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ABSTRACT

Demetrios Dristellas

TITLE Reproducing Kernel Hilbert spaces and their
Applications In Probability and Statistics

July 2015

In a large variety of problems in Statistics and Stochastic processes,
the random variables which are used do not present finite
dimensionality, in contrary their dimension is infinite. On the other
hand, the observations of those random variables are actually finite
dimensional approximations of corresponding infinite dimensional
subjects. Reproducing Kernel Hilbert Spaces (RKHS) are a useful
theoretical and practical tool which provides us a series useful
representations even for non-linear data. This work will be an
introduction to the theory of RKHS in the context of the

smoothness of a data set.
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OTNV LTUTLOTIKY] KOl 6TIS LTOYUOTIKESG ALOOIKOOIEG

IovAtog 2015

Y& MOALNEG €QAPLOYES Ol TVUYAIEG LETOPANTEC TIG OTTOIEG YPNGLOTOIOVLLE
dev elval memepacévng dtdotaons oAl anelpodidotates. Amd v GAAn
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Slokptd TPOTO KOl OVCLUOTIKE ATOTEAOVV (TEMEPACUEVIC OLACTACTC)
TPOGEYYIGELS TOV TPAYUATIKAOV OTEPOIACTATOV aVTIKEUEV®Y. O1 ydpoL
Hilbert pe moprva avomapaywyng amotelodv &vo evolopeépov Bempntikd
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OEOOUEVOV KOl HOG EMITPETOVY VO, TAPOVUE YPOUUKES OVOTOPOUGTACELS
aKOun Koty dedopéva to omoio eivan un ypopupikd. H gpyacia avtn Oa
amoTeAEl (o swoaymyn oty Bempia kol T epappoyéc twv RKHS pue
ATAOTEPO OGKOMO TNV GUVOEGT TOL UE TO Bepa TG opoAomoinong T®v
dEOOUEVOV.
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Chapter 1

Introduction

1.1 Hilbert Spaces and their usefulness

In the field of Applied Mathematics and especially in the field of Statistics, scientists
are dealing with problems which are closely related with notions such as distance,
angles, vectors or some kind of transformations, like a projection of a data set into
a much more “convenient” space which is equipped with tools which make a prob-
lem easier to manipulate. All of those notions are associated with a well known and
widespread field, which is known as Euclidean geometry. A natural way for the treat-
ment of such problems, is through a mathematical model which enables us to gener-
alize the concepts of the Euclidean geometry into much more abstract sets, such as
spaces of functions, etc. Hilbert spaces are such sets, which are actually the general-
ization of the finite Euclidean space, to some infinite dimensional set.

The mathematical objects that we now call Hilbert spaces did not begin with David
Hilbert (1862-1943). Much of the theory was developed for solving physical problems
such as integral equations of the form

x(s) —/0 K(s,t)x(t)dt = f(s)

for known kernel K (s,t) and function f(s). Contributions to the solutions of such
problems trace from Daniel Bernoulli, through H. A. Schwartz, E.I. Fredholm, and
others, to D. Hilbert, who expanded the solution in terms of linear combinations of
the eigenfunctions, an orthogonal basis for the Hilbert space. The modern theory of
Hilbert spaces owes much to J. Von Neumann.

Many geometric objects such as lines, planes or spheres have standard extensions
to Hilbert spaces. The tools provided by them allows us to handle mathematical ob-
jects in the same manner as we do with points or vectors. For example, similarly with
points or vectors that lie in an Euclidean space R™ we can measure the distance be-
tween two functions f, g and a function g belongs to a Hilbert Space H through its
corresponding inner product or finding their projections into a subspace of H. Hilbert

1



CH. 1 1.2. A BRIEF INTRODUCTION TO RKHS

spaces do not provide new tools, but they show how simple and familiar tools can be
employed to face wide classes of problems.

1.2 A brief introduction to RKHS

Among different classes of Hilbert spaces, Reproducing Kernel Hilbert Spaces (RKHS)
are the most natural extension for the actual space that we live in, the Euclidean space
R3. We assume that we study the elements of some abstract set A. This set could
have many problems, for example non suitable topological properties or undefined
ordinance. A good way for someone to surpass this, is finding another set S’ with
the proper structure for the treatment of the problem and consider the elements of S
as elements of S’. For this purpose, we find ourselves in need for some kind of an
“imbedding” theorem or a “representation” theorem, through which we can map the
elements from S to their representers in S’. We will see that a Reproducing Kernel
Hilbert Space provides us with some powerful tools and geometric concepts for many
types of such problems. An important notion of a Reproducing Kernel Hilbert Space
of functions on a set E is that it can be characterized only through a symmetric posi-
tive type function K on E x E. This looming correspondence between positive type
functions and the Reproducing Kernels plays critical role in the construction of these
particular spaces. In addition, K possess the so called “reproducing property” i.e. K
can reproduce any value of a function on E through the corresponding inner product
of H.

The notion of a reproducing kernel was first introduced in the 1907 work of
Stanistaw Zaremba concerning boundary value problems for harmonic and bihar-
monic functions. James Mercer simultaneously examined functions which satisfy
the reproducing property in the theory of integral equations. The idea of the re-
producing kernel remained untouched for nearly twenty years until it appeared in
the dissertations of Gébor Szegd, Stefan Bergman, and Salomon Bochner. Polish
mathematician Nachman Aronszajn (1907-1980)(Aronszajn 1950) developed the no-
tion of Reproducing kernel Hilbert space. Some facts are also attributed to another
Polish mathematisian, Stefan Bergman (1895-1977). In subsequent years, Poggio
and Girosi (1989) introduced Tikhonov regularization in learning theory and worked
with RKHS only implicitly, because they dealt mainly with hypothesis spaces on
unbounded domains. Moreover ,RKHS were explicitly introduced in learning the-
ory by Girosi (1997). RKHS were used much earlier in approximation theory (eg
Wahba, 1990) and computer vision (eg Bertero, Torre, Poggio, 1988)(source https:
//en.wikipedia.org/wiki/Reproducing_kernel_ Hilbert_space)

1.3 Main objectives of this thesis

This thesis provides an introduction of the constructive properties of the Reproducing
Kernel Hilbert Spaces.
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Especially in Chapter 2, we will present some useful facts of the reproducing kernels.
We will try to bring out the most useful ways of their construction through some
interesting tools such as specific types of functions or the eigenvalues of an operator
generated by them.

In Chapter 3 we will demonstrate the most important consequences of this particular
type of Hilbert spaces and we will highlight some applications regarding Gaussian
stochastic properties.

In Chapter 4, we will present a brief introduction to ill-posed and well-posed linear
operator equations whereby we can model many types of problems in Statistics. After
providing the basic tools needed, we will develop the representer theorem which is the
most important theorem of this thesis with many applications in data sciences.
Focusing on that and to the topological properties of the RKHS, in Chapter 5, we will
present a particular type of handling functional data. In order do more precise, we will
develop a particular type of minimizers, regarding functional linear regression which
will allow us to extract accurate measures under much more general conditions than
the usual way of regression.
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Chapter 2

Basic definitions and construction of

RKHS

The aim of this chapter is to introduce the notion of a reproducing kernel but also
to prove some useful theorems and facts that will lead to the construction of another
space of functions named Reproducing Kernel Hilbert Space. We will follow closely

B

2.1 Notations and examples of Hilbert spaces

Let £ be an non empty set. Let H be a vector space of functions defined on £ with
values in C. H is endowed with the structure of Hilbert space defined by an inner
product < .,. >pg.

HxH—C

Let ||.|| z denote the associated norm:

Vo € H,|flln =< 6,6 >

For any te E, we will denote by e; the evaluation functional at the point t, i.e. the

mapping
H—C

g —ei(g) = g(t)

The set of complex functions defined on E will be denoted by C*

The examples given below will be very helpful in the understanding of the structure
of such spaces H with the above properties.



CH.2 2.1. NOTATIONS AND EXAMPLES OF HILBERT SPACES

Example 2.1.1. Let H be a finite dimensional complex vector space of functions with
basis (f1, ..., fn).Any vector of H can be written in a unique way as a linear combina-
tion of fi, ..., fa-Therefore an inner product < .,. >y on H is entirely defined on H
by the numbers

n n
v = Zvifi and w = ijfj
i=1 j=1
then

n n n n
<v,w >=< sz‘fz‘, ijfj >= sziwjgij
i=1 j=1

i=1 j=1
The matrix G = (g;;) is called the Gram matrix of the basis. G is Hermitian (ob-
serve that g;; = g;;) and positive definite (v*Gv = || Y1 vifillg > 0)

Furthermore we denote that any finite dimensional space endowed with any inner
product is complete (i.e. every Cauchy sequence is convergent).

Example 2.1.2. Let E = (a,b), —00 < a < b < oo and £*(a,b) be the set of all
complex measurable functions over (a,b) such that
b
[ @R <o

where \(x) is the Lebesque measure on R Identifying two functions f,g on L*(a,b)
which are equal except on a set of Lebesque measure equal to zero, we get a vector

space L?(a,b) which is Hilbert space with inner product

b P
<ﬁg>w@wi/f@M@MM@

Functions belonging on £?(a,b) endowed with the inner product defined above
will be further examined in Chapter 4.

Example 2.1.3. Let ' = R and
H =Wy (R) = {¢: ¢ is absolutely continuous, ¢and phi' € £*}

where ¢’ is the derivative of ¢ almost everywhere. H is a Hilbert space with the inner

product

@.1) <6 = /R (60 + ¢/)dA
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Example 2.1.4. Let (), A, P) be a probability space, Let F be a Hilbert space with
inner product < .,. >z and norm ||.||7 and let £*(Q, A, P) be the set of random

variables X with values in F' such that
22) Er(IX|%) = [ IX|3aP < o

Identifying two random variables X and Y such that P(X # Y') = 0 we get the space
L2(Q, A, P) which is a Hilbert space when endowed with the inner product

< X,)Y >=FEp(< X,Y >5)

2.2 Definitions and facts regarding Reproducing Ker-

nels

Let us now introduce the the definition of reproducing kernel
Definition 2.2.1. A function

K:ExFE—C

(s,t) = K(s,t)

is called a reproducing kernel of the Hilbert space H if and only if
a)Vte £, K(.,t) e H
b)Vt € E, Vo € H < ¢, K(.,t) >= ¢(t)
The last condition is commonly called the “reproducing property” of K. Every
value ¢ of a function ¢ € H can be “reproduced” by the inner product of ¢ with K(.,t).

By conditions a),b) follows that /(s,¢) can be written as K (s,t) =< K(.,s), K(.t) >
L te k.

A Hilbert space of complex valued functions which possesses a reproduc-
ing kernel is called a REPRODUCING KERNEL HILBERT SPACE (RKHS).

We will present some examples of Hilbert spaces H and see how a function K which
satisfies conditions a) and b) influences with its elements.

Example 2.2.2. Let (ey, ..., €,) be an orthonormal basis in H and define

n

K(z,y) = Z ei(z)ei(y)

i=1

7



CH. 2.2. DEFINITIONS AND FACTS REGARDING REPRODUCING KERNELS

Then for any y in E,

3

o() =) Neil.)
i=1
in H, we have
VyeE, <¢.K(y)>n=<> Ne(),> el )a(y) >u
i=1 i=1

Any finite dimensional Hilbert space of functions possesses a reproducing kernel

Example 2.2.3. Let K (i, j) = 0;; the Kronecker delta function,

lifi=y
where 0;; = Then
Oelse

VjieN K(,j) = (0,0,..,1,,..) € H (I at the j-th place)
K is the reproducing kernel of H

Example 2.2.4. A set of functions of particular interest especially in the field of statis-
tics, is the space £a, b|. We are in interest of finding a function K (.,t) in (a,b) such

that

(23) Vo € (a,b) <o, K( 1) > [ ¢K(,1)dA = ¢(t)
[a,0]
A function that one could natural think is the Dirac delta function since it possesses

the reproducing property
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But unfortunately this function is not square integrable since

/ 6% (u)du £ oo
[a,b]

The main problem of this space of regards on what does it mean for a function f
and a function g to be equal. In this kind of spaces, a function f € .Zla, b] is not indi-
vidual but a whole class of functions. This comes from the fact that this space enables
us to handle its elements with a much weaker condition, the almost everywhere con-
dition. This allows a function f € Z!la, b] to be equal to any g with the same domain,
except on some set A with A(A) = 0. Therefore Definition 2.2.1 does not clearly
apply in this case. Moreover this space or a subset of it, could contain functions with
undesirable properties to work with, for example discontinuity. Concluding the space
#? is not an RKHS

A natural question that comes out directly from Definition 1 is that when a Hilbert
space H possesses a function K with properties a) and b).The answer arises from
Theorem 2.2.5

Theorem 2.2.5. A Hilbert space of complex valued functions on E has a reproducing

kernel if and only if all the evaluation functionals e; , t € E are continuous in H

Proof. If H has a reproducing kernel K then for any ¢ € I/, we have
Vie H e¢)=<o¢,K(.,t)>pu.

thus the evaluation functional e, is linear and, by Cauchy-Schwartz inequality, contin-
uous

@) = | < 6, K(,t) >u | < IOIIE DI = IBlIK(t,1)]"/2 Moreover, for
¢ = K(.,t), the upper bound is obtained so that the norm of the continuous linear

functional e; is given by

Jeall = sup XN — (e a1y,
lot0 19l

Conversely by Riesz’s representation theorem, if the linear mapping

H—C
¢ — e(¢) = (1)
is continuous then there exist N; € H such that
Vo € H < ¢, N, >= ¢(t).

9



CH.2 2.3. REPRODUCING KERNELS AND POSITIVE TYPE FUNCTIONS

If this property holds for any € F, then it is clear that K (s, t) = Ny(s) is the reproduc-
ing kernel of H. O

Lemma 2.2.6 is a direct consequence of the continuity of the evaluation functionals

e; on a RKHS H

Lemma 2.2.6. In an RKHS a sequence converging in the norm sense converges point-

wise to the same limit

Proof. 1f (¢,) converges to ¢ in the norm sense we have for any ¢ € F,

|9n(t) — ¢(1)] = lec(¢(n)) — ex(d)]

and e;(¢,,) converges to e;(¢) by continuity of e, O

The above property is not generally hold true in an abstract space H. Consider for
example, the space of polynomials over [0, 1] endowed with the .Z3[0, 1] metric

. p) = ([ 1) - Bopixe ))1/,,

where p > 0 and ) is the Lebesque measure on the set R. Let(Q),,)»en be the sequence
of polynomials in .Z5[0, 1] with @, (z) = 2. Then,

1 1/p
d(Qn,0) = (/0 :c"pdA> = (np+1)"" =0

as n tends to infinity. But the sequence (Q,,(1)),>0 = 1 and therefore lemma 2.2.6
does not hold.

The property that if two functions f and g are close in the norm sense, then the values
f(z) and are close to the values g(x) is one of the most important facts in RKHS the-
ory and one of the main reasons that these particular spaces are used constantly, with
wide variety of applications especially in statistics and stochastic processes. This is
not generally hold true for an abstract Hilbert space

2.3 Reproducing kernels and positive type functions

We now introduce a class of functions named by positive type (or positive definite)
functions, with many important properties in a wide range of sectors in mathematics.
In this section we will consider the most important of them in the context of our sub-
ject. We will prove that there is an one to one correspondence to set of positive type
functions and the set of reproducing kernels. This result will turn to be very helpful

10



CH.2 2.3. REPRODUCING KERNELS AND POSITIVE TYPE FUNCTIONS

not only on proving whether a complex valued function K is a reproducing kernel of
a Hilbert space H, but also in constructing RKHS.

