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ABSTRACT

Ioannis Koulouriotis

Quality Control Charts for the Analysis and Monitoring of

Linear Profiles

June 2005

Control charts have as main target the monitoring of processes, where the
performance is measured by quality characteristics. In many practical situations the
quality of a process is well characterized by a relationship between a response
variable and one or more explanatory variables. This relationship is a profile (curve).
In recent literature there are studies in monitoring processes characterized by simple
linear regression profiles for the reason that the linear function is the simplest. Here

we present these studies. Also, we give a method for more complicated models.
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IIEPIAHYH

Iodvvng Koviovpiotng

AIATPAMMATA EAEI'X0Y ITOIOTHTAXZ I'TA THN
ANAAYZH KAI THN IAPAKOAOY®HZH T'PAMMIKON

XXEXEQN
Iobviog 2005

Ta dwaypdppata eréyyov £xovv o¢ KOp1o oTdHXO TOV EAEYXO diepyacidv, TV
onmoimv N anddoomn HETPIETAL AT TOLOTIKA YAPAKTINPIGTIKA. Ze TOAAEG ePapOYES, I
wodTta oG diepyaciog pmopel va xopaktmpiodel and ma oyéon avdueca o pa
anavinTikn peTafAnT) Kol pia | TePIocoTepeg ENEENYNUATIKEG HETAPANTEG. AVT 1)
oyéon eivar po kapmodn (profile). Zmv npdogatn BifAoypagia vrdpyovv epyacié
otov éleyyo diepyacidv ot omoieg yapaktnpilovral and po o YPappKT KapmdAn
ToAvpounomng Yo To AGYO OTL 1] OTAN YPOUMUIKT] cLVAPTNOT €ival Kot 1) 7o amAx].
Tt SwrpPf aut, Yivetol TEPOVCINCT TOV EPYACLOHV ALTOV KaBdg xor 1

napovciacn pag véag pebédov Tov apopd YEVIKELUEVE HOVTEAN.

Vil
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CHAPTER 1

INTRODUCTION

In 1924, Shewhart presented the techniqu'e of SPC (statistical process control)
and gave to the industries the technical tools for checking and testing the quality of a
product or a process with main target the quality improvement. In most SPC
applications, there is an important assumption. When there is available only one
characteristic, the quality can be successfully represented by the distribution of the
univariate quality characteristic. When it is offered a number of correlated quality
characteristics, the quality can be well represented by the general multivariate
distribution of a vector, which includes all the characteristics.

On the other hand, there are many practical situations in which the quality is
efficiently characterized by a relationship between a response variable and one or
more explanatory variables. This relationship can be represented by a profile (curve).
In some applications the profile can be well represented by a simple linear rezression
model, but many times more complicated models are demanded (e.g. Kang and Albin
(2000)). In recent literature there are studies in monitoring processes characterized by
simple linear regression profiles.

A~ It is important to distinguish between Phase I and Phase II methods. In Phase
I, it is available an historical set of process data and one wants to analyze it. The main
concerns are to understand the variation in the process over time, to check the stability
of the process and to model the in-control process performance. This last step of
modelling is usually achieved by the estimation of the parameters of a parametric
model. In Phase I, one can also discover a number of assignable causes in the
variation. These causes are unusual events that disturb and alter the process and could
be the reason for a change in the parameters of the underlying model of the profile.
When the sources of the assignable causes can be found and can be prevented in the
future, samples that contain assignable causes could be removed from the data. In
Phase I, the goal is the process monitoring. Particularly, using on-line data one
desires a quickly detection of shifts in the process from the in-control parameter

values, which estimated in Phase [.



Kang and Albin (2000) proposed the multivariate and later the residual control
charts for Phase II procedures that can be adequately represented by a simple linear
model. At first, they assumed that the parameters of the model are known and
afterwards they took these as unknown parameters. Furthermore Kim et al. (2003)
applied three separate EWMA control charts for monitoring the Phase II of a process
or product that is characterized by a linear curve.

In Phase I, there have been only recent studies for linear profiles. Mahmoud et
al. (2004a) wrote an innovative paper that has as main aim the presentation and after
the comparison of some recommended approaches. In this paper and in the paper of
Mahmoud et al. (2004b) some methods for Phase I analysis are provided.

The basic aim of this thesis is to review these studies. Specifically, we will see
methods for Phase II and Phase I analysis in linear profiles. Also, we will propose a
new mcthod for Phase II procedures that can be sufficiently represented by a non-
linear model. Specifically, we will give a Phase II method for cascade processes.

