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ABSTRACT 

 

 

 

 

 
  Principal Component Analysis is the oldest and most famous technique of Multivariate 

Analysis and can be used as a tool for researchers to deal with missingness in datasets. 

The aim of this thesis is the description, the analysis and the comparison of the 

techniques that belong in the category of Principal Component Analysis. All these 

available techniques are presented with respect to their theoretical framework and then a 

comparison of these methods in different percentages of missingness and for different 

types of datasets (simulated and real) follows in order to see which method responds 

better depending on the case and which is totally the most reliable. 
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ΠΕΡΙΛΗΨΗ 

 

 

 

 

 
  Η Ανάλυση Κύριων Συνιστωσών είναι μέθοδος της Πολυμεταβλητής Ανάλυσης και 

μπορει να χρησιμοποιηθεί από τους ερευνητές σαν ένα εργαλείο με το οποίο μπορεί να 

αντιμετωπιστεί η ύπαρξη ελλειπουσών τιμών σε αρχεία δεδομένων. Η διπλωματική 

αυτή έχει σαν στόχο την περιγραφή, την ανάλυση και την σύγκριση των τεχνικών 

εκείνων που βασίζονται στην Ανάλυση Κύριων Συνιστωσών και χρησιμοποιούνται για 

την δημιουργία ενός ολοκληρωμένου αρχείου δεδομένων. Όπως αναφέραμε, όλες αυτές 

οι τεχνικές αναλύονται σ’ αυτήν τη διπλωματική αρχικά θεωρητικά και στη συνέχεια με 

τη χρήση προσομοιωμένων και πραγματικών δεδομένων συγκρίνονται μεταξύ τους σε 

περιπτώσεις με διαφορετικά ποσοστά ελλειπουσών τιμών, έτσι ώστε να δούμε ποια 

μέθοδος ανταποκρίνεται καλύτερα σε κάθε περίπτωση αλλα και ποια είναι συνολικά 

πιο αξιόπιστη.  
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Chapter 1 
 

 

 

 

 

 

 

Introduction 
 

 

 

 

  In many surveys the desirable information from the sample, or the population, is not 

completely collected. If we suppose that this information collects and stores in matrices, 

this means that the most matrices have empty cells. An incomplete dataset makes very 

difficult the job of a researcher, since he can’t draw accurate results. So, the first thing 

that someone has to do, before continue with the statistical analysis, is to find the lost 

information and fill in the empty cells in order to create a fully observed dataset. In 

other words, either the survey must be repeated, either the lost information must be 

found in a kind of way. Beyond the cost and the difficulties that has a repetition of a 

survey, or the foundation of the lost information, even if this is achieved the dataset will 

never be complete, due to the fact, that non-response will occur for other reasons 

possibly. So, it must be implemented a technical approach, which has no sampling cost 

and help the analysis by creating  fast and painless a full observed dataset. This very 

important approach is the technique of imputation. Imputation is the method where each 

missing value fills in with a substitute. There are many methods that could be used to 

create artificial values for the missing one, depending the survey and the conditions that 

we have in our analysis. The main aim of this thesis is a brief representation of the 

methods and the techniques of imputation that belong in the category of Principal 

Component Analysis.  Principal Component Analysis is the oldest and most famous 

technique of Multivariate Analysis and it was used widely for data analysis. It was 

introduced by Pearson (1901) and developed by Hotelling (1933). The main idea of this 

technique is to reduce the dimensionality of a data set. The new dataset, has fewer 

variables, while retain as much as possible of the variation present in the initial dataset. 

This aim is achieved with a transformation of the original variables to a new set of 
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variables the principal components. The principal components are uncorrelated 

variables and there are ordered in descending order with respect to their variances.   

  Principal Component Analysis, as we mention, is a method of multivariate analysis 

that commonly used in data analysis, but can be also used as a tool for researchers to 

deal with missingness in datasets. In all imputation approaches we present in this thesis, 

the methodology originates from PCA. In many surveys, depending the percentage of 

missing values and the type of the variables, diffferent approaches can be used to fill in 

the empty cells of a matrix and create a new full observed dataset. All the potential 

approaches, the advantages and the disadnvantages of each approach, the way and the 

conditions that needed to implement all these methods and the results we take, will be 

discussed in detail. In the subparagraph below, is available the structure and the 

contents of each chapter in this thesis. 

  Chapter 2 of this thesis begins with the important problem of non-response. The 

meaning of non-response, how often happens, how much affect our analysis and the 

difficulties that a researcher has when information is missing, are some issues of 

discussion. Then a division of non-response follows. We separate non-response 

depending on the type of missingness we have in our analysis. First the different cases 

of missingness concerning whether we have Unit or Item non-response, i.e if the 

desirable information be missing from the entire unit of the population, or the data had 

collected partially from that unit. Also, the mechanisms that missing values could be 

produced, i.e if the missing data happen at random, or a pattern exists and missing 

values produced with a spesific rule. At the same point, we give some examples in order 

to make all the above differences understandable. Then, we procced with a reference to 

the ways that non-responce can be handled accordingly. In Chapter 3, we analyze the 

main techniques of Single Imputation and we make a small reference to the approach of 

Multiple Imputation. The techniques of Mean Imputation, Hot Deck Imputation, Ratio 

Imputation, Regression Imputation and Cold Deck Imputation are analyzed further. At 

the end of the Chapter 3, we use some examples where the different methods of 

imputation are implemented and the results are annotated. In Chapter 4, which is the 

theoretical part of this thesis, we give first a brief description of PCA definition and 

component derivation. Subsequently, the definition of Non Linear Principal Component 

Analysis and the comparison of Principal Component Analysis and Non Linear 

Principal Component Analysis follows. Also, two main models are analyzed, the Fixed 

