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ABSTRACT

Kyriaki Korakaki

Statistical Methods for Forecasting Mortality
June 2012

Time period 1980 — 2005 represents a period ofvgmofor the
demographic forecast. Previous years were yearsadtivity in respect to
demographic forecasts. Mortality, fertility and magion are the three

components that affect the size, composition arehgle in population.

Fertility plays an important role in population &mast. However, there
are also external factors that affect forecast. ilRstance, forecasts given by
scholars in the twentieth century were inaccurate do the Second World

War. Both mortality and migration forecast playiamportant role.

Mortality forecast plays a vital role for a countrgs a knowledge tool.

Scholars have observed that populations are ageing.

At the present thesis, mortality forecast methedssted in literature
since 1980 to today, are presented. According terdture, the most
significant method for studying and forecasting tatity is the “Lee — Carter
Method”. This method is applied in real data féwee countries, Spain,
France and Sweden, in order to forecast mortabtysipecific years. Finally,
forecasted data are compared to the real oness g0 &erify the success of

the selected method.
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HEPIAHYH

Kvprokn Kopakdkn

YratioTikéG MéEBodor yia Ty [poPfreyn tng Ovnopotnrog
Iovviog 2012

Ta £€tn 1980 — 2005 mwoterovv wepiodo avanTuéng Yo T ONUOYPOPIKN
npoPreyn. Ta mponyovueva xpovia NTav ypoOvVia 0OPAVELNG GE GYEON UE TIG
onuoypapikés mpoPAréyelg. H  OBvmowpwdtnto, 1 yEVVNTIKOTNTO KOl M
petavdotevon gival ta tpia otoryeio mov eanpedlovv to péyebog, tn ovvleon

KO TIS 0ALaYEG TOV TANOLOUO.

INpovtikd poAo otnv TpoPAeyn Tov TANOVGHOV £xEl N YEVVNTIKOTNTO.
Qot6060, vrapyovv katr eEmtepikol mapdyovieg mov v emmpedlovv. o
TopadELyna, 1 TpOPAeyn mov yivetol amd ETICTAUOVEG Y10 TOV EIKOGTO QLMOVA
nrav avakpipne Aoym tov Agvtépov Ilaykoopiov [Morépov. H mpdPreyn g

Bvnowotntag Kat TG petavactevong dtadpapatiCovv onuavtikd poro.

H mpoPreyn g Ovnowotntoag amotedel onpavtikd ctoyeio yvoong

v po xyopa. Ot peletntég mapatnpnoav 611 ot TAnbvopoi yepvoiv.

2TV mapovca epyacio yivetar avaeopd oTig nebddovg mpdfreyng g
BvnoipdnTag mov vrdpyovv otnv Piproypagia and to 1980 uéyxptr onuepa.
Sopeova pe v PBiprloypaeio, n onpoaviikdtepn néEB0do0g yio TNV HEAETN Kot
npoPAey”n g BvnoipndtnTag eivar n «Lee — Carter»Axopa, yivetar epappoyn
g neboddov «Lee — Carter»ce mpaypotikd Ooedopévo yia TPES YOPES,
Iomavia, oMo kot Zovndia, pe okomd v mpdPreyn g BvnolpnodTNTOg Yo
ovykekpipéva €. TéLog, Ta dedopéva mTov Tposkvyav ard v TPOPAeyN Kol
To TPOYUATIKE Oedopéva cvykpivovtal yio va emainbevbel n emtvyio ¢

emAgypuévng nebdoov.
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CHAPTER 1

Introduction

Mortality is a biological phenomenon with many salcand economic
implications. Mortality, fertility and migration arthe three components that
affect the size, composition and change in popatatiHistorically, mortality

has played a dominant role in determining populagoowth.

Mortality is studied based on Demography. This gtutiffers by
gender, age and according to many other biologisakial, economic and
environmental characteristics of the population. iArportant contribution of
demography was the revelation of the fact thatgharp declines in mortality
rates, rather than any increase in fertility rate@as responsible for ensuring

the rapid population growth.

Studying mortality is necessary in demography redeaand in
research in general, in private and public sedwore specifically, it helps to
assess the level of population health and to shagadth policy. Studying
mortality, combined with the study of reproducibyli is the basis for
estimating the population size in the future, da¢ded in order to formulate

a policy for political, social and economic devetognt.

To be more specific, public health administratidnoagly depends on
the study of mortality, for statistics on death ihe population cross —
classified by age, sex and the cause of death argreat value for the

formulation, implementation and evaluation of publhealth programs.



Statistics on deaths also form the basis of theicped of insurance

companies.

This thesis is divided into two sections. The fisgiction (Chapters 2 to
7) refers to methods of mortality prediction basad literature review from
1980 to today. Literature, the most significant hoat for studying and
forecasting mortality is “Lee — Carter Method”. Bhis because the referred
method is a relatively simple method that basedstatistical methods and as
its application to real data shown, it has a srealbr in forecasting mortality.
In the second section (Chapter 8 — 10), “Lee — €&aMethod” is applied to
real data for three countries in order to foreaasitrtality for specific years.
Finally, forecasted and real data were comparetetofy the success of the

selected method.

In more details, in Chapter 2, the methods exishedore 1980 are
presented. In Chapter 3, “Lee — Carter Method” nalgzed with all different
ways. Many researchers have already studied thishawe as well. Two
important modifications of the “Lee — Carter Metlicate analyzed in Chapter
4 and in Chapter 5 the extensions of this metha@pesented. In Chapter 6,
several methods for forecasting mortality are s¢ddiFinally, in Chapter 7,

another approach for “Lee — Carter Method” is azaly.

In the second section of the present thesis, “Le@arter Method” is
applied for three different countries. The selectedintries are Spain, France
and Sweden, a southern, a central and a northeumtop respectively. In
Chapter 8, mortality for Spain is analyzed. Modgdarameters are calculated
and assuming as known years 1970 — 2004, data O®5 2~ 2009 were
forecasted and then the resulting data were condptoereal ones (as these

are given from mortality database at www.mortabig).

The same procedure is followed in Chapters 9 andatOSpain and
Sweden, respectively. For Sweden, forecast was atse for 2010 as well,
due to the availability of the respective data. tlme last Chapter 11,

conclusions from applying the “Lee — Carter Meth@dé presented.

2



CHAPTER 2

Mortality Forecasting Before 1980

2.1 Introduction

In this chapter, known mortality forecasting metbhdagefore 1980 are
studied. Many of these methods are very simpletheg are not use technical
method for mortality forecasting.

2.2 Graphical Period Forecast

In this method, the values of(x,t) andt for the various values of
are plotted. Then, these values are joined by aeto the real values and,
based on curves of other countries and ages ofbyear curve forecasting is
designed.

This is the simplest method for forecasting andah be used for every
age. However, this method does not follow any tecainmethod for forecast
and the prediction error can be large. Also, thedpstion is not objective
because it is deemed by the scholar. Finally, tmisthod would not be
politically correct because it is strongly dependempon past data and a

person dies independently of past.



2.3 Graphical Generation Forecast

The values ofgyu, and@ for the various values of, wheref =t —x is
the year of birth, are plotted. Same as before,réa points are joined with a

curve and are extrapolated at the same direction.

As above, this method is simple and it can be Usecvery examined
year. The examined method does not follow any tezdlmethod for forecast
and the prediction error can be large. Also, thedpation is not objective
because it is deemed by the scholar. Moreover, dheve is constructed
according to the year of birth. Finally, the cureéfected by temporary
phenomena, such as an epidymia.

2.4 Rhodes’s Method

For some countries, Kermack, McKendrick and McKinl§1934)
showed thatyu, is depended upon two factors: the agend the year of birth

8. So gu,, can be found by using the following equation:

olx = Q(x) * R(6)

where,Q(x) is a function of age and
R(0) is a function of birth.

First, the truth of hypothesis is checked for amyeg data. Let 1860 be

the base year of birth. Then, the rati8* is calculated for every x. If the

1860Hx
hypothesis is true, the ratio will be constant émery x and the given value of

0. Then, the foIIowing}% andQ(x) = R(1860) are computed.



The trend of the line fo% follows the respective trend of=-

1860Hx

As a result, based on hypothesis of Kermack, McKekdand McKinlay

(1934), Q(x) » R(1860) is the result of the divisiopu, with the Rgfgo), i.e.
R(O
ol + Tingery = QG) * R(1860).

This method depends on hypothesis of Kermack, MaKek and
McKinlay (1934) and it yields a particularly simpi®rmula. Also, it is
applicable to financial problems for ages over 8d aan not be influenced by

the view of the scholar.

2.5 Makeham Period Method

The Makeham curve is given by the formulad % B x ¢*739". For
every yeat,, for which u(x,t) is known, u(x,t;) is given by the Makeham

curve. The constants are calculated as functionsrod.
Literally, the method is shown to have a certamedretical appeal,

very extensive data are required and if the metisotb be used frequently

with any confidence, it cannot be used at all.

2.6 Makeham Generation Method

In this method the Makeham curve is again usedhis case, for each

year of birthd, ou, is calculated from the Makeham curve. The constame

calculated as functions éf
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CHAPTER 3

The Lee — Carter Method

3.1 Introduction

The Lee — Carter Method (henceforth LC) is a methHnd which
mortality can be forecasted. Although other methbdse been developed as

well, the LC method is often considered as the bemark method.

The basic model is very simple and although its tmeforecasting
involves a number of steps, each is simple in fts@lhe method is
“relational” in demographers’ terminology. That because it involves the
transformation of actual existing mortality schesetl for each study
population. Therefore, on the one hand is largedn-parametric and on the
other hand incorporates particular features of ttartality pattern of a given
population (Lee and Miller, 2001).

Lee and Carter (1992) developed a method that ssmslard methods
for forecasting a stochastic time series, togethgh a simple model for the
age — time surface of the log of mortality in order model and forecast
mortality. A forecast is produced for the probatyilidistribution of each
future age specific death. In this method, subjectiudgment is reduces as
standard diagnostic and modeling procedures fottissteal time series
analysis are applied. At the same time, the redemarmust take decision as

far as some issues are concerned, i.e. the begjrofihistory, the model to be



used and the treatment of specific phenomena, sashwars, intense

epidemics etc (Li, Lee and Tuljapurkar, 2004).

Lee and Carter (1992) used a principal componenhaotto extract a
single time — varying index of the level of mortalirates, from which the
forecasts are obtained using a random walk witlit.dtiee and Carter model
combines a demographic model with statistical tiseeies analysis. As it has
been noticed, LC method has the potential for xibhdity with respect to age
(Renshaw and Haberman, 2002). Lee and Carter migdiéited to historical
data and the resulting estimate of the time — vegyparameter is then
forecasted as a stochastic time series using stdnBlax — Jenkins methods
(Li, Lee and Tuljapurkar, 2004).

The main statistical tool of Lee and Carter (1992)least-squares
estimation. This implicitly means that the errorge aassumed to be
homoskedastic, which is quite unrealistic: the logpan of the observed force
of mortality is much more variable at older agearhat younger ages because
of the much smaller absolute number of deaths demlages (Delwarde,
Denuit and Eilers, 2007).

The original LC uses Singular Value Decompositidmyson and
Hanson, 1974). This method assumes that the modersshave the same
variance over all ages, which is not always corr@ate and Miller, 2001,
Brouhns et al., 2002). Two alternative approachescbmpute the LC
parameters were proposed: a Weighted Least SqWsien6th, 1993) and a
Maximum Likelihood Estimation (Wilmoth, 1993, Brond et al., 2002).
Additionally, in Lee and Carter (1992) and majomphpations of this model,
confidence intervals, for long-term forecast of theeates and life expectancy,
were restricted solely to the uncertainty in thredi— variable parameter. That
approach raises criticisms because the other seuodevariability in the

model were ignored (Lee, 2000).

However, unlike theoretical methods, which takeoirccount expert

opinions and changes in the pattern of deaths bigréint causes, the Lee —
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Carter approach is based entirely on extrapolatpresuming that the forces
of change, that were effective in the experienceiquk are going to be in
effect in the future. Because of such an extrapedahature, forecasters must
be careful when specifying a time-series process the time — varying
component (parameték,", often known as the mortality index) in the Lee —
Carter model. Li and Chan (2005, 2007), for insgnh@oint out that
forecasters should be aware of potential outliersthhie mortality index,
because they may possibly lead to erroneous moytbdrecasts, particularly
if they are close to the forecast origin.

Modern time series methodologies, as this have beeticed by
McNown and Rogers (1989), allow for more flexibleodeling of trend and
consequently offer greater possibilities for accomdating changes in long —
run growth rates. Time series methods also offer plssibility of formally
incorporating behavioral information in forecastsuych as responses to

projected or hypothesized changes in socioeconeaii@bles.

The method is also probabilistic, as it involveststical fitting of
models and the quality of the fit of the historickdta can be used to provide
probability intervals for the forecasts. As a mattd empirical fact, in the
applications of the method to date, involving aadeten national data sets,
the historical trend inK’ has always been found to be highly linear withdim
and the random walk with drift has been found twegia good fit. This
approximate linearity is useful for forecasting. dbntrasts to the typically
nonlinear trajectories of life expectancy, whiclsaiat a decelerating rate
when age — specific mortality rates decline at ¢ans exponential rates.
Nonetheless, it is clear that if a data series mas$esufficiently far back in

time, the linearity of decline would cease to hflé@e and Miller, 2001).

Finally, the method can also be used as the bdsasstmple model life
table system and indirect estimation methods caddeloped to expand the

mortality data available as the basis for foreaasiiLee and Miller, 2001).



There are many scholars who have studied this ndefioo different
countries as well: U.S. data from 1933 to 1987 (laeel Carter, 1992), Chile
data from 1952 to 1987 (Lee and Rofman, 1994), dandata from 1922 to
1995 (Lee and Nault, 1993), Sweden 1860 — 2004 @VvazD07), Japan
(Wilmoth, 1996), the seven most economically depetbnations (G7) (Tuljapurkar
et al., 2000), Belgium (Brouhns et al., 2002) (Bnosi and Denuit, 2001), Australia
(Booth et al., 2002, De Jong and Tickle, 2006), t#as (Carter and
Prskawetz, 2001), China (Lin, 1995), Finland (Alh&@998), Norway
(Keilman et al., 2002), Spain (Felipe et al., 2002bo6n et al., 2006), Sweden
(Lundstrém and Qvist, 2004, Tuljapurkar, 2005), tbeK. (Renshaw and
Haberman, 2003b), the Nordic countries (Koissi &t @006), China and
South Korea with limited data (Li, Lee and Tuljagar, 2004), Taiwan
(Wang and Liu, 2010), U.S. male mortality data: tatity rate forecasts are
formed for the period 1990 — 1999 based on datemfi®59 — 1989 (Pedroza,
2006), Italy 1950 — 2000 (Haberman and RussoliR605), the Romanian
female population, during 1970 — 2002 (Lazar), Bguese mortality 1942 —
1999 (Coelho, 2001), Brazil (Figoli,1998), Canadal dhe United States (Li
and Chan, 2007). Unfortunately, the model did natceed in Australian data
(Booth et al., 2002) and the U.K. (Renshaw and Habga, 2003a).

3.2 The model

The model is expressed as in the following equation

m(x, t) = extkebxtext (3.1)

where:m(x, t) is the central death rate for age x in year t,
{a,} is the first age — specific constant interpretedtee general shape
across age mortality schedule,
{b,} is the second age — specific constant, showingclwhates decline

more rapidly and which more slowly in response hbamrges ink;,
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k. is time-varying index (is an index of the levelmbrtality) and

&¢ 1S the error term

If "k." is the linear function of, the age-specific rate will change as a
constant exponential rate and the constants witly vaccording to the age.
This model is applicable when one — parameter fanuf life tables is

available.

Booth et al. (2002) noted that the time compone®t” “or the
‘dominant temporal signal' (Tuljapurkare et al.,020 p.789) follows the
overall time trend in"In[m(x,t)]" at all ages. In the base model no
assumptions are made about the functional formhefttend in'k.". The age
componenth," modifies the main time trend according to whettitex change
at a particular age is faster or slower than thennigend (and towards to the
same or opposite direction). The model assumes ‘thgdt is invariant over

time.

This method can be generated from two observedthfdes. Firstly,
"k:" is considered a function of time. L&t = 0 when we have one life table
and k;=1 otherwise. Also, a, =In[m(x,0)] andb, =In[m(x,0)]—
In[m(x,1)] are assumed. f < k; < 1, the model geometrically interpolates
between the two life tables, else, it extrapoldtesn the two life tables. This
approach is useful for countries with little dat® aome Third World

countries.
When more than two life tables are available, it peeferable to

estimate théa," and"b," schedules along withk;” to minimize the squared

deviations from a given matrix of age — specifitesa
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3.3 Fitting the model

From the following model (3.2), the least squareduson is to be

found:

m(x,t) = etkebrtene o In(my,) = ay + keby + &4 (3.2)
where,t = 1,2,...,T andx = 1,2, ...,n.

If the vectorsa,b and k are assumed to be one solution and c is one
scalar, then & -—bc,bk+c¢" is the other solution. Another solution

is"a, bc,k/c".

The parametea, can be computed from the following equation:

Observing the right side of equation (3.2), paraen€ta,", "b," must
be estimated and indext” is unknown. As a result the model is not fully
determined and thus this model can not be fitted doglinary regression
methods. To overcome this problem, Lee and Cari®92) suggested two

stages to estimate the procedure.

In the first stage, Lee and Carter (1992) used $&iegular Value
Decomposition (SVD) method to find a least squarsdution in the

estimation of the parametets andk,. The SVD is applied to the matrix of

{In(m,,) — a,} to obtain estimates df, andk,.

In SVD Method, Lee and Carter (1992) used Gausshilt It is

assumed tha®?_,b, =1 and}’_,k, =0. Then, a, must be equal to the

12



average over time dﬁ(mx,t). So, k; is almost equal to the sum over age of

(In(my,) — a,) since the sum of the,’s is to unity. Thus, thé, can be found

by regressing without a constant term. Also, theDSvhethod can be

calculated by mathematical/statistical packagesSwethod can be seen in
more details in section 3.5.1).

In the second stage, the following equation is give
De = ) {exp(ay + byk)Nee)  (34)
X

whereD; is the total number of deaths in time t and

N, . is the exposure to risk of age x in time t.

In this stage, the time series of," is reestimated by solving fork;”
the above equation. l.e., aften,” and “k,” have been estimated, the
parameter k,” be re-estimated using a different criterion. Theestimation
step, often called “second stage estimation”. Thhe ARIMA model is used
to model the dynamics @&f. Lee and Carter assumed thgtis constant over
time. Then, they forecasted the estimate bf’“from a standard univariate
time series model. But, when they checked the ARIM@ecification, they
concluded that a random walk with drift was the magpropriate model. So,

the Lee-Carter Model as a time series model cawiitten as follows:

ln(mx,t) = ay + kiby + &4t (3.5)
kt:kt—1+c+€t

wherec is constant annual changekpand

&, are uncorrelated errors.
The combination of the standard errors it ‘and “¢,” represents the
uncertainty associated with a one — year forecahbis is used to produce

probabilistic prediction intervals for the forecasatlues of %k,”. Forecast age
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— specific death rates are obtained using extrapdldk,” and fixed “a,” and
“b,". In this case, the jump — off rates (i.e. theesatn the last year of the

fitting period or jump — off year) are fitted raté8ooth et al., 2005).

The above two equations in (3.5) can be combineadni@ which is:

Myt = Myr_q + Chy + (D& + Ext — Ext-1) (3.6)

Parameter ¢” is estimated as the average across all obsertvadd
t —1 of [k, — k._4] (Li, Lee and Tuljapurkar, 2004).

kr — ko

T

N

¢=r [ke — keq] = (3.7)

T

t=1

According to Lee and Carter (1992), this expressod®, can be used

for two purposes:

1. The original least — squares estimates @&{”""a,", and "b," do not
generate fitted life tables that imply the exacsetved number of deaths

for the actual historical population age distrilouns.

2. There may be periods for which population age dstions and total

deaths are known but age — specific death rates@iravailable.

The model still can be fitted using this procedufiéis is particularly
useful for forecasting when, as in the United Statdere is a lag of several
years between publication of total deaths and malllon of age — specific
death rates. With this method, the base year fer fdrecast can be always

taken to be the last year for which total deatlesarailable.

According to Lee and Carter (1992), this method fedg from

forecasting each age — specific rate independantiyany ways:

14



1. If each rate was forecasted independently, thgn — 1)/2 different
covariances of errors would also need to be catedlawhere n is the
number of age groups; these rates are necessafyndothe confidence

bounds for life expectancy.

2. Each rate might be best modeled individually byiffedent order ARIMA
process, requiring the estimation of many paranset®nly if each is well
modeled by a random walk with drift, the number pzEframeters will be
similar to the number in the examined method. Tikisrue whether or not

“k” happens to be modeled by a random walk with drift.

3. With individual forecasts, rates in the distantuite might be combined to
form highly implausible age profiles. Using the exaed method, the
individual age — specific rates are always consgdito belong to a life

table system that fits the historical data.

4. This cohesion is obtained by forecasting the sirggeameter'’k” , which
is itself a kind of compromise among the trendsalinthe individual age —
specific rates. This leads to different forecastshe individual rates than

the ones that would be obtained by modeling thedividually.

