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1. Introduction & motivation

There are many instances where researchers have found that the Laplace
distribution provides a better approximation to the data than the Normal one,
due to its heavier tails and tighter middle concentration which ends with the
characteristic kink in its theoretical probability density function. Kotz et al.
(2001) ch. 7-10 present an overview of relevant applications from the fields of
engineering, finance, inventory management and quality control, astronomy,
biological and environmental sciences. These applications employ also an
Asymmetric Laplace distribution that exhibits skewness while maintaining the
kink in the density (for which see Kotz et al. 2001 ch. 3 but also Hinkley and
Revankar 1977). Turning to the extended normal family of distributions, the
last decades have seen rich developments in the framework of the skew-
normal (and related families), which was named and introduced as such by
Azzalini (1985).

With the present paper we aim to provide an additional tool for modeling
data, by presenting a class of univariate distributions whose structure is
reminiscent of the skew-normal family, yet they can be considered as the
"Laplace analogue" in the extended normal family, since they possess a kinked
probability density function and tails heavier than the normal distribution.

We call the parent distribution "Double Half Normal" because its
generating device is the difference of two Half-normal random variables
(absolute values of zero-mean normals, and also identical to chi distributions
with one degree of freedom), something that, apart from fitting data sets,
provides added scope for applications of the distribution: When we study
aggregated phenomena we apply addition of random variables, while we use
multiplication to model interactive effects. Ratios and differences are used

when comparative evaluations and the monitoring of thresholds are in order -
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ratios when the interest lies in relative magnitudes, differences when we are
interested in levels. This paper contributes new results useful in this last case.

In the literature, some related work can be found in papers investigating
absolute normal errors (e.g. Geary 1936), and especially Kamat (1953) who
considered explicitly linear combinations of half-normal random variables but
with his main focus being the derivation of joint raw and absolute moments,
although he provided some results on their probability integrals.

Our work goes beyond the available results in that we provide
characterization of the various distributions presented in terms of closed-form
density and distribution functions, as well as their moment generating
functions and theoretical moments. In Section 2 we treat the symmetric case. In
Section 3 we generalize it to accommodate skewness and in Section 4 we
extend it to represent correlation in the underlying variables. In Section 5 we
go beyond the half-normal representation, which provides further flexibility in
modeling data. In Section 6 we examine the performance of maximum
likelihood in estimating the parameters of the more flexible member of this
distribution family. Finally, Section 7 contains some theoretical applications of
the Double Half Normal family of distributions that relate to the comparative
assessment of estimators and predictors, as well as to Brownian motion theory.
In the interests of brevity, all proofs have been relegated to a Technical
Appendix which is available from the author upon request. All results have

also been verified by computer calculations and/or Monte Carlo simulations.

2. The Double Half-Normal distribution
Definition. Let Z be a univariate, real-valued, continuous random
variable. Z is said to follow the Double Half~-Normal distribution with scale

parameter s >0, DHN(Ss), if it has probability density function
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4
foun (2) =S 4(2/5) (=2 /s) [1]
and cumulative distribution function

4@2(2/5,0;—1/\/5) z<0
FDHN(Z): [2]
4@2(2/3,0;1/\/5) -1 z>0

where ¢( ), ®( ) are the standard normal probability density (PDF) and
cumulative distribution functions (CDF) respectively, while ®,(-,-;5) is the

bivariate standard normal CDF with correlation coefficient & .

Both the CDF and the PDF of the Double Half-Normal are expressed
using functional forms that relate to the univariate skew-normal distribution
(whose CDF can be expressed as a bivariate normal integral with one of the
integration limits set to zero, see for example Azzalini and Capitanio 2014, p.
34). It is the use of the absolute value that symmetrizes the PDF and produces
the kink at its center, which also leads to a piece-wise distribution function. To
contrast the DHN distribution with the skew-normal family, we note that the
core abstract construction for the latter, as presented in Azallini & Capitanio
(2014) ch.1, employs an odd function to "modulate" a symmetric density
through its CDF, while for the DHN distribution we employ the absolute value
which is an even function.

For unitary variance, the graphs of the Double Half Normal, Laplace and

Normal are shown in Figure 1.
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Figure 1: The Double Half Normal density for unitary variance.
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Representations.
A) Let two independent standard half-normal random variables
H,, H,

» HN(1) (so their mean is \/2/7 and their variance 1-2/7). Then their

scaled difference follows the Double Half-Normal distribution with scale

parameter S= G\E ,

o(H,—H,) =Z~DHN(s), s=0v2 >0 [3]

This representation provides also the name to the distribution, in analogy

to the Laplace distribution which is alternatively called "Double Exponential/'f,%
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and can be derived as the distribution of the difference of two i.i.d.
Exponential random variables.
B) The Double Half -normal distribution is also linked to the minimum of

two ii.d. Half-normal distributions. Specifically, let H,, H, defined as

previously. Then
min{oH,,oH,} =|Z| [4]

with Z ~ DHN(o). This representation for the absolute value of a DHN

random variable comes from the fact that the minimum m of two i.i.d. half

normals with scale parameter o) has density

f(m)=(8/0)¢(m/c)®(-m/c), m>0.

Moments. The moment generating function (MGF) can take alternative
forms. From the first representation of the distribution, and given

independence of the two half-normals, we have that

Mo ()=M,, (0t)-M,, (-ot)=2¢"""d(ot)26>" D (-ot)

= M, (t):4exp{%sztz}cb(st/«/i)tb(—st/ﬁ) [5]

Alternatively, we can decompose the density in [1] for positive and
negative values of the variable into a piece-wise density with skew-normal
density kernels. These can be viewed as truncated/limited skew normal
densities which have been studied in Jamalizadeh et al (2009). From this route,

a "native" expression for the MGF is
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M oy (t)=4exp{4 sztz}[db(—st/\/ﬁ)

+ CDZ(st/\/E, —st;—]/\/i) —<D2(—st/\/§st, —st;l/\/iﬂ ol

We nevertheless note that the moments of the distribution (and of its
extensions that will be presented in subsequent sections) are more
conveniently derived by direct integration and using results found in Owen
(1980), rather through the MGF.

The first and third moments of the Double Half-Normal distribution are

zero, since it is symmetric. For the second and fourth we have

2 _ _ 71'_—2 2
E(Z3w )=Var(Zpy) = —s [7]
E(zéHN)=[3”ﬁ‘8js4 5]

The excess kurtosis coefficient is

Y2.puN =

E(z: _
(Zow) 5 _ 4(x=3) 32) ~0.4345 [9]

(E(z24)] (7-2)

As should be expected from the graph of the densities, the excess kurtosis

is positive but visibly smaller compared to the Laplace's distribution.
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3. Introducing asymmetry: the Asymmetric Double Half Normal
distribution.

The Double Half-Normal distribution is the natural ceremonial flag of the
family, but being a one-parameter distribution lacks flexibility. In this section

we extend it to allow for skewness.

Definition. A continuous random variable Z is said to follow the
Asymmetric Double Half Normal distribution with scale parameter s>0 and

shape parameter A4>0, ADHN(s, ), if it has probability density function

gqﬁ(z/s)@(/lz/s) z<0
faokn (Z) = [10]

§¢(z/s)cb(—ﬂfl z/s) >0

We note that the form of the PDF is reminiscent of a known general
method to introduce skewness based on a symmetric density as for example
presented by Ferndndez and Steel (1998), i.e. by using inverse scaling factors
for the positive and negative orthants. The ADHN density can be seen as the
result of a variant of this method, since the inverse scaling factor is applied to a

non-symmetric density, and it also changes sign.

Representation. With H,,H, defined as before, we have that

o,H,~o,H, = Z~ ADHN (s:a/afmg, /1=0‘1/0'2) [11]
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Essentially, this is why the parameter Ais constrained to be positivel.

From this representation we obtain s=0c,VA°+1=0,JA?+1. As with the
DHN distribution, this implies that the ADHN distribution can always be
derived as the difference of two independent half normal random variables

with different scale parameters, for all values of the parameter vector (s, 1) in

R xR,.

Properties. Some properties of the ADHN density function are:
Property A. As 1 — Qthe distribution tends to a negative half-normal.
Property B. As A — o the distribution tends to a half-normal.

Property C. If Z is an ADHN(S,/i) random variable, then —Z is ADHN

(s.27).
Property D. The ADHN density is log-concave in z. This follows form

the log-concavity of the skew-normal functional forms.

Distribution function. The distribution function of an ADHN random

variable is

4@, (z/s, 0; -95) 2<0
Faorn (Z) = [12]
40, (z/s,0; 415) -1 220

where 522/\/1+ A%

! We have calculated that for negative A the density function requires a normalizing constant
of 4/3 instead of 4in order to integrate to unity, while the distribution becomes bimodal,

with a downward pointing kink that is a local minimum in between the two modes. We do th'\' <N 3; n
>

examine this case. ‘&
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Moments. The moment generating function for the asymmetric case can
again have two alternative forms. The one stemming from the half-normal

representation is
M pom (t)=4exp {% szt2}®(5st)®(—/1155t) [13]
while the alternative form, derived directly from its density is

M oy (t)=4€XP {% sztz}[db (-4ost)

+ @, (5st, —st;—5) — D, (-A"5st, —st;ﬂflé)}

[14]

We obtain the moments

2 1-1

E(ZADHN) = ;W

S [15]

E(Zf\DHN) = (1_£ 4

2 —_—
T js = Var(Z,pu ) = —= [16]
Note that unlike the skew-normal distribution, the variance does not
depend on the shape parameter 4, and it is equal to the variance of the DHN

distribution. Higher moments are

E(Ziom ) = {[=(2-1) s® [17]
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16 A
E(Zjow ) = (3—;“12]54 [18]

Skewness. Pearson's skewness coefficient is

 Ea-r) (2

YiADHN = (72__2)3/2 (1+12)3/2

[19]

It has the same range as the skewness coefficient of the skew-normal

distribution, (-0.995, 0.995), but it is negative for 0<A<1 and becomes

positive for higher values of A (while in the skew-normal case where the
shape parameter is not constrained to be positive, the skewness sign changes

with the sign of it).

Excess kurtosis. The excess kurtosis coefficient is

8(7[— 3) 1+ 4
(-2 (147

Y2,ADHN =

[20]

with the maximum being =0.869. As with the skewness coefficient, the
maximum excess kurtosis of the ADHN distribution is the same as that of the
skew normal. But in the ADHN case, excess kurtosis never falls to zero, but
obtains its positive minimum (which equals half the maximum) in the
symmetric case where A=1. The maximum itself is attained as the shape
parameter goes either to zero or to infinity, i.e. when, in the half-normal
representation, the imbalance between the two underlying scale parameters is

maximized.
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Figure 2 presents the graphs of ADHN densities for unitary variance and

different shape parameters 1=0.5, 2, 6.

