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ABSTRACT

Sophia Chrysa Mitraka

Process Control Techniques for Profile Monitoring
July 2016

Statistical quality control is a major branch of science of statistics purporting to
detect errors occurring in automated production processes. Statistical quality
control is under a continuous, critical evaluation of analytical methods and in-
cludes a detailed course / process starting from sample input. The most important
tool in quality control is the use of control charts (control charts).

This paper attempts a detailed overview of the important elements of Statistical
Quality Control. The Statistical Quality Control (Statistical Process Control,
SPC) is one of the most reliable tools for the monitoring of the product, ensuring
that the processes are under control and also enables business to their long-term
survival and especially their profitability. Also, Multivariable Statistical Quality
Control (Multivariate Statistical Process Control, MSPC) enables monitoring of
two or more variables of a product simultaneously. The need to use multivariate
models emerged from the finding that the quality of a product can be associated
with more than one quality and measurable characteristics. Of the various tech-
niques resulting MSPC charts, whose analysis and monitoring lead to findings
whose presence would otherwise be very difficult or impossible.

The present study deals with the presentation through the literature of multivari-
ate charts as an extension of one-dimensional, which seems to be more prevalent
today, and continuing with the description of the profile monitoring. The Profile
monitoring is a relatively new technique in statistical quality control is best used

when data processing follows a profile (or curve) in each period.

Keywords: Statistical Quality Control, Multivariate Statistical Quality Con

trol, Process Control, Profile Monitoring
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NMEPIAHWH

Zogpia Xpuoa MnTpdka

Teyvikég EAEyyov Aradikaort®dv yra tnv llapakorovOnon poeir
[ovAloc 2016

O otatiotikdg €Aeyy0c mOLOTNTOG amoTeAel Eva HEYAAO KAAJO TNG EMGTAUNG TNG
OTOTIOTIKNG O 0MO10G OMOCKOTEL GTNV AVIYVEVLGT TV CEAAUATOV TOV GV P aivovy
€ QVTOUATOTOINUEVEG dladikacies Tapay®yns. O GTATIGTIKOG EAEYYOG TO1OTNTAG
Bpioketatl KAt amd pio cuvexoOpevn, Kprtikn aSloAdynon ToV avoAVTIKOV Hefo-
dwv xat wepthapfdvel v avadvtikny mopeio/dtadikacio Eekvovtag and v &i-
6000 tov delypatoc. To mo onuoaviikd epyareio otov €Aeyy0 mOlOTNTOG ival 1
YPNOM TOV dtaypappdtov eAéyyov (control charts).

2NV Topovca epyacio EMYEIPEITAL UL0 AEMTOUEPNS OVAOKOTN O TOV GNUAVTL-
KOTEPOV oToYElOV TOL LTaTIoTiKOV EAéyyov TTowdtntac. O Ltatiotikog EAdeyyog
[Towdtntag (Statistical Process Control, SPC) eivat éva and ta mo aldmieto €p-
yoAeio yio TNV TapoakoAlovOnomn tov Tapayopevov Tpoidvtog, dtacparifovtag 6Tt
ol diepyaocieg Ppiokovtal vd EAeyyo evd TapaAANAa e§ac@aAilel oTIg EMIELPN-
oglg TNV pakpoypoévia emPioon tovg Kot 101kdTEPA TNV KePdopopia Tovg. Emi-
ong, o [ToAvpetaPfAntoc Lratiotikog EAeyyog ITototntag (Multivariate Statistical
Process Control, MSPC) divel tTnv dvvatdtnta mopakoAovdnong 600 1 TEPLGGO-
TEPOV LETUAPANTOV VOGS TPpOTdVTOG TavTOYpOova. H avaykn ypnong morlvpetopfin-
TOV HOVTELOV Tpoékvye and TN dlamicTwon 6Tl N TodTNTe VOGS TPOidVTOg UIo-
pel va oyetiletal pe mepltocdTEPA TOV £VOG TOLOTIKG KOl LETPNOLUA XOPAKTNPL-
oTIKA. Ao T1g dLbdpopeg teYVIKEG Tov MSPC mpokvmTovV dtoyplppata, TV o-
Tol®v M avaAvon Kol TopakoAoVONon 0dNYoUV G€ JLOMIGTMOGELS TOV OTOl®V M
nopovcio Ba NTav dlaEopeTikd TOAD SVOKOAN G Kol addvarn.

H mapovca perétn acyoieital pe v mapovciaorn pécsa and tn oxetikn Bipiio-
YPOPiO T®V TOAVUETAPANTOV OLOYPOAUUATOV O TPOEKTACT TOV HLOVOOILACTATMOV,
oL OT®G eaivetal eival meplosdTEPO dradedopnéva onpepa, kKot cvveyiCoope pe

v meprypaen tov profile monitoring. To Profile monitoring eivatl pia oyetikd

VII



vEQ TEYVIKN OTOV OTATIOTIKO EAEYYO0 TOLOTNTAC TOV YPNOLHOTOLEITAL KAADTEPD O-
tav N eneEepyacio dedopévov akorovdel éva mpoil (| KaumdAn) og k4be ypo-

viKn mepiodo.

Aé&€erg Kherona: ratiotikog Edeyyog Mowdtntac, Molvuetapintog Ereyyog
[Tolwotntac, EAeyyog Aradikaciov, [TapakorovOnon Ipoeii
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CHAPTER 1

Introduction

The Statistical Quality Control is the oldest and best known method of controlling
production processes to improve product quality. One of the main objectives is
the early detection of non-compliant with the produced product specifications
which marks the corrective actions to eliminate the causes responsible for the
deviations, thus contributing to maintaining product quality. We could say that
the Statistical Quality Control affects important decisions related to the specifi-
cation, production and testing of products of a company.
For efficient use of Statistical Quality Control required that integration in a
framework of operation and administration of the company aims to continuously
improve quality at all levels of the company, known as TQM (Total Quality Man-
agement or Total Quality Assurance). We could say that the Statistical Quality
Control was the harbinger of TQM.
The quality history begins in the early 20th century with the creation of the first
laboratory for standards in Great Britain and on the production line at Ford Au-
tomotive in Highland Park in the USA (1905). The steps then was rapid and now
the quality has become a major concern of both industry and services.
The Statistical Quality Control consists of a set of statistical data analysis. This
total can be divided into three key subsets each containing oriented statistical
methods in different production phases.
The three subsets are:

e Design of Experiments

e Statistical Process Control

e Acceptance Sampling
The Design and Experimental Analysis contains all those statistical techniques
that help us discover the effect of different levels of the factors (variables) that
affect the quality parameters of the final product and thus plays an important role
in the optimal design of the production process. The Statistical Process Control
provides statistical techniques needed to control the production process during



the production. The Acceptance Sampling provides statistical techniques (sam-
pling) necessary to decide whether a given batch (heap) of products will be ac-

cepted or rejected.

Modern quality assurance systems usually focus on Statistical Process Control
and Design of Experiments issues despite the Acceptance Sampling since it
doesn’t feedback the system with critical information that could lead to improved
quality. To satisfy the user, a product must be produced in accordance with a
"stable repeatable” process. The process should be capable of operating with little
variability around some target values set in the qualitative characteristics that
must distinguish the final product. The Statistical Process Control is a collection
of tools that are useful for monitoring the stability of a process and improve the
capability via the reduction of volatility.
The Statistical Process Control can be applied to any process. The seven main
tools used are the following:

e The Histogram or Stem-and-Leaf Plot

e The Check Sheet

e The Pareto Chart

e The Cause-Effect Chart

e The Defect Concentration Chart

e The Scatter Plot

e The Control Chart
The most widely used method for monitoring a production process in Statistical
Quality Control are the control charts. The X Shewhart control chart is the best
known control chart for monitoring the mean of the distribution (often a normal
distribution) of a characteristic of the products produced by a production process.
With statistical control charts it determines whether the process is under statisti-
cal control. When the process is under statistical control, the results are provided
and, therefore, within control limits. There are differences from the desired value,
but rather by the nature of the process and how it is defined. To provoke change
of these results, if desired, the process itself must be changed and the parameters

as well. Indication of a problem in the process, may be (if the indicator is not



incorrect) occured when measuring out of control limits. Then there is a special
event that generates most of the expected volatility that is a natural cause of the
process. Possible indications of special cause variation are consecutive readings
with upward or downward trends and consecutive indications above (or below)
the mean (Deming, 1986).

The control chart shows the progress of the quality characteristics as a function
of time. Its use is to detect changes in the historical performance of each process
and to eliminate the causes that cause. The most common form of control chart
consists of a central line (K2), which corresponds to the process smooth opera-
tion, the upper control limit (UCL) and the lower control limit (LCL). Any point
outside the control limits is an indication that there is a change in the process, so
you need to do research on the causes of this change.

Of course, at this point it is worth highlighting that the control charts alone do
not result improvement. They must be applied in an environment where there is
trust and cooperation, in an environment where the barriers between the various
divisions of an organization have been lifted. Thus it becomes obvious how rel-
evant is the Deming philosophy, with 14 points, for any organism (Owen, 2000).
In this paper we seek introduction to statistical quality and process control and
studying the basic concepts and the main models governing. In the first chapter
we present an introduction to the basic concepts of statistical quality control and
its importance. In the second chapter we analyze the main tools of statistical
control is the control charts. In the third chapter of the work we are expanding to
the multivariate control charts. While the two following chapters attempt to im-
port the profile monitoring. Finally in the sixth chapter we present our conclu-

sions.
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CHAPTER 2

Univariate Control Charts

2.1 Introduction

Control charts can be classified into several categories according to certain char-
acteristics. A basic distinction is made depending on the number of quality char-
acteristics for which measurements are taken. So if the readings taken relating to
an attribute, we refer to univariate control charts, and if the readings taken relate
to several qualities we refer to multivariate control charts.

This chapter presents the basic univariate control charts and their properties. In
subsection 2.2, are presented some basic concepts associated with the construc-
tion of a control chart. Subsection 2.3 presents the Shewhart control charts, for
samples and for individual observations to monitor the mean and variance of a
manufacturing process. Subsection 2.4 presents the CUSUM control charts, for
samples and for individual observations to monitor the mean and variance of a
process. Finally, subsection 2.5 presents the EWMA control charts for individual

observations and samples.

2.2 Basic concepts

Control charts are the main tool of Statistical Quality Control, as their use is
possible to test the stability of a process production, and to detect a change in the
values of the qualitative characteristic study measurements.

The control chart is the graphical representation of a quality characteristic, which
has been measured or calculated from a set of measurements as a function of the
serial measurement or time (Montgomery, 2009), and as mentioned above, is used
to control the volatility of a process. In this chart depicted as points the values of
the quality characteristic measurements, linked together by a zigzag line, and
three other usually straight lines. The centreline (CL) usually represents the mean
value of the studied qualitative characteristic measurements, which results from
the operation of a process that is in control, namely a production process which

works with natural, non-systematic variability. The other two lines contained in



a control chart called upper and lower control limits (UCL and LCL). In the case
where all the control plot charts are within these limits, it can be assumed that
the process is in control and thus it doesn’t needs to be performed corrective
action. However, a point outside these limits provide evidence of an except pro-
cess out of control. Research is therefore essential for the detection of special
causes of variation, which led to this behaviour, and their subsequent elimination.
It is worth mentioning that it is not enough all the points in a control chart to be
within the above limits, but it is further necessary to behave in a random, non-
systematic way. For example, if 18 of the 20 points in a control chart located
above the centre line but below the upper limit, and only two are located below
the centre line, but above the lower limit, the strong suspicion of an out of control
operation production process is born(Montgomery, 2009).

For controlling a production process with the use of control charts, there are two
phases, Phase | and Phase Il. In Phase | of measuring which retrospectively ana-
lyzed in order to check whether the process was in control at the time / duration
of collection of data. At this phase, the charts play mainly supporting role to the
administrator of the process to bring the process in statistical control. When this
is achieved, the generated control charts can be used for future monitoring of the
process.

In Phase Il the control charts are used for the continuous monitoring of the pro-
duction process and the early detection of a possible shift in the mean level of
quality of the product. So, at this phase the focus is on process monitoring, and
not to become an out of control process in control. Early detection of a change in
the quality of the products obtained by continuous sampling of the production
process and comparing statistical function derived from them (usually the mean)
with the control chart limits (Montgomery, 2009).

Another concept associated with control charts and to be presented in this sub-
section, is the Mean Run Length ARL. Except as outlined above, control charts
serve two more purposes. One refers to that, when the process is in control, we
want the chart to signal for an out of control process as rarely as possible. The
second relates to the fact that, when the process is out of control, we want the

chart to signal as soon as possible. Referring, then, to evaluate the performance



of control charts on the achievement of these two objectives, the measure most
often used is the mean run length ARL. The amount ARL indicates the expected
number of points to be planned in a control chart until a point will signal of an
out of control production process. The amount ARL can be calculated from the

relation

ARL =% wherein p is the probability of finding a point of control chart outside

the control limits. ARLo is defined as the in control ARL, which indicates the
expected number of points to be planned in a control chart until a point that will
signal to an out of control production process, when in reality the process is in
control. As ARL1 we define the out of control mean run length, which indicates
the expected number of points to be planned in a control chart until a point that
will signal to an out of control production process, when in reality the process is
out of control due displacement of p in p*. Namely, the ARL; indicates the ex-
pected number of measurements / samples to be taken to detect the shift in the

mean of the process, from the moment it happened.

Clearly, for a process that is in control we want to have great value for ARLo, so
that the number of false indications for out of control process to be small. Ac-
cordingly, we want to have a small value for the ARL4, so that the number of
samples / observations, and therefore the time required to detect the displacement
of the process mean to be small.

However, use of the ARL for evaluating the performance of a production process
has been reviewed in recent years. This is because the distribution of the Run
Length follows the Geometric distribution (G(p)), therefore the standard devia-
tion of the Run Length is quite large and the distribution of the Run Length is
highly asymmetric. Therefore, the mean value of the distribution (i.e. ARL) can
not be considered as representative of the Run Length (Montgomery, 2009). For
this reason, as alternative to the Mean Run Length can be used (MRL), since it is
less sensitive to the asymmetry of the distribution aspects of the Run Length.
Even beyond the ARL, as a production process performance evaluation measure
is used the Mean Time to Signal ATS, which is given by



ATS = ARL X h

wherein h is the time interval between receiving two consecutive measure-
ments/samples and which is constant. Therefore, the ATS indicates the mean time

required to provide the control chart display for an out of control process.

