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In a large variety of problems in Statistics and Stochastic processes, 

the random variables which are used do not present finite 

dimensionality, in contrary their dimension is infinite. On the other 

hand, the observations of those random variables are actually finite 

dimensional approximations of corresponding infinite dimensional 

subjects. Reproducing Kernel Hilbert Spaces (RKHS) are a useful 

theoretical and practical tool which provides us a series  useful 

representations even for non-linear data. This work will be an 

introduction to the theory of RKHS in the context of the 

smoothness of a data set . 
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Σε πολλές εφαρμογές οι τυχαίες μεταβλητές τις οποίες χρησιμοποιούμε 

δεν είναι πεπερασμένης διάστασης αλλά απειροδιάστατες. Από την άλλη 

βέβαια οι παρατηρήσεις αυτών των τυχαίων μεταβλητών γίνονται με 

διακριτό τρόπο και ουσιαστικά αποτελούν (πεπερασμένης διάστασης) 

προσεγγίσεις των πραγματικών απειροδιάστατων αντικειμένων. Οι χώροι 

Hilbert με πυρήνα αναπαραγωγής αποτελούν  ένα ενδιαφέρον θεωρητικό 

αλλα και πρακτικό εργαλείο για την αναπαράσταση απειροδιάστατων 

δεδομένων και μας επιτρέπουν να πάρουμε γραμμικές αναπαραστάσεις 

ακόμη και για δεδομένα τα οποία είναι μη γραμμικά. Η εργασία αυτή θα 

αποτελεί μια εισαγωγη στην θεωρία και τις εφαρμογές των RKHS με 

απώτερο σκοπό την σύνδεση του με το θεμα της ομαλοποίησης των 

δεδομένων. 

 
 

VIII  

CC BY: Attribution alone 4.0

https://creativecommons.org/licenses/by/4.0/

https://doi.org/10.26219/heal.aueb.6279



Contents

1 Introduction 1
1.1 Hilbert Spaces and their usefulness . . . . . . . . . . . . . . . . . . . 1
1.2 A brief introduction to RKHS . . . . . . . . . . . . . . . . . . . . . . 2
1.3 Main objectives of this thesis . . . . . . . . . . . . . . . . . . . . . . 2

2 Basic definitions and construction of RKHS 5
2.1 Notations and examples of Hilbert spaces . . . . . . . . . . . . . . . 5
2.2 Definitions and facts regarding Reproducing Kernels . . . . . . . . . 7
2.3 Reproducing kernels and positive type functions . . . . . . . . . . . . 10
2.4 Construction of Reproducing Kernel . . . . . . . . . . . . . . . . . . 14
2.5 Eigen-Structure of RKHS and Mercers theorem . . . . . . . . . . . . 22

3 Basic properties of Reproducing Kernels 29
3.1 Sum of Reproducing Kernels . . . . . . . . . . . . . . . . . . . . . . 29
3.2 Restriction of the index set . . . . . . . . . . . . . . . . . . . . . . . 31
3.3 Tensor product of RKHS . . . . . . . . . . . . . . . . . . . . . . . . 32
3.4 Support of a reproducing Kernel . . . . . . . . . . . . . . . . . . . . 35
3.5 Kernel of an operator . . . . . . . . . . . . . . . . . . . . . . . . . . 36
3.6 Duality Between RKHS and Stochastic Processes . . . . . . . . . . . 38
3.7 Kernel of a closed subspace . . . . . . . . . . . . . . . . . . . . . . . 39
3.8 Condition HK ⊂ HR . . . . . . . . . . . . . . . . . . . . . . . . . . 40
3.9 Separability Continuity . . . . . . . . . . . . . . . . . . . . . . . . . 40

4 Representer Theorem for Reproducing Kernel Hilbert spaces 47
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
4.2 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48
4.3 Well-Posed and Ill-posed Operator Equations . . . . . . . . . . . . . 49
4.4 Generalized inverses in RKHS . . . . . . . . . . . . . . . . . . . . . 50
4.5 The Representer theorem for linear operator equations . . . . . . . . 55
4.6 The Representer Theorem for regularized ill-posed equations . . . . . 56
4.7 A numeric approach for regularized equations . . . . . . . . . . . . . 59

IX

CC BY: Attribution alone 4.0

https://creativecommons.org/licenses/by/4.0/

https://doi.org/10.26219/heal.aueb.6279



CH. 0 CONTENTS

5 Functional Regression in RKHS 61
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61
5.2 Minimizers through the Representer Theorem . . . . . . . . . . . . . 63
5.3 Simultaneous Diagonization . . . . . . . . . . . . . . . . . . . . . . 67
5.4 Convergence Rates . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

X

CC BY: Attribution alone 4.0

https://creativecommons.org/licenses/by/4.0/

https://doi.org/10.26219/heal.aueb.6279



Chapter 1

Introduction

1.1 Hilbert Spaces and their usefulness
In the field of Applied Mathematics and especially in the field of Statistics, scientists
are dealing with problems which are closely related with notions such as distance,
angles, vectors or some kind of transformations, like a projection of a data set into
a much more ”convenient” space which is equipped with tools which make a prob-
lem easier to manipulate. All of those notions are associated with a well known and
widespread field, which is known as Euclidean geometry. A natural way for the treat-
ment of such problems, is through a mathematical model which enables us to gener-
alize the concepts of the Euclidean geometry into much more abstract sets, such as
spaces of functions, etc. Hilbert spaces are such sets, which are actually the general-
ization of the finite Euclidean space, to some infinite dimensional set.

The mathematical objects that we now call Hilbert spaces did not begin with David
Hilbert (1862-1943). Much of the theory was developed for solving physical problems
such as integral equations of the form

x(s)−
∫ 1

0

K(s, t)x(t)dt = f(s)

for known kernel K(s, t) and function f(s). Contributions to the solutions of such
problems trace from Daniel Bernoulli, through H. A. Schwartz, E.I. Fredholm, and
others, to D. Hilbert, who expanded the solution in terms of linear combinations of
the eigenfunctions, an orthogonal basis for the Hilbert space. The modern theory of
Hilbert spaces owes much to J. Von Neumann.

Many geometric objects such as lines, planes or spheres have standard extensions
to Hilbert spaces. The tools provided by them allows us to handle mathematical ob-
jects in the same manner as we do with points or vectors. For example, similarly with
points or vectors that lie in an Euclidean space Rn we can measure the distance be-
tween two functions f, g and a function g belongs to a Hilbert Space H through its
corresponding inner product or finding their projections into a subspace of H . Hilbert
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CH. 1 1.2. A BRIEF INTRODUCTION TO RKHS

spaces do not provide new tools, but they show how simple and familiar tools can be
employed to face wide classes of problems.

1.2 A brief introduction to RKHS
Among different classes of Hilbert spaces, Reproducing Kernel Hilbert Spaces (RKHS)
are the most natural extension for the actual space that we live in, the Euclidean space
R3. We assume that we study the elements of some abstract set A. This set could
have many problems, for example non suitable topological properties or undefined
ordinance. A good way for someone to surpass this, is finding another set S ′ with
the proper structure for the treatment of the problem and consider the elements of S
as elements of S ′. For this purpose, we find ourselves in need for some kind of an
”imbedding” theorem or a ”representation” theorem, through which we can map the
elements from S to their representers in S ′. We will see that a Reproducing Kernel
Hilbert Space provides us with some powerful tools and geometric concepts for many
types of such problems. An important notion of a Reproducing Kernel Hilbert Space
of functions on a set E is that it can be characterized only through a symmetric posi-
tive type function K on E × E. This looming correspondence between positive type
functions and the Reproducing Kernels plays critical role in the construction of these
particular spaces. In addition, K possess the so called ”reproducing property” i.e. K
can reproduce any value of a function on E through the corresponding inner product
of H .

The notion of a reproducing kernel was first introduced in the 1907 work of
Stanisław Zaremba concerning boundary value problems for harmonic and bihar-
monic functions. James Mercer simultaneously examined functions which satisfy
the reproducing property in the theory of integral equations. The idea of the re-
producing kernel remained untouched for nearly twenty years until it appeared in
the dissertations of Gábor Szegő, Stefan Bergman, and Salomon Bochner. Polish
mathematician Nachman Aronszajn (1907–1980)(Aronszajn 1950) developed the no-
tion of Reproducing kernel Hilbert space. Some facts are also attributed to another
Polish mathematisian, Stefan Bergman (1895–1977). In subsequent years, Poggio
and Girosi (1989) introduced Tikhonov regularization in learning theory and worked
with RKHS only implicitly, because they dealt mainly with hypothesis spaces on
unbounded domains. Moreover ,RKHS were explicitly introduced in learning the-
ory by Girosi (1997). RKHS were used much earlier in approximation theory (eg
Wahba, 1990) and computer vision (eg Bertero, Torre, Poggio, 1988)(source https:
//en.wikipedia.org/wiki/Reproducing_kernel_Hilbert_space)

1.3 Main objectives of this thesis
This thesis provides an introduction of the constructive properties of the Reproducing
Kernel Hilbert Spaces.
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CH. 1 1.3. MAIN OBJECTIVES OF THIS THESIS

Especially in Chapter 2, we will present some useful facts of the reproducing kernels.
We will try to bring out the most useful ways of their construction through some
interesting tools such as specific types of functions or the eigenvalues of an operator
generated by them.
In Chapter 3 we will demonstrate the most important consequences of this particular
type of Hilbert spaces and we will highlight some applications regarding Gaussian
stochastic properties.
In Chapter 4, we will present a brief introduction to ill-posed and well-posed linear
operator equations whereby we can model many types of problems in Statistics. After
providing the basic tools needed, we will develop the representer theorem which is the
most important theorem of this thesis with many applications in data sciences.
Focusing on that and to the topological properties of the RKHS, in Chapter 5, we will
present a particular type of handling functional data. In order do more precise, we will
develop a particular type of minimizers, regarding functional linear regression which
will allow us to extract accurate measures under much more general conditions than
the usual way of regression.

3
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Chapter 2

Basic definitions and construction of

RKHS

The aim of this chapter is to introduce the notion of a reproducing kernel but also
to prove some useful theorems and facts that will lead to the construction of another
space of functions named Reproducing Kernel Hilbert Space. We will follow closely
Berlinet and Thomas-Agnan, 2011

2.1 Notations and examples of Hilbert spaces
Let E be an non empty set. Let H be a vector space of functions defined on E with
values in C. H is endowed with the structure of Hilbert space defined by an inner
product < ., . >H .

H ×H → C

Let ‖.‖H denote the associated norm:

∀φ ∈ H, ‖f‖H =< φ, φ >
1
2
H

.
For any t∈ E, we will denote by et the evaluation functional at the point t, i.e. the
mapping

H → C

g → et(g) = g(t)

The set of complex functions defined on E will be denoted by CE

The examples given below will be very helpful in the understanding of the structure
of such spaces H with the above properties.

5
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CH. 2 2.1. NOTATIONS AND EXAMPLES OF HILBERT SPACES

Example 2.1.1. Let H be a finite dimensional complex vector space of functions with

basis (f1, ..., fn).Any vector of H can be written in a unique way as a linear combina-

tion of f1, ..., fn.Therefore an inner product < ., . >H on H is entirely defined on H

by the numbers

gij =< fi, fj >, 1 ≤ i, j ≥ n

if

v =
n∑
i=1

vifi and w =
n∑
j=1

wjfj

then

< v,w >=<
n∑
i=1

vifi,

n∑
j=1

wjfj >=
n∑
i=1

n∑
j=1

viw̄jgij

The matrix G = (gij) is called the Gram matrix of the basis. G is Hermitian (ob-
serve that gij = ḡji) and positive definite ( v?Gv = ‖

∑n
i=1 vifi‖H > 0 )

Furthermore we denote that any finite dimensional space endowed with any inner
product is complete (i.e. every Cauchy sequence is convergent).

Example 2.1.2. Let E = (a, b), −∞ ≤ a < b ≤ ∞ and L 2(a, b) be the set of all

complex measurable functions over (a, b) such that∫ b

a

|f(x)|2dλ(x) <∞

where λ(x) is the Lebesque measure on R Identifying two functions f, g on L2(a, b)

which are equal except on a set of Lebesque measure equal to zero, we get a vector

space L2(a, b) which is Hilbert space with inner product

< f, g >L 2(a,b)=

∫ b

a

f(x)g(x)dλ(x)

Functions belonging on L2(a, b) endowed with the inner product defined above
will be further examined in Chapter 4.

Example 2.1.3. Let E = R and

H = W 1
2 (R) = {φ : φ is absolutely continuous, φand phi′ ∈ L 2 }

where φ′ is the derivative of φ almost everywhere. H is a Hilbert space with the inner

product

(2.1) < φ,ψ >H=

∫
R
(φψ̄ + φ′ψ̄′)dλ

6
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CH. 22.2. DEFINITIONS AND FACTS REGARDING REPRODUCING KERNELS

Example 2.1.4. Let (Ω, A, P ) be a probability space, Let F be a Hilbert space with

inner product < ., . >F and norm ‖.‖F and let L 2(Ω, A, P ) be the set of random

variables X with values in F such that

(2.2) EP (‖X‖2
F) =

∫
‖X‖2

FdP <∞.

Identifying two random variablesX and Y such that P (X 6= Y ) = 0 we get the space

L 2(Ω, A, P ) which is a Hilbert space when endowed with the inner product

< X, Y >= EP (< X, Y >F)

2.2 Definitions and facts regarding Reproducing Ker-

nels
Let us now introduce the the definition of reproducing kernel

Definition 2.2.1. A function

K :E × E → C

(s, t)→ K(s, t)

is called a reproducing kernel of the Hilbert space H if and only if

a) ∀t ∈ E , K(., t) ∈ H

b) ∀t ∈ E , ∀φ ∈ H < φ,K(., t) >= φ(t)

The last condition is commonly called the ”reproducing property” of K. Every
value t of a function φ ∈ H can be ”reproduced” by the inner product of φ with K(.,t).
By conditions a),b) follows thatK(s, t) can be written asK(s, t) =< K(., s), K(.t) >
, t ∈ E.

A Hilbert space of complex valued functions which possesses a reproduc-
ing kernel is called a REPRODUCING KERNEL HILBERT SPACE (RKHS).

We will present some examples of Hilbert spaces H and see how a function K which
satisfies conditions a) and b) influences with its elements.

Example 2.2.2. Let (e1, ..., en) be an orthonormal basis in H and define

K(x, y) =
n∑
i=1

ei(x)ēi(y)

7
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CH. 22.2. DEFINITIONS AND FACTS REGARDING REPRODUCING KERNELS

Then for any y in E,

K(., y) =
n∑
i=1

ei(.)ēi(y)

belongs to H and for any function

φ(.) =
n∑
i=1

λiei(.)

in H , we have

∀y ∈ E, < φ,K(., y) >H = <

n∑
i=1

λiei(.),
n∑
i=1

ei(.)ēi(y) >H

=
n∑
i=1

n∑
j=1

λi ¯̄ej(y) < ei, ej >H

=
n∑
i=1

λiei(y) = φ(y)

Any finite dimensional Hilbert space of functions possesses a reproducing kernel

Example 2.2.3. Let K(i, j) = δij the Kronecker delta function,

where δij =

1 if i = j

0 else

Then

∀ j ∈ N, K(., j) = (0, 0, .., 1, , ..) ∈ H (1 at the j-th place)

∀ j ∈ N ∀ (xi)i∈N ∈ H < x,K(., j) >H =
∑n

i=1 xiδ̄ij = xj

K is the reproducing kernel of H

Example 2.2.4. A set of functions of particular interest especially in the field of statis-

tics, is the space L [a, b]. We are in interest of finding a function K(., t) in (a, b) such

that

(2.3) ∀φ ∈ (a, b) < φ,K(., t) >L 2

∫
[a,b]

φK(., t)dλ = φ(t)

A function that one could natural think is the Dirac delta function since it possesses

the reproducing property

f(x) =

∫
[a,b]

δ(x− u)f(u)du

8
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CH. 22.2. DEFINITIONS AND FACTS REGARDING REPRODUCING KERNELS

But unfortunately this function is not square integrable since∫
[a,b]

δ2(u)du ≮∞

The main problem of this space of regards on what does it mean for a function f
and a function g to be equal. In this kind of spaces, a function f ∈ L [a, b] is not indi-
vidual but a whole class of functions. This comes from the fact that this space enables
us to handle its elements with a much weaker condition, the almost everywhere con-
dition. This allows a function f ∈ L [a, b] to be equal to any g with the same domain,
except on some set A with λ(A) = 0. Therefore Definition 2.2.1 does not clearly
apply in this case. Moreover this space or a subset of it, could contain functions with
undesirable properties to work with, for example discontinuity. Concluding the space
L 2 is not an RKHS

A natural question that comes out directly from Definition 1 is that when a Hilbert
space H possesses a function K with properties a) and b).The answer arises from
Theorem 2.2.5

Theorem 2.2.5. A Hilbert space of complex valued functions on E has a reproducing

kernel if and only if all the evaluation functionals et , t ∈ E are continuous in H

Proof. If H has a reproducing kernel K then for any t ∈ E, we have

∀ t ∈ H e(φ) = < φ,K(., t) >H .

thus the evaluation functional et is linear and, by Cauchy-Schwartz inequality, contin-

uous

|et(φ)| = | < φ,K(., t) >H | ≤ ‖φ‖‖K(., t)‖ = |φ‖[K(t, t)]1/2. Moreover, for

φ = K(., t), the upper bound is obtained so that the norm of the continuous linear

functional et is given by

‖et‖ = sup
‖φ‖6=0

|et(φ)|
‖φ‖

= [K(t, t)1/2].

Conversely by Riesz’s representation theorem, if the linear mapping

H → C

φ→ et(φ) = φ(t)

is continuous then there exist Nt ∈ H such that

∀ φ ∈ H < φ,Nt >= φ(t).

9
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CH. 2 2.3. REPRODUCING KERNELS AND POSITIVE TYPE FUNCTIONS

If this property holds for any ∈ E, then it is clear thatK(s, t) = Nt(s) is the reproduc-

ing kernel of H .

Lemma 2.2.6 is a direct consequence of the continuity of the evaluation functionals
et on a RKHS H

Lemma 2.2.6. In an RKHS a sequence converging in the norm sense converges point-

wise to the same limit

Proof. If (φn) converges to φ in the norm sense we have for any t ∈ E,

|φn(t)− φ(t)| = |et(φ(n))− et(φ)|

and et(φn) converges to et(φ) by continuity of et

The above property is not generally hold true in an abstract space H . Consider for
example, the space of polynomials over [0, 1] endowed with the L p

P [0, 1] metric

d(P1, P2) =

(∫ 1

0

|P1(x)− P2(x)|pdλ(x)

)1/p

where p > 0 and λ is the Lebesque measure on the setR. Let(Qn)n∈N be the sequence
of polynomials in L p

P [0, 1] with Qn(x) = xn. Then,

d(Qn, 0) =

(∫ 1

0

xnpdλ

)1/p

= (np+ 1)−1/p → 0

as n tends to infinity. But the sequence (Qn(1))n≥0 = 1 and therefore lemma 2.2.6
does not hold.

