,j,,l9,jk +E,
1 0 O (1 0 (1 0 1 0
j (e | S| )b 1§ 14— 1 1
where X, =|1 2 4 S22 2 =192 andZij,‘=1 D\
1 n n 1 n/ 1 n 1 n

0=(B, B B )' is the three dimensional vector of fixed effects,

9 = (a,.,1 a,._z) is the two dimensional vector of random effects for patient i,

1

b

.2

3, =(b

ij i1

)' is the two dimensional vector of random effects for tooth j

within the patientiand 9, = (b,.j,‘,l bgk,z) is the two dimensional vector of

random effects for side k within the tooth j within the patient i. It is assumed that
3 ~N(0O,¥,), 9, ~ N(0,¥,), 9, ~ N(O,‘P3),g”.k ~ N(O,O'ZI)

Fitting the model (6.1) and examining the confidence intervals on the variance

components, it is observed that:

Fixed Effects
lower estimation upper
Intercept 5.042 5.301 5.558
Time -0.547 -0.505 -0.463
I(time”2) 0.054 0.059 0.064

Table 84: Confidence Intervals table for the fixed effects terms of model (6.1)
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Random Effects

Level: Subject
lower estimation Upper
Intercept 0.354 0.585 0.968
Time 0.032 0.057 0.101
Cor(Intercept,time) -0.404 0.372 0.837

Table 85: Confidence Intervals table for the level subject of model (6.1)

Level: Tooth
Lower estimation upper
Intercept 3.494097¢-001 0.484 0.671
Time 5.571245e-008 0.009 1522.611
Cor(Intercept,time) | -9.827878e-001 -0.294 0.943

Table 86: Confidence Intervals table for the level tooth of model (6.1)

Level:Side
Lower estimation upper
Intercept 0.417 0.501 0.601
Time 0.068 0.089 0.118
Cor(Intercept,time) -0.378 -0.078 0.236

Table 87: Confidence Intervals table for the level side of model (6.1)

Within-group standard error

lower estimation upper

0.593 0618 0.645

Table 88: Confidence Intervais table for the within group standard error of
model (6.1).

It can be observed in the above table the confidence intervals for the linear term at
tooth level are abnormally wide which indicates problems with the model definition.
Thus, this model is inadequate to describe the data.

Another model can refer to a model with an intercept shift only for the

random side term. This model expressed by the equation:
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Yiu =B +Bd, + iB3dilz +a,+a,,d,+b, +b,

ja H00d + 7 + €y

It is assumed thata,, ~ N(0,02,).@,, ~ N(0,62,), b,, ~ N(0,07,).b,, ~ N(0,5%,) ,

Y1~ N(0,07) and &, ~N(0,6”). In terms of design matrices X, for the fixed

effects, Z, for the random effects for tooth j within patient i, Z, ; for the random

effects for patient i on the measurements for tooth j and Z, for the random effects for

ik

side k within the tooth j within the patient i, the model (6.2) can equivalently be

expressed as:

Yip = Xi9+Zi,j‘9i +le'“91_'[ + Zijk'gijk +E&,
I 0 O 15=20) 1 0 1
1 1 1 1 1 1 1 1
where X, =1 2 4 ,Z,,jzl 2 ,Z,].=1 2 andZ,.jk-—-l.
1 n #» 1 n 1 n 1

(] 1 i . (4

0=(8 B B )’ is the three dimensional vector of fixed effects,

g = (a,.‘, a,.,z) is the two dimensional vector of random effects for patient i,

9 = (b )' is the two dimensional vector of random effects for tooth j

i il

b

.2

within the patient i and 9, = (b )' is the one dimensional vector of random

itk
effects for side k within the tooth j within the patient i. It is assumed that

9 ~N(0,%),9 ~N(0,%,),9, ~N(0,621),5, ~ N(0,0°])

Fitting the model, confidence intervals cannot be obtained on variance-

covariance components as the approximate variance-covariance was non-positive.