2.3 Control Charts Shewhart

In this subsection we study the construction Shewhart-type control charts for var-
iables. These charts are used to monitor the mean value and variance value of a
qualitative characteristic, for samples and for individual observations. The fol-
lowing paragraphs are initially presented the Shewhart control charts for samples

and then the Shewhart control charts for individual observations.
2.3.1 Shewhart Control Charts for samples

2.3.1.1 Shewhart Control Charts to monitor the mean

In this subsection are presented the Shewhart control charts for monitoring the
mean value of a qualitative characteristic X. In each case it is assumed that the
variance, and therefore the standard deviation o of the qualitative characteristic
X values remains constant.

Initially it is assumed that the distribution of the qualitative characteristic X fol-
lows a normal distribution N(u, 0?). If X; = (X;1, Xi2, ..., Xin) @ random sample of

size n from X then the sample mean is calculated as
y = Sut Xig ot Xin

i

n

It follows N(u, 0% /n) and is an unbiased estimate of the mean value of X. There-

fore, for any n sizedsample the sample mean X; takes values in the interval

o
u+ Za/z

o
—Za —, R
SR EN Vn

with probabilityl — a. For a=0.0027, i.e. Za;, =3, wWe take the interval



u—-3Z ,u+3 ]

and the sample meanX; takes values in this interval with a probability of 99.73%.
Therefore, in the case where p and o are known, the boundaries of the interval
may be used as the upper and lower limits of a control chart. Therefore, in the
case where a point on the chart (sample mean) is outside this range, and since the
probability of this happening is extremely small (0.0027), then there is an indi-
cation that the manufacturing process is out of control due to displacement of the
mean from the value p. These limits are known as three-sigma control limits of
Phase Il, when the mean’s value and the variation of the qualitative characteristic

X are known.

2.3.1.1.1 Estimation of the mean

In practice the mean and the variance of the qualitative characteristic X is largely
unknown, therefore the focus is on their estimation for the Phase | control charts’
construction. For this purpose, it is necessary to collect preliminary m independ-
ent random samples X;;, X2, ..., Xin, N sized each, provided that they were col-
lected when the process was in control.

Suppose, then, that X;, X,, ..., X,,, are the sample means of m independent prelim-
inary random samples. Then the best estimate of the process mean is the amount

_X1+ X2+“‘+Xm
B m
which follows the distribution N(p,6%/nm) and is unbiased estimator of the mean

>

of the process. The amount X is used as the central line in Shewhart control
charts. But in order to build them, we need to estimate the process variance. To
this end, the following paragraphs present the three most popular methods.



2.3.1.1.2 Estimation of the standard deviation with Method R

Let Ry, R,, ... , R, the ranges of m preliminary samples, ie
Ri = Xi(n) _Xi(l)' 1<i<m.
Then the mean width is calculated as

Ri+ Ry + 4Ry,
m

R=

and the estimation of o is calculated as

. _R
U—dz

Where d, is a constant that depends on the sample size n.

Thus, using as an estimate of the mean of the process the amount X and as the
estimated standard deviation the amount 6 = R/d,, the three sigma control limits

of Phase | of a Shewhart chart are as follows:
UCL=X+A4, R
CL=X
LCL=X—A,"R
3

Wherein the A, constant is equal to 4, = L
I

2.3.1.1.3 Estimation of the standard deviation with the S method

Let S;,S,, ... ,S,, the quantities defined by the relation

n
1 N2 .
Si= n_l'Z(Xij—Xj), 1<i<m.
Jj=1
Posing
B m

we take E(S) = o - c,, Wherein c, a constant that depends on the sample size, and

it can be shown that the amount S/c, is unbiased estimator of the quantity o , i.e.

10



.S
0O =—
Ca
(Montgomery, 2009).
Thus, using as an estimate of the process mean the amount X and as the estimated

standard deviation, the amount 6 = S/c,, the three sigma control limits of Phase

| of a Shewhart chart are as follows:
UCL=X+45-S

CL=X

LCL=X—-A5-§

wherein the constant A5 is equal to
3
C4 - \/E .

2.3.1.1.4 Estimation of the standard deviation to the process S2
Let SZ,52,...,S2 the quantities defined by the relation

S?= 3, (- %)", 1sism

for which it holds that

E(S?) = 2.

The amount \/ﬁ wherein

S__512+522+---+S,2n

m
can be used as an estimate (although not impartial)of the quantity o, i.e. § = v S2.
Thus, using as an estimate of the process means the amount X and as the estimated

standard deviation the amount & = /52, the three sigma control limits Phase | of

a Shewhart chart are as follows:

UCL=X+A4-52

CL=X

LCL=FX—A-/52

11



2.3.1.2 Shewhart Control Charts for Monitoring the variance

As mentioned above, control charts described in the previous paragraphs relating
to the monitoring of the mean value of a qualitative characteristic X, provided
that the variance of the characteristic X was constant throughout the course of
production process. However, in practice it is not always certain that the variance
of the characteristic X will remain constant throughout the procedure. This sub-
division presents Shewhart control charts for monitoring the variances’ behaviour
of a qualitative characteristic X.

As in previous sections, in each of the cases presented below it is assumed that
the X attribute values follow a normal distribution N(u,0?) and that obtained m

independent random samples from the X, n each size.

2.3.1.2.1 R control chart for monitoring the variance

Firstly the case is considered in which p and o? are considered known. Let X; =
Xi1, Xiz, ..o, Xin, m random samples of size n from X and even R; = R, R,, ... ,Ry,

ranges of samples. It can be calculated that

URizE(Ri) =O-.d2I O-Riz Vvar(Ri)=U.d3
wherein d,, d; amounts depending on the sample size n (Montgomery, 2009).
Therefore, a Phase Il control chart for monitoring the variance of qualitative

characteristic X based on sample ranges R; are the following:

UCL=D, o
CLZO-dZ
LCL=D, o

Whereln D1 = dz - 3 b dg,DZ = d2 + 3 ) d3.
If o is unknown, then using as estimate of, the amount 8 = R/d,, a Phase | control
chart for monitoring the variance of the qualitative characteristic X values is the

following:

12



UCL=D,-R

CL =R
LCL=D;"R

Wherein

D, =1 3d3 D —1+3d3
T e T gy

2.3.1.2.2 S control chart for monitoring the variance

As before, initially the case is shown in which pu, g2 are considered known.
Let X; = Xi1, Xi2, ..., Xin, M random n-sized samples from X and let the amounts

Si =851, S,, ... ,Sy defined by the relation

n
1 N2 )
Si: HZ(}CU—X}) , 1<i<m.
Jj=1

It is proved that

— . =g — 2
Us, = 0" Cyq, gs, = 0 ’1 Cy .

Therefore, a Phase Il control chart for monitoring the variances’ value of quali-

tative characteristic X based on standard deviations S; are the following:

UCL=Bg0
CL=0"c,4

LCL=B5'O'

Wherein

BS=C4_3' 1_C4_2, B6=C4+3.’1_CZ'

If o is unknown, then using as its estimate, the amount 6 = S/c,, a Phase | control
chart for monitoring the variances’ value of the qualitative characteristic X are

the following:

13



UCL=B,"-S

CL=S
LCL=B;-S
Wherein
3 3
B;=1——" 1—cf, B,=1+—-" 1—c§.
Cy Cy

2.3.1.2.3 S2 control chart for monitoring the variance

Similarly to the previous cases, initially we show the case where u and o2 are
considered known. Let X; = X4, X2, ..., Xin M random samples of size n from X

and let S2,52, ...,S2 the amounts defined by the relation
n
N2 .
Z(xu—x]) , 1<i<m.
=1

It is proved that

1
n—1

St =

(n—1)-5?
0-2

~2
n-1-

E(S?) =0? and
Still, it holds that

(n_l)'si2 2 >:1—a

2
P (Xn—l;l—a/Z < o2 = Xn—l;a/z

Therefore
2

'szz—l;a/2> =1-a.

n—1

o’ 2 2
P (n 1 “Xn-11-a/2 =Si =

14



Therefore, a Phase Il control chart with a/2 probability thresholds for the moni-
toring of variance’s values of qualitative characteristic X based on variances S?

is the following:

2

UCL = n—1 ')(721—1;a/2
CL = ¢?

o? 5
LCL = n—1 "Xn-1;1-a/2

If o is unknown, then using as an estimate of o2, the amount o2 = S2, a Phase |
control chart with a/2 probability thresholds for the monitoring of the variance’s
value of the qualitative characteristic X is the following:

g2
UCL =

n—1 ')(721—1;a/2

LCL = n—1 'X121—1;1—a/2

2.3.2 Shewhart Control Charts for individual comments

In the event that no samples collected, but individual observations, control charts
presented in the above paragraphs cannot be applied to monitor the behaviour of
qualitative characteristic X. Therefore it is needed an appropriate modification.
As before, it is assumed that the distribution of the qualitative characteristic X is

normal N(u,o?).

2.3.2.1 Control Charts to monitor the mean

Firstly the case is considered in which u, o2, considered known. The Phase II
control chart for monitoring the mean of qualitative characteristic X with three

sigma control limits presented in the last subsection takes the following form:

15



UCL=pu+3-0
CL=u
LCL=u—-3-0

and illustrated in this, individual observations X;.

In the case where u and a2 of the attribute X is unknown, they must be estimated.
Suppose, then, a random m sized sample derived from the characteristic
X, X1,X5, ..., X;m. Then an unbiased estimator of the mean of the sample is given
by the following relation:

g Kit Kotk Xy
= — _

To estimate the variance of sample values is not meaningful to calculate the range
R. Therefore, in this case the moving range of the individual observations is used,
which is calculated as follows:

MR; = |X; — X;_1| = max(X;_1, X;) — min(X;_1, X;), =2,

Posing

m-—1

It turns out E(MR) = o - d,, therefore the amount MR/d, is an unbiased estimator
of quantity . Thus, the Phase I control chart for the monitoring of the mean value

of the qualitative characteristic X in three sigma control limits is:

_ MR
UCL=X+3-—
da

CL=X
MR
LCL=X—-3-—
da

16



2.3.2.2 Control charts for monitoring the variance

For the monitoring of the variance of qualitative characteristic X the correspond-
ing R control chart cannot be used, since, as mentioned above there is no sense
to calculate the range R. Therefore, in this case the moving range of the individ-

ual observations are used. For the moving range MR; is estimated
liMRi=0'd2; UMRi=U'd3-

Therefore, a Phase Il control chart with three sigma limits for monitoring the
variance of the qualitative characteristic X values is the following:

UCL=D, 0
CL:UdZ
LCL=D, o

Whel’elnD1=d2—3d3, D2 :d2+3d3
If o is unknown, then using as its estimation, the quantity & =? , a Phase |

2

control chart with three sigma limits for monitoring the value’s variance of the

qualitative characteristic X is as follows:
UCL =D, MR

CL =MR

LCL = D;- MR

Wherein

—1_23.% — 43
D3=1-3-2% Dy=1+322.

2.4 CUSUM Control charts

According to the bibliography (Montgomery, 2009), the Shewhart control charts
presented in the preceding paragraphs are useful mainly for Phase | of statistical

process control, where the production process being out of control is possible.

17



However, a major disadvantage of Shewhart control charts is the fact that they
use the information received from the last sample each time, ignoring the infor-
mation provided by previous samples. Thus, these charts are relatively ineffective
in detecting small displacements of the mean value of a process, especially when
it shifts to a half standard deviation. For this reason, it’s not considered suitable
for Phase II, if at this stage the production process is largely in control and any
mean displacements are small.

By contrast, in CUSUM control charts the design of a point based not only on the
most recent sample, but also on information collected from previous samples. For
this reason, the CUSUM control chart belongs to a chart class called Memory
Control Charts, as well as EWMA charts which will be presented in the next
section, and are mainly used in Phase II.

The CUSUM control charts exploit all the information given by earlier samples,
showing a chart of the cumulative sums of the deviations of the observations from
a target value. If then, collected samples of size n and the amount X, represents
the mean value of j-th sample and y, the target value of the production process,

then a cumulative control chart is made reflecting the values of the quantity

i
Ci=) (% - o)
j=1

function of the number i of the sample (Montgomery, 2009). According to the
way in which the amount C; is readily calculated found that shifting the process’s
mean to a value u; > u, will result a positive or upward drift of the accumulated
sum C;. Similarly, a drift of the process mean to a value u; < uy, it will cause a
negative or downward drift of the accumulated sum C;. Therefore, an upward or
downward trend in the chart points indicates displacement of the mean of the
production process (Montgomery, 2009) . Figure 2.1 shows a cumulative chart in
which the mean of the production process has shifted from position u = 10 to

position y; = 11.
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Figure 2.1: Example of a CUSUM chart

Source: Montgomery (2009)

However, as it can be seen, the cumulative chart of Figure 2.1 is not a control
chart, as it has no control limits. For the construction of cumulative chart with
control limits, there are two methods: algorithmic and method of the V mask.
Because the process of V mask is generally not recommended for the construction
of cumulative control charts Montgomery (2009), in the present work only the

algorithmic method is presented.

2.4.1 Algorithmic Method CUSUM for the mean of a process

The CUSUM control charts are used in either case the measurements from indi-
vidual observations or events related to the observations samples. However, in
practice they are usually used to represent the individual observations. For this
reason it will be given more weight in the presentation of CUSUM control chart

for individual observations.

Suppose, then, that received individual comments x;,i = 1 from an in control pro-
cess of production of a qualitative characteristic X. For these observations are
assumed to come from a normal distribution with mean p, and standard deviation
o (known). The algorithmic CUSUM method for detecting upward displacements

of the mean is using the statistic
¢ =max[0,x; — (o + K) + G141, €& =0

and for detecting downward displacements of the mean is using the statistic
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Ci7 = max[0, (uo = K) = x; + (2], €5 =0

where the values of the quantitiesCi and C; values called head starting values and
K is a positive constant called reference value. The value of the constant K is
usually chosen as half the distance between the target value u, and the out of

control value of mean, ui, which are interested to find. Therefore the value of K

— l11—uol

usually given by K = ga >

The amount C;faccumulates the deviations of the observations x;from the quantity

Uo + K and can be considered suitable for the control of the case
Ho: p = o
Hi:u =y, =g+ bo, §>0

since large positive values C;*lead to acceptance of H;. Correspondingly, the
amount C;accumulates the deviations of the observations x; from the quantity

1o — K and can be considered suitable for the control of the case

Ho: = po
Hi:pu=p, = py— oo, 6>0

since large negative values C; lead to acceptance of H;. The decision as to
whether the production process is out of control, ie whether to accept any of H;
or Hy based on a constant H. More specifically, if C;/ > H or C; < —H , then the
corresponding null hypothesis is rejected and it is concluded that the process is
out of control due to displacement of the mean at a higher or lower level respec-
tively. The amount H is called a decision interval and is given by the formula
H = h-o where normally h =4 or5. Figure 2.2 shows a typical cumulative
CUSUM chart for one process out of control due to displacement of the mean at

a higher level where H = 5.
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Cumulative sum

Subgroup numbar
Figure 2.2: Example of a CUSUM chart with decision time H=5

Source: Montgomery (2009)

If the CUSUM control chart detects a displacement of the processing means, then
it is useful to calculate the value of the new mean u,. This is done using the

following relations:

C'+
A ,uO+K+N—l+, avCr>H
H1 = c-
‘HO_K_N_I'_, aVCi_<_H

where N*,N~ the number of consecutive periods (until the indication for out of
control process) for which the accumulated totals C;*or Cis different than zero
(Montgomery, 2009).