Let us now give the definition of a positive type function.

Definition 2.3.1. A function K : F x E — C is called a positive type type function

(or positive definite function) if

VYn > 1, Y(ai,...,a,) € C, ¥Y(xq,...,x,) € E",

2.4) ZZalaJ (zi,2;) >0

=1 j=1
Moreover with the assumptions made in Example 2.1.1 is not hard to see that since

ZZaaj (@i, 25) = laly[K (@i, 25)]ij(aln

i=1 j=1
the above condition in Definition 2.3.1 is equivalent to show that the matrix
[K(zs,75)]i5, 1 <1, j<n
is positive definite.

We will now present some examples of positive type functions

Example 2.3.2. Any constant non negative function on E X E is positive type since

ZZaza] >0 = Zal

=1 j=1

lifi=j
Example 2.3.3. the delta function (x,y) — 0,y = is of positive type
0else

Proof. Letn > 1 (a1, ...,a,) € C", (z1,...,2,) € E™ and {ay,...,a,} the set of

different values among x4, ...., z,. Then
n n n
E E aiajéxi7xj = E E a;Q;
i=1 j=1 i=1 zi=r;

p
=Y. D i
k=1 x;=xj=ag
2

hS]

>0

Q;

(]

Ed

=1 |z;=a

11



CH.2 2.3. REPRODUCING KERNELS AND POSITIVE TYPE FUNCTIONS

It also clear that if K and a is a non negative constant then the product a /K is of a
positive type function.

In contrast to the above examples, in most of our cases, it is difficult to prove
through (2.4), that a given function is of positive type. Therefore we will present a
very useful lemma for this case.

Lemma 2.3.4. Let H be some Hilbert space with inner product<
¢ : E — H. Then, the function K

.. >pg and let

ExE—=C

(z,y) = K(z,y) =< ¢(z),0(y) >n
is of positive type.

Proof. The conclusion easily follows from the following equalities

Z ZaﬂjK(Ii, r;) = Z Z < a;p(x;), a;P(x;) >p
=1 j=1 i=1 j=1

n 2

Z a;p(x;)

J=1

H

]

Lemma 2.3.4 tells us that writing K (z,y) =< ¢(x),¢(y) >g, is sufficient to
prove that K is of positive type.
A commonly used space in Probability theory is the space .£?(2, A, P). This partic-
ular space provides us a useful consequence.

Example 2.3.5. Consider the space £*(N), A, P) of square integrable functions in the
probability space (2, A, P) as in Example 2.1.4. Then the covariance function K

ExFE—C

E(XiX,) =< X4, X >220,4,p)

of some complex valued zero mean stochastic process (X;)icp is of positive type since

0<Var (ﬁ: aiXti> = z": zn:aiajE(Xtith)

i=1 i=1 j=1

12



CH.2 2.3. REPRODUCING KERNELS AND POSITIVE TYPE FUNCTIONS

The above example tells us if we want to prove that the matrix [K (¢;,¢;)]1<i j<n 1S
of positive type, it is sufficient to prove that K is the covariance matrix of some zero
mean random vector in .Z?(2, A, P).

Before we proceed to the main result of this chapter we will present some proper-
ties of positive type functions.

Lemma 2.3.6. Let L be any positive type function on E X E. Then,
a)Ver € E L(x,x) >0

b)V(z,y) € Ex E L(z,y) = Ly, )

¢) L is a positive type Sfunction

d)|L(z, y)| < L(z,2)L(y,y)

Proof. a)lf we take n = 1 and a; = 1 then by Definition 2.3.1 we get L(z,x) > 0
b)Let (z,y) € E x E. From (2.4) and for any (a,b) € C? the number

C(a,b) = |a|*L(z, z) + abL(x,y) + baL(y,x) + [b*L(y, y)
is a nonnegative real number. Moreover for a = b = 1 we get
L(z,y) + Ly, ) = C(1,1) = L(z,z) — L(y,y) = A
similarly, for a = ¢ and b = 1 we obtain
il(z,y) —iL(y,x) = C(i,1) — L(z,z) — L(y,y) = B

Thus,
L(z,y)+ L(y,z) = A€R

and

il(z,y) —iL(y,z) = B€R

It follows that

A+iB =2L(y,x)

and

A—iB =2L(x,y)

13



CH.2 2.4. CONSTRUCTION OF REPRODUCING KERNEL

hence L(y, x) is the conjugate of L(x,y) c) Taking the conjugate in equation 2.4 we

obtain

=1 =1

d) From b) we have, for any a € R,
0 < C(a, L(z,y)) = a’L(z, ) + 2a| L(z, y)|*L(z, ) L(y,y)

If L(z,y) # 0, the conclusion follows. Otherwise it is clear from a) O

Lemma 2.3.6 clearly reveals us the existence of some similarities between posi-
tive type functions and reproducing kernels. In the next sections, we will see that this
looming connection is fundamental in the context of reproducing kernels.

The following lemma proves the direct part of the equivalence between positive defi-
nite functions and Reproducing Kernels.

Lemma 2.3.7. Any reproducing kernel is of positive type

Proof. If K is a reproducing of H we have,

ZZaic—LjK(xi,xj) = ZZ < CLZ'K(.,ZL'Z'), CLjK(.,[L’j) >H
=1 j=1 i=1 j=1

n 2

Z CLiK(., ZL‘Z)

=1

>0

H

2.4 Construction of Reproducing Kernel

The next theorem is of great importance in constructing RKHS. Particularly, it will
provide us the necessary and sufficient conditions required in order to construct a
space of functions (RKHS) with the desirable properties(i.e.continuity of the evalua-
tion functionals and convergence in the norm sense implies pointwise convergence).
Furthermore will rely on Theorem 2.4.1 in order to prove the converse of Lemma 2.3.7
which is actually a way to fashion Reproducing Kernel Hilbert Spaces.

Theorem 2.4.1. Let H, be any subspace of CF the space of complex functions on E
,on which an inner product < ., . >y is defined, with associated norm ||.|| g,. In order

that there exists a Hilbert space H such that.

14



CH.2 2.4. CONSTRUCTION OF REPRODUCING KERNEL

a)Hy C H C C¥ and the topology defined on Hy by the inner product < ... >y
coincides with the topology induced on Hy by H.
b)H has a reproducing kernel K

it is necessary and sufficient that

¢)the evaluation functionals (e;)c g are continuous on H,

d)any Cauchy sequence (f,) in Hy converging pointwise to 0 converges also in the
norm sense.

(d) is equivalent to show that for any function f in Hy converging pointwise to f, (fy)

converges to [ in the norm sense)

Proof. Direct part

If H exists with conditions a), b) the evaluation functionals are by Theorem 2.2.5
continuous on H and therefore on H,.

Let (f,) be a Cauchy sequence in H, converges pointwise to 0. As H is complete,
(fn) converges in the norm sense to some f € H.Thus we have

Vo € B f(r) =ea(f) = lim e(f) = lim fu(x) =0

n—

andso f =0
converse
suppose ¢) and d) hold. Define f € C¥ for which there exists Cauchy sequence f,, in

Hj converging pointwise to f.It is easy to see that,
Hyc HcCF
The proof of Theorem 2.4.1 will be completed by the Lemmas below. ]

Lemma24.2. Let f , g € H and (f, , gn) be two Cauchy sequences inH, converg-
ing pointwise to f and g respectively. Then the sequence< f[,, g, >p, is convergent

and its limit only depends on f,q.

15



CH.2 2.4. CONSTRUCTION OF REPRODUCING KERNEL

Proof. f,g are Cauchy sequences in H, thus there exists M, N > 0 such that

(2.5) an - meHo <0, Hgn - gmHHo <0
V(n,m) € N,
| < fn:Gn >Hy — < Jms Gm >Hy ’ = | < fo = fmiGn >+ < friGn — Gm > |Ho <

< [fo = fnllmollgnll o + I fmll o 9 = G| g
by Cauchy-Schwartz inequality. This shows that (< f,, g, >pg,) is a Cauchy se-

quence in C and therefore convergent. In the same way if f/, g/ are two other Cauchy
sequences in H, converging pointwise to f, g respectively we have,

< FusGn >t = < For 10 | < = Follitlgnlli + £ st ll g — 0t
Thus,(f, — f) and (g, — g,,) are Cauchy sequences in H, converging pointwise to
0. From assumption d) they also converge to 0 in the norm sense. It follows that

| < fos9n >, | and < f), g/, >p, share the same limit. O

Lemma 2.4.3. Suppose that ( f,,) is a Cauchy sequence in H, converging pointwise to

f and that lim,,_, < fn, fn >n, = 0 (f, tends to 0 int the norm sense). Then f = 0

Proof.

Vee B, |, f(x)= lim f,(x)

= lim e,(fn) = 0 (by assumption c)

n—oo

Thus we can define an inner product on H by setting

< fag >H= lim < fnvgn >H0
n—00

where f,, , g, are Cauchy sequences in H, converging pointwise to f , g respectively.
It is clear that the < f, g >y satisfies the properties of a well defined inner product.
The positivity, the hermitian symmetry and the linearity of < .,. > arises from the

properties of < .,. >p,. Lemma 2.4.3 tells us that if < f, f >= 0 then f = 0. [

Lemma 2.4.4. Let f € H and (f,) be a Cauchy sequence in Hy converging pointwise

to f. Then (f,) converges to f in the norm sense.

16



CH.2 2.4. CONSTRUCTION OF REPRODUCING KERNEL

Proof. Let € > 0 and let N(¢) be such that
(m ;N> N(E)) = “fn - meHo <€

Fix n > N(e€).The sequence (f, — fm)men is @ Cauchy sequence in H, converging

pointwise to (f — f,).Therefore

1 = full = T | fo = ol < €
Thus f,, converges to f in the norm sense. [
Corollary 2.4.5. H is dense in H.

Proof. By definition for any f € H there exists a Cauchy sequence (f,,) in H, con-
verging pointwise to f. By Lemma 2.4.4 (f,,) converges to f in the norm sense. The

Corollary follows. [
Lemma 2.4.6. The evaluation functionals are continuous on H

Proof. 1t is sufficient to show that the evaluation functionals are continuous at 0. (as
long as linearity holds)
Let z € E. By assumption c) in Theorem 2.4.1, the evaluation functional e, is con-

tinuous on Hy. Fix ¢ > 0 and let n such that
€
(f € Ho and [|fllz, <n) = [f(2)] <3

For any function ¢ in H with [¢|, < % there exists by Lemma 2.4.4 a function g in

Hj such that
n

g() — @) <5 and g9l <3

This entails

915, = llgla <llg—ollu+llola < n

. Hence |g(z)| < % and |g(x)| < € .Thus e, is continuous on [

Lemma 2.4.7. H is a reproducing kernel Hilbert space

17



CH.2 2.4. CONSTRUCTION OF REPRODUCING KERNEL

Proof. It has already been proved that all the evaluation functionals are continuous on
H(Lemma 8). Therefore it suffices to show that H is complete. Let f,, be a Cauchy
sequence in C. Then by Lemma 2.4.6, the evaluation functional e, is continuous, thus
(fn) is also a Cauchy sequence in C and converges to some f. One has to prove that
this f belongs to H. Let €(n) be any sequence of positive numbers tending to O as n
tends to infinity.

As Hj is dense in H
Vi € N* there exists ¢; € Nsuchthat || f; — gy < €.

From the inequalities

|gi(x) = f(2)] <lgi(x) = fi(z)| + [fi(x) — f(2)]
< lex(gi = fi)l + [filz) — f(2)|

and from the properties of e, (Lemma 2.4.6) it follows that(g,) tends to 0 as n tends
to oo.

We have,

Wi = gillmo = IIfi —gille <N i — gilla + 1fi = filla + 1f5 — g5llm

<e+e+|fi— filln

Thus (g,) is a Cauchy sequence in H, tending pointwise to f, and so f € H. By

Lemma 2.4.4 g, tends to f in the norm sense. Now,

Ifi = flla = Ifi — gilla + llgi — flla

Therefore (f,,) converges to f in the norm sense and H is complete. (We call H the

functional completion of H). [l

Now, with help of Theorem 2.4.1, we will prove the converse of Lemma 2.3.7
which plays fundamental role in RKHS theory.

Theorem 2.4.8. MOORE-ARONSJAJUN Let K be a positive type function on E x E.
There exists only one Hilbert space of functions on E with K as a reproducing ker-

nel.The subspace Hy of H spanned by the functions (K (.,x), € E is dense in H and

18



CH.2 2.4. CONSTRUCTION OF REPRODUCING KERNEL

H is the set of functions on E which are pointwise limits of Cauchy sequences in H,

with the inner product

<lg>n = ZZ%@K(%,%)

i=1 j=1

where

(2.6) f= Za, ,xi) and g—ZbK (., y5)

7=1
Proof. First remark that the complex number < f, g > defined by (2.6) does not

depend on the representations not necessarily unique of f and g :

n

<fag>H0:Zazg :Z

=1

this shows that< f, g >y, depends on f and g only through their values.

Then taking
f= Zaz wx;) and g= K(.,x)
we get

< [, K(, ZotlgztZ Zaz (x,z;) = f(z).

Thus the inner product with K (.7 x) ‘reproduces” the values of functions in Hy. In
particular

1K 2)|a” =< K(.,2),K(.,z) >= K(z, ).

As K is a positive type function, < .,. >p, 1S a semi-positive hermitian form on

Hy x Hy. From the Cauchy-Schwartz inequality we have
Vo€ B |f(@)l =] < [ K (x) >m | < < [ f >y K(ea)] =0

and f =0
Let us consider H, endowed with the topology associated with the inner product <

,. >p, and check conditions c),d) in theorem 2.4.1. Let f and ¢ in Hy

Ve e F |€x(f) —ex(g)| = | < f—g,K(.,fE) >Ho |
< f = gl (K (z, )]
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Therefore the evaluation functionals are continuous on Hy and c) is satisfied. Let (f,,)
be a Cauchy sequence in Hj converging pointwise to 0. Hence (f,) is bounded, thus
there exists A > 0 such that || f,,|| < A. Now let € > 0 and N (¢) such that

€

n > N(€> Ead ||fN(€)*fn||HO < A

Fix aq,...,a; and z, ...., z, such that

k
fN(e) = ZaiK('a ','C’L)
=1

||fn||%{0 =< fn - fN(e):fm > Hy + < fN(e))fnv >H,

we have for n > N (e)

k
||fn||§{0 <€+ Z aifn(xi)a
=1

hence limsup,,_, . || f4]|> < € .Therefore condition d) satisfied. Combining the above

results and applying Theorem 2.4.1, there exists a Hilbert space H of functions on E
satisfying a) b) in theorem 2.4.1. H is the set of functions for which there exists a
Cauchy sequence (f,,) in H, converging pointwise to f. By Lemma 2.4.4 f, is also

converging to f in the norm sense, thus Hy is dense in H.Therefore H is unique and

Vee F f(z) = lim f,(z) = lim < f,, K(.,x) >

n—o0 n—oo

=< fn,K(,l’) >

Thus K is the reproducing kernel of H ]

Essentially, MOORE-ARONSJAJN ensures us that if K is a positive type func-
tion(or equivalently a Reproducing Kernel), then there exists a unique Hilbert space
Hy which possesses K as it’s unique Reproducing Kernel. Hx can be constructed
just by adding all finite combinations of the form > a; K (x;,) and their limits under
the norm induced by the inner product defined above. Lemma 2.2.6 ensures ue that
norm convergence implies pointwise convergence and therefore these limits of func-
tions are well defined in their pointwise sense.