A model that includes a shift in intercept for each random term and a

linear term can also be considered with respect to the time covariate for the random

term of subject and side. This model is described below by the equation:
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2
Vi = B+pd,+pd, +a,+a, ,d, + blj +Via t },:jk,Zdil +&y (6.3)

It is  assumed  thate, ~N (O, ol ),oxr,.,;Z ~N (O, 0';)2), b, ~ N(0,0;),
Vs ~ N(©0,67,), 7, ~ N(0,0,,) and £, ~ N(0,6%). The model can be represented
in terms of design matrices X, for the fixed effects, Z, for the random effects for
tooth j within patient i, Z, ; for the random effects for patient i on the measurements
for tooth j and Z, for the random effects for side k within the tooth j within the

patient i. Model (6.3) can then be expressed as:

Y = X,.49+Z,.Jl9,. +Z,.I.l9,]. +Zijk'9:jk +&,
1.0 0 1 0 1 1 0
1 1 1 1 1 1 1
where X;=|1 2 41,7 ={1 2,2 =1 and Z, =|1 2|,
1 n n 1 n 1 1 n

1 1 (] i

60=(B, B, PB,) isthe three dimensional vector of fixed effects,

9

I

(ar,,1 a,.,z) is the two dimensional vector of random effects for patient i,

9. = (b,.j )’ is the one dimensional vector of random effects for tooth j within the

y

patienti and 9, = (b,j,(,1 b,.j,“z) is the two dimensional vector of random effects

for side k within the tooth j within the patient i. It is assumed that
9 ~N(0,%,), 9, ~N(0,6/1), 9, ~N(0,¥,),5, ~N(0,6°1).
According to the next table, an acceptation of the fixed-effects model will be

left as it is and a continuation of examination of the random-effects terms shall be

consecutive.
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Fixed Effects

Value Std.Error Df t-value p-value

intercept 5.300 0.132 2574 40.075 <0.0001
time -0.505 0.021 2574 -23.549 <0.0001
time”"2 0.059 0.003 2574 22.94 <0.0001

Table 89: Summary table for the fixed effects terms of model (6.3).

In order to check the requirement for having a linear term for each side within
each tooth within each subject, the previous model can be fitted without the linear

term for the side and then compare the two fits with the ANOVA table. The ANOVA
table is a likelihood ratio giving the p-value from the X, (de,— &) where the df, is the

degrees of freedom of the first model and df, is the degrees of freedom of the second

model.

The second model can be expressed by the equation:
Yju =B+ Bd; + ﬂ3di12 +a,+a,d,+b,+y, +&, (6.4)

assuming thate,, ~ N(O, o2, ),a,’z ~ N(O, 0';’2), b, ~N(0,6;), 7, ~N(0,07) and
&~ N(©,0°).
In the terms of design matrices X, for the fixed effects, Z, for the random effects for

tooth j within patient i, Z, ; for the random effects for patient i on the measurements

for tooth j and Z

ik

for the random effects for side k within the tooth j within the

patient I, the model (6.4) can equivalently be expressed as:

Vau=X0+Z 9 +2Z.9,+Z,9,+5,

itk ijk
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where X, =

1

0 0

1
2 4
n n

1

1 0
1 1
» 2, =11 2
1 n

(i

1 1
1 1

,Z,=\1|and Z, =|1],
1 1

0=(8, B, B,) isthe three dimensional vector of fixed effects,

1

g

8 =(

patient i and

k within the tooth j within the patient i. It is assumed that

b

i

'9:jk = (b

ik

8 ~N(0,%,),9,~N(0,6;1), 9, ~N(0,671),£, ~ N(0,0°1).

The following table provides the comparison of the two models(table 101):

9= (a,.)1 ai,z) is the two dimensional vector of random effects for patient i,
) is the one dimensional vector of random effects for tooth j within the

1
) is the one dimensional vector of random effects for side

Model | Df AIC BIC logLik Test L.Ratio | p-value
6.3 11 6795.097 | 6861.068 3386549 | |
6.4 9 6867.782 | 6921.757 -3424.891 76.68426 <.0001

Table 90: ANOVA table: testing the existence of the linear term on random effect

of side.

Because the p-value for the (6.3) model versus the (6.4) model is significantly
small (<0.0001) the hypothesis that the two models are equivalent is rejected and the

model (6.3) is preferred that includes the linear term on side term, as it has a smaller
AIC value.

An examination of a model that concludes random-effects can be conducted for

both the intercept and the linear term at the subject level and a single random effect

for the intercept at the tooth within subject level.