If the focus is on the detection of the process’s mean displacements in one direc-
tion, i.e. in a higher (lower) single plane, then the aggregated chart illustrated
only the quantities C;* (C;”) and the decisions interval H* (H™). These charts are
called one-sided CUSUMs.

2.4.2 Standard CUSUM Charts

In addition to the cumulative CUSUM charts developed in the preceding para-
graphs, the bibliography indicated the Standardized CUSUMSs. So if Y = % is

the standard value of X, then the standard algorithmic method of cumulative chart

uses statistical functions
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Ct = max[0,y; — k + C*,], Cif=0
C; = max[0,—k —y; + C;_,], Co =0

where if ¢;* > h (C; < —h)then the manufacturing process mean has shifted to
a higher (lower) level. One of the advantages of standardized CUSUM chart is
that different charts can use the same values for the parameters k and y, and the
choice of these parameters does not depend on the variance of the sample values.
Another advantage is that a standardized CUSUM chart is suitable for cases in

which the variance is not stable (Montgomery, 2009).

2.4.3 CUSUM Control Charts for dispersing a process

According to Hawkins (1981) (as indicated in Montgomery, 2009) it is possible
to construct CUSUM control charts to monitor the variance of a production pro-

cess. If x; the observations taken from a production process, and X~N(ug, 02)
then the standardized value is X, as mentioned above, Y = % The Hawkins

proposed the creation of a new standardized quantity,

il - 0822
Vi = 70349

which are sensitive to displacements of the production process of variance and
which the in control distribution V is the standard normal. Thus, a control chart
for the variance of the production process (Scale CUSUM) may be based on the

display of the following statistical functions
S =max[0,v; —k+S",], Si=0
S7 =max[0,—k —v; + S_4], So =0

wherein the parameters k, v; are selected as in the case of manufacturing CUSUM
control chart for the monitoring of a process’s mean. The interpretation of the
Scale CUSUM chart is similar to the interpretation of CUSUM control chart for
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the mean, i.e. an increase S;*of a value level higher than +h interpreted as in-
creasing the variation of the production process, and a reduction in values S; to

below —h construe as reducing variance in the production process.

2.4.4 CUSUM Control Charts for samples

The CUSUM control chart presented in the preceding paragraphs may be modi-
fied in such a way that they can be used in the case that we do not have individual
observations, but sample sizesn > 1. In this case the quantity x;is replaced by

the quantity x;, i.e. the mean of the i sample, and the amount ¢ is substituted by

the amount oz = o/+/n. So in control chart the statistical functions are displayed:

C;" = max[0,%; — (uo + K) + Ci-4], Co =0
C; = max[0, (up — K) — x; + C_{], Co =0

. g o
wheremK—k-—n, H—h-\/—ﬁ

Still, in case we have samples rather than individual observations, it is possible
to construct control charts for monitoring the variability of the production pro-
cess, based on the sampling variance. Suppose, then, that the observations of the
samples are normally distributed and that the in and out of control variance is
oéand oirespectively. If S7the variance of the sample, then the CUSUM control

chart statistics functions are
Ct =max[0,Cr +S?+k], Ci=0
C; =max[0,C_,+S?—k], C;y=0

21n(%/g, )oj of

2_ 2
04 —01

wherein k = (Montgomery, 2009).
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2.5 Control Charts EWMA

2.5.1 EWMA control charts for the mean of a process

The EWMA control charts were introduced by Roberts (1959) and are an alter-
native to the Shewhart control charts when we care to detect small shifts of a

production process mean. In EWMA control charts show the statistic
Zi - /1Xl + (1—/1) 'Zi—l

wherein A is a constant 0 < A < 1. As a starting value Z,shall be the value target
of the production process u, while can be used the value of the mean X calculated

by preliminary data. Using sequentially the above formula we get
Zi =255 - VX + (1 - D'Z

As can be seen, the amountZ; is a weighted mean of the observations
Zo, X1, X5, ..., X; With corresponding weights(1 — ), A(1 —2)71, .., 1. Weights
A(1 — 1)/ decline geometrically as we move from observation X; to observation

X; and their sum is equal to one.

For the variance of the statistical function Z; we have
A :
0%, =Var(z) = 0? (55)[1 - (1 - H?]

Therefore, an EWMA control chart shows the value of the statistic Z; and the

control limits are given by the following relations:

[1-(@1 -]

UCL = L
o + a\/Z—A

CL = po

A .
= — — — 2i
LCL = p, Lajz 3 [1-(1-2)%
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In case 1 = 1 then the above EWMA control chart, is reduced to a Shewhart con-
trol chart. Also, as can be appreciated, in the case where 4 # 1 the above control
chart limits are variable. However, the quantity (1 — 1)? tends to zero as i grows,
so after a relatively small number of periods, the control limits are fixed and

given by the following relations:

UCL = L
Mo + Lo 21
CL = po
LCL = L A
—/10 g 2_&

It is worth noting that the EWMA control charts are not significantly affected by
the breach of the case of normal distributed observations therefore an EWMA
control chart is a good non parametric solution for the detection of small dis-

placements of a production process mean.

2.5.2 EWMA control charts for samples

The EWMA control charts although initially designed for individual observations
can be modified to be used in case of sample sizesn > 1. In this case the quantity

X;is replaced by the amount X,, i.e. the i sample mean and the amount o with the
quantity o/v/n. Therefore, in a EWMA control chart for samples illustrated quan-
tity

Zi=(A-N)Zi 1+ X,

with control limits and central line given by the following relations:
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UCL = g +L%\/2%[1— (1= )2

CL = po

A |
LCL = pg —L%\/m[l — (1= 2]

Amin & Searcy (1991) proposed a nonparametric formula of an EWMA control
chart, based on the rating of the observations in the sample using the grouped
signed ranked statistic or otherwise GRS-EWMA. The statistics function depicted
given the following relation Zi =A SRi + (1 = 4) Zi-1, 0 <A<,

wherein the initial value Zo is the target value that has been determined.

The process is considered to be out of control whenever any Z; either exceeds the
upper control limit (UCL) or is below the lower control limit (LCL). The control
limits are given by the relation p, £ L. Additional, as reference the EWMA non-
parametric control chart, this has been assessed and compared on the basis of the
ARL. Uniform, normal, double exponential, gamma, and Cauchy distributions
are selected. Control limits for standardized GRS-EWMA and the GRS - EWMA
are chosen so that the frequency of the points that are out of the control limits
are the same for procedures when the process is in control.

The addition of the warning control limits improve chart’s performance. It is
proposed control scheme that the control chart for the variance can be used with
the GRS - EWMA process.

As reference the ARL, is influenced by the values of lambda to the proposed non-
parametric GRS - EWMA control chart. So we could say that the method of GRS

- EWMA is a good alternative approach non parametric control chart.
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CHAPTER 3

Multivariable Statistical Quality Control

3.1 Introduction

Monitoring correlated variables is the main object of study processed by Multi-
variable Statistical Process Control (MSPC) (Montgomery (2005)). That enables
simultaneous monitoring of two or more variables of a product. The need to use
the Multivariable Statistical Quality Control arose from the finding that the qual-
ity of a product can be associated with more than one qualitative and measurable
characteristics.

The Control Charts monitor the quality of a process and how it changes over time.
In practice, however, many if not most of the production processes or services
are multivariate, are dependent on more than one variable. Application of Control
Charts in each variable separately to monitor the quality of such a process, it is
insufficient and can lead to erroneous conclusions. So multivariate methods are
needed to examine variables together. However, the multivariate control charts
are less popular than univariate because besides the relative difficulty they have
in their calculation, they have some additional difficulties in their implementa-
tion. For example, unlike univariate control charts, the range of values that ap-
pear in multivariate charts are not related to the scales of each variable monitored.
Thus, when a signal is given out of control by the multivariate chart, it is difficult
to determine which variable caused this signal.

In many cases, however, monitoring a single attribute is deemed unreliable be-
cause it takes no account of the relation between two or more variables. The
monitoring of each control chart individually can not provide information about
whether the variables we manage are related. Similarly, we can say that the con-
sumer does not perceive each variable of a product separate, but considers them
all together (as one) when selecting a product. In no case the variables are uncor-
related. This led MacGregor and Kourti (1995) to doubt the ability of univariate

control charts in determining the quality of a manufactured product. So there are
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many cases in which the simultaneous monitoring of two or more correlated qual-
itative characteristics are necessary. But as the number of measurable qualitative
variables increases, the difficulty to monitor also arises. Suppose we have p sta-
tistically independent qualitative variables to produce a separate product and
Control Graph is P{Type | error} = a, then the actual probability of the fault I
incorporating the whole production process is a'= 1- (1-a)p and the probability
that all the p variables will be drawn simultaneously into the control limits when
the process is in control is P {all p means are in control} = (1 - a) p. If the
variables are not independent, then it is very difficult to calculate o' of the pro-
duction process.

The first dealt with the Multivariable Statistical Quality Control (Multivariate
Statistical Process Control, MSPC) was Harold Hotelling (1947), who applied the
procedure to data collected from the Second World War on bombed areas. Three
of the most important Multivariable Control Charts are Multivariable Shewhart
Control Charts (for example, Hotelling T2, which monitors the mean vector of a
process), the Multivariate Cumulative Sum (MCUSUM) and the Multivariate Ex-
ponentially Weighted Moving Mean (MEWMA).

Several works reported in the bibliography relating multivariate test procedures
(examples include: (Hicks, 1955), (Alt, 1985), (Jackson, 1985), (Healy, 1987),
(Crossier, 1988), (Lowry et al., 1992), (Tracy, Young and Mason, 1992),
(Pignatiello and Runger, 1990), (Montgomery, 1996), (Sullivan and Woodall,
1996)).

In the previous chapter we looked at the parameters and the use of one-dimen-
sional Shewhart control charts, EWMA and CUSUM. This chapter will analyze

the multidimensional form in the context of multivariate quality control analysis.
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3.2 Multivariable charts Shewhart

3.2.1 The p-dimensional normal distribution

To p-dimensional random vector (Montgomery (2005))

following p-dimensional normal distribution with parameters p and X (notation
X ~Np (1,X%)), wherein p' = [p, po, ..., up] is a vector of real numbers and

- -

O, O, - 0Oy

E: 0-21 O-Z_ O-Ep
_O-p] O-p'l e O-;) B

is a symmetric positive definite matrix, if the density function is given by

_l?(x_")'z_‘ (x—p}]. X R¥

PR S
( en* |z’ :

(with | ¥ | denotes the determinant of the matrix ¥ and Z-1 the inverse of the
matrix X). It can be shown that
EX)=p. E[(X-p)X-p)]=% X-p)'=7X-p)~z,.
In the special case p = 2 shows the two-dimensional normal distribution

whose density function is given by

1 1
flx.x,)= fexp[——g(xl.xz}]. X,.Xx, ER,
270,0,4/1—-p° 2
wherein
Q(xl_x:)={ 1 . “ | ]- +[~1"3 —H }; —Ep[ A ix: —H ]:l}
1-p° o, a, o, O,
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and po:6: = ow.. In the special case p = 1 it shows the one-dimensional normal

distribution.
Suppose now that we have a random n sized sample from p-dimensional normal

distribution with parameters p and X. The sample mean X and the sampling var-

iance - covariance matrix S are given by formulas

X,
< X, 1
X= : _n;X'

‘Yp

Sl2 Slz S]p

S S . 8 " — _
s=|" 2 Pl s x X)X, - Xy

: : N n—-1: 9 '
_Spl S;}Z o S‘; h

For details of the S matrix we have that

2 ] . I 32 .

1 & = - _
:—IZ(XU _XJ)(X:}'._X:‘)‘J IS}akgp
L=l

LJ—k

It's known that
EX)=p, E®S)=E, X~N,(n,(1/mE), Vn(X-p)~N,(0,X)

nX-p)E'X-p)~yx,, (1-DS~W,(n-1X).
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3.2.2 Control Charts for the vector of mean values

Sample size n> 1

Suppose that the qualitative characteristic X '= [Xy1, Xz, ... Xp] follows the p-
dimensional normal distribution with known parameters p and X, and suppose
that we have samples from the qualitative characteristic n>1 sized. The general

form of the sample k (k >1) are the following

Xl'l.'r pr Xa-]!r
Xlzt Ay X..y.-

k sample: : . . Y s
X gt ’rm. A ok {

For each sample, we define the quantity (sample mean)

i;{:[ylka‘?ri"aypk]a kz]

. 1.
whereiny —-Sx. . 1=j<p.
* HZI i JED

We define P =X —W'T™ (X, -1~ z;.

The Statistical D%« function represents the weighted distance (Mahalanobis dis-
tance) point X, from the value u. Large values of statistical D% function indicate
that the distance of points X, and p is large thereby we adopt the view that the
process is out of statistical control due to displacement of process’s mean. In
contrast, small or zero values statistical D?¢ function indicate that the process is
in statistical control.

Therefore, a control chart for the monitoring the mean p of the process can be
based on a graph wherein the amount shown is the statistical D?. The control

limits are given below:

X2 control chart

Phase Il control limits

UCL = X2,
LCL =0
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The upper control limit UCL of X2 control chart is calculated to ensure that the
type | error is equal to a, i.e. P (D%> UCL) = a

Thus, the chart’s in control ARL is equal to

ARLin=1/a

Assume now that the vector of the means of process values is shifted from the in
control value p to the out of control value p“ = p + 8, § # 0 (i.e., assume that
E (X) = u + 8), while variance - covariance matrix X, has remained the same. In
this case the distribution of the statistical function D? is the non - central X2
distribution with p degrees of freedom and non — centrality parameter

A=A (W) =n(p -t (W-p) =nd'E" 5.