Figure 2: ADHN densities for different shape parameters.
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4. Allowing for underlying correlation.

In this section we extend the distribution so as to model the behavior of
the difference of two correlated half-normal random variables which has useful
applications as we will see in Section 7. At the same time, the distribution
obtained can go beyond this representation providing added flexibility in

modeling data (we discuss this further in Section 5).

Definition. A random variable Z 1is said to follow the Correlated

Asymmetric Double Half Normal distribution, cADHN(s,,S,,4,p), with scale
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parameters S, >0,5,>0, and shape parameters 1>0, |[p|<1, if it has

probability density function

§¢(z/sl)(b(ﬂiz/sl) + quzb(z/sz)(b(/gz/sz) 2<0
chDHN (Z)= [21]
quﬁ(z/sl)d)(—ﬂ%z/sl) + §¢(z/sz)®(—/14z/sz) z2>0
where
A= ﬂ—pz 4= /1+p2 A= /1‘1—/3’ /14:/1‘1+€
1-p 1-p 1-p 1-p

Properties. Some properties of the cADHN distribution are:
Property cA. As 1 — 0 then, if s =s, the distribution tends to a negative

half-normal, otherwise it tends to a mixture of two equally weighted negative

half-normals.
Property cB. As A — o, then, if s, =s, the distribution tends to a half-

normal, otherwise it tends to a mixture of two equally weighted half-normals.

Property cC. If Z is a cADHN(s,,s,,4,p) random variable, then -Z is

cADHN (s;,5,,4™,p)
Property cD. The cADHN density is log-concave in z .
Property cE. As p—0, then if s =s,=s the distribution tends to an

ADHN (s, 1) random variable, otherwise it tends to a mixture of two equally

weighted ADHN random variables.

Representations.
A) Let H,,H, defined as before, but now assume further that the
4 OF Ecph
. . . . . . . A ’\\l EMy 04' AN
underlying normals follow a bivariate (zero-mean) normal distribution with* <\\>~N 27 00\
‘3-0 ; g\i\ /5//0
22X K% __, ow
zs 7' »e
20 = 0]
" 7/0 L él“ g
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correlation coefficient |p|<1. Then, H,,H, follow jointly a bivariate half-

normal distribution (see Kotz et al. 2000, p.327, eq. 46.210, or also Psarakis &

Panaretos 2001)2. Then one can calculate that

Cov(Hy H;) =2 (1-p7) "+ poos (—p) + o= p -1 - p> 0
T

So under bivariate half normality, the correlation between the marginal
half normals will always be positive irrespective of whether the underlying normals

are positively or negatively correlated. In this framework, we obtain
oH, —o,H, ~ cCADHN [22]

with  parameters s’ =07 +0; —2p0,0,,S. =07 +0; +2po,0,  and
A=0,/0,,|p|<1. Note that in order for the representation to be valid, we must
have s’=s. —4pic;. This implies the constraint sign {Sz—sl}=sign {p}.
Moreover, under this representation, the cCADHN density becomes an even
function in the parameter p.

Due to the existence of the parameter constraint, the half-normal
representation does not fully characterize the cADHN distribution, but it is
only one incarnation of it (it nevertheless gives it its name, being a
representation of central interest). The cADHN distribution remains a proper
distribution for all possible combinations of values of its parameters.

B) The distribution is linked to the minimum of two independent half-

normals but with different scale parameters. Specifically

2 We note in passing that unlike the univariate case, bivariate half-normality does not comcu;Le’\/\‘l :\E I'IE/;O AN

with bivariate normality truncated from below at zero, when correlation is present.




Page 15 of 29

min{o;H,,0,H,} =|Z| [23]

where Z follows a cADHN distribution with parameters s, =o,,S, =0,
and A1=1 p= (aj ~o? ) / ((722 +o? ) This comes from the fact that the minimum

m=>0 of two independent half-normals with scale parameters o,,o0, has
density f,(m)=(4/0,)¢(m/0,)®(-m/0,) + (4/0,)¢(M/0,)®(-Mm/0;).  Note that
here p isnot interpreted as a correlation coefficient.

Other representations could be formed for the cCADHN random variable
as a mixture of extrema of correlated bivariate normal random variables (see

Roberts 1966, Cain 1994, and especially Loperfido 2002), but we do not pursue

further this direction.

Distribution function. The cADHN distribution function is

20,(z/s,, 0; —6,) + 2®,(z/s,, 0; - 6,) 2<0
Fenorn (Z): [24]
20,(z/s,, 0; 8,) + 2®,(z/s,,0;6,) -1 220

with & = 4, [ 1+ A2 .
Moments. The MGF for the cADHN distribution is

M eapn (1) = 2eXp{Slzt2/2} '[(Dz (51811:! =St _51) + q)(_5351t)_q)2 (_5351'[, =St 53)]
[25]
+2exp (30 [2) [ @, (38,8, ~5,6i-8,) + D (-O,5,1) =D, (-3,8.t, 5,66,

The expected value of the distribution is
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(2-1)[ (1+p)s, (1-p)s,
E(Zenonn ) = 26
(Zoom) 27 | \ix 22 =2p2 +\/1+2,2+2pﬂ 126}

Due to the restriction |p|<1 the term in the brackets is always real and

positive, so the expected value exists always and its sign depends on 4-1.

The second raw moment is

i 22— p(1+2%) §2
E(ZCZADHN){COS H=p) - Sy e 1-p? ;1
[27]
22+ p(1+ 47 2
+ !COSl(p) - # 1—,9215—2
1+A°+2p4 /4
Note that both expressions in brackets are always positive.
The 3rd raw moment is
- 2-p)(1+2%)-2(1
€ (2B ) - | LoD )2 0P) e
J2r (1+2% —22p)
[28]

(2+p)(1+2%) =2 (1-p)
(1+22+22p)"

(1-p)'s;

Numerical explorations show that the cADHN distribution can have

skewness coefficient outside the limits (—0.995, 0.995) that characterize the

ADHN and Skew Normal distributions. The same holds for excess kurtosis
(when the distribution goes beyond the half-normal representation), which at

times reaches the value 3 that is taken on by the Laplace distribution.
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Finally the 4th raw moment of the distribution is

(‘/’1 - l//z) 1-p’
(1447 -22p)

E(Z“

CADHN ) =

3 |'—‘m4>

3cos™(—p) —

[29]

(l//1+'/f2)\f1_p2

3cos(p) —
s () (1422 +22p)

+
N &

with y, =44(1+2%)(2+p?), %:p[(1+z4)(5—2p2)+1812]

5. Beyond the half-normal representation.

As already mentioned, the half-normal representation of the cADHN
distribution does not fully characterize it, since it requires the parameter
constraint sign {Sz -5 } =sign{p}. We gain modeling flexibility if we abandon
this connection and consider cases where the constraint does not hold (which
we simply call the "unconstrained" case).

We provide a visual symmetric (which can be called the cDHN
distribution) and asymmetric example for the "swap" case (Figures 3 and 4),
where we compare a set of parameters that validates the half normal
representation (specifically they correspond to o, =0, =2, 0, =2, o, =3for the
symmetric and asymmetric cases respectively, with p=0.5 in both cases), to a
set of parameters where we set p=-0.5 while keeping the s,s, parameters
fixed to their previous values. Looking at the density of cCADHN (eq. [21]), this

amounts to swapping positions between the composite coefficients 4, and 4,,

and between A, and 4, and consequently associate now s, with 4,,4, and s,

with 4, 4,.
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Figure 3: Constrained and Unconstrained cDHN densities.
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Figure 4: Constrained and unconstrained cADHN densities.
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We see that the unconstrained density has a slimmer body and visibly heavier
tails than the one arising from the half-normal representation. A higher value
for the parameter p could even create a "shoulder" to the unconstrained
distribution. In Figure 5, where we used the values p=-0.5, s, =2, s, =5, we
see that the symmetric unconstrained density can have markedly different
shapes than the Laplace one (for the same variance), while for other sets of

parameters their density graphs can be very close.

Figure 5: Unconstrained cDHN and Laplace densities.
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6. Maximum Likelihood estimation of the cADHN distribution.

It has been found that maximum likelihood estimation with skew normal
densities has certain peculiarities, related to the fact that the information
matrix becomes singular when the shape parameter is equal to zero (see
Azzalini and Capitanio 2014, ch. 3, for an exposition of the matter). This is
linked to the consideration of a location parameter (which we have not
included in our formulations). Regarding the distributions we examine, for the
DHN distribution the shape parameter is fixed to £1 , while for the ADHN
distribution a zero shape parameter is a boundary case, which would produce
a sample of negative values only (see property A in Section 3). Faced with such
a sample, there would be no reason to attempt to fit the ADHN distribution to
the data. But for the cADHN case (eq. [21]), the shape parameters are functions
of the actual parameters of the distribution, and any one of them can be zero
(although only one of them at a time). Another issue here is that as we noted
earlier, if the data come from the difference of two correlated half-normals, the
true cADHN density becomes an even function in the parameter p and the
parameter can be identified only with respect to its absolute magnitude. So its
estimated sign should be backed by any available out-of-sample information,
otherwise it could be an artifact of the estimation.

We investigated parameter estimation in the cADHN case, using
maximum likelihood through a Monte Carlo study. We generated samples
using the half-normal representation Z =o,H,-0o,H, with parameter values
0,=2, 0,=3, p=0.6, which lead to the following values for the cADHN
distribution: s, =2.408, s, =4.494, 1=0.667, p=0.6.

We executed two runs: First we generated 10,000 i.i.d. samples each of
size N=250("MC-run A"). Then we pooled the same data, creating 1,000

samples each of size n=2500, and estimated again ("MC-run B"). In this way

PNERIZC
o R
X ‘ [6)
= >
% 3
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we could see how the behavior of the MLE changed as the sample size grew. In
MC-run A, in 11.2% of cases the MLE failed to converge, while in other cases it
faced issues with the negative definiteness of the numerical Hessian matrix,
falling back to using the outer product of the score in order to calculate
standard errors. In contrast, in MC-run B the estimator converged in all cases
and issues with the Hessian where encountered very few times. In Table 1 we
summarize the estimation exercise, providing the main statistics of the

empirical distribution of the ML estimator for both runs.