The property that if two functions f and g are close in the norm sense, then the values
f(x) and are close to the values g(x) is one of the most important facts in RKHS the-
ory and one of the main reasons that these particular spaces are used constantly, with
wide variety of applications especially in statistics and stochastic processes. This is
not generally hold true for an abstract Hilbert space

2.3 Reproducing kernels and positive type functions
We now introduce a class of functions named by positive type (or positive definite)
functions, with many important properties in a wide range of sectors in mathematics.
In this section we will consider the most important of them in the context of our sub-
ject. We will prove that there is an one to one correspondence to set of positive type
functions and the set of reproducing kernels. This result will turn to be very helpful
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CH. 2 2.3. REPRODUCING KERNELS AND POSITIVE TYPE FUNCTIONS

not only on proving whether a complex valued function K is a reproducing kernel of
a Hilbert space H , but also in constructing RKHS.

Let us now give the definition of a positive type function.

Definition 2.3.1. A function K : E × E → C is called a positive type type function

(or positive definite function) if

∀n ≥ 1, ∀(a1, ..., an) ∈ C, ∀(x1, ..., xn) ∈ En,

(2.4)
n∑
i=1

n∑
j=1

aiājK(xi, xj) ≥ 0

Moreover with the assumptions made in Example 2.1.1 is not hard to see that since
n∑
i=1

n∑
j=1

aiājK(xi, xj) = [a]′n[K(xi, xj)]ij[a]n

the above condition in Definition 2.3.1 is equivalent to show that the matrix

[K(xi, xj)]ij, i ≤ 1, j ≤ n

is positive definite.
We will now present some examples of positive type functions

Example 2.3.2. Any constant non negative function on E × E is positive type since
n∑
i=1

n∑
j=1

aiāj ≥ 0 =

∣∣∣∣∣
n∑
i=1

ai

∣∣∣∣∣
2

≥ 0

Example 2.3.3. the delta function (x, y)→ δxy =

1 if i = j

0 else

is of positive type

Proof. Let n ≥ 1 (a1, ..., an) ∈ Cn, (x1, ..., xn) ∈ En and {a1, ..., ap} the set of

different values among x1, ...., xn. Then
n∑
i=1

n∑
j=1

aiājδxi,xj =
n∑
i=1

∑
xi=xj

aiāj

=

p∑
k=1

∑
xi=xj=ak

aiāj

=

p∑
k=1

∣∣∣∣∣∑
xi=ak

ai

∣∣∣∣∣
2

≥ 0

11

CC BY: Attribution alone 4.0

https://creativecommons.org/licenses/by/4.0/

https://doi.org/10.26219/heal.aueb.6279



CH. 2 2.3. REPRODUCING KERNELS AND POSITIVE TYPE FUNCTIONS

It also clear that if K and a is a non negative constant then the product aK is of a
positive type function.

In contrast to the above examples, in most of our cases, it is difficult to prove
through (2.4), that a given function is of positive type. Therefore we will present a
very useful lemma for this case.

Lemma 2.3.4. Let H be some Hilbert space with inner product< ., . >H and let

φ : E → H . Then, the function K

E × E → C

(x, y)→ K(x, y) =< φ(x), φ(y) >H

is of positive type.

Proof. The conclusion easily follows from the following equalities

n∑
i=1

n∑
j=1

aiājK(xi, xj) =
n∑
i=1

n∑
j=1

< aiφ(xi), ajφ(xj) >H

=

∥∥∥∥∥
n∑
j=1

aiφ(xi)

∥∥∥∥∥
2

H

Lemma 2.3.4 tells us that writing K(x, y) =< φ(x), φ(y) >H , is sufficient to
prove that K is of positive type.
A commonly used space in Probability theory is the space L 2(Ω, A, P ). This partic-
ular space provides us a useful consequence.

Example 2.3.5. Consider the space L 2(Ω, A, P ) of square integrable functions in the

probability space (Ω, A, P ) as in Example 2.1.4. Then the covariance function K

E × E → C

E(XtX̄s) =< Xt, Xs >L 2(Ω,A,P )

of some complex valued zero mean stochastic process (Xt)t∈E is of positive type since

0 ≤ V ar

(
n∑
i=1

aiXti

)
=

n∑
i=1

n∑
j=1

aiājE(XtiXtj)
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CH. 2 2.3. REPRODUCING KERNELS AND POSITIVE TYPE FUNCTIONS

The above example tells us if we want to prove that the matrix [K(ti, tj)]1≤i,j≤n is
of positive type, it is sufficient to prove that K is the covariance matrix of some zero
mean random vector in L 2(Ω, A, P ).

Before we proceed to the main result of this chapter we will present some proper-
ties of positive type functions.

Lemma 2.3.6. Let L be any positive type function on E × E. Then,

a) ∀x ∈ E L(x, x) ≥ 0

b) ∀(x, y) ∈ E × E L(x, y) = L(y, x)

c) L is a positive type function

d)|L(x, y)| ≤ L(x, x)L(y, y)

Proof. a)If we take n = 1 and a1 = 1 then by Definition 2.3.1 we get L(x, x) ≥ 0

b)Let (x, y) ∈ E× E. From (2.4) and for any (a, b) ∈ C2 the number

C(a, b) = |a|2L(x, x) + ab̄L(x, y) + bāL(y, x) + |b|2L(y, y)

is a nonnegative real number. Moreover for a = b = 1 we get

L(x, y) + L(y, x) = C(1, 1)− L(x, x)− L(y, y) = A

similarly, for a = i and b = 1 we obtain

iL(x, y)− iL(y, x) = C(i, 1)− L(x, x)− L(y, y) = B

Thus,

L(x, y) + L(y, x) = A ∈ R

and

iL(x, y)− iL(y, x) = B ∈ R

It follows that

A+ iB = 2L(y, x)

and

A− iB = 2L(x, y)

13
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CH. 2 2.4. CONSTRUCTION OF REPRODUCING KERNEL

hence L(y, x) is the conjugate of L(x, y) c) Taking the conjugate in equation 2.4 we

obtain
n∑
i=1

n∑
i=1

ai ¯̄ajL(xi, xj) ≥ 0.

d) From b) we have, for any a ∈ R,

0 ≤ C(a, L(x, y)) = a2L(x, x) + 2a|L(x, y)|2L(x, x)L(y, y)

If L(x, y) 6= 0, the conclusion follows. Otherwise it is clear from a)

Lemma 2.3.6 clearly reveals us the existence of some similarities between posi-
tive type functions and reproducing kernels. In the next sections, we will see that this
looming connection is fundamental in the context of reproducing kernels.

The following lemma proves the direct part of the equivalence between positive defi-
nite functions and Reproducing Kernels.

Lemma 2.3.7. Any reproducing kernel is of positive type

Proof. If K is a reproducing of H we have,

n∑
i=1

n∑
j=1

aiājK(xi, xj) =
n∑
i=1

n∑
j=1

< aiK(., xi), ajK(., xj) >H

=

∥∥∥∥∥
n∑
i=1

aiK(., xi)

∥∥∥∥∥
2

H

≥ 0

2.4 Construction of Reproducing Kernel
The next theorem is of great importance in constructing RKHS. Particularly, it will
provide us the necessary and sufficient conditions required in order to construct a
space of functions (RKHS) with the desirable properties(i.e.continuity of the evalua-
tion functionals and convergence in the norm sense implies pointwise convergence).
Furthermore will rely on Theorem 2.4.1 in order to prove the converse of Lemma 2.3.7
which is actually a way to fashion Reproducing Kernel Hilbert Spaces.

Theorem 2.4.1. Let H0 be any subspace of CE the space of complex functions on E

,on which an inner product< ., . >H0 is defined, with associated norm ‖.‖H0 . In order

that there exists a Hilbert space H such that.
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CH. 2 2.4. CONSTRUCTION OF REPRODUCING KERNEL

a)H0 ⊂ H ⊂ CE and the topology defined on H0 by the inner product < ., . >H0

coincides with the topology induced on H0 by H .

b)H has a reproducing kernel K

it is necessary and sufficient that

c)the evaluation functionals (et)t∈E are continuous on H0

d)any Cauchy sequence (fn) in H0 converging pointwise to 0 converges also in the

norm sense.

(d) is equivalent to show that for any function f in H0 converging pointwise to f , (fn)

converges to f in the norm sense)

Proof. Direct part

If H exists with conditions a), b) the evaluation functionals are by Theorem 2.2.5

continuous on H and therefore on H0.

Let (fn) be a Cauchy sequence in H0 converges pointwise to 0. As H is complete,

(fn) converges in the norm sense to some f ∈ H .Thus we have

∀x ∈ E f(x) = ex(f) = lim
n→∞

ex(fn) = lim
n→∞

fn(x) = 0

and so f ≡ 0

converse

suppose c) and d) hold. Define f ∈ CE for which there exists Cauchy sequence fn in

H0 converging pointwise to f .It is easy to see that,

H0 ⊂ H ⊂ CE

The proof of Theorem 2.4.1 will be completed by the Lemmas below.

Lemma 2.4.2. Let f , g ∈ H and (fn , gn) be two Cauchy sequences inH0 converg-

ing pointwise to f and g respectively. Then the sequence< fn, gn >H0 is convergent

and its limit only depends on f ,g.
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CH. 2 2.4. CONSTRUCTION OF REPRODUCING KERNEL

Proof. f,g are Cauchy sequences in H0, thus there exists M,N > 0 such that

(2.5) ‖fn − fm‖H0 ≤ 0 , ‖gn − gm‖H0 ≤ 0

∀(n,m) ∈ N,

| < fn, gn >H0 − < fm, gm >H0 | = | < fn − fm, gn > + < fn, gn − gm > |H0 ≤

≤ ‖fn − fm‖H0‖gn‖H0 + ‖fm‖H0‖‖gn − gm‖H0

by Cauchy-Schwartz inequality. This shows that (< fn, gn >H0) is a Cauchy se-

quence in C and therefore convergent. In the same way if f ′n, g
′
n are two other Cauchy

sequences in H0 converging pointwise to f, g respectively we have,

| < fn, gn >H0 − < f ′n, g
′
n >H0 | ≤ ‖fn − f ′n‖H0‖gn‖H0 + ‖f ′n‖H0‖gn − g′n‖H0 .

Thus,(fn − f ′n) and (gn − g′n) are Cauchy sequences in H0 converging pointwise to

0. From assumption d) they also converge to 0 in the norm sense. It follows that

| < fn, gn >H0 | and < f ′n, g
′
n >H0 share the same limit.

Lemma 2.4.3. Suppose that (fn) is a Cauchy sequence in H0 converging pointwise to

f and that limn→∞< fn, fn >H0 = 0 (fn tends to 0 int the norm sense). Then f ≡ 0

Proof.

∀x ∈ E, , f(x) = lim
n→∞

fn(x)

= lim
n→∞

ex(fn) = 0 (by assumption c)

Thus we can define an inner product on H by setting

< f, g >H= lim
n→∞

< fn, gn >H0

where fn , gn are Cauchy sequences inH0 converging pointwise to f , g respectively.

It is clear that the < f, g >H satisfies the properties of a well defined inner product.

The positivity, the hermitian symmetry and the linearity of < ., . >H arises from the

properties of < ., . >H0 . Lemma 2.4.3 tells us that if < f, f >= 0 then f ≡ 0.

Lemma 2.4.4. Let f ∈ H and (fn) be a Cauchy sequence inH0 converging pointwise

to f . Then (fn) converges to f in the norm sense.
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CH. 2 2.4. CONSTRUCTION OF REPRODUCING KERNEL

Proof. Let ε > 0 and let N(ε) be such that

(m , n > N(ε)) =⇒ ‖fn − fm‖H0 < ε

Fix n > N(ε).The sequence (fn − fm)m∈N is a Cauchy sequence in H0 converging

pointwise to (f − fn).Therefore

‖f − fn‖H = lim
n→∞

‖fn − fm‖H0 ≤ ε

Thus fn converges to f in the norm sense.

Corollary 2.4.5. H0 is dense in H .

Proof. By definition for any f ∈ H there exists a Cauchy sequence (fn) in H0 con-

verging pointwise to f . By Lemma 2.4.4 (fn) converges to f in the norm sense. The

Corollary follows.

Lemma 2.4.6. The evaluation functionals are continuous on H

Proof. It is sufficient to show that the evaluation functionals are continuous at 0. (as

long as linearity holds)

Let x ∈ E. By assumption c) in Theorem 2.4.1, the evaluation functional ex is con-

tinuous on H0. Fix ε > 0 and let n such that

(f ∈ H0 and ‖f‖H0 < n) =⇒ |f(x)| < ε

2

For any function φ in H with |φ|H < n
2

there exists by Lemma 2.4.4 a function g in

H0 such that

|g(x)− φ(x)| < ε

2
and |g − φ|H <

n

2
.

This entails

|g|H0
= ‖g‖H ≤ ‖g − φ‖H + ‖φ‖H < n

. Hence |g(x)| < n
2

and |g(x)| < ε .Thus ex is continuous on H

Lemma 2.4.7. H is a reproducing kernel Hilbert space
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CH. 2 2.4. CONSTRUCTION OF REPRODUCING KERNEL

Proof. It has already been proved that all the evaluation functionals are continuous on

H(Lemma 8). Therefore it suffices to show that H is complete. Let fn be a Cauchy

sequence in C. Then by Lemma 2.4.6, the evaluation functional ex is continuous, thus

(fn) is also a Cauchy sequence in C and converges to some f . One has to prove that

this f belongs to H . Let ε(n) be any sequence of positive numbers tending to 0 as n

tends to infinity.

As H0 is dense in H

∀i ∈ N? there exists gi ∈ N such that ‖fi − gi‖H < εi.

From the inequalities

|gi(x)− f(x)| ≤ |gi(x)− fi(x)| + |fi(x)− f(x)|

≤ |ex(gi − fi)| + |fi(x)− f(x)|

and from the properties of ex (Lemma 2.4.6) it follows that(gn) tends to 0 as n tends

to∞.

We have,

‖fi − gj‖H0 = ‖fi − gi‖H ≤ ‖fi − gi‖H + ‖fi − fj‖H + ‖fj − gj‖H

≤ εi + εj + ‖fi − fj‖H

Thus (gn) is a Cauchy sequence in H0 tending pointwise to f , and so f ∈ H . By

Lemma 2.4.4 gn tends to f in the norm sense. Now,

‖fi − f‖H = ‖fi − gi‖H + ‖gi − f‖H

Therefore (fn) converges to f in the norm sense and H is complete. (We call H the

functional completion of H0).

Now, with help of Theorem 2.4.1, we will prove the converse of Lemma 2.3.7
which plays fundamental role in RKHS theory.

Theorem 2.4.8. MOORE-ARONSJAJN LetK be a positive type function onE×E.

There exists only one Hilbert space of functions on E with K as a reproducing ker-

nel.The subspace H0 of H spanned by the functions (K(., x)x ∈ E is dense in H and
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CH. 2 2.4. CONSTRUCTION OF REPRODUCING KERNEL

H is the set of functions on E which are pointwise limits of Cauchy sequences in H0

with the inner product

< f, g >H0 =
n∑
i=1

m∑
j=1

aib̄jK(yj, xi)

where

(2.6) f =
n∑
i=1

aiK(., xi) and g =
m∑
j=1

bjK(., yj)

Proof. First remark that the complex number < f, g > defined by (2.6) does not

depend on the representations not necessarily unique of f and g :

< f, g >H0=
n∑
i=1

aig(xi) =
m∑
j=1

b̄jf(yj)

this shows that< f, g >H0 depends on f and g only through their values.

Then taking

f =
n∑
i=1

aiK(., xi) and g = K(., x)

we get

< f,K(., x) >=
n∑
i=1

aig(xi) =
n∑
i=1

aiK(x, xi) = f(x).

Thus the inner product with K(., x) ”reproduces” the values of functions in H0. In

particular

‖|K(., x)‖H0

2 =< K(., x), K(., x) >= K(x, x).

As K is a positive type function, < ., . >H0 is a semi-positive hermitian form on

H0 ×H0. From the Cauchy-Schwartz inequality we have

∀x ∈ E |f(x)| = | < f,K(., x) >H0 | ≤ < f, f >
1/2
H0

[K(x, x)]1/2 = 0

and f ≡ 0

Let us consider H0 endowed with the topology associated with the inner product <

., . >H0 and check conditions c),d) in theorem 2.4.1. Let f and g in H0

∀x ∈ E |ex(f)− ex(g)| = | < f − g,K(., x) >H0 |

≤ ‖f − g‖H0 [K(x, x)]2 .
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CH. 2 2.4. CONSTRUCTION OF REPRODUCING KERNEL

Therefore the evaluation functionals are continuous on H0 and c) is satisfied. Let (fn)

be a Cauchy sequence in H0 converging pointwise to 0. Hence (fn) is bounded, thus

there exists A > 0 such that ‖fn‖ ≤ A. Now let ε > 0 and N(ε) such that

n > N(ε) =⇒ ‖fN(ε)−fn‖H0 <
ε

A

Fix a1, ..., ak and x1, ...., xk such that

fN(ε) =
k∑
i=1

aiK(., xi).

As

‖fn‖2
H0

=< fn − fN(ε), fn, >H0 + < fN(ε), fn, >H0

we have for n > N(ε)

‖fn‖2
H0
< ε+

k∑
i=1

aifn(xi),

hence lim supn→∞ ‖fn‖2 ≤ ε .Therefore condition d) satisfied. Combining the above

results and applying Theorem 2.4.1, there exists a Hilbert space H of functions on E

satisfying a) b) in theorem 2.4.1. H is the set of functions for which there exists a

Cauchy sequence (fn) in H0 converging pointwise to f . By Lemma 2.4.4 fn is also

converging to f in the norm sense, thus H0 is dense in H .Therefore H is unique and

∀x ∈ E f(x) = lim
n→∞

fn(x) = lim
n→∞

< fn, K(., x) >

=< fn, K(., x) >H

Thus K is the reproducing kernel of H

Essentially, MOORE-ARONSJAJN ensures us that if K is a positive type func-
tion(or equivalently a Reproducing Kernel), then there exists a unique Hilbert space
HK which possesses K as it’s unique Reproducing Kernel. HK can be constructed
just by adding all finite combinations of the form

∑
aiK(xi, ) and their limits under

the norm induced by the inner product defined above. Lemma 2.2.6 ensures ue that
norm convergence implies pointwise convergence and therefore these limits of func-
tions are well defined in their pointwise sense.