Having the above thoughts, in chapter 2, we define the basic tools that will be
useful for the next chapters. In chapter 3 and chapter 4, we make a review of Phase II
and Phase I methods, respectively. These methods are engaged with the analysis and
monitoring of linear profiles. Moreover, we present the results of their simulation
studies. In chapter 5, we propose a new method for Phase II procedures. This method
works, when the quality can be sufficiently represented by a relationship between a
responsc variable and a number of explanatory variables. In chapter 6, we will present
a method for cascade processes, which is based on the multivariate EWMA control
chart (MEWMA). Finally, in chapter 7, we give the conclusions and some

recommendations for further research.
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CHAPTER 2
CONTROL CHARTS

2.1 Univariate Process

2.1.1 Introduction

The basic principles of control charts were proposed by Dr. Walter Shewhart
in 1924. The control chart found widespread use during World War II and has been
used, with a mixture of modifications, ever since. This work gave to the industries a
useful variety of tools (SPC), which checks the quality of a product or a process._
Control charts, some of the basic tools, can be classified into two main categories,
depending on the quality characteristic. If it can be measured on some continuous
scale, the control charts are used to monitor the mean or (and) the variance of the
process. If the characteristic of quality cannot be measure.d continuously, then we
have the case in which each unit of the product can only be characterized us either
conforming or non-conforming. In this chapter, we investigate the Shewhart’s control
charts and furthermore we present the Exponentially Weighted Moving Average

(EWMA) control chart, which is useful for quick detection of shifts.

2.1.2 Basic principles of cortrol charts

Control charts are the main tool of the statistical process control (SPC)
techniques. Their use is important for testing the stability of a process. The aim of

control charts is the establishment of practical ways that can detect a shift of the

process.

Using control charts, we have to make the following assumptions. First we

assume that the quality characteristic follows the normal distribution with mean x and
variance o~ . When we want to moritor the mean and the variance of a process, which

is in-control with target values g, for the mean and 0'5 for the variance, the

monitoring of the process is comparable with the testing ot the hypotheses

(VS



Hyip=p, vs  Hytp#u,

Hy,:c=0, vs H,:0c#0,.

Another significant assumption is that the observations of the process are
independent. The control charts has been made under the assumption that the
observations are independent and identically distributed (i.i.d.) normally distributed

with a mean and a variance.

2.1.3 Shewhart’s control charts

R 'C)/\oU('\ Suppose that a quality characteristic is normally distributed with mean x and

e,

3
i\
<

variance o2, where both 4 and o*are known. If X 1»X,,..., X, 1s a sample of size n,

then the average of this sample can be calculated by the following equation,

X, +X,+..+ X,
n

X =

and we also have that X is normally distributed with mean x and standard deviation.

Then

Moreover, we have to consider the probability /-a, which means any sample mean

will fall between the limits,

O
+/Z Os=u+2Z  —=
/’l a2 e lll % /n
and

O
~-Z 05 =pu~Z
# %JX # 2%'



= In case that the mean 4 and the variance of the process o’ is known, then
someone can use respectively the above equations on a control chart as upper and
lower control limits. As we may notice from Montgomery (2001), it is usual the

replacement of Z o by 3 and then we can say that three sigma limits are employef If

a sample mean falls outside of the exceeding limits, then we have an indication that

the process mean is no longer equal to the mean u.

43

In practical situations the mean u and the variance o*are unknown and we
have to estimate them from preliminary samples that have been taken when the

process was considered in-control.

Suppose that we have m samples and each sample is containing n»

observations. Then X, X,,..., X, is the average of each sample. The best estimator of

the process average y, is

X, +X,+.+X,

m

X=

We use the grand average X as the center line of the control chart. But, we need also
to estimate the standard deviation o. Thus, we consider the range method. We notice

from each sample the difference between the largest and the smallest observation,
R,=X"™-X".
Finally, we take the average range

_ RS e BR,

m

7

K

and we use it for constructing the control limits.

The X -chart is a method, which monitors the mean of a process. It uses X as the
center line of the control chart. The next equations give the upper and lower control
limits, respectively,

UCL=X+4,-R

CL=X

(9]



LCL=X-4,-R ,

where 4, is a constant tabulated in Montgomery (2001).