Table 1: Maximum Likelihood estimates of the cADHN distribution

Table 1: Maximum Likelihood estimates of the cCADHN distribution

Parameter A= 0.667 S = 2.408 S, = 4.494 p= 0.6
MC run A B A B A B A B
Mean 0.831 0.704 2472 2.402 3.709 4.584 0.760 0.663

Std. Error | (0.138)  (0.059) | (2.619) (0.242) | (5.023) (0.877) | (0.403) (0.223)
Median 0.848  0.698 |2140 2348 |2906 4561 [0.953  0.717
Minimum | 0496 0586 |0.876 1963 |0.000 1.119 |-0999 -0.444

Maximum 0.999 0.997 104.589 4.662 168.106 8.222 0.999 0.999

MC-run A: 10,000 samples of size 250. MC-run B: 1,000 samples of size 2,500 (same data).

We see that the MLE has a positive bias in the MC-run A (smaller sample
case), with the exception of the second scale parameter which it
underestimates on average. The high standard errors are indicative of what

happens at the sample-per-sample level: parameter s, appeared as statistically

insignificant (at the 1% level) 10% of times, while for parameters s, and p the

estimates emerged as statistically insignificant in 77% and 25% of the times, - Ecg
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respectively. Moving to MC-run B, the performance of the ML estimator
overall improved visibly, with bias almost eliminated and much smaller
standard errors, while the very large estimates disappeared. Here only the
parameter p appeared statistically insignificant (at 1% level) 33% of times,
while for the other three the corresponding percentage was below 3%.

The empirical frequency distribution of the MLE was non-standard in
both cases, although it changed considerably from the one MC-run to the
other. We show in Figure 6 the distributions of the MLE for the shape
parameter A. We note that in the smaller sample case, MC-run A, the
frequency graph exhibits an abrupt increase in frequency for values near unity.
This implies that the corresponding samples did not support the existence of

skewness (but note that the estimated value never exceeded unity).

Figure 6: Empirical Frequency of MLE estimator for parameter 4
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The moments and density graphs implied by the average parameter
estimates are shown in Table 2 and Figure 7 respectively. In MC-run A, the
main responsible for the probability mass displacement is the positively biased
estimate of parameter A. The density graph obtained from MC-run B is

virtually indistinguishable from the theoretical density.

Table 2: Theoretical and estimated moments of the cADHN distribution

Table 2 : Theoretical and estimated moments of the cADHN
distribution
Moment E(Z) E(ZZ) Var(Z) E(ZS) Skewness v,
Theoretical value |-0.797  3.937 3.302 -10.772  -0.395
MC-run A -0.484  3.878 3.644 -7.329  -0.277
MC-run B -0.746  3.910 3.353 -10.180 -0.368

Figure 7 : Theoretical and estimated cADHN densities.
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7. Some applications

Apart from the use of this class of distributions as an alternative data
modeling option to the use of symmetric and asymmetric Laplace distributions
mentioned in the Introduction, some theoretical applications of interest arise,

and we end this paper by presenting them.

7.1. Selecting Estimators

Consider an unknown distribution parameter £ and two estimators of it,
B, and f3,, that are both asymptotically normal and consistent, with standard
deviations o, <o,, which leads to the same inequality for their mean squared
errors, and so also for their mean absolute errors: "on average" the absolute

error of ﬁl is smaller than that of ,B}, E‘[g’l— ,B‘ < E‘,@Z— ,8‘. These absolute

errors are asymptotically half normals,

ﬁl—ﬂ‘:alHl, ‘ﬁz—ﬂ‘zasz and so
their difference follows the ADHN or the cADHN distribution (the latter if

they are correlated and we have bivariate normality). Then, given o, <o,, and
using a known result for @, (0, 0; —&)(see for example David 1953), we can

calculate that, for the ADHN distribution

~ oy _ _ 2 -1 O-l
P(‘ﬂl_ﬂ‘s‘ﬂZ_ﬂ‘)_ Faokn (0)—;(305 [ﬁ} >1/2 [30]
and for the cADHN distribution

P(|8.~ B <|B. ~ )= Fuom (0) = %cosl (uj >1/2 [31]

S;S;
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In words, the probability that the lower-variance estimator has smaller
absolute error is always greater than 1/2, or alternatively expressed, it is
always more probable than not that the absolute error of the lower-variance
estimator is smaller. This is not implied by the expected-value inequality, and
it is a distinct, probabilistic argument in favor of using the lower-variance
estimator in single-sample inference: even if we don't get to have many
samples, we will have higher probability of being closer to the true value by
using the lower-variance estimator. Moreover, since we have available the
distribution function, we can calculate the probabilities related to any amount
of (positive or negative) difference between the two absolute errors. If we
attempted such inference using the squared errors, first we would be dealing
with wrong measurement units, and second, the distribution of their difference
would be the difference of two independent (or correlated) Gamma
distributions with different scale parameter (for the independent case, a

recursive formula can be found in Moschopoulos 1985).

7.2 Forecasting

The previous results cover also the comparison of two predictors in
terms of their absolute forecast errors. But in the context of forecasting, another
application of the cADHN distribution arises: assume that we have a normally
distributed weakly stationary process in mean deviation form {X,} with
standard deviation o,, and an optimal linear predictor of it, g, with standard
deviation o,. Then we have that o, <o, and that their correlation coefficient

equals p=o0,/0, (see for example Granger & Newbold 1986, pp 127-131).

Moreover, the variable |g,|—|X,| follows a cADHN distribution and we obtain

that P(|g,|<|X,|)>1/22

3 The fact that in this case we have A = p does not create any special behavior.
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We know that optimal predictors under-predict on average and in
absolute terms, due to them having lower variance than the series they predict,

ie. thatE|g| < E|X,| . The results we obtained from the ADHN and cADHN

distributions tell us that under-prediction in absolute terms is more probable
than not, for any given sample and for every single prediction. Here too, we
can obtain a full range of probabilities connected to specific magnitudes of
over- and under-prediction, an important information especially in one-off

forecasts, which is a useful, and different piece of information than what we

obtain by examining the absolute error, , which only deals with the

gt_xt

magnitude of the deviation.

7.3 Brownian motion theory
7.3.1. The arcsine law. A result related to the standard linear Brownian

motion (or Wiener process) is that its maximizer over the [0,1] interval is

distributed according to the arcsine distribution (see for example Morters and
Peres, 2010, ch 5.4). This result, which can be extended to an arbitrary

[t,.t, +h] interval, can be proven in a straightforward way using the ADHN
distribution. Specifically, let B(t) be a standard linear Brownian motion and

its running maximum over [t,,t;+h] be M(h)= max B(u). M(h) follows a

ty<u<ty+h

half-normal distribution with scale parameter Jh. The maximizer of B(t) in
[t,,t,+h] is a random variable almost surely uniquely determined by

M™: B(M*): max B(v). Its cumulative distribution function can be

ty<v<ty+h

expressed as
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P(M"<v)= P[max B(u)> max B(u)}: P[M(v—t,)>M (t,+h-v)]

ty<u<v v<u<ty+h

_ p[M (t,+h-v)-M (v—t0)<0]

Since the two running maxima are distributed as (independent) half-

normals, the last expression is the CDF of an ADHN random variable with

parameters A =, f[h/(v—t0 )] -1 and s=+/h, evaluated at zero. From eq. [12] we

then obtain

<V)=Fpu (0)= %COS1 (\/1:?7] = %cosl (\/1—[(v -1, )/h])

and using the relation between arccos and arcsine for arguments in [0,1]
we arrive at P(M* SV) =(2/7z)arcsin( (v—t, )/h) which is the CDF of the

arcsine distribution supported in [t,, t, +h].

7.3.2. Asymptotics. The half-normality of the running maximum links the
DHN family of distributions with the extreme value theory for Brownian
motions. As an illustration assume that a phenomenon is modeled by a system
of two Brownian motions which are cross-correlated with a fixed delay, i.e. the
joint distribution of (B, (t+h),B, (t)), is bivariate normal with correlation
coefficient |p|<1. Then the difference of their running maxima
M, (t+h)=M,(t)=+t+hH,—+tH, follows a cADHN distribution, with
parameters A= M st =h+2t(1-pA), s; =h+2t(1+pA), and p. We see

that as we look further and further into the future, the shape parameter 4 goes

to unity, inducing symmetry of the distribution, but the scale parameters go to

infinity. To obtain a non-degenarate asymptotic distribution we need to
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standardize by t™? and we havet™? [Ml (t+h)-M, (t)] = 1+h/tH, —H, which

follows a cADHN distribution that asymptotically becomes symmetric

%[Ml(uh)—Mz(t)] —% > cADHN (sl =\2(1-p). s, =\[2(1+ p). A =1 p)

with asymptotic variance

AVar(Z) =2(1- p) + %(pcos_l(p)—afl—pz )
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TECHNICAL APPENDIX

A. Derivation of the cADHN, ADHN, and DHN probability
density functions and cumulative distribution functions, eq. [21], [10]

and [1], and [24], [12] and [2] of the main text.

We start at the end, by deriving the probability density function of the difference of two
correlated Half-normal random variables that jointly follow a bivariate half-normal
distribution, which gives the cCADHN density. We then derive the corresponding distribution
function without recourse to the underlying half-normal parameters and without imposing the
parameter restriction discussed in the main text that is needed in order for the half-normal
representation to be valid. In this way, we show that the cADHN distribution remains a
proper one even when its parameters go beyond the half-normal representation. The other
density and distribution functions presented in the main text can then immediately be derived
as limiting cases of the PDF and CDF of the cADHN distribution for the appropriate

parameter values.

Al. The distribution of the difference of two non-negative random

variables.

NEM/y
P e 7
'3'/5/
: o
>
g
o
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We have two non-negative random variables, v,w and we consider their

difference z=v—w.
The variable z=Vv—W is not necessarily non-negative, while v and w are. The

distribution function of z is defined as
F(z)=P(v-w<z)=P(v<z+w).

This implies the necessary restriction O < z+w, since V is non-negative.

For z >0 this inequality is always satisfied for all values in the domain of w. But if
z<0 then a restriction on the domain of W arises, namely 0<z+w—=-z<w.

Therefore the distribution function of Z will be piecewise.

For z >0 we have

F (z*) = fio j:ow f, (v, W) dvdw

where f, (v, w) is the joint pdf of vand w, while

N d . © O rz+w
fz(z )=EFZ(Z )zJ‘W_O(EL_O fvyw(v,w)dvjdw

For z <0 we have

F, (z’) = I:Z j:w f, . (v, w)dvdw

V:

and so
— d _ d 0 Z+W
f,(z )=EFZ(Z ):E jw jo f, , (v, w)dvdw
-z o(-2 © O prz+w
o BT sy A Y
-0+ [ f, . (Z+w,w)dw

W=-2Z

Therefore the pdf of z=v—w is
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while its cumulative distribution function will be

[F 1 (dt  z=<o0

o I

F(2) 2]

[ (dt+ ['f (tdt 220

A2. The joint pdf of uand o.