Theorem 2.4.9 states an important conclusion. We will prove that the definition of
positive type function (or equivalently of a reproducing kernel on E × E) is equiva-
lent of a mapping on E with values in some space l2(X) where l2(X) is the set of all
complex valued sequences

{xa , a ∈ X}
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CH. 2 2.4. CONSTRUCTION OF REPRODUCING KERNEL

endowed with an inner product

< (xa), (ya) >=
∑
a∈X

xaȳa

.

Theorem 2.4.9. A complex valued function K defined on E × E is a reproducing

kernel or a positive type function if and only if there exists a mapping T form E to

some space l2(X) such that

∀(x, y) ∈ E K(x, y) = < T (x), T (y) >l2(X)

=
∑
a∈X

(T (x))a (T (y))a

Proof. Let H be a RKHS of functions on a set E with kernelK. Consider the mapping

ΨK : E → H

x→ K(., x)

Like any Hilbert space, H is isometric to some l2(X). If φ denotes any isometry
from H to l2(X), the mapping T = φ ◦ ΨK meet requirements. Conversely, the
mapping

T : E → l2(X)

being given from a set E to some space l2 the mapping

K : E × E → C
(x, y)→< T (x), T (y) >l2(X)

is by Lemma 1 a positive type function.

This characterization provides us an effective way of constructing Reproducing Ker-
nels (or proving that a given function is a Reproducing Kernel). Particularly, since
any pre-Hilbert space can be considered as a suitable isomorphism of l2(X), the only
thing needed in order to construct a reproducing kernel is a mapping T as described in
Theorem 2.4.9.

The following examples are a good sample of this useful theorem

21

CC BY: Attribution alone 4.0

https://creativecommons.org/licenses/by/4.0/

https://doi.org/10.26219/heal.aueb.6279
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Example 2.4.10. Let E = [0, 1], H = L2(−1, 1) and T (x) = cos(x.). By theorem 4

we get that K defined on E × E by

K(x, y) = < T (x), T (y) >H =

∫ 1

−1

cos(xt) cos(yt)dλ(t)

=
sin(x− y)

x− y
+

sin(x+ y)

x+ y
if x 6= y

K(x, x) = 1 +
sin(2x)

2x
if x 6= 0

and

K(0, 0) = 2

is a reproducing kernel

2.5 Eigen-Structure of RKHS and Mercers theorem
As we described in the previous section, the basic tool needed for the construction
of a RKHS, is a function with specific properties such as positive definiteness and
symmetry. In this section we will present an important theorem which will turn to
be helpful especially when problems that involve integral operators are considered.
Since integral operators are strictly related with their eigenfunctions, it could be useful
of finding a way to express a kernel of an operator in terms of their corresponding
eigenfunctions and their eigen-values. Moreover, we will demonstrate a new direction
of constructing RKHS through the eigenvalues of an operator. To be precise we will
show that under the assumption that a function K symmetric and positive definite, we
can define an integral operator L in order to use its corresponding eigenfunctions for
the generation of a RKHS with reproducing kernel K. But before we proceed to that
we thought that it could be useful to present the basic tools needed for this purpose.

Definition 2.5.1. Let L : H → H be a compact linear operator then, by the term

eigenvalue we mean all the functions φi that satisfy Lφi = λiφi. λi is the i-th eigen-

value of L.

Theorem 2.5.2. SPECTRAL THEOREM Let L be a compact linear operator on an

infinite dimensional Hilbert space H . Then there exists in H a complete orthonormal

system {φ1, φ2..., } consisting of the eigenvectors of L. If λk is the eigenvalue corre-

sponding to φk, then the set {λk} is either finite or λk → 0, when k →∞. In addition,

maxk≥1 |λk| = ‖L‖. The eigenvalues are real if L is self adjoint. If in addition, L
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CH. 2 2.5. EIGEN-STRUCTURE OF RKHS AND MERCERS THEOREM

is positive, then λk ≥ 0 for all k ≥ 1,and if L is strictly positive, then λk > 0 for all

k ≥ 1

if L is a strictly positive operator, then Lτ is defined for all tau ≥ 0, by

Lτ (
∑

akφ(k)) =
∑

λτakφk

.If τ < 0,Lτ is defined by the same formula on the subspace

Sτ = {
∑

akφk |
∑

(akλ
τ
k)

2 is convergent}

for τ < 0 the expression ‖Lτa‖ must be understood as∞ if a /∈ Sτ

Let X be a compact domain or manifold in Euclidean space with dimX=n. Let λ
be a Borel measure and L 2(X) be the Hilbert space of square integrable functions.
Let K : X ×X → R. Then the mapping

LK : L 2(X)→ L 2(X)

is continuous. K is said to be the kernel of LK . Kernels of operators in the context of
RKHS will be further discussed in chapter 2

Proposition 2.5.3. IfK is continuous then LK is well defined and compact. Moreover

|ŁK‖ ≤ 2
√
λ(X)CK where CK is defined as supx,t∈X |K(x, t)|

Proof. Let f ∈ L 2(X) and x1, x2 ∈ X .Then

|(LK(f))(x1)− (LK(f))(x2)| = |
∫
K(x1, t)−K(x2, t)f(t)|

≤ ‖K(., x1)−K(., x2)‖f‖

≤ 2
√
λ(X) max

t∈X
|K(x1, t)−K(x2, t)|‖f‖

Where the first inequality comes from the Cauchy Schwartz inequality. Since K
is continuous and X is compact, K is uniformly continuous. This implies continuity
of LKf .
Moreover one can similarly prove that ‖LK‖ ≤ CK

Proposition 2.5.4. a) If K is symmetric, then LK : L 2(X)→ L 2(X) is self adjoint

(i.e. a linear operator A : H → H that satisfies < Af, g >=< f,Ag > for all f,g in

H .).

b)If, in addition, K is positive definite, then LK is positive definite.
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CH. 2 2.5. EIGEN-STRUCTURE OF RKHS AND MERCERS THEOREM

Proof. part (a) follows easily from Fubini’s theorem and the symmetry of K. For (b)

just note that

< LKf, g >L 2=

∫ ∫
K(x, t)f(x)f(t) = lim

k→∞

λ(X)

k2

k∑
i,j=1

K(xi, xj)f(xi)f(xj)

= lim
k→∞

λ(X)

k2
fTXK[x]fx

where for all k ≥ 1, x1, ...., xk ∈ X is a set of point conveniently chosen an K[x]
is the Gram matrix. The result follows So through a reproducing kernel one can define
an integral operator which satisfies the conditions of the spectral theorem.

Corollary 2.5.5. Let λk, k ≥ 1, be the eigenvalues of LK and φK the corresponding

eigenfunctions. If λk 6= 0, then φk os continuous on X

Proof. Let sn, s ∈ X such that,

sn → s as n→∞.

If ‖L‖ = maxk≥1λk with λk ≥ λk+1 then, by writing φk = 1
λk
LKφk,

|φk(sn)− φk(t)| =
∣∣∣∣ 1

λk
(LKφk)(sn)− 1

λk
(LKφk)(s)

∣∣∣∣ ≤
≤ 1

‖L‖

∫
|K(sn, t)−K(s, t)||φk(s)|

which tends to 0 by continuity of K. This proves the continuity of φ

We are now in position to state the main theorem of this section.

Theorem 2.5.6. MERCER Let X be a compact domain or a manifold, λ a Borel

measure on X, and K : X × X → R a Mercer Kernel. Let λk be the k-th eigen-

value of LK and {φk} the corresponding eigenvectors. For all x, t ∈ X , K(x, t) =∑∞
k=1 λkφk(x)φk(t) where the convergence (for each x,y X × X) and uniform (on

X ×X).

The readers are referred to H. Hochstadt, Integral equations, John Wiley and sons
for the proof of the above theorem.
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CH. 2 2.5. EIGEN-STRUCTURE OF RKHS AND MERCERS THEOREM

Corollary 2.5.7. The sum
∑
λk is convergent and

∞∑
k=1

λk =

∫
X

K(x, x) ≤ λ(X)CK

therefore for all k ≤ 1, λk ≤ λ(X)CK

k

Proof. By taking x = t in Theorem 2.5.6 we get

K(x, x) =
∞∑
k=1

λkφ
2(x).

Integrating on both sides of this equality, we get
∞∑
k=1

λk

∫
X

φ2(x) =

∫
X

K(x, x) ≤ λ(X)CK

But since {φ1, φ2....} is a Hilbert basis, for all k ≥ 1 we have
∫
φk = 1 and the first

statement follows. The second statement follows from the assumption λk ≥ λj for

j > k

Theorem 2.5.8. The map

Φ :X → l2

x→ ( 2
√
λkφk(x))k∈N

is well defined, continuous, and satisfies

K(x, t) =< Φ(x),Φ(t) >

Proof. For every x ∈ X , by Mercer’s theorem,
∑
λkφ

2(k) converges to K(x, x).

This proves that Φ(x) ∈ l2.

Also be Mercers Theorem, for every x, t ∈ X ,

K(x, t) =
∞∑
k=1

λkφk(x)φk(t) =< Φ(x),Φ(t) >

It remains to prove that Φ : X → l2. But for any x, t ∈ X ,

‖Φ(x)− Φ(t)‖ =< Φ(x),Φ(x) > + < Φ(t),Φ(t) > − 2 < Φ(x),Φ(t) >

= K(x, x) +K(t, t)− 2K(x, t)

whch tends to 0 as x tends to t. The result follows.
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CH. 2 2.5. EIGEN-STRUCTURE OF RKHS AND MERCERS THEOREM

Let K be a reproducing kernel. As we mentioned in Proposition 2.5.3 and Propo-
sition 2.5.4 one can define an operator LK with the properties needed in order to apply
the spectral theorem (λk ≥ 0). Without loss of generality we will assume that λk > 0.
Our goal now is to construct a RKHS HK through the eigenvalues that LK ensures.

Consider the space

(2.7) HK =

{
f ∈ L 2(X) | f =

∞∑
k=1

akφk with
ak
2
√
λk
∈ l2

}
Then HK endowed with the inner product

(2.8) < f, g >K =
∞∑
k=1

akbk
λk

is a Hilbert space of functions for every f =
∑
akφk and g =

∑
bkφk.

An interesting result arises directly from the definition of HK

Lemma 2.5.9. The map

L
1/2
K : L 2(X)→ HK∑

akφk →
∑

ak
2
√
λkφk

defines a Hilbert is a Hilbert isomorphism where L 2(X) is the unique operator such

that L 2(X) ◦L 2(X) = LK

Proof. It suffices to show that< L 1/2f,L 1/2g,>K=< f, g >L 2 . Let f =
∑
akφk and g =∑

bkφk. Then

L 1/2f =
∑

ak
2
√
λkφk and L 1/2f =

∑
bk

2
√
λkφk

Also by (2.8) we have that

< L 1/2f,L 1/2g,>K =
∞∑
i=1

λiaibi
λi

=
∞∑
i=1

aibi(2.9)

But

< f, g >L 2 =
∞∑
i=1

∞∑
j=1

aibj < φi, φj >L 2

=
∞∑
i=1

aibi =< L 1/2f,L 1/2g,>K(2.10)

The conclusion follows.
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CH. 2 2.5. EIGEN-STRUCTURE OF RKHS AND MERCERS THEOREM

It is worth noting that similarly, with the help of Theorem 2.5.2 one can prove that

(2.11) < f, g >K=< L −1/2f,L −1/2g >L 2

Proposition 2.5.10. The elements of HK are continuous functions on X . In addition,

for f ∈ HK , if f =
∑
akφk, then the series converges absolutely and uniformly to f .

Proof. Let g ∈ HK , g =
∑
gkφk and x ∈ X . Then

g(x) =

∣∣∣∣∣
∞∑
k=1

gkφ(k)

∣∣∣∣∣ =

∣∣∣∣∣
∞∑
k=1

gk
2
√
λk

2
√
λkφk(x)

∣∣∣∣∣ ≤ ‖g‖K‖Φ(x)‖ = ‖g‖KK(x, x)1/2

where the inequality follows form the Cauchy-Schwartz and the last inequality by

Mercer’s Theorem.

Now since the last equality holds true for all x ∈ X we have ‖g‖∞ ≤ 2
√
CK‖g‖K .

Applying the previous inequality to the series gN = f−
∑
akφk, proves the statement

of the uniform convergence. The continuity of f follows that of the φk (φk = 1
λk

). The

absolute convergence comes follows form the inequality
∑
|gkφk| ≤ ‖g‖K‖Φ(x)‖

Lemma 2.5.11. Let x ∈ X . The function φ : X → R, φx(t) =< Φ(x),Φ(t) >

belongs to HK

Proof. Let x ∈ X . Then for any t ∈ X

φx(t) =< Φ(x),Φ(t) > =
∞∑
k=1

(λkφk(x))φk(t) =
∞∑
k=1

akφk(t)

where ak = λkφk(t).

But the quantity ak
2√λk

= 2
√
λkφk(t) belongs to l2 by Theorem 2.5.8. The result follows

Proposition 2.5.12. For all f ∈ HK and all x ∈ X , f(x) =< f,K(., x) >

Proof. For f ∈ HK , f =
∑
wkφk,

< f,K(., x) >K =
∞∑
k=1

wk < φk, K(., x) >K =
∞∑
k=1

wk
λk

< φk, K(., x) >

=
∞∑
k=1

wk
λk

∫
φk(t)K(x, t) =

∞∑
k=1

wk
λk

(ŁKφk)(x)

=
∞∑
k=1

wk
λk
λkφk(x) = f(x)
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CH. 2 2.5. EIGEN-STRUCTURE OF RKHS AND MERCERS THEOREM

Thus by HK is an RKHS. So far, we have demonstrated two methods form which,
a RKHS could be defined. An obvious question is whether the RKHS HK generated
from Theorem 2.4.8 and the RKHS generated by 2.7 are equivalent. The answer is
true.

Theorem 2.5.13. The Hilbert spaces HK and HK are the same space of functions on

X with the same inner product.

Proof. For any x ∈ X , the function K(., x) coincides, by Theorem 2.5.8 with the

function φx in statement of Lemma 2.5.11.This proves that φx ∈ HK . Now by

Proposition 2.5.12 we have that for all t ∈ X , < f,K(., t) >K= 0, f ∈ HK .

But < f,K(., t) >K= 0, thus f = 0 on X . The statement follows from Theorem

2.4.8.

For more details about this subject see Poggio and Shelton (2002)
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Chapter 3

Basic properties of Reproducing

Kernels

So far, we have studied the basic properties of a notion named by Reproducing kernel.
Furthermore we demonstrated several ways for the construction of a new space of
functions named by Reproducing Kernel Hilbert Spaces. In this chapter we will try
to showcase some useful properties of those spaces and also to examine the behavior
of their elements under conditions that are commonly exist in several fields of applied
mathematics and especially in Statistics ( for example seperability, continuity).

3.1 Sum of Reproducing Kernels

Theorem 3.1.1. Let K1 and K2 be the reproducing kernels of spaces H1 and H2

of functions on E with respective norms ‖.‖H1 and ‖.‖H2 . Then the function K =

K1 + K2 is the reproducing Kernel of the space H = H1 ⊕H2 = {f |f1 + f2, f1 ∈

H1 , f2 ∈ H2} with the norm ‖.‖H defined by

∀f ∈ H ‖f‖2
H = min

f |f1+f2,f1∈H1 ,f2∈H2

(‖f1‖2
H1

+ ‖f2‖2
H2

)

Proof. Let F = H1 ⊕ H2 be the Hilbert sum of H1 and H2 F is the set H1 × H2

endowed with the norm defined by

‖(f1, f2)‖2
F = ‖f1‖2

H1
+ ‖f2‖2

H2
.

29

CC BY: Attribution alone 4.0

https://creativecommons.org/licenses/by/4.0/

https://doi.org/10.26219/heal.aueb.6279



CH. 3 3.1. SUM OF REPRODUCING KERNELS

Let

u : F → H

(f1, f2)→ f1 + f2

and let N = {(f1, f2) ∈ F : f1 + f2 = 0}. Then the map u is linear ,onto and also

a subspace of F .Let (fn,−fn) be a sequence in N converging to(f1, f2). then f1 , f2

converges to f1 ∈ H1 , f2 ∈ H2 respectively. Therefore f1 = −f2 and thus N is a

closed subspace of F .

Let N⊥ be the orthogonal complement of N in F and let v : u|N⊥ . The the map is

1-1 hence one can define an inner product on H by setting

< f, g >H=< v−1(f), v−1(g) >F .

Endowed with this inner H is a Hilbert space of functions. Let us now check the

reproducing property of K. Let f ∈ H (f ′, f ′′) = v−1(f) and (K ′(., y), K ′′(., y)) =

v−1(K(., y)), y ∈ E.As

K ′(., y)−K1(., y) +K ′′(., y)−K2(., y) = 0

we have that (K ′(., y) − K1(., y), K ′′(., y) − K2(., y)) belongs to N and its inner

product in F with (f ′, f ′′) is 0. Thus

< f ′, K ′(., y) >H1 + < f ′′, K ′′(., y) >H2=< f ′, K1(., y) >H1 + < f ′′, K2(., y) >H2

and

< f,K(., y) >H =< v−1(f), v−1(K(., y)) >F

=< (f ′, f ′′), (K ′(., y), K ′′(., y)) >F

= f ′(y) + f ′′(y)

thus the reproducing property holds. It remains to express the ‖.‖H as terms of ‖.‖H1

and ‖.‖H2 .Now let (f1, f2) ∈ F2 ,f = f1 + f2 and (g1, g2) = (f1, f2) − v−1(f). On

the other hand as (g1, g2) belongs to N and v−1(f) belongs to N⊥. We have

‖(f1, f2)‖2
F = ‖v−1(f)‖2

F + ‖(g1, g2)‖2
F

= ‖v−1(f)‖2
F + ‖g1‖2

F + ‖g2‖2
F
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CH. 3 3.2. RESTRICTION OF THE INDEX SET

Therefore for f = f1 + f2 we always have

(3.1) ‖f‖2
H = ‖v−1(f)‖2

F ≤ ‖f1‖2
H1

+ ‖f2‖2
H2

and the equality holds if and only if (f1, f2) = v−1(f)

Theorem 3.1.1 claims that if a direct sum (H = H1 ⊕ H2) of two or more well
defined RKHS exists, one can produce as many RKHS as desired just by adding their
corresponding kernels of H1 and H2 or a linear combination of them (aK is also a
reproducing Kernel).

Similarly, just by following the same technique for the structure of the mapping v
whereby an inner product was defined for the Hilbert sum of H1 and H2, one can
prove the following theorem.