Effect model and the Random Effect model. The main theoretical part of the thesis 

follows where the available techniques which used  to impute missing datasets affected 

by missing values and belongs in the category of Principal Component Analysis, are 

described in detail. The Iterative PCA Algorithm, the Forward Imputation, the Factorial 

Analysis for mixed datasets and the Nipals Algorithm are presented with respect to their 

theoretical framework, the properties they hold and a description of how these methods 

can be implemented (packages availability e.t.c). Chapter 5 consists of the 

computational part of this thesis, where the methods analyzed in Chapter 4 are 

implemented in different incomplete data scenarios. A comparison of the available 

approaches in different percentages of missingness and for different types of variables is 

examined. For the analysis in this chapter, we used simulated and real datasets in which 

we create missing values with a different percentage each time. More specifically we 

have simulated from the Multivariate Normal distribution and the Skew Normal 

distribution and we used two real datasets. The first real dataset contains only 

continuous variables and the second four continuous and one categorical variable. In all 
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the above datasets we will create 5%, 10% and 20% missingness. With boxplots and 

tables, we will summarize the results and we will compare the different approaches. 

Also, all the available packages and the commands of statistical package R that have 

been used to the analysis, are reported in detail. Chapter 6 contains all the conclussions 

of this thesis, from a critical point of view. Finally, appendices with R code and the 

references are provided in the end of the thesis. 

  After giving the purpose and the general structure of this thesis, we can refer to the 

required knowledge that someone must have, to read it and comprehend it. A 

mathematical background is necessary, especially for the Chapter 4, where the 

imputation methods originated from Principal Component Analysis are given using 

complicated, in most cases, mathematical equations. Also, a statistical background is 

needed. The knowledge of main characteristics of statistical analysis will help someone 

to read more easily this thesis.  
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Chapter 2 

 

 

 

 

 

 

 

2.1 Non-Response and Consequences  
    

   

   

 

  One of the most important problems in many censuses and sample surveys is non-

response. It is the phenomenon that the desirable information is not collected due to the 

fact that some of the units contacted do not respond to at least some items being asked. 

The problem created by survey non-response is that data values intended by survey 

design to be observed, are in fact missing. 

  It has been demonstrated that the consequences of these missing values are very 

harmful for sample surveys and can have large effects on the results of the statistics to 

be computed. Firstly, one effect of non-response is that is reduces the sample size. The 

reduced size leads to less efficient estimates and the precision of estimators will be 

smaller, while at the same time margins of error will be larger. Also, a more serious 

effect of non-response is that it can be selective. This means that possible biases exist 

because the respondents are often systematically different from non-respondents. This 

occurs if specific groups are over or under represented in the survey. If these groups 

behave differently we get biased estimators. More generally, estimates are significantly 

too high or too low. For example, if men participate in a survey to a greater extent than 

women, then a random sample of persons will have an overrepresentation of men 

among the respondents. This will lead to biased estimates for the whole population total 

of any variable, such as income, where men have usually higher on average than 

women. 

  Suppose the population is being divided into two strata, the respondents and non-

respondents. Let denote with    the number of population respondents and with    the 

population nonrespondents, where both    and    are unknown. Then in Table 2.1 we 
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have the size, the mean and the variance for the respondents, the non-respondents and 

the whole population. 

 

Table 2.1: Table with the size, the mean and the variance of the respondents and the 

non-respondents.  

 

                    Stratum    Size     Mean      Variance 

                 Respondents           
  

               Nonrespondents           
  

                  Population          

      

When we take a sample from the population will contain some respondents and some 

non-respondents. If the respondents differ from non-respondents, or more specifically 

the population mean of respondents      differ from the population mean of non-

respondents     , the estimate of population mean using only the stratum of respondents 

will produce bias. We can write the below formula for the population mean: 

 

                                                
  

 
      

  

 
                                     (2.1) 

 

Also let     be an approximately unbiased estimator of the mean in the respondent 

stratum. It results that approximately the producing bias from the difference of the two 

strata is: 

 

                                                         
  

 
                                          (2.2)                      

 

The effect of Non-Response depends on the proportion of non-respondents and the 

difference between the means of the potential non-respondents and the respondents. 

From (2.2) perceived that if      is small, or the mean of respondents are close 

enough to the mean of non-respondents, then the resulting bias is small. 

 

Example 2.1: Numerical example of produced bias. 

 

  We suppose that from an area containing 1000 households, a sample of 100 

households obtained using Simple Random Sampling, for estimating the proportion of 

the households that do not have garden or yard. Also, suppose that 10% (i.e. 100 

households) would refuse to cooperate in the survey, or would not be reachable and they 

would not included in the sample. Thus, between the 1000 households in the population 

there exist 100 potential nonresponding households and 900 potential responding 

households. Finally, suppose that 10% from the nonresponding households (i.e. 10 

households) and 20% from the responding households (i.e. 180 households) do not have 

garden or yard. In the entire population of the 1000 households, 190 households do not 

have garden or yard. In this example: 
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                                          
                            
 

And from equation (2.2), the produced bias is: 

 

          
   

    
               

 

 

 

 

2.2 Unit and Item Non-Response 
 

 

 

 

  Initially we can categorize non-response in two types. The first type is called Unit non-

response and occurs when data are missing from the whole population unit. In contrast 

with the first type, the second type of non-response, which called Item non-response, 

occurs when the population unit was reached but data has been collected only partially. 

In a survey of persons, Unit non-response means that the person provides no 

information for the survey and Item non-response that the person does not respond to a 

particular item on the questionnaire. Briefly, we present the main reasons for Unit and 

Item non-response. 