Let the two non-negative random variables be half-normals,

u-~ HN(O‘l) and o~ HN(O‘Z),

The joint pdf of two correlated half-normal random variables can be written (see
Kotz et al. 2000, p.327, eq. 46.210, or also Psarakis & Panaretos 2001) as:

0 (1.0) = (70, 0 =) p{#l[_j [E) _ Zpuw]}

0, 0,0,

[3]

() o s[4 2]

We substitute z=u—w = u=2+w to get

fu,w<u,w>=(wlw17)lexp{ : l(wNﬂ)MH

2(1—,02)
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4 2 2 2
:(7[0'162«%1—/)2) exp{;[z—z+%za}+w—z+w—2;g Zw—jg a)z}}
1~2 1~2

2(1—,02) o, o o o,
- 1 ¢ 2 o & 2p 2p
+| 7o, o, \[1- 2) EXPy————~| 5+t Zo+—5+—+ Zo+ o’
( PONTTE p{ 2(1— pz){of o! ol o o0, 0,0,

- 1 z° 1 1 2p 2 2p
=70, o, \1- 2) eXP ————— | 5 +| 5+~ |0 +| —— Zw
( L2 P p{ 2(1—p2)|:012 (012 o5 GIGZJ [of 0,0,
- 1 z° 1 1 2p 2  2p
+( 70, 0, \1- 2) eXP —————— | | S+ =+ @ +| =+ Zw
( te r p{ 2(1—,02){0'12 [612 o alazj [612 0,0,

2

-1 2 2 _ 2
Z(ﬂdl o, «fl—pz) exp _% Z_2+ o, +0; . 22,001(72 P 20, 22/020'10-2 »
2(1_p ) 0,0,

o, o, 0,
-1 1 7 ol +0l+2po,0 20’ +2po,c
+( 7o, 0, \[1- 2) expl ———~| — +—2—1 172 p? 4 222 L2 700
( L2 P p{ 2(1—,02){012 olo; olo}

We define s* =07 + 0, —2p0, o, and also §% =& + 07 +2p0,0, .

Taking out the term involving the z variable alone, we re-write the joint pdf as

f..(U )= (7[0'1 o, \/]7)_1 exp {#i}

2(1—,02) o}
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2

(o, o i) exp{;z_}

2(1—p2) o;

s’ , O —poo,
x| expq— " — 20 [4]
[ { 2(1—,02)012022 (1—p2)012022
&2

S , O+ poyo,
+exp<—  — Y40
{ 2(1—p2)0120'22 (1—,02)0120'22 H

A3. The pdf of z.

For calcualtion purposes we write the pdf as

ClL+Cl, z<0

f,(z)= [5]
Cl,+Cl, z2>0

C= (7[0'1 o, \/ﬁ)l exp{—z—z}

207} (1— pz)

o 52 2_
I, = jzexp{ 2(1—,02)012(;22 w? — (f‘ipz/go'lzfzz zw}da)
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For the four integrals, we use the formulas provided in Gradshteyn and Ryzhik (2007)
(p.336). The general formula is

J-:exp{—%wz —70)}da)= Jrse” {l—erf (yﬁJrlﬂ =

25
[6]
= Jroe” 1—erf[275+mj
25
A.3.1. Calculation of I, and C1,.
Matching coefficients between 1, and eq. [6] we have
1 s (1_/32)0'12‘75 0% — po,o,
m=-z, == N AT e Ty 5
46, 2(1—p )0'10'2 2s (1—,0 )0'10'2
2
«[l—pzalaz ) (0'22 —Po'lo'z) 2 o} - po,o,
\jglz—’ oy = 2 N 2 2% op=——Fg5 1
s\2 23 (1—,0 )010'2 23
We first calculate the argument of the error function in [6]:
03 — OO, 7_7
2y,6,+m 2s? _ o) —po,o, -5 (Ej_af—palaz—af—0'22+2palaz (Ej
2\/31 2\/1_1020'10-2 \/E\/l—pzo'laz S \/E\ll_pzolo-z S
s\2

__ 0y, —po,o, (_Zj
ﬁ\/l—pzal o,\ S
Substituting all in 1, we obtain

2 2
= YL 9% o (9220092 ) ol et o0, (E]
s\2

2s’ (1—,02)612622 21— plo,o, \S

where we have used also the fact that the error function is odd.
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The following relation holds between the error function and the standard normal

)

X

NA

cumulative distribution function ®(x), xeR: 20 (x)-1= erf(

o} — po,c. (Zj o} — po,c. (Zj
In our case —== L 172 | 2| x=—t F7172 | 2
V2 \/E\/l—pzolaz S 1-p’o,0, \ S
and so
2
V1-po,o, (0-22 —palo'z) 2 z ol - po,o,
Ilzx/; expy— ~— 52 (29| M| = || M=7F——"
s\2 23 (1—,0 )0'10'2 S 1-p’o,0,
Then we have
of ( «/172) & N ek (0:-poios) .
= — exp-< — VA
1 7o, O, P p 20_12 (1_,02) T S\/E g2 (1_'02)0_120_22

(0-22 —pPO.0, )2

2
= {_ 207 (1—,02) ! 2s? (1—p2)0'12622

“f((2)
ol
()

_S 2

1
SN2

o -’} + 0, — 20, po,o, + p'olo; 2
2s° (1—p2)(712(722
and since s* =07} + o} —2p0, o,

2 2 2 2_2
-0, -0, +2po,0, +0, —2p0,0, + p o] 2

!
25*(1- p*) o7

Cs\2n

ool i)

S\27
S

exp{

(0-1/0-2)_,0

0-12 —pPO0, _
J1-p?

Ay = -
B \/1—,020162

A.3.2. Calculation of I, and C1,.

Matching coefficients between I, and eq. [6] we have
(1_/02)0'120-22
2 = 62 = 2§2

y = o5 + po,o,
? (1—p2)(7120'22

[7]

4 OF Eco
RS
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2
\4/5__ 1—,020'10'2 e (0'22 +/7‘710'2) /2 5y, = 0'22 + po,o, ,
? sv2 "t st (1-pt)oter 25°

We first calculate the argument of the error function:
0-22 + po,0, 7_7
2y,0,+m 257 _ o5+ poo, —§° (Ej 04+ po,0, — 0, — 0, —2p0y0, (Ej
2\/z 2\/1_/72610-2 \/E\/l—pzal(fz s \/E\jl—pzalaz s
s\2

_ o} +poyo, (—_Zj
\/5\/1—ng1(;2 s

Substituting all in 1, we obtain

2 2
.2=¢;_Jl-§/$l% AT A {Mn{ ot + poc, HH

25% (1- p* ) oo} 2\1- p*o,0,\8

1/_ 2 o+ po.o ’ 2
=1,=r L A'O\Ealaz exp ( 2 P 2) 2’ ZQD(%Z(ED, }\‘2:—0-1"‘,00-10-2
S

1-p’o,0,

Then

S

2 2 2
cl,= (7[0'1 o, ,l—pz )—1 exp{— z }\/; 1_f\2F201 o, exp{ (0'2 +p0'10-2) ZZ}ZCD(XZ (éjj
S

20} (1— pz) 257 (1—,02)0'120'22

B z? (O'zz'*'po'lo-z)z 2 z
- gm“"{ 201(1-p7) " 257 (1-p)oic} 20[5(2)

exp ~§°0% + 0, +20.po,o, + p'clol 2 Loo( (Ej
2§2(1—p2)612022 ‘s

-8’ +02+2po,0, + p'ol ZZ}ZCD(XZ (é)j
S

1
N eXp{ 25°(1-p*) o7

H 2 _ 2 2
and since S° =0, +o; +2p0,0,,
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~cCl, :%;ﬁ(équn[x (ED 3, = BP0, _(o/e)+p [8]

A.3.3. Calculation of I, and C1,.
For integral 1, we have m=0. Otherwise the individual coefficients are the same

with integral 1, . Here the error function argument is

o’ - po,c 1-p’o,0 o’ — po,o. (Zj
5 = 92 1% _, 192 __ G, 19 [ £
}/1\/_1 (1— p2)0'12622 s\2 \/5\/1— p’o,o, \S

Using also the relation with the standard normal cdf and substituting for all the

coefficients we obtain

2
_ 52 ol - po.o 2 _
N e L (02~ porc) 22 {2-2@(7»3(5))} A, = -T2 P00

s\2 P 2s° (1—p2)0'126§ S 1-p’o, 0,

Then
(ol oty T S22 1)
e e e )
- 26(2) - 2o o{n(2)) = 2o(2r-ofu(2)]

sen= Sl ol n[g)] - me gt o) ]
SO A T B N

A.3.4. Calculationof I, and C1,.
Analogously, for Integral I, we have m=0, otherwise the individual coefficients are

the same with integral 1, . Here the error function argument is
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\/5—}/ 1= p’o,o, oi+poo, - o} + po,o, ( z )
272 7 ~ - ~
s\2 (1—,02)0120'22 P2\1- p?o,0,

and so

= ST

252 (1— pz)afazz

2
) = 02+ poio,
4 — .
2
1-p°0,0,

Then

—~Cl, = %2¢(§jqn(—x4[5D A, = Lt P9I0, _(m/en)+p [10]

T \/1—,02610'2 \,ll—p2

Inserting [7], [8], [9] and [10] into [5] we obtain

§2¢(z/5)¢>(/11 2/s) + §2¢(z/§)q>(/12 2/s) 250
f.(2)= [11]

%Zqﬁ(z/s)@(—&s 2/s) + §2¢(Z/§)(D(—AA 2/5) 220

with

s’=0’+0,-2po,0, , $° =0, +0. +2p0,0,,and setting 1 =0, /0,

A-p A+p
A= e
1_p2 1_p2 1_p2 1_p2
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which is the cCADHN density with s* =s? , §° =s’., i.e. eq. [21] of the main text.

A.3.5 : The densities of the ADHN and DHN distributions.

Setting o =0, i.e. considering uncorrelated half-normals, we get

s,=s,=S, 4A=A4=A1, 4, =4,=A".Then [11] becomes

gqﬁ(z/s)@(ﬂz/s) 250
f.(2)=

4 a S
§¢(z/s)¢>(—/l z/s) 2>0

which is the ADHN density, i.e. eq. [10] of the main text.

Moreover, setting A =1, i.e. considering uncorrelated half-normals with the same
scale parameter, we obtain

f¢5(z/s)CD(z/s) 2<0
S 4

( (2)= = 1, () =2 (2/5) 0 (~[25)

S
gqﬁ(z/s)@(—z/s) 220

which is the density of the DHN distribution, i.e. eq. [1] of the main text.