The model being fit can be expressed by the equation:

_ 2
Vil B +pBd,+pd, +a,+a,d, + by + &
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It is assumed that a, ~N (0,0'3,'1),05,.,2 ~N (0, 0'5,2), b,~N(0,0;), and
&, ~N(0,0°). In the terms of design matrices X, for the fixed effects, Z, for the
random effects for tooth j within patient i, Z, , for the random effects for patient i on
the measurements for tooth j and Z,, for the random effects for side k within the

tooth j within the patient i, the model (6.5) can equivalently be expressed as:

Y = X0+ Z,.JS,. + Z,.j.9,.j +&,

1 0 0) 10 1
11 1 11 1
where X,={1 2 4|, Z, =|1 2|and Z,=[1|,0=(8, B, B) isthe

LJ ¥

1 n n 1 n 1

1 i U

three dimensional vector of fixed effects, 9 = (al.’l a,.‘z) is the two dimensional

vector of random effects for patient i, 9, = (b ) is the one dimensional vector of

;
random effects for tooth j within the patient i.
This model is fitted and compared with the model (6.3). Thus:

Model | Df AIC BIC logLik Test L.Ratio | p-value
6.3 11 6795.097 | 6861.068 | -3386.549 '
6.5 8 7583.959 1 7631.933 | -3783.977 794.857 <.0001

Table 91: ANOVA table: testing the random effect term of side.

Again, according to the likelihood-ratio test, the AIC and the BIC criteria, all
strongly favor the model (6.3).
According to all the above, model (6.3) is regarded to be the best model; that

is the model with the most appropriate random effects part
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Output of model (6.3)

AlIC BIC logLik
6795.097 6861.068 -3386.549
Table 92: AIC, BIC and LogLikelihood values of model (6.3)
Random Effects
Level: Subject
Std Deviation Correlation
Intercept 0.589
Time 0.057 0.362

Table 93: Standard deviation and correlation for subject level of model (6.3)

Level: Tooth

Std Deviation Correlation
Intercept 0.478
Table 94: Standard deviation for tooth level of model (6.3)
Level: Side
Std Deviation Correlation
Intercept 0.502
Time 0.089 -0.087
Residuals 0.618
Table 95: Standard deviation and correlation for side level of model (6.3)
Fixed Effects
Value Std Deviation df t-value p-value
Intercept |  5.300 0.132 2574 | 40.075 <.0001
Time -0.504 0.021 2574 -23.548 <.0001
I(time”2) 0.058 0.002 2574 22.944 <.0001
Table 96: Summary table for the fixed effects terms of model (6.3).
Standardized Within-Croup Residuals
Minimum O Medium Qs Maximum
-4.220 -0.518 0.017 0.519 2.899

Table 97: Standardized Within Group Residuals.
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6.3 Variance-Covariance Structure for the Random

Effects.

From the previous section a conclusion was made that the best choice for the
best structure in the random effect part was in the model (6.3). During this section,
assumptions can be made for some special forms for the random effects variance-
covariance matrix ‘¥',,'V,. The patterned covariance matrices that have been used
were presented in section 4.7. However, it is assumed that a model with the random
effect structure similar to the model (6.3) but with a ‘full’ fixed effect part. The fixed
effect part concludes both all the possible main effects and interaction of the factors.
Therefore the fixed part consists of covariates: footh, side, sex, age, treatment and
smoke and all the double interaction between them. So far it is assumed that the
variance-covariance matrix of the random effects in the model (6.3) is a general
positive definite matrix. Moreover, it is assumed that the fixed effects part is full,

consists of all the possible main effects and the interaction among them. Thus:

Y yimnse = By + Bidy + Body + Bb, + By, + Bik,, + B8, + BiG, + Bib,
+5 (bY),k + B, (bﬂ),-,,. + B, (bé‘)jn + 5, (bg)js + B (bo)jr
+ B (1), + Bis (#9),, + Bis (75, + By (#9),, + Bs (B9),. (6.6)
+ B (BS),, + B (B6),, + B (5C),, + B (56),, + By (¢9),,

+a,, + ai,2dil + by +Va t 7qk,zdi1 &

where b, is the main effect of tooth, j =1, ..., 4, ¥, is the main effect of side,
k=1, ..., 4, d, denotes the time,1 =1, ..., g, and g, is the final annual

visit of the ith patient, 8, is the main effect of sex, m =0, 1, &, is the main
effect of age, n = 30, ..., 39, &, is the main effect of treatment, s =1, ..., 4,