3.4 Forecastind,

Lee and Carter predicted the mortality indgxin their original paper
by a standard univariate time series model ARIMA(O). They demonstrated
that other ARIMA models might be preferable forfdifent data sets, but in
practice the random walk with drift model (RWD) fot," has been used

almost exclusively. The model is as follows:

iét = iét—l +c+ ft (3.8)
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where ‘c” is known as the drift parameter and

. kr—ky
C=——7 (3.9

which means ¢” only depends on the first and last of thk, ™ estimates,

while “¢,” is the error term. Then to forecast two periothiead, the definition

of k,_, is just substituted for moved back in time oneiper

I}tzl’ét_l‘l‘ é‘l‘ft
= (l’et_z + é + Et—l) + 6 + ft
= Et—z + 2¢+ (o1 + &p) (3.10)

To forecastR®,” at time T + (4t) with data available up to perid the
same procedure is followed and iterated fdt) times and the following

equation is obtained:

(at)
iéT+(At) =kr + (40)¢ + z $T4n—1
n

=k + (A)¢ + (A& (3.11)

If error term is ignored, forecast poirstienates can be obtained, which

follow a straight line as a function ¢At), with slopec:

krian = kr + (46)2
E - El

= ky + (40 ;_1

(3.12)

The forecasting of, is thus very simple: from a straight line drawn
through the firstk, and the lastk; points are extrapolated and all othky

points are ignored.
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3.5 The Singular Value Decomposition Method — Theittited Least Square

— The Maximum Likelihood Estimation

3.5.1 The Singular Value Decomposition Method (3VD

The method can be described using the followingste

1. The estimate ofa," is computed. The parameter vecttr," can be

easily computed as the average over time of theritlgm of the

central death rate. S@a," is given as follows,

T
1
a, = TZ ln(mx,t)

2. A matrix Z, . for estimating'b," and"k," is created:
Zye =In(my,) — @y = bek,
3. The Singular Value Decomposition to mat#, is applied:
ULV' = SVD(Zy;) = LiUVy + o+ LxU,Vp
whereU represents the age component,
L are the singular values and

V represents the time component.

4. Singular Value Decomposition Dialog from Biplot Microsoft Excel
is selected, by running the prograky:is derived from the first vector

of the time — component matrix and the first sirgwalue(k, = L,V;)
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and b, are derived from the first vector of the age — poment matrix

5. Approximate, a new matrixZAx,t iIs generated by multiplying the
estimated parameters, and k, and applying the result far = 1 and
t =1, Zy, = bk, is got (Lee — Carter).

6. The logarithm of the central death rate is estirdas follows:

ln(mx,t) = a4, + ZAx,t = 4, + bk,

3.5.2 The Weighted Least Square (WLS)

The SVD approach is not suitable for very low cahtdeath rates
because the logarithms are not defined. A Weightedst Square (Wilmoth,

1993) solves this problem by minimizing the followji squared error:

n T
Z Z xt(mxt ay — bxkt)2
x=1t=1

A null number of deaths can then be assigned to t@mtral death

rates. The choice of d,,” is statistically justified by var[lnm,,|~

1/d t(WiImoth, 1993).With the Weighted Least Square, second stage
X,

estimation is needed fdy (see details in Chapter 7).
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3.5.3 The Maximum Likelihood Estimation (MLE)

Under the LC method, the errors are expected toehthe same
variance over all ages (homoscedastic), which isalways correct (Lee and
Miller, 2001). Alho (2000) suggested using a MaximulLikelihood
Estimation (Wilmoth, 1993) based on a Poisson numbt deaths D,
(Dy¢~Poisson (M, E,;) wherem,, = exp(d, + bek;)) (Brillinger, 1986),

because it allows heteroscedasticity.

Maximizing the log — likelihood function belovi,, b, and k, are
provided (Wilmoth, 1993)

l= Z Z [ Dx,t ln(ﬁ\lx,tEx,t) - Ex,t exp(ay + byk;) — ln(Dx,t!) ]

X=X1 t=t1
whereE, . is the number of exposures — to — risk agemdx + 1 in yeart.

This approach is also called Poisson log — bilineardeling and it is
fully described in Brouhns et al. (2002).

3.6 Advantages of Lee — Carter Method

Literally, this method has been found to have a banof appealing features:

» The Lee — Carter model is widely adopted becausisoddvantages as
no subjective judgment is involved; forecastingbigsed on long term
trends and there is availability of confidence mtds (Lee and Carter,
1992).
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The use of the model indicates the dynamic andstla¢ic structure of
the mortality process (i.e. the level of mortaldyer time and the age
profile as estimated across the entire time seridstan be used to
generate missing age profiles of mortality (Tabe&®an Den Berg

Jeths and Heathcote, 2001).

The traditional method, if it is to be used by allekl forecaster, has
the advantage of drawing on the full range of ral®vknowledge for
the middle forecast and the high-low range (Li, Laged Tuljapurkar,
2004).

Its strengths are simplicity and robustness esplgcia the case of
largely linear time trends in age-specific deathesa(Booth et al.,
2006). In particular, it involves a two-factor (agaed time) model and
uses a decomposition to extract a single time -yingr mortality index
with a time series model (Wang and Liu, 2010).

Lee and Carter (1992) referred that the advantdgeie new method
is that it combines a rich, demographic model wathmodel of time
series, allowing probabilistic intervals to the pestive forecasts and
at the same time it is based in a relatively lorg sf historical
information. Given the underlying demographic mqdé&ie method
allows the mortality rates to decrease exponentialhot being
necessary to establish an arbitrary superior lionitationalize in some
way the deceleration of the life expectancy gairsnce this
deceleration happens without any additional restrits. They also
referred at the possibility of obtaining indirectiyhe mortality for
periods to which the age specific mortality rate® aot available
(Coelho, 2001)

Another advantage of the LC approach is that omeedata are fitted
to the model and the values of the vectaysb, andk, are found only

the mortality indext, needs to be predicted (Wang, 2007).
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» Finally, Li, Chan and Cheung (2011) summarized wasi reasons why
the Lee — Carter model is particularly suitable farctuarial
applications. Firstly, the model has a relativelgnadl number of
parameters and the parameters are fairly easytespret. Secondly, it
attaches probabilistic confidence intervals to canmortality forecasts
so that actuaries can assess how light (and howy)dature mortality
improvements may turn out to be. Thirdly, samplehgaof future
mortality can be generated via the stochastic carepts of the model,
allowing actuaries to quantify the risk of unanpated mortality
improvement by using prevalent risk measures sushvaue at risk
(VaR) and conditional tail expectation (CTE).

3.7 Disadvantages of Lee — Carter Method

Literally, this method has been also found to haaenumber of

disadvantages:

® Booth et al. (2002) and Di Cesare and Murphy (2008%ed that a major
problem with the Lee — Carter method is the assummpthat the age
component is invariant over time and hence no ageme interaction is
taken into account (Lee and Miller, 2001). Lee avidler (2001,p .545)
suggested that a 'simple and satisfactory solutionthis problem is to
base the forecast on data since 1950, as Tuljaputlad. (2000) had done,
so that the assumption that the age componentvigriant applies to only
half the century.

% Also, Li, Lee and Tuljapurkar (2004) noted that iofal mortality
projections in low mortality countries have beemtd to under — predict
mortality, which declines and gains in life expeauatg when compared to

the subsequent outcomes (Lee and Miller, 2001).
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® Moreover, it is not clear how to interpret a valiglb high — low range
unless a corresponding probability for the rangetested. The traditional
method, unfortunately, cannot provide such a prabsilc interpretation.
Nor is it clear whether the range is supposed ferreo annual variations
or to some sort of general trend or long run averdyi, Lee and
Tuljapurkar, 2004).

x Finally, the combination of the high — low rangethviother uncertainties

is not certain (Li, Lee and Tuljapurkar, 2004).

3.8 Advantages of ARIMA Models

A general category of models representative of a@ewclass of time
series is the autoregressive integrated moving age(ARIMA) model, as it
has been noted by McNown and Rogers (1989) gathenumber of
advantages, which make them attractive candidaiegife series modeling,

among them the most significant are representefdlésws:

» They can approximate most time series observed racte,
incorporating either local stochastic trends orvemsal fixed trends as

the data indicate.

» ARIMA models have been demonstrated to be succédefecasting
models, even in comparisons with large simultaneegsation models
(Ascher, 1978, McNown, 1986).

» Unlike simple extrapolative models, ARIMA models earactually
reduced forms of some underlying structural modé¢tDonald, 1979,
Zellner and Palm, 1974); therefore, they implicitlgmbody a
theoretical structure that mayor may not be expdssxplicitly.
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» There are generalizations of the univariate ARIMAodsls to
multivariate forms, which can also be related to anderlying
structural model (Tiao and Box, 1981), providingtéby instruments
for examining directly the relations among variablesing the time
series methodology (Bohara, Bradley, and McNowr87,%ims, 1980)
and for generating forecasts of potentially greatecuracy than those

of univariate models (Kling and Bessler, 1985).

3.9 Lee — Carter Method with Limited Data

In this section, it will be represented the waysahnich the LC method
can be used for countries with limited mortalitytalaLi, Lee and Tuljapurkar
(2004) showed that the four following parametere aequired to produce a
LC forecast, where the LC notation is given in paheses:

1. A baseline age schedule of mortality, |

2. The relative pace of change by agek,()

3. The overall rate of change (drift in the random kvadodel for ;)

4. Variability about the trend in mortality declineh@ variance of the

innovation term in the random walk model).

In order to apply the LC method to countries witmited mortality
data, at least two questions need to be answereel fifst is how to apply the
LC method to mortality data collected at unequdétimals a number of years
apart. The second question is what quality of ressoan be expected to derive
from the LC method, when the historical data aréycavailable for a small
number of time points, as in the case of China.
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To answer the first question, it is noted that gstandard statistical
time series analysis cannot be used in this casaveMer, if we make the
assumption thak, follows a random walk with drift, then as few dsrde
observedm(x,t) schedules can be used to find all the parametéithe LC
model. In this way, it is not necessary to figunet the appropriate model,
which would require much more data. Since the cbadifor thek; in the LC
model is to be a random walk with drift that moityldeclines stably, which
has already been observed for many countries, l@bheloped and Third

World, the strong assumption is defensible.

For mortality data be collected at time@),u(1),...,u(T), parameters

a, are calculated as follows:

iln [m(x, u(t)]

t=0

Applying SVD on[In[m(x, u(t)] — ayl, b, and
k(u(0)), k(u(1)), ..., k(u(T)) are obtained.

For the standard LC model, the random walk witHtds expressed as

follows:
k() = k(t—1) + c+ e(t)o,
wheree(t)~N(0,1), E(e(s),e(t)) = 0.
Fork(u(t)), we have

k(u(t)) — k(u(t — 1))
= clu(t) —u(t—1)] + a[e(u(t -D+D+ ..+ e(u(t))] (3.14)
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Thus, for different, [k(u(t)) — k(u(t —1))] are no longer identically
distributed. Consequently, estimated ¢ antfom (3.14) cannot be as simple

as that for i.i.d. variables.

Because the means of the second term in the ridtand side of (3.14)
are still zero, the unbiased estimate of c is atddi as in the following

equation:

T [k(u@®) = k(u(t—1D)] ~ k(u(T)) — k(u(0))
foalu(®) —u(t - 1)] a u(T) —u(0)

¢ =

To answer the second question is sufficient to abarsthe following two

cases.

1. The Mean Forecasts Based on Data at Few Time Points
A special feature of the LC method is that it corisethe task of forecasting

an age - specific vectan[m(x, t)] into that of forecasting a scala,".

2. The Probability Intervals for Forecasts Based ontaDat Few Time
Points — How Accurate Can They Be? :
For only two years of data, the LC method cannobtvpie uncertainty

forecasts, since there is no deviation from thedinchange ofk,".

3.10 Literature Review In Reference to Lee — CaMethod

Many scholars have studied LC Method and the maghicant
references are presented in the following pages.

First of all, Lee and Carter (1992) fitted the fomaortality in United
States in 1990 to 2065 and Carter — Lee 1992 fittesl total mortality in
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United States in 1900 — 1989 as they used Box -—kidentechniques to
estimate and forecast,".

Renshaw and Haberman (2000) described a methodobzped on
generalized linear modeling (GLM) regression foe ttonstruction of a class
of mortality rate reduction factors for represegtirihe time trends in
mortality rates. Their methodology was initiallysigned with a view to the
retrospective study of such factors, but it is atsapable of a prospective
interpretation and application, so that forecast@syme generated. Renshaw
and Haberman (2001) noted that this formulatioro @acompasses the model
structure underpinning the Lee — Carter (LC) apploao forecasting
mortality (Lee and Carter, 1992, Lee, 2000, Lee afider, 2001) and they
investigated how the LC approach might be adapteddnstruct reduction

factors for use in an actuarial context

Lee (2000) provides a summary of the model's depmient,
extensions and applications such as stochasticc&ste of social security

system finances.

Tuljapurkar, Li and Boe (2000:792) used this methodproject for a
number of industrial nations thég," will be 1 to 4 years higher in 2050 than
indicated by official projections, with larger digpancies for Japan. On the
basis of this method, Tuljapurkar, Li and Boe (2p0@entified a universal
pattern of constant rates of mortality that declime the world’s most
developed countries, with rates of decline hightant those incorporated in

official projections, leading to higher forecasvéds of life expectancy.

Lee and Miller (2001) examined hypothetical forecasrors and
compared them with Social Security forecast errdtgpothetical historical
projections suggested that LC tended to under ptogains, but by less than
did Social Security. The main purpose is to makeaaeful and detailed
assessment of the performance of the Lee — Carethaod for forecasting
mortality. They also conducted less detailed experits using the method to

produce forecasts for Japan, Canada, France andléwevith jump — off
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year in 1950. They also examined age patterns alime during the 20th
century and considered the possibility that the pgdern has changed over
time contrary to the assumptions of the methodnaHy, the results suggested
that the LC method produces surprisingly good fasgs over rather long time
periods. Used for long — term forecasts within th@h century, it would
generally have tended to under — predict futurengaiThe probability
intervals, despite some problems, also do a summglg good job of

containing the true outcomes.

Coelho (2001), for the first time, has applied thee — Carter method
to Portuguese mortality data for 1942 to 1999. Wiwk, focusing mainly on
the aspects of stability and stationarity of thex@el mortality index, points
to the existence of a break in the overall trendniartality and consequently
for the selection of a time series model differdndm the random walk
proposed by Lee and Carter. An out — of — sampledasting experiment
confirms the superiority of a model that explicithllows for a structural
break in the trend occurring in 1976 which coinadeith a period of abrupt
politic, economic and social changes. The applaraf Lee — Carter method
to the Portuguese mortality, with the enclosed aatapns, according to the
tests on forecasting performance, presented, inegdn a sufficiently

reasonable behaviour.

Booth et al. (2002) wanted to improve the validatyd reliability of the
Lee — Carter method by improving the fit of the dasodel and by addressing
departures from linearity in the dominant time camgnt and the violation of
the invariance assumption in the age componentcifipally, this involved
developing methods for improving the estimationtioé time component, for
identifying the most appropriate period to which dapply the Lee — Carter
method with a linear ARIMA and for incorporating eag- time interactions

into the base model.

Renshaw and Haberman (2003a) presented a reintatjpme of the
model underpinning the Lee — Carter methodology flinecasting mortality

(and other vital) rates. A parallel methodology ®&dson generalized linear
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modelling is introduced. They investigated furthesw this GLM — based
approach to the construction of mortality reductifactors might be adapted
along parallel lines to the LC approach for fordaoeas mortality. A key
difference between the methods concerns the trad#trog time. In the LC
approach, time is modelled as a multiplicative éacand estimated together
with theb,, by SVD. In the GLM approach, time is modelled asknown
covariate, having first established a well — defirarigin and only théb," is
estimated accordingly. Finally, they investigatedrtifier (Renshaw and
Haberman, 2002) whether the LC approach can als@adapted to capture
such features, how the LC approach in general mlghtreformulated as a

Poisson response generalized bilinear model.

Li, Lee and Tuljapurkar (2004) discussed ways inickhthe LC
method can be used for countries with limited mbtyadata. This has been

already discussed in details in section 3.9.

Booth et al. (2005) presented the results of anuateon of the Lee —
Carter, Lee — Miller and Booth — Maindonald — Smvtariants based on data
by sex for ten countries. The evaluation involvétirfg the different variants
to data up to 1985, forecasting for the period simlcat date and comparing
the forecasts with actual mortality in that periddhas been shown that the
LM and BMS variants are superior to LC in both foast accuracy and width
of prediction interval. The decomposition of erftas demonstrated that jump
— off bias is a significant source of error for LThese results confirm the
findings of Lee and Miller (2001). In addition, tHeC adjustment by fitting
to D, has been shown to be marginally inferior to thbesttwo adjustment
methods. It has been also shown that in a majoatycases, BMS is
marginally superior to LM in accuracy and uncertginFinally, these results
are limited to the forecasting period and countra@®pted. It is likely that
they may be generalized to other developed coustridhe extent to which

they may be generalized to other forecasting perisdess clear.
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Haberman and Russolillo (2005) investigated thesif@iéity of using
the Lee — Carter methodology to construct mortafdyecasts for the Italian
population. They fitted the model to the matrixItdlian death rates for each
gender from 1950 to 2000. A time — varying indexnobrtality is forecasted
in an ARIMA framework and is used to generate pctgel life tables. In
particular, they focused on life expectancies athband (for the purpose of
comparison) they introduced an alternative approd&ch forecasting life
expectancies on a period basis. Finally, the défere in results is evident for
both genders.

Booth et al. (2006) compared the short — to mediuterm accuracy of
five variants or extensions of the Lee — Carter hodt for mortality
forecasting. These included the original Lee — €arthe Lee — Miller and
Booth — Maindonald — Smith variants and the moexithle Hyndman — Ullah
and De Jong - Tickle extensions. These methodscamgpared by applying
them to sex — specific populations of 10 develogedntries using data for
1986 — 2000 for evaluation. The referred countmese: Australia, Canada,
Denmark, England and Wales, Finland, France, Itdgrway, Sweden and
Switzerland. All variants and extensions are moceuaate than the original
Lee — Carter method for forecasting log death rabgsup to 61%.

The results of the comparative evaluation of fostsafor the period
1986 — 2000 showed that while each of the four arais and extensions is
more accurate in forecasting log death rates thendriginal Lee — Carter
method, none is consistently more accurate thanothers. It was found that
on average Hyndman - Ullah and De Jong — Ticklevigled the most
accurate forecasts of log death rates; howeverditierences among the four
methods are small and are not significant. BMS pted marginally more
accurate forecasts of life expectancy but thereewsr significant differences

between the five methods for this measure.

De Jong and Tickle (2006) aimed to improve on the approach by
strengthening both the modeling and estimation &rark.
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Kiossi et al. (2006) studied the performance of tle model on data
from the Nordic countries. Three approaches wer@lemented: Singular
Value Decomposition (SVD), Weighted Least SquareL8) and Maximum
Likelihood Estimation (MLE). Also, they proposedrasidual bootstrapped
approach in order to compute the confidence interefa forecasted life
expectancies and death rates. Uncertainties prabduwedh this method
incorporate the variability from all parameters,ilghthe original Lee — Carter
method focuses on the variability in the model timearying parameter.

Pedroza (2006) presented a Bayesian approach &cdst mortality
rates. This approach formalizes the Lee — Cartethoteas a statistical model
accounting for all sources of variability. Markohan Monte Carlo Methods
are used to fit the model and to sample from thest@oor predictive
distribution. Pedroza showed how multiple imputasocan be readily
incorporated into the model to handle missing datad presents some
possible extensions to the model. The Methodologywpplied to U.S. male
mortality data. Finally, Pedroza compared resutsnf the Bayesian model
and the Lee — Carter model for U.S. male data amived that confidence
interval widths are different. For some age groupeg, Lee — Carter intervals
do not cover the observed values. In contrast Bagesian intervals cover the

observed values and reflect the true uncertaintshete forecasts.

Delwarde, Denuit and Eilers (2007) demonstratedt thas possible to
smooth the estimate,’s in the Lee — Carter and Poisson logbilinear msde
for mortality projection. To this end, a penalizeszhst — squares/maximum
likelihood analysis is performed. The optimal valud the smoothing
parameter is selected with the help of cross vaidda

An important aspect of the methodology presentethmreference article
is that the time factok, is intrinsically viewed as a stochastic process as
initially proposed by Lee and Carter (1992). BoxJenkins techniques are
used to estimate and forecastwithin an ARIMA times series model. These
forecasts in turn yield projected age - specific rralty rates, life

expectancies and annuities single premiums. Theaenwalk with drift (or
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ARIMA(0,1,0) process) features prominently in thebtished applications of
the Method proposed by Lee and Carter (1992). Hd#re,optimal ARIMA
model is selected for projecting thkgs to the future. The ARIMA(L,1,0) is
selected for thé&,s estimated by penalized Least squares, whereas th
ARIMA(0,1,1) is preferred when thie’s are estimated by penalized Poisson
likelihood.

A naive solution consists of smoothing the estinddtgs, without
modifying thea,’s or thek;’s. This may however produce large discrepancies
between observations and model predictions. To cvbiis problem, the
smoothing of theb,’s could be performed in the estimation phase. A
convenient way to impose some smoothness is toodinite a roughness
penalty via penalized least squares in the Lee #e€anodel and penalized

maximum likelihood in the Poisson log — bilinear dmed.

3.10.1 Lee — Carter Model: Penalized least squares

It is assumed thatn(x,t) are the empirical death rates at agen yeart.
The estimated Lee - Carter parameters are tradilipnobtained by

minimizing the following
— 2
Z(ln m(x,t) —a, — ktbx)
x,t

This produces estimatdd’'s andk;’s with irregular shape in the
majority of empirical studies. To smooth the estieth,’'s, the following

objective function is used

Xmax btmax

z Z (Inm(ot) — ay — keby)” + b'P,b

X=Xmin t=tmin
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mp, 1S the smoothing parameter.

whereP, = m,A'A with 4 =

It must be also referred that the teb®, b penalizes irregulab,’s.

3.10.2 Poisson Log — Bilinear Model: Penalized lakelihood

In the Poisson log — bilinear model, the numbedeéthsD,; recorded
at agex in calendar year is assumed to be Poisson distributed, with mean
eryem(x, t) (recall thatery; is the exposure — to — risk for ageand yeat). As
far as the force of mortalityn(x,t) is concerned, the same forexp(a, +

k:b,) as in the Lee — Carter model is kept in the Poissodel.