A4. The cdf of the cADHN distribution.

a. z<o0

S

Fz(z‘):J'Z 12¢(Z/S)®(7\,1 z/s)dz + J'jw%2¢(z/§)cb(k2 z/s )dz

_ LZ: 20(2/5)® (), 2/5)d (2/s) + ff 26(2/5)® (1, (2/5) )d (2/5)

= P2 <2205, (1) =G(3fsih )+ (/577
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where G(-;-) denotes the cdf of the skew normal distribution, and we will use the
expression of the skew-normal CDF in terms of the bivariate normal integral
G(z/s;4) ZQZ(Z/S,O,%J (see for example Azzalini and Capitanio 2014, p. 34).
1+ 2

So

P(Z <2<0)=2d,(z/s,0;-6, ) +2d,(2/5,0,-5, )
[13]
s=—t | 5=

1]1+ﬂ,22

b.z>0
P(0<Z <2)=2,(0,0;-8, ) +2,(0,0;-5, )

“ L 20 2/5)a(s) + [ 20(2/5) 0k (2/5) ) (2/5)

Using also a known result (eg David 1953)

P(0<Z<z) = {1 - icos‘l(—cSl)} + {1 - 1cos‘l(—ﬁz)}

V3 v

+ [20,(2/5,0,5,)-20,(0,0;5, )] +[20,(2/5,0;6, )-2%,(0,0;5, )]

Continuing




Page 13 of 54

PO<z<z)=1- 1+£cos’1(§l) +1- 1+300571(5z)
T T

+ 20,(2/s,0;8,)-|1- =cos™(5,)

+ 20,(2/5,0;6, )—|1— =cos™(35,)

= P(0<Z <7)=2d,(z/s,0;6, )+ 20,(2/5,0;5,) — 2
P [cos‘1 (6,)+cos™(5,)+cos™(8,)+cos™ (5, )]
T

Using the relation for summing two arccosines

P(0<Z <z7)=2d,(2/s,0;6, )+ 2®,(2/5,0;6,) — 2

+ i[005’1(5153 —\/(1—512)(1—532))+C05_1(5254 _\/(1_522)(1_542))}

T

We have
_ _e2\(1_ <2\ _ A A ~ ~ ﬂlz . 232
%05 \/(1 5 )1-67) = e a2 14 22 \/[1 1+/712}\/[1 1+ﬂ§j
A —p)(At=-p
i ( 12(pz )_1_1(1—Zp—pﬂ_l+p2 _1+p2)
: 142°-23p 1+ A% -2p
1—p2

Also
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A (R
5254—\/(1—52)(1—54)— mm \/[1 1+,122j\/(1 1+/142)

(2 +0)(2"+0)

B 1-p? T AL+ ap+ pa4pt -1+ p7)
1+ A% +22p 1+ A% +20p
A(1-p?)

(Zzp+p+22,p2)

BTNy P

Inserting back we get

P(0<Z <7)=2d,(z/s,0;6, )+ 29,(2/5,0;6,) — 2
+ lI:COS_l(—p)-I-COS_l(p)}
T
=20,(2/s,0;5; )+ 20,(2/5,0;6,) — 2
1 -1 -1
+ ;[n—cos (p)+cos™(p)]
P(0<Z<2)=2d,(2/s,0;6, )+ 20,(2/5,0;5,) -1

As z—>0=P(0<Z<7)—>20(0)+ 20(0) -1=1

as we need.

So the CDF of the cADHN distribution is

20,(z/s, 0; -8,) + 2®,(2/s, 0; - 45,) z<0
F(2)= [14]
20,(2/s, 0; 6,) + 2®,(2/5,0;6,) -1 z2>0
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5 =21 5=—22_ 5= 5, =L

1 1 ’ [ 4
1+ A J1+ A2 J1+ A2 4/1+/142
A- A+ At-p At+p

A= pz Ay = pz'%= 2’14: 2
1-p 1-p 1-p 1-p

which is eq. [24] of the main text.
Now, in deriving the CDF we did not use the fact that the parameter A is the ratio of
two underlying scale parameters (the positivity constraint is part of the definition of the

CADHN distribution), and also, we did not need to impose the constraint

sign {S —s} =sign { p} which is needed for the half-normal representation. Therefore

the cADHN distribution nests the half-normal representation.

A4.1. The CDFs of the ADHN and DHN distributions.
Setting p=0 we get s=s,=s, A=4=4, 4, =4,=4" , and also

R S N N
Jeaz 7 et (e

So [14] becomes

=170.

51:52:

4®,(z/s, 0; -0) 2<0
F.(2)=
4, (z/s, 0; A7'5) - 1 2>0

which is eq. [12] of the main text.

Moreover, setting A =1 we get & =]/\/§ and so
4@2(2/5,0;—]/«5) z<0

F,(z)=
4(1)2(2/3,0;]/\/5)—1 z>0
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which is the CDF of the DHN distribution, i.e. eq. [2] of the main text.

B. Equations [4] and [23]
B1. Eq. [4] : min{oH,,cH,} =|Z|, Z~ DHN(0o)

The CDF of a Half-normal with scale parameter o is F (X;0)=2®(x/c’)—1 . The CDF

of the minimum m=min{cH,;,cH,} of two independent half-normals with same scale

parameter is therefore
F,(m)=1- [1-Fp (mo)] =1~ (1-20(m/o)+1)’ = 1- 4[d(-m/o)]

Differentiating we obtain the density of the minimum,

f,(m)= %qﬁ(m/a)(l)(—m/a), m>0 .

We turn to the absolute value of a DHN random variable |Z| . The density is symmetric

around zero and we fold it at zero. We immediately have that

fon (z):§¢(z/s)d)(—|z|/s):> f, (|z|):§¢(| 2|/s)®(~1z|/s), || 20

Setting S = o the density becomes the same, and over the same domain, as the density of the

minimum, which is what eq. [4] of the main text asserts.
B2. Eq. [23] : min{o;H,,0,H,}=|Z|, where Z follows a cADHN distribution with

parameters s, =, ,s, =0, and 1=1, p:(azz—af)/(a§+af).

The CDF of the minimum m=min{alH1,0'2H2} of two independent half-normals with

different scale parameters is
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Fa(m)=1- [1_ Fin (m;al)][l_ Fan (M0, )]

=F (m;O'l)+ Fon (m;O'z)— Fon (m;al) Fon (m;O'Z)

Differentiating to obtain the density we have
f.(m)= f (Moy)+ oy (Mo,) — fin (Moy) Ry (M o,)— fi (M 0,) By (M 0,)

Using the actual functional forms we have

£ (m)= 2 4(mjo,) + O_%qﬁ(m/az)—G%qﬁ(m/ol)[Z(D(m/oz)—l]

0

_Gi¢(m/az)[zq>(m/al)—1]
4 4
= ;¢(m/0'1)‘b(_m/0'z) + ;¢(m/°'z)q)(_m/°'1)’ mz0

We turn to the absolute value of a cADHN random variable. Its density is

§¢(2/51)<D(ﬂiz/sl) + quﬁ(z/sz)q)(ﬂ?z/sz) 2 <0

1 2

chDHN (Z) =

S£¢(z/sl)®(—ﬂgz/sl) + 2 4(2)s,)0(-A2/s,) 750

1 SZ
Setting 4 =1 this density becomes symmetric around zero, and also

we get

Setting also s, =0, ,S, =0, We obtain
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Z (2l )0 (h)or) + 24(2fo;)0 (%), ) 2<0

1

chDHN (Z) =

Solefo)o(afe) + ol )o(mle) 220

1

which can be written

foaon (z)=a—21¢(z/al)d>(—ﬂ1|zl/ol) + fzqﬁ(z/oz)@(—ﬂzlzl/oz)

This is a symmetric around zero density, so folding it at zero we obtain
fz(lzl)=§‘l¢(lz|/al)®(—ﬂ1|z|/al) + £2¢(|z|/az)<b(—zz|z|/oz)

For this density to be identical to the density of the minimum of the independent half

normals we must have

A 1 ﬁ_ 1

6, O, O, O

We have

ﬁ 1 N 1-p 1 )

_ = Y o 2 _ 2 —1_
0 _0'2 UNW 0, - (0-2/0-1) (1 p) s
:(02/‘71 )2 - 2(0'2/(71 )2/)+(‘72/O'1 )2,02 =1-p°

:{(0'2/0'1 )2+1}p2 — 2(62/0'1 )Zp + [(az/al )2_1} -0

The roots of this second degree polynomial in p are
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2(0'2/0'1 )2 i\/4(02/61 )4 —4[(02/61 )2 +1J [(0'2/0'1 )2 —1}
2|:((72/(71 )2 +1}

P2 =

2((72/0l )2 i\/4(0'2/0'1 )4 —4[(0‘2/0'1 )4 —1} 2(02/01 )2 +J4

2[(02/01 )2+1} 2[(02/01 )2+1}

_ (0'2/0'1 )2 +1

[(0'2/0'l )2 +1}

The one root is p, =1. the second root is

(62/01 )2 -1 _o.-0;f

2 2 2
(0'2/0'1) +1 o, +0;

P

So the minimum of two independent half normals with different scale parameters

o,,0, Is distributed as the absolute value of a cADHN random variable with
parameters s, =o,,s, =0, and A=1 p=(o; —o7)/(o} +o7), which is what eq.

[23] of the main text, asserts.

C. MOMENTS of the DHN family of distributions

The densities of the DHN, ADHN and cADHN distributions contain skew-normal
functional forms, over restricted/truncated domains. Such distributions have been
studied in Jamalizadeh et al. (2009) and based on their work we can immediately
obtain the Moment Generating Functions for the DHN family. But directly integrating
the densities is a much more efficient way to obtain the moments, since the solutions

to the relevant integrals are available in closed form, for example in Owen (1980).
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The general expressions that we will need from this paper are the following (to the

left the number of the expression in the original paper)

[Lo112) [ xp(xp0(ax)dx= \%{n \%} [15]
[1.0123] [ xp(x)0(ax)dx = % " %arctana + ﬁ [16]
[L0133]  [7xh(x)ob(ax) ok = \/12_7[{2+(if;§’3"j‘2] [17]
[1.014] [ xp(x)0(ax)dx = g v %arctana v % [18]

C1. Moments of the DHN distribution (eq. [7], [8]. [9] of the main text)

We have

E(ZY)=[" 2*(4/5)g(2/s)®(2/s)dz + [ 2* (4/5)(2/5) @ (~2/s)

Changing the variable of integration to W= z/s we obtain

E(Z*)=]" (ws) dp(w)d(w)dw + ["(ws)" 4g(w)d(-w)dw
=45 [" whg(w)d(w)dw + 45 [ wg(w) D (-w)dw

and using basic properties of integration we have

w=(-1) 4skjomw"¢(w)®(—w)dw + 4s"j0wwk¢(w)d)(—w)dw

- [(_1)" +1} 4s" I: W g(w) P (—w)dw
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We can now apply the expressions from Owen(1980). Here a=—1.