3.2 Restriction of the index set

Theorem 3.2.1. Let H be a Hilbert space of functions defined on E with reproducing

kernel K and norm ‖.‖H and let E1 be a non empty subset of E. The restriction K1 of

K to E1 × E1 is the reproducing kernel of the space H1 of restrictions of elements of

H to E1 endowed with the norm ‖.‖H1 defined by

∀f1 ∈ H1 ‖f1‖H1 = min
f∈H:f |E1

=f1
‖f‖H

where f |H1 stands for the restriction of f to the subset E1.

Proof. Let u : H → H1 such that f → f |E1 and let N = u−1({0}). It is clear that u

is linear and onto and N is subspace of H . If a sequence (fn) in N tends to f ∈ H ,

we have

∀x ∈ E1, ∀n ≥ 1, , fn(x) = 0,

and, as the convergence in norm implies the pointwise convergence ,the limit f satis-

fies f |E1 ≡ 0. Therefore N is closed. Let N⊥ be its orthogonal complement in H and

let v := u|N⊥ i.e. v : N⊥ → H1.The map is one-to-one and therefore we can define

an inner product on H1 by setting

< f, g >H1 = < v−1(f), v−1(f) >H
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CH. 3 3.3. TENSOR PRODUCT OF RKHS

Endowed with this inner product H1 is a Hilbert space of functions. It is clear that for

any y ∈ E1 we have that K1(., y) ∈ H1 and that[K(., y)− v−1(K1(., y))] ∈ N . Thus

for all y ∈ E1 and for all f ∈ H1 we have,

< f,K1(., y) >H1 = < v−1(f), v−1(K1(., y)) >H = < v−1(f), v−1(K(., y)) >H

= v−1(f)(y) = f(y)

This shows that K1 is the reproducing kernel of H1.

Let g ∈ H .If g|E1 = f1 then (g − v−1(f1)) ∈ N and v−1(f1) ∈ N⊥. By the

Pythagorean identity ,

‖g‖2
H = ‖g − v−1(f1)‖2

H + ‖v−1(f1)‖2
H

therefore

‖v−1‖H1 ≤ ‖g‖H

and the equality holds if and only if g = v−1(f1).The conclusion follows.

3.3 Tensor product of RKHS
Products of functions and kernels play an important role especially when higher di-
mension problems are considered. Let H1 and H2 be two vector spaces of complex
functions defined on E1 and E2 respectively. The tensor product H1⊗̃H2 is defined as
the vector space generated by the function

f1 ⊗ f2 E1 × E2 → C
(x1, x2)→ f1(x1)f2(x2)

where f1 ∈ H1 and f2 ∈ H2

Let < ., . >1 and < ., . >2 be the inner products on H1 and H2 respectively. It
can be proved that the mapping

H1⊗̃H2 → C
(f1 × f2, f

′
1 × f ′2)→ < f1, f

′
1 >1< f2, f

′
2 >2

is an inner product on H1⊗̃H2 which is therefore a pre-Hilbert space. Its completion
is called the tensor product of H1 and H2 and is denoted by H1 ⊗H2.

LetH1 andH2 be two RKHS of functions inCwithK1(x1, y1) andK2(x2, y2) be their
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CH. 3 3.3. TENSOR PRODUCT OF RKHS

corresponding reproducing kernels. Then K1(., x1), K1(., y1) and K2(., x2), K2(., y2)
belong to H1 and H2 respectively. It is not hard to see that

(K1(., x1)×K2(., x2), K1(., y1)×K2(., y2))→ K1(x1, y1)K2(x2, y2)

Our goal is to define a function K ∈ H1⊗̃H2 through which we can define the RKHS
HK = H1 ⊗ H2. We will prove that the function K1 × K2 = K1(x1, y1)K2(x2, y2)
meets the requirements (i.e.the reproducing kernel of the tensor product H1 ⊗ H2).
But before we proceed to that, we are will present a theorem will turn to be helpful in
our proof.

Theorem 3.3.1. Horn and Johnson (2012)Let A a Hermitian n × n matrix over the

scalar Cn×n.

a) K is positive definite if and only if there is a n×m matrix R such that K = R′R

b) If K = R′R with R as in (a) and if x ∈ Cn, then Kx = 0 if and only if Rx = 0, so

N(K) = N(R) and rank(A)=rank(B).

It is worth noting that the matrix R is not necessarily unique. As an example take
the square root of K i.e. R = K1/2. This particular case has many applications and
we will study some of them in the next sections. We are now in position to prove the
following Lemma.

Lemma 3.3.2. H1 and H2 RKHS with kernels K1 and K2 respectively, the mapping

K1 ×K2 (E1 × E2)2 → C

((x1, x2), (y1, y2))→ K(x1, y1)K(x2, y2)

is of positive type function on (E1 × E2)2.

Proof. From Definition 2.3.1 it suffices to show that

(3.2)
n∑
i=1

n∑
j=1

cicjK(xi, xj) ≥ 0

for all finite combinations of c1, ...., cn. Since K1 is the reproducing kernel of H1,

it is Hermitian and positive definite. Thus by Theorem 3.3.1 there exists R such that

K1 = R′R with

(3.3) K1ij =
n∑
k=1

RikRkj
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CH. 3 3.3. TENSOR PRODUCT OF RKHS

Then, substituting (3.2) to (3.3) we obtain

n∑
i=1

n∑
j=1

cicjK(xi, xj) =
n∑
i=1

n∑
j=1

cicj

n∑
k=1

RikRkjK2(xi, xj)

=
n∑
i=1

n∑
j=1

n∑
k=1

(ciRik)(Rkjcj)K(xi, xj)(3.4)

If we take a = c′R then, it is clear that (3.4) takes the form

(3.5) a′[K2]a ≥ 0

since K2 is the reproducing kernel of H2 and therefore positive definite an Hermitian.

The result follows.

Recall that H1 and H2 are RKHS of function in E ⊂ C. Then a natural way
to define the algebraic tensor product u =

∑n
i=1 hi ⊗ fi is by setting û(x, s) =∑n

i=1 hi(x)fi(x). The following theorem shows that this mapping is well defined
and extends to the completed tensor product

Theorem 3.3.3. Paulsen (2009)LetH1 andH2 be two RKHS with respective reproduc-

ing Kernels K1 and K2. Then K((x, s), (y, t)) = K1(x, y)K2(s, t) is a reproducing

kernel on E1 × E2 and the map u→ û extends to a well defined linear isometry from

H1 ×H2 onto the reproducing Kernel Hilbert SpaceH

Proof. Let K1
y (x) = K1(x, y) and K2

t (s) = K2(s, t). Note that if u =
∑n

i=1 hi ⊗ fi,

then

(3.6) < u,K1
y ⊗K2

t >H1⊗H2=
n∑
i=1

< hi, K
1
y >H1< fi, K

2
t >H2= û(y, t)

Thus we may extend the mapping u → û from an algebraic tensor product to the

completed tensor product as follows. Let u ∈ H1 ⊗ H2. We define a function û on

H1 ×H2 as

(3.7) û(y, t) =< u,K1
y ⊗K2

t >H1⊗H2

Let H = {û : u ∈ H1 ⊗ H2} be a vector space of functions on H1 × H2. The

map u → û will be one to one unless there exists a non-zero u ∈ H1 ⊗ H2 such

that û(y, t) = 0 for all (y, t) in E1 × E2. But this condition would imply that u is
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CH. 3 3.4. SUPPORT OF A REPRODUCING KERNEL

orthogonal to the span of {K1
y ⊗K2

t : (y, t) ∈ E1 ×E2}. But since by Theorem 2.4.8

the span of {K1
y : y ∈ E1} is dense in H1 and the span of {K2

t : t ∈ E2} is dense in

H2, it follows that the span of {K1
y ⊗K2

t : (y, t) ∈ E1 × E2} is dense in H1 ⊗ H2.

Hence if û = 0, then u is orthogonal to a dense subset and so u = 0

Thus, we have the map u → û is one to one from H1 ⊗ H2 onto H and we may use

this identification to giveH the structure of Hilbert space.by setting

(3.8) < û, v̂ >H=< u, v >H1⊗H2

for u, v ∈ H1 ⊗H2. Finally, since for any (y, t) ∈ E1 × E2 we have that û(y, t) =<

u, ̂K1
y ⊗K2

t > we see thatH is a Reproducing Kernel Hilbert Space with kernel

K((x, s), (y, t)) =< ̂K1
y ⊗K2

t ,
̂K1
t ⊗K2

s >H=< K1
y ⊗K2

t , K
1
t ⊗K2

s >H1×H2

=< K1
y ⊗K1

x, >H1< K2
t ⊗K2

s >H2= K(x, y)K2(s, t)(3.9)

and so K is a reproducing kernel.

By the uniqueness of RKHS as a Hilbert spaces, the map u→ û is an isometric linear

map from H1 ⊗H2 ontoH

3.4 Support of a reproducing Kernel
We will now discuss a notion, first introduced by Duc-Jacquet(1973) which is of great
importance in searching for bases in RKHS. It is the notion of support of a function.
But before we present that, it is necessary to introduce some basic facts and definitions
that will be useful in its definition.

Definition 3.4.1. Let K be a non null complex function defined on E × E. A subset

A of E is said to be binding for K if and only if there exist elements x1, ..., xn in

A such that the functions K(., x1), ...., K(., xn) are linearly dependent in the vector

space CE .

Theorem 3.4.2. The set FK of non-biding sets for K partial ordered by inclusion is

inductive and therefore admits at least one maximal element.

Proof. Let {Ai : i ∈ I} be a set of elements of FK linearly ordered by inclusion.

Then the set
⋃
i∈IAi belongs to FK and is the upper bound of the chain (Ai)i∈I . Thus
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CH. 3 3.5. KERNEL OF AN OPERATOR

FK is partially ordered by inclusion is inductive. By Zorn’s Lemma it has at least one

maximal element.

Definition 3.4.3. Let K be a non null complex function defined on E × E a subset S

of E is called a support of K if and only if S is a maximal element of the set FK of

non-binding sets for K.

The link between support of reproducing kernel and basis of H0 is expressed in
the following theorem.

Theorem 3.4.4. Let H be a RKHS with kernel K on E × E. Let H0 be the subspace

of H spanned by {K(., x) : x ∈ E}. If a subset S of E is a support of K then

{K(., x) : x ∈ S} is a basis of H0.Conversely if K(., x1), ..., K(., xn) are linearly

independent, there exists a support S of K containing {x1, ..., xn}.

Proof. The set S = {k(., x : x ∈ E)} is a set of linearly independent elements of

H0. If x0 belongs to X \ S ,consider the set S
⋃
{K(., x0)} and use the maximality

of S to get that K(., x0) can be written as a linear combination of elements in S.

Therefore the set S spans H0. Now if K(., x1), ..., K(., xn)) are linearly independent

, the set {x1, ...., xn} is a non binding set for K, hence it is included in a support of

K.

3.5 Kernel of an operator

Definition 3.5.1. Let E be a pre-Hilbert space of functions defined on E and let u be

an operator in E . A function U : E × E → C (x, y) → U(x, y) is said to be kernel

of u if and only if

∀y ∈ E, U(., y) ∈ E

∀y ∈ E ∀f ∈ E , u(f)(y) =< f, U(., y) >E

Let us denote that Definition 3.5.1 is equivalent to that any Hilbert space functions
H has a reproducing kernel K if and only if K is the kernel of the identity operator in
H .
Also is clear that if u has two kernels U1, U2 one has

∀y ∈ E , ∀f ∈ E , < f, U1(., y)− U2(., y) >E= u(f)(y)− u(f)(y) = 0
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CH. 3 3.5. KERNEL OF AN OPERATOR

So for any operator there is at most one kernel.

Theorem 3.5.2. In a Hilbert space H of functions with reproducing kernel K any

continuous operator u has a kernel U given by

(3.10) U(x, y) = [u?(K(x, y))](x)

where u? denotes the adjoint operator of u.

Proof. By Riesz’s theorem, in the Hilbert space H any continuous operator u has an

adjoint defined by

∀(x, y) ∈ H ×H < u(f), g >H =< f, u?(g) >H .

Thus we have

∀y ∈ E , ∀f ∈ H, < f, u?(K(., y)) >H =< u(f), K(., y) >H

= u(f)(y).

Example 3.5.3. THE COVARIANCE OPERATOR

Will now consider a tool which is of great importance especially in the study of

stochastic processes.

Let X be a random variable defined on some probability space (Ω,A,P) with values

in (H,B) where H is a RKHS of functions on a set E and B is the Borel σ-algebra.

For any ω ∈ Ω, X(ω) = X.(ω) is the function defined on E by

E → C

t→ Xt(ω)

is called trajectory associated with ω. In other words (Xt)t∈E is a stochastic process

on (Ω,A,P) with trajectories in H .

Suppose that X is a second order is a second order random variable, i.e.

EP (‖X‖H)2 <∞.
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CH. 3 3.6. DUALITY BETWEEN RKHS AND STOCHASTIC PROCESSES

Then the covariance operator of X is defined by

(3.11) CX(f) = EP (< X, f >H X).

Where the expectation is taken from the Bohner integral. It can be defined equivalently

as the Unique operator CX satisfying

(3.12) < CX(f), g >H= E(< X, f >H< X, g >H).

The operator CX is continuous self adjoint and compact. From theorem 9 its Kernel

given by

U(t, s) = [CX(K(., s))](t)

=< CX(K(., s)), K(., t) >H

= E(< X,K(., s) >H< X,K(., t) >H)

= E(X•Xs)(3.13)

From the results proved above, it comes out that the covariance operator of a sec-
ond order random variable X with values on an RKHS H of function defined on a set
E has a kernel which is the second moment function of X.

3.6 Duality Between RKHS and Stochastic Processes
Let X(t), t ∈ T be a family of random variables defined on some probability space
(Ω,A,P). As we saw in the previous section, one can define a function C

T × T → R
C(s, t) = EX(s)X(t), s, t ∈ T

which is a reproducing kernel and therefore by Theorem 2.4.8, there is a unique Re-
producing Kernel Hilbert Space HC with C as its reproducing Kernel. In this section
we will describe the duality between a Hilbert space spanned by a family of random
variables and its associated reproducing Kernel.

Let X(t) t ∈ T be a family of zero mean Gaussian variables with covariance func-
tion C(s, t) = E(X(s)X(t)) . Let H be the Hilbert space

(3.14) H = span{Z ∈ (Ω,A,P) : Z =
∑

ajX(tj)}

with inner product < Z1, Z2 >= EZ1Z2. Observe that

(3.15) ‖Z − Zl‖2 =< Z − Zl, Z − Zl >= E(Z − Zl)2
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CH. 3 3.7. KERNEL OF A CLOSED SUBSPACE

Thus, a random variable Z belongs to H iff there exist a sequence Zl ∈ H such that

E(Z − Zl)2 → 0

Let HC be the RKHS associated with C. Then HC is isometrically isomorphic to H
since

(3.16) < X(s), X(t) >H= EX(s)X(t) = C(s, t) =< C(., s), C(., t) >HC
.

So this duality between stochastic processes and RKHS, provides us lots of useful
applications such as Bayesian estimation (Wahba (1990)) or in regularization methods
which will be discussed in later sections.

3.7 Kernel of a closed subspace

Theorem 3.7.1. Let V be a closed subspace of a Hilbert space H with reproducing

kernel K. Then V is a reproducing kernel Hilbert space and its kernel KV is given by

KV (x, y) = [ΠV (K(., y))](x)

where ΠV denotes the orthogonal projection onto the space V

Proof. As ΠV is a self-adjoint operator (ΠV = Π?
V ) ,by Theorem 9 KV is the repro-

ducing kernel of ΠV . Now the restriction of ΠV into the subspace V is the identity

operator of V . Therefore KV is the reproducing kernel of V .

By Riesz’s representation theorem, for any continuous linear functional u

H → C
f → u(f)

there exists unique ũ ∈ H such that u can be represented as

(3.17) u(f) =< f, ũ > for allf ∈ H

Particularizing to the case of a RKHS ũ can be easily be expressed through its kernel
K

Lemma 3.7.2. In a Hilbert space H of functions with reproducing kernel K any con-

tinuous linear form u : H → C has a Riesz representer ũ given by

(3.18) ũ(x) = u(K(., x))
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CH. 3 3.8. CONDITION HK ⊂ HR

Proof. If we put f(.)=K(.,x) in (3.17) we obtain

u(K(., x)) =< K(., x), ũ >= ũ(x)

by the reproducing property of H . Thus, ũ(x) = u(K(., x)) is Riesz the representer

of u.

3.8 Condition HK ⊂ HR

Denote by Hk the RKHS corresponding to a given reproducing kernel K ,as given
by the Moore-Aronszajn theorem. When the index set is a seperable metric space
Aronszajn(1950) proves the following.

Theorem 3.8.1. Let K be a continuous non negative kernel on T × T and R be a

continuous positive kernel on T × T . The following statements are equivalent

i)HK ⊂ HR

ii) There exists a constant such that B2R−K is a non negative kernel.

Ylvisaker(1962) gives an alternative condition which is that if
∑N(n)

j=1 cjnR(., tjn)

is a Cauchy sequence in hR then
∑N(n)

j=1 cjnK(., tjn) must be a Cauchy sequence in
HK .
Discroll(1973) proves that any of these conditions is equivalent to :There exists an
operator T : HR → HK such that ‖L‖ ≤ B and LR(t, .) = K(t, .) for all T ∈ T0

where T0 is a countable dense subset of T . Moreover i) implies that there exists a
constant B such that

∀g ∈ HK , ‖g‖R ≤ ‖g‖K ,

and either of these conditions implies that there exists a self adjoint operator L :
HR → HK such that ‖L‖ ≤ B and

∀t ∈ T, LR(T, .) = K(t, .)

3.9 Separability Continuity
Seperable Hilbert spaces provides us many useful properties especially when we are
considering the representation of an element in a such a space H . We will see that
most of these properties can be particularized on an RKHS.

We know that in a separable metric space E any dense subset contains a countable
subset which is dense in E . Lemma 3.9.1 implies that something analogous holds also
for an RKHS.
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CH. 3 3.9. SEPARABILITY CONTINUITY

Lemma 3.9.1. In a seperable RKHS H there is a countable set D0 of finite linear

combinations of functions K(., x), x ∈ E, which is dense in H .

Proof. By theorem 3 the subspace H0 of H spanned by the functions K(.,x), x ∈ E,is

dense in H . Let {xp , x ∈ E} be a countable subset dense in H and n be a positive

integer. As H̄0 = H , for any p in N there exists ynp in H0 such that

‖ynp − xp‖ <
1

n

. The the countable set
⋃
n>0{ypn , p ∈ N} satisfies the requirement. To see this,

consider y in H , ε > 0 and n > 2
ε
. There exists p ∈ N such that

‖y − xp‖ <
ε

2

. Therefore

‖xp − ynp ‖ <
1

n
<
ε

2
and ‖y − ynp ‖ < ε.