In this case, penalized least squares become pemualog likelihood.
Specifically, denoting a<(a, b, k) the likelihood associated to the Poisson

model, is expressed as follows:

InL(a,b, k) = Z{ Dy:(a, + k:b,) — ery; exp(a, + k:b,) } + constant
x,t

and the estimations are obtained by maximizingfthl®wing equation
1 1
InL(a,b, k) — Eb’Pbb =InL(a, b, k) — EﬂbA’Ab-

Delwarde et al. (2007) compared the above modeth Wiyndman and
Ullah model: these authors proposed a new methodfdoecasting age —
specific mortality and fertility rates observed ov@me. Their approach
extends the Lee — Carter model and allows for simdanhctions of age and
their approach seems robust for outlying years thuevars and epidemics.

Basically, the time — dependent function linkingealp forces of mortality is
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decomposed in an appropriate functional basis amel ¢oefficients are
projected to the future using ARIMA models. Howeyvehis approach is
restricted to the modelling of death rates, wherdas present contribution
also deals with observed death counts.

Girosi and King (2007) demonstrated several presigpwnrecognized
or insufficiently appreciated properties of the LeeCarter model and used
these properties to suggest where and when the Imadeld be most
applicable. Unlike Lee and Carter, however, in thtady it is set}, b2 =1
(they sed., b, =1). This last choice is done only to simplify some

calculations later on and has no bearing on emalidpplications.

Li and Chan (2007) performed a systematic outliealgsis of the
mortality index built in the Lee — Carter model. rohgh outlier detection
they found that mortality levels in the United S&tand Canada are
vulnerable to events like pandemics and wars. Byorporating the effect of
outliers, they created an outlier — adjusted Le€after model. Given the
better fit and the enhancement in forecast efficigenthe outlier — adjusted
version seems to be an attractive alternative te triginal model in

predicting the long — term trend of mortality rates

Di Cesare and Murphy (2009) applied a range ofral@ve forecasting
technigues to examples of causes of death withetgfit underlying age and
time patterns to assess which method copes betildr tlve specificities of
each case. Results showed major differences ambegthree forecasting
technigues, Lee — Carter and its Booth — Maindoral@mith variant, Age —

Period — Cohort model and Bayesian approach.

Wang and Liu (2010) applied the four stochastic talty models, Lee
— Carter (LC) model together with its modificatioasd extensions including
Lee and Miller (LM), Booth, Maindonald and SmithNE) and Hyndman and
Ullah (HU) models and they investigated the goodne$ fit in mortality
forecasting of Taiwan mortality data spanning theripd 1970 — 2007. To

compare the goodness — of — fit for all the fitteddels along the years, they
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used five measures: ME, MAE, MSE, MPE and MAPE istads, which are

defined respectively, as follows:

n
1
ME(ﬂxt) = EZ(ﬂxt - ﬂxt)
i=1

n
1
MAE () == ) lite =
i=1

n
1
MSE(;uxt) = EZ(:“xt - .uxt)z
i=1

n
1 A
MPE (i) = _Z Ut — Uyt
n = Ut

n

1
MAPE (o) =~ )

=1

|;uxt - :axt |
ot

wheref,; is the prediction,
Uy 1S the true value,
n is the number of observer and

t is the time.

The empirical results demonstrated that, when theed period is
longer, the BMS model exhibits a better fits in Wan male mortality data
and the LC model attains a better fit in Taiwan &enmortality data. When
the fitted period becomes shorter, however, the rHodel has the best good
of fit for Taiwan mortality data. In sum, differeritom the suggestion of
Booth et al. (2006), the LC model does not perfdeast well and there are
still some differences between the variants ancersions of LC model in
forecasting accuracy. Besides, when the fitted queris longer, the best

34



forecasting model for Taiwan death rates is BMS elofbr male and LC
model for female; when the fitted period is shorteowever, the best one is

HU model for both genders.

Li, Chan and Cheung (2011) used Zivot and Andrewsicedure to
detect any possible structural changes in the ribytandexes for the general
populations of England and Wales and the UnitedeStaThe results favor,
for these two populations, a broken — trend statrgnmodel rather than a

simple random walk with drift that postulates plireearity.

Lazar made some remarks regarding forecasting ryrteates using
Lee — Carter model. Lazar has chosen to restristshudy for those people
aged 63 and over, because mortality of this segnodnpopulation being
important in pricing the immediate life annuitieShe model is estimated
using the approach proposed by authors (Lee andeat992), based on
singular value decomposition method and also likespmce state model.
Moreover, it is useful to examine whether the tisexiesln(m,;) andk, are
cointegrated. If these two time series are coirdezft, the equation from Lee
— Carter model will be the cointegration relatighus it will be necessary to
capture both short run and long run effects throagherror correction model.
Numerical results are obtained on the basis of aldyt rates for the

Romanian female population, during 1970 — 2002 quési
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CHAPTER 4

Modification of Lee — Carter Method

4.1 Introduction

Many researchers have proposed various modificafimnthe LC method. These
modifications include the LC method without adjustmh and the methods
proposed by Tuljapurkar et al. (2000), Lee and #&til(2001) and Booth et al.
(2002). The forecast accuracy of the LC Method #@sdvariants were first
evaluated by Booth et al. (2005) and further stddig Booth et al. (2006).

4.2 The Lee — Miller (LM) Method

This method is a modification of the Lee — Carteethod. Lee and
Miller (2001) note that the Lee — Carter method hawmajor problem: the age
component is invariant over time. This problem dan solved by observing
the mortality experience of the world’s leading usdrial nations, which
suggests the substantial age — time interaction. i®dhis method, the age

component, which applies to only half the centusy¢considered unchanged.

Lee and Miller (2001) observe that the US data diat entirely
satisfactory fit with Lee-Carter model when usinge tfitting period 1900-
1989 to forecast the period 1990-1997. This is daehe last year of the
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fitting period and the actual rates in the respextyear. Thus, Lee and Miller
(2001) adopted 1950 as the first year of the fgtperiod. The same pattern
was also adopted by Tulipurkar et al. (2000). Hyailhe adjustment of k,”
by fitting to "e(0)"was adopted to avoid the use of population data as
required for fitting to D,” (Lee and Miller, 2001).

So, there are three differentiations from the Le@arter method:

1. The fitting period is reduced to begin in 1950.

2. The adjustment ofk," involves fitting to e(0) in year t

3. The jump-off rates are taken to be the actual ratédbe jump-off year.

In this method,k; is calculated by fitting a Poisson regression mpode

shown in equation 4.1:
InD(x,t) =InN(x,t) +Inm'(x, t) + &' (x,t) (4.1)

where D(x,t) denotes the annual number of deaths for agat timet and

N(x,t) denotes the population agegdat timet.

The minimization criterion is given by the followgrequation 4.2:

deviance(t) = 2 Z{ D(x,t)In —(D(x,t) =D'(x,t))} (4.2)

D(x,
¢ t)/ D'(x,t)

WhereD'(x, t) denotes fitted deaths and is expressed by equdtidn

D'(x,6) = N(x, ) Z {exp[a(®) + K (O]} (4.3)
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Finally, this method gathers many advantages:

1. The Lee — Miller (2001) method is a (conditionalaxaimum likelihood

procedure which assumes quasi-Poisson errors.

2. In the Lee — Miller (2001) method the minimizatiom easier to be
calculated than Lee — Carter, because it does eqtire finding the

root of a non — linear function.

3. The minimization criterion is a deviance, whichaistandard statistical
practice and is useful in comparisons, especiatly determining the
fitting period.

Among the Lee — Carter (1992) method, the Lee -évi(2001) method,
the Booth — Maindonald — Smith (2002) method, then#iman — Ullah (2007)
method and the weighted Hyndman — Ullah (2011) méthShang et al.
(2010) showed that the Lee — Miller (2011) methodeg the best point

forecast accuracy for life expectancy.

4.3 The Booth — Maindonald — Smith (BMS) Model

The Booth — Maindonald — Smith (BMS) (2002) modekl variant of
the Lee — Carter (1992) method for understandhggage — time interactions.
This model aims to improve the validity and relilatyi of the Lee — Carter
(1992) model.

The BMS (2002) model was developed after the anslg$ mortality
decline in Australia during the twentieth centuby, the research of Booth et
al. (2006). In the reference study, it is foundtthah BMS (2002) model the
Australian mortality forecast was more reliable rihthe Lee — Cartel (1992)

model. It is also found that there are not impottaifferences to other
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methods like Lee and Miller (2001), Hyndman andabll(2007) and De Jong
and Tickle (2006).

Booth, Maindonald and Smith (2002) made three ifoations, as
following referred (Booth et al., 2002):

1. The fit of the base model to observed deaths isrowed by adjusting
“k(t)” by fitting it to the age distribution of deathather than to total
deaths.

2. The departure from linearity ink“(t)” is addressed by developing a

method for identifying the most appropriate fittipgriod.

3. The base model is expanded to include higher terms.

The adjustment of K,” involves fitting to the age distribution of
deaths, D,.”, rather than the total number of death,”. The age
distribution of deaths;D,.", fitted by Poisson distribution to model deaths
and by using deviance statistics to measure thedgess of fit’ (Booth et al.,
2002).
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CHAPTER 5

Extension of Lee — Carter Method

5.1 Introduction

There have been several extensions of the LC (188#thod. Of these,
the extension proposed by Hyndman and Ullah (20049 been receiving an
increasing amount of attention in the fields of agraphy and statistics.
Their method combined the ideas of nonparametrioaimng, functional
principal component regression and functional datealysis, in order to
forecast mortality and fertility rates. This methbds been applied by Erbas
et al. (2007) for forecasting breast cancer motyaliates in Australia.
Furthermore, this method has been extended by Hamdamd Booth (2008) to
improve the estimation of the variance and to ideluthe forecasting of
migration rates in Australia. Recently, Hyndman &iang (2009) extended
the referred method to allow the weighting of moeeent data.

As it is literally referred, Lee and Carter (19923ve also proposed three
different ways of extending the Lee — Carter analy® male and female

subpopulations or to any subpopulations:

1. Examine every subpopulation separately and then,i¢f desirable, the

researcher will search for dependence betweendparsatek — series.
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2. Estimate a singl& which drives changes in all the age — specifiesat

of both subpopulations.

3. Estimate the subpopulations jointly as a co — inaégd process.

5.2 The De Jong — Tickle LC (smooth) Method

The De Jong — Tickle LC (smooth) (2006) method im@dification of
the Lee — Carter method.

The Lee — Carter model may be written in the fomfalows
Ye = a + bk, + &, (5.1)
wherey; is the vector of the log — central death ratesath age in year
a and b are vectors of the corresponding Lee —e&Cgrarameters for
each age,
k. is an index of the level of mortality in year t asthe Lee — Carter
model and

g Is a vector of error terms at each age in year t.

De Jong and Tickle (2006) developed the more gdrsgracification as
it is expressed as follows:

yt :Xa+kat+€t, (52)

whereX is a known “design” matrix with more rows than ewoins, unless

X =1 in which case the model reduces to Lee — Cartedaho

De Jong and Tickle (2006) referred to the equa{®.2) as the “model

LC (smooth)” because in the model (5.2), has fewer columns than rows.
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This means thatd” and "b" parameters are fewer than the created age groups.
Thus, the effects of thek;” time series are not independent across age laut ar

constrained by the structure ¥f imposing across — age smoothness.

The matrixX has various forms and the time serié&s”“is possible. The
matrix X is based on B — splines. A single random walk witkt time series
has been used. Maximum likelihood estimates ofrtioelel are derived using

Kalman filtering and smoothing.

5.3 The Hyndman — Ullah (HU) Method

The Hyndman — Ullah (HU) (2007) method is a genigedlon of the
Lee — Carter (1992) method. This method is widetpwn for forecasting age
— specific mortality and fertility rates observedeo time. Also it must be
referred that HU (2007) method is a nonparametréthad.

Hyndman and Ullah (2007) noted that this approadfes from the
existing proposals in that it treats the underlyimgpcess as functional and
provides estimation and forecasting which is robuset outliers. This
methodology also applies to the fertility forecastiproblem and to other
areas as well, where forecasts of functional datraquired. Hyndman and
Ullah (2007) used this method to french mortaliptal and Australian fertility
data and the forecasts obtained are shown to bersurpgo those from the Lee

— Carter (1992) method and several of its variants.
The HU (2007) method includes the following steps:

1. Smooth the log mortality rates. The index(x) is used rather than
Inm, . in order to represent the log mortality rates é@ex € [xl,xp]

in yeart. The resulting equation is given below:
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me(x;) = fr(x) +op(x)er;, i=1,..,p,t =1,..,n  (5.3)

wherem,(x;) denotes the log of the observed mortality ratedgex;
in yeat,
o:(x;) allows the amount of noise to vary within yeart,
thus rectifying the assumption of homoskedastioem the LC
model and
g is an independent and identically distributed strddnormal
random variable.

Typically {xq,..,x,} are single years of agéx; =0,x,=1,..) or

denote 5 — years age groups.

2. Decompose the fitted curves via a basis functiopagsion using the

following model:

]
my(x) = a(x) + Z bj(x) ke j + e (x) + o, (x)ey, (5.4)
j=1

wherem,(x) is the functional form, which can be reconstructesithg a
linear interpolation technique,
a(x) is the mean function which can be estimated by
a(x) = =38, £:(x), {bs(x), .., b;(x)}, which is a set of the first
J functional principal components,
{ke1, ..., ke ;3 is a set of uncorrelated principal component ssore
satisfyingX/_, k?; < oo,
e:(x) is the residual function with mean zero and
J < nis the number of principal components to be used.

The decomposition is achieved using functional eipal component
analysis (FPCA).
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3. Fit univariate time series models to each of theffioients{k,;},
j=1,..,J. This can be done using a robust method for ppalci

components to avoid problems with outlying obseiuag.

4. Forecast the coefficientk.;}, j=1,..,J for t=1,..,n using the

fitted time series models.

5. Use the forecasted coefficients derived from (5@ )obtain forecasts
of m¢(x), t=1,..,n. From (5.3), forecasts ofi,(x) are also forecasts
of m,(x).

6. The estimated variances of the error terms in (&) (5.3) are used to

compute prediction intervals for the forecasts.

5.3.1 Forecasting the functions

If the equations (5.3) and (5.4) are combined, tdgulting equation will

be as follows:

J
me(x;) = a(x;) + Z bj(x;) ke j + ec(x;) + op(x;) e

j=1

By conditioning on the observed dala= {m;(x),t = 1,...,n} and the
set of functional principal componenBs= {b;(x), .., b;(x)}, the h — step —

ahead forecast afi,.,,(x) can be obtained by:

J

mn+h|n(x) = E[mpn (0|, B] = a(x) + Z bj(x) ién+h|n,j:
=1
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Where7<n+h|n,j denotes theh - step — ahead forecast d&f,.,; using a

univariate time series model, such as an ARIMA nid@®x et al., 2008), or

an exponential smoothing state space model (Hyndeta., 2008).

In conclusion, the HU (2007) method can be usefbtecast functional
time series data. This method is also used in epid®gy and finance.
According to Hyndman and Ullah (2007), the HU (2DG0i@ethod has better

results in fertility and mortality forecasting feeveral reason:

1. Compared to other methods, more complex dynansicdlowed by

setting/ > 1, thus allowing higher order terms to be included.
2. Nonparametric smoothing reduces the observationeden

3. The use of robust methods avoids problems of omngyyears,
especially around the world wars. It has the addedgantage of
providing interesting historical interpretations @ynamic changes
by separating out the effects of several orthogamoamhponents.

4. Finally, the method can be easily realized by Rka@es which
methodology is available from Hyndman.

Among the Lee — Carter (1992) method, the Lee -avi(2001) method,
the Booth — Maindonald — Smith (2002) method, thenéiman — Ullah (2007)
method and the weighted Hyndman — Ullah (2011) métfmore details are
given in section 5.4), Shang et al. (2010) showeat the robust Hyndman —
Ullah (2007) method provides the best interval t@st accuracy of life
expectancy.
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5.4 Weighted Hyndman — Ullah (HUw) Method

The weighted Hyndman — Ullah (HUw) (2011) methodldws the
same smoothing technique as the Hyndman — UllalD{RGnethod. In this

method, to estimate(x) andb;(x), geometrically decaying weights are used.

HUw (2011) differs from HU (2007) method at thre@imts:

1. The estimation ofi*(x) is computed as a weighted average, i.e.

a'() = ) wifi)
t=1

where{w, = 2(1 — )"t =1,..,n} denotes a set of weights and

0 < 1< 1 denotes a geometrically decaying weight parameter.

The parametel can be estimated from data like Hyndman and Shang
(2009).

2. Using functional principal component analysis (FPC#e following

equation is given:

J
M) = @@+ ) bW ke + el + 00z
j=1

wherea*(x) is the weighted functional mean and
{bi(x),..,b;(x)} is a set of weighted functional principal

components.
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3. By conditioning on the observed dala= {m;(x),t =1,...,n} and the
set of functional principal componenss = {b;(x), ..., b/ (x)}, the h —

step — ahead forecast of,,,(x) can be obtained by:

]

P inin () = ElmynCOILB] =@ () + ) 57O R
j=1

Among the Lee — Carter (1992) method, the Lee —IaMil(2001)
method, the Booth — Maindonald — Smith (2002) mdththe Hyndman —
Ullah (2007) method and the weighted Hyndman — WI@011) method,
Shang et al. (2010) showed that the weighted HymdmaUllah (2011)
method provides the most accurate point forecast$ ©#he most accurate
interval forecasts of mortality rates.

48



CHAPTER 6

Other Methods to Examine Mortality

6.1 Introduction

There are many methods to study the mortality. Ti@st important

methods are chosen to be discussed in this chapter.

6.2 The Age — Period — Cohort (APC) Model

The Age — Period — Cohort (APC) (1980) model hasrbdeveloped to
estimate age, period and cohort patterns in tinteese The model has the

following form:

In(mgec) = f(a) + g(®) + h(c) (6.1

wheremg,. is a log — death rates at agan time periodt for persons in birth
cohortc =t —a (Di Cesare M. and Murphy M., 2009). This model alsmit:

if two of a,t or ¢ are known, the third component will be known eXxads
well from the equatiom=t—a. So, as it can be seen, there is linear

association between the componeats andc.
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According to Tabeau et al. (2001, page 16): “an ARGdel can be
classified as symptomatic: period effects approxeneontemporary factors,
such as health status of the population and coledfécts approximate
historical factors”. The APC (1980) model can beiraated using Poisson
maximum likelihood (or weighted least — squares)thoes. Finally, this

model is popular in epidemiology.

6.3 The Bayesian Model

Many scholars have studied the Bayesian model (ROB6r instance,
Girosi and King (2008) studied a Bayesian hieratehmodel which is able to
pool information from similar cross — sections suahage groups or time in
an efficient way. With the Bayesian model (2006jsifpossible to incorporate
a priori information about the data. This prioronfmation is then used along
with the observed data to define the posteriorrdigtion on which inference
is based (Pedroza, 2006). The prior knowledge usethis case is that the
expected value of the dependent variable — where it is assumed that the
observed valueng,~N(uy., 0?) — varies smoothly over age, 0 to A, time, 0 to
T, and age/ time according to the following prid@i (Cesare M. and Murphy
M., (2009)):

H[ﬂ: Qage; Htimeleage/time = agef dt f da <d P (.u(a t) — .u(a))>
Htime T 4 dz
+ AT jodtjoda daz,u(a,t)
age/tlme )
s [ [0 (£209)

In the equation (6.2), the first term smoothes oage groups, the

second term smoothes the time series over timeth@dhird term is a mixed
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smoothness functional ensuring that the curvaturehe time series varies

smoothly over age groups (Girosi and King, 2008).

As it can be concluded, the Bayesian model (2006w
incorporation of levels of uncertainty in the modaNith the Bayesian
hierarchical model better results are exported whegplicable a priori
knowledge is incorporated in the model. Last but teast, if the prior

information is unknown, nothing will be lost in fecasting.

Pedroza (2006) realized that implementation of Beyesian model
(2006) is more complex. However, Pedroza believeat it is important for
forecasts and their estimated errors to reflectuheerlying uncertainty of the
model and data. Furthermore, a Bayesian analystsvalthe investigator to
test the validity of the model through the use oferior predictive checks. A
second disadvantage of the Bayesian approach ikerspecification of prior
information. If true prior information is known, ghould be incorporated into
the Bayesian model. However, it is not always edeyquantify prior

information in terms of a prior distribution.

6.4 Parameterized Model mortality schedules

6.4.1 The Heligman — Pollard Model

The age profile of mortality can be described by tfollowing

equation:

fG) =)+ () + f3(x)  (6.3)

wheref(x) denotes the mortality rate, probability or intdagsat age x,

f1(x) denotes the mortality probability in childhood,
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f2(x) denotes the mortality probability in middle lifac

f3(x) denotes the mortality probability in older ages

According to Thiele (1872), the following equatioare given:

fi(x) = a, exp(—b;x) (6.4)
and
f3(x) = a3 exp(b3x) (6.5)

According to Rogers and Planck (1983) and Rogerd #viatkins
(1986), f,(x) can be expressed from the double exponential ibigion of
Coale and McNeil (1972) as follows:

f2(x) = az exp{—a,(x — up) — exp[y,(x — uy)1} (6.6)

As a result, replacing the respective equationg)(6(6.5) and (6.6) in the
initial equation (6.3), the equation of the mortglirate, probability or

intensity at age x is given.

The alternative equation given by Heligman and &all(1980) is as

follows:

X

— (x+B)¢ _ _ 2 o
fx)=A + Dexp[—E(Inx —InF)* ] + 1T CH

6.7)

This equation called “the eight-parameter HeligmaRollard model”.

The advantage of this method is that it offers presentation of the
age distribution of mortality compared with ‘relatial’ methods or the Brass
logit model. However, Carter and Lee (1992) beleubat the method also

may suffer from a number of disadvantages:
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. While the number of parameters necessary to expaesisigle age
distribution is relatively small, the number thaust be forecasted

is rather large ranging to eight in McNown and RisgEL989).

. This range of parameters means that probabilitervdls for the
forecasts must take into account the covariancethefparameter
forecast errors. This complication may be the reasmr neither
article presents probability intervals.