We have

k=1: E(Zp)=0

o 1 1 1
k=2: E(Z3w) = 832_[0 wWp(W)D(-w)dw = 832[2 + Earctan(—l) - E}

|
le's}
wn
N
1
N
|
Q-
NG
|
e
| |
Il
N
N
1
T
N |-
|
3|+
| I |

k=4: E(Zp) = 854Ioww4¢(w)®(—w)dw = 854E + %arctan(—l) - %}

The excess kurtosis coefficient is

37-8 g
E(ZSHN) T (372'—8)7[
YZ,DHN:ﬁ_:;:T_ = j%
[E(Zow) ] (ﬂ—) o (7-2)
s

2 2 _
_ 3" -8r-3r —0—21272'—12 _ 4(7 32) 04345

(-2 =

The above are equations [7], [8], [9] of the main text.
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C2. Moments of the ADHN distribution (eq. [15], [16], [17], [18] of the main

text).

E(Zk)zﬁo 2*(4/s)p(z/s)P(Az/s)dz + I:zk (4/s)¢(z/s)(1>(—ﬂ‘1z/s)dz

Changing the variable of integration to W= z/s we obtain

E(Zk): Jlow(ws)k 4¢(wW)D(Aw)dw + J.:(ws)k 4¢(W)CD(—I1W)dW
=4SkJ‘_OOOWk¢(W)<D(/1W)dW + 4skI:Wk¢(w)®(—ﬂ‘lw)dw
=(—1)k 4skfowwk¢(w)®(—ﬂw)dw + 4SKI:WK¢(W)®(—A‘1W)dW

For the first integral we have a=-A1 while for the second a=-A". Applying the

expressions for the integrals

k=1 E(Zpm) =—4s_|.:w¢(w)<l)(—/1w)dw + 4sfoww¢(w)®(—/1‘1w)dw

——4SL{1—L} 45— {1— A }
22z | i+ 22 22z i+ a7

=4SL{—1+ 4 +1- A }:25 l{ A1 }
22 Jie22 0 1+ a2 NN/ N T

S

:\/z A-1
7 1+ A2
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k=2: E(Z,’;’DHN) = 432.[:W2¢(W)<D(—ﬂ,w)dw + 4szjoww"¢(w)cl)(—/1’lw)dw

= 452“:W2¢(W)CD(—/1w)dw + J.:wzqﬁ(w)@(—llw)dw}

o2t 1 ) - A
= 4s [4 + 2”arctan( A) 27[(1+/12)
11 . -
tog Earctan(—/l ) - —Z;z(lJJZJ
— 2 g _ i -1 _ A _ A
= 4s [4 2ﬂ[arctan(i)+arctan(/1 )] 27[(“/12) 27[(“/12) ]

Since A >0, we can apply the trigonometric identity arctan(ﬂfl) = % —arctan(1). We

obtain

5 1 24
(on) = 45| ooy -] - o

S

ANl




k=3: E(Zf\DHN) :—4S3I:w3¢(w)®(—lw)dw + 4s3J.:W3¢(w)d)(—/1‘lw)dw

a1 _24%+32 . 1 227 +31
=-4s 2\/%[2 (1+22)3/2} + 4s 25{2 (1+12)3/2]
s 1 | 22+3% 227 +37
4s 2\/5{ 2+(1+/12)3/2 +2 (1+/1_2)3/2 ]
\/E 22432 A(22°+347Y) |, [224°+31-2-32%
- N ,\312 ST =0T ,N\312 S
| (1+4%) (1+24%) T (1+4%)

Page 24 of 54

2 2(A4*-1)-34(4-1)

7 (ead)”
2(1+2%)-2

22
(1+4%)

3 _

2 2(A-1)(2°+4+1)-34(4-1)

3

T

(1422)"

S
" oF Eca
N 0,
/& LN
/,,/ (f)\ (\P‘NE n I Z )& O 4\\
/,& 1,7~ \
/& O 2 O\
(2 X owv|
|z = > %
\2 O¢ Q@ o
\ (N
\\4, & O‘l’/ fo) ‘\\‘Oe \(?//



Page 25 of 54

k=4: E(Zf\DHN) =4s4.|.:w4¢(w)(b(—/1w)dw + 4S4J.:W3¢(W)<D(—/1’1W)dw

o

2 -1 -2
=4s 3. iarctanxl - —/1(3/1 +5Z + 4s° 3_ iarctan A7t — & (3’1 +52)
R 27(1+27) 4 2 27 (1447)

=4S4 E_
4

2 A
i[arctan/uarctan/l‘l - A3 +5)2 A (32 +52)
L o 27[(1+ /12) 27[(1+/1—2)

a0 i[arctanl+£—arctan/l}— /1(3/12+5)2 _ ’14/1_1(3’1_2 +25)
v 2 27z(1+/12) 27[(1_'_/12)

27 (1+ /12)2

s 3ttt
=45"| = — = —

4|3 BA 4524344527 | )3 8A(1+4%)
4 2 (1+27) 4

272'(1+/12)2
oot AT
7 l1+A

Variance of the ADHN distribution

Var<z>E<ZZ>—[E<z>T@i#},z (]

42 e 200, (4 2 20D,
= ;(1_'_12) ;(1_'_/12) = —

7 (1+27) 7 (1+22)

% [0 I
/A& AN
A <\\gr\ ENiy, Yo
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) 0 7)

2
_4,1+2/124,1+2}2 _ [1_ 2(1+2 )},2

= Var(Z o )= (1

The above are eq. [15], [16], [17], [18] of the main text.

Pearson's Skewness coefficient for the ADHN distribution (eq. [19] of the main

text.

_ E[z-E(2)] E(2°)-3E(z)Var(2)-[E(2)]

[Var(z )]3/2 [Var(z )]3/2

V1

2(1+22)-2 _ _ 1 T
2(’1_1)(+)3/233—3\/E 41 S”SZ—{ 2“‘5}
4 (1+4%) INTYLI 7 1+ 22
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— E(/1_1)[2(1+12)—/1:|—i[(37§/2_6)(1+12) N 2(1_1)2}
” ] ey

7] 2(1+2%)-2]-[ (37-6)(1+47) + 2(2-1) |
(r-2)"*(1+22)"

=\2(2-1)

7[2(1+4%)-2]-| (37-6)(1+47) + 2(2-1) |
(r—2)"*(1+22)"

V3(3-1)

27 (14 4%)- Az =3z (1+2°) + 6(1+4%) - 2(A-1)’
(r-2)"*(1422)"

- a(2-1)

—n(1+/12 +,1) + [6+6/12 217 +4/1—2]
(r—2)"*(1+22)"

~3(3-1)

)—7[(1+12+/1) + 4[}L2+/1+1]:\/E

312 312 (’1_1) (l+/12+/1)(4_7[)
(7=2)" (1+4%)

:\/E A-1 3/2
( (7-2)" (1+27)

V2(4-7) 221
(71-— 2)3/2 (1+ 12 )3/2

which is eq. [19] of the main text.

oF Eoo

/& AN
NSO
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Excess Kurtosis of the ADHN distribution (eq. [20] of the main text).

We first calculate the standardized fourth moment

E[z-E(2)] _ E(z')-4E(2)E(z)+6[E(2)] E(z*)-3[E(2)]

[Var(z ]2 [Var(z ]

2 2(1+2%) /1
[3 - 2} l 1 3/2
71+ s x/1+/12 1+Ab2
T2

=]
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[3;:2 (1+22) - 1627[(1+/12)}—87r(/1—1)2[2(1+/12)—l}+12(/1—1)2 [ 7(1+2%)-42] -12(2-1)"
(r—2) (1+22)

C37% (14 2%) - 1647 (1+2%)-167 (A1) (1+ %) +874 (A1)’ +127(A-1)° (1+ 2°)

_12(4-1)"42+12(2-1)"
(7—2)" (1+22)

37 (L4 4%) - 1647 (14 2°)+872 (A1) —4m(2-1)° (1+.47)-12(4° 1)
(m-2) (1+22)

37 (Le4*) - 1647 (14 2°)+874 (2 -1) +87A(2-1)" 4 (2-1) (L+ )’ -12(2°-1)
(m—2) (1+22)

37% (14 2%) - 1647 (1+2?)+167A (A1) ~ 4z (22 -1) ~12(4%-1)
) (r—2) (1427

37%(142%) — 1647 -164°7 +1674° ~327A° +1674 — (7 +3)(2% -1)
) (r—2) (1427

37 (14 2°) -3272° (7 +3)(2° -1)
(7—2)" (1+22)

ST EE
N o,

N Y.\
%\QP*NEH 1x, "o
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Now we subtract 3 to obtain the excess kurtosis coefficient

37% (14 2%) ~3272°  4( +3)(42 -1) -3(z-2)’ (14 4%)

’Y =
2 (m-2) (1+27)
377 =3(7-2)" |(1+2?) - 32727 -4 (7 +3)(2* -1)
) (r-2) (1+2°)
[127-12)(1+24% + 2")- 32747 - (47 +12)(A* - 22° +1)
(m—2) (1+27)
(127 -12-47 -12]+ A*[247 ~ 24— 327 + 87 + 24]+127 ~12 - 4z 12
(z—2)" (1+2%)
_ /148[72—3]+8(7r—3)
(7—2) (1+22)
8(r-3) 1+
= Y2.a0HN =

(71—2)2 (1+ 12)2

which is eq. [20] of the main text.
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C3. Moments of the cADHN distribution (eq. [26], [27], [28], [29] of the
main text.