 

The main reasons for Unit non-response are the followings: 

 

1. Failure of the data collector to identify the sample unit. 

2. Failure to make contact with the sample unit. 

3. Refusal of the sample unit to participate. 

4. Inability of the sample unit to participate (i.e. illness, health, absence) 

5. Inability of the data collector and sample unit to communicate (e.g. language) 

6. Accidental loss of the data. 

 

The main reasons for Item non-response are the followings: 

 

1. Refusal to provide an answer. 

2. Inability to provide answer. 

3. Other failure to answer. 

4. Provided answer being of inadequate quality (e.g. incomplete, implausible, 

failing an edit, consistency, check) 

 

Subsequently we will mention two examples as formulated in the book of Donald B. 

Rubin, “Multiple Imputation for Non-Response in Surveys”, where becomes 

comprehensible the difference between Unit and Item non-response. 
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Example 2.2: Educational Testing Service’s Sample Survey of Schools. 

 

  In 1971 conducted a sample survey of 660 schools by the Educational Testing Service 

(ETS), for the purpose of studying their compensatory reading programs. The desirable 

information on types of compensatory reading programs and the achievement levels of 

students in the schools were obtained from a questionnaire which sent to the principals. 

From the 660 principals only 472 had returned this questionnaire, despite the fact that 

all had been contacted by telephone and had been mailed with several reminds. Non- 

response on this questionnaire is called Unit non-response, because the unit in this 

survey, which is the non-responding principal, refused to respond to any items of the 

questionnaire. If the principals had responded to some items from the questionnaire, 

then we would say that the survey had suffered from Item non-response. 

The high non-response rate was considered to be a serious problem and concern 

developed that the 188 non-responding principals were systematically different from the 

472 responding principals. Maybe, the 188 non-respondents having students with more 

serious reading problems or having reading programs that were less effective. 

  Generally dealing with non-response presupposes adjusted estimates. Due to the fact, 

that most of the times respondents differ from non-respondents, expanded standard 

errors of estimates reflect the reduced sample size and the differences between 

respondents and non-respondents. Sensitive estimates and standard errors above groups 

maybe are different on unobserved variables. 

  In this example, a way to deal with non-response is to discard the 188 principals. But, 

this will result in bias, since respondents are different from non-respondents. For 

example, if the non-respondents have lower-achieving students, analysis based on the 

respondents only, will overestimate the typical achievement of students in 

compensatory reading programs. As we will see later in this chapter, another way to 

have efficient estimates is to weight the responding units to compensate for the non-

responding units, but weighting approaches are confined to problems of Unit non-

response. Last, another procedure which could be followed is to simply fill the missing 

data with the mean from the 472 responding schools for each corresponding variable. 

This technique may not be appropriate and could be lead to biased estimators, because 

there are exist differences between the values of one group and the others.   

 

Example 2.3: Current Population Survey and Missing Incomes. 

 

  The Current Population Survey (CPS), conducted by the Census Bureau, used 50.000 

households to obtain information about the monthly income. The non-response rate was 

15-20% on many income items. It is certainly possible that respondents differ 

systematically from non-respondents, because low or high income people tend to refuse 

to answer to many items of the survey than middle income people. The non-response in 

this example constitutes Item non-response, because each unit included in the survey 

produces information on most items, but some units fail to provide information to some 

particular items. Those who refused to answer at all, create Unit non-response. 

  In addition to the first example, a method that we could use to deal with non-response 

here and which we will analyze later in a separate paragraph, is the technique of 

Imputation. More specifically, a “hot deck” imputation procedure. This approach, finds 

for each non-respondent a matching respondent, where matching means close with 

respect to variables observed for both.  
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2.3 MCAR, MAR and MNAR Non-Response 
 

 

 

 

  Now suppose that we have a sample of n units from a population. Let 

   =                        denote the p variables that we intended to collect from the     

unit, where i = 1,…, n. These data will be used to make inferences about a set of p 

population parameters θ =                 . Also, consider that      denote the subset 

of p variables that are missing and      the observed subset, for each unit i =1, … , n. 

Furthermore for each individual of the sample ( i = 1, … , n ) and variable ( j = 1, … , p) 

let        if      is observed and        if      is missing. Also, let 

   =                        a p dimension vector. Then, the missing value mechanism 

can be formulated as:  

 

                                                                                                                                        (2.3) 

 

We can separate two different cases of non-response: 

 

1. When missing occurs at random and does not depend on the population unit (or 

Ignorable non-response). This category can be further separated in: 

 

 MCAR, when data are missing completely at random, and 

 MAR, when data are missing at random given an auxiliary variable.  

 

2. When missing depends on the population unit, symbolized as MNAR and data 

missing not at random (or Non-Ignorable non-response). 

 

In MCAR the probability of a value being missing, is unrelated to the observed and 

unobserved data on that unit. Therefore the observed data are representative of the 

population. Mathematically we can express this as: 

 

                                                                                                                             (2.4)         

                                                                          

In MAR the probability distribution of   , given the observed data      is independent of 

the unobserved data     . This means that the chance of observing a variable under 

MAR will depend on its value. Mathematically we can express this as: 

 

                                                                                                                          (2.5)      

 

For the second category now, if the probability of an observation being missing depends 

on the underlying value and this dependence remains even when the observed data is 

given, we have a MNAR mechanism. Although, MNAR may be more plausible than 

MAR, inference and analysis is more difficult and hard under MNAR. We can write: 

 

                                                                                                                         (2.6)    
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With the following example as set on the book of James R. Carpenter and Michael G. 

Kenward, “Multiple Imputation and its Application", it becomes more easily perceptible 

when we have a MCAR, MAR or a MNAR mechanism. 

 

Example 2.4: Mandarin tableau. 