We can conclude that D0 is dense in H .

As we mentioned before, any element f ∈ H can be represented as an infinite sum
via an orthonormal system. Theorem 3.9.2 presented below tells us that a reproducing
kernel can be expressed in such manner.

Theorem 3.9.2. Let H ⊂ CE be a seperable Hilbert space with reproducing kernel

K. For any complete orthonormal system (ei)i∈N in H we have

(3.19) ∀t ∈ E, K(., t) =
∞∑
i=0

ēi(t)ei(.) (convergence in H)

Conversely if (3.19) holds for an orthonormal system (ei)i∈N then this system is com-

plete and H is seperable. Moreover, (3.19) implies that

∀s ∈ E, ∀t ∈ E, K(., t) =
∞∑
i=0

ēi(t)ei(.) (convergence in C).

Proof. Fix t in E. The function K(., t), as an element of H has a Fourier series

expansion
∞∑
i=0

ciei(.)
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CH. 3 3.9. SEPARABILITY CONTINUITY

where

ci =< K(., t), ei >= < ei, K(., t) > = ēi(t)

Conversely if (3.19) holds for an orthonormal system (ei)i∈N then

∀φ ∈ H, ∀t ∈ E, φ(t) =< φ,K(.., t) >=
∞∑
i=0

ei(t) < φ, ei >

thus

∀φ ∈ H, φ =
∞∑
i=0

< φ, ei > ei(t)(convergence in H)

Therefore the system (ei)i∈N is complete andH is seperable. The last property follows

from (3.19) by computing K(s, t) =< K(., s), K(., t) >.

We will now present a useful Theorem which can be used as criterion for the
seperability of a Hilbert space with reproducing kernel.

Theorem 3.9.3. Let H be a Hilbert space of functions on E with reproducing kernel

K.Suppose that E contains a countable subset E0 such that

∀g ∈ H, (g|E0 = 0⇔ g = 0)

Then H is seperable.

Proof. Consider an element g in H orthogonal to the family (K(., y))y∈E0 . For any

y ∈ E0, one has

g(y) =< g,K(., y) >H= 0

thus g|E0 = 0 and g = 0 by the hypothesis.It follows that the subspace V generated by

the family (K(., y))y∈E0 is equal to 0. Hence V is equal to H . The countable family

(K(., y))y∈E0 is total in H and therefore H is separable.

Corollary 3.9.4 provides us a useful example in order to understand the utility of
the seperability in a Hilbert space.

Corollary 3.9.4. A non separable Hilbert space of continuous functions on a sepera-

ble topological space E has no reproducing kernel.

Theorem 3.9.5. (Fortet(1973)) A RKHS with kernel K is separable if and only if for

any ε > 0 ,there exists a countable partition Bj , j ∈ N of E such that

(3.20) ∀j,∀t1, t2 ∈ Bj, K(t1, t1) +K(t2, t2)−K(t1, t2)−K(t2, t1) < ε
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Let us now turn to a characterization of RKHS of continuous functions

Theorem 3.9.6. Let H be a Hilbert space of functions defined on a metric space (E,d)

with reproducing kernel K. Then any element of H is continuous if and only if K sat-

isfies the following conditions.

a)∀y ∈ E ,K(., y) is continuous

b)∀x ∈ E there exists r > 0 such that the function

E → R+

y → K(y, y)

is bounded on the open ball B(x, r).

Proof. If any element of H is continuous a) is clearly satisfied. Suppose that b) does

not hold true. Then there exists x ∈ E such that

∀n ∈ N ,∃xn ∈ B(x, 1/n) , such thatK(xn, xn) ≥ n

As the sequence xn converges to x we have for any continuous function φ in H

< φ,K(., x) >= φ(x) = lim
n→∞

φ(xn) = lim
n→∞

< φ,K(., xn) >.

Therefore the sequence (K(., xn)) converges weakly to K(., x) whereas

‖K(., xn)‖2 = K(xn, xn)

tends to infinity. This is a contradiction since any weakly convergent sequence in a

Hilbert space is bounded .Hence b) is satisfied.

Conversely suppose that a),b) hold true. Let (xn) be a convergent sequence in E with

limit x, let φ be an element of H and let (r,M) such that

sup
y∈B(x,r)

K(y, y) ≤M.

For n large enough xn belongs to B(x, r) hence we have

‖K(., xn)‖2 ≤M
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Let H0 be the dense subspace of H spanned by the functions (K(., y))y∈E . Any

element of H0 con be written as a finite linear combination

k∑
i=1

aiK(., yi)

so it is by a), a continuous function. Let(φm) be a sequence in H0 converging to φ in

the norm sense. By Lemma 2.2.6 (φm) also converges pointwise to φ. Let ε > 0. Fix

m large enough to have

|φm(xn)− φm(x)| < ε

and

‖φm − φ‖H < ε

as φm is continuous, for n large enough we have

|φm(xn)− φm(x)| < ε.

Therefore for n large enough,

|φ(xn)− φ(x)| ≤ |φ(xn)− φm(xn)|+ |φm(xn)− φm(x)|

+ |φm(xn)− φ(x)|

≤ | < K(., xn), φ− φm >H |+ 2ε

≤ (K(xn, xn))1/2‖φ− φm‖H + 2ε

≤ (M + 2)ε

This shows that φ is continuous at x.

Corollary 3.9.7. Let H be a Hilbert space of functions defined on a metric space

(E, d) with Reproducing Kernel K. If K is bounded and if, for any y ∈ E, K(., y) is

continuous (this implies, by symmetry, that for any x ∈ E, K(., x) is continuous) then

H is a space of continuous functions. If moreover, E is seperable, then H is seperable

and

(3.21) ∀s ∈ E, ∀t ∈ E K(s, t) =
∞∑
i=0

ēi(t)ei(s),

where ei is any orthonormal system in H .
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Corollary 3.9.8. Let H be a Hilbert space of functions defined on a compact metric

space (E,d) with reproducing kernel K. If K is continuous then H is a seperable space

of continuous functions and

(3.22) ∀s ∈ E, ∀t ∈ E, K(s, t) =
∞∑
i=0

ēi(t)ei(s)

where the convergence is uniform on E × E and (ei) is an orthonormal system in H

the functions ei are uniformly continuous and bounded by (suptK(t, t))1/2.

Proof. E is compact,hence is separable and K is continuous and therefore bounded.

Thus Corollary 3.9.7 applies. H is a seperable space of continuous functions and

∀s ∈ E, ∀t ∈ E, K(s, t) =
∞∑
i=0

ēi(t)ei(s)

where the functions (ei) are continuous on H (therefore uniformly continuous) and

orthonormal in in H . For any t ∈ E,

|ei(t)| = | < ei, K(., t) >H | ≤ ‖ei‖‖K(., t)‖ = [K(t, t)]1/2

It remains to show that the convergence in (3.22) is also uniform. The sequence

{
n∑
i=0

|ei|2(t) : n ∈ N}

is an increasing sequence of continuous functions of the variable t converging point-

wise to a continuous function

K(t, t) =
n∑
i=0

|ei|2(t)

on the compact set E. By Dini’s theorem the convergence is uniform. As we have∣∣∣∣∣
∞∑
i=n

ēi(t)ei(s)

∣∣∣∣∣
2

≤

∣∣∣∣∣
∞∑
i=n

|ei|

∣∣∣∣∣
2

(t)

∣∣∣∣∣
∞∑
i=n

|ei|

∣∣∣∣∣
2

(s)

so the convergence of
∞∑
i=0

ēi(t)ei(s) to K(s, t)

is uniform on E × E
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Chapter 4

Representer Theorem for

Reproducing Kernel Hilbert spaces

4.1 Introduction
Let X and Y be real Hilbert Spaces. In this chapter we are going to deal with problems
that can be written as

(4.1) Ax = y

where A is a linear operator with domain D(A) ⊂ X and Range R(A) ⊂ Y .
Before we proceed to the quest the solution of aforementioned problems with the form
of (4.1), we need to answer a few theoretical questions. The most obvious question
that is raised directly from the formulation of this problem is whether there exists a so-
lution that lies inX for a given y ∈ Y . And if there exists such a solution, is it unique?
More importantly, this solution depends continuously on the data y? Equations that
all of the above questions can be answered positively are said to be well-posed. Other-
wise they are called ill-posed equations. In this chapter we will discuss about finding
a solution from ill-posed problems

Practically, in the most cases such equations can be solved approximately using meth-
ods that guaranties the existence of an element with ”similar” properties. For example
instead of solving a problem with the form of (4.1) we can try to find an element
u ∈ D(A) such that for given y ∈ Y inf{‖Ax − y‖ : x ∈ D(A)} = ‖Au − y‖.
Such a solution is called Least squares solution of the equation Ax = y. This topic
will further be examined in another section of this chapter. For further details about
well posed and ill posed equations see Nair (2009)

Our main target of this chapter is to show that when X and Y are L2 functions, that is
the topology of Reproducing Kernel Hilbert spaces is an appropriate topology for the
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regularization of ill-posed linear operator equations and also providing an approach
to optimal approximations of linear operator equations in the context of RKHS. Fur-
thermore we will demonstrate the relation between the regularization operator of the
equation Af = g and the generalized inverse of A in an appropriate RKHS.

Let us now examine the main parts that will be useful in presenting the main part
of this chapter, The representer theorem.

4.2 Preliminaries
Let X and Y be linear spaces over the scalar field C and let T : X → Y be linear
operator. We define its null space N(T ) as

N(T ) := {x ∈ X : Tx = 0}.

The range R(T ) of T as

R(T ) := {Tx : x ∈ X}.

The domain D(T ) of T as

D(T ) := {x ∈ X ∃y ∈ Y : Tx = y}.

.
The set of all bounded linear operators T on some set H will be denoted by B(H)

A linear operator T is injective if and only if for every x1, x2 with x1 6= x2 ⇒ T (x1) 6=
T (x2)

A linear operator T is called bijective if D(T ) = X and R(T ) = Y

Definition 4.2.1. Let H be a Hilbert space of functions numbers with inner product

< ., . >H and let A be a subspace of H with A 6= ∅. We define the orthogonal

complement A⊥ of A as

A⊥ := {x ∈ H : ∀a ∈ A, < x, a >H= 0}

Definition 4.2.2. Let B(H,K) be the set of all bounded operators where H and K

are complex Hilbert spaces and let T ∈ B(H,K).There exists a unique operator T ∗

such that

< Tx, y >=< x, T ∗y >

for all x ∈ H and all y ∈ K.We call T ∗ the adjoint operator of T . An operator

T ∈ B(H) is called self adjoint if T = T ∗
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CH. 4 4.3. WELL-POSED AND ILL-POSED OPERATOR EQUATIONS

Theorem 4.2.3. Let X be a normed linear space, Y be a Banach space, Λ be a subset

of R having a limit point a0 and {Ta}a∈Λ be a uniformly bounded family of operators

in B(X, Y ). Suppose D is a dense subset of X such that (Tax) converges as a → a0

for every x ∈ D. Then (Tax) converges as a → a0 and the operator T : X → Y

defined by

Tx := lim
a→a0

Tax, x ∈ X

belongs to B(X, Y )

Theorem 4.2.4. Let H be a Hilbert space and M be a closed subspace of H(or a

finite dimensional space). Then H = M ⊕M⊥.More precisely every x ∈ H can

uniquely be written as x = x1 + x2 where x1 ∈M and x2 ∈M⊥

4.3 Well-Posed and Ill-posed Operator Equations
Let X and Y be linear spaces over the scalar field and let T : X → Y be linear
operator.

We say that the equation (4.1) is well posed if

a)for every y ∈ Y , there exists a unique x ∈ X such that Tx = y
b)for every y ∈ Y and for every ε > 0, there exists δ > 0 with the following proper-
ties: If ỹ ∈ Y with ‖ỹ − y‖ ≤ δ and if x, x̃ ∈ X are such that Tx = y and TX̃ = ỹ
then ‖x̃− x‖X ≤ ε

It is worth noting that condition a) in the above definition represents the existence
and the uniqueness of the solution (4.1) and condition b) is actually the assertion of
the continuous dependence of the solution on the data y.
Another definition about the well-posedeness of an equation is that equation (4.1) is
well posed if and only if the operator T is bijective and the inverse operator T−1 :
Y → X is continuous.
Particularizing this to Banach spaces and hence to Hilbert spaces one can prove that if
T is a continuous linear operator then continuity of T−1 is a consequence of the fact
that T is bijective.

If the equation (4.1) is not well-posed, then it is called ill-posed.

As we mentioned, there are many ways of solving equation (4.1) under the condi-
tion that it is well posed. But if it has no solution, then the best thing that one can
think of is to look for a unique element with some prescribed properties that solves
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a ”similar” problem which is well posed. This syllogism derives us to the following
definition.

Definition 4.3.1. Let T : X → Y be a bounded linear operator.

a)The u ∈ X is called least squares solution of Tx = y if inf{‖Ax − y‖ : x ∈

D(A)} = ‖Au− y‖

b)u ∈ X is called best approximate solution of Tx = y if x is least squares solution

and ‖u‖ = inf{‖x‖ : x is least squares solution of Tx=y}
The best approximate solution is also called a pseudosolution of an Operator equa-

tion.
An equation of the form of (4.1) which possesses a unique pseudosolution is also a
well-posed equation.Otherwise as we mentioned before is an ill-posed equation.

The peudosolution is closely related to the Moore-Penrose inverse T † of T . This
topic will be discussed in our next section.

4.4 Generalized inverses in RKHS
In this section, our main target is to verify the necessary and sufficient conditions for
the existence of a solution under the topology that an RKHS provides.
But before we proceed to that, we will present some useful tools, which are strictly
weaved to inverse problems.

A large variety of inverse problems can be formulated by integral operators and con-
sidering that integral operators are compact we thought that it will be useful to give
the definition of compact operator.

Definition 4.4.1. LetX and Y be normed spaces.A linear transformation T ∈ L(X, Y )

is compact if, for any bounded sequence {xn} in X , the sequence {Txn} in Y con-

tains a convergence subsequence.For simplicity a transformation T is compact if it

takes bounded sets in X into pre-compact sets in Y

Our next step before proceeding to the main result of this section to introduce a
class of operators named by Hilbert-Schmidt operators with many helpful properties
and applications.

Definition 4.4.2. Let H be an infinite dimensional Hilbert space with an orthonormal

basis {en} and let T ∈ B(H).If the condition
∞∑
i=1

‖Ten‖2 <∞
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holds then T is a Hilbert-Schmidt operator.

The following theorem will provide us some useful consequences. The first one is
that the above definition does not depend on the choice of the orthonormal basis and
secondly and more importantly that there is a connection between Hilbert-Schmidt and
compact operators, which are playing an important role especially when problems of
the form of (4.1) are considered.

Theorem 4.4.3. Let H be an infinite dimensional Hilbert space and let {en} and fn

be orthonormal bases for H .Let T ∈ B(H).

a)
∑∞

i=1 ‖Ten‖2 =
∑∞

i=1 ‖T ∗fn‖2 =
∑∞

i=1 ‖Tfn‖2

where the values of these sums may be either finite or∞.

b)T is Hilbert-Schmidt if and only if T ∗ is Hilbert-Schmidt.

c)If T is Hilbert-Schmidt then it is compact

d)The set of Hilbert-Schmidt operators is a linear subspace of B(H)

Let us now introduce the notion of the generalized inverse(Moore-Penrose).

Definition 4.4.4. The Moore-Penrose inverse T † of T ∈ L(X ,Y) is defined as the

unique linear extension of T̃−1 to

(4.2) D(T †) := R(T ) +R(T )⊥

with

(4.3) N(T †) = R(T )⊥

where

(4.4) T̃ = T|N(T )⊥ : N(T )⊥ → R(T )

Proposition 4.4.5. Let P and Q be orthogonal projectors onto N(T ) and R(T ) re-

spectively. Then,

a)The Moore-Penrose equations

(4.5) TT †T = T
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(4.6) T †TT † = T †

(4.7) T †T = I − P

(4.8) T †T = Q|D(T †)

hold true

(4.9) R(T †) = N(T )⊥

Proof. From the definition of T †, for all for all y ∈ D(T †),

T †y = T̃−1Qy = T †Qy

so that

T †y ∈ R(T̃−1) = N(T †).

Now, for all x ∈ N(T †) we have that

T †Tx = T̃−1T̃ x = x.

This proves that R(T † = N(t)⊥).

Also, for any y ∈ D(T †), (4.9) implies that

TT †y = TT †Qy = T−1T̃Qy = T̃−1T̃Qy = Qy

since T̃−1Qy ∈ N(T )⊥. Consequently (4.8) holds.

By definition of T † we have that for all x ∈ X :

T †Tx = T̃−1T (Px− (I − P )x) = T̃−1TPx+ T̃−1T (I − P )x = (I − P )x

thus (4.7) holds. Moreover (4.5) comes out directly from (4.7):

TT †T = T (I − P ) = T − TP = T

Finally, (4.9) arises directly from (4.8) and (4.6)

T †TT † = T †Q|D(T †) = T †
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Theorem 4.4.6. Let y ∈ D(T †), then the equation

(4.10) Tx = y, T : X → Y

has a unique best approximate solution which is given by T †y. The set of all least-

squares solutions is T †y +N(T )

Proof. Let

S = {z ∈ X : Tz = Qy}

since y ∈ D(T †) = R(T ) + R(T †), Qy ∈ R(T ) ⇒ S 6= ø. As the orthogonal

projector Q is also a metric projector, we have for all zıS and for all x ∈ X:

‖Tz − y‖ = ‖Qy − y‖ ≤ ‖Tx− y‖.

So, all elements in S ale least squares solutions of (4.10).

Conversely, let z be a l.s.s. of (4.10). Then

‖Qy − y‖ ≤ ‖Tz − y‖ = inf{‖u− y‖ : u ∈ R(T )} = ‖Qy − y‖

Thus, Tz is the closest element to y in R(T ),i.e. Tz = Qy and

S : {x ∈ X : x is least squares solution of Tx=y} 6= ø

Now, let z̄ be the element of minimal norm in the closed linear manifold S =

T−1({Qy}). Since then S = z̄ +N(T ), it suffices to show that

z̄ = T †y.