The density of the cCADHN distribution is

S£¢(z/sl)<l>(ﬂlz/s1) + SE¢(Z/SZ)(D(122/32) <0

2

chDHN (Z) =

§¢(z/sl)d)(—ﬂ3z/sl) + §¢(z/52)(1)(—ﬂ4z/52) z2>0

2

So

2 2
E(Zk)zjowzkg(/ﬁ(z/sl)d)(ﬂlz/sl)dz + jiozks—qﬁ(z/sz)d)(ﬂ?z/sz )dz
2
® _k 2 © K 2
+j0 z S—¢(z/sl)CD(—ﬂgz/sl)dz + IO z S—¢(z/sz)®(—ﬂ4z/sz)dz
1 2
Using the same transformations as before the above becomes

E(2°)=2(-1)" st wig(w )@ (~Aw )dw, + 2(-1)" 5 [ g (w, )0 (~Aw, ),

+ ZSlk'[:Wl"qﬁ(wl)CI)(—23W1)dw1 + ZSEJ.:W§¢(W2)CD(—;L4W2)CIW2
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_ S A4 L > h A
Voo | e 2z e 22 Vor | i+ 2 A2

We have
A-p At-p
ﬂl ~ /13 _ l_pZ ~ 1_p2
2
EE AT LGy [
1-p’ 1-p°
A=p Al-p

T -2 LiAt-247p

_ap (AP aplip
J+22-22p 142722 p  \1+i%-24p
(A-1)(1+p)

JL+A2=22p

Due to symmetry, we also obtain

A A a+p ()2 awp-1-gp
JL+22 1+ 42 JI+ A2 +22p 1+ 22+22p 22 +20p
(A-1(-p)

J1+ A% +24p

So
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s, | (A-1)(1-p)
V27| \ix 22+ 20p

E (ZCADHN )

_ s [(A-)(+p)
Vor | \iv 22 =22p

_ (4

e

! (1+p)s, (1-p)s, }

L+ 22 =2pA 1+ 22 +2p2

which is eq. [26] of the main text.

Nl

=

= %[n + arctan(-4,) + arctan(-4;) - (1312)
s ~ PR
¥ ﬂ[;z + arctan(—4,) + arctan(-4,) (1+ﬂ§)

We have

<1f15>]

0

N 0.
/& AN
/:z.("\ <\P~N EMIy )& O@\\
/w0 Z o)
BF 5|
|z = > e
\ ,
\4’\9 O«l'/ ‘\\Oe\\\("?

\ o /
\&’l 4 55?""/
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arctan(-4,) + arctan(-4,)=—arctan(4,) — arctan(4,)

_—arcsin[ A J —arcsin[%} = —arcsin(8,) —arcsin(d;)

BT)
- [arccos (M) +arccos (\/1_732)}

= —aI’CCOS|:\/(1_ & )(1_ 532) ~00 }

We have calculated previously that &, 5, —\/(1—512)(1—532) ——p. So we have

that the arctan sum is equal to

—arccos(p)=cos ™ (—p)—x

Analogously, we obtain

arctan(—4,) + arctan(—4,)=-cos™(-p)=cos™(p)-7

Also,
_A-p
~A 1-p* [T —A+p
= = 1—
A (A-p) P et 22p
1+ 1-
At—p
4 1-p? 7 A -p 7 A-Ap
= = =./1-
A () WAty VP o
1+ 1= 2

So
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_ —A+p
1+42-24p 21p

A A

3 — f]__ 2
1422 1422 p

_ _ 2
_ \/1_7 A+p i+/1p=

e

el )

1+ 22— 2]p
In an analogous manner
A+p
R il 2
1+}L22 ,1+p 1+ 2% +20p
1-p°
At p
A, _ «jl—pz F At+p
1+ 47 (/1’1+p) 1+472+4227%p
141
1-p
So
—4 A 7 —A- AP
— = f]__ h-
e 22 1442 P i i2p
B e
1+ A% +24p

Bringing all results together, we obtain

A=A2p
1+ A2 -22p

1+ -21p

A+A%p
1+ A% +2p

e

A+A%p

1+ 1+ A2+24p

- /1_pzw

1+ A% +24p
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24— p(1+ A2 2

T

24+ p(1+4%) |2
-1 _ fl_ 2 2
i [COS (») r 1+ A% +2p

which is eq. [27] of the main text.

2 Sf ) _21;’_3/13
2@{ +(1+ﬂ,32)3/2

3 3 3 3
2% [, 2R3, 8 |, 23,
(1+43) 2\27 (1+47)

s {2/113+321 ~ 2/133+3/13} .

s; | 24,434, 22, +34,
\/Z (1+ /112 )3/2 (1+ 132 )3/2

NP (1+ A2 )3/2 (1+ AL )3/2

813 2{ 213 a2 ﬂ: 32 ]+ 3[ A 32 /13 3/2}
Vor | (e 22)" (14 42) (1+22)"  (1+42)
A

, Al Ay

: i La A

Term by term we have
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A A (A=p)’ —(1=2p)"

(i) (Wz)  (a-2p)

(A=p=1+2p)| (A=p) +(2=p)(A-2p)+ (1= 2p)’ |
B (1+42-24p)"

g Sl a1

For the second term in the 1st bracketed expression, we have

A-p AT —p
A ~ 2 _ 1-p° ~ 1-p°
(L A2 L4 22 (14 22) Lt 2 (1 2) 1+(,11__p2) ez 1+(/11_€)
P 1-p
_ A-p ~ A-p

(1+ 221+ 22 =220 (1+A2)1+A7-227"p

_ A=p _ 12 (/171_10)/1

(RN —20p T (1) AP 24 p

(l—p)—/ls([l—p) _A=p-X +23,0(1_ z)

) (1+22) 1+ 27 -24p (1422 -24p)"

A(1-2)-p(1-2°) A(1=2)-p(1-2)(1+ 2+ 2%)

— 1_ pZ — 1_ pZ
(1422 -22p)" (t=#) (1422 -22p)" (t=#)
(A-1)(2+p) :
= pl-p)1+A+A7)-A(1-p
e 0P 220
So the first bracketed term in the moment expression becomes :)\’\ pNEMIE ,’Vo\

Q
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S Gl [2(2—p) +2(2-p)(1-2Ap)+2(1-Ap)’

+ 3p(1-p)(1+4+27)-34(1-p) |

Focusing on the expression in brackets, we have

[2(2-p) +2(A-p)(1-2p)+2(1-Ap)
+ 3p(1-p)(1+ 2+ 2)-32(1-p) |

=2A% —8Ap+2p° + 22207 p-2p+2Ap° + 2— AAp+21%p°
+3p+31p + 34°p-3p*—31p° -31°p* —31+34p

=20 =2p—p* = A+ p + p—Ap° +2-1%p*
=2(1+2%)+ p(1+ A7) = p? (1+ 4% )= A(2p+1+ p* )

=(1+22)(2-p)(1+ p) - A(1+ p)°

So finally
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kv

Moving to the 2nd bracketed term in the moment expression, again term-by-term

we have

2z & (2+p) —(L+2p)’

( S22 )3 ( 22 )3 (1+22 +22p)"

(A+p=1=2p)| (A+p) +(2+p)(1+Ap)+(1+ 4p) |
B (1+42+24p)"

_ (1(:211(; /32,2 [(2+ p)f +(2+p) L+ 2p)+(1+ o) |

For the second term in the 1st bracketed expression, we have
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A+p At+p
A _ Ay _ 1-p* _ 1-p°
2 2 2 2 2 B 2
(1+2,2)4/1+12 (1+/14)4/1+/14 (1 22) 1+(,11_+52) s 1+(/111+f)
-p

A+p A+ p

(1+ 221+ 22 +220  (1+A2)J1+ A7 +247"p

A+p 22 (/7‘71_'_10)/1

(W2 () A 22 p

(A+p)-2(2"+p) Ap= BB oy

) (L2222 +22p (1427 +24p)"

A(1=2)+p(1-2)(1+ 2+ 27)
(1+ A%+ 2/1,0)3/2

A(1=2)+p(1-2°)
(1+ A+ le)m

a-r)- a-r')

~(2-1)(1-p)

(1+ 47+ 2/1,0)3/2 LO(lJ”")(lJrﬂb +2%)+ A1+ ,0)]

So for the 2nd bracketed term we have

e iy e i)
T Y i M (o R

= (1(:211(;/)’0)2,2 [2(2+p) +2(2+ p)(1+ 4p)+2(1+ 2p)

- 3p(L+p)(1+A+4%)-34(1+ p) |

oF Eoo

/& Y\

Focusing on the expression in brackets, we have
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[ 2(2+p) +2(2+p) L+ 2p) +2(1+ Ap)

- 3p(1+ p)(1+ 2+ 2%)=34(1+p) |

=212 +AAp+2p° + 2A+20°p+2p+2Ap° + 2+ 4Ap+ 217 p°
—3p—-31p —31*p—3p° -31p*—34°p* —31-34p

=212 42Ap—p° = —Ap® —p —Ap°+2-A%p°
=2(1+2%) - p(1+ 4%)- p* (1+ 2%) - A(-2p+1+ p* )

=(1+2%)(2+ p)(1-p)-A(1- p)’

So finally
2 /123 3z ﬂf 7 |+ 3 % 3z % w2 ||~
(1+/Lf) (1+/142) (1+/142) (1+2,42)

M ey

Compacting, we obtain

\ (2-1) (2-p)(1+4%)-A(1+ p) 2 .
o) o | O

(2+p)(1+2%) = 2(1- p)

l—,ozs3
(1422 +22p)" S

+

which is eq. [28] of the main text.
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k=4:E(2%)= ZSfJ.:Wf¢(Wl)CD(—/11W1)dW1 + ZS;J.:W3¢(W2)CD(—/12WZ )dw,

+ 251“.|.:w1“¢5(wl)d)(—/igwl)dw1 + Zs;‘jooowg‘¢5(wz)(I)(—/‘tllwz)dw2

k:4:E(24):2314 3 + iarctan(—/11) _ M
4 27 272_(1_}_]12)
+ 2s; 3 + iarctan(—zz) _ M
4 2 27[(14_/122)
+ 25/ S iarctan(—,g) _ M
_4 27 27r(1+132) |
3 3 2,(342 +5)
+ 25t > + —arctan(-4,) - ———
4 2m 27 (1+4;)" |
225t 3 0 Sarctan(-4) + = arctan(—4,) - 2 (34 +52_ 24 (3% +52
2 2 2 27[(1_’_212) 27[(14_/132)

2 2
+ 2s; 3 + iarctan(—,g)ju iarctan(-,g) 3 12(322 +52)_ 14(3},4 +52)
2 2z 21 2r(1+22)  2x(1+47)
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—3—71;[371 + 3[arctan(—ﬂl)+arctan(_j3):| _ ji(iiﬂ;;;f)_ 2,3(5?124;25)]

5 (32 +5) 4, (3/142+5)]

+ %{?W + 3larctan(~4,) +arctan(~4,)] - (l+ﬂfzz)2 (1+ﬂ42)2

The arctan expressions have been calculated previously, so we have

E(ZfADHN)—glscosl(_p) - ’11(5331 :)25)_ &( Sﬂlz ;25)}

‘ 7, (32 +5) 14(3zj+5)]