6. is the main effect smoke, =0, 1, (b}/)jk is the interaction of
tooth-side, (b ),-,.. is the interaction of tooth-sex, (b6 )jn is the interaction of
tooth-age, (5 )js is the interaction of tooth-treatment, (b49)jr is the interaction

of tooth-smoke, (7), is the interaction of side-sex, (), is the interaction

118



of side-age, (7¢),, is the interaction of side-treatment, (y9), _is the interaction
of side-smoke, (&) is the interaction of sex-age,(8¢)  is the interaction of
sex-treatment, (6) _ is the interaction of sex-smoke, (¢ ), is the interaction
of age-treatment, (50)m is the interaction of age-smoke, and (¢ H)H is the

interaction of treatment-smoke, a,,,a, , is the random effect of the subject i,

1=1,2,...,25, b,.j is the random effect of the tooth j within the subject i, j=1,...,4, Yk is
the random effect of the side k within the tooth j within the subject i, k=1,...,4, Eu is
the within subject error. It is assumed thate,, ~ N (O, o2, ),a,.,,_ ~N (O, o, ) ;

bij ~ N(O’O-:) > Yiga ™ N(O’O-:,l)’yijk,Z ~ N(090-3,2) and Eju ™~ N(an-z) G

The model can be represented in terms of design matrices X, for the fixed effects,

Z, for the random effects for tooth j within patient i, Z, ; for the random effects for

patient i on the measurements for tooth j and Z,, for the random effects for side k

within the tooth j within the patient i. Model (6.6) can then be expressed as:

Yu=Xu0+2, 9 +2,8 +Z,9,

i ik ik T Eyi

where $ ~ N(0,%¥,), b, ~N(0,0,1), b, ~ N(0,'¥,) and &, ~ N(0,5°1)

Fitting the model (6.6) and constructing the confidence intervals on the
variance components, it is observed that the confidence intervals on variance-
covariance components cannot achieve as the approximate variance-covariance is
non-positive.

An assumption can be made that the variance-covariance matrices ‘¥',,'¥'; are

20
diagonal matrices. The ¥,,'¥, have the form: ‘P=[O(-)' 2). The new model (6.7)
0,
is a model similar to (6.7) but with a diagonal matrix for the random effects variance-
covariance matrix.
It also possible to examine the case that the variance-covariance matrix is a

multiple of an identity matrix. In this case, the variance-covariance matrices ‘¥'|,'¥;

119



2=edi0 10
have the form: ¥ =(O(-) 2J= o’ (0 lj =0"I, and thus, the new model (6.8) is a
o

model similar to (6.6) but with a multiple of an identity matrix for the random effects

variance-covariance matrix. For their comparison, the likelihood ratio test is used:

Model | Df AIC BIC logLik Test L.Ratio | p-value
6.7 30 6911.613 | 7091.320 | -3425.807
6.8 28 7119.746 | 7287.472 | -3531.873 | 212.1326 <.0001

Table 98: ANOVA table: testing a multiple of identity matrix for the random effects.

According to the likelihood-ratio test, the AIC and the BIC criteria, the more
preferable model is the model (6.7), the model with a diagonal matrix.
Another choice for the structure of the variance-covariance matrix, is the

o’+o! o}

2

Compound Symmetry Structure. Its form is‘Pt( X "
lo o +o0,

j . Comparing the

new model (6.9) with the model (6.7),the below table (table 110) provides as with:

Model | df AIC BIC logLik
6.7 30 6911.613 | 7091.320 | -3425.807
6.9 30 7080.705 | 7260.410 | -3510.351

Table 99: ANOVA table: testing the compound symmetry structure.

The likelihood ratio test cannot be computed because the two models have the
same number of degrees of freedom. The AIC and BIC criteria, indicate that the
model (6.7) is more preferable than the model (6.9).

The case where the structure of the variance-covariance matrix ‘¥, is the
diagonal matrix can be examined as in the model (6.7) and the structure of the ‘¥, isa

multiple of an identity matrix. Comparing the new model (6.10) with the model
(6.7),the below table provides us with:
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Model | Df AIC BIC logLik Test L.Ratio | p-value

6.7 30 6911.613 | 7091.320 | -3425.807
6.10 29 7097.083 | 7270.80 | -3519.542 187.4704 <.0001

Table 100: ANOVA table: testing the variance-covariance structure.

According to the above table, the preferred model is(6.7) than the model

(6.10), the model with a diagonal structure for the variance-covariance matrix.
Alternatively, it can checked the case in where the matrix ‘¥, is the diagonal

matrix as in the model (6.7) and the matrix ‘¥, has a compound symmetry structure.