Theorem 2.4.9 states an important conclusion. We will prove that the definition of
positive type function (or equivalently of a reproducing kernel on £ x E) is equiva-
lent of a mapping on E with values in some space [*(X) where [?(X) is the set of all
complex valued sequences

{z,, a€ X}
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CH.2 2.4. CONSTRUCTION OF REPRODUCING KERNEL

endowed with an inner product

< (l’a), (ya) >= Z ZTala

aceX

Theorem 2.4.9. A complex valued function K defined on E x E is a reproducing
kernel or a positive type function if and only if there exists a mapping T form E to

some space [*(X) such that

Proof. Let H be a RKHS of functions on a set E with kernel /. Consider the mapping

Vg @ E—H

r— K(.,x)
[]

Like any Hilbert space, H is isometric to some [?(X). If ¢ denotes any isometry
from H to [>(X), the mapping T = ¢ o Wy meet requirements. Conversely, the

mapping
T :E—PX)

being given from a set E to some space [? the mapping

K: ExFE—=C
(,y) =< T(x), T(y) >rx)

is by Lemma 1 a positive type function.

This characterization provides us an effective way of constructing Reproducing Ker-
nels (or proving that a given function is a Reproducing Kernel). Particularly, since
any pre-Hilbert space can be considered as a suitable isomorphism of /?(X), the only
thing needed in order to construct a reproducing kernel is a mapping T as described in
Theorem 2.4.9.

The following examples are a good sample of this useful theorem
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CH.2 2.5. EIGEN-STRUCTURE OF RKHS AND MERCERS THEOREM

Example 2.4.10. Let £ = [0,1], H = £?(—1,1) and T(x) = cos(z.). By theorem 4
we get that K defined on E X E by

1

K(z,y) =<T(x),T(y) > = / cos(xt) cos(yt)dA(t)

-1
_ sin(z —y) N sin(z + y)

r—y r+y ifzty
in(2
K(aa) = 1458822 0 g
2x
and
K(0,0) =2

is a reproducing kernel

2.5 Eigen-Structure of RKHS and Mercers theorem

As we described in the previous section, the basic tool needed for the construction
of a RKHS, is a function with specific properties such as positive definiteness and
symmetry. In this section we will present an important theorem which will turn to
be helpful especially when problems that involve integral operators are considered.
Since integral operators are strictly related with their eigenfunctions, it could be useful
of finding a way to express a kernel of an operator in terms of their corresponding
eigenfunctions and their eigen-values. Moreover, we will demonstrate a new direction
of constructing RKHS through the eigenvalues of an operator. To be precise we will
show that under the assumption that a function K symmetric and positive definite, we
can define an integral operator L in order to use its corresponding eigenfunctions for
the generation of a RKHS with reproducing kernel /&'. But before we proceed to that
we thought that it could be useful to present the basic tools needed for this purpose.

Definition 2.5.1. Let L. : H — H be a compact linear operator then, by the term

eigenvalue we mean all the functions ¢; that satisfy Lo; = \;p;. \; is the i-th eigen-
value of L.

Theorem 2.5.2. SPECTRAL THEOREM Let L be a compact linear operator on an
infinite dimensional Hilbert space H. Then there exists in H a complete orthonormal
system {¢1, ¢a..., } consisting of the eigenvectors of L. If Ay, is the eigenvalue corre-
sponding to ¢y, then the set { A\ } is either finite or A\, — 0, when k — oo. In addition,

maxy>1 |[\k| = ||L||. The eigenvalues are real if L is self adjoint. If in addition, L
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is positive, then A, > 0 for all k > 1,and if L is strictly positive, then A\, > 0 for all
kE>1

if L is a strictly positive operator, then L7 is defined for all tau > 0, by

L) _ard(k)) = Y N argy

Af T < 0,L7 is defined by the same formula on the subspace

Sy = {Z ardr | Z (axA)? is convergent}

for T < 0 the expression || L"a|| must be understood as oo if a ¢ S

Let X be a compact domain or manifold in Euclidean space with dimX=n. Let A
be a Borel measure and .#%(X) be the Hilbert space of square integrable functions.
Let K : X x X — R. Then the mapping

Lg : L*(X) = Z*X)

is continuous. K is said to be the kernel of L. Kernels of operators in the context of
RKHS will be further discussed in chapter 2

Proposition 2.5.3. If K is continuous then L is well defined and compact. Moreover

Bk || < 3/ A(X)Ck where Ci is defined as sup, ;e x | K (v,1)|

Proof. Let f € £*(X) and x1, o € X.Then

|(Lr(f)(z1) = (L () (z2)] = |/K($1>t) — K(x2,1) f(¢)|
< |NK(.,21) — K(.,22)| fl
< VAX) rtrg(x\f((xbt) — K (a2, )| f]l

]

Where the first inequality comes from the Cauchy Schwartz inequality. Since K

is continuous and X is compact, K is uniformly continuous. This implies continuity
of LKf

Moreover one can similarly prove that || Lk || < Ck

Proposition 2.5.4. a) If K is symmetric, then Ly : £?*(X) — £*(X) is self adjoint
(i.e. a linear operator A : H — H that satisfies < Af,g >=< f, Ag > forall f,g in
H.).

b)If, in addition, K is positive definite, then L is positive definite.
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Proof. part (a) follows easily from Fubini’s theorem and the symmetry of /K. For (b)

just note that

. AX)
< Licf,g >p= / / K@) f@)f(t) = lim =5 Zle,asj)f(a:i)f(w])
INES
ANX)
= T Sl
O]
where for all £ > 1, 21, ...., 2, € X is a set of point conveniently chosen an K [z]

is the Gram matrix. The result follows So through a reproducing kernel one can define
an integral operator which satisfies the conditions of the spectral theorem.

Corollary 2.5.5. Let Ay, k > 1, be the eigenvalues of Ly and ¢ the corresponding

eigenfunctions. If A # 0, then ¢y, os continuous on X

Proof. Let s, s € X such that,
Sy, —> Sasn — o0.

If || L] = maxy>1y, With Ay > A\g4; then, by writing ¢y, = A—lkLquk,

1

6(50) — ()] = \Aikwmwn) - )| <

1
< / K (50,1) — K (5, )] [64(5)]

which tends to 0 by continuity of K. This proves the continuity of ¢ ]

We are now in position to state the main theorem of this section.

Theorem 2.5.6. MERCER Let X be a compact domain or a manifold, \ a Borel
measure on X, and K : X X X — R a Mercer Kernel. Let \i, be the k-th eigen-
value of Ly and {¢.} the corresponding eigenvectors. For all x,t € X, K(x,t) =
Y re i Audr(x) @i (t) where the convergence (for each x,y X x X) and uniform (on
X x X).

The readers are referred to H. Hochstadt, Integral equations, John Wiley and sons
for the proof of the above theorem.
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Corollary 2.5.7. The sum >, \y, is convergent and
Soh = [ Keaa) < MX)C
k=1 X

therefore for all k < 1, \;, < %

Proof. By taking x = ¢ in Theorem 2.5.6 we get

K(z,2) =Y Mo ().

Integrating on both sides of this equality, we get

i::)\k/XﬁbQ(f) = /XK(:E,x)S)\(X)CK

But since {¢1, ¢»....} is a Hilbert basis, for all & > 1 we have [ ¢, = 1 and the first
statement follows. The second statement follows from the assumption A, > A; for

7>k O
Theorem 2.5.8. The map
DX = I°
r = (3 Mer (7)) ren
is well defined, continuous, and satisfies
K(x,t) =< ®(z),d(t) >

Proof. For every x € X, by Mercer’s theorem, > \.¢?(k) converges to K(x, ).
This proves that ®(z) € I°.

Also be Mercers Theorem, for every z,t € X,
K(z,t) = Y Mor(z)en(t) =< (x), (1) >
k=1
It remains to prove that ® : X — /2. But for any x,t € X,

1B(2) — B(1)]| =< D(x), B(z) > + < B(t),D(t) > — 2 < B(x), D(t) >

= K(z,z)+ K(t,t) — 2K(z,t)
whch tends to 0 as x tends to t. The result follows. OJ

25



CH.2 2.5. EIGEN-STRUCTURE OF RKHS AND MERCERS THEOREM

Let K be a reproducing kernel. As we mentioned in Proposition 2.5.3 and Propo-
sition 2.5.4 one can define an operator L with the properties needed in order to apply
the spectral theorem (A, > 0). Without loss of generality we will assume that A\, > 0.
Our goal now is to construct a RKHS H through the eigenvalues that Ly ensures.

Consider the space

2.7) Hi = {fe,iﬂz(X) 1f =Y age with = e 12}

2
k=1 Ak

Then Hx endowed with the inner product

= apb
(2.8) < f,9>K = Z;—k’“
k=1

is a Hilbert space of functions for every f = > ay¢y and g = > by
An interesting result arises directly from the definition of H

Lemma 2.5.9. The map

L) . (X)) — Hg
Z axPr — Z N/ AP
defines a Hilbert is a Hilbert isomorphism where £*(X) is the unique operator such
that £*(X) o L*(X) = Ly

Proof. Ttsuffices to show that < LV2f, L1V2%g >p=< f,g >y Let f = ap¢y, and g =
Z bk¢k Then

LV = "apy/ Mgr and LV = b/ N

Also by (2.8) we have that

[e.9]

(2.9) < LV LV > =

=1

o0

=1

But
<[g>e = Zzaibj < i ¢j > o2
i=1 j=1

(2.10) =Y aibi =< LVf, L9, >k

=1

The conclusion follows. OJ
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It is worth noting that similarly, with the help of Theorem 2.5.2 one can prove that

(2.11) < fg>r=< L7V L7125 >

Proposition 2.5.10. The elements of Hy are continuous functions on X. In addition,

for f € Hg, if f = axoy, then the series converges absolutely and uniformly to f.

Proof. Letg € Hg, g =) gr¢r and z € X. Then

;91&5(@ ; ;%vrk(bk(w)

where the inequality follows form the Cauchy-Schwartz and the last inequality by

< llgllx 12@@)Il = llgllx K (2, 2)"/2

Mercer’s Theorem.

Now since the last equality holds true for all z € X we have ||g]|cc < VCxkl||g| k-
Applying the previous inequality to the series gy = f — Y ax ¢y, proves the statement
of the uniform convergence. The continuity of f follows that of the ¢y, (¢, = i). The

absolute convergence comes follows form the inequality > |grér| < ||gl|x||®(z)]]

]

Lemma 2.5.11. Let x € X. The function ¢ : X — R, ¢.(t) =< ®(z), d(t) >

belongs to H

Proof. Letx € X. Thenforany t € X

Po(t) =< (z = > (unlx = > ardi(t)
k=1

k=1

where a5 = /\kgzﬁk(t).
= /o1 (t) belongs to [? by Theorem 2.5.8. The result follows
O

Proposition 2.5.12. Forall f € Hix and all x € X, f(x) =< f, K(.,x) >

Proof. For f € Hg, f = > wyoy,

< f,K(,:IZ’) > = Zwk < ¢k,K(,$) > = ZQ;\}—: < ¢k,K(,$) >
k=1 k=1
N W N~ Wk
= 35 [0 =30 S o)
=5 2 Ndn(@) = f(z)
k=1 'k
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]

Thus by Hy is an RKHS. So far, we have demonstrated two methods form which,
a RKHS could be defined. An obvious question is whether the RKHS H - generated
from Theorem 2.4.8 and the RKHS generated by 2.7 are equivalent. The answer is
true.

Theorem 2.5.13. The Hilbert spaces Hy and H are the same space of functions on

X with the same inner product.

Proof. For any x € X, the function K (., z) coincides, by Theorem 2.5.8 with the
function ¢, in statement of Lemma 2.5.11.This proves that ¢, € Hy. Now by
Proposition 2.5.12 we have that for all t € X, < f,K(.,t) >x= 0, f € Hg.
But < f,K(.,t) >x= 0, thus f = 0 on X. The statement follows from Theorem

24.8. U

For more details about this subject see ( )
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Chapter 3

Basic properties of Reproducing

Kernels

So far, we have studied the basic properties of a notion named by Reproducing kernel.
Furthermore we demonstrated several ways for the construction of a new space of
functions named by Reproducing Kernel Hilbert Spaces. In this chapter we will try
to showcase some useful properties of those spaces and also to examine the behavior
of their elements under conditions that are commonly exist in several fields of applied
mathematics and especially in Statistics ( for example seperability, continuity).

3.1 Sum of Reproducing Kernels

Theorem 3.1.1. Let K, and K5 be the reproducing kernels of spaces Hy, and H,
of functions on E with respective norms ||.||p, and ||.|n,- Then the function K =
K + K is the reproducing Kernel of the space H = Hy & Hy = {f|fi+ fo, f1 €
H, | fo € Hy} with the norm ||.|| g defined by

Vfe H 2 = min 2 4+ 2
fer W= min (il + )

Proof. Let ' = H; & H, be the Hilbert sum of H; and H, F is the set H; x H,

endowed with the norm defined by

1CFs N5 = 1LAllE, + (el
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Let

u: F—>H
(fi, fa) = fi+ fo

andlet N = {(f1, fa) € F : fi + fo = 0}. Then the map u is linear ,onto and also
a subspace of F .Let (f,,, —f.) be a sequence in N converging to( f1, f2). then f; , fo
converges to f; € Hy , fo € H, respectively. Therefore f; = —f, and thus N is a
closed subspace of F.

Let Nt be the orthogonal complement of N in F and let v : u|y.. The the map is

1-1 hence one can define an inner product on H by setting

< f?g >H=< U_l(f),l)_1<g) >F .
Endowed with this inner H is a Hilbert space of functions. Let us now check the
reproducing property of K. Let f € H (f', f") = v=(f) and (K'(.,y), K"(.,y)) =
oK (,y)). y € EAs
K/<'7y) - K1<7y) + K”('vy> - K2(7y) =0

we have that (K'(.,y) — Ki(.,y), K"(.,y) — Ks(.,y)) belongs to N and its inner
product in F with (f’, f”) is 0. Thus

< f/,K,(.,y) >y + < f”,K"(.,y) >, =< f’,Kl(.,y) > + < f”7KQ(.,y) > Hy
and
< f.Ky) >n=<v ' (f), v (K(,y) >F
=< (f" 1), (K'(,9), K"(.,y)) >7
= f'(y) + " (y)

thus the reproducing property holds. It remains to express the ||.|| 7 as terms of ||.|| g,

and HHHQNOW let (fl,fg) S ./T"2 ,f = f1 + fQ and (91792) = (fl, fg) — ’U_l(f). On
the other hand as (g1, g») belongs to N and v~!(f) belongs to N*. We have

G P = I (D15 + 1191, 92) 15

= [v (DONF + lgllF + lloallz
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Therefore for f = f; + f> we always have

3.1 1115 = o™ (A5 < [l + 1 fall7,

and the equality holds if and only if (f1, f2) = v~ *(f)
[

Theorem 3.1.1 claims that if a direct sum (H = H; & H,) of two or more well
defined RKHS exists, one can produce as many RKHS as desired just by adding their
corresponding kernels of H; and H, or a linear combination of them (af is also a
reproducing Kernel).