. There is some evidence that the time series of matar values
behave erratically, at least for the United Sta{dcNown and
Rogers (1989), making them difficult to be foreeakt

. This could be one reason that the forecasts in MaiNand Rogers
(1989) were only for a 15 — year horizon, so in clear whether

longer term forecasts would be well behaved.

. Perhaps also related to the third point, many @&f tbefficients in
the time series models in the paper are insignificavith some

standard errors exceeding the estimate.

McNown R. and Rogers A., (1992), fitted the abovedal with

ARIMA models. Their study has demonstrated the ofea parameterized

mortality schedule to represent age patterns oftatity by cause and the

viability of forecasting cause — specific and totabrtality by the application

of time series methods to the parameter historiessuch schedulesThe

multiexponential function adequately approximates variety of age patterns

displayed by the leading causes of death in theddnStates and projection of

these parameters into a hold — out sample yieldssaeably accurate

forecasted age patterns. The structure of the rigrtage pattern embodied

in the multiexponential model becomes a sourcenafeased accuracy as the

forecast horizon is lengthened.
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The power of the technique lies in the ability dketmultiexponential
model to reproduce the age pattern of mortality dach cause of death. The
relative constancy of these profiles over time @wloone to use a smaller set
of time varying parameters to project changes i@ ligvel of the curve over
time. With a small number of varying parametersn@ie multivariate time
series methods, such as vector autoregressionsneéeasible and forecasts
from such models may show even greater accuracyh Sa multivariate
extension also would allow the introduction of sm®tonomic variables to

reflect the various causal influences on mortality.

6.4.2 Generalized Linear Modelling (GLM)

Renshaw (1991) observed that many of the one - ofact
parameterization functions are special cases witthe GLM framework.
Placing such models in the GLM context providesmafiad framework and
facilitates generalizations such as the extensibrthe models to include

period (time) for forecasting.

Renshaw, Haberman and Hatzoupoulos (1996) propaded — factor
model based on an over — dispersed Poisson distoibuof deaths and
comprising a Gompertz — Makeham graduation terntombination with a

multiplicative age — specific trend adjustment teamfollows:

N r T N
logitee = Bo+ ) BLG) + ) it + > yyly (T (68)
j=1 i=1

i=1 j=1

wherep,, is the force of mortality at agein yeart, a;, b; andy;; are
unknown parameters,

L;(x") are denote Legendre polynomials of degiead

x" andt’ arex andt rescaled over the interv@l-1,1].
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They found that the model provided an adequat&ofinortality for UK

male assured lives aged 22 to 89 and of duratioa éind over.

Other researchers have also found that two — ohdrig— degree
polynomials in time are required to attain a satsdbry fit, but lead to

implausible forecasts.

Renshaw and Haberman (2000) used GLM to model rtrta
reduction factors and identified the conditions endvhich the underlying
structure of their model is the same as that ofltke — Carter model. They
developed a GLM — based approach that parallelsLénee — Carter method
including matching observed and expected total lieaf{Renshaw and
Haberman, 2003c) and adapted the Lee — Carter rdefloo use it in
forecasting mortality reduction factors (Renshawd adaberman, 2003b).
Renshaw and Haberman (2003a) extended the Lee terCaondel to include
the second SVD term to allow for ‘age — specifihancement’ and compared
its forecast with similarly — enhanced GLM and PRwois log — bilinear

forecasts.
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CHAPTER 7

Wilmoth’s Weighted Least Squares (WLS)

7.1 Introduction

Lee and Carter proposed this method for use in clasténg total
mortality, but it can also be used to forecast disein mortality by cause of
death. Since some cause-specific death rates are at certain ages,
however, the fitting procedure must be modified arder to avoid taking
logarithms of zero. This problem is avoided if thdel is fit by weighted
least squares (WLS), with weights equal to the obs& number of deaths in
each cell of the data matrix (since the weights z&e0 whenm(x,t) = 0, an
arbitrary value can be assignedlton(x,t) in this case without affecting the

results) (Wilmoth, 1993). This is also the apprapei choice from a statistical

point of view, since the variance tim(x,t) is approximatelyl/d K where
X

d,; equals the number of deaths observed at mgend timet (Wilmoth,
1989).

Wilmoth (1993) notes that the WLS technique haseothdvantages in
addition to avoiding the “zero-cell” problem. Sintee model is fit by WLS,
the predicted values are closest to observed deatfes for those ages and
years when the raw number of deaths was highesis @t younger ages.
Conversely, the fit is noticeably imperfect onlyr fages and years where few
deaths occur anyway. For this reason, the Lee -te€anodel reproduces
summary indicators of mortality, such as life exi@axy at birth, almost
perfectly when fit by WLS.
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Rather than using the second stage estimation as described in Lee
and Carter (1992), Wilmoth (1993) proposes two ralaive estimation
strategies: a weighted least square (WLS) and aimax likelihood (MLE)
technigue. Both techniques have the significantaadage, over the original
Lee-Carter formulation, that they deal naturallytiwthe case in which the
observed number of deaths is zero, which occursnwapealyzing cause-

specific data and/or when dealing with small coiagr

The WLS technique is based on the recognition tited could weight
the first stage of Lee-Carter in such a way thateslied and predicted deaths
are closer to each other. To be specific, Wilmotggests finding the
parametersy,, b, andk; of the Lee — Carter model of (3.1) as the solutadn

the weighted least squares (WLS) problem

ax,bx,kt

min " dy (Mye = @ = bek)?, (71)
x,t

where d,; is the observed number of deaths in age grougt timet, and
where k; and b, satisfy the usual constraints of the Lee - Carnexdel. By
weighting the error by the observed number of dgathe expression above
gives more weight to those age groups and year$ wdatge numbers of
deaths, and the resulting estimates are more likelfit the total number of

deaths in each year.

To solve the equation (7.1) it is necessary to cotapits first
derivatives with respect ta,, b, andk;, and to set these equal to zero. Then,
solving for the required parameters yields threts s “normal equations”,

which must be solved numerically:

4. = Xt dxt(mx,t - Bxiet)
8 it Ayt

(7.2)
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b — At dxtrft(mx,t — Oy)
x = =2
Dt A ke

(7.3)

P At dxth(mx,t —ay)
x = ~2
L dye be

(7.4)

Simultaneous solutions of these equations are fauodt easily by an
iterative procedure: after choosing a set of startvalues (typically the
parameters of the OLS fit), equations (7.2), (7.8]J.4) are computed
sequentially using the most recent set of parameséimates available on the
right-hand side of each equation. This process inoes until successive

computations yield little or no change in parametaiues.

The WLS procedure has two additional advantage® flitst is that it
eliminates the problem that log-mortality is notfided when the number of
deaths is zero. The second is that the equatial) (.easy to write down the
corresponding first order conditions (Wilmoth, 19%3.

Unfortunately, the procedure is not statisticallpued, and these
advantages may be outweighed by the bias inducedhkey estimator. In
particular, Wilmoth interprets equation (7.1) ae tleg-likelihood of a model

with normal, heteroskedastic disturbances, andavené proportional té/d E
X

This claim is incorrect, since the variance of tHisturbances cannot be
(inversely) proportional to the observed numberdefths. A valid weighted
likelihood must use exogenous weights, but obvipuke number of deaths is
a random variable. As such, estimates resultingnfrthis minimization

problem have no known statistical properties.
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CHAPTER 8

Mortality Forecasting in Spanish Data

8.1 Introduction

In this chapter, we fit the Lee — Carter methodSpanish data (the
referred data were obtained from www.mortality.qrgdom year 1970 to
2004. The purpose is to forecast the mortaliterat, for years 2005, 2006,
2007, 2008 and 2009 for female, male and total petpan. So, we havé =
35.

The ages are grouped in classes|0as—4,5—-9,...,100 — 104,105 —
109,110+]. As a result, we have =1 for age clas9, x =2 for age class

1—4,..,x =23 for age clasg05 — 109 andx = 24 for age clas410 +.
In this chapter, the results will be presenteddiagrams. The raw

results, as these have been given using MicrospfieEand R Packages, are
given in details in Appendix A.

8.2 Fitting The Model

According to Lee — Carter (1992), the parameigris computed first

from equation (3.3) and we have the following imagea result.
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........ female

Figure 8.1: Estimation od, for female, male and total population

Then, we estimate the parameker for allt = 1970, ...2004, from the

following equation:

k, = Z( In(my,) — ay)

The results are plotted as follows:
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Figure 8.2: Estimation ok, for female, male and total population

To complete the first step, we estimate the paranigtby regressing

without a constant term using R packages and we hlag following figure.

0,2

0,15

0,1

0,05 = = =Male

) Total

30 ........ Female

-0,05

-0,1

-0,15

-0,2

Figure 8.3: Estimation ob, for female, male and total population

In the second step, we re-estimate the paranigtby solving equation

(3.4) fork; and we have the figure as follows.
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Figure 8.4: Re-estimation d, for female, male and total population

If we take a look to Appendix A, we will noticeahthe first and the
second computation do not differentiate a lot. Espldy, we have the

following figures.
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Figure 8.5: First and second estimationkpffor female
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Figure 8.7: First and second estimationkpffor total population
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8.3 Forecast Mortality Rate

The advantage of Lee — Carter method is that thly endex which

needs forecast is,. From the equation (3.9), the following resulte given.

Table 8.1: Estimation of

Female Male Total

-0,437975203 -0,258676997 -0,337458993

o

And respectively, from (3.12) we have

Table 8.2: Forecasting fdr,

Year Female Male Total

2005 -8,840135188 -6,833941957 -7,67538177
2006 -9,278110391 -7,092618953 -8,0128407638
2007 -9,716085594 -7,35129595 -8,350299757
2008 -10,1540608 -7,609972946 -8,68775875
2009 -10,592036 -7,868649943 -9,025217743

The mortality rate(lnmx,t), is now forecasted for years 2005, 2006,
2007, 2008 and 2009 from the following equation

ln(mx,T+At) X Ay + bykripe

and we have the following figures.
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Figure 8.9: Comparison of real and forecasted d@atanale (2005)
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Figure 8.10: Comparison of real and forecasted @@taotal population

(2005)

As it can be seen from the above figures, the faseed data are very

close to the real ones.
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Figure 8.11: Comparison of real and forecasted @@tdemale (2006)
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Figure 8.12: Comparison of real and forecasted f@tanale (2006)
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Figure 8.13: Comparison of real and forecasted @@ataotal population

ones.

(2006)

Similarly to 2005, in 2006 the forecasted data \agey close to the real
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Figure 8.14: Comparison of real and forecasted f@tdemale (2007)
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Figure 8.15: Comparison of real and forecasted @@tanale (2007)
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Figure 8.16: Comparison of real and forecasted @@taotal population
(2007)

The same trend as in 2005 and 2006 is shown in 2Z280Well, where

the forecasted data and the real ones are veryg ¢tmeach other.
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Figure 8.17: Comparison of real and forecasted f@tdemale (2008)

71



7 - = —=real

S e forecasting

-10

Figure 8.18: Comparison or real and forecast datarfale (2008)
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Figure 8.19: Comparison or real and forecast datarfale (2008)

For 2008, the actual and the forecasted data arg glse to each
other for female and total population. For male, ean see a differentiation

forx = 5- 10andx = 21 - 24.
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Figure 8.21: Comparison of real and forecasted f@tanale (2009)
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Figure 8.22: Comparison of real and forecasted @@taotal population

(2009)

For 2009, the forecasted data are very close tadhEones.
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CHAPTER 9

Mortality Forecasting in French Data

9.1 Introduction

In this chapter, we fit the Lee — Carter methodRiench data (the
referred data were obtained from www.mortality.qrgdom year 1970 to
2004. The purpose is to forecast the mortaliterat, for years 2005, 2006,
2007, 2008 and 2009 for female, male and total petpan. So, we havé =
35.

The ages are grouped in classes|0as—4,5—-9,...,100 — 104,105 —
109,110+]. As a result, we have =1 for age clas9, x =2 for age class

1—4,..,x =23 for age clasg05 — 109 andx = 24 for age clas410 +.
In this chapter, similarly to the Chapter 8, theuks will be presented

in diagrams. The raw results, as these have besngising Microsoft Excel
and R Packages, are given in details in Appendix B.

9.2 Fitting The Model

According to Lee — Carter (1992), the parameigris computed first

from equation (3.3) and we have the following imagea result.
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Figure 9.1: Estimation od, for female, male and total population

Then, we estimate the parameker for allt = 1970, ...2004, from the

following equation:

k, = Z( In(my,) — ay)

The results are plotted as follows:
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Figure 9.2: Estimation ok, for female, male and total population

To complete the first step, we estimate the paranigtby regressing

without a constant term using R packages and we hlag following figure.
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Figure 9.3: Estimation ob, for female, male and total population

In the second step, we re-estimate the paranigtby solving equation

(3.4) fork; and we have the figure as follows.
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Figure 9.4: Re-estimation &, for female, male and total population

If we take a look to Appendix B, we will noticeahthe first and the

second computation do not differentiate a lot. Espldy, we have the

following figures.
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Figure 9.5: First and second estimationkpffor female
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Figure 9.7: First and second estimationkpffor total population
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9.3 Forecast Mortality Rate

The advantage of Lee — Carter method is that thly endex which

needs forecast is,. From the equation (3.9), the following resulte given.

Table 9.1: Estimation of

Female Male Total

(o -0,509754494 -0,468654942 -0,483822842

And respectively, from (3.12) we have
Table 9.2: Forecasting fdr,

Year Female Male Total
2005 -9,682880261 -9,341744577 -9,743400802
2006 -10,19263476 -9,810399519 -10,22722364
2007 -10,70238925 -10,27905446 -10,71104649
2008 -11,21214374 -10,7477094 -11,19486933
2009 -11,72189824 -11,21636435 -11,67869217

The mortality rate(lnmx,t), is now forecasted for years 2005, 2006,

2007, 2008 and 2009 from the following equation

and we have the following figures.

ln(mx,T+At) X Ay + bykripe
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Figure 9.9: Comparison of real and forecasted @@atanale (2005)
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Figure 9.10: Comparison of real and forecasted @@taotal population

(2005)

As it can be seen from the above figures, the faseed data are very

close to the real ones.
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Figure 9.11: Comparison of real and forecasted @@tdemale (2006)
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Figure 9.12: Comparison of real and forecasted f@tanale (2006)

{
N

1 | '
(6, ] H w

© b YU &

-10

- = =real

~~~~~~~~~ forecasting

Figure 9.13: Comparison of real and forecasted @@ataotal population
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(2006)

Similarly to 2005, in 2006 the forecasted data \agey close to the real
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Figure 9.14: Comparison of real and forecasted @@tdemale (2007)
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Figure 9.15: Comparison of real and forecasted @@atanale (2007)
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Figure 9.16: Comparison of real and forecasted @@taotal population

(2007)

The same trend as in 2005 and 2006 is shown in 280Well, where
the forecasted data and the real ones are verg ¢tmsach other.
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Figure 9.17: Comparison of real and forecasted @@tdemale (2008)
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Figure 9.18: Comparison or real and forecast datarfale (2008)
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Figure 9.19: Comparison or real and forecast datadtal population (2008)

For 2008, the actual and the forecasted data, asarnt be seen in

Figures 9.17 and 9.19 are very close to each ofberfemale and total
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population respectively. For male, as shown in F¢g9.18, we can see a

differentiation forx = 5- 10 andx = 21 - 24.
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Figure 9.20: Comparison of real and forecasted fatdemale (2009)
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Figure 9.21: Comparison of real and forecasted f@tanale (2009)
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Figure 9.22: Comparison of real and forecasted @@taotal population

(2009)

For 2009, the forecasted data are very close tadhEones.
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CHAPTER 10

Mortality Forecasting in Swedish Data

10.1 Introduction

In this chapter, we fit the Lee — Carter methodSpanish data (the
referred data were obtained from www.mortality.qrgdom year 1970 to
2004. The purpose is to forecast the mortaliterat, for years 2005, 2006,
2007, 2008, 2009 and 2010 for female, male andl tptgulation. So, we
haveT = 35.

The ages are grouped in classes|0as—4,5—-9,...,100 — 104,105 —
109,110+]. As a result, we have =1 for age clas9, x =2 for age class

1—4,..,x =23 for age clasg05 — 109 andx = 24 for age clas410 +.
In this chapter, similarly to Chapters 8 and 9, ttesults will be

presented in diagrams. The raw results, as these leeen given using

Microsoft Excel and R Packages, are given in dstailAppendix C.

10.2 Fitting The Model

According to Lee — Carter (1992), the parameigris computed first

from equation (3.3) and we have the following imagea result.
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Figure 10.1: Estimation od, for female, male and total population

Then, we estimate the parameker for allt = 1970, ...2004, from the

following equation:

24

ke= ) (In(my) - a,)

x=1

The results are plotted as follows:
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Figure 10.2: Estimation of, for female, male and total population

To complete the first step, we estimate the paranigtby regressing

without a constant term using R packages and we hlag following figure.

0,12
0,1

0,08 EA
0,06 \\ _ [} - = -Male

Total
0,04 — VN s 1T evennn Female
0,02
0 )
-0,02 ? .

Figure 10.3: Estimation di, for female, male and total population
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In the second step, we re-estimate the paranigtby solving equation

(3.4) fork; and we have the figure as follows.

10
5
0 ; 1 eesseses Female
1960 2000 2010 _ _ _ppale
-5 Total
10
-15

Figure 10.4: Re-estimation & for female, male and total population

If we take a look to Appendix C, we will noticeaththe first and the
second computation do not differentiate a lot. Espléy, we have the

following figures.

10

-10

Figure 10.5: First and second estimatiorkpfor female
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Figure 10.6: First and second estimationkpfor male
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Figure 10.7: First and second estimationkpfor total population

As it can be seen from Figures 10.5 — 10.7, retineding of k; differs

significantly from the first estimation d&f,, compared to the respective

estimation for Spain and France.
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10.3 Forecast Mortality Rate

The advantage of Lee — Carter method is that thiy endex which

needs forecast is. From the equation (3.9), the following resulte given.

Table 10.1: Estimation of

Female Male Total

c -0,437606424 -0,443354816 -0,445631454

And respectively, from (3.12) we have
Table 10.2: Forecasting fd

Year Female Male Total
2005 -8,070141812 -11,46857266 -10,48460678
2006 -8,507748236 -11,91192747 -10,93023824
2007 -8,945354659 -12,35528229 -11,37586969
2008 -9,382961083 -12,79863711 -11,82150115
2009 -9,820567507 -13,24199192 -12,2671326
2010 -10,25817393 -13,68534674 -12,71276406

The mortality rate(lnmx,t), is now forecasted for years 2005, 2006,

2007, 2008, 2009 and 2010 from the following eqoimti

ln(mx,T+At) X Ay + bykripe

and we have the following figures.
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Figure 10.8: Comparison of real and forecasted f@tdemale (2005)
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Figure 10.9: Comparison of real and forecasted d@atanale (2005)
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Figure 10.10: Comparison of real and forecastea dat total population

(2005)

As it can be seen from the above figures, the faseed data are very

close to the real ones.
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Figure 10.11: Comparison of real and forecastea dat female (2006)
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Figure 10.12: Comparison of real and forecastea dat male (2006)

-10

-12

- = =real

~~~~~~~~~ forecasting

Figure 10.13: Comparison of real and forecasted dat total population

ones.

(2006)

Similarly to 2005, in 2006 the forecasted data agey close to the real
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Figure 10.14: Comparison of real and forecastea dat female (2007)
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Figure 10.15: Comparison of real and forecasted dat male (2007)
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Figure 10.16: Comparison of real and forecastea dat total population
(2007)

The same trend as in 2005 and 2006 is shown in 280Well, where
the forecasted data and the real ones are verg ¢tmsach other.
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Figure 10.17: Comparison of real and forecastea dat female (2008)
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Figure 10.18: Comparison or real and forecast fatanale (2008)
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Figure 10.19: Comparison or real and forecast @@ataotal population (2008)

For 2008, the actual and the forecasted data arg glse to each

other for female, male and total population.
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Figure 10.20: Comparison of real and forecastea dat female (2009)
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Figure 10.21: Comparison of real and forecasted dat male (2009)
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Figure 10.22: Comparison of real and forecastea dat total population

(2009)

For 2009, the forecasted data are very close tadhEones.
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Figure 10.23: Comparison of real and forecastea dat female (2010)
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Figure 10.24: Comparison of real and forecastea dat male (2010)
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Figure 10.25: Comparison of real and forecasted dat total population
(2010)

For 2010, the forecasted data and the real ones geebe identical.

For male and total population between forecasted r@al data there seem to

be more differences.
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CHAPTER 11

Conclusions

The purpose of this thesis is the study of morya#ihd its forecast. As
a result, in chapters 2 to 7, the existed mortatitythods from 1980 to today
were studied. From this study, the “Lee — Carteeéthod was found to be the

most significant.

The “Lee — Carter” method was implemented for thremuntries:
Spain, France and Sweden. Mortality rates for iheetperiod 1970 to 2004
are considered as known and mortality was prediatschg “Lee — Carter”
method for 2005 to 2009 for Spain and France and 2@05 to 2010 for
Sweden. The aim was to examine any discrepancydmtvactual and forecast

data using “Lee — Carter” method. The results aesented in this chapter.

In chapters 8, 9 and 10, Lee — Carter Method wagdiag for Spain,
France and Sweden respectively. All the estimatiovere based to the

reference article of Lee — Carter (1992).

According to Lee and Carter (1992), the calculasi@re divided in two
stages: in the first stage parameter™is estimated from equation (3.3) After

that, indexesk, are calculated and as it is found are almost etmahe sum

over age of( In(m,,) — a,), since the sum of th&,"'s is to unity. Finally, the

"b," can be found by regressing without a constant term
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In the second stage, the time seriesgf'‘is re — estimated by solving

for “k,” the equation (3.4).

For the first and second estimation ok,” for Spain and France,
estimations seemed to not differentiate a lot amdlide more in specific
years (numerical data are given in details andlmaseen in Tables A.5, A.6,
A.7, B.5, B.6 and B.7).