As we can observe in the below table, the likelihood ratio test cannot be computed

because the two models, the new model (6.11) and the model (6.7) have the same

number of degrees of freedom.

Model | df AIC BIC logLik
6.7 30 6911.613 | 7091.320 | -3425.807
6.11 30 7056.308 | 7236.015 | -3498.154

Table 101: ANOVA table: testing the variance-covariance structure.

However, according to the AIC and BIC criterion, the most preferable model

is once again the model (6.7).
Another choice for the structure of the matrices ¥,,'¥, is the matrix ¥, to be
a multiple of an identity matrix and ¥, to be a diagonal matrix. For this model (6.12)

and the model (6.67) the below table provides us with:

Model | Df AIC BIC logLik Test L.Ratio | p-value
6.7 30 6911.613 | 7091.320 | -3425.807
6.12 29 6934.108 | 7107.824 | -3438.054 24.494 <.0001

Table 102: ANOVA table: testing the variance-covariance structure.

Once again, the model (6.7) is more preferable than the model (6.12)
The case where the structure of the matrix ‘¥, has a compound symmetry

structure and the matrix ¥, is a diagonal matrix can also be examined. Comparing

this model (6.13) with the model (6.7),the table below provide us with
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Model | Df AIC BIC logLik Test L.Ratio | p-value
6.7 30 6911.613 | 7091.320 ] -3425.807
6.13 29 7121.450 | 7295.167 | -3531.725 | 211.8366 <.0001

Table 103: ANOVA table: testing the variance-covariance structure.

According to the table 114, model 6.7 is more adequate than model 6.13.

Also the case where the matrix ‘¥, is a multiple of an identity and the matrix

¥, has a compound symmetry structure and the case where the matrix ¥, has a

compound symmetry structure and the matrix W, is a diagonal matrix can be

checked. In both cases, the confidence intervals cannot be constructed as the

approximate variance-covariance is non-positive.

According to the above results, the model (6.7) is regarded to be the best

model; that is the model with the most appropriate structure for the variance-

covariance matrix of the random effects.

Output of model (6.7)
AIC BIC logLik
6911.613 7091.320 -3425.807

Table 104: AIC, BIC and LogLikelihood values of model (6.7)

Random Effects

Level: Subject (diagonal structure)

Std Deviation
Intercept 0.5764327
Time 0.0578943

Table 105: Standard deviation and correlation for subject level of model (6.7)

Level: Tooth

Std Deviation

Intercept

0.4350413

Table 106: Standard deviation and correlation for tooth level

of model (6.7)
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Level: Side(diagonal structure)

Std Deviation
Intercept 0.4838773
Time 0.08439831
Residuals 0.6210653
Table 107: Standard deviation and correlation for side level of
model (6.7)
Fixed Effects

Value Std Deviation df t-value p-value
Intercept 5.961290 4.271208 2567 1.39569 0.1629
Time -0.505402 0.021549 2567 | -23.45416 <.0001
I(time*2) 0.058721 0.002570 2567 | 22.84961 <.0001
Tooth -0.134271 0.696698 i -0.19273 0.8477
Side 0.040749 0.389835 296 0.10453 0.9168
Sex -5.175115 4.086063 17 -1.26653 0.2224
Age -0.022602 0.124763 2567 | -0.18116 0.8563
Treatment 0.589066 1.611740 2567 0.36548 0.7148
Smoke 0.078562 0.136120 17 0.57715 0.5714
Tooth:Side -0.060881 0.023086 296 -2.63712 0.0088
Tooth:Sex 0.140435 0.096917 72 1.44902 0.1517
Tooth:Age 0.003886 0.020491 2567 0.18963 0.8496
Tooth:Treatment | -0.047186 0.046313 2567 | -1.01883 0.3084
Tooth:Smoke -0.002226 0.002800 72 -0.79492 0.4293
Side:Sex 0.061971 0.053544 296 1.15738 0.2481
Side:Age 0.000650 0.011366 2567 0.05717 0.9544
Side:Treatment 0.014488 0.025598 2567 0.56597 0.5715
Side:Smoke -0.000373 0.001546 296 -0.24122 0.8096
Sex:Age 0.142569 0.121895 17 1.16960 0.2583
Sex:Treatment -0.001749 0.288740 17 -0.00606 0.9952
Sex:Smoke -0.014541 0.017843 17 -0.81491 0.4264
Age:Treatment -0.007998 0.044263 2567 | -0.18069 0.8566
Age:Smoke -0.002145 0.004154 17 -0.51637 0.6122
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Treatment:Smoke | 0.005179 0.008873 17 0.58371 0.5671

Table 108: Summary table for fixed effects terms of model (6.7)

Standardized Within-Group Residuals

Minimum O Medium Qs Maximum

-4.297827 -0.5215315 {0.009085143 } 0.5092862 2.833431

Table 109: Standardized Within-Group Residuals of model (6.7).