’_—f . - - oqe 3 »
yj A popular method for monitoring the process variability is the R-chart. It is

B -CneX” : .
based on the following equation
R, =X;" -X",
where j=1,2,3....m , R;is the j-th random sample range and X}““,X}“i“are

respectively the maximum and minimum observations of the sample j. The upper and

lower control limits for the R-chart are

UCL=D,-R
CL=R
LCL=D,-R ,

where D;and D, are constants depending on the sample size. They can be found in
Montgomery (2001).
When the mean u and the variance o”are known, then the control limits

for the X -chart are

(o2
UCL=u+3—
Jn

CL=pu
UCL = u-3-2

Jn

and the parameters of the R-chart are

UCL = D,o
CL=d,o
LCL=D ,



where D,,D.,d, are constants depending on the sample size. They are tabulated in

Montgomery (2001).
The next control chart is an example of a process in which there are two assignable
causes,
Xbar-R Chart of Variable X
L A
) 7y UCL=602,474
602 / d %
c f % ) Y\
g
= A ., ~
% 600 f._ — . = N a A‘“r-'d X=600,23
1= i % -
o L] i v
\.__,_-1!—"‘\__ /
\/
598 - LCL=597,986
1 T 1 T
1 3 g ; 9 11 13 15 17 119
Sample
8 UCL=8,225
. e/
Pl - , -\ /
@ 44 \ R A R=3,890
£ ’ B i) __ .
& 2- ¥ '-.-___‘r__..———d a4
0 LCL=0
T 1 T T . T T T
1 3 5 7 9 11 13 15 17 19

Figure 2.1 Example of a Shewhart type X bar-R control chart.

When we investigate a continuous quality characteristic, one of the most
popular control charts for monitoring shifts (specifically increases) in the process

variability is S-chart. It uses the statistic
S?= (X, - X)) [(n-1),
il

where X ; are the observations of the sample j (=1,2,3...,m), X ; is the j-th random
sample mean and # is the sample size. When we know the parameter o , we have the

follow:ng control limits,



UCL = B,o
CL=c,0o
LCL=B.c

and in case that the parameter o is unknown, the control limits are,

UCL=B,S
CL=S
LCL=B,S,
Wheis S S, +8,+...+S,, -

m

When the S is being calculated, the X -chart parameters become

where B,,B,, B, B;,c,, 4, are constants that depend from the sample size and they

are tabulated in Montgomery (2001).

As an example, we give the next control chart,

”»




Xbar-S Chart of Variable X
UCL=130,72
120 4
H
-
g s o \ FF__-‘——"\/'F.
_g 100+ ; - g X=101,03
T
E F_‘__‘_r_,_,-o-""‘-\-\_\__-'f
80
LCL=71,35
T T L) T T T
1 3 5 7 9 11 13 15 17 19
Sample
50 UCL=50,67
§ 40 _//\
-
B 4 - e - _
=l — - - = 5-28,77
%. e - g = e—— s
E o Ead
& 20+
10 4
LCL=6,88
T 1 ] i T T T T T
1 3 5 7 9 11 13 15 17 19
Sample

Figure 2.2 Example of a Shewhart type X bar-S control chart.

2.1.4 The EWMA chart

The Exponentially Weighted Moving Average (EWMA) control chart was
introduced by Roberts (1959). It is a good alternative way to the Shewhart control
chart, when we are interested in detecting small shifts in the process. The EWMA
chart is typically used with individual observations. But we can use it when we have

rational subgroups of size n>1. The EWMA, defined as

Z=A-X+(1-A)-Z_,

where 0 < A <1 is a constant .

Usually, we use as starting value,
Zy= My -
Using the preliminary data we can take as starting value,

Z, =X .
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For the EWMA control chart we have

A N
UCL = pt, + Loy |—=—-[1 = (1 - )
#y "\/2_4 [1-(1-2)"]

CL=p,

A o
ICL=yu, -Lo,|——-[1-(1-4)"].
Ho 0'\/2_/1 [1-( )]

As i becomes larger, then the control limits are

A
UCL=yu,+Lo |——
Ho )

CL = p,

LCL = p, -—Lawf—ﬂ'— .
2-1

The following figure gives an example of an in-control EWMA chart,

—
EWMA Chart of Variable Z
22
——— - UCL=2,1657
2,14
T o
a Il » Fll r
- . » |I P
] L M - » * » I\ - . ||
g 2,0 |".’I|| :“TII- "'Il-,r ..'. L f +..'II |I-| |'- I'T.Il =
N R B o A TR 0 1
w et o ] XTI
AN II|Ih Iq'.# |
1,94 w—| | $ o° \ 4
v L
) s &
1,87 L
LCL=1,7813
1 11 21 31 41 51 61 71 81 91
Sample

Figure 2.3 Example of an Exponentially Weighted Moving Average (EWMA) control

chart.




2.1.5 The EWMA chart for monitoring process variance

The problem of detecting shifts in the process variability has not received as
much attention as that of detecting shifts in the process mean of continuous

production processes. But, it is important in the context of quality control.

2.1.5.1 Crowder and Hamilton (1992)

Primarily, the EWMA was used in order to detect small changes in the process
mean, but later many authors tried to use it for monitoring the variance of a process.