Thus, out of control ARL is calculated by the formula ARLouwt =1/ (1-B) wherein
b denotes the type Il error, i.e.

1-p=1-P(D% < X%, |2 1)) =P(D% >X%a |1 1)

A calculation formula for the type Il error is the following:

Tpa

SJREPNT((p/D)+)) 5 '

In the development Phase | of control charts, the parameters pand X of qualitative
characteristic X '= [Xy1, Xo, ... Xp] are unknown and must be estimated. Suppose
we have m samples of the qualitative characteristic, n>1 sized. We define the

quantity (total sample mean) X'=[X.X,...X,]
Wherein
X. =iif_k =Liix*

Tomig T omnggt

and the matrix (cumulative (pooled) variance - covariance matrix) (Montgomery
(2005))

— _
Sl S] T SI »
_ = _

[ 321 2 2p
rnl 3 o2
S, 5, - §
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wherein

- 1 & .
ASJ.E :_Z&S'jk-, Jr 21725"‘31)
o

Sp==2 Su, 1<jzh<p

1 = - _
Spu =2 X = X)Xy = X), 1 j#h<p, k=12m.

=l

The quantities X and S are estimates of the parameters p and X the qualitative
characteristic. Substituting the unknown p and = with X and S corresponding to
the statistic D2 shows the following statistic

T} =nX, -X)S' (X, -X). k=12....m

whereas

mn—m-—p+1_, F
p(;‘ﬂ _ 1)(” _ 1:] k p.mm—m—p+l

the control chart for the monitoring of the mean of the process described in Phase

| as follows

Hotelling T2 control chart

Phase | control limits

pm—1)(n—1)
mn—m-—p +1 pmn—-m-p+1;a

LCL=0

UCL =

For Phase Il control charts wherein the parameters p and X qualitative character-
istic X '= [X1, X2, ... Xp] have been evaluated in Phase | by the quantities X and

Sthe statistical function is used
Tf :n(if —i)’g ‘(if—i)

Wherein X, is the sample mean of a future sample.

Whereas
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mn—m—p+1._,
p(m+l)(n—]) I’ p.mu—m-p+l

the control chart for the monitoring mean of the process described in Phase 11 as
follows (Montgomery (2005))

Hotelling T2 control chart

Phase Il control limits

_ p(m+1)(n—1)

1 pmn-m-p+1;a

UCL
mn—m-—p+

LCL=0

3.2.3 Individual Observations

Suppose that the qualitative characteristic X '= [Xz1, X2, ... Xp] follows the p-
dimensional normal distribution with known parameters u and X, and suppose
that we have samples from the qualitative characteristic, size n = 1 each. The
general form of the k-th sample (k >1) is the following (Montgomery, (2005))

A}:l

X,
X, = P k=L

Xy

The statistic
Dkz =(X; _P)rz_l (X, _H)”Z;-

Thus, a control chart for the monitoring the mean of the process is that which
the amount shown is the statistical D2« and chart control limits are given below.
In the development Phase | control charts parameters p and X of the qualitative
characteristic X '= [X1, X2, ... Xp] is unknown and must be estimated. Suppose

we have m samples of the qualitative characteristic, sized n = 1. We define the

quantity (sample mean)
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and matrix (Sample variance- covariance matrix)

ST Sy v Sy,
S, S Sy, 1 e -
s=[ * ' = (X - X)X, -X)'.
: : " : ﬁf—l;::l
S, S, S, |

QuantitiesX and S are estimates of the parameters u and X of the qualitative
characteristic. Substituting the unknown p and * with X and S corresponding,
the statistic D2 shows the following statistic

IP=(X,-X)S7'(X,-X), k=12,..m

Whereas

m 2
(m_l)z k ”Bpfz_(m—p—l}.xz

the control chart for the monitoring of the mean of the process in Phase Il is
described below

Hotelling T2 control chart

Phase | control limits

(m — 1)
UCL === By/2.m-p-1)/2,0

LCL=0

For Phase Il control charts where the parameters p and X qualitative characteristic
X '= [X1, X2, ... Xp] have been evaluated in Phase | of the quantities X and S,using
the statistic

T; =(X,-X)'s7(X,-X)

where Xs is a future sample. Given that:
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m(m—p) T2 .
pm+)(n-1" 7 ~"F

the control chart for the monitoring of the mean of the process in Phase Il is

described below

Hotelling T2 control chart
Phase Il control limits

_p(m+1)(n—-1)
- m(m-p)
LCL=0

UCL

pm—p,a

3.2.4 Control Charts for the Variance

Suppose that the qualitative characteristic X'= [X1, Xo, ... Xp] follows the p- di-
mensional normal distribution with known parameters p and X, and suppose that
we have samples from the qualitative characteristic, n> 1 sized.

To test the hypothesis

Ho: X =20 VSH1:X#2X

Alt (1985) proposed the statistic

A - p
W, =—pn+ pnln(n) — nln{'_‘_—_"l] +1(E5'A) ~ Xoipen 2
=0
where Ak = (n-1) Sk, Sk is the sampling variance - covariance matrix, for the k-th
sample, and tr(X) denotes the trace of a matrix. In the control chart for monitoring
the variance of the process (the mean p of the process remains constant) the
amount shown is the statistic Wk.

Here are the chart control limits:

W control chart

Phase Il control limits

— y?2
UCL = Xpp+1)/2a
LCL=0
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Another approach for monitoring the variance of a process is based on sample
generalized variance defined as |S|, where S a pxp Sample covariance matrix.
Specifically, if the qualitative characteristic is of the form X'= [Xi, X2] then, in
accordance with Alt (1985), the statistic

[2m-1)[S[?]

|EU |1: In-4

So

5

12 L2 12,
lezsl An-41-@ ) £|S|I:EEM =1—a.

\ 2(n-1) 2(n-1)

Thus, a control chart for monitoring the process of variance is that the amount

shown is the statistic | Sk | and the chart control limits are given below

|S| control chart

Phase Il control limits

IZO | (Xzzn—4;a/2)2

UCL =
4(n—1)2
LCL = |20|(X22n—4-;1—a/2)2
T 4(m—-1)2

A different S control chart for monitoring the process of variance is based on the

observation that the interval E[|S|] & 3/ V[|S|] is distributed across the proba-
bility of the statistical function |S|

wherein
E[|S|]=b1 |Ec'|
VIISN=b,|=,|

b=n-DP][(n-1)
i=1

P

b,= (u—1)‘1Fﬁ{n—i)x{n(u—j+2)—ﬁ{n—j}}

i=1
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The control chart limits are listed below:

|S| control chart

Phase Il control limits

UCL = |Zo|b; + |£,|3b5"°

LCL = |Zo|by — |Z,|3b5

If the lower threshold is negative then we set LCL = 0.

Another approach is based on the square root of the matrix of sample variance -
covariance |S|*? with two versions.

According to the first embodiment, two variables by Alt and Smith (1988) gave
the following control limits:

IS|*2 control chart

Phase Il control limits

_ |ZO|1/2X22n—4;1—a/2

UCL =
2(n—1)
LCL = |ZO|1/2(X22n—4;a/2)
B 2(n—1)

For more features (variables) are other options (Anderson (1985)).
The second version again by Alt and Smith (1988) is based on relations

P18 2123151

S 1= (21 T 2)17 (0 ) 12) =

v{Isf” |=Izo| (5 -22)
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Here are the control limits

IS|*? control chart

Phase Il control limits

UCL = |Z,|Y?bs + | Z,|/?3 /bl — b2
LCL = |20|1/2b3 —_— |20|1/23 ’bl — bg

If the lower limit is negative we set LCL = 0.

For Phase | control chart, wherein the matrix | So | is unknown, Alt (1985) used

as unbiased estimator the quantity | S | + B1 where
=1
S = o—
[s|=—-3

and S; is the sampling variance - covariance matrix of the sample i where

S|

i =1,2,.., m. The new resulting limits follows

|S| control chart

Phase I control limits

UCL = (IS| + by)b, + (IS| + by)3b,"?
LCL = (IS| + by)by — (IS| + by)3b,"?
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3.3 Multivariable CUSUM Charts

3.3.1 CUSUM control with sequential likelihood ratio

Healy (1987) examined the CUSUM charts using sequence of sequential proba-
bility tests ratio( SPRT) and applied them to multivariate normal distribution in
order to obtain the MCUSUM charts.

Suppose we watch a sequence of random variables Xi, Xz, ... following p-dimen-
sional normal distribution. Suppose the first m-1 observations Xi, Xz, ... Xm-1
state in control distribution Np (po, X) and subsequent Xm, Xm+ 1 are out of con-
trol distribution Np (u1, ). The problem is to identify the point m when the dis-
tribution of observations changes position timely. According to the methodology

of sequential likelihood ratio tests have

exp(-0.5(X, - ) £} (X, - ))

FiXe)/ fofXe)=

exp|—0.5(X, - 1, ) T (X, - !'10)]

where fis the probability density of the multivariate normal distributions. Using
the log function we have

log(F1(X: Fo(X)) = (1 — Mg) =3, =05 (1, + 1) T3 (1, — o)
Thus, according to Healy (1987) CUSUM chart is the following wherein the con-
trol chart points from the statistic

S, =max[(S,_,+ a'X; — K),0]
Wherein

, (1= 1) =,

o [(m — 1) I (- Fa)]m

and
(!"1 + l'o)' Enl (l'] - Fo)

1/2
(- Ho):|

The variable a'X; follows dimensional normal distribution with variance one.

The statistic St can be written in the form

S, = max [(SH +a'(X, —py ) —0.5%(p, )),0]
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where A3(p1) = (p1 — po) ™ o(p1 — po)

The MCUSUM will give out of control signal when St > H, wherein H is calcu-
lated in Pignattielo’s and Rugner’s simulation. If the out of control vector M1
cannot be determined then it is recommended Crosier’s methodology (1988). This
approach examines the vector of means of a multivariate normal distribution.
Below we describe the event that monitoring variance - covariance matrix of a
multivariate normal distribution is necessary.

Assume that Xt is a point in time t, from the p-dimensional normal distribution
with in control variance - covariance matrix Xo, and out of control matrix

Y1 = C Xo and common (in and out of control) vector of means po. Then

(27) ez exp(~05(X, = o) (€Z) (%, - o))

J1XD)/ fo(Xe) = — ] _
(27) 77|z 'exp(—O.S[XJ -n) (X, - pn))

and we take using the log function

log(f1(Xy) / fo(Xy) = —ﬁlogC—O.S{X!— llo)’ (X, - pu}[l—%}.

gl
Eventually we have the statistic
S, = max [(.S‘r_l +(X, - 1) X, - ug)—K].O]
wherein

[
K=plogC——.
pros -1

If
Tz = (X‘r — My }' EEI (Xr - "El]

T

then the statistic shows

T

S, zmax[{sr_l +T° —K].ID].

The MCUSUM control chart will give signal for an out of control process when
St>H.q
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3.3.2 The Crosier approach

Crosier (1988) proposed two new multivariate MCUSUM approaches. The first
one is based on the square root of the statistical function of Hotelling-T? while
the second one is obtained by suitable modification of dimensional CUSUM
charts.

Assume that an observation X;is at time t from the p-dimensional multivariate
normal distribution with known variance - covariance matrix X0 and pO0.

The first Crosier approach uses statistic

S, = max| (8.1 X = 1V E, (X~ y) =K )0

If

T, = X, ~ 1) 5, (X, — n,)
Then St = maX[St_l + Tt - K), 0]
where Sg > 0 and K > 0.

This process will enable us to mark out of control process when St > H.

The second approach proposed by Crosier has better ARL. It uses the statistic
Y =S/E]'s,
Where S; = 0,if C; < K

K
5= (5,+X, - pn}[l—F]. av C,>K

I

ANd Cp = /(Semy + X — 10) 51 (Semr + Xe — o)

out of control signal we get when Yt> H. The value of H is selected to have
predetermined in control ARL with simulation’s help. Crosier (1988) showed that
the distribution of Yt and ARL depend on the vector of means and variance -
covariance matrix only via the parameter of the non-centrality. Also reported that
K = A(un1)/2 where A(u1) is the square root of the non - centrality parameter that
minimizes out of control ARL.

Comparing the MCUSUM charts with multivariate Shewhart charts we conclude
that they excel in giving a signal for an out of control process for small to mean

shifts faster.
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3.3.3 The J. Pignatiello and G. Runger approach

Pignatiello and Runger (1990) introduced two new multivariate CUSUM ap-
proaches, MCUSUM # 1 (MC#1) and MCUSUM # 2 (MC#2).

The MC#1 is the plan that has the best ARL and is as follows:

Suppose, Xt an observation at time t, from the p-dimensional normal distribution
with known variance - covariance matrix X0 and a known mean p0.

Let S, = Zf:t—ntﬂ(Xt — Uo)

Wherein

- {nt_l +1, if MC#1,_, > 0}
t 1, else

A multivariate  control chart can be constructed by setting
C,= SIS, and MC#1, = max {C, — kn,.0}

wherein MC#1o = 0 and k are selected to be half the distance between pl and p0,

0.5A2 (u1), wherein pl is an out of control mean.

The MC#1 chart works designing the MC # 1 points with upper control limit H.

When a point MC # 1t exceed the then our process is out of control.

Pignatiello and Runger (1990) demonstrated that ARL is dependent on the square

root of the non-centrality parameter and the value H is calculated according to

the methodology of Markov chains. They also concluded that all multivariate

CUSUM charts behave better than those of multivariate Shewhart except where

we have large values for the parameter of non - centrality.

The MC # 2 is the second approach of Pignatiello and Runger (1990). At least,

X; :(X, - lla)' z, (Xr - l'-o]

A onesided test resulting from the relation

MC#2, =max {0, MC#2,, + X —k}

wherein MC # 20 = 0 and k being selected to be half the distance between p: and
wo + pi.e.

k=p+0.53 )
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The MC#2 chart works by drawing the points t MC # 2 with an upper control
limit H. When a point t MC # 2 exceeds H then our process is out of control. The

value of H is calculated by the methodology of Marcov chains simulation.
3.4 Multivariable Charts EWMA

3.4.1 Control Charts MEWMA

The multivariate EWMA charts presented in this section have been proposed by
Lowry et al. (1992). Let X; follows the p- dimensional normal distribution with
known variance - covariance matrix £0 and a known p0.