At the following table, the years for which a largdifferentiation is

observed for each examined country is represertadust be mentioned that

for Sweden all the estimations differ a lot for #le examined years.

Table 11.1: Years with noticeable declinekinestimation

Female Male Total Population
1980
1985 1980
1980
Spain 1989 1988
1988
1996 1994
2000
1985
1984
1984 1986
France 1987
1987 1987
2002

After that, indexlnm,, was forecasted. Lee — Carter method has the
advantage that only parametek,” needs to be forecasted. Thus, from
equation (3.9) parameteft was forecasted and from (3.12)k;" was
calculated. As a result, the mortality rafmm,,), is now forecasted for
years 2005, 2006, 2007, 2008 and 2009 for Spaiande and Sweden and for

2010 for Sweden only, using the respective equatqm(mx,ﬂm)zax+
Z;xieT+At)-
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After, indexeslnm,, were calculated, forecasted and real data were
compared and the data were very similar to eaclkrotho conclude, it can be

said that Lee — Carter method is a satisfying meéttoo forecasting mortality.
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APPENDIX A

SPAIN

Table A.1: Estimation o#,

X Age Female Male Total

1 0 -4,813888773 | -4,594055918 | -4,69428485

2 1-4 -7,752329372 -7,55466432 -7,645020496
3 5-9 -8,516387445 | -8,167907675| -8,321335524

4 10-14 -8,559762042 -8,152492378 -8,329791802
5 15-19 -8,075129564 | -7,182787972| -7,523504983

6 20-24 -7,879903079 -6,783872514 -7,178670018
7 25-29 -7,666107064 -6,6657631 -7,037403078

8 30-34 -7,38228702 -6,484895219 -6,829033153
9 35-39 -7,060568614 | -6,250516619 | -6,572550968
10 40-44 -6,672154725 -5,90038536 -6,214188681
11 45-49 -6,254532716 | -5,46844913 | -5,788566095
12 50-54 -5,844168008 -5,023288164 -5,358390747
13 55-59 -5,434985427 | -4,581230706 | -4,933859191
14 60-64 -4,969065407 -4,13082593 -4,488057389
15 65-69 -4,448138103 | -3,672779078 | -4,021489746
16 70-74 -3,84349707 -3,1906848971 -3,508894746
17 75-79 -3,199731477 | -2,701689322 | -2,969504782
18 80-84 -2,572521236 -2,21689243 -2,429785758
19 85-89 -1,997386144 | -1,758645586 | -1,915059519
20 90-94 -1,503591613 -1,342192709 -1,455987106
21 95-99 -1,119868169 | -1,01335166 | -1,093101239
22 100-104 | -0,808308335 -0,709617095 -0,785536651
23 | 105-109 | -0,675270967 | -0,761356833| -0,685193673
24 110+ -0,527540768 -0,693816313 -0,631634141
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Table A.2: First estimation df;

Year Female Male Total

1970 6,488352543 2,22000233 4,135994862
1971 2,56864808 -2,14874815 0,316189944
1972 4,333249649 0,932155064 2,160709248
1973 3,995705265 -2,91901039 1,397285573
1974 3,942920216 -1,21715174 1,847198621
1975 5,092067407 3,391537284 3,81177599¢§
1976 4,653093072 3,429931639 3,664524502
1977 4,022729452 2,668345003 3,03451633
1978 5,723022633 4,143420434 4,727929871
1979 4,647866192 4,196314495 4,019881884
1980 3,088045371 2,03131663 2,503577424
1981 0,964300248 2,829811391 1,232367204
1982 0,294537756 0,682948894 -0,09583853
1983 -0,06569546 1,227229764 -0,26060711
1984 -0,30517381 0,471518753 -0,14242917
1985 0,690805531 1,020453894 0,936032049
1986 1,495356294 1,416102039 1,510388225
1987 1,275770818 2,350816317 1,832442494
1988 0,078838127 0,620803458 0,522519084
1989 0,404093957 1,355689155 0,22404931§
1990 2,039235734 2,91245505 2,810017219
1991 -0,40771674 1,666468668 0,84740427
1992 -0,80636837 0,897591827 0,465572686
1993 -0,49366011 0,526616157 0,80792342
1994 -2,58928265 1,410302504 -1,32254291
1995 -2,18882421 -1,40508191 -1,16411553
1996 -1,80646288 -0,8254776 -0,81618019
1997 -3,4315411 -1,41833786 -2,21154488
1998 -3,64855632 -3,06118135 -2,46728715
1999 -4,86006365 -2,74337962 -3,81904145
2000 -5,98071503 -3,51640853 -5,13882802
2001 -7,78389734 -5,46072697 -6,59959174
2002 -7,02254799 -5,98407607 -6,14747266
2003 -6,00641615 -5,12471972 -5,2831212
2004 -8,40171658 -6,57753086 -7,33969969
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Table A.3: Estimation ofb,

X Age Female Male Total

1 0 0,1311842 0,117684 0,1490

2 1-4 0,0997978 0,097562 0,1158
3 5-9 0,0915147 0,089199 0,1067

4 10-14 0,0661936 0,0661 0,07784
5 15-19 0,0381088 0,041591 0,04403
6 20-24 0,0465278 0,043794 0,04416
7 25-29 0,0460289 0,036891 0,03825
8 30-34 0,0391139 0,015788 0,02296
9 35-39 0,0388976 0,007641 0,01995
10 40-44 0,03789 0,018094 0,02827
11 45-49 0,0422611 0,021785 0,03239
12 50-54 0,0529149 0,027453 0,04072
13 55-59 0,0585373 0,032099 0,04556
14 60-64 0,0629704 0,035442 0,05011
15 65-69 0,0631604 0,035182 0,05131
16 70-74 0,0659178 0,035855 0,05489
17 75-79 0,0614084 0,032267 0,05321
18 80-84 0,0495568 0,029167 0,04710
19 85-89 0,0357965 0,022168 0,03610
20 90-94 0,0219585 0,013048 0,02273
21 95-99 0,0113016 -0,003146 0,008974
22 | 100-104| 0,0009383 0,005111 0,0000325
23 | 105-109 | -0,0249687 0,015483 -0,02701
24 110+ -0,1370108 0,163743 -0,06306
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Table A.4: Re-estimatioh;

Year Female Male Total

1970 6,488996922 2,219752922 4,135682993
1971 2,569846793 -2,14798031 0,31445007¢
1972 4,332524658 0,931214408 2,161425953
1973 3,994605999 -2,919233741 1,398551443
1974 3,94112594 -1,218707542 1,84779355
1975 5,089259656 3,391173359 3,812398317
1976 4,655986165 3,431807163 3,665410337
1977 4,022277719 2,667320076 3,035248161
1978 5,723545228 4,14370509 4,725501922
1979 4,647460401 4,196742036 4,021569627
1980 1,837813904 1,338067695 0,797713977
1981 0,969302128 2,82400656 1,23305684
1982 0,287675436 0,682635224 -0,096513268
1983 -0,065837449 1,224218669 -0,25976099
1984 -0,302816064 0,470080195 -0,143500446
1985 0,690664801 1,712564252 0,938099077
1986 1,491987405 1,424708816 1,511243533
1987 1,288786178 2,330136258 1,831982104
1988 0,770716982 0,623658026 1,215953845
1989 0,405368258 0,950772916 0,22076763
1990 2,041579684 2,909013153 2,809128375
1991 -0,412487534 1,665334969 0,849389587
1992 -0,807977696 0,899337495 0,460210997
1993 -0,502541382 0,527626398 0,80300716
1994 -2,584465711 1,418875802 0,479345568
1995 -2,188060448 -1,404260163 -1,16200545
1996 -1,806551915 -0,133762129 -0,819515032
1997 -3,430159007 -1,417192494 -2,21012042
1998 -3,644416549 -3,060779772 -2,466344214
1999 -4,862167156 -2,742421673 -3,81977074
2000 -5,982728758 -4,428986212 -5,143488108
2001 -7,784389681 -5,457444564 -6,59982710
2002 -7,017833314 -5,985100121 -6,153301219
2003 -6,004766951 -5,127792955 -5,283886724

=

2004

-8,402159985

-6,57526496

-7,337922777
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Table A.5: First and second estimation bf for female

1% estimation 2" estimation
Year Female Female
1970 6,488352543 6,488996922
1971 2,56864808 2,569846793
1972 4,333249649 4,332524658
1973 3,995705265 3,994605999
1974 3,942920216 3,94112594
1975 5,092067407 5,089259656
1976 4,653093072 4,655986165
1977 4,022729452 4,022277719
1978 5,723022633 5,723545228
1979 4,647866192 4,647460401
1980 3,088045371 1,837813904
1981 0,964300248 0,969302128
1982 0,294537756 0,287675436
1983 -0,06569546 -0,065837449
1984 -0,30517381 -0,302816064
1985 0,690805531 0,690664801
1986 1,495356294 1,491987405
1987 1,275770818 1,288786178
1988 0,078838127 0,770716982
1989 0,404093957 0,405368258
1990 2,039235734 2,041579684
1991 -0,40771674 -0,412487534
1992 -0,80636837 -0,807977696
1993 -0,49366011 -0,502541382
1994 -2,58928265 -2,584465711
1995 -2,18882421 -2,188060448
1996 -1,80646288 -1,806551915
1997 -3,4315411 -3,430159007
1998 -3,64855632 -3,644416549
1999 -4,86006365 -4,862167156
2000 -5,98071503 -5,982728758
2001 -7,78389734 -7,784389681
2002 -7,02254799 -7,017833314
2003 -6,00641615 -6,004766951
2004 -8,40171658 -8,402159985
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Table A.6: First and second estimation bf for male

1% estimation 2" estimation
Year Male Male
1970 2,22000233 2,219752922
1971 -2,14874815 -2,14798031
1972 0,932155064 0,931214408
1973 -2,91901039 -2,919233741
1974 -1,21715174 -1,218707542
1975 3,391537284 3,391173359
1976 3,429931639 3,431807163
1977 2,668345003 2,667320076
1978 4,143420434 4,14370509
1979 4,196314495 4,196742036
1980 2,03131663 1,338067695
1981 2,829811391 2,82400656
1982 0,682948894 0,682635224
1983 1,227229764 1,224218669
1984 0,471518753 0,470080195
1985 1,020453894 1,712564252
1986 1,416102039 1,424708816
1987 2,350816317 2,330136258
1988 0,620803458 0,623658026
1989 1,355689155 0,950772916
1990 2,91245505 2,909013153
1991 1,666468668 1,665334969
1992 0,897591827 0,899337495
1993 0,526616157 0,527626398
1994 1,410302504 1,418875802
1995 -1,40508191 -1,404260163
1996 -0,8254776 -0,133762129
1997 -1,41833786 -1,417192494
1998 -3,06118135 -3,060779772
1999 -2,74337962 -2,742421673
2000 -3,51640853 -4,428986212
2001 -5,46072697 -5,457444564
2002 -5,98407607 -5,985100121
2003 -5,12471972 -5,127792955
2004 -6,57753086 -6,57526496

114




Table A.7: First and second estimation kf for total population

1% estimation 2" estimation
Year Total Total
1970 4,135994862 4,135682993
1971 0,316189946 0,314450079
1972 2,160709248 2,161425953
1973 1,397285573 1,398551443
1974 1,847198621 1,84779355
1975 3,811775998 3,812398317
1976 3,664524502 3,665410337
1977 3,03451633 3,035248161
1978 4,727929871 4,725501922
1979 4,019881884 4,021569627
1980 2,503577424 0,797713977
1981 1,232367204 1,23305684
1982 -0,09583853 -0,096513268
1983 -0,26060711 -0,259760998
1984 -0,14242917 -0,143500446
1985 0,936032049 0,938099072
1986 1,510388225 1,511243533
1987 1,832442494 1,831982104
1988 0,522519084 1,215953845
1989 0,224049318 0,22076763
1990 2,810017219 2,809128375
1991 0,84740427 0,849389582
1992 0,465572686 0,460210997
1993 0,80792342 0,80300716
1994 -1,32254291 0,479345568
1995 -1,16411553 -1,162005457
1996 -0,81618019 -0,819515032
1997 -2,21154488 -2,210120427
1998 -2,46728715 -2,466344214
1999 -3,81904145 -3,81977074
2000 -5,13882802 -5,143488108
2001 -6,59959174 -6,599827109
2002 -6,14747266 -6,153301219
2003 -5,2831212 -5,283886724
2004 -7,33969969 -7,337922777
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Table A.8: Forecasting fdn(m,.) for 2005

4

-

-

X Age Female Male Total

1 0 -5,973574836 -5,398301543 -5,837916734

2 1-4 -8,634555415 -8,221397365 -8,533829705%
3 5-9 -9,325389765 -8,777488464 -9,140298759

4 10-14 -9,144922415 -8,604215941 -8,927243514
5 15-19 -8,412016508 -7,467018452 -7,861452042

6 20-24 -8,291215121 -7,083158173 -7,517614871
7 25-29 -8,073008763 -6,917874053 -7,330986431

8 30-34 -7,728059184 -6,592789495 -7,00525991§
9 35-39 -7,404428656 -6,302734769 -6,725674834
10 40-44 -7,007107447 -6,024038706 -6,431171724
11 45-49 -6,628126553 -5,617326556 -6,037171711
12 50-54 -6,311942877 -5,210900378 -5,670932293
13 55-59 -5,952463073 -4,800593409 -5,283549584
14 60-64 -5,525732256 -4,373034501 -4,872670764
15 65-69 -5,006484578 -3,913210824 -4,415313585
16 70-74 -4,426219333 -3,435715886 -3,930196451
17 75-79 -3,742590035 -2,922200127 -3,377911846
18 80-84 -3,010610047 -2,416218015 -2,79129623¢
19 85-89 -2,313832043 -1,910140411 -2,192140801
20 90-94 -1,697707722 -1,431361984 -1,630448534
21 95-99 -1,219775841 -0,991852079 -1,161980115
22 100-104 -0,816603034 -0,744545372 -0,785786715%
23 | 105-109 -0,454544284 -0,867166756 -0,477881611
24 110+ 0,683653226 -1,812826471 -0,147624561
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Table A.9: Real value dh(m,,) for 2005

ol

X Age Female Male Total

1 0 -5,686335561 -5,441033669 -5,552435722
2 1-4 -8,595154733 -8,302081812 -8,435613204
3 5-9 -9,142681724 -9,011489513 -9,07931211

4 10-14 -9,171119659 -8,71564413 -8,91023578
5 15-19 -8,477972478 -7,464624841 -7,834096347

6 20-24 -8,343239884 -7,22520951 -7,623148064
7 25-29 -8,322449115 -7,207509933 -7,60090246

8 30-34 -7,859673188 -6,948577274 -7,2904809
9 35-39 -7,372970391 -6,536191723 -6,861826347
10 40-44 -6,955895654 -6,125681889 -6,45413512¢
11 45-49 -6,494322001 -5,702083918 -6,022748837
12 50-54 -6,19040341 -5,244397525 -5,614124603
13 55-59 -5,81751124 -4,829314238 -5,216553065
14 60-64 -5,406125319 -4,439316822 -4,82631573%
15 65-69 -4,911423644 -3,98427117 -4,372313956
16 70-74 -4,304029094 -3,506391245 -3,86614183
17 75-79 -3,6301201 -2,982835792 -3,305305553
18 80-84 -2,887254621 -2,428318398 -2,68602944]
19 85-89 -2,218694414 -1,944672915 -2,121597759
20 90-94 -1,632455803 -1,450598243 -1,579107561
21 95-99 -1,158078894 -1,01655039 -1,123253403
22 | 100-104| -0,767579821 -0,709754319 -0,75611041
23 | 105-109 -0,504833612 -0,391881781 -0,484136631
24 110+ -0,13248965 -0,154150513 -0,136859204
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Table A.10: Forecasting fon(m,,) for 2006

o

U7

= —4

X Age Female Male Total

1 0 -6,031030262 -5,428743687 -5,888198124

2 1-4 -8,678264377 -8,24663441 -8,572907456
3 5-9 -9,365470934 -8,800562193 -9,176305633
4 10-14 -9,17391357 -8,621314491 -8,95351132]
5 15-19 -8,428707217 -7,477777087 -7,876310362
6 20-24 -8,311593144 -7,094486673 -7,53251706¢
7 25-29 -8,093168279 -6,927416906 -7,343894237
8 30-34 -7,745190102 -6,596873487 -7,01300797]
9 35-39 -7,421464841 -6,30471132 -6,732407141
10 40-44 -7,023702328 -6,028719207 -6,44071168
11 45-49 -6,646635867 -5,622961834 -6,048102007
12 50-54 -6,335118292 -5,218001837 -5,68467362
13 55-59 -5,978100958 -4,808896682 -5,298924216
14 60-64 -5,55331173 -4,382202531 -4,88958084
15 65-69 -5,034147267 -3,922311598 -4,432628606
16 70-74 -4,455089695 -3,44499075 -3,94871957%
17 75-79 -3,769485391 -2,930546858 -3,395868039
18 80-84 -3,032314697 -2,423762847 -2,80719055¢
19 85-89 -2,329510023 -1,915874763 -2,204323071
20 90-94 -1,707325 -1,434737201 -1,638118977
21 95-99 -1,224725661 -0,991038281 -1,165008472
22 100-104 | -0,817013986 -0,74586747 -0,78579770¢
23 105-109 -0,443608612 -0,871171852 -0,468766844
24 110+ 0,743660559 -1,855183018 -0,12634440]

N
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Table A.11: Real value dh(m,,) for 2006

U7

J7

U7

L4

X Age Female Male Total

1 0 -5,738684527 -5,492873461 -5,604570825
2 1-4 -8,606024405 -8,454218392 -8,52724352]
3 5-9 -9,471705136 -8,778557956 -9,061920367

4 10-14 -9,133379331 -8,852665928 -8,97922865
5 15-19 -8,606024405 -7,612975041 -7,977780111
6 20-24 -8,454218392 -7,315723517 -7,71968599({
7 25-29 -8,322449115 -7,28609172 -7,660652464
8 30-34 -7,971966141 -7,067924031 -7,40533567¢
9 35-39 -7,392263594 -6,633918613 -6,934099254
10 40-44 -6,933073087 -6,186506668 -6,48838726({
11 45-49 -6,536191723 -5,736822329 -6,059315214
12 50-54 -6,174426309 -5,259096653 -5,62017689
13 55-59 -5,857633199 -4,855171191 -5,246294338
14 60-64 -5,459660517 -4,470027592 -4,86381139
15 65-69 -4,96728849 -4,04612599 -4,431216879
16 70-74 -4,370414319 -3,571629894 -3,93135874]
17 75-79 -3,702897246 -3,06326193 -3,38145358
18 80-84 -2,982145 -2,517735673 -2,777046644
19 85-89 -2,301066247 -2,03429993 -2,205086401
20 90-94 -1,713998748 -1,513137314 -1,65444050
21 95-99 -1,241501616 -1,104389947 -1,207766659
22 100-104 -0,827229582 -0,666312474 -0,79465512]
23 105-109 -0,586239063 -0,495393645 -0,566939289
24 110+ 0,148887137 1,098612289 0,279713659
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Table A.12: Forecasting fan(m,,) for 2007

-

X Age Female Male Total

1 0 -6,088485689 -5,459185831 -5,938479514
2 1-4 -8,721973339 -8,271871455 -8,611985204
3 5-9 -9,405552103 -8,823635922 -9,212312508
4 10-14 -9,202904725 -8,63841304 -8,979779134
5 15-19 -8,445397927 -7,488535722 -7,891168681
6 20-24 -8,331971166 -7,105815174 -7,54741925%
7 25-29 -8,113327796 -6,936959759 -7,356802044
8 30-34 -7,76232102 -6,600957479 -7,020756034
9 35-39 -7,438501025 -6,306687871 -6,739139448
10 40-44 -7,040297208 -6,033399709 -6,45025165%
11 45-49 -6,665145181 -5,628597112 -6,059032304
12 50-54 -6,358293706 -5,225103297 -5,698414953
13 55-59 -6,003738844 -4,817199955 -5,314298848
14 60-64 -5,580891203 -4,391370561 -4,90649091
15 65-69 -5,061809956 -3,931412372 -4,449943627
16 70-74 -4,483960057 -3,454265613 -3,9672427
17 75-79 -3,796380748 -2,938893588 -3,413824232
18 80-84 -3,054019347 -2,431307679 -2,823084871
19 85-89 -2,345188002 -1,921609115 -2,21650534
20 90-94 -1,716942279 -1,438112419 -1,645789414
21 95-99 -1,229675482 -0,990224483 -1,168036829
22 | 100-104 -0,817424938 -0,747189569 -0,785808704
23 | 105-109 -0,432672941 -0,875176948 -0,459652077
24 110+ 0,803667892 -1,897539566 -0,105064238§
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Table A.13: Real value dh(m,,) for 2007

A4

X Age Female Male Total

1 0 -5,70508332 -5,574861695 -5,635750064

2 1-4 -8,507242861 -8,449534543 -8,477972478
3 5-9 -9,261633666 -9,061920367 -9,152071464

4 10-14 -9,190537745 -8,746606356 -8,94031323%
5 15-19 -8,628124752 -7,596910438 -7,971966141

6 20-24 -8,502304579 -7,374564017 -7,775255847
7 25-29 -8,412833176 -7,28609172 -7,682112515

8 30-34 -7,998399398 -7,14982684 -7,471630124
9 35-39 -7,480456306 -6,70074111 -7,005368108
10 40-44 -6,990050522 -6,164390382 -6,489703055%
11 45-49 -6,517742275 -5,75908379 -6,068345591
12 50-54 -6,14694945 -5,28995245 -5,633790103
13 55-59 -5,838228571 -4,867834495 -5,249908227
14 60-64 -5,428653868 -4,463497028 -4,850559346
15 65-69 -5,006095614 -4,083820139 -4,467933168
16 70-74 -4,365838374 -3,546963312 -3,913474058
17 75-79 -3,717237777 -3,056586922 -3,382513026
18 80-84 -2,977715554 -2,497870316 -2,764176207
19 85-89 -2,282507994 -2,005462721 -2,180756917
20 90-94 -1,687859019 -1,513991378 -1,636480284
21 95-99 -1,225465459 -1,060940852 -1,184539526
22 | 100-104 -0,889405403 -0,8937541 -0,89021614§
23 | 105-109 -0,47401647 -0,303063766 -0,438382489
24 110+ 0,445766647 0 0,367687779
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Table A.14: Forecasting fon(m,,) for 2008