 

  At the frontage of senior Mandarin’s house in the New Territories, Hong Kong there 

exist some figurines. We are interest to focus on the characteristics of those figurines, 

for example their number, height, facial characteristics and dress. So, Unit non-response 

corresponds to missing figurines and Item non-response to damaged or partially 

observed figurines. Here    take the form of observations on the     figurines, 

describing for example their size and dress.      indicates those observations that are 

missing on figurine because their heads are missing. Suppose that we want to 

summarize facial characteristics of the figurines, for example the average head 

circumference. If we have a MCAR mechanism and the missing heads missing 

completely at random then a valid estimate is obtained from the observed heads. With 

the assumption of MAR, the distribution of head characteristics given body 

characteristics, does not depend on whether the head is present. Thus, under the 

assumption of MAR we can estimate the distribution of characteristics of figurines with 

missing head from figurines with similar body characteristics. It should be mentioned 

that MAR is an assumption we make for the analysis and not a characteristic of the 

dataset. Maybe, MAR is plausible for headdress given necktie, but not for skin color 

given necktie. Lastly, the figurines with missing heads maybe were wearing a head 

dress that identified them as a member of a class and that was the reason that makes the 

heads to be damaged. This situation, it shows that we have a MNAR mechanism and we 

cannot say anything about the typical characteristics of the heads without making 

assumptions about the missing head dresses. Also, with MNAR arising that the 

distribution of head given body dress is different for figurines with missing and 

observed heads. Furthermore, analysis under MNAR is more complicated than the other 

cases, as it needs more assumptions about the form of the distribution of the missing 

data given the observed. But, as MAR , MNAR is an assumption for the analysis and 

not a characteristic of the data.     
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2.4 Dealing with Non-Response 
 

 
 

 

  One basic question is how to deal with non-response. We can work in two directions 

and try not having it at all, or at least to minimize it. Initially, we prevent non-response 

when we designed the survey, by doing the following actions: 

 

 Well-designed questionnaires. 

 Correct wording of the investigated subject of the survey. 

 Correct times and conditions of conducting research. 

 Choice, training and supervision of interviewers. 

 

Then we proceed to the reduction of non-response, with: 

 

 Follow-up calls. 

 Different methods and different days and hour data collection. 

 

  In the most cases, despite the above actions, we will end up with a proportion of non-

response and we must handle it. The next step is to ascertain if data are missing 

completely at random or not. If we believe that we have a MCAR mechanism, we can 

do nothing and cause no harm. Another alternative, assuming that we want to intervene 

in the proceeding, is to replace the unresponsive elements with other, or to take a 

smaller sample. We must say that rarely this case will appear. On the other hand, if we 

find out that missing data are not observed because of non-ignorable proceed, we do all 

the following actions which are summarized in subsections below. 

 

 

 

 

2.4.1 Weighting Class Adjustments 

 
 

 

 

  Basic sampling weights   , reflect the probabilities of selection of the sampling units. 

They have been interpreted, as the number of the units in the population that represented 

by the unit i of the sample. It is a very important step the adjustment of the sampling 

weights for responders to account for the non-responding sample units. The more 

information we know about non-respondents, the more effectively we can adjust the 

weights of respondents in order to have similar characteristics to non-respondents. As 

non-response cannot be avoided, this adjustment of the sampling weights is necessary, 

as reduce resulting bias and minimizing the variance of the estimates. Specifically, one 

method for adjusting weights for non-response is to create homogeneous weighting 

classes of sample members that contain both respondents and non-respondents. Within 

each class, the responder weights are increased to take on the weights of the non-
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respondents. We construct these weighting classes, so that in each weighting class the 

response variable is constant in class c, the probability of responding is the same for 

every unit in class c and the response variable is uncorrelated with the probability of 

responding. Unfortunately, there are some limitations to be able to implement this 

method. Firstly, the information that is used to create these classes must be available for 

both respondents and non-respondents. Secondly, in order to ensure relatively stable 

adjustments, there are some rules that are usually used when creating the class. Such as 

ensuring a certain number of respondents per class and a certain ratio of respondents to 

no respondents. In the simplest case, when we have Simple Random Sampling, the 

response probability for each class can be estimated by: 

 

                                   
                                

                          
                           (2.7)                                                       

 

For example, using this probability and assuming that the sampling weight for each 

respondent in class c is        , it results with the assumption of SRS, that the estimator 

of the population total is given by: 

  

                                                              
 

 
  

  

   
                                            (2.8) 

 

Example 2.5: Calculation of the response probability in Weighting Class Adjustments. 

 

  Suppose that we have 1000 individuals and we ask them about their monthly income. 

Also, suppose that we have three classes, the low incomes, the middle incomes and the 

high incomes. From the 1000 individuals, we take a sample of 50. From the chosen 

sample 20 persons belongs to the first class, 25 persons to the second class and 5 

persons to the third class. Now, assume that from the 20 individuals that belong in the 

first class, only the 15 responsed. From the 25 that belong to the second class only the 

18 responsed and from the 5 that belong to the third class only the 3 rerponsed. So, we 

can easily calculate the response probabilities for each class as: 

 

                                                                       
    

 

                                                                     
    

 

                                                                     
   

 

Then with the response probabilities and the values of the response variable, we can go 

to the equation (2.8) and find the estimator of the population total. 
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2.4.2 Post Stratification 
 

 

 

 

  It is called post-stratification because we can only compute weights after the collection 

of all the available data. The stratification part comes from the fact that we use various 

H known strata of the population to adjust our sample data, to conform more to the 

population parameters. It is similar approach with weighting class adjustment, but in 

this case population counts are used to adjust the weights. So, if we have information on 

population counts for post-strata and we have found that data are missing completely at 

random, within post-strata we use the following approach which is similar as for 

weighting classes. For example, under the assumption of SRS the post-stratified 

estimator for the population mean is given by:  

                

                                                       
  

 

 
                                                 (2.9) 

 

where H the number of the strata,    the size of the     stratum and     the sample 

estimate of the population mean from the     stratum. 