Similarly, just by following the same technique for the structure of the mapping v
whereby an inner product was defined for the Hilbert sum of H; and H,, one can
prove the following theorem.

3.2 Restriction of the index set

Theorem 3.2.1. Let H be a Hilbert space of functions defined on E with reproducing
kernel K and norm ||.|| g and let E'y be a non empty subset of E. The restriction K; of
K to Fy X FEj is the reproducing kernel of the space H, of restrictions of elements of

H to Ey endowed with the norm ||.|| g, defined by

Viie H = i
fre He fillm feH{IJ}E:thIm

where f|p, stands for the restriction of f to the subset E.

Proof. Letu : H — H, such that f — f|g, and let N = v~ ({0}). It is clear that u
is linear and onto and N is subspace of H. If a sequence (f,) in N tends to f € H,

we have

Vee By, VYn>1, | fu(x)=0,

and, as the convergence in norm implies the pointwise convergence ,the limit f satis-
fies f|z, = 0. Therefore N is closed. Let N be its orthogonal complement in H and
let v := u|y. i.e. v: Nt — H;.The map is one-to-one and therefore we can define

an inner product on /{; by setting

< fig>m =<v ' (f), v (f) >n
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Endowed with this inner product /; is a Hilbert space of functions. It is clear that for
any y € F; we have that K;(.,y) € H; and that[K(.,y) — v~ (K;(.,y))] € N. Thus
for all y € E; and for all f € H; we have,

< [ K (by) > o= <o ' (), 0 (K (L) >r = <o () v (K Y) >a
= v (Hy) = fly)

This shows that K is the reproducing kernel of H;.
Let g € H If g|g, = f1 then (g — v~ (f1)) € N and v'(f;) € N+. By the

Pythagorean identity ,
lgllz = llg = v (fllz + v ()l
therefore
lo™ e < llglln
and the equality holds if and only if ¢ = v~*(/f1).The conclusion follows. ]

3.3 Tensor product of RKHS

Products of functions and kernels play an important role especially when higher di-
mension problems are considered. Let /{; and Hs be two vector spaces of complex
functions defined on £ and E respectively. The tensor product H; ® H> is defined as
the vector space generated by the function

[i®fs EixE,—C
(z1,22) = fi(z1) fa(z2)

where f; € Hy and f, € H,

Let < .,. >; and < .,. >, be the inner products on H; and H, respectively. It
can be proved that the mapping

H1®H2—>C
(f1 x fzyf{ X fé) — < f1>f{ >1< f27f£ >9

is an inner product on H;® H, which is therefore a pre-Hilbert space. Its completion
is called the tensor product of H; and H> and is denoted by H; ® Ho.

Let H; and H, be two RKHS of functions in C with K (z1,y;) and Ks (2, yo) be their
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corresponding reproducing kernels. Then K (., x1), K (.,y1) and Ky(., x2), Ka(.,y2)
belong to H; and H, respectively. It is not hard to see that

(Ki( 1) X Ko x2), Ki(yn) X Ka(.,92)) — Ki(z1, y1) Ko (22, y2)

Our goal is to define a function K € H,® H, through which we can define the RKHS
Hyx = H; ® Hy. We will prove that the function Ky x Ky = Ki(x1,y1) Ka(xa, y2)
meets the requirements (i.e.the reproducing kernel of the tensor product H; ® Hs).
But before we proceed to that, we are will present a theorem will turn to be helpful in
our proof.

Theorem 3.3.1. ( )Let A a Hermitian n X n matrix over the
scalar C"*™,
a) K is positive definite if and only if there is a n X m matrix R such that K = R'R
b)If K = R'Rwith R as in (a) and if v € C", then Kx = 0 if and only if Rx = 0, so
N(K) = N(R) and rank(A)=rank(B).

It is worth noting that the matrix R is not necessarily unique. As an example take
the square root of K i.e. R = K'/2. This particular case has many applications and

we will study some of them in the next sections. We are now in position to prove the
following Lemma.

Lemma 3.3.2. H, and Hy RKHS with kernels K, and K, respectively, the mapping

K| x Ky (El XE2)2—>(C

(21, 22), (g1, 92)) = K (21, 91) K (22, y2)
is of positive type function on (F; X Eg)z.

Proof. From Definition 2.3.1 it suffices to show that

(3.2) YN cieiK(wi, ;) > 0
i=1 j=1
for all finite combinations of ¢y, ....,c,. Since K; is the reproducing kernel of H;,

it is Hermitian and positive definite. Thus by Theorem 3.3.1 there exists R such that

K, = R'R with
k=1
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Then, substituting (3.2) to (3.3) we obtain

Z Z cic; K (x;, ;) = Z Z CiCj Z Rip Rij Ko (24, 75)
=1

i=1 j=1 i=1 j=1

(3.4) =Y > (cRi) (Rije)) K (i, ;)

i=1 j=1 k=1

If we take a = ¢/ R then, it is clear that (3.4) takes the form
(3.5) a'[Kjla >0

since K is the reproducing kernel of H, and therefore positive definite an Hermitian.

The result follows. ]

Recall that H; and H; are RKHS of function in £ C C. Then a natural way
to define the algebraic tensor product v = » . h; ® f; is by setting 4(z,s) =
>y hi(z) fi(z). The following theorem shows that this mapping is well defined
and extends to the completed tensor product

Theorem 3.3.3. ( )Let H, and Hs be two RKHS with respective reproduc-
ing Kernels Ky and Ks. Then K((x,s), (y,t)) = Ki(x,y)Ks(s,t) is a reproducing

kernel on Fy x E5 and the map u — 1 extends to a well defined linear isometry from

H, x Hy onto the reproducing Kernel Hilbert Space H

Proof. Let K (z) = Ki(z,y) and K7(s) = Ky(s,t). Note that if u = 3> | h; ® fi,
then
(3.6) <u, Ky ® K} >mom= Y <hi, K} >u,< fi, K} >p,=i(y,1)
i=1
Thus we may extend the mapping v — « from an algebraic tensor product to the

completed tensor product as follows. Let u € H; ® H,. We define a function 4 on

H; x Hy as
(3.7) a(y,t) =< u, K, ® K} >u,em,

Let H = {u: w € H; ® Hy} be a vector space of functions on H; x H;. The
map v — « will be one to one unless there exists a non-zero u € H; ® Hy such

that u(y,t) = 0 for all (y,t) in E; x FE,. But this condition would imply that u is
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orthogonal to the span of { K, ® K7 : (y,t) € Ei x Ey}. But since by Theorem 2.4.8
the span of { K, : y € E1} is dense in Hy and the span of {K7} : t € E,} is dense in
Hy, it follows that the span of {K, ® K} : (y,t) € Ey x E,} is dense in Hy; ® Hj.
Hence if & = 0, then w is orthogonal to a dense subset and so © = 0

Thus, we have the map v —  is one to one from H; ® Hs onto H and we may use

this identification to give H the structure of Hilbert space.by setting
(3.8) < U, 0 Su=< U,V >H,0H,

for u,v € H; ® H,. Finally, since for any (y,t) € E; X Es we have that u(y,t) =<

u, K} @ K? > we see that H is a Reproducing Kernel Hilbert Space with kernel

K((x,s),(y,1) =< K} @ K}, K} @ K2 >y=< K, ® K}, K} ® K} >, xn,

(3.9) =< K, @ K}, >, < K{ ® K} >p,= K, y)K(s,t)

and so K is a reproducing kernel.
By the uniqueness of RKHS as a Hilbert spaces, the map © — 4 is an isometric linear

map from H; ® H, onto H O]

3.4 Support of a reproducing Kernel

We will now discuss a notion, first introduced by Duc-Jacquet(1973) which is of great
importance in searching for bases in RKHS. It is the notion of support of a function.
But before we present that, it is necessary to introduce some basic facts and definitions
that will be useful in its definition.

Definition 3.4.1. Let K be a non null complex function defined on E X E. A subset
A of E is said to be binding for K if and only if there exist elements 11, ..., T, in

A such that the functions K(.,x1),...., K(.,x,) are linearly dependent in the vector

space CF.

Theorem 3.4.2. The set Fy of non-biding sets for K partial ordered by inclusion is

inductive and therefore admits at least one maximal element.

Proof. Let {A; : i € I} be a set of elements of Fy linearly ordered by inclusion.
Then the set | J,.;A; belongs to Fy and is the upper bound of the chain (A;);c;. Thus
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Fi 1s partially ordered by inclusion is inductive. By Zorn’s Lemma it has at least one

maximal element. ]

Definition 3.4.3. Let K be a non null complex function defined on E X E a subset S
of E is called a support of K if and only if S is a maximal element of the set Fi of
non-binding sets for K.

The link between support of reproducing kernel and basis of H is expressed in
the following theorem.
Theorem 3.4.4. Let H be a RKHS with kernel K on E x E. Let Hy be the subspace
of H spanned by {K(.,z) : x € E}. If a subset S of E is a support of K then
{K(.,z) : « € S} is a basis of Hy.Conversely if K(.,z1), ..., K(.,z,) are linearly

independent, there exists a support S of K containing {z1, ..., x,}.

Proof. The set S = {k(.,x : x € E)} is a set of linearly independent elements of
Hy. If 2o belongs to X \ S ,consider the set S| J{K (., z0)} and use the maximality
of S to get that K(.,z() can be written as a linear combination of elements in S.
Therefore the set S spans Hy. Now if K(.,x1),..., K(.,z,)) are linearly independent
, the set {1, ....,z,} is a non binding set for K, hence it is included in a support of

K. [l

3.5 Kernel of an operator

Definition 3.5.1. Let £ be a pre-Hilbert space of functions defined on E and let u be
an operator in E. A functionU : E x E — C (z,y) — U(z,y) is said to be kernel
of u if and only if

Yye E, U(,y) €&

Vye EVfe&, ulf)ly) =< U(,y) >¢

Let us denote that Definition 3.5.1 is equivalent to that any Hilbert space functions
H has a reproducing kernel K if and only if K is the kernel of the identity operator in
H.
Also is clear that if u has two kernels Uy, Us one has

Vye E,Vfe&, < fUi(,y)—Us(.y) >e=u(f)(y) —u(f)(y) =0
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So for any operator there is at most one kernel.

Theorem 3.5.2. In a Hilbert space H of functions with reproducing kernel K any

continuous operator u has a kernel U given by

(3.10) Ulz,y) = [u"(K(z,y))l(z)
where u* denotes the adjoint operator of u.

Proof. By Riesz’s theorem, in the Hilbert space H any continuous operator v has an

adjoint defined by
V(z,y) € Hx H <u(f),g >y =< f,u*(9) >n .
Thus we have

Yye E,VfeH, < fu(K(,y) >z =<u(f),K(.,y) >n
= u(f)(y)-

Example 3.5.3. THE COVARIANCE OPERATOR

Will now consider a tool which is of great importance especially in the study of
stochastic processes.

Let X be a random variable defined on some probability space (2, A, P) with values
in (H,B) where H is a RKHS of functions on a set E and B is the Borel o-algebra.
Forany w € Q, X(w) = X.(w) is the function defined on E by

E—C

t— Xi(w)

is called trajectory associated with w. In other words (X,).cp is a stochastic process
on (2, A, P) with trajectories in H.

Suppose that X is a second order is a second order random variable, i.e.
2
Ep(|X][a)” < .
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Then the covariance operator of X is defined by
(3.11) Cx(f)=Ep(< X, f >m X).

Where the expectation is taken from the Bohner integral. It can be defined equivalently

as the Unique operator C'x satisfying
(3.12) <Cx(f),9>n=E(< X, f>u<X,9>n).

The operator C'x is continuous self adjoint and compact. From theorem 9 its Kernel

given by
U(t,s) = [Cx(K(.,s))](t)
=< Cx(K(.,8)),K(.,t) >y
=E(< X,K(.,s) >pg< X,K(.,t) >p)
(3.13) = B(X.X;)

From the results proved above, it comes out that the covariance operator of a sec-
ond order random variable X with values on an RKHS H of function defined on a set
FE has a kernel which is the second moment function of X.

3.6 Duality Between RKHS and Stochastic Processes

Let X(t),t € T be a family of random variables defined on some probability space
(2, A,P). As we saw in the previous section, one can define a function C

TxT—R
C(s,t) = EX(s)X(t), s,t €T

which is a reproducing kernel and therefore by Theorem 2.4.8, there is a unique Re-
producing Kernel Hilbert Space H- with C' as its reproducing Kernel. In this section
we will describe the duality between a Hilbert space spanned by a family of random
variables and its associated reproducing Kernel.

Let X(t)t € T be a family of zero mean Gaussian variables with covariance func-
tion C(s,t) = E(X(s)X(t)) . Let H be the Hilbert space

(3.14) H=span{Z € (0, AP): Z=> a;X(t;)}
with inner product < 71, Zy >= EZ;Z,. Observe that

(3.15) \Z - Z)|? =< Z — 7,7 — Z, >= E(Z — Z))*
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Thus, a random variable Z belongs to H iff there exist a sequence Z; € H such that
E(Z—-2)*—0

Let He be the RKHS associated with C'. Then H is isometrically isomorphic to H
since

(3.16) < X(s),X(t) >g= EX(s)X(t) = C(s,t) =< C(.,5),C(.,t) >, -

So this duality between stochastic processes and RKHS, provides us lots of useful
applications such as Bayesian estimation ( ( )) or in regularization methods
which will be discussed in later sections.

3.7 Kernel of a closed subspace

Theorem 3.7.1. Let V' be a closed subspace of a Hilbert space H with reproducing

kernel K. Then V' is a reproducing kernel Hilbert space and its kernel Ky is given by

where 11y, denotes the orthogonal projection onto the space V

Proof. As Iy is a self-adjoint operator (IIy, = II},) ,by Theorem 9 Ky is the repro-
ducing kernel of IIy,. Now the restriction of Il into the subspace V' is the identity

operator of V. Therefore Ky is the reproducing kernel of V. [l

By Riesz’s representation theorem, for any continuous linear functional u

H—C
f—=ulf)

there exists unique u € H such that u can be represented as
(3.17) u(f) =< f,u > forallf € H

Particularizing to the case of a RKHS « can be easily be expressed through its kernel
K

Lemma 3.7.2. In a Hilbert space H of functions with reproducing kernel K any con-

tinuous linear formu : H — C has a Riesz representer u given by
(3.18) u(z) = u(K(.,x))

39



CH.3 3.8. CONDITION Hg C Hp

Proof. If we put f(.)=K(.,x) in (3.17) we obtain
w(K(.,z)) =< K(.,x),0 >=u(x)

by the reproducing property of H. Thus, a(x) = u(K(.,z)) is Riesz the representer
of w. U

3.8 Condition Hy C Hp

Denote by Hj, the RKHS corresponding to a given reproducing kernel K ,as given
by the Moore-Aronszajn theorem. When the index set is a seperable metric space
Aronszajn(1950) proves the following.

Theorem 3.8.1. Let K be a continuous non negative kernel on I' X T and R be a
continuous positive kernel on T’ X T'. The following statements are equivalent

i)Hig C Hp

ii) There exists a constant such that B*R — K is a non negative kernel.

Ylvisaker(1962) gives an alternative condition which is that if Zj\f:@ ¢, R(.,t;,)
N(n)

is a Cauchy sequence in hp then » ;21" ¢;,

Hg.