-

X Age Female Male Total

1 0 -6,145941116 -5,489627974 -5,988760904
2 1-4 -8,765682301 -8,297108501 -8,651062954
3 5-9 -9,445633273 -8,846709652 -9,248319383
4 10-14 -9,231895881 -8,65551159 -9,006046943
5 15-19 -8,462088636 -7,499294357 -7,906027001
6 20-24 -8,352349189 -7,117143674 -7,562321444
7 25-29 -8,133487313 -6,946502612 -7,36970985

8 30-34 -7,779451939 -6,605041472 -7,028504094
9 35-39 -7,455537209 -6,308664422 -6,745871755
10 40-44 -7,056892089 -6,03808021 -6,45979162]
11 45-49 -6,683654495 -5,634232391 -6,069962601
12 50-54 -6,38146912 -5,232204756 -5,712156283
13 55-59 -6,02937673 -4,825503228 -5,32967348
14 60-64 -5,608470677 -4,400538591 -4,92340098
15 65-69 -5,089472645 -3,940513146 -4,467258647
16 70-74 -4,512830419 -3,463540477 -3,985765824
17 75-79 -3,823276104 -2,947240319 -3,431780425
18 80-84 -3,075723996 -2,438852511 -2,83897919%
19 85-89 -2,360865981 -1,927343466 -2,22868761
20 90-94 -1,726559557 -1,441487636 -1,653459862
21 95-99 -1,234625303 -0,989410685 -1,171065186
22 | 100-104 -0,81783589 -0,748511667 -0,785819699
23 | 105-109| -0,421737269 -0,879182044 -0,450537309
24 110+ 0,863675225 -1,939896113 -0,083784074
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Table A.15: Real value dh(m,,) for 2008

X Age Female Male Total

1 0 -5,76448835 -5,550374928 -5,64844238

2 1-4 -8,639360825 -8,589763884 -8,611503871
3 5-9 -9,361163262 -8,866750668 -9,07931211

4 10-14 -9,190537745 -8,917670758 -9,036387065%
5 15-19 -8,51220565 -7,704043218 -8,016417904

6 20-24 -8,547652399 -7,437084374 -7,834096347
7 25-29 -8,435613204 -7,372970391 -7,756387362

8 30-34 -8,085410775 -7,221097098 -7,548310009
9 35-39 -7,507412116 -6,79531985 -7,0785436

10 40-44 -6,978177743 -6,260652037 -6,55148041%
11 45-49 -6,526582863 -5,754339198 -6,067482034
12 50-54 -6,140893061 -5,308771824 -5,644759134
13 55-59 -5,809476379 -4,913463212 -5,273624754
14 60-64 -5,474100347 -4,48312956 -4,877897967
15 65-69 -5,057884147 -4,132919084 -4,516701538
16 70-74 -4,396774857 -3,600282668 -3,958747804
17 75-79 -3,737313682 -3,084257523 -3,406139574
18 80-84 -3,00388542 -2,53701712 -2,796455274
19 85-89 -2,295887572 -2,031932197 -2,197864782
20 90-94 -1,696129341 -1,537382402 -1,649099123
21 95-99 -1,211044416 -1,085446341 -1,180324639
22 | 100-104| -0,859178152 -0,7705035 -0,841491744
23 | 105-109 -0,61706801 -0,368078287 -0,57246524

24 110+ 0,194394221 1,373049028 0,384437571]
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Table A.16: Forecasting fon(m,,) for 2009

X Age Female Male Total

1 0 -6,203396542 -5,520070118 -6,039042294

2 1-4 -8,809391262 -8,322345546 -8,690140711
3 5-9 -9,485714442 -8,869783381 -9,284326257

4 10-14 -9,260887036 -8,672610139 -9,032314751
5 15-19 -8,478779346 -7,510052992 -7,92088532

6 20-24 -8,372727212 -7,128472175 -7,577223634
7 25-29 -8,15364683 -6,956045465 -7,382617657

8 30-34 -7,796582857 -6,609125464 -7,036252157
9 35-39 -7,472573394 -6,310640973 -6,752604062
10 40-44 -7,073486969 -6,042760712 -6,469331587
11 45-49 -6,702163809 -5,639867669 -6,080892898
12 50-54 -6,404644534 -5,239306216 -5,725897613
13 55-59 -6,055014616 -4,833806501 -5,345048111
14 60-64 -5,636050151 -4,409706621 -4,94031105
15 65-69 -5,117135334 -3,94961392 -4,484573668
16 70-74 -4,541700781 -3,472815341 -4,004288948
17 75-79 -3,850171461 -2,95558705 -3,449736618
18 80-84 -3,097428646 -2,446397343 -2,854873514
19 85-89 -2,376543961 -1,933077818 -2,24086988
20 90-94 -1,736176836 -1,444862853 -1,661130305
21 95-99 -1,239575123 -0,988596887 -1,174093543
22 | 100-104| -0,818246842 -0,749833765 -0,785830693
23 | 105-109 -0,410801598 -0,88318714 -0,441422542
24 110+ 0,923682558 -1,982252661 -0,06250391
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Table A.17: Real value dh(m,,) for 2009

X Age Female Male Total

1 0 -5,806479873 -5,638837786 -5,716563809

2 1-4 -8,595154733 -8,399410156 -8,487634389
3 5-9 -9,338173743 -9,230543079 -9,282911065

4 10-14 -9,421061403 -8,917670758 -9,133379331
5 15-19 -8,645026563 -7,893932138 -8,191493052

6 20-24 -8,412833176 -7,639643288 -7,94621364%
7 25-29 -8,322449115 -7,437084374 -7,775255847

8 30-34 -8,115066985 -7,280269287 -7,598904457
9 35-39 -7,608934631 -6,90475977 -7,184827172
10 40-44 -7,040144467 -6,359056003 -6,637728142
11 45-49 -6,545197672 -5,826967575 -6,12248481
12 50-54 -6,158700466 -5,36402991 -5,688696837
13 55-59 -5,869600959 -4,929792906 -5,302927979
14 60-64 -5,495062444 -4,520185862 -4,91060898
15 65-69 -5,053490604 -4,103546773 -4,494434144
16 70-74 -4,459685519 -3,657729685 -4,017661337
17 75-79 -3,79060215 -3,114178029 -3,444898517
18 80-84 -3,048584677 -2,574538184 -2,837003518
19 85-89 -2,334003523 -2,043433677 -2,224125176
20 90-94 -1,73946118 -1,597746524 -1,697029454
21 95-99 -1,246358521 -1,159053615 -1,225094301
22 | 100-104 -0,85831196 -0,803870942 -0,84743887
23 | 105-109 -0,587942477 -0,591762759 -0,58855476

24 110+ -0,248294707 -0,248294707
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APPENDIX B

FRANCE

Table B.1: Estimation o#,

X Age Female Male Total

1 0 -4,977722481 | -4,706351851 | -4,829428833

2 1-4 -7,899253176 -7,651148796 -7,763798896
3 5-9 -8,584851933 | -8,284780338 -8,41908368

4 10-14 -8,616027145 -8,195397546 -8,378265821
5 15-19 -7,849957279 | -6,960557315 | -7,301225073

6 20-24 -7,64317499 -6,531246358 -6,935184333
7 25-29 -7,531828304 | -6,549226464 -6,91985849

8 30-34 -7,244497589 -6,402124222 -6,732093523
9 35-39 -6,855154694 | -6,073795661 | -6,386082021
10 40-44 -6,43871092 -5,631774573 -5,95292256|7
11 45-49 -6,026911479 | -5,184280821 | -5,518445729
12 50-54 -5,654264759 -4,774867222 -5,124453196
13 55-59 -5,30700284 -4,388410199 | -4,758244319
14 60-64 -4,926157553 -3,992922327 -4,380562489
15 65-69 -4,471533386 | -3,594694963 -3,98245073

16 70-74 -3,928506455 -3,164327023 -3,534085585
17 75-79 -3,314384134 | -2,706524498 | -3,036405356
18 80-84 -2,671402856 -2,211388115 -2,49348066G6
19 85-89 -2,062283415 | -1,730901341 | -1,958381267
20 90-94 -1,538618902 -1,294620423 -1,478399643
21 95-99 -1,110290226 | -0,935699089 | -1,077473143
22 | 100-104 -0,74258026 -0,543065105 -0,712187189
23 | 105-109 | -0,466139542 | -0,489045699 | -0,466999571
24 110+ -0,333406558 -0,16649373 -0,311916039
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Table B.2: First estimation d4;

Year Female Male Total

1970 8,155647608 7,060363954 7,190744197
1971 8,378179408 6,953990927 7,419436856
1972 7,886797676 4,624376079 6,793560638
1973 7,711244771 6,923766137 7,024756531
1974 6,356537057 5,888925854 5,872095791
1975 6,227979485 5,285962433 5,708098461
1976 6,020250214 4,224905019 5,487906548
1977 5,071782551 4,51032146 4,756680866
1978 4,506829255 3,532970777 4,229760606
1979 4,267777839 3,872670113 4,179182798
1980 3,997250056 3,399504878 3,880147783
1981 3,646906593 3,416301928 3,500889959
1982 2,747456216 2,830306836 2,738451592
1983 3,014785438 2,867976684 2,938918769
1984 1,59499049 1,662599596 1,703521591
1985 1,276885077 1,454685217 1,403905942
1986 0,494212842 0,674611349 0,70709565
1987 -0,239755885 0,492428412 0,124919384
1988 -1,440087304 -0,448252533 -0,998446592
1989 -3,183615191 -1,292880331 -2,34848143]1
1990 -2,950810606 -1,945844323 -2,269740184
1991 -2,444834805 -1,856307196 -1,853743767%
1992 -3,985784963 -1,764228568 -3,086426803
1993 -2,839778794 -1,794356156 -2,44992178
1994 -3,491119344 -3,554604961 -2,977506564
1995 -4,18464833 -4,797956223 -4,186069401
1996 -5,352194655 -3,53072543 -4,493384459
1997 -5,523290294 -4,575067653 -5,095156327%
1998 -5,272349194 -5,266920672 -5,242371958
1999 -5,251765715 -5,184865062 -5,360865966
2000 -6,186047683 -5,542604249 -6,215639101
2001 -6,420701157 -6,369685249 -6,279716141
2002 -6,596612595 -6,641990475 -6,86862424
2003 -6,8171909 -6,236610945 -6,676063653

2004

-9,174925165

-8,873767628

-9,257915597
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Table B.3: Estimation ofb,

X Age Female Male Total

1 0 0,08443 0,098995 0,09139

2 1-4 0,07849 0,089158 0,0835
3 5-9 0,07646 0,097839 0,0875

4 10-14 0,05600 0,072682 0,06485
5 15-19 0,05461 0,062671 0,05857
6 20-24 0,04243 0,041123 0,04046
7 25-29 0,03559 0,023969 0,02764

8 30-34 0,03148 0,020155 0,02437
9 35-39 0,02855 0,025139 0,02666
10 40-44 0,02832 0,030515 0,0298
11 45-49 0,03076 0,03327 0,03198
12 50-54 0,03435 0,037674 0,0351
13 55-59 0,03742 0,041327 0,03779
14 60-64 0,04080 0,043352 0,04018
15 65-69 0,04561 0,045295 0,04345
16 70-74 0,05027 0,046679 0,04623
17 75-79 0,05121 0,044639 0,04572
18 80-84 0,04478 0,037272 0,04023
19 85-89 0,03320 0,026577 0,03079
20 90-94 0,02433 0,018909 0,02361
21 95-99 0,01567 0,009368 0,01546
22 | 100-104 0,01290 0,019522 0,01519
23 | 105-109 0,01278 0,007654 0,01254
24 110+ 0,04959 0,026213 0,04701

129




Table B.4: Re-estimatioh;

Year Female Male Total

1970 8,158527036 7,061178398 7,190398671
1971 8,377940852 6,952786578 7,419000053
1972 7,886553727 4,62526579 6,792010543
1973 7,711324985 6,922315176 7,022952355
1974 6,357004483 5,88858621 5,872837175
1975 6,224332078 5,28411968 5,709490118
1976 6,018042601 4,226383035 5,490619245
1977 5,073714616 4,511555712 4,757090422
1978 4,505441332 3,531857945 4,229714374
1979 4,268296109 3,873103656 4,178473855
1980 3,997230153 3,400360006 3,880678337
1981 3,643089443 3,418165039 3,500706584
1982 2,748708319 2,830402812 2,735228801
1983 3,711999926 2,870489405 2,534928735
1984 0,902907916 0,748115975 0,202837298
1985 -0,335965927 0,356135515 -0,675860863
1986 -1,52008951 -0,421506305 -1,642308124
1987 -2,434079846 -0,606177699 -2,359510981
1988 -1,437322301 -0,448578773 -1,000219193
1989 -3,181618922 -1,289104817 -2,349867231
1990 -2,9502698 -1,945107938 -2,267644943
1991 -2,44977551 -1,851196396 -1,853568174
1992 -3,984244328 -1,764991941 -3,085874628
1993 -2,838601478 -1,792057205 -2,445672727
1994 -3,482819736 -3,557529831 -2,983085327
1995 -4,18912364 -4,800090483 -4,18014734
1996 -5,350258002 -3,527437364 -4,491684671
1997 -5,51946804 -4,573967161 -5,09738367¢
1998 -5,272737288 -5,265975417 -5,243493488
1999 -5,254877439 -5,179687704 -5,359456994
2000 -6,188825716 -5,947377663 -6,214895561
2001 -6,419032668 -6,368095745 -6,282643751
2002 -6,592382848 -7,048503348 -6,873965135
2003 -6,814665879 -6,236371158 -6,673744676

2004

-9,173125767

-8,873089635

-9,25957796
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Table B.5: First and second estimation kf for female

1% estimation 2" estimation
Year Female Female
1970 8,155647608 8,158527036
1971 8,378179408 8,377940852
1972 7,886797676 7,886553727
1973 7,711244771 7,711324985
1974 6,356537057 6,357004483
1975 6,227979485 6,224332078
1976 6,020250214 6,018042601
1977 5,071782551 5,073714616
1978 4,506829255 4,505441332
1979 4.267777839 4,268296109
1980 3,997250056 3,997230153
1981 3,646906593 3,643089443
1982 2,747456216 2,748708319
1983 3,014785438 3,711999926
1984 1,59499049 0,902907916
1985 1,276885077 -0,335965927
1986 0,494212842 -1,52008951
1987 -0,239755885 -2,434079846
1988 -1,440087304 -1,437322301
1989 -3,183615191 -3,181618922
1990 -2,950810606 -2,9502698
1991 -2,444834805 -2,44977551
1992 -3,985784963 -3,984244328
1993 -2,839778794 -2,838601478
1994 -3,491119344 -3,482819736
1995 -4,18464833 -4,18912364
1996 -5,352194655 -5,350258002
1997 -5,523290294 -5,51946804
1998 -5,272349194 -5,272737288
1999 -5,251765715 -5,254877439
2000 -6,186047683 -6,188825716
2001 -6,420701157 -6,419032668
2002 -6,596612595 -6,592382848
2003 -6,8171909 -6,814665879
2004 -9,174925165 -9,173125767
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Table B.6: First and second estimation kf for male

1% estimation 2" estimation
Year Male Male
1970 7,060363954 7,061178398
1971 6,953990927 6,952786578
1972 4,624376079 4,62526579
1973 6,923766137 6,922315176
1974 5,888925854 5,88858621
1975 5,285962433 5,28411968
1976 4,224905019 4,226383035
1977 451032146 4 511555712
1978 3,532970777 3,531857945
1979 3,872670113 3,873103656
1980 3,399504878 3,400360006
1981 3,416301928 3,418165039
1982 2,830306836 2,830402812
1983 2,867976684 2,870489405
1984 1,662599596 0,748115975
1985 1,454685217 0,356135515
1986 0,674611349 -0,421506305
1987 0,492428412 -0,606177699
1988 -0,448252533 -0,448578773
1989 -1,292880331 -1,289104817
1990 -1,945844323 -1,945107938
1991 -1,856307196 -1,851196396
1992 -1,764228568 -1,764991941
1993 -1,794356156 -1,792057205
1994 -3,554604961 -3,557529831
1995 -4,797956223 -4,800090483
1996 -3,53072543 -3,527437364
1997 -4 575067653 -4 573967161
1998 -5,266920672 -5,265975417
1999 -5,184865062 -5,179687704
2000 -5,542604249 -5,947377663
2001 -6,369685249 -6,368095745
2002 -6,641990475 -7,048503348
2003 -6,236610945 -6,236371158

2004

-8,873767628

-8,873089635
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Table B.7: First and second estimation kf for total population

1% estimation 2" estimation
Year Total Total
1970 7,190744197 7,190398671
1971 7,419436856 7,419000053
1972 6,793560638 6,792010543
1973 7,024756531 7,022952355
1974 5,872095791 5,872837175
1975 5,708098461 5,709490118
1976 5,487906548 5,490619245
1977 4,756680866 4,757090422
1978 4,229760606 4,229714374
1979 4,179182798 4,178473855
1980 3,880147783 3,880678337
1981 3,500889959 3,500706584
1982 2,738451592 2,735228801
1983 2,938918769 2,534928735
1984 1,703521591 0,202837298
1985 1,403905942 -0,675860863
1986 0,70709565 -1,642308124
1987 0,124919384 -2,359510981
1988 -0,998446592 -1,000219193
1989 -2,348481431 -2,349867237
1990 -2,269740184 -2,267644943
1991 -1,853743767 -1,853568174
1992 -3,086426803 -3,085874628
1993 -2,44992178 -2,445672722
1994 -2,977506564 -2,983085327
1995 -4,186069401 -4,18014734
1996 -4,493384459 -4,491684671
1997 -5,095156327 -5,097383679
1998 -5,242371958 -5,243493488
1999 -5,360865966 -5,359456994
2000 -6,215639101 -6,214895561
2001 -6,279716141 -6,282643751
2002 -6,86862424 -6,873965135
2003 -6,676063653 -6,673744676
2004 -9,257915597 -9,25957796
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Table B.8: Forecasting fon(m,,) for 2005

X Age Female Male Total

1 0 -5,795248061 -5,631137855 -5,719878232

2 1-4 -8,659262448 -8,484040059 -8,577372863
3 5-9 -9,325204958 -9,198767286 -9,27163125

4 10-14 -9,15826844 -8,874374225 -9,010125363
5 15-19 -8,37873937 -7,546013789 -7,871896058

6 20-24 -8,054019599 -6,91540692 -7,329402329
7 25-29 -7,876442012 -6,77313874 -7,189166088

8 30-34 -7,54931466 -6,590407084 -6,969540201
9 35-39 -7,131600925 -6,308637778 -6,645841086
10 40-44 -6,712930089 -5,916837909 -6,243275911
11 45-49 -6,324756876 -5,495080663 -5,830039687
12 50-54 -5,986871696 -5,126808107 -5,466446564
13 55-59 -5,669336219 -4, 774476477 -5,126447435
14 60-64 -5,321219068 -4,397905638 -4,772052333
15 65-69 -4,913169555 -4,017829284 -4,405801495
16 70-74 -4,415264846 -3,600390318 -3,984522984
17 75-79 -3,810244432 -3,123530634 -3,481873641
18 80-84 -3,105002234 -2,559573619 -2,88545768
19 85-89 -2,38375504 -1,979176887 -2,258380578
20 90-94 -1,774203379 -1,471263471 -1,7084413389
21 95-99 -1,26202096 -1,023212552 -1,228106119
22 | 100-104 -0,867489415 -0,725434643 -0,860189447
23 | 105-109 -0,589886752 -0,560547412 -0,589181817
24 110+ -0,81358059 -0,411368881 -0,769953311
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Table B.9: Real value df(m,,) for 2005

X Age Female Male Total

1 0 -5,72787027 -5,489720032 -5,599152226

2 1-4 -8,611503871 -8,44487253 -8,522205733
3 5-9 -9,384693759 -9,097011687 -9,230543079

4 10-14 -9,326874188 -8,963480294 -9,124162674
5 15-19 -8,454218392 -7,540748537 -7,888584532

6 20-24 -8,159518747 -7,026538815 -7,43878361
7 25-29 -8,07250737 -7,02316613 -7,418580903

8 30-34 -7,695213139 -6,797108759 -7,151101538
9 35-39 -7,19810758 -6,4903616 -6,785537646
10 40-44 -6,725433722 -6,017397929 -6,314981073
11 45-49 -6,228707023 -5,455673177 -5,7766758

12 50-54 -5,886024035 -5,049896008 -5,390871348
13 55-59 -5,599152226 -4,715766607 -5,069748559
14 60-64 -5,25736738 -4,406483275 -4,755411849
15 65-69 -4,874488574 -4,011953844 -4,381306894
16 70-74 -4,375408582 -3,556098343 -3,932940254
17 75-79 -3,776618368 -3,087781775 -3,438961556
18 80-84 -3,090680519 -2,542493391 -2,856005114
19 85-89 -2,434780236 -2,019762308 -2,286190226
20 90-94 -1,74930361 -1,432895523 -1,663060233
21 95-99 -1,239427285 -1,011247224 -1,194676152
22 | 100-104 -0,852762095 -0,725120936 -0,836260332
23 | 105-109 -0,577852572 -0,532398317 -0,574037026
24 110+ -0,294200605 -0,294200605
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Table B.10: Forecasting fon(m, ) for 2006

X Age Female Male Total

1 0 -5,838286634 -5,677532351 -5,764094801

2 1-4 -8,699273078 -8,525824396 -8,61777207
3 5-9 -9,364180787 -9,244620017 -9,313965749