 

Example 2.6: Calculation of the weights in Post Stratification. 

 

  Suppose that we have again the same sample as in the Example 2.5. Now in Post 

Stratification, the adjustment of the weights will be done with the use of the entire 

population. From the 1000 individuals, we suppose that 350 belong to the first class, 

550 belong to the second class and 100 belong to the third class. So, the weights will be 

calculated as the number of the indivinduals that belong in each class divided with the 

total number of the individuals.  

 

 

 

 

2.4.3 Propensity Modeling 
 

 

 

 

  Propensity modeling is an alternative method for adjusting for non-response and has 

become very popular, as the amount of information about non-respondents increases 

and the response percentage decreases. These models use logistic regression and then 

predict the likelihood of response versus non-response. This prediction is based to all 

available data and auxiliary information. Then the models are applied to the respondents 

and a log probability of responding is generated for each case. Using these probabilities 

the weights are calculated as the inverse of the associated probabilities. This method can 

be viewed as an extension of the weighting class adjustment from categorical to a 

response surface. 
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2.4.4 Imputation 
 

 

 

 

  It is the procedure whereby the missing values on one or more study variables are 

‘filled in’ with substitutes. The main idea is to fill in a missing item with a substitute, 

expecting that this value is close enough in this which is missing. These substitutes can 

be constructed in a variety of methods and we will deal in detail with those in Chapter 

3. Because imputed values are artificial, contain error. This error arises from the fact 

that the imputed values are not the “true values” but as we say before substitutes. The 

new values that constructed with the technique of Imputation can be classified in two 

categories: 

 

1. Imputed values constructed by a statistical rule or a technique. 

2. Imputed values constructed by expert skill and knowledge. 

 

Even though imputation usually used for Item non-response, there is exist and the 

approach of Full Imputation, which used to treat both Item and Unit non-response. 

Another type of imputation is Mass Imputation. In Mass Imputation the artificial values 

are constructed not only for the sampled elements, but also for all the unobserved 

elements in the population. Imputation can be further separated in two major categories: 

i) The Single Imputation and ii) The Multiple Imputation. This distinction and the 

advantages and disadvantages of each category will be further analyzed in Chapter 3. 

  We must say that imputation may be preferable to weighting or other methods of 

treating non response in many cases. For example, in business surveys where the 

population is highly skewed. But as in the other methods which used to handle non-

response, we hope that imputation will lead to estimates with small bias and small 

variances. Here’s an example regarding to the estimate of the population mean and 

which is made understandable the technique and the principle of imputation. 

 

A very simple case is the estimating of the population mean that is given by: 

 

                                                      
 

 
   

 
                                         (2.10) 

 

An unbiased estimator of the population mean   , using the n observations of the sample 

is given by: 

 

                                                      
 

 
   

 
                                          (2.11) 

 

Assume now that non-response is present. So, we would not have some of the n 

observations from the sample. Let    denote the number of respondents and    the 

number of nonrespondents, while    the indices of the units that belong to respondents 

and    the indices of the units that belongs to non-respondents. Then, the sample mean 

can be written as: 
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                                             (2.12) 

 

In the above sum, the values of    for        are missing. The method of imputation fill 

in these missing values with substitutes. So, if   
  for       , is the imputed value for 

missing   , the sample mean can be written as: 

 

                                                       
 

 
            

 
                              (2.13) 

 

As better are the values   
 , i.e. as closest to the missing values   , so much better for 

the calculation of estimates and variances because the bias is reducing, the estimates 

become more efficient and the results are more reliable. 
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Chapter 3 
 

 

 

 

 

 

 

3.1 Single Imputation and Methods 

  

 

 

 

  Often in surveys the desirable information is collected partially and as a result items of 

the dataset are missing. From the statistical inference point of view, it is necessary the 

replenishment of this missing information, not only to reduce bias and have efficient 

estimates, but also to create a clear rectangular dataset, as many of the statistical 

methodologies cannot handle non-response. The method which deal with this and help 

us with missing items is Single Imputation. 

  Single Imputation is the procedure whereby each missing value filling in with only one 

imputed value and it is the most commonly used method for handling item non-response 

in surveys. The basic advantages of this method is that standard complete methods of 

the analysis can be used and the final filled in dataset incorporate the data collector’s 

knowledge. In addition to this positive features of Single Imputation, the basic 

disadvantage is that due to the fact the missing value is replaced only once, reflect 

neither sampling variability about the true value when one model for nonresponse is 

considered nor additional uncertainty when more than one model is being considered. 

  The imputed values can be created in a variety of methods according to the 

requirements of the research and the conditions that happens. Depending the method we 

are going to use, repeating the same approach to impute values we will be arrive to the 

same results or different. So, the methods that used to impute values are either 

deterministic, either random. Some deterministic methods of imputation are the 

Regression Imputation and the Nearest Neighbor Imputation, while a random method of 

imputation is the Random Hot Deck Imputation. Also, some of the methods make 

efficient use of auxiliary information and some others no. Because in many times 

different relationships are exist in the different subgroups of the sample, the same 
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method can not be implemented in every group. So, imputation can be carrying out 

according to a hierarchy of methods. That means first a method which is more likely to 

produce close enough values to the true is applied in one group, then if that method 

cannot be used to the second group, the second strongest method is applied and so on. 

The most famous and often used methods of imputation are listed in the next 

subparagraphs.    

 

 

 

 

3.1.1 Mean Imputation 

 

 

 

 

  Mean Imputation is one of the most commonly used method of imputation and 

according to this the missing values of the data item are filled in with the mean value 

from the respondents sample units. Let r denote the response set for the sample,    the 

response set for the study variable and   the sample size. Also, suppose that    is the 

response value of the     respondent for the study variable and   is the number of 

respondents for the specific variable. It is easily understood that the number of the 

respondents for the study variable is less or equal with the number of the respondents 

for the sample which in turn is less or equal with the total size of the sample, i.e. 