Discroll(1973) proves that any of these conditions is equivalent to :There exists an
operator I' : Hp — Hy such that ||L|| < B and LR(t,.) = K(t,.) forall T € Tj
where 7j is a countable dense subset of 7. Moreover i) implies that there exists a
constant B such that

K(.,t;,) must be a Cauchy sequence in

Vg € Hi, gl < ll9lx,

and either of these conditions implies that there exists a self adjoint operator L
Hpr — Hg such that ||L|| < B and

VteT, LR(T,)=K(t,.)

3.9 Separability Continuity

Seperable Hilbert spaces provides us many useful properties especially when we are
considering the representation of an element in a such a space H. We will see that
most of these properties can be particularized on an RKHS.

We know that in a separable metric space £ any dense subset contains a countable
subset which is dense in €. Lemma 3.9.1 implies that something analogous holds also

for an RKHS.
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Lemma 3.9.1. In a seperable RKHS H there is a countable set Dy of finite linear

combinations of functions K (., x), x € E, which is dense in H.

Proof. By theorem 3 the subspace H, of H spanned by the functions K(.,x), x € E.is
dense in H. Let {z, , * € E} be a countable subset dense in H and n be a positive

integer. As Hy = H, for any p in N there exists Yy, in Hy such that

1
I =l < -

. The the countable set | J,.,{y5 ., p € N} satisfies the requirement. To see this,

consider y in H, ¢ > 0 and n > % There exists p € N such that

€

— <
Iy =2l < 5

. Therefore

Iy = w5l < < 5 and fly = g7 <
We can conclude that Dy is dense in H. [l

As we mentioned before, any element f € H can be represented as an infinite sum
via an orthonormal system. Theorem 3.9.2 presented below tells us that a reproducing
kernel can be expressed in such manner.

Theorem 3.9.2. Let H C C* be a seperable Hilbert space with reproducing kernel

K. For any complete orthonormal system (e;);cn in H we have
(3.19) Vie B, K(,t)= Z é;(t)e;(.) (convergencein H)
i=0
Conversely if (3.19) holds for an orthonormal system (e;);cn then this system is com-

plete and H is seperable. Moreover, (3.19) implies that

Vse E, VteE, K(.,t)= Zéi(t)ei(.) (convergence in C).
=0

)

Proof. Fix t in E. The function K(.,t), as an element of H has a Fourier series

expansion
oo
Z C;€; ( )
i=0
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where

C; =< K(.,t),ei >= < ei,K(.,t) > = él(t)

Conversely if (3.19) holds for an orthonormal system (e;);cn then

Vo€ H, VELEE, ¢(t)=<¢ K(..t)>=) et) <¢,e >
=0

thus
Voe H, ¢= Z < ¢, e; > e;(t)(convergence in H)
i=0
Therefore the system (e;);cn is complete and H is seperable. The last property follows
from (3.19) by computing K (s,t) =< K(.,s), K(.,t) >. O

We will now present a useful Theorem which can be used as criterion for the
seperability of a Hilbert space with reproducing kernel.

Theorem 3.9.3. Let H be a Hilbert space of functions on E with reproducing kernel

K.Suppose that I contains a countable subset Ey such that
VgeH, (glp, =0 g=0)
Then H is seperable.

Proof. Consider an element g in H orthogonal to the family (K(.,y)),ep,. For any
y € Ey, one has

9(y) =< g, K(,y) >u=0
thus g|z, = 0 and g = 0 by the hypothesis.It follows that the subspace V generated by
the family (K (., y))yer, is equal to 0. Hence V' is equal to H. The countable family
(K (.,y))yen, is total in H and therefore H is separable. O

Corollary 3.9.4 provides us a useful example in order to understand the utility of
the seperability in a Hilbert space.

Corollary 3.9.4. A non separable Hilbert space of continuous functions on a sepera-

ble topological space E has no reproducing kernel.

Theorem 3.9.5. (Fortet(1973)) A RKHS with kernel K is separable if and only if for

any € > 0 ,there exists a countable partition B;, 7 € N of E such that
(3.20) Vj, Vi1, te € Bj, K(t1,t1) + K(ta,ta) — K(t1,t2) — K(t2,t1) < €
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Let us now turn to a characterization of RKHS of continuous functions

Theorem 3.9.6. Let H be a Hilbert space of functions defined on a metric space (E,d)
with reproducing kernel K. Then any element of H is continuous if and only if K sat-
isfies the following conditions.

a)Vy € E,K(.,y) is continuous

b)Vx € E there exists v > 0 such that the function

E —>RT

y— K(y,y)
is bounded on the open ball B(x, ).

Proof. If any element of H is continuous a) is clearly satisfied. Suppose that b) does

not hold true. Then there exists x € £ such that
Vn € N 3z, € B(z,1/n) ,such thatK (x,,x,) > n
As the sequence x,, converges to x we have for any continuous function ¢ in H
<o, K(,z) >=¢(z) = Tlll_{gogb(xn) = nh_>r£10< o, K(.,x,) >.
Therefore the sequence (K (., x,)) converges weakly to K (., z) whereas
1K (L 2a)ll* = K (2, 20)

tends to infinity. This is a contradiction since any weakly convergent sequence in a
Hilbert space is bounded .Hence b) is satisfied.
Conversely suppose that a),b) hold true. Let (z,,) be a convergent sequence in ' with

limit z, let ¢ be an element of H and let (r, M) such that

sup K(y,y) < M.
yeB(z,r)

For n large enough x,, belongs to B(z, ) hence we have
1K wn)l* < M
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Let H, be the dense subspace of H spanned by the functions (K (.,y)),cr. Any

element of H, con be written as a finite linear combination

k

Z aiK(., yz)

i=1
so it is by a), a continuous function. Let(¢,,) be a sequence in H, converging to ¢ in
the norm sense. By Lemma 2.2.6 (¢,,) also converges pointwise to ¢. Let € > 0. Fix

m large enough to have
’¢m(xn> - qu(l')‘ <€
and

[ — Ol <€

as ¢,, is continuous, for n large enough we have

’Qbm(xn) - ¢m(l')’ < €.

Therefore for n large enough,

16(22) = ()] < [6() = dunl0)] + [ (0) = ()
T |6 (a) — B(a)]
< | < K(s20), 6 — b > | +2¢
< (K (@, 20)) 7206 = frallir + 26

< (M +2)e
This shows that ¢ is continuous at . ]

Corollary 3.9.7. Let H be a Hilbert space of functions defined on a metric space
(E, d) with Reproducing Kernel K. If K is bounded and if, for any y € E, K(.,y) is
continuous (this implies, by symmetry, that for any x € E, K (., z) is continuous) then
H is a space of continuous functions. If moreover, I is seperable, then H is seperable
and
(3.21) Vse E, Vte E K(s,t)= iéi(t)ei(s),

=0

where e; is any orthonormal system in H.
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Corollary 3.9.8. Let H be a Hilbert space of functions defined on a compact metric
space (E,d) with reproducing kernel K. If K is continuous then H is a seperable space

of continuous functions and
(3.22) Vse B, VteE, K(s,t)=) @(t)es)
=0

where the convergence is uniform on E x E and (e;) is an orthonormal system in H

the functions e; are uniformly continuous and bounded by (sup, K (t,t))"/2.

Proof. E is compact,hence is separable and K is continuous and therefore bounded.

Thus Corollary 3.9.7 applies. H is a seperable space of continuous functions and
Vs E, VteE, K(s,t)=)Y &(t)es)

where the functions (e;) are continuous on H (therefore uniformly continuous) and

orthonormal in in A. For any t € F,
lei(®)] = | <en K(.t) >n | < [leill[lE (1)l = [K(t )]
It remains to show that the convergence in (3.22) is also uniform. The sequence
(Sl : nem)
=0

is an increasing sequence of continuous functions of the variable ¢ converging point-

wise to a continuous function
n
K(tt) =Y lel(t)
i=0

on the compact set /. By Dini’s theorem the convergence is uniform. As we have

Zéi(t)ez-(S) < Z\eil (t) Z|€i! ()

so the convergence of
D Eilt)ei(s) to K(s,t)
=0

7

is uniformon £ x F O
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Chapter 4

Representer Theorem for

Reproducing Kernel Hilbert spaces

4.1 Introduction

Let X and Y be real Hilbert Spaces. In this chapter we are going to deal with problems
that can be written as

4.1 Ar =y

where A is a linear operator with domain D(A) C X and Range R(A) C Y.

Before we proceed to the quest the solution of aforementioned problems with the form
of (4.1), we need to answer a few theoretical questions. The most obvious question
that is raised directly from the formulation of this problem is whether there exists a so-
lution that lies in X for a giveny € Y. And if there exists such a solution, is it unique?
More importantly, this solution depends continuously on the data y? Equations that
all of the above questions can be answered positively are said to be well-posed. Other-
wise they are called ill-posed equations. In this chapter we will discuss about finding
a solution from ill-posed problems

Practically, in the most cases such equations can be solved approximately using meth-
ods that guaranties the existence of an element with ”similar” properties. For example
instead of solving a problem with the form of (4.1) we can try to find an element
u € D(A) such that for given y € Y inf{||Az —y|| : =z € D(A)} = |Au—y|.
Such a solution is called Least squares solution of the equation Ax = y. This topic
will further be examined in another section of this chapter. For further details about
well posed and ill posed equations see ( )

Our main target of this chapter is to show that when X and Y are £? functions, that is
the topology of Reproducing Kernel Hilbert spaces is an appropriate topology for the
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regularization of ill-posed linear operator equations and also providing an approach
to optimal approximations of linear operator equations in the context of RKHS. Fur-
thermore we will demonstrate the relation between the regularization operator of the
equation Af = g and the generalized inverse of A in an appropriate RKHS.

Let us now examine the main parts that will be useful in presenting the main part
of this chapter, The representer theorem.

4.2 Preliminaries

Let X and Y be linear spaces over the scalar field C and let 7" : X — Y be linear
operator. We define its null space N (7T') as

N(T) == {zreX: Te =0}
The range R(T) of T as
R(T) := {Tx : z € X}.
The domain D(7T') of T" as
D(T) = {zeXIyeY : Tx =y}

The set of all bounded linear operators 7" on some set H will be denoted by B(H)

A linear operator T is injective if and only if for every x1, o with 21 # x9 = T'(x) #
T(x2)

A linear operator 7 is called bijective if D(7') = X and R(T) =Y

Definition 4.2.1. Let H be a Hilbert space of functions numbers with inner product
< .,. >y and let A be a subspace of H with A # (. We define the orthogonal

complement A* of A as
At = {reH : Yae A, <z,a>y=0}

Definition 4.2.2. Let B(H, K) be the set of all bounded operators where H and K
are complex Hilbert spaces and let T' € B(H, K ).There exists a unique operator T*
such that

<Tzx,y>=<uz,T'y >
forall x € H and all y € K.We call T* the adjoint operator of T. An operator
T € B(H) is called self adjoint if T = T*
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Theorem 4.2.3. Let X be a normed linear space, Y be a Banach space, \ be a subset
of R having a limit point ay and {1, }.ca be a uniformly bounded family of operators
in B(X,Y). Suppose D is a dense subset of X such that (T,x) converges as a — ay
for every x € D. Then (T,x) converges as a — ag and the operator T : X — Y
defined by

Tr:= lim T,x, x € X

a—ag

belongs to B(X,Y)

Theorem 4.2.4. Let H be a Hilbert space and M be a closed subspace of H(or a
finite dimensional space). Then H = M @& M*.More precisely every x € H can

uniquely be written as v = x1 + T, where x, € M and x5 € M+

4.3 Well-Posed and Ill-posed Operator Equations

Let X and Y be linear spaces over the scalar field and let 7' : X — Y be linear
operator.

We say that the equation (4.1) is well posed if

a)for every y € Y, there exists a unique x € X such that Tz =y

b)for every y € Y and for every ¢ > 0, there exists > 0 with the following proper-
ties: If § € Y with ||§ — y|| < 6 and if 2,7 € X are such that Tz = y and TX = j
then ||Z — z||x < e

It is worth noting that condition a) in the above definition represents the existence
and the uniqueness of the solution (4.1) and condition b) is actually the assertion of
the continuous dependence of the solution on the data y.

Another definition about the well-posedeness of an equation is that equation (4.1) is
well posed if and only if the operator T is bijective and the inverse operator 7'~

Y — X is continuous.

Particularizing this to Banach spaces and hence to Hilbert spaces one can prove that if
T is a continuous linear operator then continuity of 7! is a consequence of the fact
that 7" is bijective.

If the equation (4.1) is not well-posed, then it is called ill-posed.
As we mentioned, there are many ways of solving equation (4.1) under the condi-
tion that it is well posed. But if it has no solution, then the best thing that one can

think of is to look for a unique element with some prescribed properties that solves
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a “similar” problem which is well posed. This syllogism derives us to the following
definition.

Definition 4.3.1. LetT' : X — Y be a bounded linear operator.

a)The u € X is called least squares solution of Tx = y if inf{||Ax —y|| : =z €
D(A)} = [[Au—y]

b)u € X is called best approximate solution of T'x = vy if x is least squares solution

and ||u|| = inf{||z|| : xis least squares solution of Tx=y}

The best approximate solution is also called a pseudosolution of an Operator equa-
tion.
An equation of the form of (4.1) which possesses a unique pseudosolution is also a
well-posed equation.Otherwise as we mentioned before is an ill-posed equation.

The peudosolution is closely related to the Moore-Penrose inverse 7' of 7. This
topic will be discussed in our next section.

4.4 Generalized inverses in RKHS

In this section, our main target is to verify the necessary and sufficient conditions for
the existence of a solution under the topology that an RKHS provides.

But before we proceed to that, we will present some useful tools, which are strictly
weaved to inverse problems.

A large variety of inverse problems can be formulated by integral operators and con-
sidering that integral operators are compact we thought that it will be useful to give
the definition of compact operator.

Definition 4.4.1. Let X andY be normed spaces.A linear transformation T € L(X,Y’)
is compact if, for any bounded sequence {x,} in X, the sequence {Tx,} in'Y con-
tains a convergence subsequence.For simplicity a transformation T' is compact if it

takes bounded sets in X into pre-compact sets in' Y

Our next step before proceeding to the main result of this section to introduce a
class of operators named by Hilbert-Schmidt operators with many helpful properties
and applications.

Definition 4.4.2. Let H be an infinite dimensional Hilbert space with an orthonormal

basis {e,} and let T € B(H).If the condition
Z | Te,||? < oo
i=1
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holds then 'I' is a Hilbert-Schmidt operator.

The following theorem will provide us some useful consequences. The first one is
that the above definition does not depend on the choice of the orthonormal basis and
secondly and more importantly that there is a connection between Hilbert-Schmidt and
compact operators, which are playing an important role especially when problems of
the form of (4.1) are considered.

Theorem 4.4.3. Let H be an infinite dimensional Hilbert space and let {e,} and f,,

be orthonormal bases for H.Let T' € B(H ).

a)y 2y | Tenll® = 2 TSl = 2235 1T full®

where the values of these sums may be either finite or co.

b)T' is Hilbert-Schmidt if and only if T™ is Hilbert-Schmidt.

c)If T is Hilbert-Schmidt then it is compact

d)The set of Hilbert-Schmidt operators is a linear subspace of B(H)

Let us now introduce the notion of the generalized inverse(Moore-Penrose).