4 10-14 -9,186814692 -8,908437004 -9,041501274
5 15-19 -8,406577063 -7,575384863 -7,900233562

6 20-24 -8,075648483 -6,934679417 -7,348977801
7 25-29 -7,894584175 -6,78437193 -7,202538951

8 30-34 -7,565361731 -6,599852824 -6,981330964
9 35-39 -7,146154416 -6,320419295 -6,658739803
10 40-44 -6,727366336 -5,931138914 -6,257693831
11 45-49 -6,340436924 -5,510672813 -5,845512341
12 50-54 -6,004381763 -5,144464213 -5,483428744
13 55-59 -5,688411233 -4,79384458 -5,1447311

14 60-64 -5,342017051 -4,418222767 -4,791492334
15 65-69 -4,936419457 -4,039057009 -4,426823597
16 70-74 -4,440890204 -3,622266662 -4,006890114
17 75-79 -3,83634896 -3,144450922 -3,503994021
18 80-84 -3,127829041 -2,577041326 -2,904921873
19 85-89 -2,400678889 -1,991632329 -2,273277483
20 90-94 -1,786605706 -1,480125268 -1,719864394
21 95-99 -1,270008813 -1,027602912 -1,23558602
22 100-104 -0,874065248 -0,734583724 -0,867538716
23 105-109 -0,596401414 -0,564134497 -0,595248955
24 110+ -0,838859316 -0,423653733 -0,792697823
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Table B.11: Real value df(m,,) for 2006

X Age Female Male Total

1 0 -5,707790496 -5,451934855 -5,568814614

2 1-4 -8,6005748 -8,435613204 -8,51220565
3 5-9 -9,384693759 -9,230543079 -9,304651051

4 10-14 -9,349602439 -8,845697258 -9,0619203671
5 15-19 -8,473176306 -7,610952795 -7,943392768

6 20-24 -8,173603487 -7,153655817 -7,536989134
7 25-29 -8,14908387 -7,058578169 -7,464624841

8 30-34 -7,761071212 -6,849486371 -7,206161315
9 35-39 -7,212922666 -6,50696776 -6,800696207
10 40-44 -6,755034192 -6,046554513 -6,34414747
11 45-49 -6,253868812 -5,509285342 -5,820541035
12 50-54 -5,867125273 -5,050676344 -5,386711511
13 55-59 -5,599963146 -4,734026808 -5,083689975
14 60-64 -5,260443714 -4,416452462 -4,762994271
15 65-69 -4,90344146 -4,056239856 -4,418856608
16 70-74 -4,407303418 -3,621033907 -3,984163684
17 75-79 -3,81762233 -3,134167097 -3,481605156
18 80-84 -3,155384727 -2,59961741 -2,916274352
19 85-89 -2,513664213 -2,081066862 -2,355300451
20 90-94 -1,791823471 -1,476923912 -1,706290281
21 95-99 -1,313627713 -1,058090499 -1,262552227
22 100-104 -0,883646887 -0,71451383 -0,861246357
23 105-109 -0,643342293 -0,524725109 -0,632345633
24 110+ -0,313864528 -0,313864528
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Table B.12: Forecasting fon(m, ) for 2007

X Age Female Male Total

1 0 -5,881325205 -5,723926847 -5,808311372

2 1-4 -8,739283708 -8,567608734 -8,658171278
3 5-9 -9,403156615 -9,290472747 -9,356300248

4 10-14 -9,215360943 -8,942499782 -9,072877188
5 15-19 -8,434414756 -7,604755937 -7,928571066

6 20-24 -8,097277366 -6,953951915 -7,368553274
7 25-29 -7,912726337 -6,79560512 -7,215911815

8 30-34 -7,581408803 -6,609298565 -6,993121728
9 35-39 -7,160707907 -6,332200811 -6,67163852

10 40-44 -6,741802584 -5,94543992 -6,272111752
11 45-49 -6,356116972 -5,526264963 -5,860984996
12 50-54 -6,02189183 -5,16212032 -5,500410928
13 55-59 -5,707486246 -4,813212683 -5,163014766
14 60-64 -5,362815034 -4,438539896 -4,810932337
15 65-69 -4,95966936 -4,060284735 -4,4478457

16 70-74 -4,466515563 -3,644143006 -4,029257244
17 75-79 -3,862453487 -3,16537121 -3,526114402
18 80-84 -3,150655847 -2,594509033 -2,924386066
19 85-89 -2,417602738 -2,004087771 -2,288174388
20 90-94 -1,799008032 -1,488987064 -1,731287451
21 95-99 -1,277996666 -1,031993271 -1,243065922
22 | 100-104 -0,880641081 -0,743732806 -0,874887985
23 | 105-109 -0,602916077 -0,567721582 -0,601316094
24 110+ -0,864138041 -0,435938585 -0,815442334
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Table B.13: Real value df(m,,) for 2007

X Age Female Male Total

1 0 -5,784125227 -5,481279128 -5,617696526

2 1-4 -8,685611843 -8,417347856 -8,537395899
3 5-9 -9,304651051 -9,326874188 -9,315700888

4 10-14 -9,361163262 -9,028018815 -9,171119659
5 15-19 -8,589763884 -7,675626006 -8,02249695

6 20-24 -8,29404964 -7,120948499 -7,542633551
7 25-29 -8,07893826 -7,027665576 -7,425269891

8 30-34 -7,824046011 -6,914779894 -7,271598712
9 35-39 -7,29341776 -6,543112165 -6,851374946
10 40-44 -6,774098894 -6,093718781 -6,381253174
11 45-49 -6,28771657 -5,5651147228 -5,859734776
12 50-54 -5,904553175 -5,078218445 -5,417776807
13 55-59 -5,593225484 -4,735620615 -5,08352862
14 60-64 -5,275382395 -4,429453728 -4,776670504
15 65-69 -4,928963145 -4,069495864 -4,434078111
16 70-74 -4,435933869 -3,660758578 -4,017494638
17 75-79 -3,850363625 -3,157169435 -3,506991325
18 80-84 -3,179342661 -2,613576735 -2,934035284
19 85-89 -2,515209169 -2,085942628 -2,357664493
20 90-94 -1,786401847 -1,462014093 -1,697826601
21 95-99 -1,318168532 -1,064500759 -1,267171779
22 | 100-104 -0,889096373 -0,676349062 -0,860350004
23 | 105-109 -0,626558263 -0,569265446 -0,62130105
24 110+ -0,238287646 0,453474015 -0,223628669
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Table B.14: Forecasting fon(m, ) for 2008

X Age Female Male Total

1 0 -5,924363777 -5,770321343 -5,852527941

2 1-4 -8,779294338 -8,609393071 -8,698570485
3 5-9 -9,442132443 -9,336325478 -9,398634746

4 10-14 -9,243907194 -8,976562561 -9,104253097
5 15-19 -8,462252449 -7,634127011 -7,95690857

6 20-24 -8,118906249 -6,973224412 -7,388128748
7 25-29 -7,9308685 -6,806838311 -7,229284678

8 30-34 -7,597455874 -6,618744305 -7,004912489
9 35-39 -7,175261398 -6,343982328 -6,684537237
10 40-44 -6,756238831 -5,959740925 -6,286529673
11 45-49 -6,37179702 -5,541857113 -5,87645765

12 50-54 -6,039401896 -5,179776426 -5,517393109
13 55-59 -5,726561259 -4,832580785 -5,181298431
14 60-64 -5,383613018 -4,458857025 -4,830372339
15 65-69 -4,982919262 -4,08151246 -4,468867802
16 70-74 -4,492140921 -3,66601935 -4,051624374
17 75-79 -3,888558015 -3,186291498 -3,548234782
18 80-84 -3,173482653 -2,61197674 -2,943850259
19 85-89 -2,434526587 -2,016543214 -2,303071294
20 90-94 -1,811410359 -1,49784886 -1,742710508
21 95-99 -1,285984518 -1,036383631 -1,250545823
22 | 100-104 -0,887216914 -0,752881888 -0,882237254
23 | 105-109 -0,609430739 -0,571308667 -0,607383232
24 110+ -0,889416766 -0,448223437 -0,838186844
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Table B.15: Real value df(m,,) for 2008

X Age Female Male Total

1 0 -5,71050502 -5,539879503 -5,619625167

2 1-4 -8,622553707 -8,44487253 -8,527243527
3 5-9 -9,421061403 -9,338173743 -9,372859301

4 10-14 -9,349602439 -9,053336623 -9,18078157
5 15-19 -8,617013527 -7,728735831 -8,069307367

6 20-24 -8,343239884 -7,137168443 -7,565535314
7 25-29 -8,173603487 -7,031053495 -7,450759801

8 30-34 -7,728735831 -6,95066278 -7,267291455
9 35-39 -7,263002671 -6,577013717 -6,863738394
10 40-44 -6,767124149 -6,107099891 -6,387177364
11 45-49 -6,289870583 -5,591883382 -5,887104532
12 50-54 -5,889630241 -5,103902562 -5,430706555
13 55-59 -5,594031611 -4,746157879 -5,092279283
14 60-64 -5,284414461 -4,435427411 -4,783698945
15 65-69 -4,906680766 -4,107672992 -4,450219826
16 70-74 -4,438808649 -3,675726337 -4,025975884
17 75-79 -3,843010134 -3,175098203 -3,512508903
18 80-84 -3,179078355 -2,617336935 -2,93469362
19 85-89 -2,509191146 -2,080514117 -2,351817355
20 90-94 -1,785292426 -1,460423257 -1,69596577
21 95-99 -1,288993437 -1,048080784 -1,240215024
22 | 100-104| -0,871573135 -0,720732172 -0,85123828
23 | 105-109 -0,561135192 -0,490962541 -0,554504125
24 110+ -0,088251054 0,728063451 -0,06101301
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Table B.16: Forecasting fon(m, ) for 2009

X Age Female Male Total

1 0 -5,967402349 -5,81671584 -5,89674451

2 1-4 -8,819304969 -8,651177409 -8,738969692
3 5-9 -9,481108272 -9,38217821 -9,440969245

4 10-14 -9,272453446 -9,01062534 -9,135629008
5 15-19 -8,490090142 -7,663498085 -7,985246073

6 20-24 -8,140535132 -6,992496909 -7,407704218
7 25-29 -7,949010662 -6,818071501 -7,242657542

8 30-34 -7,613502946 -6,628190045 -7,016703251
9 35-39 -7,189814889 -6,355763844 -6,697435954
10 40-44 -6,770675078 -5,974041931 -6,300947594
11 45-49 -6,387477069 -5,557449263 -5,891930305
12 50-54 -6,056911964 -5,197432533 -5,534375291
13 55-59 -5,745636272 -4,851948888 -5,199582096
14 60-64 -5,404411001 -4,479174154 -4,84981234
15 65-69 -5,006169165 -4,102740186 -4,489889905
16 70-74 -4,51776628 -3,687895694 -4,073991504
17 75-79 -3,914662543 -3,207211786 -3,570355162
18 80-84 -3,196309459 -2,629444447 -2,963314452
19 85-89 -2,451450437 -2,028998656 -2,317968199
20 90-94 -1,823812686 -1,506710656 -1,754133565
21 95-99 -1,293972371 -1,04077399 -1,258025724
22 | 100-104 -0,893792747 -0,76203097 -0,889586523
23 | 105-109 -0,615945402 -0,574895752 -0,613450371
24 110+ -0,914695492 -0,460508289 -0,860931358
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Table B.17: Real value df(m,,) for 2009

X Age Female Male Total

1 0 -5,72235386 -5,505095564 -5,605930074

2 1-4 -8,679712121 -8,487634389 -8,579068595
3 5-9 -9,39666995 -9,230543079 -9,304651051

4 10-14 -9,326874188 -8,995228992 -9,142681724
5 15-19 -8,56323713 -7,675626006 -8,013392183

6 20-24 -8,298057661 -7,192774234 -7,594920388
7 25-29 -8,098482857 -7,069098429 -7,459402897

8 30-34 -7,749402468 -6,931023906 -7,260153664
9 35-39 -7,323270723 -6,526582863 -6,849486371
10 40-44 -6,767993337 -6,09018052 -6,375951249
11 45-49 -6,302347013 -5,635469834 -5,919702181
12 50-54 -5,885304351 -5,11849894 -5,439420208
13 55-59 -5,57012609 -4,722940722 -5,069748559
14 60-64 -5,307963744 -4,454855425 -4,804475148
15 65-69 -4,912510896 -4,121633542 -4,459771983
16 70-74 -4,465582172 -3,711370492 -4,05647091
17 75-79 -3,881687806 -3,202608852 -3,543049006
18 80-84 -3,195281376 -2,6520291 -2,958687002
19 85-89 -2,480504354 -2,065680658 -2,32911389
20 90-94 -1,834264129 -1,512265831 -1,744438954
21 95-99 -1,290635151 -1,044317304 -1,240412056
22 | 100-104 -0,888580725 -0,695293482 -0,862036949
23 | 105-109 -0,575396145 -0,443860362 -0,562920994
24 110+ 0,006321974 1,470175845 0,049906683
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APPENDIX C

SWEDEN

Table C.1: Estimation od,

X Age Female Male Total

1 0 -5,273893554 -5,036952842 -5,144304333

2 1-4 -8,340808201 -8,117643679 -8,214279037
3 5-9 -8,919633971 -8,596841693 -8,733681732

4 10-14 -8,825455116 -8,556104684 -8,669940943
5 15-19 -8,150929104 -7,430380925 -7,715520804

6 20-24 -8,023903628 -7,029199212 -7,396579832
7 25-29 -7,844468769 -6,992089829 -7,319283543

8 30-34 -7,544823597 -6,83117721 -7,11563563
9 35-39 -7,130039174 -6,525818583 -6,775258634
10 40-44 -6,674263329 -6,123450059 -6,356232143
11 45-49 -6,18697385 -5,682598709 -5,899828652
12 50-54 -5,747409434 -5,209429452 -5,441010158
13 55-59 -5,315739792 -4,724495834 -4,978059413
14 60-64 -4,861428685 -4,226057147| -4,501004003
15 65-69 -4,368109554 -3,714523789 -4,005623508
16 70-74 -3,816506355 -3,210687787| -3,49675334
17 75-79 -3,216544517 -2,699246426 -2,964270422
18 80-84 -2,60719965 -2,20168624 -2,43115883B
19 85-89 -2,024213147 -1,722356435 -1,911073658
20 90-94 -1,51002833 -1,285012599 -1,43828836[7
21 95-99 -1,0735425 -0,891698707 -1,024424075
22 100-104 | -0,706819822 -0,551831451] -0,670792313
23 | 105-109 -0,40304443 -0,154214422 -0,420547624
24 110+ 0,108592477 0,011584717 0,09516380p
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Table C.2: First estimation &

Year Female Male Total

1970 8,12742588 5,857405723 7,232499948
1971 6,424026459 5,773658577 4,966579414
1972 5,812435466 6,700487558 6,396289652
1973 6,257534686 5,757780779 6,134806301
1974 4,959806455 5,312883469 4,928733132
1975 5,891520172 6,756368554 6,187354834
1976 4,319304237 5,678106587 4,855975299
1977 2,632948048 4,708994873 3,071601505
1978 3,565552718 3,933998194 4,223706913
1979 3,579201425 4,548230242 4,151462279
1980 2,372179091 5,076429859 3,165995916
1981 1,764929631 2,780230931 2,664886327
1982 1,226400167 1,894740228 1,522581203
1983 0,406713677 2,146310832 1,197797773
1984 0,099407204 1,462994021 0,72513463
1985 0,971452683 1,290669739 0,974131062
1986 1,10709181 0,901168855 1,849650319
1987 0,44798562 0,601218839 0,900048618
1988 0,765930607 1,197238356 1,072631702
1989 -1,02363462 -0,63701472 -0,72040215
1990 -0,19998159 -1,19366264 -0,35337247
1991 -0,91881026 -1,13485177 -1,00815621
1992 -2,31182703 -2,75845925 -2,42093096
1993 -1,74754231 -1,84131826 -1,94633536
1994 -3,61086559 -3,0857427 -3,44241905
1995 -4,04884425 -3,91064773 -4,11113339
1996 -4,20871943 -4,16754277 -4,60178238
1997 -3,05976532 -4,81636583 -3,62226907
1998 -4,56759035 -6,14722071 -4,78522164
1999 -5,51423978 -5,63392867 -5,8217117
2000 -5,8984854 -8,1519938 -6,50610823
2001 -5,36784009 -6,55343433 -5,77105493
2002 -5,76230867 -7,34853773 -6,86939167
2003 -5,74939417 -6,47896218 -6,325755
2004 -6,74199723 -8,51923315 -7,91582257
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Table C.3: Estimation ofb,

X Age Female Male Total

1 0 0,091699 0,079479 0,086568

2 1-4 0,086981 0,076327 0,082154
3 5-9 0,091475 0,101113 0,098415

4 10-14 0,064974 0,067892 0,068111
5 15-19 0,051490 0,060616 0,060258

6 20-24 0,049411 0,036788 0,041879
7 25-29 0,053192 0,044211 0,048699
8 30-34 0,058342 0,049444 0,054309
9 35-39 0,052987 0,046852 0,050095
10 40-44 0,048555 0,047769 0,048891
11 45-49 0,036289 0,046004 0,043476
12 50-54 0,033972 0,04415 0,041139
13 55-59 0,027635 0,042714 0,038025
14 60-64 0,029321 0,040414 0,037263
15 65-69 0,034873 0,037939 0,037516
16 70-74 0,041183 0,035403 0,038017
17 75-79 0,044583 0,031503 0,037216
18 80-84 0,037477 0,024323 0,030935
19 85-89 0,026960 0,01543 0,022790
20 90-94 0,014970 0,008223 0,013750
21 95-99 0,006790 0,001928 0,006991
22 | 100-104 0,003379 0,001673 0,003929
23 | 105-109 0,027020 0,063149 0,017512
24 110+ -0,013559 -0,003345 -0,007937
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Table C.4:

Re-estimatiok,

Year Female Male Total

1970 7,24608302 4,048845919 5,112494122
1971 4,445869091 3,277520044 2,852496926
1972 4,93555603 4,198304214 4,278064561
1973 5,37802818 3,254461806 4,012774734
1974 4,080458597 3,504135961 2,810076279
1975 5,007915801 4,265505007 4,065725367
1976 3,443485999 3,172795833 2,741419355
1977 1,75392135 1,517346785 0,950333281
1978 2,684531641 1,433062153 2,103642479
1979 2,703682747 2,046933235 2,034805108
1980 1,491902834 2,571828548 1,053601833
1981 0,880204584 0,277061912 0,548082055
1982 0,3511858 -0,605216646 -0,589639139
1983 -0,471067923 -0,353558802 -0,920628669
1984 -0,087944489 -1,031518409 -0,697437333
1985 0,087258665 -1,612236798 -1,147973117
1986 0,235415468 -1,597063364 -0,254845314
1987 -0,429842884 -1,901492749 -1,216351539
1988 -0,11996483 -1,307508681 -1,052160866
1989 -1,901416686 -3,137367282 -2,844816263
1990 -1,075783114 -3,69514108 -2,47123704
1991 -1,797914722 -3,638463407 -3,127413424
1992 -3,184918614 -5,262607112 -4,534832918
1993 -2,630168775 -4,341896949 -4,063846114
1994 -4,497948319 -5,581946848 -5,569646562
1995 -4,931121776 -6,405566059 -6,232133664
1996 -5,092899648 -6,668682793 -6,720938989
1997 -5,740649656 -8,696913457 -7,52735758¢
1998 -5,448881888 -8,650725519 -6,902184965
1999 -6,392982184 -8,137463675 -7,931684045
2000 -6,778446727 -10,64883263 -8,615580569
2001 -6,243221929 -9,05599607 -7,878016944
2002 -6,638062128 -9,160521889 -8,979500484
2003 -6,632351163 -8,975052659 -8,436561967%
2004 -7,632535388 -11,02521784 -10,03897533
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Table C.5: First and second estimation lof for female

1% estimation 2" estimation
Year Female Female
1970 8,12742588 7,24608302
1971 6,424026459 4,445869091
1972 5,812435466 4,93555603
1973 6,257534686 5,37802818
1974 4,959806455 4,080458597
1975 5,891520172 5,007915801
1976 4,319304237 3,443485999
1977 2,632948048 1,75392135
1978 3,565552718 2,684531641
1979 3,579201425 2,703682747
1980 2,372179091 1,491902834
1981 1,764929631 0,880204584
1982 1,226400167 0,3511858
1983 0,406713677 -0,471067923
1984 0,099407204 -0,087944489
1985 0,971452683 0,087258665
1986 1,10709181 0,235415468
1987 0,44798562 -0,429842884
1988 0,765930607 -0,11996483
1989 -1,02363462 -1,901416686
1990 -0,19998159 -1,075783114
1991 -0,91881026 -1,797914722
1992 -2,31182703 -3,184918614
1993 -1,74754231 -2,630168775
1994 -3,61086559 -4,497948319
1995 -4,04884425 -4,931121776
1996 -4,20871943 -5,092899648
1997 -3,05976532 -5,740649656
1998 -4,56759035 -5,448881888
1999 -5,51423978 -6,392982184
2000 -5,8984854 -6,778446727
2001 -5,36784009 -6,243221929
2002 -5,76230867 -6,638062128
2003 -5,74939417 -6,632351163
2004 -6,74199723 -7,632535388
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Table C.6: First and second estimation Igffor male