The multivariate EWMA control chart uses statistical

z,= R(X,—p,)+(I-R)z,_,

or equivalent
! -
z,=> R(1-R) (X, —n,)
F-1

whereint =1,2,3, ... and R are pxp matrix designated

n 0 0
0 r 0
R = B
W
0 0 T,

where 0<r<1 for kK=123..p.

If there is no reason to weigh different weights, the p qualitative characteristics
we monitor, then we setrl =r2 = ... = rp = r. The initial value z0 is usually equal
to the in control mean. Obviously, if R = 1 then the multivariate EWMA chart is
equivalent to the T2 control chart (or x? control chart where we know the vector
of the means and the variance - covariance matrix).

The multivariate EWMA chart gives an off control signal if

S 'z s

L
where Xz, is the variance - covariance matrix of z.
The h value is determined by simulation so as to achieve a predetermined in con-

trol ARL. Variance - covariance matrix Xzt of zt is calculated by the following

T

formula I. = Z[R{I—R}H En(I—R]r_jR] ifrl=r2=..=rp=r

J=l
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. 1_(1_ ,)1;
then =, = }[ :_}_3 ]En .

and t —> + o we have that =, = I,

2—r

3.4.2 ARL for MEWMA

The ARL in multivariate analysis of EWMA charts depends solely from n0, X0
and the value of the non-centrality parameter. For calculating the ARL have been

proposed two methodologies by Rigdon as follows:

e Integral Equation for the in Control ARL

In this section, we give the complete equation Rigdon (1995a), provided that the
mean of the in-process control is 0, and the variance - covariance matrix is unitary
l.

Suppose, Xi, i =1,2, .., remarks following distribution p N (u, X). If the multi-
variate EWMA control chart with parameters r and h is applied to Xi, then in
control ARL is the same as in the case of observation with mean 0 and variance-
covariance matrix I. The in-control ARL of a multivariate EWMA chart that is
applied to a process with mean vector 0 and variance - covariance matrix I, de-
pends on the initial value zo only through the quantity 6 = z'0z0.

Suppose we have a multivariate EWMA chart with r parameter, applied to a p-
dimensional process with mean 0 and variance - covariance matrix I. Let, L (5 /
h) the ARL, corresponding to the quantities 6 and h. Then the function L satisfies
the integral equation

hri(2—v)
L@G/m)=1+ [ Ly/h)xf(y|z4z,=0)dy

0
wherein f (y|z'0zo=08) is the probability density function of the non-central x2

distribution with p degrees of freedom and non-centrality parameter

{[(1- r)/r)?5}.
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e Dual Integral Equation for out of control ARL

In this section we give the double integral equation of Rigdon (1995b), for cal-
culating the out of control ARL under the condition that in the control mean is 0
and that in control variance - covariance matrix is I.

We assume that the production process following the Np (0, I) distribution. If the
mean shifts from 0 to p, then the ARL depends on zo through only the quantities
a = (z'0zo) 2and b = p'z0.

Suppose that Xi, = 1,2, .., i are observations from the Np (m, T) distribution,
where p = 0 when the process is in control. Suppose p'u =6 # 0.

Then for aand b the ARL, L (a, b), the multivariate EWMA chart with parameters

r and h satisfy the integral equation

Ll 3= ]+H.-: f,(u,v}[ﬁ]exp\‘—z—(;;j{v—rﬁ—{] —:‘),B}J (%]h(.fv,r}dndv

wherein h (./ v, r)

W(1v,r) = h(“‘%ﬁ"”/pl,[l"’} (aﬂw(s)}

o
and h (./ v, ) is the probability density function of the non-central x? distribution

with v degrees of freedom and non-centrality parameter A. Furthermore, R is the

region where v/§ <u <rh/(2 - r).
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CHAPTER 4

Profile Monitoring (Part A’)

4.1 Introduction

In many practical situations, the quality of a process or a product can be classified
and summarized in a functional relation between a dependent variable and one or
more explanatory (independent) variables. A large study has recently been in the
area of the process of statistical monitoring. Moreover, the range of applications
has been greatly expanded. The Profile Monitoring is used to understand and
control the stability of this relation over time. The Profile Monitoring is a rela-
tively new technique in statistical quality control and is best used when data pro-
cessing follows a profile (or curve) in each period. The methods we examine have
the following three characteristics: the collection of time data, rapid detection of
specific process changes due to respective causes, usually represented by the
changes to the parameter(s) of a probability distribution representing the varia-
tion, common cause of the process and the determination of performance control,
measured by the false alarm rate or other metric

The Profile Monitoring includes two phases. In Phase I, the statistician collects
a sample of the time series data from the process of interest. These Phase | data
are used to gain an understanding of the process. You must check for unusual or
extreme results. It must also assess the stability of the process to select a suitable
in-control model to assess the parameter(s) of this model, and determine the de-
sign parameters of the monitoring methodology to be used in Phase Il. The mon-
itoring process is then implemented with data collected sequentially over time in
Phase II, in order to detect changes in the process by the assumed-control model.
In many applications, it is possible to regulate processes using forward data or
feedback control. To do this, there must be an adjustment variable with some
information available on impact. For information and perspectives on this issue,
we refer the reader to del Castillo (2002), Box et al. (2009) and Box and Nara-
simhan (2010). It is important to raise the role of monitoring the process in per-

spective. We believe that the monitoring process is important to understand the
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variation in a process and to assess the current situation. The stability should be
evaluated prior to any study of the process-ability. In many cases, monitoring of
the process before and after a change of the process required to evaluate the effect
of the change process. Monitoring process alone, however, is usually not suffi-
cient to significantly improve the process. We strongly support the use of de-
signed experiments in efforts to achieve innovations in process and product per-
formance.

We also strongly support the use of Six Sigma define, measure, analyze, improve
and control the process (DMAIC). For a description of this approach, see Mont-
gomery and Woodall (2008). Under the DMAIC process, the profile monitoring
plays a big role. It is useful in measuring the phase estimate current performance
and monitoring of performance measurement systems. It is also useful in the con-
trol phase monitoring input variables, so that the performance of the phase to be
maintained over time. We also support variations in reduction approaches of Stei-
ner and MacKay (2005), which include the collection of process data over time.
It is extremely important during Phase | of the control chart to determine which
of the data points are similar and which are somewhat remote. This ensures that
the implementation of Phase Il will be sufficient for real-time monitoring. Due
to technological progress, it becomes increasingly more common to acquire pro-
files (a series of data points forming a curve) in each period, representing the
state of process’s quality. Therefore, recent research has focused on how to de-
termine which profile is remotely i.e. outside the boundaries during Phase 1.

At each sampling phase one observes a collection of data points that can be rep-
resented by a curve (or profile). In some calibration applications, the profile can
be adequately represented by a simple linear model, while other applications re-
quire more complex models.

The sampling schemes using information from a random sample of size n units
selected from a batch of size N units (n<N) for a decision on acceptance or re-
jection of the lot called single sampling plans. The rule by which we decide
whether the lot is accepted based on the number D, of defective units (products)

found in the random sample.
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If the number D, does not exceed a number ¢ ( Dn< ), which is called the

acceptance number (acceptance number), then the lot is accepted. Otherwise the
batch is rejected. A single sampling plan with the given values for the quantities
of N, n, c will be called (simple) sampling plan (N;n;c) The quantities N, n, ¢
satisfy the relation 0 <c <n <N.
The probability of accepting a batch (P(Dn< c)) depends on the (unknown) num-
ber M (0 < M< N) of defective units contained in the specific lot or equivalent
by the percentage (or ratio, or fraction) p=M/N of defective units containing the
batch. A large (small) value of p, which indicates the low (high) batch quality,
should logically be associated with low (high) probability of lot acceptance.
Therefore, if we denote by L (p), the probability of acceptance of a batch, ie

c 1 2
L(p)=P(D,<c|p)=> P(D,=d|p). p=0.—.—....1
=0 N N

we expect that the function L (p) should be a decreasing function with respect to
p and the exact form depending on the distribution of the random variable D.
The graph of the function L (p) is called operating-characteristic curve and con-
tains all the information we need to analyze of a single sampling plan.

The ideal characteristic curve is the graph below

Lip)

"E .)‘-1i‘ltibii-ﬁiiii.i‘iidt.iil.‘biiti.l

Figure 4.1: Ideal characteristic curve

According to the above characteristic, lots with quality less than or equal to p0
(high quality batches) have acceptance probability 1 while lots with quality
higher than p0 (low quality batches) have acceptance probability of 0. Of course,
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the ideal characteristic curve does not meet in practice. Instead we find a smooth
descending curve with the following form (we consider that p can take any value
in the interval [0,1])

Lip)

Figure 4.2: Caracteristic curve we meet in practice

For this curve we want to have a sharp slope (steepness) so that it is as close as
possible to a greater extent the ideal characteristic curve. The steeper the slope
the more wins a separating force of the characteristic curve, i.e., increases its
ability to separate batches by high low grade batches.

For the design of the curve (acceptance probability) L (p) the knowledge of the
distribution of the random variable Dy, is required.

Sometimes the relation between a dependent variable and a number of explana-
tory variables, called profile will be monitored over time instead of the quality
characteristic itself. Depending on the type of this relation, the profiles are clas-
sified into several categories such as simple linear profiles, multiple linear pro-
file, polynomial profile, etc. In recent years, many investigations have been made
in the profile monitoring. Mestek et al., Stover and Brill, and Amiri et al. Mestek
show some embodiments of the profiles. Kang and Albin, Kim et al. and
Mahmoud et al. have suggested some methods for monitoring simple linear pro-
file (simple linear profiles). Zhou et al. and Mahmoud suggest some methods for
monitoring multiple linear profile (multiple linear profiles). Monitoring multi-

variate profile (multivariate profiles) examined by authors such as Noorossana et
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al. and Eyvazian et al. Authors including Vaghefi et al., and Williams et al. pro-
pose methods for monitoring non-linear profile.

In an increasing number of industrial applications, the quality of a process or
product is best described by a function, called "profiles”. In these embodiments,
a response variable associated with one or more explanatory variables. In these
cases, the profile changes depending on time are of interest. Various types of
models are used to represent profiles, including simple linear regression, nonlin-
ear regression, multiple regression, non-parametric regression, mixed models,
and wavelet models.

An example of a profile is shown in Figure below. This figure shows the force
against the position of the tool to a broaching process in a production application.
Broaching is a machining process using a toothed tool, called pin, for material
removal. Each embodiment of the broaching process yields a profile and changes
the shape of the profile over time may indicate wear or other problems with the

tool.

0| .'-.:I'I_'.|:.|f.'l'l‘:".'

Frovos {157

2000

Llee]

Figure 4.3: Example of Profile Data from a Broaching Process

Source: Jaime A. Camelio, Broaching Process

If the profile is represented by a parametric model, then usually a model param-
eters are monitored with separate control charts, if the parameter estimators are
independent, or the parameters are monitored together with a multivariate control
chart. In very few cases, the profile shape cannot be adequately represented by a

parametric model, so a non-parametric approach is needed. See Qiu et al. (2010)
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and Zou et al. (2008). Sometimes it is useful and easier to monitor certain char-
acteristics of the profile, such as the maximum value. The profile monitoring now
includes monitoring of two-dimensional shapes and three-dimensional surfaces.
Effective monitoring in practical applications requires expertise, subject and an
emphasis on root of the cause, analysis. Even simpler manufacturing processes
consist of several production steps. In many industrial applications, one must
bear in mind the multiple steps in the process and model the impact of a process
step to the next. If one monitors only the result of a secondary process without
taking into consideration the input, then it may result in erroneous conclusions.
The use of multiple data levels allows one to understand the transmission varia-
tion through a process referred to as an analysis of stream-of-variation.

The profile monitoring is the use of control charts for cases in which the quality
of a process or product can be characterized by a functional relation between a
response variable and one or more explanatory variables. The image monitoring
could be viewed as a natural extension of profile monitoring methods in cases
where the explanatory variables indicate the position of the measuring volume
within the image. In general, it is worth noting that the letters written to the image
monitoring can be much more difficult to understand from the documents, relat-
ing to the monitoring profile involving only one explanatory variable. One tends
to have much more data to video applications, more sophisticated methods of
analysis, and more broad potential for monitoring purposes.

4.2 Simple linear profiles

The majority of work in profile monitoring has focused on situations where the
profile is linear. For example, works by Kang & Albin (2000), Kim et al. (2003),
Mahmoud & Woodall (2004), Wang & Tsung (2005), and Jensen et al. (2006b).
These methods often fit linear regression models separately and monitor the re-
gression model coefficients for determining the remote profile. Thus, the profiles
are reduced to a smaller set of values that simplifies the monitoring system. How-
ever, more often the profiles are best described by a nonlinear function rather

than a linear function.
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Kang and Albin (2000) proposed two strategies to control chart for monitoring
the Phase Il and a process or a product characterized by a linear profile of Phase
I1. One approach involves a multivariate T2 chart. Other statistical uses based on
successive samples deviate from the control line in conjunction with a exponen-
tially weighted moving mean (EWMA) chart to monitor the mean deviation and
a series of charts (R-) to monitor the variation of deviations. Both approaches are
described in the next section.
Suppose jth random sample collected over time have the observations (xi, yij), i
=1, 2, ..., n. It is assumed that when the process is in statistical control, the
underlying model is

Y, =4, +4X, +¢e, .i=1.2.....n 1)
where € ’s are independent random variables (iid) that follow a normal distribu-
tion with mean zero and variance s2. For simplicity, we must first consider the
case for adopting the values X and get the same set of values for each sample. In
this section we consider the case of Phase Il in which the values of the controlled
parameters Ao, A1, and sy in the equation (1) is known.

Kang and Albin (2000) suggested two strategies to follow a procedure when all
the regression parameters are known. The first strategy is to use a bivariate T2
diagram for monitoring the regression coefficients. This diagram is based on the
fact that the least squares estimators A0 and Al follow bivariate normal distri-
bution. The least squares estimators A0 and Al for sample j is given by the fol-

lowing formulas:

S .
ay; =y;—a,;x and a;; = ol
S.
wherein
— _1T” ___].TJ‘! A _ mn ; — , d _ M . __:
¥ —;H=1J-ﬁ . X =2 X; o Sy = ZFI[JL,-—A)}-,} .and S_ = ZI_=1{1,- —-X) .

The least squares estimators Ao and A: follows bivariate normal distribution with

mean p=(A,,A;)T and variance - covariance table

53



¢! o o o o2 o)
.g =( ?\ 911 ] . ‘s :{ E U_'l ]. S :{ ?‘ 011 J .
Op O TGy O \Opn Op
wherein
9 qrfl X 2 1 -
ol=c)—+—|.0)=c’— and 05 =-0
n S S,

an

the variances of ooj, a1j and covariance of aoj and asj respectively.