Definition 4.4.4. The Moore-Penrose inverse T' of T € L(X,Y) is defined as the

unique linear extension of T~! to

4.2) D(T") := R(T) + R(T)*
with

(4.3) N(T") = R(T)*
where

(4.4) T = Tinayr  N(T)*" — R(T)

Proposition 4.4.5. Let P and () be orthogonal projectors onto N(T') and R(T) re-

spectively. Then,

a)The Moore-Penrose equations
4.5) TT'T =T
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(4.6) TiTTt = Tt
4.7 T'T=1-P
(4.8) T'T = Q|par)
hold true

(4.9) R(T") = N(T)*

Proof. From the definition of 7', for all for all y € D(T"),
Tly = T7'Qy = T'Qy

so that
Tty € R(TY) = N(TM).
Now, for all z € N(TT) we have that

T'Ty = T 'Tx = 2.

This proves that R(TT = N (¢)1).
Also, for any y € D(TT), (4.9) implies that

TT'y = TT'Qy = T'TQy =T"'TQy = Qy

since T~'Qy € N(T)*. Consequently (4.8) holds.

By definition of 7 we have that for all x € X :
TiTe = T'T(Pz — (I — P)z) =T ‘TPz + T 'T(I — P)x = (I — P)x
thus (4.7) holds. Moreover (4.5) comes out directly from (4.7):
ITT'T=TI—-P)=T-TP=T
Finally, (4.9) arises directly from (4.8) and (4.6)

T'TT! = T'Q|prry = T
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Theorem 4.4.6. Let y € D(T"), then the equation
(4.10) Ter=y, T:X-=Y

has a unique best approximate solution which is given by T'y. The set of all least-

squares solutions is Ty + N(T')

Proof. Let
S ={zeX : Tz=Qy}

sincey € D(TY) = R(T) + R(T"), Qy € R(T) = S # ¢. As the orthogonal

projector Q is also a metric projector, we have for all 215 and for all x € X:

1Tz =yl = 1Qy —yll < [Tz —yl|.

So, all elements in S ale least squares solutions of (4.10).

Conversely, let z be a l.s.s. of (4.10). Then
1Qy —yll < 1Tz —yll = mf{[lu—yll : vweRT)}=[Qy—yl
Thus, 7'z is the closest element to y in R(7'),i.e. Tz = Qy and
S : {xr € X : xisleast squares solution of Tx=y} # ¢

Now, let Z be the element of minimal norm in the closed linear manifold S =

T7*({Qy}). Since then S = z + N(T), it suffices to show that
z = Thy.

As an element of minimal norm in S = z + N(7), z is orthogonal to N(7T), i.e.

zZ € N(T). This implies that
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Theorem 4.4.7. Let X and Y be Hilbert spaces, Xq be a subspace of X and T

Xo = Y be a closed linear operator. Then

i)T" is a closed linear operator, and

ii)T" is continuous if and only if R(T) is a closed subspace of Y .

Theorem 4.4.8. Lety € D(T"). Then x € X is a least squares solution of Tx = vy if

the normal equation
(4.11) T"Tx=T"y
holds

Proof. xis l.s.s. of (4.10) if and only if 7'z is the closest element in R(T) to y, which
is equivalent to Tz —y € R(T) = N(T™), i.e. to and thus to (4.11) O

From the last theorem we obtain that 7' is the solution of (4.11) of minimal norm
and thus
T = (T*T)'T*

Until now ,we have defined some basic notions and tools that provide us some very
useful properties. We will try to combine these, in order to present the necessary
conditions for the existence of a specific inverse solution, under the topology that an
RKHS ensures.

Let H¢ denote the RKHS of real valued functions on the bounded interval S° with
inner product < .,. >¢ and norm ||.||o. Let Q(s,s’) be the Reproducing Kernel of

Hg as it has been defined in (2.2). Then the kernel () induces a self-adjoint Hilbert-
Schmidt operator on .£%(.S), the space of square integrable functions on S, by

(@Qf)(s) = / Qls. ) (Vs

Furthermore, we have Hy = Q'/2((S)?) and

Ifle = inf{|[pllzw: : peL(S)? QYV*p=f}.

For f € Hg, let Q72 f denote the element p of minimal .#(.S)2-norm that satisfies
Q'?p = f. Then we have

< i, fa2=<Q ?f,Q77 fo > 450
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Theorem 4.4.9. ( )Let A be a linear operator from X = £(S)?
toY = L(T)% where S |, T are closed bounded intervals. Assume that A has the

following properties :

i)Hg C D(A) C X (throughout the C denotes the point-set inclusion only), where
Hg is an RKHS with continuous kernels on S x S

ii)A(Hg) C Hg C Hp C Y where Hg and H ;, are RKHS with continuous kernels on
T x T and

iii) the null space of A in H, is closed in Hy,.

Let ATQ i denote the generalized inverse of A when A is considered as a map from X
into'Y (respectively from Hg into H).Lety € D(ATQ’R).Then y € D(Q1/2AQ1/2)ZX’Y)R’1/23/

and

T _
4.12) Al Y =

Q1/2(}~%_1/2AQ1/2)} YR—1/2y
The operators Q and R are those induced by the RKHS Hg and Hy, respectively.

It is worth noting that an operator A can represent A into a RKHS but this does
not guarantee that its range is closed in .Z?(T). Take for example the case that A is a
Hilbert-Schmidt integral operator on .Z2(S)

4.5 The Representer theorem for linear operator equa-

tions

So far we have discussed about the circumstances required for the existence of a gen-
eralized inverse solution of a linear operator equation.

In this section we will demonstrate how this solution takes a specific representation
under some properties that an RKHS provides.

We assume that H is chosen so that the linear functionals E; defined by E,f =
(Af)(t) are continuous in H¢ so Theorem 2.2.5 is satisfied.
Then there exists n, € Hg fort € T such that (AF)(t) =< n, f > where

ni(s) =<y, Q. 8) >q = AQs(?).
Let Hg be the RKHS with kernel
R(t,t/) =< Ny, Nyt >Q s t, t/ eT.
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Let V be the closure of the span of {n; : ¢ € T'} in H,. It follows easily that the null
space of A N(A)is V=,

Since < ny,ny >q = < Ry, Ry >p where Ry(t') := R(t,t'), there is an isometric
isomorphism between the subspace V' and Hy generated by the correspondence

ng € V ~ Rt S HR.
Under this isomorphism we have,
frrg =<, f>=<Ri,g>

ie. g(t) = (Af)(t); PyQs ~ n’ := AQ, where Py is the orthogonal projector from
Hg onto V.

For g € Hpg let f be the element in Hg of minimal Hg-norm which satisfies the
equation Af = g.Then f € V and g ~ f.We have the following representations for

3

Theorem 4.5.1. ( )f all the linear functionals E; defined by E; f =
(Af)(t) are continuous on Hg and g € Hp, then f(s) =< Q,, f > = < nl, g >n.
Furthermore, if D(A*) is dense in Y where A* is the adjoint og A considered as an

operator from X toY, and if Hy , Hp = A(Hg) possess continuous kernels, then

Alo g = QA (AQA" )k g

4.6 The Representer Theorem for regularized ill-posed

equations

Let us return to equation Ax = y. If (4.1) has no solution then one can try to minimize
the quantity || Az — y|| and then enquire if this problem is well-posed.

If not then we are in need of a method through which we can replace the original
problem by a class of well posed problems depending on a specific parameter. Such
techniques are called regularization methods.

Let {R,}, > 0 be a family of operators in B(X,Y’) such that
Ry — Tlyasa — 0

for every y € T". Such family {R,}, > 0 is called regularization family and for each
a > 0 the

Ta(y) = Ra(y)

is called regularized solution of the ill-posed equation.
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Lemma 4.6.1. Let X and Y be Hilbert spaces, X, be a subspace of X andT Xy — Y

be a closed linear operator. Then a regularization family { R, } .o for T is uniformly

bounded if and only if R(T) is closed in'Y .

Proof. Suppose {R,}q>o is uniformly bounded. Since D(T') is a dense subspace
of Y and since R,y — T'y as a — 0 for every y € D(T7), it follows that (R,y)

converges as @ — 0 for every y in Y to some operator 17 defined by
Roy = lim R,y
a—0

belongs to B(X,Y'). But
Tty = Roy Yy € D(T")

so that T'f, the restriction of the bounded operator R, is also bounded and closed in
Y. Conversely suppose that R(T) is closed in Y. Then D(T') = Y and therefore,
by the hypothesis, (R,y) converges as a — 0 for every y € Y. Hence, the family
{R,}a>0 is uniformly bounded. O
In Hilbert spaces (and so in RKHS), the most commonly used regularization method

is the so called Tikhonov regularization. In Tikhonov regularization, the regularized
solution

Ta(y) == Ray

fory € Y and a > 0 is defined as the unique element which minimized the Tikhonov
functional

z = [Tz — y||* + al|=||*.

Theorem 4.6.2. Let Xy and T as in Lemma 4.6.1. For eachy € Y and a > 0, there

exists a unique ,(y) € Xo which minimizes the map
r— [Tz —y||> + a||z|]?, = € Xo.
Moreover, for each a > 0, the map
R, y—uxi(y),yeY

is a bounded linear operator fromY to X
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Proof. Consider the product space X x Y with inner product defined by

< (z1,71), (T2, ¥2) >xxy = < 21,T2 >x + < Y1,Y2 >y

for (z;,y;) € X XY , i = 1,2. Iteasy seen that X x Y is a Hilbert space with respect
to this inner product. For each a > 0, consider the function £, : Xy — X XY

defined by
Fx = (Yax,Tz) , x € X,.

Clearly £, is an injective linear operator. Since the graph of 7' is a closed subspace
of X x Y, it follows that F, is a closed operator and R(F},) is a closed subspace of
X x Y. Therefore, by Theorem 4.4.6 and Theorem 4.4.7, for every y € Y/, there exists

a unique z, € Xy such that for every z € X

IT0 = gl + allzall® = | Fuza — (0,9) 13
S “Fal‘ - (Ovy)HXXY

=Tz —y* + all=|*

and the generalized inverse F'fa of F, is continuous. In particular the map y — z, :=

F1(0,y) is continuous

Let Hg and Hp be RKHS with norms ||.||¢ ||| respectively. By a regularized
pesudosolution of the equation A f = g, we mean a solution to the variational problem:
Find f\ € Hg to minimize

(4.13) () =Af —glp + Al fllg, A>0

P, (f) takes the value +oo if Af —g ¢ Hp

In this section A is a linear operator densely defined on .£?(S) into .£*(T'), and H
must be chosen so that A(Hg) = Hpg, where Hp, is some RKHS contained as a set in
22(T).

Assume g = gy + & for some & € Hp.For A > 0, Let Hyp be the RKHS with
kernel AP(t,t"), where P(t,t') is a continuous kernel associated with Hp. We have
Hp = H)\p and ||H%3 = )\Hp

Let R(A\) = R + AP and let Hp(\) be the RKHS (following Theorem 3.1.1 sum of
reproducing kernel is a reproducing kernel) with kernel R)(¢,¢') and norm (again by
Theorem 3.1.1)

2 = min 2 1€l1% ).
Hg()HR(,\) 0| 06, ot Hr £€ Hp (llgollz + [1€115p)
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It is worth noting that Hp(y) is a Hilbert space of functions of the form g = gy + §
(Aronszajn p.352) where gy € Hp and { € Hg.Following Aronszajn this decomposi-
tion is not unique unless Hp N Hy = {0}.

Theorem 4.6.3. ( )Suppose D(A*) is dense in Y, Hy C D(A)
and A and Hg, defined as in Theorem 4.5.1.Suppose Hgo, Hg and Hp C 'Y all have
continuous kernels. Then for g € Hr(\), the unique minimizing element f\ € Hg of

the functional ¢,(f) is given by

fls) =< AQy, g >rpy = (QAT(AQA™ + AP)}.1g)(s)

The linear mapping which assigns to each g € Hp(y) the unique minimizing ele-
ment f) is called the regularization operator of the equation Af = g.

Theorem 4.6.4. If Hp N Hr = {0}, then the minimizing element f\ of (3.3) is the

solution to the problem: Find f € ) to minimize || f ||, where

Q={feHqg : [|Af —gllrpy = hinf AR — gllrey }
GHQ

In the setting of this section we have A(Hp) = Hpr C Hp) C Y. Replacing
Hpg by Hp(y) in (3.2), we get

Algroyy = QIR+ AP)V2AQY 1 (R+AP)/y

T
fory € D(Aig rey))-

Let us denote that the topology on Hp, is not, in general the restriction of the topology
on Hr + AP except the case that Hr N Hp = {0} see section 3.2

4.7 A numeric approach for regularized equations

In this section we will present a numerical approach for regularized operator equa-
tions.

Let 7, = {t1,.....,tn}, where t; € T, t; < ty < ... < t,. For a generic func-
tionhon 7T, let h, = (h(t1),...., h(t,)). Let P, denote the n x n matrix whose ij-th
element is P(t;,t;), and define ||h,|p, = min{|le|| : e € R, P = hy}, if
h, € R(P,) otherwise it takes the value +oo
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Theorem 4.7.1. ( ) Let the operator A be as in section 4.6. Let f)
be the minimizing element in Hey of the functional J,, = |[(Af)n—gnllB, + Al fII5 for
A > 0. Let Pr, (X\) be the orthogonal projector of Hp(y) onto the subspace spanned
by {R(\) : t € T,}. Then

[fa(s) = fon(s)| = | < Pr,(Mng, Pr,(N)g >rey |
< |Ing — Pr, Mnillroyllg — Pr, (N gllrey)-

Furthermore let A = max|ti 1 — t;], | fr(s) — fon(s)] = O(A™) or O(A*™)
depending on the smoothness properties of the kernel R, (t,t') and the functions g and
n®. In the particular case when Hp N Hr = 0, { fx.} converges to A'g.

This simultaneous approach of ill-posed linear operator equations applies to a large
class of operator equations such as Fredholm integral equation of the first kind or
boundary-value problems. Furthermore, it is worth noting that the Sobolev Spaces
W3, a class of functions which will be further discussed in the next chapter are in-
cluded in the class of spaces considered.
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Chapter 5

Functional Regression in RKHS

5.1 Introduction

This presentation follows closely the recent paper of ( ). Let Y be a
response variable that is related to a square integrable function X (.) by the following
model

(5.1) Y :ao—l—/X(t)ﬁo(t)dtJre
T

where a is the intercept, T is the domain of X (.) which is assumed to be compact, 5
is an unknown slope function which lies in an RKHS H C .#(T')? and ¢ is a centered
noise random variable (for example ¢ ~ N (0, ¢?)). Our goal is to estimate ay and 3,
as well as to retrieve

(52) no(X) =ag+ / X (1) o (1)t

through a set (z1,y1), ..., (Zn, Yn) of n independent copies of (X, Y).