1% estimation 2" estimation
Year Male Male
1970 5,857405723 4,048845919
1971 5,773658577 3,277520044
1972 6,700487558 4,198304214
1973 5,757780779 3,254461806
1974 5,312883469 3,504135961
1975 6,756368554 4,265505007
1976 5,678106587 3,172795833
1977 4,708994873 1,517346785
1978 3,933998194 1,433062153
1979 4548230242 2,046933235
1980 5,076429859 2,571828548
1981 2,780230931 0,277061912
1982 1,894740228 -0,605216646
1983 2,146310832 -0,353558802
1984 1,462994021 -1,031518409
1985 1,290669739 -1,612236798
1986 0,901168855 -1,597063364
1987 0,601218839 -1,901492749
1988 1,197238356 -1,307508681
1989 -0,63701472 -3,137367282
1990 -1,19366264 -3,69514108
1991 -1,13485177 -3,638463407
1992 -2,75845925 -5,262607112
1993 -1,84131826 -4,341896949
1994 -3,0857427 -5,581946848
1995 -3,91064773 -6,405566059
1996 -4,16754277 -6,668682793
1997 -4,81636583 -8,696913457
1998 -6,14722071 -8,650725519
1999 -5,63392867 -8,137463675
2000 -8,1519938 -10,64883263
2001 -6,55343433 -9,05599607
2002 -7,34853773 -9,160521889
2003 -6,47896218 -8,975052659
2004 -8,51923315 -11,02521784
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Table C.7: First and second estimation lgf for total population

1% estimation 2" estimation
Year Total Total
1970 7,232499948 5,112494122
1971 4,966579414 2,852496926
1972 6,396289652 4,278064561
1973 6,134806301 4,012774734
1974 4,928733132 2,810076279
1975 6,187354834 4,065725367
1976 4,855975299 2,741419355
1977 3,071601505 0,950333281
1978 4,223706913 2,103642479
1979 4,151462279 2,034805108
1980 3,165995916 1,053601833
1981 2,664886327 0,548082055
1982 1,522581203 -0,589639139
1983 1,197797773 -0,920628669
1984 0,72513463 -0,697437333
1985 0,974131062 -1,147973112
1986 1,849650319 -0,254845314
1987 0,900048618 -1,216351539
1988 1,072631702 -1,052160866
1989 -0,72040215 -2,844816263
1990 -0,35337247 -2,47123704
1991 -1,00815621 -3,127413424
1992 -2,42093096 -4,534832918
1993 -1,94633536 -4,063846114
1994 -3,44241905 -5,569646562
1995 -4,11113339 -6,232133662
1996 -4,60178238 -6,720938989
1997 -3,62226907 -7,527357588
1998 -4,78522164 -6,902184965
1999 -5,8217117 -7,931684045
2000 -6,50610823 -8,615580569
2001 -5,77105493 -7,878016944
2002 -6,86939167 -8,979500484
2003 -6,325755 -8,436561967
2004 -7,91582257 -10,03897533
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Table C.8: Forecasting fam(m,, ) for 2005

X Age Female Male Total

1 0 -6,013917488 -5,948463528 -6,051935773

2 1-4 -9,042757206 -8,993005424 -9,075631423
3 5-9 -9,657850193 -9,75646348 -9,765524309

4 10-14 -9,34980451 -9,334729019 -9,384057996
5 15-19 -8,566460706 -8,125559925 -8,34730224

6 20-24 -8,422657405 -7,451105063 -7,83566468
7 25-29 -8,273735752 -7,499126895 -7,829873409

8 30-34 -8,015651811 -7,398229316 -7,68504414
9 35-39 -7,557651778 -7,063144149 -7,300485011
10 40-44 -7,066109065 -6,671292306 -6,868835073
11 45-49 -6,479831226 -6,210198925 -6,355657417
12 50-54 -6,021568292 -5,715766935 -5,872336397
13 55-59 -5,5638758161 -5,214364446 -5,376736586
14 60-64 -5,098053313 -4,689548042 -4,8916919086
15 65-69 -4,649539609 -4,149629967 -4,398964016
16 70-74 -4,148859005 -3,616709665 -3,8953466346
17 75-79 -3,576335649 -3,06054087 -3,354465548
18 80-84 -2,909644355 -2,480636333 -2,755500144
19 85-89 -2,24178417 -1,899316511 -2,150017847
20 90-94 -1,630838353 -1,379318672 -1,58245171
21 95-99 -1,128338763 -0,913810115 -1,097721961
22 | 100-104 -0,734088831 -0,571018373 -0,711986333
23 | 105-109 -0,621099662 -0,878443317 -0,604154058
24 110+ 0,21801553 0,049947093 0,178380126
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Table C.9: Real value dfi(m,,) for 2005

X Age Female Male Total

1 0 -6,059743388 -5,985880169 -6,021099352

2 1-4 -8,542510999 -8,377431249 -8,454218392
3 5-9 -9,581404053 -8,902855672 -9,18078157

4 10-14 -9,421061403 -9,011489513 -9,190537745
5 15-19 -8,734106193 -7,943392768 -8,250990151

6 20-24 -8,220799178 -7,317228408 -7,660652464
7 25-29 -8,278176291 -7,219730044 -7,606920532

8 30-34 -7,949042501 -7,37936019 -7,61906643
9 35-39 -7,503775749 -7,076173931 -7,263002671
10 40-44 -7,143477613 -6,580612138 -6,817914575
11 45-49 -6,573428199 -6,097714347 -6,30398591

12 50-54 -5,953013361 -5,600233599 -5,759718107
13 55-59 -5,491174225 -5,108523795 -5,280870453
14 60-64 -5,070066878 -4,646617376 -4,834834954
15 65-69 -4,595516929 -4,093604836 -4,319314781
16 70-74 -4,117449436 -3,577159205 -3,830443018
17 75-79 -3,542046915 -3,029351107 -3,286753247
18 80-84 -2,883207483 -2,444770971 -2,685193419
19 85-89 -2,242949195 -1,896127145 -2,108582031
20 90-94 -1,639639421 -1,374077294 -1,558193619
21 95-99 -1,187479569 -0,994071209 -1,143621161
22 | 100-104 -0,736042156 -0,725139521 -0,734423445
23 | 105-109 -0,632821898 -0,287682072 -0,610113872
24 110+ 0,405465108 0,405465108
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Table C.10: Forecasting fa(m, ) for 2006

X Age Female Male Total

1 0 -6,054045559 -5,983700926 -6,090513197

2 1-4 -9,08082065 -9,026845367 -9,112241829
3 5-9 -9,697880241 -9,801292416 -9,809381128

4 10-14 -9,37823755 -9,364829264 -9,4144104
5 15-19 -8,588993061 -8,152434321 -8,3741551

6 20-24 -8,444279976 -7,4674152 -7,854327279
7 25-29 -8,297012913 -7,518728055 -7,851575215

8 30-34 -8,041182645 -7,420150552 -7,709245939
9 35-39 -7,58083923 -7,083916209 -7,322808919
10 40-44 -7,087357045 -6,692470922 -6,890622441
11 45-49 -6,495711526 -6,23059502 -6,37503169

12 50-54 -6,036434657 -5,73534105 -5,890669229
13 55-59 -5,550851414 -5,233301904 -5,393681722
14 60-64 -5,110884371 -4,707465784 -4,90829747
15 65-69 -4,664800258 -4,166450405 -4,415682326
16 70-74 -4,166880951 -3,632405755 -3,9122882071
17 75-79 -3,595845457 -3,074507877 -3,371050168
18 80-84 -2,926044531 -2,491420052 -2,769285753
19 85-89 -2,253582039 -1,906157476 -2,160173787
20 90-94 -1,637389321 -1,382964379 -1,588579144
21 95-99 -1,131310111 -0,914664903 -1,100837371
22 100-104 -0,735567503 -0,571760106 -0,713737219
23 105-109 -0,632923787 -0,90644073 -0,611957956
24 110+ 0,223949035 0,051430114 0,181917103
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Table C.11: Real value dfi(m,,) for 2006

X Age Female Male Total

1 0 -5,947256292 -5,780231647 -5,857983156

2 1-4 -8,6005748 -8,70352277 -8,650724584
3 5-9 -9,77245929 -8,987196821 -9,293721981

4 10-14 -9,672375832 -9,053336623 -9,304651051
5 15-19 -8,426438828 -7,824046011 -8,07250737

6 20-24 -8,053459175 -7,299317482 -7,5989044571
7 25-29 -8,355925044 -7,382570465 -7,74708497

8 30-34 -7,809157398 -7,435388021 -7,60090246
9 35-39 -7,573287293 -7,029922913 -7,260153666
10 40-44 -7,114779448 -6,629366253 -6,838229216
11 45-49 -6,567006486 -6,189915486 -6,357901268
12 50-54 -6,029789661 -5,576973628 -5,776030639
13 55-59 -5,563585844 -5,136198517 -5,326511101
14 60-64 -5,079181837 -4,660682896 -4,846987004
15 65-69 -4,676344005 -4,141750685 -4,378911492
16 70-74 -4,120031669 -3,615368803 -3,852528434
17 75-79 -3,553160456 -3,068840745 -3,312911817
18 80-84 -2,897898009 -2,472140485 -2,705393734
19 85-89 -2,258769185 -1,923114945 -2,128152909
20 90-94 -1,644712821 -1,416271211 -1,574852924
21 95-99 -1,15573835 -1,026186516 -1,126647632
22 100-104 -0,742602166 -0,702973299 -0,736332384
23 105-109 -0,841164707 -0,731164778 -0,833418953
24 110+ 0 0
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Table C.12: Forecasting fat(m, ) for 2007

X Age Female Male Total

1 0 -6,094173631 -6,018938323 -6,129090621

2 1-4 -9,118884095 -9,06068531 -9,148852236
3 5-9 -9,737910288 -9,846121351 -9,853237948

4 10-14 -9,40667059 -9,394929509 -9,444762804
5 15-19 -8,611525415 -8,179308716 -8,40100796

6 20-24 -8,465902547 -7,483725337 -7,872989879
7 25-29 -8,320290074 -7,538329214 -7,873277021

8 30-34 -8,066713479 -7,442071788 -7,733447737
9 35-39 -7,604026681 -7,104688269 -7,345132826
10 40-44 -7,108605024 -6,713649539 -6,912409808
11 45-49 -6,511591825 -6,250991115 -6,394405963
12 50-54 -6,051301022 -5,754915165 -5,909002061
13 55-59 -5,562944668 -5,252239362 -5,410626858
14 60-64 -5,123715429 -4,725383525 -4,924903035
15 65-69 -4,680060907 -4,183270844 -4,432400635
16 70-74 -4,184902896 -3,648101846 -3,929229778
17 75-79 -3,615355264 -3,088474884 -3,387634789
18 80-84 -2,942444707 -2,502203771 -2,783071362
19 85-89 -2,265379909 -1,912998441 -2,170329728
20 90-94 -1,643940289 -1,386610085 -1,594706575
21 95-99 -1,134281458 -0,915519691 -1,10395278
22 | 100-104 -0,737046175 -0,572501838 -0,715488105
23 | 105-109 -0,644747913 -0,934438143 -0,619761854
24 110+ 0,229882541 0,052913136 0,18545408
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Table C.13: Real value dfi(m,,) for 2007

X Age Female Male Total

1 0 -6,070940749 -5,919329949 -5,990265267

2 1-4 -8,547652399 -8,895529632 -8,709565084
3 5-9 -9,304651051 -9,408791311 -9,349602439

4 10-14 -9,737973114 -9,190537745 -9,421061403
5 15-19 -8,487634389 -7,735577363 -8,031685376

6 20-24 -8,326572832 -7,270160898 -7,652195754
7 25-29 -8,330713624 -7,200784958 -7,602904462

8 30-34 -8,066117572 -7,363461604 -7,647994067
9 35-39 -7,529512463 -7,114779448 -7,297839285
10 40-44 -7,125911289 -6,646160541 -6,852320572
11 45-49 -6,547287537 -6,142287437 -6,321636671
12 50-54 -6,081826987 -5,609472795 -5,815496464
13 55-59 -5,599692766 -5,161167528 -5,355946479
14 60-64 -5,135858439 -4,657200594 -4,867184512
15 65-69 -4,617850239 -4,17273863 -4,373979103
16 70-74 -4,160356168 -3,684369639 -3,908379651
17 75-79 -3,544328995 -3,101270583 -3,325737467
18 80-84 -2,898678161 -2,49115815 -2,71442548
19 85-89 -2,22475406 -1,948960798 -2,118789623
20 90-94 -1,634550613 -1,396983285 -1,560785853
21 95-99 -1,147321556 -1,012322672 -1,116343563
22 | 100-104 -0,844470195 -0,651746154 -0,811358808
23 | 105-109 -0,446796607 -0,40011793 -0,442131686
24 110+ 0,405465108 0,405465108
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Table C.14: Forecasting fat(m, ) for 2008

X Age Female Male Total

1 0 -6,134301702 -6,054175721 -6,167668044

2 1-4 -9,156947539 -9,094525253 -9,185462642
3 5-9 -9,777940336 -9,890950287 -9,897094767

4 10-14 -9,435103629 -9,425029754 -9,475115208
5 15-19 -8,63405777 -8,206183112 -8,42786082

6 20-24 -8,487525118 -7,500035474 -7,891652479
7 25-29 -8,343567235 -7,557930374 -7,894978827

8 30-34 -8,092244313 -7,463993023 -7,7576495348
9 35-39 -7,627214133 -7,125460329 -7,367456734
10 40-44 -7,129853004 -6,734828155 -6,934197178
11 45-49 -6,527472125 -6,27138721 -6,413780236
12 50-54 -6,066167388 -5,77448928 -5,927334894
13 55-59 -5,575037922 -5,271176819 -5,427571994
14 60-64 -5,136546487 -4,743301267 -4,9415086
15 65-69 -4,695321556 -4,200091282 -4,449118945
16 70-74 -4,202924841 -3,663797936 -3,946171349
17 75-79 -3,634865071 -3,102441891 -3,404219409
18 80-84 -2,958844883 -2,51298749 -2,796856971
19 85-89 -2,277177778 -1,919839406 -2,180485669
20 90-94 -1,650491257 -1,390255792 -1,600834008
21 95-99 -1,137252806 -0,916374479 -1,10706819
22 | 100-104 -0,738524847 -0,573243571 -0,717238991
23 | 105-109 -0,656572038 -0,962435557 -0,627565752
24 110+ 0,235816046 0,054396158 0,188991057
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Table C.15: Real value dfi(m,,) for 2008

X Age Female Male Total

1 0 -5,998287772 -5,984290343 -5,991064627

2 1-4 -8,866750668 -8,917670758 -8,895529632
3 5-9 -9,965362956 -9,581404053 -9,755067547

4 10-14 -9,200390041 -9,011489513 -9,097011687
5 15-19 -8,517193191 -7,899308495 -8,152550078

6 20-24 -8,377431249 -7,239040989 -7,641724454
7 25-29 -8,004369565 -7,240434717 -7,542633551

8 30-34 -8,07250737 -7,179564002 -7,522091279
9 35-39 -7,69741336 -7,133401961 -7,371379301
10 40-44 -7,062072639 -6,667951287 -6,841967538§
11 45-49 -6,627097821 -6,221632713 -6,400937677
12 50-54 -6,069209896 -5,628489491 -5,822566011
13 55-59 -5,60294216 -5,189283606 -5,37411908

14 60-64 -5,122852597 -4,671309988 -4,871351727
15 65-69 -4,645159194 -4,194850215 -4,397262107
16 70-74 -4,208006103 -3,683533768 -3,925767023
17 75-79 -3,591099599 -3,131300024 -3,361851676
18 80-84 -2,919586379 -2,503306901 -2,730387839
19 85-89 -2,240418132 -1,933839296 -2,120396878
20 90-94 -1,623896942 -1,436489312 -1,565837382
21 95-99 -1,169259027 -1,065251983 -1,145122304
22 | 100-104| -0,830948247 -0,764686148 -0,819951534
23 | 105-109 -0,79999992 -0,506531523 -0,755605733
24 110+ 1,284941914 1,284941914
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Table C.16: Forecasting fa(m, ) for 2009

X Age Female Male Total

1 0 -6,174429774 -6,089413118 -6,206245468

2 1-4 -9,195010983 -9,128365196 -9,222073049
3 5-9 -9,817970384 -9,935779222 -9,940951587

4 10-14 -9,463536669 -9,45513 -9,505467612
5 15-19 -8,656590125 -8,233057507 -8,45471368

6 20-24 -8,509147689 -7,516345611 -7,910315078
7 25-29 -8,366844396 -7,577531534 -7,916680634

8 30-34 -8,117775146 -7,485914259 -7,781851335
9 35-39 -7,650401584 -7,146232389 -7,389780642
10 40-44 -7,151100984 -6,756006771 -6,955984543
11 45-49 -6,543352424 -6,291783305 -6,433154509
12 50-54 -6,081033753 -5,794063395 -5,945667726
13 55-59 -5,5687131175 -5,290114277 -5,44451713
14 60-64 -5,149377545 -4,761219009 -4,958114165
15 65-69 -4,710582205 -4,216911721 -4,465837255
16 70-74 -4,220946787 -3,679494027 -3,96311292
17 75-79 -3,654374878 -3,116408898 -3,420804029
18 80-84 -2,975245058 -2,52377121 -2,81064258
19 85-89 -2,288975647 -1,92668037 -2,19064161
20 90-94 -1,657042226 -1,393901499 -1,60696144
21 95-99 -1,140224153 -0,917229267 -1,110183599
22 | 100-104 -0,74000352 -0,573985303 -0,718989877
23 | 105-109 -0,668396164 -0,99043297 -0,63536965
24 110+ 0,241749552 0,05587918 0,192528033
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Table C.17: Real value dfi(m,,) for 2009

X Age Female Male Total

1 0 -6,173946117 -6,062745749 -6,115215355

2 1-4 -8,364472104 -8,118417071 -8,232014249
3 5-9 -9,39666995 -9,011489513 -9,18078157

4 10-14 -9,704636694 -9,133379331 -9,372859301
5 15-19 -8,473176306 -8,118417071 -8,274247013

6 20-24 -8,417347856 -7,318735568 -7,712951963
7 25-29 -8,386164929 -7,312720512 -7,699618432

8 30-34 -8,156028342 -7,236259346 -7,58502911
9 35-39 -7,688641374 -7,074991198 -7,330875322
10 40-44 -7,194104906 -6,789083749 -6,967505283
11 45-49 -6,603216089 -6,260652037 -6,414279294
12 50-54 -6,103961578 -5,703582495 -5,88207217
13 55-59 -5,671702581 -5,234967051 -5,428881737
14 60-64 -5,197929193 -4,800090778 -4,979427367
15 65-69 -4,704438188 -4,254302069 -4,455888483
16 70-74 -4,195181989 -3,748247366 -3,957700519
17 75-79 -3,671786377 -3,177014371 -3,421604191
18 80-84 -3,015118987 -2,568805784 -2,809817181
19 85-89 -2,272094686 -1,923026 -2,133011109
20 90-94 -1,622710606 -1,355586705 -1,536438412
21 95-99 -1,074445668 -0,8272616 -1,013484685
22 | 100-104 -0,676282197 -0,455673202 -0,636464434
23 | 105-109 -0,240808665 -0,241311341 -0,240868464
24 110+ 0,040822315 0,040822315
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Table C.18: Forecasting fat(m, ) for 2010

X Age Female Male Total

1 0 -6,214557845 -6,124650515 -6,244822892

2 1-4 -9,233074428 -9,16220514 -9,258683455
3 5-9 -9,858000431 -9,980608158 -9,984808407

4 10-14 -9,491969709 -9,485230245 -9,535820016
5 15-19 -8,67912248 -8,259931903 -8,481566541

6 20-24 -8,53077026 -7,532655748 -7,928977678
7 25-29 -8,390121557 -7,597132694 -7,93838244

8 30-34 -8,14330598 -7,507835494 -7,806053133
9 35-39 -7,673589036 -7,167004448 -7,412104549
10 40-44 -7,172348964 -6,777185387 -6,977771911
11 45-49 -6,559232724 -6,3121794 -6,452528782
12 50-54 -6,095900119 -5,813637511 -5,964000559
13 55-59 -5,599224429 -5,309051735 -5,461462266
14 60-64 -5,162208603 -4,77913675 -4,97471973
15 65-69 -4,725842853 -4,233732159 -4,482555564
16 70-74 -4,238968732 -3,695190118 -3,980054491
17 75-79 -3,673884685 -3,130375904 -3,437388649
18 80-84 -2,991645234 -2,534554929 -2,824428189
19 85-89 -2,300773516 -1,933521335 -2,200797551
20 90-94 -1,663593194 -1,397547205 -1,613088873
21 95-99 -1,143195501 -0,918084056 -1,113299009
22 | 100-104 -0,741482192 -0,574727036 -0,720740763
23 | 105-109 -0,68022029 -1,018430383 -0,643173548
24 110+ 0,247683057 0,057362202 0,19606501
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Table C.19: Real value dfi(m,,) for 2010

X Age Female Male Total

1 0 -6,16059351 -6,058887223 -6,107099891

2 1-4 -8,492500579 -8,322449115 -8,403864504
3 5-9 -9,326874188 -9,641123288 -9,471705136

4 10-14 -9,552830681 -9,304651051 -9,421061403
5 15-19 -8,606024405 -8,101777752 -8,314252347

6 20-24 -8,314252347 -7,366621164 -7,721940788
7 25-29 -8,310179022 -7,214280439 -7,604910481

8 30-34 -8,013392183 -7,302280447 -7,588973889
9 35-39 -7,81409568 -7,302280447 -7,522091279
10 40-44 -7,333933429 -6,799798137 -7,026538815
11 45-49 -6,788196044 -6,290409812 -6,504292174
12 50-54 -6,22264027 -5,761941389 -5,963460351
13 55-59 -5,750874082 -5,267012517 -5,479120077
14 60-64 -5,176276741 -4,771697137 -4,954160447
15 65-69 -4,700250392 -4,265417621 -4,460550496
16 70-74 -4,230233016 -3,761966409 -3,97891095]
17 75-79 -3,654555325 -3,175912125 -3,411793321
18 80-84 -3,008837777 -2,577982927 -2,810381975
19 85-89 -2,303645655 -1,949480515 -2,161788903
20 90-94 -1,586214672 -1,327768882 -1,502280013
21 95-99 -1,065466723 -0,837657479 -1,010769008
22 | 100-104 -0,592825941 -0,24047284 -0,528081996
23 | 105-109 -0,107358065 0,200740057 -0,073107396
24 110+ -1,00795656 -1,00795656
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