6.4 The Fixed Part

In the two previous sections, the best random part and the most appropriate
structure for the variance-covariance matrix of the random effects were collected. In
this section, the best fixed part of the model is selected. The first model (6.7), will
examine the significance of all the variables along with all possible double
interactions; this will provide some evidence of which terms should be included in the
final model. The results of the F-tests will be used, as they are described in section
4.8.

According to the table 121, the main effects of sex, age and smoke seem to
be insignificant in this fit. However, although the main effects of tooth, side and
treatment are insignificant, they are concluded in the model as their interaction is
statistically important. Moreover, the only statistically significant interaction in this
model is the interaction tooth:side. The interaction tooth:sex is also included in the
model as its p-value is not large enough.

The model is fitted with the same random effects and variance-covariance
matrix as (6.7) but including in the fixed part only the statistically significant main

effects and interactions from all the above. Thus the new model is expressed by:

Yiikimnse = b+ Bd;+ ﬂzd; + IB3bj + 8,7 + BiS,
+ 5, (b}’)ﬂ'r + 4, (bﬂ)jm (6.19)

+a,+a,d, + b.-j +Viea 7yk,2dil +&
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where b, is the main effect of tooth, j =1, ..., 4, y, is the main effect of side,

k=1, ...,4, d, denotes the time, 1 =1, ..., g,

1

and g, is the final annual

visit of the ith patient, is the main effect of treatment, s= 1, ..., 4, (b;/)jk is
the interaction of tooth-side, (b8 ),m is the interaction of tooth-sex, a, is the

random effect of the subject 1, i=1,2,...,25, b_ is the random effect of the tooth

>

J within the subject i, j=1,...,4, 7, is the random effect of the side k within the
tooth j within the subject i, k=1,...,4, Eu is the within subject error, d,
denotes the time of the 1th occasion on the ith subject and q,,,q,, is the random
effect for subject i, on the measurements for tooth j and side k within the tooth j
within the subject i. It is assumed thate,, ~ N (O, ol ),ai,z ~N (O, ai_z),

b, ~N(0,6}), 7, ~ N(0,07,),7,., ~ N(0,0,,) and £, ~ N(0,67).

Fitting it, the following output is obtained:

Output of model (6.14)
AIC BIC logLik
6796.24 6880.18 -3384.12

Table 110: AIC, BIC and LogLikelihood values of model (6.14)

Random Effects
Level: Subject (diagonal structure)

Std Deviation
Intercept 0.58
Time 0.06

Table 111 Standard deviation and correlation for subject level of model (6.14)
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Level: Tooth

Std Deviation

Intercept 0.44

Table 112: Standard deviation and correlation for tooth
levelof model (6.14)

Level: Side(diagonal structure)

Std Deviation
Intercept 0.48
Time 0.08
Residuals 0.62
Table 113: Standard deviation and correlation for side level of
model (6.14)
Fixed Effects

Value Std Deviation df t-value p-value
Intercept 5.07 0.26 2573 | 19.64 <.0001
Time -0.50 0.02 2573 -23.34 <.0001
I(time"2) 0.06 0.002 2573 22.84 <.0001
Tooth -0.05 0.08 73 -0.58 0.5618
Side 0.11 0.06 298 1.77 0.0782
Treatment 0.29 0.09 2573 2.99 0.0028
Tooth:Side -0.06 0.02 298 -2.68 0.0078
Tooth:Sex 0.08 0.07 73 1.13 0.2629

Table 114: Summary table for fixed effects terms of model (6.14)

Standardized Within-Group Residuals

Minimum Q: Medium Qs Maximum

-4.31 -0.52 0.01 0.52 2.83

Table 115: Standardized Within-Group Residuals of model (6.14)

The AIC and BIC information criteria indicate that the model (6.14) is more
preferable than (6.7). It is observed that only the interaction tooth: sex is statistically
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