For the estimation of both ng and (ag, fy) we will use the regularization method de-
scribed in Chapter 4. Let [,, be a data fit functional that measures the goodness of fit
of the data and J be the penalty functional that assesses the plausibility of n. The
estimated n,,) of ny are taken by

(5.3) Tipy = argming[,(n|data) + A\J(n)]

where the minimization is taken over
(5.4 {n:XQ(T)—HR\W,(X):ao—i-/Xﬂ,ae]R,ﬂEH}
T

and A be a non negative parameter that intuitively secures the fidelity and the plausi-
bility of the data. Another option is that instead of estimating ny, we can minimize

61



CH.5 5.1. INTRODUCTION

both (a, 5) to obtain estimates for the intercept denoted by a,,, and the slope func-
tion denoted by [3,,,. In the context of our subject a convenient choice for the data fit
functional is the squared error

n

(5.5) L(n) = =3 [3s — ()]

=1

or any functional which is convex in n and E(l,,) is uniquely minimized by ny. Also,
the penalty functional could be defined through ((t) as a squared norm or a semi-norm
in . A good example of [ is the Sobolev spaces. For this section we assume that
T = [0, 1], the Sobolev space of order m is defined as

w3y = {ﬁ 0,1] = R: B, BW . .., B Vare absolutely continuous and 3™ e .,2”2}

with norm

m—1
(5.6) 1By = > ([ B9+ ([ p)?
w = 2 (frel]

Or any norm, through which, WJ" becomes a Sobolev space. In this scenario, a possi-
ble choice for the data fit functional is

5.7) J(8) = / B (b)2dt

Analogously, we can generalize the above form of the penalty functional into 2 di-
mensions. Consequently, under the assumption that 7 = [0, 1], a natural choice of J
is

825 0B ot}
5.8 )? + *+ (55)%dnd
(>:8) / / 8951 89518952) * (axg) B
which is actually the thin plate spline where (x1, z5) are the arguments of a bivariate
function 3. The readers are referred to ( ) for more information of this
subject.

The main advantage of the aforementioned regularized estimators is that in contrast of
other related methods such as the functional principal components analysis for X(.),
no assumptions on the spacing of the eigenvalues of the covariance function of X(.)
or the Fourier coefficients of 3, are required. Because of that, we are in position to
obtain a better and stronger results on the convergence rates as well as a more efficient
computation of the estimators with the help of the representer theorem which will be
presented in our next section.

In section 3 we study the relationship between the eigen structures and the covariance
operator of X(.) as in Example 3.5.3. We prove that by simultaneously diagonalizing
the Covariance operator of X(.) and the RKHS H we obtain a useful tool in order to
investigate the minimax rates of convergence.

In section 4 we examine the rates of convergence of the smoothness regularized esti-
mators under a class norms that provides us a unified treatment for the prediction of
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the ny and . The results show that the optimal rates of convergence of the prediction
and the estimation could be achieved under weaker conditions than the relative meth-
ods used in FPCA.

5.2 Minimizers through the Representer Theorem

In this section we will prove through Theorem 5.2.1 that although our minimization
problem of (5.3) could lie over an infinite dimensional space, the solution can be found
over a finite dimensional subspace.

Theorem 5.2.1. Assume that l,, depends on n only throughn(xy),...,n(x,). Then

there exist d = (dy, ...d,) € RN and ¢ = (cy, ....,¢,) € R™ such that

(5.9) By = Z drr(t) + Z ¢i(Kxi)(t)
k=1

=1
Proof. Let J be the penalty functional, conveniently defined through a squared semi-

norm such that the null space
(5.10) Hy:={peH: JpB)=0)}

is finite dimensional dim(H,) = N with orthonormal basis (¢, .., {5 ).Then, since H

is finite dimensional we can define its orthogonal complement as:
H : {fieH:=<fy,fi>u=0,Vfo € Hp}.

But by Theorem 4.2.4 we have that H = Hy, & H; and any f € H can uniquely be
written as f = fo+ f; where fy € Hyand f; € H;. Let K be the Reproducing Kernel

of H. Then similarly we can write K as:
K = Ky + K where Ky € Hy and K| € H;.

Note that by Theorem 3.7.1, H; forms a RKHS with K/(.,.) be it’s corresponding

reproducing kernel.

Then for any f € Hy J(fi) = [lAllk, = /17
As we already mentioned in chapter 1 and 3 any positive continuous function defines

an non negative definite operator in .#? as below

(5.11) (Kf)(.) = /TK(.,s)f(s)ds
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Also for any f € #2 and for any f, € Hy we have:

< K[ fy> = /T ( /T K, s)ds> folt)dt
= (/T fo(t)Kl(s,t)dt) f(s)ds =0 (since Ky L fo)

where the second equality comes directly from Fubini’s theorem. Furthermore from

the reproducing property of K; we have that

(5.12) /Tf(t)b(t)dt =< Kf,b>g
Our goal is to find 5,5 € H in order to minimize

(5.13) F(ln, B) = ln(xi, B) + A (B)

The basic idea of this proof is trying to take advantage of the fact that /,, depends only
through n(x;). Let Hyo = span{Kxz;} Then similarly to H and following Theorem
4.2.4 we can write

Hy = Hyo+ Hi
Then any 5 € H and so can be written as
Bax = By + Z dr&r(t) + Z ci(Kw;)(t) + B

with 3, perpendicular to {£} and {K (x:)}i
Then by (5.12) and the fact that Kz; € H; it comes out that

/T X,(8)B(t)dt = / (Xi(O)(Bo(t) + Brolt) + Bua(8))dt
_ / Xi(t) (Bolt) + fro(t))dt =
(514) =< Xi,ﬁ() >+ < Kiﬁi,ﬁlo >

Also by the properties of J and (5.14) we have that

F(ln, Barn) = ln(is Bur) + A (Bar) =
= (s, +Bﬂfi+ ) A (Boy + Bax + i) =
= (s, ) AT (Ban) + AT (Bi3) + AT (Bay) =
= L (yi, Bad) + AT (BIX) + AT (BIA) = Ln(yis By + Ba3) + AT (B33)
= F(ln: fm)
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The result follows. O

For example, take as n(z;) the squared error loss. Then the regularized estimator
is given by
(5.15)

(B0, ) = argminees, sen {% > fu— (s [rpma)] + AJ(B)}

=1

Taking derivatives with respect to a we get

L S T N T

(5.16) _ —% inl [yi— (a+/Txi(t)6(t)dt)}

The minimizer a,,) arises from

oF & &
D0 0=>na= ;yz — /;xi(t)ﬂ(t)dt
(5.17) = gy = — / 2()Bnd
T

where y = £ 37" y;and Z(¢) = L 30 x(1).

Consequently, (5.15) yields

(5.18)

R 1 & 2

Bnx = argmingen {ﬁ Z {(yl —y) — <a + /T (x;(t) — j(t))ﬁ(t)dt)} + /\J(ﬁ)}

i=1

A good example for applying the above results is the space W3 with J(8) = [.(6")* =
0.

Then Hy := {f € H: [.(8")?)}, thatis the functions 3(¢) of the form 8 = ao+axt.
Thus H is the space spanned by &;(t) = 1 and &,(t) = t. A popular Reproducing
Kernel associated with H; is

1 1

where B, (.) is the m-th Bernoulli polynomial. (The readers are referred to Wahba(1990)
for further information of this subject)
Now following 5.2.1, 5(¢) is of the following form.

(5.20) B(t) = dy + dat + Z Ci /T[xl(s) —z(s)|K(t, s)ds
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for some d € R? and ¢ € R™. Correspondingly,

Moreover for § given in (5.20)
(5.21) J(B) =Ye
where Y = X;; is a n X n matrix whose (i,)) entry is

(5.22) Y = /T/T[:BZ(S) —Z(s)|K(t, s)[z;(t) — z(t)]dsdt

Using Fubini’s theorem ,it is easy to see that >;; is symmetric. Denote by 7" = T;; an
n X 2 matrix whose (i,j) entry is

(5.23) Ty = / [2:(t) — z(t)]t/ " dt
forj =1,2. Sety = (y1, ..., yn)". Then
1
(5.24) L, + AJ(B) = EHy — (Td + Zo)||}, + Ac'Sc
which is equivalent to

1
—(y—Td—Xc)(y — Td — 3c) + A\dXc
n

(v —dT — ¥y —Td— Xec) + A\ Xe

(y'y —y'Td —y'Sc —dTy +dT'y+dT'Td + d'T'Sc—

SI—3 |~

— Yy + Yy + IXTd + IX'Ye) + M\ Xe

Our goal is to minimize the above equation with respect to ¢ and d. Since all the sets
of solutions lead to the same estimate (Gu 2002), we will assume that 7" is a full rank
matrix and Y is non singular.
Taking derivatives with respect to ¢ and d it comes out that :
oF 2
— = —(-Ty+TTd+T%
9d n( Y+ + c)

and
0 2
air = Z(~Yy+ N'Td + X'Sc) + 2A8c
C n
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Taking derivatives equal to zero yields :

OF

(5.25) 2 0=>Ty=TTd+TYc
and
af !/ !/ /
8—:0:>Ey:ETd+EWc:>y:Td+Wc
c
(5.26) =>¢=W "y —Td)

Where W = 3 4+ n\[ substituting (5.26) to (5.25) yields,

Ty=TTd+TYXW(y—Td) =>
T -XW hHy=TI-SW HTd=>
(5.27) d=[T'(I -sW YT "' 7' [T'(I - SW)y]

But

I-YWl=ww'l_-xsw!=
=(W-S)W=
(5.28) =AW !

Substituting (5.28) to (5.27) it comes out that

(5.29) d=T'W'T)'T'Wy

Finally, c arises by substituting (5.29) into (5.26), that is

(5.30) c=W I -T(T'WT)'T'W 1y

If we write W = X 4+ nAI, then the minimizer of (5.24) is given by
d=(T'WT)y'T'wly,

c=W I -T(T'WT)'T'Wy

5.3 Simultaneous Diagonization
In this section we will examine the eigen structures of the Covariance operator X (.)
and the Reproducing Kernel of the functional space H.

Let K be the Reproducing Kernel of H;. As we mentioned in section (1.5), it follows
from Theorem 2.5.6 K can be written with the above spectral decomposition.

(5.31) K(s,t) = Z PRV (S) V(1)
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Where p; > py > .... are the eigenvalues of K, and {11, 15, ...} are the corresponding
eigenfunctions as in Definition 2.5.1 such that

(5.32) < iy > 2= 0y and <Yy, Y5 >k= bij/p;

For example consider the Sobolev space H = W2 ([0, 1]) with norm (5.6) and penalty
(5.7). As in our previous section we define H as

Ho={feti: a(6)= [ [#7] =0 -
~{heH: [17] =0} -
(5.33) ={foc H: fi" =0}
Then

m—1
_ . (k) (k) (m) p(m) _ _
HI—{fleH.;/Tfo /Tfl +/f0 7! o,VfoeHo}
m—1
_ . (k) (k) _
_{fleH.;/Tfo /Tf1 O,VfOEHO}

(5.34) :{fleH: /ff’“):o, Vk:O,l,...,m—l}
T

Then the reproducing Kernel of H; is ( )
1 (—1)m-1
(5.35) K(s,t) = WBm(S)Bm(t) + WBQWUS —t[)

with pp =< k=™ (Micchelli and Wahba(1981)), where a;, < b, means that ay, /by, is
bounded away from 0 and co as k — co.
Let C be the Covariance operator i.e.

(5.36) E{[(X(s) = E(X(s)I(X(@) = E(X (1))}

It is also Known that there is a duality between RKHS and Covariance operators
(Stein(1999)). Furthermore, under same assumptions for K, we can write C' as

(5.37) C(s,t) = ka¢k(5)¢k(t)

where { ¢y, pur}, k > 1 are the eigenfunctions and the corresponding eigenvalues such
that

(5.38) Cr, = / CloDbL(t)dt = e
T

The decay rates of y;, can be determined through some smoothness conditions about
C which are called ”Sacks-Ylvisacker conditions”.
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Definition 5.3.1. Denote by
Q. ={(s,t) € (0,1)* : s>t}
Q- ={(s,t) € (0,1)* : s<t}

Let cl(A) be the closure of the set A. Suppose that L is a continuous function on
Q. U Q_ such that Llq, is continuously expendable to cl(2;) for j € {+,—}. By
L; we denote the extension of L to [0,1]* which is continuous on cl(Q;), and on

[0,1]2¢l(SY;). Furthermore write M (s,t) = (

8k+l

SsgtM(s,t). We say that a covari-

ance function M on |0, 1)* satisfies the Sacks-Ylvisacker conditions of order r if the

following conditions hold :

(A)L = M) is continuous on [0, 1)?, and its partial derivatives up to order 2 are

continuous on 2 U S)_, and they are continuously extendable to cl(§)..), and cl(§2,)

(B)

(5.39) min L (s, s) — LU0 (s,5) > 0

0<s<1
(C )Lf’o)(s, .) belongs to the Reproducing Kernel Hilbert Space spanned by L, fur-

thermore
(5.40) sup HLS_Z’O)(S, )l < o0
0<<1

More precisely C satisfies the Sacks-Ylvisacker conditions of order s, s € N,
then pp < k—2(s+D[ Sacks and Sacks-Ylvisacker(1966,1968,1970)]. In general, a
covariance operator C' is said to satisfy the Sacks-Ylvisacker conditions of order r,
r e Nif

0% C(s,t)
asrotr
satisfies the Sacks-Ylvisacker conditions of order 0. Moreover, we highlight that there
is a connection between Sobolev spaces and covariance functions which will turn to
be very useful when simultaneously diagonalizing K and C'. It is worth noting that
although {9, } and {¢; } may be different, the corresponding Kernels K and C can be
simultaneously diagonalized. In order to ensure that Fl, is uniquely minimized we
shall assume that C'f # 0 for any f # 0.

We can define a norm ||.||g in H by

(5.41) [fllr=<Cf. f >z +J(f) = f(s)C(s, 1) f(t)dsdt

TxT
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which is in quadratic form and zero if f = 0 and therefore, it is a norm.

Proposition 5.3.2. If C'f # 0 forany f € Hyand f # 0, then ||.||g and ||.|r are

equivalent (i.e. there exists positive constants ¢y, ¢y such that c¢1||fllr < ||fllz <
2l fllr )

Equivalence between the ||.|y and ||.||z guaranties us that any convergence of a
sequence with respect to ||.|| g implies its convergence with respect to ||.|| 5. In other
words all the topological properties of the ||.||r are inherited to the ||.|| &

Let R the Reproducing Kernel associated with ||.|| z. As in section (1.5) we can define
a linear map R : .2 — %2 such that

(5.42) Ryl = /T R(, ) (t)dt = pla,

Where {1, p).},k < 1 are the eigenfunctions and the corresponding eigenvalues of
R. As R is positive definite and continuous we can define the square root R(1/2) of
R as the linear map from £ to .#? such that

(5.43) RV = (pj) ',

Let {C, i} the orthogonal eigenfunctions in .#? and the corresponding eigenvalues
of the bounded linear operator R'/2C' RY/2 If we write w;, = u,gl/ZRl/zCk, k=1,2,..,
then it is not hard to see that
(5.44)

< Wj, Wg >R= Vj_l/QVk_l/2 < R1/2<j, R1/2<k >Rp= Vk_l < Cj’ Cp >g2= Vk_l(;jk,

Where the second equality comes from Lemma 2.5.9. Moreover,

< Oy, €y > 32 = v P2 < CVPRVPG, CT 2R VPG > 0

= v, PP < RMPCYVRRVRG, G > g

1/2. —1/2
—I/j/ Vk/ <Cj7<k >$2:(Sjk

Thus we extract

(5.45) < C'wj,wk >= (Sjk

where < .,. >p is the inner product associated with ||. |

R, thatis, forany f,g € H,

1
(5.46) < f.9>r= 7(If + 9l = If = 9ll%)

The following theorem validates our previous claim that quadratic forms || f||% and
< C'f, f >4 can be simultaneously diagonalized through the basis {wy, k > 1}.
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Theorem 5.3.3. Forany f € H,
(5.47) f=> fwg,
k=1

in the absolute sense where fi, = v, < f,wy >pg. Furthermore, if v, = (Vl;l - 1),

o0

(548) <ffEr=) Uty )ffand <Cf.f>p=) f

k=1 k=1

Consequently,
(5.49) J(f)=<ff>r—<Cf.f>p=) 7 'f
k=1
Proof. Recall that (;, is forms an orthonormal base in .#’?. Therefore one can write

R'Vf=3 <R[ (>p=) <R'fuR ' uy>ge vPR1/?