The first tracking strategy compute the vector of estimators Z;j = (a;,a,;) " for sam-
ple j, wherein j, ap and az are the constants of the sample and the gradient defined
in equation. Then T? is given by

2 Tl
I' =(Z,—uyS (Z,—u).

When the process is in control, T? follows a central chi-square distribution with
two degrees of freedom. Therefore, the proposed upper limit control diagram is
UCL = %%2.4, Where in y%2.4, is 100 (1-a) percentile of the chi-square distribution
with two degrees of freedom. When there are shifts in the values of parameters
to control Kang and Albin (2000) stressed that T? follows a non-central chi-
square distribution with non-centrality parameter, T =n(4 +B T +B7S.. where
A is the displacement of the constant AO and b the shift of the slope Al. Both 2,
b are measured in standard deviation units when the actual displacement is Ao

and Bo of A0 and Al respectively.

Also Kang and Albin (2000) studied the ARL in the performance of control charts
T2 using a simulation study. However, since T?; follows a non-central distribution
Chisquare, we can evaluate the exact ARL of T2 graph using the following for-
mula:
_ 1
Pr(T; > x3,)
The second strategy is to implement common control charts to regression of j

sample residuals using the following formula:

— _ _ - — 7
e; =Yy — Ay —4x, .i=1.2....n

54



They used an EWMA chart to monitor the mean of these deviations. They pro-
posed an R-chart to be used in conjunction with the EWMA chart.

The mean residual for sample j calculated using

n
- E’:’:'I_ Eij
e =—-"

¥
o

H

where zj,j=1,2,...., ;= 6 €; "'(1—9}3;-1-
with 6 (0< 0 <1) and zo = 0. Signal out of range is given when the z; is below the
lower limit (LCL) or above the upper limit (UCL), wherein

6 6

ICL=-Llo |— ., UCL=1o
(2—-6)n (2—-6n

where L (> 0) is a constant chosen to give the signal within the ARL limits.
Sometimes you need to apply more complex models from simple linear regression
model to describe a profile. Kazemzadeh et al. developed some methods for pol-
ynomial profile monitoring in Phases | and 1. Mahmoud developed a technical
parameter reduction and was able to expand some of the simple methods of linear
regression profile for the analysis of multiple linear regression profile in Phase
I. In addition, in certain applications the quality of the process or the product
may be characterized by a multivariate regression model. In this case, there are
some dependent qualities as response variables, to be modelled as functions of
one or more explanatory variables.

Subsequent studies are those of Chang and Gan (2006) who proposed Shewhart
control charts to monitor the slope of the relation between two or more measuring
processes in order to ensure its accuracy but also the study of Zhu and Lin the
later time also dealt the slope of the regression line in Phases | and Il. Earlier, in
2004 Noorossana et al. They have proposed a new method for monitoring of sim-
ple linear regression based on multivariate Healy control charts method (1987).
Also studied the effect of non-normality of error terms, using t-distributions as
alternatives on the performance of EWMA / R of Kang and Albin method (2000).
Mahmoud et al. (2007) and Zou et al. (2006) used methods by changing points to

detect changes in the parameters of the simple linear regression model while Zhou
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et al. (2007), proposed a method which avoids as much as possible distinction
between Phase | and Phase I1.

Kim et al. (2003) proposed a method for monitoring linear profiles in Phase Il
and recommended the application of this method and in Phase I This method
involves the use of three separate Shewhart-type control charts for monitoring
constant, slope, and residual variance. The performance of the method was first
proposed by Kim et al. (2003) analyzed in detail by Mahmoud and Woodall
(2004), who showed how to be much more effective than others. Thus Mahmoud
and Woodall (2004) recommended the use of the method of Kim et al. (2003),
not only because it outperforms against competing approaches, but also because
it is simple and much more interpretable than other methods.

Saghaei et al. in 2009, introduced a new method (CUSUM) based on aggregated
statistics amounts to enhance the monitoring of the linear profiles in phase II.
The performance of the proposed method is evaluated on the basis of the ARL.
Also conducted a comprehensive comparison between the performance of the
proposed method and other methods for simple linear profile monitoring. The
results show that the proposed method performs satisfactorily. In addition, the
benchmark results are investigated, the sample size, and the sum of the squares
of the explanatory variables on the performance of the proposed method. Used
together three CUSUM control charts for monitoring the constant, the slope, and
the variance of the error simultaneously. Their study showed that the process has
a remarkable performance in the detection of a broad spectrum of different spe-
cies of changes with different sizes. Furthermore, simulation studies have shown
that the performance of the proposed method for detecting shifts with different
sizes can be improved by choosing an appropriate reference value, K.

The proposed method performs better in detecting all kinds of shifts when the
sample size increases. In the case of the shift in the slope, increase Sxx led to the
reduction of ARL beyond permissible limits.

In the competitive life of today, scientists and professionals have come to realize
that efficiency and product or process quality are more important than ever. As a

result, the statistical process control techniques (SPC), an approach long prac-
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ticed in different sectors, is to be improved to ensure efficient and effective com-
pliance with a wide range of requirements. In some NFC applications in which
the variable quality depends functionally independent or explanatory variable (s),
the quality of a process or product cannot be adequately represented by the stand-
ard use of the distribution of the same qualitative characteristic or a general body
of many qualitative variables. In these cases, more often in practical applications,
profile monitor, the relation between the response variable and explanatory var-
iable(s), is highly recommended in the bibliography.

To monitor the Phase Il of linear profiles that can adequately model the charac-
teristic in many applications, several approaches have been proposed. In phase
Il, the process parameters are assumed to be known, and the objective is to detect
displacements as possible. Kang and Albin introduced T? and exponentially
weighted moving mean (EWMA) -R methods for monitoring the phase 11 of sim-
ple linear profile. For the same purpose, Kim et al. applied three independent
EWMA control charts using coded values x and introduced EWMA-3 method.
Noorossana and Amiri used a multivariate sum control chart (CUSUM) with a x2
control chart to improve the performance of existing ones. Niaki et al. used gen-
eralized linear statistical model and an R control chart for this purpose. Gupta et
al. compared a method developed by Croarkin and Varner performance of Kim et
al. [10]. Zhou et al. proposed a multivariate exponentially weighted moving mean
(MEWMA) control chart. Saghaei et al. proposed CUSUM-3 method which ap-
plies three CUSUM control charts for monitoring the intersection, the slope, and
the standard deviation of a simple linear profile. Zhang et al. proposed a method
based on statistical likelihood ratio to follow simple linear profile in Phase II.
Noorossana et al. and Soleimani et al. suggested some methods based on time
series approach in case there is autocorrelation between and within simple linear
profile, respectively. Noorossana et al. also studied the performance of control
charts for monitoring the simple linear profile with the assumption of irregularity
in the distribution of the regression error conditions.

Although both rise and fall shifts have negative consequences for the process, all
the methods proposed, have been studying only the increasing shifts. EWMA-R,
MEWMA and likelihood ratio test (LRT) are effective methods to monitor growth
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and reduce shifts. However, the methods T2, EWMA-3, and CUSUM- 3 should
be modified to be able to detect increasing and reducing shifts. On the other hand,
all of the profile monitoring techniques have focused only on the detection of the
stepped changes. However, drift, which is a time-varying change, often in indus-
trial applications, deterioration graduate equipment, littering, aging of the cata-
lyst, or human causes, such as fatigue or close supervision function are some
causes of displacement (Reynolds and Stubb). Many authors, including Davis and
Woodall, Divoky and Taylor, Fahmy and Elsayed, Gan, and Zhou et al. studied
the performance of different control charts where there is a shift in process mean.
Bissell presented the results of the evaluation length runs under linear trend
charts CUSUM. Davis and Woodall have shown that the rules, concerning an
ordinary long series of successive reductions and increases in operational perfor-
mance, it is not effective in detecting linear displacement in the middle of the
monitored process. Aerne et al. studied the performance of the Shewhart chart
with supplementary runs rules, CUSUM and EWMA charts when the process
mean changes as a linear trend.

Gan presented a numerical procedure to compute the mean run length (ARL) of
an EWMA chart below a linear displacement of the process mean. Divoky and
Taylor showed that the simulation of the process means to evaluate the sensitivity
of the trend of rules when applied together with the combinations of the standard
test for additional runs. Extended previously presented rules tend to a larger set
of rules, and Reynolds and Stubb attended the mean and standard deviation of the
process according to drift together. They showed that at detecting slow and mod-
erate drift rate, the combination of two EWMA control charts for monitoring both
the mean and variance performs better than the 1 / MR control chart. Fahmy and
Elsayed used a statistic based on the deviation between the target means and the
expected mean of the proceedings in their proposed approach.

Also, compared with the performance of their approach with CUSUM, EWMA,
Shewhart, and generalized likelihood ratio (GLR) charts. Zhou et al. compared
five controls charts, including EWMA, CUSUM, generalized EWMA, GLR-S,
and GLR-L to monitor the movement through the presentation and the asymptotic

estimation and numerical simulation of the ARL.
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As previously mentioned, the slip detection bibliography, the focus is mainly in
the middle of the process. However, displacement may occur when an operation
between two or more variables that characterize process performance. The par-
ticular focus of this study is on Phase Il methods including EWMA-R, MEWMA,
LRT, T2, EWMA-3, and CUSUM- 3. T?, EWMA-3, and CUSUM-3 methods mod-
ified to become effective for monitoring the increase and decrease of the shifts

in the parameters of straight linear profile.

4.3 General linear profiles

The profile monitoring is a new area of statistical quality control. In this embod-
iment, the quality of the process is best characterized by a linear or non-linear
relation between a response variable and one or more explanatory variables. This
relation is commonly known as a profile or function. A good introduction to the
concept of profile monitoring, and application examples can be found in Woodall
et al. (2004) and Woodall (2007). In linear profiles monitoring, the control charts
that are usually applied for monitoring of the estimated parameters of the profile
is represented by a regression line, such as the slope and intercept. Non-paramet-
ric models are often applied to monitor non-linear profile. Nonparametric meth-
ods do not require a specific functional form for the profile. In nonparametric
regression methods, one obtains a normalized curve can be expressed as the
weighted mean of the observed responses. One can monitor the metrics that meas-
ure the departures of the observed profile of a baseline reference profile estab-
lished based on historical data.

In some embodiments, the quality of a process characterized by the functional
relation between a response variable and one or more explanatory variables. The
profile monitoring is a technique for controlling the stability of this relation over
time. The general linear tracking profile is especially useful in practice because
of its simplicity and its flexibility. However, existing monitoring methods suffer
from the disadvantage that they all assume that the distribution of the error is
normal. Where distribution followed is not appropriate, consistency and effec-
tiveness of the more usual least squares estimator (LSE) is likely to be ineffective
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and therefore the detection capability of the procedures based on the LSE will be

significantly reduced.

In this section we describe the modelling of a general linear profile and revise

existing profile monitoring systems in the bibliography.

Suppose the j-th random sample collected over time, have the observations (X;,

Y;), wherein Y; is nj -variate vector and Xj is a NJ x p (NJ> o) matrix. It is

assumed that when the process is in statistical control, the underlying model is
Y; =X;0+¢;,

wherein

3= (pM) 3@ ... gl

is the p-dimensional vector of coefficients and ¢;’s are iid as nj multivariate nor-
mal random vector with mean zero and covariance matrix c’I. For the sake of
generality we assume that Xj is of the form (1, X * j) wherein X * j is orthogonal
to 1 and 1 is p-variate vector of all 1.

The simplest model, the straight line regression model was analyzed by Kang and
Ablin (2000), Kim et al. (2003), Mahmoud and Woodall (2004) and Mahmud et
al . (2005). Denote by {(xi, yij), 1 =1, 2, - - -, n} the j-th random sample collected
over time. When the process is controlled, the relation between the response var-

iable and explanatory supposedly

o = A+ Az ey, 1 =1,2,--+,m,

where &ij/c random variable that follows a standard normal distribution (11D)
yij = Bo+ Bz} + 645, i=1,2,--- |,

Where By = Ay + A&, By = Ay, 2F = (1, — &) and T = 3 D .

While on the j-th to random appraisers least squares are B°, B! and o? respec-

tively.

)
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0j = ﬁiﬁfu- Sz = i[:; - z)?
i=1 . i=1
and S,y = ZI_'J',- — T)yij-
Just because tﬁgsle three estimators are independent, we are using three charts
EWMA (EWMA,, EWMAs, EWMAE) to detect whether the constant-Y (Bo), the

slope (B1) and the standard deviation (o) were changed respectively. It is
EWMA/(j) = 6bg; + (1 — )EWMA (5 — 1)

EWMAg(5) = 6by; + (1 — ) EWMAg(7 — 1)

EWMAL(j) = max {ﬁ'frr{ MSE;) + (1 — )EWMA(j — 1_}.111(5%}}.

where EWMA,(0) = Bo, EWMAs(0) = B1 , EWMAEg(0) = In(c?) and 0 are con-
stantly balancing.

The three EWMA charts are used together, and the change of profile is detected
as one of the chart signals. The ARL comparisons show that the three EWMA
charts are more effective than the methods of Kang and Albin (2000) in the de-
tection of prolonged displacement in the Y-fixed and slope, and increase the error
variance. The three charts EWMA is particularly effective in the detection of
changes in the slope of the line, i.e., changes in the parameter B1 of the equation.
Also, the authors argue that their method seemed more interpretable. Thus, the
approach of combined multiple charts EWMA (denoted KMW chart) is used as a
benchmark for comparisons

Zhou et al. (2007) investigated the performance monitoring of the proposed
NEWMA system through ARL comparisons. Although the proposed control
chart, may be used to monitor a general profile model, the bibliography does not
appear to contain any other effective comparable process for such a model. As
we can see, the KMW approach requires three charts EWMA handle one next to
another, each have a statistic to be updated and designed for each sample. Such
a system may be manageable for a simple linear profile case, but can become
quite complicated and impractical for a general linear profile as the arrangement

of the diagrams of the general profile requires more control charts to be combined
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simultaneously to monitor such additional parameters. Therefore, the design, im-
plementation and evaluation of the performance of such a system is rather com-

plex and impractical.
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CHAPTER 5

Profile Monitoring (Part B’)

5.1 Introduction

The monitoring of each process, fault detection and diagnosis at an early stage is
very important for quality assurance in all organizations. Particular attention is
required in most industrial processes where there is often a large number of var-
iables, not necessarily independent of each other. In this case the traditional
methods are inadequate and may lead to incorrect results. This was the impetus
for the development of multivariate methods (MSPC- Multivariate statistical pro-
cess control), which are applied when the quality of the process or the product is
determined by more than one capacity, which should be controlled by joint and
uniform way.