        So, if we want to fill in the missing values for our target variable with this 

method, we will compute the mean for the respondents from the sample by the 

following equation:  

 

                                                                        
  

  

 
    

                                                                 

  

Then we will replace each missing value, with the same value the sample mean value 

    
  This method maintains total and averages because the missing value is replaced 

with a value that has a relatively high degree of stability, but alters distributions and 

correlations among variables. Although, it maintains total and averages, causes artificial 

constrain on mean value and leading to artificial reduction of variance.       

  A refinement of the above method involves the separation of the sample into classes, 

as homogeneous as possible and apply the Mean Imputation in each class. In every 

subgroup we impute the missing values by using the mean value of the subgroup. Using 

classes allows to use  information on differences among subdomains, something that 

leads to accurate results. The separation into classes is conducted by using an auxilliary 

variable highly correlated with the variable under study, so that homogeneous groups 

for the auxilliary variable to result in homogeneous group to the principal variable. 
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3.1.2 Hot Deck Imputation 
 

 

 

 

  The main principle of this method is to use a randomly selected donor to provide 

imputed values. The donor is selected by using different techniques and procedures 

depending the way we want to follow and fill in the missing items. However, it should 

be mentioned that the distribution of the completed data set after using Hot Deck 

Imputation may differ significantly from that which ideally would have been observed 

initially, because the imputed values come from respondents and usually respondents 

differ systematically from nonrespondents with regard to mean, variance and other 

characteristics. The most common techniques of Hot Deck Imputation listed below: 

 

Random Hot Deck 
 

  Using this approach, a donor is randomly chosen from the sample respondents to give 

its value to the missing item and it is the simplest case of Hot Deck Imputation. So, the 

imputed values are   
     with        If r is the size of the group of the 

respondents in the sample, then the probability of choosing a specific donor among the 

sample and use its value for the imputation is given by the following equation: 

 

                                                                   
                                                                  

 

  As in Mean Imputation the same idea can be implemented here that is the sample units 

can be divided into classes, using auxiliary variables in order to have less heterogeneity 

within a class and the classes are as much as possible different. Then, the missing values 

for each class are substituted from randomly selected donors who belong to the same 

class. 

 

Sequential Hot Deck 
 

  In Sequential Hot Deck procedure the missing value is replaced by the corresponding 

value of the last observed responder unit. To be able to apply this method, we must 

separate the un-imputed data before the process starts and using the information from 

the auxiliary variables, a new array with the potential donors is created. When a missing 

value is found with a specific score on the auxiliary variables, we are looking for the 

corresponding score from the help array and the value of the donor with that score is 

returned. The advantage of this method is the ease of data processing, but it can be lead 

to multiple use of the same donor. 

 

Nearest Neighbor Hot Deck 
 

  The main idea of this approach is to find a donor by minimizing the distance on an 

auxiliary variable for example the Manhattan or the Euclidean. Then the donor is used 

to substitute the missing value. The statistical idea behind the Nearest Neighbor Hot 

Deck Imputation is that two elements which have the x-values of the auxiliary variable 
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close, should also have y-values that are close. For example, suppose that we want to 

impute the missing value    by minimazing the Manhattan distance. The value that we 

are going to impute is    
           when we have: 

 

                                                                                                                              

  

Sometimes more than one response variable can be used. In this case, the Mahalanobis 

distance across a vector of several response variables is calculated between a specific 

non-respondent and each candidate donor. So, finding the smallest Mahalanobis 

distance is the way to determine the closest neighbor and the non-respondent missing 

values are imputed with the specific neighbor value. 

 

 

 

 

3.1.3 Ratio Imputation   
 

 

 

 

  Ratio Imputation is a method of imputation that need auxiliary variables to be 

implemented. Let symbolize as y the values that takes the target variable with the 

missing values and x the values of the auxiliary variable. Then, we use only the 

responders group for the variables x and y to calculate the mean of each variable. We 

impute each mising value of the variable y with the ratio of the y-variable mean with the 

x-variable mean multiplied by the corresponding value of x. Mathematically, we can 

write: 

 

                                                                                                                                             
 

In the most cases, the auxiliary variable x is the same with the variable y measured in a 

previous survey. In that way, the two variables are correlated and the ratio estimator is 

more efficient.    

 

 

 

  

3.1.4 Regression Imputation 
 

 

 

 

  In Regression Imputation more than one auxiliary variable can be used to create a 

regression equation that the right part will have the auxiliary variables and the left part 

the target variable. Using the information from the respondents, procced to estimate 

parameters and then the regression equation is used to predict the missing values. Let 
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        the auxiliary variables and              the regression estimates. The value 

of    is filled in with: 

 

                                                         
                                                                   

 

  A variation of this method is the stochastic regression imputation, in which the missing 

value is substituted by the predicted value of the above regression equation plus a 

randomly selected residual, i.e. the value of    is filled in with: 

 

                                                         
                                                             

 

In this method, the hope for accurate imputed values becomes bigger with the 

assumption of the strong relationship between the target variable y and the auxiliary 

variables. 

 

 

 

 

3.1.5 Cold Deck Imputation 
 

 

 

 

  According to Cold Deck Imputation, the imputed values come from previous similar 

surveys or other historical elements. The statistical idea of this method is that these 

available values will be closer than any other which can be calculated with one of the 

above methods. This method can be easily implemented, but in many cases the Cold 

Deck Imputation gives bias and inaccuracy in the research. This happen because the 

values of the variable that we want to impute maybe are not the same from survey to 

survey.   