Crowder and Hamilton (1992) take the following EWMA statistic,

EWMAL(j)=max{f -In(S,)+ (1 -0)- EWMA.(j - 1), In(cy)} with j=1,2,...m,

and 6,(0 < 6 < 1) again a smoothing constant and EWMA,(0) = In(c;).

They use the next approximation,

5
Var(In(S,)] = ——+ 2 — + —— 4 - 16 .
/ n=2 (-2 3-(n=-2)y 15-(n-=-2)

In order to detect small changes in the process variance, they used the upper control
limit given by

@ -Var{In(S

2

the L, >0 is again chosen to give a specified in-control ARL. Of course, one could

use upper and lower limit, but generally we want the variability small.

2.1 5.2 EWMA based on natural limits

The EWMA chart based on the natural units gives good performance in

detecting increases in the variation. It uses the equation,

EWMA ,(j) = max{ 6 -(MSE , = 1)+ (1 - 0)- EWMA , (j —1),0}

1ji
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where j=1,2,...m, 0 (0 < 8 <1) is a smoothing constant and usually EWMA,(0)=0.
The procedure gives a signal when EWMA,, (j) is greater than the upper control limit

given by the next equation,

@ -Var(MSE )
UCL=L, —-—2—7—/— )

where L, (> 0) is the multiplier chosen to give a specified in-control ARL. We do not

use a lower control limit, because in most cases we want the variation to be small.

2.2 Multivariate Process

2.2.1 Introduction

In the previews section, we have made the assumption that there is only one quality
characteristic of interest. However, there are several quality characteristics in practice.
Applying a separate control chart for each characteristic (process variable) is a
solution, but it is not the best, because it is inefficient and can give error conclusions.
The solution to this case is to use multivariate methods. We will give some
multivariate methods such as T’control chart and Multivariate Exponentially

Weighted Moving Average (MEWMA) control chart.

2.2.2 The Hotelling 7> Control Chart

The Hotelling 7 control chart is the most familiar multivariate method and it
is comparable with the Shewhart X -chart. It is used for monitoring the mean vector

of the process. There are a number of versions for the Hotelling T ? chart, but in this
chapter we will be occupied with only two of them. The first version is used for

subgrouped data and the second for individual observations.



2.2.2.1 T* Control Chart for subgrouped data

Suppose that there are available p quality characteristics. It is assumed that the
joint probability distribution of the p quality characteristics is the p-variate normal
distribution. It is necessary to evaluate the sample mean for each of the p quality

characteristics from a sample with size n. Thus,

ol
I

>

The chi-squared control chart is
Ko =n(X - u)ZH(X - p),

where u'={u, y,,..., #,] is the vector, which includes the in-control means for

each quality characteristic and 2 is the covariance matrix. The upper control limit for

this control chart is

UCL = zf,p. ,

where ;(ip is the upper a percentage point of the chi-square distribution with p

degrees of freedom. Usually, we do not know the mean u and the covariance matrix
%, and we have to estimate them from the analysis of the preliminary samples with

size n. Thus, it is necessary’ to evaluate the sample mean and the variance for cach

quality characteristic,

n
X,
to.+ X, ; g

—_ X .+X
X =

1jt 2
n n

Jt >
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Z(Xa'r —‘th)z

SZ = =l ,
# n-1

with j=1,2,....,p,+1,2,...,m , p is the umber of the quality characteristics and m is the

number of samples. X, is the i-th observation on the j-th quality characteristic in the

t-th sample.
The covariance between the quality characteristic b and the quality characteristic ¢

(with b#c)is

Z (Xibt - ‘th )(Xicl - ‘X_,ct)
— _i=l

bet T n—].

S

The averages for the m samples are,

and

The estimation of x is the sample mean X , Which has as elements the X’s.

The estimation of X is the sample covariance matrix S (unbiased estimator) , where
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S¢S Siy
SI_Z SZZ Szzp

S5
S S, |

Now, the Hotelling T * control chart has the next test statistic,
T’=n(X-X)S"'(X=-X).
In Phase I analysis (we have m preliminary subgroups) the control limits are,

er - Pm=D=1)
mn—-m—p+1

a,p,mn—m-p+|

LCL=0 |,

where F, ., . isthe upper a percentage of F distribution with parameters p and

mn-m-p+1.
In Phase II analysis (m future subgroups for monitoring) the control limits are,

UCL = p(m+1D(n-1)
mn—-m—p+1

a,p,mn—m-p+1

LCL=0,

where F, , . . .., is the upper a percentage of F distribution with parameters p and

mn-m-p+1.
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