Some of the advantages provided by such methods is the ability to handle large
numbers of variables with strong correlation, the ability to troubleshoot errors
that may occur during the measurements and the possibility of applying them in
cases where data are lacking. Also can reduce the size of the monitoring area,
using one, two and / or three-dimensional control charts, which is more simple
in presentation and interpretation. In some embodiments, the profiles can be de-
scribed quite well by linear, non-linear and polynomial regression models. How-
ever, in some other embodiments, more flexible models are essential for the cor-
rect description of the profile. Much of the work that has been done for the profile
monitoring is summarized in Woodall’s article (2007). This chapter will intro-
duce a large amount of research that has been made on the use of control charts
to monitor the quality of a profile process of Woodall’s research (2007) to date,
with emphasis on multiple linear and polynomial profile, as well as some other
approaches of profile monitoring.

Studies focused on simple linear profile of particular prosperity and acceptance,
for example, Kang and Albin (2000), Kim et al. (2003), Mahmoud and Woodall
(2004), Zhu et al. (2006, 2007b), among many others. Studies of multiple and

polynomial models of regression profiles are studied by Zhou et al. (2007a),
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Kazemzadeh et al. (2008), Mahmoud (2008), Jensen et al. (2008) and Jensen and
Birch (2009). The nonlinear profile models have been studied by Williams et al.
(2007). Recently, also the profile for the general model profile has also attracted
much attention. The reader is referred to Zhu et al. (2008, 2009) and Qiu et al.
(2010) for Phase Il methods based on nonparametric regression and to Ding et al.
(2006), Colosimo et al. (2008), Chicken et al. (2009) and Zhang and Albin (2009)
on procedures using various techniques, various dimension - reduction tech-
niques, wavelet transformations and independent component analysis. A recent

review of the bibliography is given by Woodall (2007).

5.2 Multiple linear profiles

In some statistical processing applications, the quality of a process or a product
it is represented by a functional relation between a response variable and one or
more explanatory variables. Multiple linear regression is one of these functional
relations. In some studies in the bibliography, several methods are proposed for
monitoring the multiple linear profile’s Phase Il. However, there are no surveys
when the sample size is smaller than the number of explanatory variables in the
model. We introduce two methods to solve such a problem. The process | depends
on the control of multiple linear model from a simple linear model. Two charts
of exponentially weighted moving averages are used to monitor the intercept and
slope of the simple linear model separately, and an EWMA chart based on the
mean of squared deviations for monitoring the variation of the process. Method
Il uses two EWMA charts: one based on the mean of standardized residuals and
the other based on the estimated variance of the standardized residuals. The sim-
ulations indicate that both methods perform very well under these conditions.
Moreover, they have higher performance compared to other methods used in the
bibliography to monitor multiple linear profile when the sample size is greater
than the number of explanatory variables. The proposed approaches may also be
used to monitor multiple linear profile when only two variables are used to de-
termine a profile. The diagnostic tools used to detect the variability’s source
when a signal occurs. It will depend on the process’s point of change to detect if

the signal is due to a shift of the variance, the intersection, or one of the slopes.
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Kazemzadeh et al. (2007a) and Mahmoud (2007) proposed methods for the Phase
| profile represented by polynomials and multiple regression models, respec-
tively. These authors have extended the methods of simple linear regression.
Zhou et al. (2007) studied multiple regression models in the general linear model.
They dealt with multivariate EWMA charts and analyzed diagnostics after an out
of control’s limits signal, including a sign change approach. They used an exam-
ple of the semiconductor manufacturing while an example that requires multiple
regression calibration methods was the motivation of the work of Parker and Fin-
ley (2007).

In some cases, multiple profiles are needed to effectively modulate the quality of
a product or process. Generally the multivariate linear profiles are especially use-
ful in practice because of its simplicity and flexibility. However, in such cases,
the existing parametric methods for monitoring profiles suffer from the disad-
vantage that, when the parameter of the dimension is large, the detection capa-
bility of the procedures commonly used i.e. T? statistical charts are likely to de-
cline significantly. Because multivariate linear profile belongs in the category of
general linear as seen above, we will not expand in this category.

Moreover, Amiri et al in 2012 focused specifically on monitoring Phase Il of
multiple linear regression profile and suggested a new dimension reduction
method to overcome the problem of the dimension in some of the existing meth-
ods. Assumed that the jth random sample collected in some time, we have n ob-
servations as follows: Xi1,Xi2,...,Xip,Yij, Wwhere i= 1,2,...,n and p is the number of
the explanatory variables. The relation between the response variable and the
explanatory variables is characterized by a multiple linear regression model as
follows:

yj = XBj + &j, where yj is a nx1 vector of response variables for the jth random
sample, X is an array nx (p + 1) of the explanatory variables, Bj is a vector 1 x
(p+1) of the regression parameters and gjis a nx1 vector of error terms taken as
1D with mean p and standard deviation ¢®. The X values are constant for each

sample. The Ordinary least squares (OLS) of Bj vector is as given

B = (X"X) X'y,

¥
;
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As we saw in the previous section Mahmoud and Woodall (2004) suggested the
simplest linear model and reduced the number of variables. Therefore, the dimen-
sion of the regression parameters is reduced by (p+1) x 1 to 2 x 1. In the proposed

method, Amiri et al propose the following model of the data set profile in time j

-_]"I|_,."- 1w £1j
Vi B 1w [ A of ] £2j
. = . + | .
: 1 Ay :
[ Vij RN |

where, ui = E (yi) and is equal to Bo + B1Xui + ... + BpXpi. The Ay and A;j estimated
for each profile using OLS. It should be noted that the OLS estimators A, and
Ay are linear functions of the corresponding dependent values. Since the response
variables correlate, the estimators of the parameters also correlated and therefore
can not be controlled separately. After fitting the model to the above equation in
each sample, the estimated parameters can be written as follows:

-

~ -~ T
a = (Ao, Ay, zi(0))

when the process is in statistical control, the value and variance - covariance
matrix given as E(a;) = (0, 1.0)"

and

(Zﬁ -~ 0
-~ = Auj, Ay
a; 0 1

It can be shown Z"

Ag;, A
table.

7./is @ 2x2 matrix and equals [UTU] " o where U is nx2
ety

Finally, we use the following statistical MEWMA for monitoring the vector of

parameters and illustrated below:

w; = 63, + (1 — 8)w;_,, wherewo=(0, 1, 0)T
And the upper control limit is calculated from:

ro_ T -1 6
U; =W, ZT.;- \\f}Lm,

where L> (0) is selected to achieve ARL within limits.
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Zhou et al. (2011) proposed a new method for monitoring the multivariate multi-
ple linear regression profile’s Phase Il to overcome the problem of perspective
in monitoring multivariate profile. This method, which is the extension of the
work of Zhou and Qiu uses MEWMA control chart based on the LASSO
(LEWMA) for monitoring the regression coefficients and the profile’s variation.
This control process can determine the direction of change and is capable of de-

tecting various shifts in parameters.

5.3 Polynomial linear profiles

Because some applications in the real world, the quality of the process or product
can be characterized by a polynomial relation, Kazemzadeh et al. (2008) sug-
gested three methods for polynomial profile monitoring in Phase I.

The general polynomial profile based on the development of these three methods

are:
Vv =y +pix+ Pox?+ -+ Bxk+e

where ¢ follows a standard normal distribution.

Furthermore, it should be noted that for this model, the mean value y is subtracted
from each of y and that x values are equally spaced. After that he presented three
methods for monitoring polynomial profile in Phase |I. The approach of the
change point, the F statistic approach and T?

Kazemzadeh et al. (2009) proposed a new method for monitoring the polynomial
profile in Phase 11, and then compared the performance of this new method with
existing methods, i.e. T? proposed by Kang and Albin (2000), with MEWMA of
Zhou et al. (2007) and MCUSUM / %2 proposed by Noorossana and Amiri (2007).
The general idea of this new method is that polynomials profiles are transformed
into orthogonal polynomials profile, and then the regression parameters of the
transformed model are independent and can be monitored separately. Moreover,
this method is recommended when the order of the polynomial regression is not
large, so there are not much control charts.

In conclusion, they showed that the proposed method performs better than the
three other existing methods. Also, since there is no one - to - one relation be-

tween the parameters of the main and the transformed model, the explanation of
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the results may be difficult in some cases. For this reason, the proposed method
is not recommended for diagnostic purposes. Although, this diagnostic method
could be the subject of future research of polynomial regression or other profile.
Kazemzadeh et al. (2007a) compared the method of the F-statistic of Mahmoud
and Woodall (2004), by the method of changing the sign of Mahmoud et al.
(2007), and a method based on statistical information T2 to detect a displacement
of the regression parameters. Mahmoud (2007), on the other hand, compared the
F-statistic of Mahmoud and Woodall method (2004), by a T2 based method.
Kazemzadeh et al. (2007b) examined the Phase Il monitoring of polynomial re-
gression profile.

A polynomial profile provides flexibility and customization through the choice
of the boundary conditions for a desired movement. The general form of a poly-

nomial profile is given by

s(u) = C{)—C‘]H-FCIHI—"' +Cuu"
(1)

The coefficients of the polynomial, Cn, are selected to satisfy the boundary con-
ditions and limit the dynamic response. The function s (u) is the displacement
where u is the normalized profile time such as u = 0 at the beginning of motion
and u = 1 at the end of the movement. Two common polynomial profiles are 3-4-
5 and 4-5-6-7, named in the order of the terms of the polynomial. The 3-4-5
polynomial provides the continuity of the initial and final terms of displacement,
velocity v (u), and the acceleration a(u):

s(0) =0, v(0) =0, a(0) =0

s(1) =h, v(1) =0, a(1) =0 )

where h is the size of the profile’s increase. Solving the coefficients of (1) using

the boundary conditions in (2) gives the 3-4-5 polynomial profile:

s(u) = h(10u° — 15u* + 61°) 3)

The 4-5-6-7 polynomial profile can be achieved by the inclusion of additional
constraints on the continued jolt j (u), the third time, derivative of the position:
j(0)=0

j(1)=0 (4)
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The 4-5-6-7 polynomial profile:

s(u) = h(35u" — 84 + T0u® — 20u") (5)

The rule of thumb can be used to select polynomial profile, and additional re-
strictions may be placed on transient characteristics to achieve a desired path.
However, the polynomial profile does not guarantee sufficient reduction of vi-
bration without the full dynamic system analysis. A good example of using pol-
ynomial profile is provided by Amiri et al. (2009) from the automobile industry.
Consider the basic relation on a car engine using a second degree polynomial
however there was autocorrelation between profiles. After data reduction in a
number of parameter estimators, they performed a step by step Phase | analysis
of the polynomial tracking using a T2 based procedure in order to check the sta-
bility of the process.

5.4 Nonlinear profiles

A non-linear profile typically is defined by a nonlinear regression model. Sup-
pose that there are m data profiles, each of which has n measurements. The rela-
tion between the response variable and the independent variable can be modeled
as

yii = (X, B) e, 1=1,2,....m; j=1,2,...,n

where f (;) is a nonlinear function, xij is a single regression variable, pisap x 1
vector of parameters for each profile, and «ij’s are random independent variables,
that follow a normal distribution with mean p and variance o2 . For example, a

non-linear profile was investigated by Williams et al. is given by

f (xj,8) = { - {fx“ -9 :d‘ = G 2 mj=1,2,...n
a(—xj+¢) " +d, g<c

where B = (al, a2, b1, b2, c, d).

Ding et al. (2006) used various types of data reduction methods for nonlinear

profile data, especially the main component analysis and independent component

analysis. These authors also studied methods for the analysis of variance for the

profile data. Williams et al. (2007) used the approach of non-linear regression of
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Williams et al. (2007) using indicative data supplied by DuPont. A four-parame-
ter regression model was used to represent the profile. These articles were fo-
cused on the monitoring of the parameters of the nonlinear regression model.
Only a few types of nonlinear regression are studied to date in this manner.
Because nonlinear profiles are mainly applied in the real world’s applications,
Vaghefi et al. (2009) developed two approaches for monitoring the process of
nonlinear profiles’ Phase Il. The general non-linear model is assumed:
Vi = f(xi, B:) + &5
where,

e Xxij is k x 1 vector of independent variables for the j™" observation in the

it profile

e ¢ij are random errors, where &ij ~ N(0,62), IID

e [iisap x 1 vector of parameters for each i profile with p> 1

e fisnonlinear in the parameters.
They even assumed for the model, n observations in the ith sample collected and
presented as (xij, yij). In the first approach, they developed various control charts
for non-linear profiles monitoring using parametric estimates of the regression
model, and the second approach they used the measurement method for measur-

ing the deviation from the reference curve. Below are two approaches.

e Multivariable T? control chart

This T2 control chart is based on the T2 control chart of Kang and Albin (2000),
proposed for monitoring linear profiles. The i statistical chart by Kang and Al-
bin (2000) is as follows:

Tiz = (:é; - ﬁ}zél(ﬁ; - ﬂ)
where applicable:
e the min squared estimators of the vector regression coefficient § =

[Bopl] follow bivariate normal distribution.

e In Phase Il it is assumed that the covariance matrix of estimators X is

known.
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e When the process is in control, the T?is a chi square random variable
with two degrees of freedom.
Other methods suggested, is a combination of a S and EWMA control chart and

a combination of an MCUSUM and x? control chart.

e Metrics Method

In the second approach they suggest metrics method. This approach uses non-
parametric methods to overcome some problems arising from the complexity of
the estimation of the nonlinear profile coefficient. Especially Williams et al.
(2007) proposed several distance measurements that can be expanded in Phase 11
applications for nonlinear models.

Several studies are conducted by researchers, leading Amiri and Kazemzadeh, on
using polynomial models for profile monitoring. Kazemzadeh et al. (2009) pro-
posed the use of orthogonal polynomial regression to polynomials profile moni-
toring in phase Il. In this method, one must turn the polynomial regression in
orthogonal polynomial regression model. Then, the regression parameters are in-
dependent and can be tracked separately.