As an element of minimal norm in S = z̄ + N(T ), z̄ is orthogonal to N(T ), i.e.

z̄ ∈ N(T ). This implies that

z̄ = (I − P )z̄ = T †T z̄ = T †Qy

= T †TT †y = T †y

i.e. z̄ = T †y
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Theorem 4.4.7. Let X and Y be Hilbert spaces, X0 be a subspace of X and T :

X0 → Y be a closed linear operator. Then

i)T † is a closed linear operator, and

ii)T † is continuous if and only if R(T ) is a closed subspace of Y .

Theorem 4.4.8. Let y ∈ D(T †). Then x ∈ X is a least squares solution of Tx = y if

the normal equation

(4.11) T ∗Tx = T ∗y

holds

Proof. x is l.s.s. of (4.10) if and only if Tx is the closest element in R(T ) to y, which

is equivalent to Tx− y ∈ R(T ) = N(T ∗), i.e. to and thus to (4.11)

From the last theorem we obtain that T † is the solution of (4.11) of minimal norm
and thus

T † = (T ∗T )†T ∗

Until now ,we have defined some basic notions and tools that provide us some very
useful properties. We will try to combine these, in order to present the necessary
conditions for the existence of a specific inverse solution, under the topology that an
RKHS ensures.

Let HQ denote the RKHS of real valued functions on the bounded interval S with
inner product < ., . >Q and norm ‖.‖Q. Let Q(s, s′) be the Reproducing Kernel of
HQ as it has been defined in (2.2). Then the kernel Q induces a self-adjoint Hilbert-
Schmidt operator on L 2(S), the space of square integrable functions on S, by

(Qf)(s) =

∫
S

Q(s, s′)f(s′)ds′.

Furthermore, we have HQ = Q1/2((S)2) and

‖f‖Q = inf{‖p‖L (S)2 : p ∈ L (S)2, Q1/2p = f}.

For f ∈ HQ, let Q−1/2f denote the element p of minimal L (S)2-norm that satisfies
Q1/2p = f . Then we have

< f1, f2 >Q = < Q−1/2f1, Q
−1/2f2 >L (S)2

.
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Theorem 4.4.9. Nashed et al. (1974)Let A be a linear operator from X = L (S)2

to Y = L (T )2, where S , T are closed bounded intervals. Assume that A has the

following properties :

i)HQ ⊂ D(A) ⊂ X (throughout the ⊂ denotes the point-set inclusion only), where

HQ is an RKHS with continuous kernels on S × S

ii)A(HQ) ⊂ HR ⊂ HR̃ ⊂ Y where HR and HR̃ are RKHS with continuous kernels on

T × T and

iii) the null space of A in HQ is closed in HQ.

Let A†
Q,R̃

denote the generalized inverse of A when A is considered as a map from X

into Y (respectively fromHQ intoHR̃).Let y ∈ D(A†
Q,R̃

).Then y ∈ D(Q1/2AQ1/2)†(X,Y )R̃
−1/2y

and

A†
(Q,R̃)

y = Q1/2(R̃−1/2AQ1/2)†X,Y R̃
−1/2y(4.12)

The operators Q and R̃ are those induced by the RKHS HQ and HR̃ respectively.

It is worth noting that an operator A can represent AQ into a RKHS but this does
not guarantee that its range is closed in L 2(T ). Take for example the case that A is a
Hilbert-Schmidt integral operator on L 2(S)

4.5 The Representer theorem for linear operator equa-

tions
So far we have discussed about the circumstances required for the existence of a gen-
eralized inverse solution of a linear operator equation.
In this section we will demonstrate how this solution takes a specific representation
under some properties that an RKHS provides.

We assume that HQ is chosen so that the linear functionals Et defined by Etf =
(Af)(t) are continuous in HQ so Theorem 2.2.5 is satisfied.
Then there exists nt ∈ HQ for t ∈ T such that (AF )(t) =< nt, f >Q where

nt(s) =< nt, Q(., s) >Q = AQs(t).

Let HR be the RKHS with kernel

R(t, t′) =< nt, nt′ >Q , t, t
′ ∈ T.
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EQUATIONS

Let V be the closure of the span of {nt : t ∈ T} in HQ. It follows easily that the null
space of A N(A) is V ⊥.
Since < nt, nt′ >Q = < Rt, Rt′ >R where Rt(t

′) := R(t, t′), there is an isometric
isomorphism between the subspace V and HR generated by the correspondence

nt ∈ V ∼ Rt ∈ HR.

Under this isomorphism we have,

f ∼ g ⇐⇒< nt, f >Q = < Rt, g >

i.e. g(t) = (Af)(t) ; PVQs ∼ n∗s := AQs where PV is the orthogonal projector from
HQ onto V.
For g ∈ HR let f̂ be the element in HQ of minimal HQ-norm which satisfies the
equation Af = g.Then f̂ ∈ V and g ∼ f .We have the following representations for
f̂ .

Theorem 4.5.1. Nashed et al. (1974)If all the linear functionals Et defined by Etf =

(Af)(t) are continuous on HQ and g ∈ HR, then f̂(s) =< Qs, f̂ >Q = < n?s, g >R.

Furthermore, if D(A∗) is dense in Y where A∗ is the adjoint og A considered as an

operator from X to Y , and if HQ , HR = A(HQ) possess continuous kernels, then

A†(Q,R)g = QA∗(AQA∗)†X,Y g

4.6 The Representer Theorem for regularized ill-posed

equations
Let us return to equationAx = y. If (4.1) has no solution then one can try to minimize
the quantity ‖Ax− y‖ and then enquire if this problem is well-posed.
If not then we are in need of a method through which we can replace the original
problem by a class of well posed problems depending on a specific parameter. Such
techniques are called regularization methods.

Let {Ra}a > 0 be a family of operators in B(X, Y ) such that

Ray → T †y as a→ 0

for every y ∈ T †. Such family {Ra}a > 0 is called regularization family and for each
a > 0 the

xa(y) := Ra(y)

is called regularized solution of the ill-posed equation.
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Lemma 4.6.1. LetX and Y be Hilbert spaces,X0 be a subspace ofX and T X0 → Y

be a closed linear operator. Then a regularization family {Ra}a>0 for T is uniformly

bounded if and only if R(T ) is closed in Y .

Proof. Suppose {Ra}a>0 is uniformly bounded. Since D(T †) is a dense subspace

of Y and since Ray → T †y as a → 0 for every y ∈ D(T †), it follows that (Ray)

converges as a→ 0 for every y in Y to some operator R0 defined by

R0y := lim
a→0

Ray

belongs to B(X, Y ). But

T †y = R0y ∀y ∈ D(T †)

so that T †, the restriction of the bounded operator R0, is also bounded and closed in

Y . Conversely suppose that R(T ) is closed in Y . Then D(T †) = Y and therefore,

by the hypothesis, (Ray) converges as a → 0 for every y ∈ Y . Hence, the family

{Ra}a>0 is uniformly bounded.

In Hilbert spaces (and so in RKHS), the most commonly used regularization method
is the so called Tikhonov regularization. In Tikhonov regularization, the regularized
solution

xa(y) := Ray

for y ∈ Y and a > 0 is defined as the unique element which minimized the Tikhonov
functional

x→ ‖Tx− y‖2 + a‖x‖2.

Theorem 4.6.2. Let X0 and T as in Lemma 4.6.1. For each y ∈ Y and a > 0, there

exists a unique xa(y) ∈ X0 which minimizes the map

x→ ‖Tx− y‖2 + a‖x‖2, x ∈ X0.

Moreover, for each a > 0, the map

Ra : y → xa(y) , y ∈ Y

is a bounded linear operator from Y to X
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Proof. Consider the product space X × Y with inner product defined by

< (x1, y1), (x2, y2) >X×Y = < x1, x2 >X + < y1, y2 >Y

for (xi, yi) ∈ X×Y , i = 1, 2. It easy seen that X×Y is a Hilbert space with respect

to this inner product. For each a > 0, consider the function Fa : X0 → X × Y

defined by

Fax = ( 2
√
ax, Tx) , x ∈ X0.

Clearly Fa is an injective linear operator. Since the graph of T is a closed subspace

of X × Y , it follows that Fa is a closed operator and R(Fa) is a closed subspace of

X×Y . Therefore, by Theorem 4.4.6 and Theorem 4.4.7, for every y ∈ Y , there exists

a unique xa ∈ X0 such that for every x ∈ X0

‖Txa − y‖2 + a‖xa‖2 = ‖Faxa − (0, y)‖X×Y

≤ ‖Fax− (0, y)‖X×Y

= ‖Tx− y‖2 + a‖x‖2

and the generalized inverse F †a of Fa is continuous. In particular the map y → xa :=

F †(0, y) is continuous

Let HQ and HP be RKHS with norms ‖.‖Q ‖.‖P respectively. By a regularized
pesudosolution of the equationAf = g, we mean a solution to the variational problem:
Find fλ ∈ HQ to minimize

(4.13) Φg(f) = ‖Af − g‖2
P + λ‖f‖Q , λ > 0

Φg(f) takes the value +∞ if Af − g /∈ HP

In this section A is a linear operator densely defined on L 2(S) into L 2(T ), and HQ

must be chosen so that A(HQ) = HR, where HR is some RKHS contained as a set in
L 2(T ).
Assume g = g0 + ξ for some ξ ∈ HP .For λ > 0, Let HλP be the RKHS with
kernel λP (t, t′), where P (t, t′) is a continuous kernel associated with HP . We have
HP = HλP and ‖.‖2

P = λHP .
Let R(λ) = R + λP and let HR(λ) be the RKHS (following Theorem 3.1.1 sum of
reproducing kernel is a reproducing kernel) with kernel Rλ(t, t

′) and norm (again by
Theorem 3.1.1)

‖g()‖2
R(λ) = min

g | g0+ξ, g0∈ HR ,ξ∈ HP

(‖g0‖2
R + ‖ξ‖2

λP ).
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It is worth noting that HR(λ) is a Hilbert space of functions of the form g = g0 + ξ
(Aronszajn p.352) where g0 ∈ HP and ξ ∈ HQ.Following Aronszajn this decomposi-
tion is not unique unless HP ∩HQ = {0}.

Theorem 4.6.3. Nashed et al. (1974)Suppose D(A∗) is dense in Y , HQ ⊂ D(A)

and A and HQ defined as in Theorem 4.5.1.Suppose HQ, HR and HP ⊂ Y all have

continuous kernels. Then for g ∈ HR(λ), the unique minimizing element fλ ∈ HQ of

the functional φg(f) is given by

fλ(s) = < AQs, g >R(λ) = (QA∗(AQA∗ + λP )†Y,Y g)(s)′

The linear mapping which assigns to each g ∈ HR(λ) the unique minimizing ele-
ment fλ is called the regularization operator of the equation Af = g.

Theorem 4.6.4. If HP ∩ HR = {0}, then the minimizing element fλ of (3.3) is the

solution to the problem: Find f ∈ Ω to minimize ‖f‖Q, where

Ω = {f ∈ HQ : ‖Af − g‖R(λ) = inf
h∈HQ

‖Ah− g‖R(λ)}

In the setting of this section we have A(HQ) = HR ⊂ HR(λ) ⊂ Y . Replacing
HR̃ by HR(λ) in (3.2), we get

A†(Q,R(λ))y = Q1/2[(R + λP )−1/2AQ1/2]†(X,Y )(R + λP )−1/2y

for y ∈ D(A†(Q,R(λ)).

Let us denote that the topology on HR is not, in general the restriction of the topology
on HR + λP except the case that HR ∩HP = {0} see section 3.2

4.7 A numeric approach for regularized equations
In this section we will present a numerical approach for regularized operator equa-
tions.

Let Tn = {t1, ...., tn}, where ti ∈ T , t1 < t2 < ... < tn. For a generic func-
tion h on T , let hn = (h(t1), ...., h(tn)). Let Pn denote the n× n matrix whose ij-th
element is P (ti, tj), and define ‖hn‖Pn = min{‖e‖ : e ∈ Rn , P

1/2
n = hn}, if

hn ∈ R(Pn) otherwise it takes the value +∞
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Theorem 4.7.1. Nashed et al. (1974) Let the operator A be as in section 4.6. Let fλ,n

be the minimizing element inHQ of the functional Jn = ‖(Af)n−gn‖2
Pn

+λ‖f‖2
Q for

λ > 0. Let PTn(λ) be the orthogonal projector of HR(λ) onto the subspace spanned

by {Rt(λ) : t ∈ Tn}. Then

|fλ(s)− f(λ,n(s)| = | < PTn(λ)n∗s, PTn(λ)g >R(λ) |

≤ ‖n∗s − PTn(λ)n∗s‖R(λ)‖g − PTn(λ)g‖R(λ).

Furthermore let ∆ = max|ti+1 − ti|, |fλ(s)− f(λ,n)(s)| = O(∆m) or O(∆2m)
depending on the smoothness properties of the kernelRλ(t, t

′) and the functions g and
n∗s. In the particular case when HP ∩HR = 0, {fλ,n} converges to A†g.

This simultaneous approach of ill-posed linear operator equations applies to a large
class of operator equations such as Fredholm integral equation of the first kind or
boundary-value problems. Furthermore, it is worth noting that the Sobolev Spaces
Wm

2 , a class of functions which will be further discussed in the next chapter are in-
cluded in the class of spaces considered.
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Chapter 5

Functional Regression in RKHS

5.1 Introduction
This presentation follows closely the recent paper of Yuan et al. (2010). Let Y be a
response variable that is related to a square integrable function X(.) by the following
model

(5.1) Y = a0 +

∫
T

X(t)β0(t)dt+ ε

where a0 is the intercept, T is the domain of X(.) which is assumed to be compact, β0

is an unknown slope function which lies in an RKHS H ⊂ L (T )2 and ε is a centered
noise random variable (for example ε ∼ N(0, σ2)). Our goal is to estimate a0 and β0

as well as to retrieve

(5.2) n0(X) = a0 +

∫
T

X(t)β0(t)dt

through a set (x1, y1), ..., (xn, yn) of n independent copies of (X, Y ).
For the estimation of both n0 and (a0, β0) we will use the regularization method de-
scribed in Chapter 4. Let ln be a data fit functional that measures the goodness of fit
of the data and J be the penalty functional that assesses the plausibility of n. The
estimated n̂nλ of n0 are taken by

(5.3) n̂nλ = argminn[n(n|data) + λJ(n)]

where the minimization is taken over

(5.4)
{
n : L 2(T )→ R | n(X) = a0 +

∫
T

Xβ, a ∈ R, β ∈ H
}

and λ be a non negative parameter that intuitively secures the fidelity and the plausi-
bility of the data. Another option is that instead of estimating n0, we can minimize
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CH. 5 5.1. INTRODUCTION

both (a, β) to obtain estimates for the intercept denoted by ânλ and the slope func-
tion denoted by β̂nλ. In the context of our subject a convenient choice for the data fit
functional is the squared error

(5.5) ln(n) =
1

n

n∑
i=1

[yi − n(xi)]
2

or any functional which is convex in n and E(ln) is uniquely minimized by n0. Also,
the penalty functional could be defined through β(t) as a squared norm or a semi-norm
in H . A good example of H is the Sobolev spaces. For this section we assume that
T = [0, 1], the Sobolev space of order m is defined as

Wm
2 =

{
β : [0, 1]→ R : β, β(1), ..., β(m−1)are absolutely continuous and β(m) ∈ L 2

}
with norm

(5.6) ‖β‖2
Wm

2
=

m−1∑
q=0

(

∫
β(q))2 + (

∫
β(m))2

Or any norm, through which, Wm
2 becomes a Sobolev space. In this scenario, a possi-

ble choice for the data fit functional is

(5.7) J(β) =

∫ 1

0

[β(m)(t)]2dt

Analogously, we can generalize the above form of the penalty functional into 2 di-
mensions. Consequently, under the assumption that T = [0, 1], a natural choice of J
is

(5.8) J(β) =

∫ 1

0

∫ 1

0

(
∂2β

∂x2
1

)2 + (
∂2β

∂x1∂x2

)2 + (
∂2β

∂x2
2

)2dx1dx2

which is actually the thin plate spline where (x1, x2) are the arguments of a bivariate
function β. The readers are referred to Wahba (1990) for more information of this
subject.
The main advantage of the aforementioned regularized estimators is that in contrast of
other related methods such as the functional principal components analysis for X(.),
no assumptions on the spacing of the eigenvalues of the covariance function of X(.)
or the Fourier coefficients of β0 are required. Because of that, we are in position to
obtain a better and stronger results on the convergence rates as well as a more efficient
computation of the estimators with the help of the representer theorem which will be
presented in our next section.
In section 3 we study the relationship between the eigen structures and the covariance
operator of X(.) as in Example 3.5.3. We prove that by simultaneously diagonalizing
the Covariance operator of X(.) and the RKHS H we obtain a useful tool in order to
investigate the minimax rates of convergence.
In section 4 we examine the rates of convergence of the smoothness regularized esti-
mators under a class norms that provides us a unified treatment for the prediction of
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CH. 5 5.2. MINIMIZERS THROUGH THE REPRESENTER THEOREM

the n0 and β. The results show that the optimal rates of convergence of the prediction
and the estimation could be achieved under weaker conditions than the relative meth-
ods used in FPCA.

5.2 Minimizers through the Representer Theorem
In this section we will prove through Theorem 5.2.1 that although our minimization
problem of (5.3) could lie over an infinite dimensional space, the solution can be found
over a finite dimensional subspace.

Theorem 5.2.1. Assume that ln depends on n only throughn(x1), ..., n(xn). Then

there exist d = (d1, ...dn) ∈ RN and c = (c1, ...., cn)′ ∈ Rn such that

(5.9) β̂nλ =
N∑
k=1

dkξk(t) +
n∑
i=1

ci(Kxi)(t)

Proof. Let J be the penalty functional, conveniently defined through a squared semi-

norm such that the null space

(5.10) H0 := {β ∈ H : J(β) = 0)}

is finite dimensional dim(H0) = N with orthonormal basis (ξ1, .., ξN).Then, since H0

is finite dimensional we can define its orthogonal complement as:

H1 : {f1 ∈ H := < f0, f1 >H= 0, ∀f0 ∈ H0}.

But by Theorem 4.2.4 we have that H = H0 ⊕ H1 and any f ∈ H can uniquely be

written as f = f0 +f1 where f0 ∈ H0 and f1 ∈ H1. Let K be the Reproducing Kernel

of H . Then similarly we can write K as:

K = K0 +K1 where K0 ∈ H0 and K1 ∈ H1.

Note that by Theorem 3.7.1, H1 forms a RKHS with K1(., .) be it’s corresponding

reproducing kernel.

Then for any f ∈ H1 J(f1) = ‖f1‖2
K1

= ‖f1‖2
H .