 

 

 

 

3.1.6 Principal Component Analysis 

 

 

 

 

  Principal Component Analysis is the most famous technique of Multivariate Analysis. 

It was first introduced by Karl Pearson in 1901 and used widely as a tool in exploratory 

data analysis. Essentially is a dimensionality reduction technique, where the original 

variables are transformed to a new set with fewer variables. The new variables are 

uncorrelated, retain the variability of the original variables and are ordered in asceding 

order with respect to their variances. The new transformed variables are usually named 

in the bibliography as scores, while the weights that each initial variable should be 

multiplied to get the scores are called loadings. Depending on the type of variables that 
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we have in our analysis and the general conditions, many existing approaches belong in 

Principal Component Analysis framework and could be used to fill in missing values. A 

more analytically presentation of Principal Component Analysis and the techniques that 

belongs to this method of analysis and help us with missingness, are available in 

Chapter 4.    

 

 

 

 

3.1.7 Multiple Imputation 
 

 

 

 

  All the methods of imputation mentioned above replace each missing value with one 

only new imputed value without taking into consideration uncertainty about this missing 

value since any imputed value is treated as truly measured. A technique called Multiple 

Imputation has been developed by Rubin and other researchers to deal with this 

problem. The main idea here is to impute several m values for each missing datum and 

analyze each resulting data set by complete data methods with the analysis not take into 

consideration uncertainty about the missing values. Considering that these m values are 

ordered in a way that the first set of imputed values are used to create the first complete 

data set, the second set the second dataset and so on, we will have for our analysis m 

complete data sets with m in most cases be between 2 and 10. 

  As in Single Imputation, same here Multiple Imputation has the ability to use complete 

data methods of analysis and the ability to incorporate the data collector’s knowledge. 

Furthermore it has and three other basic advantages compared with Single Imputation. 

First, Multiple Imputation increases the efficiency of estimation when many imputed 

values are randomly drawn to represent the distribution of the data. Second, when the 

imputed values are repeated draws under a model for non-response, we take the 

reflection of the additional variability due to the missing values under that model. 

Third, randomly repeated draws under more than one model, it helps us to understand 

and study the sensitivity of inferences to various models simply repeating complete data 

methods. The disadvantages of Multiple Imputation relative to Single Imputation are 

three. First of all more effort and work is needed to produce multiple imputations. 

Secondly, more storage space is needed to store multiple imputed dataset. A data 

analysis system using Multiple Imputation must be able to handle in addition to the full 

data matrix an auxiliary matrix with row size the number of missing values and column 

size the number of multiple imputations per missing value. Lastly, extra work and effort 

is needed since standard complete methods of analysis must be used on each completed 

dataset and the result under each model must be combined. Combining the results, give 

us the opportunity to take in account the uncertainty about the missing values and this 

combination usually requires the calculation of means and variances of the repeated 

complete dataset. However, the extra time and effort is not great and is measured in 

computer time and not on researcher time. 
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3.2  Applying Methods of Imputation 
 

 

 

 

  In this subsection we will use an example, as formulated in the book of Sharon L. Lohr 

to illustrate some of the above methods of Single Imputation. In the next table is 

observed an artificial small dataset which will be used to applicate and understand how 

a researcher deal with the missing values, by using some of the approaches of Single 

Imputation. The table consists of 6 columns, which have the variables and 20 rows, 

which have the individuals. The first column it is an indicator that identifies each 

person, the second column has the age of each person, the third column the sex, the 

fourth column the years of education and the fifth and sixth shows us if this person had 

been crime victim or violent crime victim, by using the number 1 if had been and the 

number 0 if not. The missing values that created completely at random, appear for the 

variables years of education, crime victim and violent crime victim and are 9 in total. 

 

Table 3.1: Table with the measurements of 20 different individuals in 5 variables. 

 

 Person  Age  Sex   Years of 

 Education 

  Crime 

  Victim 

 Violent Crime 

       Victim 

      1    47   M        16       0            0 

      2    45   F         ?       1            1 

      3    19   M        11       0            0 

      4    21   F         ?       1            1 

      5    24   M        12       1            1    

      6    41   F         ?       0            0 

      7    36   M        20       1            ? 

      8    50   M        12       0            0 

      9    53   F        13       0            ? 

     10    17   M        10       ?            ? 

     11    53   F        12       0            0 

     12    21   F        12       0            0 

     13    18   F        11       1            ? 

     14    34   M        16       1            0 

     15    44   M        14       0            0  

     16    45   M        11       0             0 

     17    54   F        14       0            0 

     18    55   F        10       0            0 

     19    29   F        12       ?            0 

     20    32   F        10       0            0 
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3.2.1 Applying Mean Imputation 

 

 

 

 

  First we are going to construct four classes using the variables age and sex and each of 

the person of the above table it will be put in one of this classes. So, we make the 

classification and the results are presented in Table 3.2: 

 

Table 3.2: Table with the classification of the individuals. 

 

          Sex / Age              ≤ 34             ≥ 35 

              Male            Persons 

        3, 5, 10, 14 
          Persons 

      1, 7, 8, 15, 16 

            Female            Persons 

    4, 12, 13, 19, 20 
          Persons 

   2, 6, 9, 11, 17, 18 
 

  We can observe that for the persons 2 and 6 the value for years of education is missing 

and these persons belong to the fourth class. These missing values will be imputed with 

the mean value of the women aged 35 or older, who responded to the question. So, the 

value that we will fill in is 12.25. It becomes easily understood that using the method of 

Mean Imputation the value which is used to impute, i.e. the mean for each class for the 

target variable, is the same as the mean of the respondents and is not one of the answers 

to the question. Due to the fact that, respondents may differ systematically from 

nonrespondents this method could be lead to wrong results and the estimated variance 

will be small because of the distortion and accumulation of the distribution to the 

sample mean. 