=1 =1

(5.50)

— R/ (Z < R_mf7 Ry, >z2> wy =R (Z Vi < fwk >R wk)
i=1

i=1

Applying R'/? to both sides yields to

(5.51) f=2 v < fowe>rw
i=1

Moreover

8

oo
Hf”R=<Z ik < [y wg >ka,ZVg < [ wj >RW]> =

k=1 7j=1

oo [e.e]
= ZZ Vil < fywr >r< f,wj >Rr<,Wj, W >R=

3

(5.52) = v < frwp Sh= Zkfk

k=1

where the last inequality comes directly from (5.44). Thus by setting v = (v, '—1)71,

we obtain that

(5.53) vl =1+y"
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and therefore || f|| r becomes
Z (14 ’y
k=1
Similarly with the help of (5.45) one can prove that
(5.54) <Cf, f>p=> 1 <fuw>%
k=1
Indeed,

o0

<Cf,f>g <C<ka<f,wk>ka>,Zuj<f,wj >R> =
k=1 L2wj

j=1

k=1 j=1

) 0
Zl/k<f,wk >RC'wk,Zl/j<f,wj >ij> =
@2

oo
Z vivp < fiw; >r< f,wp >r< Cwy,w; >g

In addition if we set f, = v < f,wr >gand g, = v < f,wr >g , by (5.46)

1
< o9 >n= 31F + ol — 17 — gl) =
SIS ers R—<[- R) =
=12V 9wk > — < f—gwp >g) =
k=1
(5.55) =Y v g =D (14 ) fug
k=1 k=1

Proposition 5.3.4 will provide us useful relationship for the determination of {~, wy k >
1} through {~x, wr k > 1} and {px, ¢ : k > 1} in the special case ¢, = ¢y (i.e. C
and K are commutable)

Proposition 5.3.4. Assume that 1\, = ¢, k = 1,2, .... then v, = pppr and wy =
—1/2 Y.
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Proof. For any f € Hp,

< fg>n=(F +glk—I1f ~ gl}) =

= @< CLg > 12 <0 > p) + LU +0) ~ I~ ) =

=<Cf,g>p + < f, 9 >K=

(5.56) = f(s)C(s,t)g(t)dsdt

TxT
Let ® = span{¢y, k > 1}. Then, since C'f # 0 <=> f # 0 forany f € H, it comes
out that Hy N ®+ = {0}. Moreover from the fact that Hy N H; = {0} we conclude
that H = H, = .
Also by (5.56)

(5.57) <y, >r= (e + o) Ok,

which implies that {(1, + p;. )%, ¢, : k > 1} is also an eigen-system of R. Thus by

Theorem 2.5.6 we have:

(5.58) R(s,t) =Y (o + o) n(s)n(t)
=1
Then
(5.59) R%z/ﬂﬁWMzWﬁwm1W®
T
Therefore,
RYZCRY . = RY2C (i + pic ")~ =
= RY2C (s, + Pzzl/z)?ﬂk =
(5.60) = (L4 p ) "y,

Therefore (i = 1 = ¢p, v, = (1 + p,, ', ') ! and 4 = pr.pux. Consequently,
(5.61) we = v, PR = v P (e ) T2 = g P

]

Theorem 5.3.5 will reveal us the asymptotic behavior of 74 under specific condi-
tions .
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Theorem 5.3.5. Consider the one dimensional case when T = [0,1]. If H is the
Sobolev space W3 ([0, 1) endowed with norm (5.6), and C satisfies the Sacks-Ylvisacker

conditions, then v < [Pk

5.4 Convergence Rates

In this section we will study the asymptotic properties of the regularized estimators
defined in section 5.2. We will focus on the squared error loss defined in (5.5) which
leads us to the above form of the estimators

(5.62)

(anr, Ban) = argminges, sen {% > lyi - (a + /Txi(t)ﬂ(t)dt)} 2 + /\J(ﬁ)} :

=1

In that case after after computing Bn,\ with the help Theorem 5.2.1, one can easily
compute a, which is of the form

(5.63) any =Y — / Z(t)Bux
T

So our main problem to the minimization of (5.62) is the computation of Bn »- Derived
by that, we will pay more attention into studying the asymptotic properties of [3,,,.
In addition, we will assume that the eigenvalues of K satisfies p, < k2" for some
r>1/2.

Let F(s, M, K) be the collection of distributions F' of the process X with covari-
ance operator C' that satisfy the following conditions

a) the eigenvalues j;, of C' satisfy p; =< k=2 for some s > 1/2.

b) for any f € £*(T),
(5.64)

E ( [ soxo - @ dt)4 < B ( [ s - WQW)T

c¢) When simultaneously diagonalizing K and C, vy, < pypt, where v, = (14, 1)*1
is the k-th largest eigenvalue of R'/2C'R'/? with R be the Reproducing Kernel associ-
ated with (5.41).

Condition (a) is connected with the smoothness of the sample path of X (.). The sec-
ond condition is actually the forth moment of a compact linear functional (GX)(t) =
Jp X (t)f(t). If we assume that X (t) is a Gaussian process, then this condition is
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satisfied for M = 3 since the [ f(¢)X (¢)dt is normally distributed. It is clear that
condition (c) is satisfied if K and C' have the same the eigenfunctions (i.e. they com-
mute). An interesting result arises if we assume that H = W?2. Then since vy < pp/ix
and by Theorem 5.3.5, condition (c) is satisfied by any covariance function C' that
satisfies the Sacks-Ylvisaker conditions defined in section 4.3.

For 0 < a < 1 we define a norm ||. |,

o0

(5.65) 1flla =D (L +75") i

k=1

where f, = v, < f,wp >pg as in Theorem 5.3.3. In addition, Similarly to Equa-
tion 5.55, one can prove that

o0

(5.66) < fr9>a= D> 1+ %) frge
Observe that -
(5.67) 1715 = 2if;? =2<Cf,f >
and -
£ = kf}(l +y )i =
= f} fi + fjv;lf;f =< Cf,f >z +J(f)
(5.68) - Ik\?!l% .

where the last equality comes from Theorem 5.4.1. Intuitively, it will be convenient
to consider ||.||, as an interpolated norm between < C'f, f > and J(f). As one could
notice from the above results, the main advantage of ||.||, is that it has been constructed
in such manner that it will give us a more unified treatment for < C'f, f > and ||.||x
and therefore for both the prediction and estimation error. Moreover we denote that
the optimal rates of convergence given in Theorem 5.4.1 are valid for 0 < a < 1.

Theorem 5.4.1. Assume that E(¢;) = 0 and Var(e;) < Ms. Suppose the eigenvalues
pr of the reproducing kernel K| of the RKHS H satisfy py < k=" for some r > 1/2.

Then the regularized estimator Bn \ with

(5.69) A< n_Q(T+S)/2(r+s)+1
satisfies
(5.70) lim lim sup P(HBW\ — Bo|l?) > Dp~2r+9)(1-a)/2(r+s)+1 _

D—oon—=00 rer(s M K),BoeH
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It is worth noting that the optimal choice of A does not depend on a. Theorem
5.4.2 will ensure us that the rate of convergence of (3, (i.e. n =2 +s)1-a)/2(r+s)+1y jg
indeed optimal.

Theorem 5.4.2. Under the assumptions of Theorem 5.4.1, there exists a constant d >
0 such that

(5.71) lim inf sup P(Hén/\ _ ﬁo!li) S dn20ts)(1=a)/2(r+s)+1 S
n—oo BEB feF(s,M,K),Bo€H

Consequently, the regularized estimator B, with X = n=20+9)/20+)41 ¢ rate opti-
q Y 8 14

mal.

Proof. The proof follows a similar argument as of that of Hall and Horowitz (

( )). Consider a setting where ¢, = ¢, k = 1,2, .... Clearly in this case we
also have wy = pux@k. It suffices to show that the rate is optimal in this case. Recall
that ¢y, forms an orthonormal base. Let 3y = > agpy where

L k0, L, +1<k<2L,
(572) ajp =

0 otherwise
where L,, is the integer part of n'/2"+$)*1 ‘and @, is either 0 or 1. It is clear that

2Ly,

(573) 1Bl < S Lt =1

L,+1
Therefore 5y € H. Now let X admit the following expansion: > &k *¢y (i.e.
Karhunen-Loeve expansion) where {& },>1 are independent random variables drawn
from a uniform distribution on [—+/3, v/3]. Simple algebraic manipulation shows that
the distribution X belongs to F (s, 3). The observed data are

2L,
(5.74) yi= Y, LRG0+ e, i=1,2,.n
k=Lp+1

where the noise is assumed to be independently sampled from N (0, M,). As shown

in ( )

(5.75) lim inf infsapE(f; — 6;)* >0

n—oo L, <j<2L, 9}
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where sup* denotes the over all 25~ choices of (6, o1, ), and infy;qe9 is taken

s s
over all measurable functions 9~j of data. Therefore, for any estimate B,

2Ln

Sl*lp ||6 _~ 60”2 _ Sﬁp Z L;lk_2(1_a)(T+S)E(0j - 0])2
k=Ln+1

> Man(lfa)(r+s)/2(r+s)+1

(5.76)

for some constant M > 0. Denote

1, Ox,>1
(5.77) =126, 0<fh <1
0, 6,<0
\
It is easy to see that
2L, i 2Ln .
(5.78) Z L;lka(lfa)(rJrs)(ej o 6j)2 > Z L;lka(lfa)(rJrs)(ej . 9j)2

k=Lp+1 k=Lp+1

Hence, we can assume that 0 < ¢; < 1 without loss of generality in establishing the

lower bound. Subsequently,

2Ly 2Lp
Zle 1ar+39_9 <ZL1k (1—a)(r+s)

k=Lp+1 k=Ln+1

(5.79) < [20-00+)

Together with (5.76), this implies that

(5.80) lim infsup P(||3 — B> > dn~20-00+)/2r+)+1y 5
n—oo 5
for some constant d > 0 L]

Denote by B the collection of all measurable functions of the observations (X1, Y7), ....

X™ 1s an independent copy of X. By (5.67) we have,
18 = Bollg =< C (B - 50) ,B— o >0
which by (3.12) takes the form

2
Ex(< X, - By >p<X,B— By >g) = Ex. ( / [B(t) - ﬁo(w] X*(t)dt)
(5.81)

— By ( / B()X* (1)t — / ﬁo(t)X*(t)dt)Q

77

(X, Y) If
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Observe that the right hand side of (5.81) is actually the mean squared prediction error
of G= [ X* 3(t) in regression method. (5.4.3) will give us an interesting result about
this quantity. To be accurate (5.4.3) will reveal us that there is an analogue between
the convergence rate of the eigenvalues of the covariance operator C' and the the mean
squared prediction error.

Corollary 5.4.3. Under the assumptions of Theorem 5.4.1, the mean squared optimal

prediction error of a slope function estimator over H € F(s, M, K) and By € H is
2(r+s) . . . . A .
of order n~ 20+)+1 and it can be achieved bey the regularized estimator (3, with A

satisfying (5.69)

Observe that the fastest the convergence rate of the eigenvalues, the smaller the
prediction error.

For purpose of illustration consider as H the Sobolev space W?2 ([0, 1]) and the Wiener
stochastic process X (.). Moreover let C'(s,¢) = min{s, ¢} be it’s corresponding co-
variance operator. It is not hard to see that C'(s, t) satisfies the Sacks-Ylvisaker con-
ditions of order 0 and therefore ji;, < k~2. But by Corollary 5.4.3 , the minimax rate
of the prediction error of estimating 3, is n=20m+1)/2(2m+3),

A subject of particular interest is when C' and K have the same set of eigen functions.
As we mentioned Theorem 5.3.5 when ¢, = ¢;. Then v, = prui and by the as-
sumptions made in the previous section p < k2" r > 1/2 and py, < k=%, s > 1/2.
Thus 75, =< k~20+%) L > 1. Consider estimating estimating J «*Bo where z* satisfies
| < 2%, ¢ > | < k5T for some 0 < ¢ < s — 1/2 ( required to ensure that z* € .£?).
Then the squared prediction error

(5.82) ( / Bty (t)dt — / ﬁ(t)a;*(t)dt>2

is equivalent to || 5 — 50”(25_(1)/(7~+s)- It is also clear that [|.||,/, is equivalent to ||.|| &2
Derived by that and Theorems 5.4.1 and 5.4.2 we have the following Corollaries.

Corollary 5.4.4. Suppose x* is a function satisfying | < x*, ¢ >.g2 | for some 0 <
q < s — 1/2. Then under the assumptions of Theorem 5.4.1
(5.83)

2
lim inf sup P{(/@(t)X*(t)dt - /BD(t)X*(t)dt) > dn—Q(T+Q)/2(T+s)+1} -0
)

n—o0 f—00 feF(s,M,K

for some constant d > 0, and the regularized estimator Bn A With \ satisfying (5.69)

achieves the optimal rate of convergence under the prediction error (5.82).
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Corollary 5.4.5. if ¢r. = i for all k > 1, then under the assumptions of Theorem
54.1

(5.84) lim inf sup P (H Box — Bolle > dn*27“/2(7“+8)+1> -0
n—soo f—o00 fEF(s,M,K)

for some constant d > 0 and the regularized estimate [3,) with \ satisfying (5.69)

achieves the optimal rate.

In contrast with the mean squared prediction error, the optimal convergence rates
of the estimation error are larger as the eigenvalues of the covariance operator decay
faster. If 5, € H we have

(5.85) D ot < Bothe >oe=) ot < flo, o >ia< 00
i=1 1=1

and if p, =< k2" then the above condition (5.85) is estimated as
(5.86) | < Bos O >z2 | < Mok~ 12
for some constant M, > 0.

Theorems 5.4.1 and 5.4.2 turn to be very useful for estimating derivatives. A natu-
ral way that one can think to estimate the g-th derivative of 3 is the g-th derivative of
BA. In Corollary 5.4.6, we will show that this holds true, under some specific condi-
tions.

Assume that ¢, = ¢ and ||@/),(€q) /Vk||oo < k4 for all & > 1. This clearly holds when
H = W3". In this case

(5.87) 189 — 85222 < CollB — Boll(s4ay/trts)

Thus, with the help of Theorem 5.4.1 and Theorem 5.4.2 we obtain the following
Corollary

Corollary 5.4.6. Assume that {y, = ¢y and ||1p,iq)/z/zk\|oo = k% forall k > 1. Then

under the assumptions of Theorem 5.4.1 for some constant d > 0

(589 lm inf  swp P (B — 5% > dn 200200 S
n—o0 B—o0 fEF(s,M,K)

and the regularized estimate ﬂAn,\ with X satisfying (5.69) achieves the optimal rate.
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