As we already mentioned in chapter 1 and 3 any positive continuous function defines

an non negative definite operator in L 2 as below

(5.11) (Kf)(.) =

∫
T

K(., s)f(s)ds
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Also for any f ∈ L 2 and for any f0 ∈ H0 we have:

< Kf, f0 > =

∫
T

(∫
T

f(s)K1(t, s)ds

)
f0(t)dt

=

(∫
T

f0(t)K1(s, t)dt

)
f(s)ds = 0 (since K1 ⊥ f0)

where the second equality comes directly from Fubini’s theorem. Furthermore from

the reproducing property of K1 we have that

(5.12)
∫
T

f(t)b(t)dt =< Kf, b >H

Our goal is to find βnλ ∈ H in order to minimize

(5.13) F(ln, β) = ln(xi, β) + λJ(β)

The basic idea of this proof is trying to take advantage of the fact that ln depends only

through n(xi). Let H10 = span{Kxi} Then similarly to H and following Theorem

4.2.4 we can write

H1 = H10 +H11

Then any β ∈ H and so can be written as

βnλ = β0
nλ + β10

nλ + β11
nλ =

N∑
k=1

dkξk(t) +
n∑
i=1

ci(Kxi)(t) + βnλ

with βnλ perpendicular to {ξ}k and {K(xi)}i
Then by (5.12) and the fact that Kxi ∈ H1 it comes out that∫

T

Xi(t)β(t)dt =

∫
T

(Xi(t)(β0(t) + β10(t) + β11(t))dt

=

∫
T

Xi(t) (β0(t) + β10(t))dt =

=< Xi, β0 > + < Kxi, β10 >(5.14)

Also by the properties of J and (5.14) we have that

F(ln, βnλ) = ln(yi, βnλ) + λJ(βnλ) =

= ln(yi, β
0
nλ + β10

nλ + β11
nλ) + λJ(β0

nλ + β10
nλ + β11

nλ) =

= ln(yi, β
0
nλ + β10

nλ) + λJ(β0
nλ) + λJ(β10

nλ) + λJ(β11
nλ) =

= ln(yi, β
0
nλ + β10

nλ) + λJ(β10
nλ) + λJ(β11

nλ) ≥ ln(yi, β
0
nλ + β10

nλ) + λJ(β10
nλ)

= F(ln, β̂nλ)
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The result follows.

For example, take as n(xi) the squared error loss. Then the regularized estimator
is given by
(5.15)

(ânλ, β̂nλ) = argmina∈R, β∈H

{
1

n

n∑
i=1

[
yi −

(
a+

∫
T

xi(t)β(t)dt

)]2

+ λJ(β)

}

Taking derivatives with respect to a we get

∂F
∂a

=
1

n

n∑
i=1

∂

∂a

[
yi −

(
a+

∫
T

xi(t)β(t)dt

)]2

=

= − 2

n

n∑
i=1

[
yi −

(
a+

∫
T

xi(t)β(t)dt

)]
(5.16)

The minimizer ânλ arises from

∂F
∂a

= 0 => na =
n∑
i=1

yi −
∫ n∑

i=1

xi(t)β(t)dt

=> ânλ = ȳ −
∫
T

x̄(t)β̂nλd(5.17)

where ȳ = 1
n

∑n
i=1 yi and x̄(t) = 1

n

∑n
i=1 xi(t).

Consequently, (5.15) yields
(5.18)

β̂nλ = argminβ∈H

{
1

n

n∑
i=1

[
(yi − ȳ)−

(
a+

∫
T

(xi(t)− x̄(t))β(t)dt

)]2

+ λJ(β)

}

A good example for applying the above results is the spaceW 2
2 with J(β) =

∫
T

(β′′)2 =
0.
ThenH0 :=

{
β ∈ H :

∫
T

(β′′)2)
}

, that is the functions β(t) of the form β = a0+a1t.
Thus H0 is the space spanned by ξ1(t) = 1 and ξ2(t) = t. A popular Reproducing
Kernel associated with H1 is

(5.19) K(s, t) =
1

2!
B2(s)B2(t)− 1

4!
B4(|s− t|),

whereBm(.) is the m-th Bernoulli polynomial. (The readers are referred to Wahba(1990)
for further information of this subject)
Now following 5.2.1, β(t) is of the following form.

(5.20) β(t) = d1 + d2t+
n∑
i=1

ci

∫
T

[xi(s)− x̄(s)]K(t, s)ds
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for some d ∈ R2 and c ∈ Rn. Correspondingly,∫
T

(X(t)− x̄(t))β(t)dt =

= d1

∫
T

(X(t)− x̄(t))dt+ d2

∫
T

(X(t)− x̄(t))tdt+

+
n∑
i=1

ci

∫
T

∫
T

[xi(s)− x̄(s)]K(t, s)[X(t)− x̄(t)]dsdt

Moreover for β given in (5.20)

(5.21) J(β) = c′Σc

where Σ = Σij is a n× n matrix whose (i,j) entry is

(5.22) Σij =

∫
T

∫
T

[xi(s)− x̄(s)]K(t, s)[xj(t)− x̄(t)]dsdt

Using Fubini’s theorem ,it is easy to see that Σij is symmetric. Denote by T = Tij an
n× 2 matrix whose (i,j) entry is

(5.23) Tij =

∫
[xi(t)− x̄(t)]tj−1dt

for j = 1, 2. Set y = (y1, ..., yn)′. Then

(5.24) ln + λJ(β) =
1

n
‖y − (Td + Σc)‖2

l2
+ λc′Σc

which is equivalent to

1

n
(y − Td− Σc)′(y − Td− Σc) + λc′Σc

=
1

n
(y′ − d′T ′ − c′Σ′)(y − Td− Σc) + λc′Σc

=
1

n
(y′y − y′Td− y′Σc− d′T ′y + d′T ′y + dT ′Td+ d′T ′Σc−

− c′Σ′y + c′Σ′y + c′Σ′Td+ c′Σ′Σc) + λc′Σc

Our goal is to minimize the above equation with respect to c and d. Since all the sets
of solutions lead to the same estimate (Gu 2002), we will assume that T is a full rank
matrix and Σ is non singular.
Taking derivatives with respect to c and d it comes out that :

∂F
∂d

=
2

n
(−T ′y + T ′Td+ T ′Σc)

and
∂F
∂c

=
2

n
(−Σ′y + Σ′Td+ Σ′Σc) + 2λΣc

66

CC BY: Attribution alone 4.0

https://creativecommons.org/licenses/by/4.0/

https://doi.org/10.26219/heal.aueb.6279



CH. 5 5.3. SIMULTANEOUS DIAGONIZATION

Taking derivatives equal to zero yields :

∂F
∂d

= 0 => T ′y = T ′Td+ T ′Σc(5.25)

and

∂F
∂c

= 0 => Σ′y = Σ′Td+ Σ′Wc => y = Td+Wc

=> ĉ = W−1(y − Td)(5.26)

Where W = Σ + nλI substituting (5.26) to (5.25) yields,

T ′y = T ′Td+ T ′ΣW (y − Td) =>

T ′(I − ΣW−1)y = T ′(I − ΣW−1)Td =>

d =
[
T ′(I − ΣW−1)T

]−1
T ′
[
T ′(I − ΣW−1)y

]
(5.27)

But

I − ΣW−1 = WW−1 − ΣW−1 =

= (W − Σ)W−1 =

= nλW−1(5.28)

Substituting (5.28) to (5.27) it comes out that

(5.29) d = (T ′W−1T )−1T ′W−1y

Finally, c arises by substituting (5.29) into (5.26), that is

(5.30) c = W−1[I − T (T ′W−1T )−1T ′W−1]y

If we write W = Σ + nλI , then the minimizer of (5.24) is given by

d = (T ′W−1T )−1T ′W−1y,

c = W−1[I − T (T ′W−1T )−1T ′W−1]y

5.3 Simultaneous Diagonization
In this section we will examine the eigen structures of the Covariance operator X(.)
and the Reproducing Kernel of the functional space H .
Let K be the Reproducing Kernel of H1. As we mentioned in section (1.5), it follows
from Theorem 2.5.6 K can be written with the above spectral decomposition.

(5.31) K(s, t) =
∞∑
k=1

ρkψk(s)ψk(t)
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Where ρ1 ≥ ρ2 ≥ .... are the eigenvalues of K, and {ψ1, ψ2, ...} are the corresponding
eigenfunctions as in Definition 2.5.1 such that

(5.32) < ψi, ψj >L 2= δij and < ψi, ψj >K= δij/ρj

For example consider the Sobolev space H = W 2
m([0, 1]) with norm (5.6) and penalty

(5.7). As in our previous section we define H0 as

H0 = {f0 ∈ H : J(f) =

∫
T

[
f

(m)
0

]2

= 0} =

= {f0 ∈ H :
[
f

(m)
0

]2

= 0} =

= {f0 ∈ H : f
(m)
0 = 0}(5.33)

Then

H1 =

{
f1 ∈ H :

m−1∑
q=1

∫
T

f
(k)
0

∫
T

f
(k)
1 +

∫
f

(m)
0 f

(m)
1 = 0, ∀f0 ∈ H0

}
=

=

{
f1 ∈ H :

m−1∑
q=0

∫
T

f
(k)
0

∫
T

f
(k)
1 = 0, ∀f0 ∈ H0

}

=

{
f1 ∈ H :

∫
T

f
(k)
1 = 0, ∀k = 0, 1, ...,m− 1

}
(5.34)

Then the reproducing Kernel of H1 is Wahba (1990)

(5.35) K(s, t) =
1

(m!)2
Bm(s)Bm(t) +

(−1)m−1

(2m)!
B2m(|s− t|)

with ρk � k−2m (Micchelli and Wahba(1981)), where ak � bk means that ak/bk is
bounded away from 0 and∞ as k →∞.
Let C be the Covariance operator i.e.

(5.36) E{[(X(s)− E(X(s))][(X(t)− E(X(t)))]}

It is also Known that there is a duality between RKHS and Covariance operators
(Stein(1999)). Furthermore, under same assumptions for K, we can write C as

(5.37) C(s, t) =
∞∑
k=1

mkφk(s)φk(t)

where {φk, µk}, k ≥ 1 are the eigenfunctions and the corresponding eigenvalues such
that

(5.38) Cφk =

∫
T

C(., t)φk(t)dt = µkφk

The decay rates of µk can be determined through some smoothness conditions about
C which are called ”Sacks-Ylvisacker conditions”.
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Definition 5.3.1. Denote by

Ω+ = {(s, t) ∈ (0, 1)2 : s > t}

Ω− = {(s, t) ∈ (0, 1)2 : s < t}

Let cl(A) be the closure of the set A. Suppose that L is a continuous function on

Ω+ ∪ Ω− such that L|Ωj
is continuously expendable to cl(Ωj) for j ∈ {+,−}. By

Lj we denote the extension of L to [0, 1]2 which is continuous on cl(Ωj), and on

[0, 1]2cl(Ωj). Furthermore write M (k,l)(s, t) = (∂
k+l

∂s∂t
M(s, t). We say that a covari-

ance function M on [0, 1]2 satisfies the Sacks-Ylvisacker conditions of order r if the

following conditions hold :

(A)L = M (r,r) is continuous on [0, 1]2, and its partial derivatives up to order 2 are

continuous on Ω+ ∪ Ω−, and they are continuously extendable to cl(Ω+), and cl(Ω+)

(B)

(5.39) min
0≤s≤1

L
(1,0)
− (s, s)− L(1,0)

+ (s, s) > 0

(C)L(2,0)
+ (s, .) belongs to the Reproducing Kernel Hilbert Space spanned by L, fur-

thermore

(5.40) sup
0≤≤1
‖L(2,0)

+ (s, .)‖L <∞

More precisely C satisfies the Sacks-Ylvisacker conditions of order s, s ∈ N,
then µk � k−2(s+1)[ Sacks and Sacks-Ylvisacker(1966,1968,1970)]. In general, a
covariance operator C is said to satisfy the Sacks-Ylvisacker conditions of order r,
r ∈ N if

∂2rC(s, t)

∂sr∂tr

satisfies the Sacks-Ylvisacker conditions of order 0. Moreover, we highlight that there
is a connection between Sobolev spaces and covariance functions which will turn to
be very useful when simultaneously diagonalizing K and C. It is worth noting that
although {ψk} and {φk} may be different, the corresponding Kernels K and C can be
simultaneously diagonalized. In order to ensure that Eln is uniquely minimized we
shall assume that Cf 6= 0 for any f 6= 0.

We can define a norm ‖.‖R in H by

(5.41) ‖f‖R =< Cf, f >L 2 +J(f) =

∫
T×T

f(s)C(s, t)f(t)dsdt
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which is in quadratic form and zero if f = 0 and therefore, it is a norm.

Proposition 5.3.2. If Cf 6= 0 for any f ∈ H0 and f 6= 0, then ‖.‖R and ‖.‖R are

equivalent (i.e. there exists positive constants c1, c2 such that c1‖f‖R ≤ ‖f‖H ≤

c2‖f‖R )

Equivalence between the ‖.‖H and ‖.‖R guaranties us that any convergence of a
sequence with respect to ‖.‖R implies its convergence with respect to ‖.‖H . In other
words all the topological properties of the ‖.‖R are inherited to the ‖.‖H

Let R the Reproducing Kernel associated with ‖.‖R. As in section (1.5) we can define
a linear map R : L 2 → L 2 such that

(5.42) Rψ′k =

∫
T

R(., t)ψ′k(t)dt = ρ′kψ
′
k

Where {ψ′k, ρ′k}, k ≤ 1 are the eigenfunctions and the corresponding eigenvalues of
R. As R is positive definite and continuous we can define the square root R(1/2) of
R as the linear map from L 2 to L 2 such that

(5.43) R1/2ψ′k = (p′k)
1/2ψ′k

Let {ζk, νk} the orthogonal eigenfunctions in L 2 and the corresponding eigenvalues
of the bounded linear operatorR1/2CR1/2.If we writewk = ν

−1/2
k R1/2ζk, k = 1, 2, ...,

then it is not hard to see that
(5.44)

< wj, wk >R= ν
−1/2
j ν

−1/2
k < R1/2ζj, R

1/2ζk >R= ν−1
k < ζj, ζk >L 2= ν−1

k δjk,

Where the second equality comes from Lemma 2.5.9. Moreover,

< C1/2wj, C
1/2wk >L 2 = ν

−1/2
j ν

−1/2
k < C1/2R1/2ζj, C

1/2R1/2ζk >L 2

= ν
−1/2
j ν

−1/2
k < R1/2C1/2R1/2ζj, ζk >L 2

= ν
1/2
j ν

−1/2
k < ζj, ζk >L 2= δjk

Thus we extract

(5.45) < Cωj, ωk >= δjk

where < ., . >R is the inner product associated with ‖.‖R, that is, for any f, g ∈ H ,

(5.46) < f, g >R=
1

4
(‖f + g‖2

R − ‖f − g‖2
R)

The following theorem validates our previous claim that quadratic forms ‖f‖2
R and

< Cf, f >L 2 can be simultaneously diagonalized through the basis {wk, k ≥ 1}.
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Theorem 5.3.3. For any f ∈ H ,

(5.47) f =
∞∑
k=1

fkwk,

in the absolute sense where fk = νk < f,wk >R. Furthermore, if γk = (ν−1
k − 1)−1,

(5.48) < f, f >R=
∞∑
k=1

(1 + γ−1
k )f 2

k and < Cf, f >L 2=
∞∑
k=1

f 2
k

Consequently,

(5.49) J(f) =< f, f >R − < Cf, f >L 2=
∞∑
k=1

γ−1f 2
k

Proof. Recall that ζk is forms an orthonormal base in L 2. Therefore one can write

R−1/2f =
∞∑
i=1

< R−1/2f, ζk >L 2=
∞∑
i=1

< R−1/2f, νkR
−1/2ωk >L 2 ν

1/2
k R−1/2

= R−1/2

(
∞∑
i=1

< R−1/2f,R−1/2ωk >L 2

)
ωk = R−1/2

(
∞∑
i=1

νk < f, ωk >R ωk

)(5.50)

Applying R1/2 to both sides yields to

(5.51) f =
∞∑
i=1

νk < f, ωk >R ωk

Moreover

‖f‖R =

〈
∞∑
k=1

νjνk < f, ωk >R ωk,
∞∑
j=1

νj < f, ωj >R ωj

〉
=

=
∞∑
k=1

∞∑
j=1

νjνk < f, ωk >R< f, ωj >R<,ωj, ωk >R=

=
∞∑
k=1

νk < f, ωk >
2
R=

∞∑
k=1

ν−1
k f 2

k(5.52)

where the last inequality comes directly from (5.44). Thus by setting γk = (ν−1
k −1)−1,

we obtain that

(5.53) ν−1
k = 1 + γ−1

k
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CH. 5 5.3. SIMULTANEOUS DIAGONIZATION

and therefore ‖f‖R becomes
∞∑
k=1

(1 + γ−1
k )f 2

k .

Similarly with the help of (5.45) one can prove that

(5.54) < Cf, f >L 2=
∞∑
k=1

ν2
k < f, ωk >

2
R

Indeed,

< Cf, f >L 2 =

〈
C

(
∞∑
k=1

νk < f, ωk >R ωk

)
,
∞∑
j=1

νj < f, ωj >R

〉
L 2ωj

=

=

〈
∞∑
k=1

νk < f, ωk >R Cωk,
∞∑
j=1

νj < f, ωj >R ωj

〉
L 2

=

=
∞∑
k=1

∞∑
j=1

νjνk < f, ωj >R< f, ωk >R< Cωk, ωj >R

=
∞∑
k=1

ν2
k < f, ωk >

2
R .

In addition if we set fk = νk < f,wk >R and gk = νk < f,wk >R , by (5.46)

< f, g >R=
1

4
(‖f + g‖2

R − ‖f − g‖2
R) =

=
1

4

∞∑
k=1

νk(< f + g, ωk >
2
R − < f − g, ωk >2

R) =

=
∞∑
k=1

ν−1
k fkgk =

∞∑
k=1

(1 + γ−1
k )fkgk(5.55)

Proposition 5.3.4 will provide us useful relationship for the determination of {γk, wk k ≥
1} through {γk, wk k ≥ 1} and {ρk, ψk : k ≥ 1} in the special case ψk = φk (i.e. C
and K are commutable)

Proposition 5.3.4. Assume that ψk = φk, k = 1, 2, .... then γk = ρkµk and wk =

µ
−1/2
k ψk.
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Proof. For any f ∈ HR,

< f, g >R =
1

4
(‖f + g‖2

R − ‖f − g‖2
R) =

=
1

4
(2 < Cf, g >L 2 +2 < Cg, f >L 2) +

1

4
(J(f + g)− J(f − g)) =

=< Cf, g >L 2 + < f, g >K1=

=

∫
T×T

f(s)C(s, t)g(t)dsdt(5.56)

Let Φ = span{φk, k ≥ 1}. Then, since Cf 6= 0 <=> f 6= 0 for any f ∈ H0 it comes

out that H0 ∩ Φ⊥ = {0}. Moreover from the fact that H0 ∩ H1 = {0} we conclude

that H = H1 = Φ.