3_23 -1 _
- Ejap A A

For the remaining terms, we have

b= 1 5

ﬂl( 322 +5 \/]7 ,02)3/2 (1—,02 )1/2

(1+Af)2 L ZJZ [1+/12—2,1sz
1-p? 1-p*

()“_/O)3 Va5 AP (1 Y
) 3 (1 P ) 5<1_p2)1/2 (1 P ) :3(1 p) (1 » )1/ +5(/1—,0)(1—,02)3/2
(1+22-22p) (1+22-22p)

0 T304 p) + 5(1-p*)(2-p)]

) (1+4%-22p)
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Also

B R T S L L e P
(1+22-22p) 2°* (1+42-22p) 2°*
_(1+;_’; i [3/14(,1-1 p) +5/14(1—p2)(z-1—p)}
~24p
So

4 (327 +5)  4,(347 +5)

(1+22) (122

___ NP )2 [3(l—p)3+5(1—p2)(/1—,0)+ 3/14(/1l—p)3+52.4(1—,02)(/11—,0)}

(1+47-22p

For the bracketed term we have

[3(/1 o) +5(1-p?) (A= p)+ 324 (A= p) +52* (1 p7) (4" —p)}
=3(A-p) +5(1-p*)(A-p) + 34(1-4p) +52°(1- p*)(1- Ap)

=3(1-p) +34(1-4p)’ +5(1- p*)(A—p+4°(1-2p))




Page 45 of 54
=3(2-p)(A?-24p+p*)+31(1-Ap)(1-24p + A7p?) + 5(1—p2)(,1(1+ /12)—p(1+2,4))

=31 -64°p+31p* =31%p+61p> —3p°> +31-61°p+31°p* -31°p+64°p* -31*p°
+5(1-p°)(4(1+27) - p(1+2%))

=31°-181%p+9p° —3p° +34+91°p —31%p°
+ 5(1—p2)(/1(1+2,2)—p(1+ﬂ,4))

=34(1+1°)-182°p+94p" (1+47)-3p° (1+ A*)

+5(1-p*)(A(1+4%) - p(1+4%))
=(1+2°)(34+94p" +54(1- p)) —(1+ 2*) p(3p° +5(1- p*))-184°p
=(1+24%)(84+44p%)—(1+ 1" ) p(5-2p%)-184%p

= 4/1(1+ Zz)(2+p2)—p[(l+ /14)(5—2p2)+1812]

Also,

(1422)  (1+22+22p)

e i 23(2+p) +5(1-p")(2+p)

and

%4(34+5)  \i-p? i [3&4(ﬂ’1+p)3+ 5/1“(1—/32)(/171“’)}

(1422 (1+22+22p

So e OF Ec oy
PXSSUSSEN
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) 7,(34 +5)  4,(34; +5)

(1+22) (1+22)

:_(1+;_+/2);p)2 [3(2+p)' +5(1-p?)(A+ p)+ 32(1+2p) + 52°(1- p?) (14 2p) |

For the bracketed term we have

[3(/1+ p) +5(1-p°)(A+p)+ 34(1+4p) +51°(1- p*)(1+ /lp)}
=3(A+p) +34(1+p) +5(1-p*)(A+p+A*(1+ 4p))
=3(A+p)(22+24p+p*)+32(1+ Ap)(1+ 22p+ 22p%) + 5(1—p2)(/1(1+/12)+p(1+/14))

=32 +64°p+31p* +31°p+64p* +3p° +31+61%p+31%p° +31%p+61°p* +31%p°
+ 5(1—p2)(/1(1+/12)+p(1+/14))

=32°+184%p+94p* +3p° +31+91°%p° +31%p°
+ 5(1—p2)(/1(1+/12)+p(1+/14))

=34(1+4%)+184%p+94p° (1+ A7) +3p° (1+ A*)

+ 5(1—p2)(/1(1+2,2)+p(1+2,4))
=(1+47)(34+94p° +54(1- p°)) +(1+4*) p(3p° +5(1- p*) ) +184°p
=(1+4%)(84+44p%)+(1+ A*) p(5-2p")+182%p

=44(1+27)(2+ p)+ p[ (1+2")(5-2p%) +1827]

Combining all results we obtain _oF Eo~
Y 0 ECO

/S NEN I, Yo

VAR s 74,74\
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E(ZfADHN)=%[3cosl(p) - \/1741(1+}“2)(2+p2)/’[(1+/14)(52,02)+1812W

(1422 -22p)

+

s [3C051(p) W4/1(1+/12)<2+p2)+p[(1+/14)(5—2p2)+18ﬂ,1}

4
o2
d (1422 +22p)

or

E(Z:ADHN)%[3C031(_p) _ (Wl_lﬂg)ﬁ:|

(1+22-22p)

+

N |

{3cosl(p) RN ]

(1+ A%+ 2&,0)2
with

v, =4A(1+22)(2+ %), v, =p[(1+44)(5—2p2)+1812}

which is eq. [29] of the main text.

e i 0

<N O,
AR ,‘Vo;\\

/o2 P 4,
[§o FRR 1%
= - ow
“Z = > Qo |
\2 % g w
Lo .

\%.© > O

W, ‘y/o ‘\\0 é\’

Wy, 65
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D. Equations [30] and [31] of the main text

D1. P(‘ﬁ’l—,ﬁ‘ <|4, —ﬁ‘) = Fon (o)gcosl[ﬁ} >1/2

We have

Faom (0)=4®, (0, 0; -5) = 4%{1—M} :i[z—cosl(—é)] = gcos’l(é)

A o,/o, B o,

1447 e (o/o,)  Noi +ol

We have J =

We examining the case

o, 1

2 2 <
«fal +0; 2

2 2 2
0,<0, = 20,<0;, +0, =

The arccosine is a decreasing function in its principal domain, so

2 2 2 1
S —_ -1 —_ -1 2 = —_——— = —
0 —cos (5)>”cos (]/«/ ) 25

So

d

B-B|<|B-A) > Y2 (ea. [30]).

D2. For equation [31]

R R I

2

We have

Feaorn (0)= 20, (O, 0; —51) + 20, (O, 0; —52)
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Lo (5) 005 (5)]

Summing the arccosines we have

cos *(6,) +cos ™ (8,) =cos (55, - [[L-67) (L&)

V1o )e A A | A | A
5152—\/(1—51)(1‘52)_J1+741+_z§ \/(1 1+212J(1 1%2]

A-p A+p
e S

Je2) (e ) J(H(z—pf](lgmpf}

-1

1-p? 1-p?

22— p? 14 p?
1_p2 /12 -1

\/(1+ A2 -24p)(1+ 22 +24p) \/(1+ A2 -22p)(L+ 22 +22p)
1-p?

Since the distributiona here represents the difference of two half normals, we have

o
ﬂ,:o_—l and s’ =07 +0; —2p0,0,,S. =0, +0; +2p0,0, .
2

Substituting we have
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(0'1/0'2)2 -1
\/(l+(0'1/0'2)2 —2(0‘1/0'2)/))(1+(01/02)2 +2(01/02)p)

2_

2
0, —0,

2
0,

\/;'22(0—224_(712—20'10'2/));-5(022+012+2010-2'0)

So

P <[y ) - L eos 2%

Since we examine the case o, <o, =07 -0, <0

Therefore

1 Z_o2) 1 1
~cos™ [MJ >=cos(0)==
P S;S, I

= P(‘Bl -A<|5, —/3‘) >% (eq. [31]).
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E. The normalizing constant of the ADHN distribution

In this section we show that when the parameter A is positive, the normalizing

constant of the ADHN distribution is 4, while when A is negative the normalizing constant is
4/3.

We want to determine C such that

cfwégﬁ(z/s)@(ﬁ z/s)dz + cJ?%;zﬁ(z/s)@(—Il z/s)dz =

:>f_0w§¢(2/5)q’(ﬁ 2/s)dz + j:%;:i(z/s)cp(—/’t‘l 2/s)dz = 2c™*

Using the relation between the skew-normal CDF and the bivariate standard normal

integral we have

:>2<I>2[0, 0; p:\/]% + 1- I0w§¢(z/s)®(_,11 z/s)dz =2c*
20.(0,0: p=——2 1-20.[0,0: p= 2| —p¢t
TR )T T T ) T

Using another known result the above can be written

Ziarcsin 4 +1 +1-2 iarcsin A +1 =2c*
2 J1+42) 4 27 J1+42) 4

:>———arcsm£ ] +1 — 1 —iarcsin[ A ] =2¢*
2 1+ 272
-1
1—l arcsm( ]+arcsm( A J =2¢c™
T 1+ 172
:1—1 arcsm[ A j+arcsin£ sign j =2¢ct
a 1+ a7 1+ 42
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Using the relevant trigonometric identity,

A signi
2 2
=1- 2 arctan 1+ +arctan N1+ 4 - =2c*

=1- E arctan (

#J +arctan _signd__ =2¢*
1+/1+ A2 |2+ V1+ 2%

A signi

+
141+ A2 ||+ J1+ 22

A signi

(1+ﬁ) (|/1|+m)

=1- 2 arctan =2c!

T 1—

A signi

+

2 141+ 42 |/1|+\/1+ At 4

1-—arctan - =2C
V4 A signA

_(1+Jﬁ) (1441 27)
A%signa + /1\/1+7+ sign (1+ \/1+7)

= 1-—arctan =2ct
z (14 4r A7) |2+ N2+ 27 ) - 2signa
5 2%5ign A + AL+ 22 +sign/1(1+\/1+ /12)

= 1——arctan =2c*
7 2|+ 1+ A% +|A|NL+ A2 +1+ A% - AsignA

CaseA: A>0

In this case the expression simplifies to

{/12+ﬂ 1+/12+1+«/1+12} _gpt

V14 2% + A1+ A2 414 22

2
=1-——arctan
T
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:1—Earctan(l) =2ct =>1-=22=2¢
T T

:>%=2C_1 =c=4

which is the normalizing constant used in the main text.

CaseB: 1<0

Here the expression becomes

5 A%sign A + A1+ A2 +sign/1(1+«f1+ﬂz)
—1—"arctan =2¢c*

4 4|+ 1+ A% +|A|NL+ A2 +1+ A% - Asign A

2 2 2

g2 e | A NI A 1N+ A et

ﬂ AL+ A AL+ A2 1+ A%+ A

(22 +1)+ 1+ 22 (A-1

:>1—£arctan ( i )+ A ) =2c*

7r V1422 A1+ 22 41+ 12

(4% +1)+«/1+ 22 (1-2) .

2
=1-—arctan| — =2C
7 1+ 27 +41+ 22 (1-2)
:>1—Earctan(—1) =2¢* :>1+gz =2¢*
T T4

which is the normalizing constant mentioned in the relevant footnote in the main text.
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