This method is proposed when the number of the polynomial regression (k) is not
so great. If the command was great, this method can be a little difficult, because
we will have to deal with many control charts. However, Montgomery et al. claim
that, as a general rule, using a higher-order polynomial (k> 2) should be avoided
unless it can be justified for outside the data reasons. Further, they believe that a
low-order model in a transformed variable is almost always preferable to a high-
order model to the initial measurement, and a sense of parsimony must main-
tained. Namely, we should use the simplest possible model that is consistent with
the data and knowledge of the environmental problem. Therefore, in practice, one
should try to characterize the quality of a process or product of lower order pol-
ynomial regression model. Therefore, the proposed method can be used easily in
most applications. They proved with their research that the proposed method per-
forms better than the other methods of point detection. As there is no one-to-one
relation between the parameters of the main and the transformed model, the ex-

planatory of the results could be difficult in some cases.
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Therefore, the proposed method can be used in most applications easily. They
proved with their research that the proposed method performs better than the
other methods of detection point. As there is no one-to-one relation between the
parameters of the main and the transformed model, the explanatory of the results
could be difficult in some cases. Therefore, the proposed method is not recom-
mended for diagnostic purposes. The development of a diagnostic method can be
considered as a future investigation especially in polynomial or multiple linear
regression cases. For example, one can use an artificial neural network as a tool
for this purpose.

For nonlinear models, after their research Jensen and Birch suggested a NLM
model to eliminate random effects and correlation errors. They concluded that an
approach that uses separate NL regression models for determining the effects of
random functions well in creating the analysis models with NLM profile. The
proposed method uses an easy way to calculate the control limit and therefore
does not require extensive simulation to calculate the correct control limit as the
approach of Williams et al. (2006a). They end up that they can ignore the corre-
lation of errors and focus their efforts on random effects modelling. The random
effects modelling allows to use a Phase I control limit that will not be required
to be obtained by simulation as it would be required if we only received the esti-
mates from each NL regression models.

Moguerza et al. (2007) used appropriate vector machines to monitor themselves
applied curves instead watch the model parameters being adapted to the curves.
Their approach contrasts with that of Williams et al. (2007). Chen and Nembhard
(2007) proposed a large-scale approach control chart in the profile based on the
statistic Neyman test of rates.

The traditional statistical process control (SPC) charts have been widely used to
monitor the processes of changes in means, standard deviations, and Poisson val-
ues. The multivariate control charts are also available to watch the changes in
mean vectors and covariance matrices. These control charts have been used suc-
cessfully to monitor processes for many years. In many modern industrial pro-
cesses, vast amounts of data are often readily available and due to the complex

data structures cannot be easily addressed by traditional control charts.
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One problem with the monitoring of the parameters of the linear profile is that a
process could be changed so that the resulting profile would be no longer linear
or even that a straight line could yield the same parameter estimates. Thus, the
lack of linearity could pass unnoticed. While it appears that the EWMA charts
work well in the monitoring of changes in linear profile parameters, there are
many cases where the form of the profile is non-linear or otherwise too compli-
cated to be expressed as a parametric function. It proposed a method for detecting
changes in a series of profiles that do not depend on strong assumptions about
the shape of the profile. Such a method necessarily involves the use of non-par-
ametric tools.

Chicken et al. suggested an approach that allows much more general differences
between profiles, requiring only that the differences are functions in the class of
finite L2. That is, the differences between the profiles in the fO control and out of

control fo profile called only to be such that
b
|t =r |f- = / (fi(x) — fUz))%dx < oo,

where [a, b] is the common support profile. This represents a very large class of
profiles, including non-parametric normalizations as those of Williams et al.
(2007) and Gardner et al. (1997) who did not manage well.

Wang and Guo showed in a recent study of 2013 a new method for evaluating the
performance of the process for non-linear profile and a simple formula to obtain
its confidence interval. They conducted an evaluation of the performance of the
proposed method and a real example is used to illustrate the application.
Moreover, Amiri et al. with their study in 2009 provide an example of a polyno-
mial model application in industry. In their article they explain that one of the
most important qualities of a car engine is the relation between the torque pro-
duced by the engine and the engine speed in revolutions per minute (RPM). For
the type of engine (TU3, assembled on a Peugeot car), the engine operates at
different RPM values and obtained respective values of torque. In other words,
the torque generated by each motor is regarded as the response variable and the
speed values correspondent considered as explanatory variables. If the manufac-

turing process is in control, the profiles explaining the relation between RPM and
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torque must be similar. An engine with mechanical defects or other issues will
yield a profile that is different from the good engines. It is desired to be applied
a process for monitoring the quality level of engine. Because there are many RPM
values obtained for each engine, it is natural to try to apply a multivariate quality
control procedure for the detection of engines that are not acceptable. However,
if the number of RPM values is large, it is better to use a parametric model to
describe the relation and monitor the estimated parameters instead of the actual
values of torque.

In Phase | of a system of control chart, we have a set of historical data at our
disposal from which we try to determine whether the profiles form a consistent
set of similar profile without remote profiles. Once we are satisfied that the data
set does not contain remote profiles, we can estimate the parameters of the pro-
cess that were fixed for the Phase Il control system chart. In Phase Il, we follow
the procedure and care to detect displacements as quickly as possible to continue
to collect profile in real time. So our goal in Phase Il is to know when the process
is shifted from the historical, steady state, so that we can react quickly to these
changes and prevent problems.

The study showed that this relation may be modelled by a second order polyno-
mial profile and there is autocorrelation structure in each profile. They proposed
an IMM approach to estimate the polynomial regression parameters. Next they
used a control process T2 for conducting Phase | studies. The results showed that
the process produced by the engine is constant. Furthermore, using the standard
procedure, the estimated mean vector and variance - covariance matrix parameter

estimators, which are necessary to monitor the process in the future.
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5.5 Mixed profiles

Most linear models applied to profile data assume that the errors are independent
and identically distributed random variables. In some cases, however, errors may
exhibit autocorrelation. This generalization studied by Jensen et al. (2007) and
Jensen and Birch (2007) for a straightforward and non-linear regression, respec-
tively, using mixed models. Jensen and Birch (2007) showed that the use of mixed
models could have significant advantages if nonlinear regression models are
used.

Mosesova et al. (2007) also suggested a mixed model approach with an example
from the automotive industry. Among other issues, the authors discussed the is-
sue of registration curve i.e. aligning the curves before analysis. This step is nec-
essary in certain applications. Similarly Shiau et al. (2009) proposed a method
for monitoring non-linear profile with random results using nonparametric re-
gression methods. They used the technique of principal components analysis to
analyse the covariance structure of the profile.

Abdel-Salam et al. 2012 proposed a semi parametric process combining P (para-
metric) and NP (nonparametric) profile. They refer to the semi parametric process
as mixed robust model monitoring profile (MRRPM). These three methods (P,
NP and MRRPM) may account for the autocorrelation between profiles and man-
age the collection of profiles as a random sample from the population. Also they
offered a version of the Hotelling T2 for use and analysis in Phase I to determine
unusual profile based on the estimated random results and take the corresponding
control limits. The simulation results showed that the method MRRPM performs
well in decisions concerning the unusual profile compared to methods based on
a poorly defined model P or NP based on a regression. Additionally, however,
the MMRPM method is a model capable of good specificity because it also per-
forms well compared to a well-defined model of P. The proposed chart is able to
detect changes in the Phase | data and the control limits is easily calculated.
Peihua Qiu et al. (2010), studied the case of non-parametric monitoring profile

when the data in the profile are associated. Specifically, in this method, within -
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profile relation is described by a nonparametric mixed model. Finally, based on
the estimated structure of the variation from one IC (within control limits) data
set, which proposes a new Phase Il control chart, incorporating the local linear
smoothing of core profile data within an EWMA control chart. Initially, the esti-
mated relative IC process by a set IC data using nonparametric mixed model.

They presented the following model:
yij = g(xu) + fﬁ(xij') + E{'j _'f = 1,....713' ,i = l,m

They concluded that the proposed for Phase Il control chart is efficient in detect-
ing shifts in various cases. Also, the proposed method is very useful and effective
in industrial applications.

Moreover, they suggested various topics for future research, such as the extension
of the proposed method for the analysis of Phase I, in which the detection of
outliers is also interesting. Another subject of future research proposed is the
detection of possible changes in the variance - covariance matrix of the profile.
Finally, as a future research topic is proposed the generalization of the proposed
control chart for multivariate cases.

Statistical process control is important and challenging to track profiles with cat-
egorical data and random predictor variables. They used the GLM to model the
relation between the binary response variable and random predictor variables.
They proposed a new control system, EWMA-GLM, to track profile with binary
data and random explanatory variables. The EWMA-GLM system integrates
EWMA system and logistic regression likelihood ratio test. As shown by the sim-
ulation results of the EWMA-GLM system it runs almost always better than the
Shewhart-GLM system and NEWMA-GLM system, developed as a benchmark

for comparison of performance based on existing research.
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5.6 Wavelets profiles

Wavelets are still a popular way to represent the data profile when simple models
cannot adequately depict the shape of the profile. Reis and Saraiva (2006) used
the wavelets to represent the surface of the paper. Zhou et al. (2007), Jeong et al.
(2006), and Chicken and Pignatiello (2007) have also proposed methods based
on wavelets. Chicken et al. (2009) suggested a likelihood ratio test based on
wavelets to monitor nonlinear and nonparametric profiles and to estimate the ac-
tual time change. Paynabar and Jin (2011) extended the LRT model with the in-
clusion of wavelets coefficients with random results to explain the variability
between profiles. They used this method to group successive profile and assess
the actual change time from a single or multiple points. Wavelets are usually
recommended when the shape of the profile is too complex for linear and non-
linear models. As noted by Woodall et al. (2004), however, monitoring only a
subset of important wavelets coefficients based on the data control can be dan-
gerous in the sense that some changes in the operation outside the control limits
will not be detectable. Finally in 2014, Chang et al, gave a real example moni-
toring the condensation-water temperature profiles to demonstrate the proposed
framework. In normal profile monitoring change detection occurs when a com-
plete profile is created. In their own study, the detection of a possible change
profile occurs before all the information about the interest profile become fully
available. The main objective of the research is to make a proper decision-making
process as soon as possible.

They studied two possible solutions, but favoured the first approach, due to the
high accuracy and fast scanning time. The proposed method comprises the fol-
lowing steps: determining the desired fold decision (t's), modelling the exponen-
tial decay function to the set of profiles in time t, the calculation of the profile
areas’ rates over time, calculate the AR(1) filter indoors and standardization of
statistics for each profile using the mean and standard deviation of statistical data
obtained from the Phase | profile. Finally, the statistics obtained from these pro-
cedures for each of the profiles are fed to IX and MR control charts for monitor-
ing process. Simulations provide various controlled scenarios for out of control

values that are mixed with normal profiles. The simulation results showed that
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the proposed methods are able to detect these abnormal profiles although it also
created some false alarms. Both methods provide a high accuracy rate.

The proposed method can be extended to other applications in which the charac-
teristic of interest demonstrate an oscillating pattern. For example, Hammond et
al. (2013) found that a flow pattern of a syringe pump of an automated tool for
veterinary diagnostics. When you go extreme ranges in the standard wave, a mode

of failure occurs and leads to performance loss.
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CHAPTER 6

Conclusions

In this study we sought the introduction to statistical quality and process control
and studied the basic concepts and the main governing models.

Statistical quality control is a method of monitoring, management, maintenance
and improvement of the performance of a process (either production or service)
through the use of statistical methods. The statistical quality control tool tradi-
tionally used in the industry, but in recent years become more and more obvious
contribution to the quality assurance and the service sector. Failed use of statis-
tical quality control can lead to increased product recalls, more defective, an in-
creased number of customer complaints, guarantees and reduced costs margins,
reduce productivity and market share etc. (Little, 2001).

By contrast, the successful application of statistical quality control can bring sig-
nificant benefits, both in outcome level directly (fewer defects, fewer cost losses,
efficiency increase, reducing quality costs) and long term (increase market share,
reduce complaints, consistent increase in product and procedures, establish a rep-
utation of high quality products) (Mason and Antony, 2000). It also creates a
common language between employees of different levels on the performance of
the process, finds when there is natural and when specific volatility cause, it helps
to better understand the process by the involved and helps to better understand
the quality concept in the usage of the client because of the possibility provided
for compliance to the designated requirements (Antony et al, 2000). More gener-
ally, it creates a framework within which decisions based on facts, not assump-
tions. (Antony et al., 2000) and it happens dynamically, enabling operation in
semi-finished products and perform corrective actions (Dimancescu and
Dwenger, 1996).

The difficulties in the application of statistical quality control can be grouped
into two categories. The first category concerns the difficulties arising during the
introduction of statistical control in a process generally. The second category
relates to the obstacles that appear when there is wider application of effort and

expansion of control.
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In the first chapter we presented an introduction to the basic concepts of statisti-
cal quality control and its importance. In the second chapter we studied the main
tools of statistical control, the control charts. The control charts are the graphical
representation of a qualitative characteristic, which has been measured or calcu-
lated from a set of measurements as a function of the serial measurement or time
(Montgomery, 2009), and as mentioned above, are used to control the volatility
of a process. Specifically we saw the Shewhart, EWMA and CUSUM control
charts.

In the third chapter of the work we expanded in multivariate control charts. Mon-
itoring correlated variables is the main object of study processed by Multivariable
Statistical Process Control (MSPC) (Montgomery (2005)). That enables simulta-
neous monitoring of two or more variables of a product. The need to use the
Multivariable Statistical Process Control arose from the finding that the quality
of a product can be associated with more than one quality and measurable char-
acteristics. Specifically we saw the multivariate Shewhart control charts, EWMA
and CUSUM.

In the fourth and fifth chapter of our work we attempted insertion into the profile
monitoring. However, due to lack of relative bibliography we stayed in theoreti-
cal context. Moreover, the complexity of the subject exceeds our work purposes.
In many applications, the quality of a process or a product is characterized by the
functional relation between a dependent variable and one or more explanatory
variables. Specifically, at each sampling stage one can observe a set of data points
from these variables, which can be represented by a profile (curve). The moni-
toring profile is mainly used for controlling the stability of the comparison over
time based on the data observed in the profile. In some embodiments, the profile
can be described quite well by linear, non-linear and polynomial regression mod-
els. However, in some other embodiments, more flexible models are essential for
the correct description of the profile. The profile monitoring is a very useful tool
in a growing number of practical applications. Much of the work in recent years
has focused on the use of more efficient mapping methods, the study of the shapes
of the profiles, and the study of the effects of cases of violations. There are many

issues to be solved and the promising research should continue as the wide range
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of profile shapes and possible patterns. Some profiles are considering whether
and in theory are mainly Simple linear profiles, Multiple linear profiles, General
linear profiles, Polynomial profiles and Nonlinear profiles as well as some very

recently in the bibliography.
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