Also by (5.56)

< ψj, ψk >R= (µk + ρ−1
k )−1δjk,(5.57)

which implies that {(µk + ρ−1
k )−1, ψk : k ≥ 1} is also an eigen-system of R. Thus by

Theorem 2.5.6 we have:

(5.58) R(s, t) =
∞∑
i=1

(µk + ρ−1
k )−1ψk(s)ψk(t)

Then

(5.59) Rψk =

∫
T

R(., t)ψkdt = (µk + ρ−1
k )−1ψk(s)

Therefore,

R1/2CR1/2ψk = R1/2C(µk + ρ−1
k )−1/2ψk =

= R1/2Cµk(µk + ρ
−1/2
k )ψk =

= (1 + ρ−1
k )−1ψk(5.60)

Therefore ζk = ψk = φk, νk = (1 + ρ−1
k µ−1

k )−1 and γk = ρkµk. Consequently,

(5.61) ωk = ν
−1/2
k R1/2ψk = ν

−1/2
k (µk + ρ−1

k )−1/2ψk = µ
−1/2
k ψk

Theorem 5.3.5 will reveal us the asymptotic behavior of γk under specific condi-
tions .
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Theorem 5.3.5. Consider the one dimensional case when T = [0, 1]. If H is the

Sobolev spaceWm
2 ([0, 1]) endowed with norm (5.6), andC satisfies the Sacks-Ylvisacker

conditions, then γk � µkρk

5.4 Convergence Rates
In this section we will study the asymptotic properties of the regularized estimators
defined in section 5.2. We will focus on the squared error loss defined in (5.5) which
leads us to the above form of the estimators
(5.62)

(ânλ, β̂nλ) = argmina∈R, β∈H

{
1

n

n∑
i=1

[
yi −

(
a+

∫
T

xi(t)β(t)dt

)]2

+ λJ(β)

}
.

In that case after after computing β̂nλ with the help Theorem 5.2.1, one can easily
compute ânλ which is of the form

(5.63) ânλ = ȳ −
∫
T

x̄(t)β̂nλ

So our main problem to the minimization of (5.62) is the computation of β̂nλ. Derived
by that, we will pay more attention into studying the asymptotic properties of β̂nλ.
In addition, we will assume that the eigenvalues of K satisfies ρk � k−2r for some
r > 1/2.

Let F(s,M,K) be the collection of distributions F of the process X with covari-
ance operator C that satisfy the following conditions

a) the eigenvalues µk of C satisfy µk � k−2s for some s > 1/2.

b) for any f ∈ L 2(T ),
(5.64)

E

(∫
T

f(t) [X(t)− (EX)(t)] dt

)4

≤M

[
E

(∫
T

f(t)[X(t)− (EX)(t)]

)2
]2

c) When simultaneously diagonalizing K and C, γk � ρkµk, where νk = (1 + γ−1
k )−1

is the k-th largest eigenvalue of R1/2CR1/2 with R be the Reproducing Kernel associ-
ated with (5.41).

Condition (a) is connected with the smoothness of the sample path of X(.). The sec-
ond condition is actually the forth moment of a compact linear functional (GX)(t) =∫
T
X(t)f(t). If we assume that X(t) is a Gaussian process, then this condition is
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satisfied for M = 3 since the
∫
f(t)X(t)dt is normally distributed. It is clear that

condition (c) is satisfied if K and C have the same the eigenfunctions (i.e. they com-
mute). An interesting result arises if we assume that H = W 2

m. Then since γk � ρkµk
and by Theorem 5.3.5, condition (c) is satisfied by any covariance function C that
satisfies the Sacks-Ylvisaker conditions defined in section 4.3.

For 0 ≤ a ≤ 1 we define a norm ‖.‖a

(5.65) ‖f‖a =
∞∑
k=1

(1 + γ−ak )fk

where fk = νk < f, ωk >R as in Theorem 5.3.3. In addition, Similarly to Equa-
tion 5.55, one can prove that

(5.66) < f, g >a=
∞∑
k=1

(1 + γ−ak )fkgk

Observe that

(5.67) ‖f‖2
0 = 2

∞∑
k=1

f 2
k = 2 < Cf, f >L 2

and

‖f‖2
1 =

∞∑
k=1

(1 + γ−1
k )f 2

k =

=
∞∑
k=1

f 2
k +

∞∑
k=1

γ−1
k f 2

k =< Cf, f >L 2 +J(f)

= ‖f‖2
R(5.68)

where the last equality comes from Theorem 5.4.1. Intuitively, it will be convenient
to consider ‖.‖a as an interpolated norm between < Cf, f > and J(f). As one could
notice from the above results, the main advantage of ‖.‖a is that it has been constructed
in such manner that it will give us a more unified treatment for < Cf, f > and ‖.‖K
and therefore for both the prediction and estimation error. Moreover we denote that
the optimal rates of convergence given in Theorem 5.4.1 are valid for 0 ≤ a ≤ 1.

Theorem 5.4.1. Assume that E(εi) = 0 and V ar(εi) ≤M2. Suppose the eigenvalues

ρk of the reproducing kernel K1 of the RKHS H satisfy ρk � k−2r for some r > 1/2.

Then the regularized estimator β̂nλ with

(5.69) λ � n−2(r+s)/2(r+s)+1

satisfies

(5.70) lim
D→∞

lim
n→∞

sup
f∈F(s,M,K),β0∈H

P (‖β̂nλ − β0‖2
a) > Dn−2(r+s)(1−a)/2(r+s)+1 = 0
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It is worth noting that the optimal choice of λ does not depend on a. Theorem
5.4.2 will ensure us that the rate of convergence of β̂nλ (i.e. n−2(r+s)(1−a)/2(r+s)+1) is
indeed optimal.

Theorem 5.4.2. Under the assumptions of Theorem 5.4.1, there exists a constant d >

0 such that

(5.71) lim
n→∞

inf
β̃∈B

sup
f∈F(s,M,K),β0∈H

P (‖β̃nλ − β0‖2
a) > dn−2(r+s)(1−a)/2(r+s)+1 > 0

Consequently, the regularized estimator β̂nλ with λ � n−2(r+s)/2(r+s)+1 is rate opti-

mal.

Proof. The proof follows a similar argument as of that of Hall and Horowitz (Hall

et al. (2007)). Consider a setting where ψk = φk, k = 1, 2, .... Clearly in this case we

also have ωk = µkφk. It suffices to show that the rate is optimal in this case. Recall

that φkk≥1 forms an orthonormal base. Let β0 =
∑
αkφk where

(5.72) ak =

L
−1/2
n k−rθk, Ln + 1 ≤ k ≤ 2Ln

0 otherwise

where Ln is the integer part of n1/2(r+s)+1, and θk is either 0 or 1. It is clear that

(5.73) ‖β0‖2
K1
≤

2Ln∑
Ln+1

L−1
n = 1

Therefore β0 ∈ H . Now let X admit the following expansion:
∑
ξkk
−sφk (i.e.

Karhunen-Loeve expansion) where {ξk}k≥1 are independent random variables drawn

from a uniform distribution on [−
√

3,
√

3]. Simple algebraic manipulation shows that

the distribution X belongs to F(s, 3). The observed data are

(5.74) yi =
2Ln∑

k=Ln+1

L−1/2
n k(−r+s)ξikθk + εi, i = 1, 2, .., n

where the noise is assumed to be independently sampled from N(0,M2). As shown

in Hall et al. (2007)

(5.75) lim
n→∞

inf
Ln≤j≤2Ln

inf
θ̃j

?
supE(θ̃j − θj)2 ≥ 0
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where sup? denotes the over all 2Ln choices of (θLn+1 , ..., θ2Ln), and inftildeθ is taken

over all measurable functions θ̃j of data. Therefore, for any estimate β̃,

?
sup ‖ ˜β − β0‖2

a =
?

sup
2Ln∑

k=Ln+1

L−1
n k−2(1−a)(r+s)E(θj − θj)2

≥Mn−2(1−a)(r+s)/2(r+s)+1(5.76)

for some constant M > 0. Denote

(5.77) ˜̃θk =


1, θ̃k ≥ 1

θ̃k, 0 ≤ θ̃k ≤ 1

0, θk ≤ 0

It is easy to see that
2Ln∑

k=Ln+1

L−1
n k−2(1−a)(r+s)(θ̃j − θj)2 ≥

2Ln∑
k=Ln+1

L−1
n k−2(1−a)(r+s)(˜̃θj − θj)2(5.78)

Hence, we can assume that 0 ≤ θj ≤ 1 without loss of generality in establishing the

lower bound. Subsequently,
2Ln∑

k=Ln+1

L−1
n k−2(1−a)(r+s)(θ̃j − θj)2 ≤

2Ln∑
k=Ln+1

L−1
n k−2(1−a)(r+s)

≤ L−2(1−a)(r+s)
n(5.79)

Together with (5.76), this implies that

(5.80) lim
n→∞

inf
β̃

?
supP (‖β̃ − β‖2

a > dn−2(1−a)(r+s)/2(r+s)+1) > 0

for some constant d > 0

Denote byB the collection of all measurable functions of the observations (X1, Y1), ...., (Xn, Yn).If
X? is an independent copy of X . By (5.67) we have,

‖β̃ − β0‖2
0 =< C

(
β̃ − β0

)
, β̃ − β0 >L 2

which by (3.12) takes the form

EX?(< X, β̃ − β0 >L 2< X, β̃ − β0 >L 2) = EX?

(∫ [
β̃(t)− β0(t)

]
X?(t)dt

)2

= EX?

(∫
β̃(t)X?(t)dt−

∫
β0(t)X?(t)dt

)2

(5.81)
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Observe that the right hand side of (5.81) is actually the mean squared prediction error
of G =

∫
X?β̃(t) in regression method. (5.4.3) will give us an interesting result about

this quantity. To be accurate (5.4.3) will reveal us that there is an analogue between
the convergence rate of the eigenvalues of the covariance operator C and the the mean
squared prediction error.

Corollary 5.4.3. Under the assumptions of Theorem 5.4.1, the mean squared optimal

prediction error of a slope function estimator over H ∈ F(s,M,K) and β0 ∈ H is

of order n−
2(r+s)

2(r+s)+1 and it can be achieved bey the regularized estimator β̂nλ with λ

satisfying (5.69)

Observe that the fastest the convergence rate of the eigenvalues, the smaller the
prediction error.

For purpose of illustration consider asH the Sobolev spaceW 2
m([0, 1]) and the Wiener

stochastic process X(.). Moreover let C(s, t) = min{s, t} be it’s corresponding co-
variance operator. It is not hard to see that C(s, t) satisfies the Sacks-Ylvisaker con-
ditions of order 0 and therefore µk � k−2. But by Corollary 5.4.3 , the minimax rate
of the prediction error of estimating β0 is n−2(m+1)/2(2m+3).

A subject of particular interest is when C and K have the same set of eigen functions.
As we mentioned Theorem 5.3.5 when ψk = φk. Then γk = ρkµk and by the as-
sumptions made in the previous section ρk � k−2r, r > 1/2 and µk � k−2s, s > 1/2.
Thus γk � k−2(r+s), k ≥ 1. Consider estimating estimating

∫
x?β0 where x? satisfies

| < x?, φk > | � k−s+q for some 0 < q < s− 1/2 ( required to ensure that x? ∈ L 2).
Then the squared prediction error

(5.82)
(∫

β̃(t)x?(t)dt−
∫
β(t)x?(t)dt

)2

is equivalent to ‖β̃ − β0‖2
(s−q)/(r+s). It is also clear that ‖.‖s/r+s is equivalent to ‖.‖L 2

Derived by that and Theorems 5.4.1 and 5.4.2 we have the following Corollaries.

Corollary 5.4.4. Suppose x? is a function satisfying | < x?, φk >L 2 | for some 0 <

q < s− 1/2. Then under the assumptions of Theorem 5.4.1

(5.83)

lim
n→∞

inf
β̃→∞

sup
f∈F(s,M,K)

P

{(∫
β̃(t)X?(t)dt−

∫
β0(t)X?(t)dt

)2

> dn−2(r+q)/2(r+s)+1

}
> 0

for some constant d > 0, and the regularized estimator β̂nλ with λ satisfying (5.69)

achieves the optimal rate of convergence under the prediction error (5.82).
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Corollary 5.4.5. if φk = ψk for all k ≥ 1, then under the assumptions of Theorem

5.4.1

(5.84) lim
n→∞

inf
β̃→∞

sup
f∈F(s,M,K)

P
(
‖β̂nλ − β0‖2

L 2 > dn−2r/2(r+s)+1
)
> 0

for some constant d > 0 and the regularized estimate βnλ with λ satisfying (5.69)

achieves the optimal rate.

In contrast with the mean squared prediction error, the optimal convergence rates
of the estimation error are larger as the eigenvalues of the covariance operator decay
faster. If β0 ∈ H we have

(5.85)
∞∑
i=1

ρ−1
k < β0, ψk >

2
L 2=

∞∑
i=1

ρ−1
k < β0, φk >

2
L 2<∞

and if ρk � k−2r then the above condition (5.85) is estimated as

(5.86) | < β0, φk >L 2 | ≤M0k
−r−1/2

for some constant M0 > 0.

Theorems 5.4.1 and 5.4.2 turn to be very useful for estimating derivatives. A natu-
ral way that one can think to estimate the q-th derivative of β0 is the q-th derivative of
β̂λ. In Corollary 5.4.6, we will show that this holds true, under some specific condi-
tions.
Assume that ψk = φk and ‖ψ(q)

k /ψk‖∞ � kq for all k ≥ 1. This clearly holds when
H = Wm

2 . In this case

(5.87) ‖β̃(q) − β(q)
0 ‖L 2 ≤ C0‖β̃ − β0‖(s+q)/(r+s)

Thus, with the help of Theorem 5.4.1 and Theorem 5.4.2 we obtain the following
Corollary

Corollary 5.4.6. Assume that ψk = φk and ‖ψ(q)
k /ψk‖∞ � kq for all k ≥ 1. Then

under the assumptions of Theorem 5.4.1 for some constant d > 0

(5.88) lim
n→∞

inf
β̃→∞

sup
f∈F(s,M,K)

P
(
‖β̂(q)

nλ − β
(q)
0 ‖2

L 2 > dn−2(r−q)/2(r+s)+1
)
> 0

and the regularized estimate β̂nλ with λ satisfying (5.69) achieves the optimal rate.

79

CC BY: Attribution alone 4.0

https://creativecommons.org/licenses/by/4.0/

https://doi.org/10.26219/heal.aueb.6279



CH. 5 5.4. CONVERGENCE RATES

80

CC BY: Attribution alone 4.0

https://creativecommons.org/licenses/by/4.0/

https://doi.org/10.26219/heal.aueb.6279



Bibliography

Adams, R. A. and J. J. Fournier (2003). Sobolev spaces, Volume 140. Academic press.

Aronszajn, N. (1950). Theory of reproducing kernels. Transactions of the American
mathematical society, 337–404.

Berlinet, A. and C. Thomas-Agnan (2011). Reproducing kernel Hilbert spaces in
probability and statistics. Springer Science & Business Media.

Engl, H. W., M. Hanke, and A. Neubauer (1996). Regularization of inverse problems,
Volume 375. Springer Science & Business Media.

Ferreira, J. and V. Menegatto (2013). Positive definiteness, reproducing kernel hilbert
spaces and beyond. Ann. Funct. Anal 4(1), 64–88.

Friedman, J., T. Hastie, and R. Tibshirani (2001). The elements of statistical learning,
Volume 1. Springer series in statistics Springer, Berlin.

Hall, P., J. L. Horowitz, et al. (2007). Methodology and convergence rates for func-
tional linear regression. The Annals of Statistics 35(1), 70–91.

Heckman, N. et al. (2012). The theory and application of penalized methods or repro-
ducing kernel hilbert spaces made easy. Statistics Surveys 6, 113–141.

Horn, R. A. and C. R. Johnson (2012). Matrix analysis. Cambridge university press.

Kennedy, R. A. and P. Sadeghi (2013). Hilbert Space Methods in Signal Processing.
Cambridge University Press.

Nair, M. T. (2009). Linear operator equations: approximation and regularization.
World Scientific.

Nashed, M., G. Wahba, et al. (1974). Regularization and approximation of linear oper-
ator equations in reproducing kernel spaces. Bulletin of the American Mathematical
Society 80(6), 1213–1218.

Paulsen, V. I. (2009). An introduction to the theory of reproducing kernel hilbert
spaces. Lecture Notes.

Poggio, T. and C. Shelton (2002). On the mathematical foundations of learning. Amer-
ican Mathematical Society 39(1), 1–49.

81

CC BY: Attribution alone 4.0

https://creativecommons.org/licenses/by/4.0/

https://doi.org/10.26219/heal.aueb.6279



CH. 5 BIBLIOGRAPHY

Small, C. G. and D. L. McLeish (2011). Hilbert space methods in probability and
statistical inference, Volume 920. John Wiley & Sons.

Wahba, G. (1990). Spline models for observational data, Volume 59. Siam.

Yuan, M., T. T. Cai, et al. (2010). A reproducing kernel hilbert space approach to
functional linear regression. The Annals of Statistics 38(6), 3412–3444.

82

CC BY: Attribution alone 4.0

https://creativecommons.org/licenses/by/4.0/

https://doi.org/10.26219/heal.aueb.6279


	Introduction
	Hilbert Spaces and their usefulness
	A brief introduction to RKHS
	Main objectives of this thesis

	Basic definitions and construction of RKHS
	Notations and examples of Hilbert spaces
	Definitions and facts regarding Reproducing Kernels
	Reproducing kernels and positive type functions
	Construction of Reproducing Kernel
	Eigen-Structure of RKHS and Mercers theorem

	Basic properties of Reproducing Kernels
	Sum of Reproducing Kernels
	Restriction of the index set
	Tensor product of RKHS
	Support of a reproducing Kernel
	Kernel of an operator
	Duality Between RKHS and Stochastic Processes
	Kernel of a closed subspace
	Condition HKHR
	Separability Continuity

	Representer Theorem for Reproducing Kernel Hilbert spaces
	Introduction
	Preliminaries
	Well-Posed and Ill-posed Operator Equations
	Generalized inverses in RKHS
	The Representer theorem for linear operator equations 
	The Representer Theorem for regularized ill-posed equations
	A numeric approach for regularized equations

	Functional Regression in RKHS
	Introduction
	Minimizers through the Representer Theorem
	Simultaneous Diagonization
	Convergence Rates