  This accumulation could be avoided simply by using stochastic Mean Imputation. 

Then the response variable will approximately normally distributed and the missing 

values will be imputed with a randomly generated value from a normal distribution with 

mean the average of the values for the responding units in class c, i.e. with mean the 

value      and standard deviation    . 

 

 

 

 

3.2.2 Applying Hot Deck Imputation 

 

 

 

 

  As in Mean Imputation within classes, same here the sample units are divided into 

classes. For each missing value, we substitute a value from a randomly chosen 

respondent unit of the same class. So, using Random Hot Deck Imputation in our 

example, person 10 was not responded for both variables of crime victimization. We 

can observe that in his class, the persons 3, 5, 14 have responses for both questions. 

Randomly chosen, the person 14 give his value to the missing items of person 10.  
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  Also, we could apply the technique of Nearest Neighbor Hot Deck or Sequential Hot 

Deck Imputation. In the first case, we could use age and sex for the distance function, so 

the person with the closest age and the same sex select to be the donor, i.e. the person 3 

will be used to impute the missing values of person 10. In the second case, person 5 has 

the last response recorded in the class that person 10 belongs. So, his values will be 

used and the value 1 is imputed in both questions for crime victimization. 

 

 

 

 

3.2.3 Applying Regression Imputation 

 

 

 

 

  Suppose that in the same example, the aim is to predict the probability of victimization 

  , using a logistic regression equation with explanatory variable the age. First, we 

estimate the parameters for our model, by using the 18 complete observations for the 

response of crime victimization and subsequently we take the following model: 

 

   
  

    
               

 

So, the predicted probability of being a crime victim for a 17 year old person is 0.74 and 

because that value is greater than 0.5, the value 1 is imputed. 

 

 

 

 

3.2.4 Applying Multiple Imputation 

 

 

 

 

  Multiple Imputation is a method of imputation that differs from the other methods we 

analyzed above. For this reason, we will quote a second example to understand how this 

process operates with missing data. In the Table 3.3, we have a sample of 20 women, 75 

years old at last birthday, selected from persons residing in three retirement 

communities for elderly persons. Missing values are observed for variables education 

(1, 2, 3, 4 denoting respectively elementary school, high school, some college, college 

graduate) and Mini Mental State Examination (MMSE) which is a screening test for 

cognitive impairment. 
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Table 3.3: Table with the characteristics collected on a sample of 20 women. 

 

       Retir. Community   Building   Education  MMSE 

                    1         1          2      17 

                    1         1          ?      18 

                    1         1          2      20 

                    1         2          4       ? 

                    1         2          3      27 

                    1          3          3      20 

                    1         3          2      18 

                    2         1          1      11 

                    2         1          1       ? 

                    2         1          2      13 

                    2         1          2      15 

                    2          2          ?       ? 

                    2         2          2      16 

                    3         1          3      24 

                    3         1          3      26 

                    3         2          ?      15 

                    3         2          2      17 

                    3         3          4      26 

                    3         3          3       ? 

                    3         3          3      21 
 

In this example suppose that we want to impute the missing values of MMSE (4 in 

total) and we have 3 primary sampling units denoted by each building. The first and 

third missing values belong in PSU 2 the second in PSU 1 and the fourth in PSU 3. So, 

each missing value can be replaced by fully observed values from donors that belong to 

the same PSU (Building) and stratum (Retirement Community). Finally, the subjects 

and the different combinations that can be used to impute the missing values is 6 and 

are available in Table 3.4: 

 

Table 3.4: Table with all the possible imputed values for the missing values of the 

variable MMSE. 

 

                     Combination    A   B   C   D 

                            1    27   11   16   26 

                            2    27   11   16   21 

                            3    27   13   16   26 

                            4    27   13   16   21 

                            5    27   15   16   26 

                            6    27   15   16   21 
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We conclude that the possible complete data sets that we can have in total are 6, as 

many as the possible combinations are. Each of the datasets yields a different estimation 

for the mean of the MSSE    and for the standard error of the mean        
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Chapter 4 

 

 

 

 

  In this Chapter we are going to analyze all the imputation approaches that belong in 

the category of Principal Component Analysis methods. More specifically, first a 

definition and the aim of the Principal Component Analysis are presented with a 

description and a derivation of the principal components. Subsequently, follows a brief 

presentation of the Non Linear Principal Component Analysis and a comparison of the 

two methods with a reference to the positive and negative features. Also, the two main 

models, i.e. the fixed effect model and the random effect model are discussed. Last, all 

the proposed algorithmic techniques of Principal Component Analysis helping us to 

create a full data set that will be used in our statistical analysis are presented.         

 

 

 

 

4.1 Definition of Principal Components and Principal                           

       Component Analysis 
 

 

 

 

  Principal component analysis is the oldest and most famous technique of multivariate 

analysis and it was introduced by Pearson (1901) and developed by Hotelling (1933). 

For the term “Principal Component Analysis” other terminology may be encountered 

outside of the statistical literature, for example “empirical orthogonal functions” in 

Meteorology or “eigenvector analysis” and “latent vector analysis”. The central idea of 

this technique is to reduce the dimensionality of a data set, which has a large number of 

variables, while retaining as much as possible of the variation present in the dataset. 

This aim is achieved with a transform of the original variables to a new set of variables 

the principal components. The main characteristic here is that the new variables are 

uncorrelated and there are ordered in such a way that the first new retain most of the 

variation present in all of the original variables.   
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  As we mentioned above the aim of Principal Component Analysis is to reduce the 

number of variables from   to   where      Suppose that   is the vector of   

available variables of the data set. The principal components are optimal linear 

functions of   with respect to several and various optimality criteria. Although this 

maybe the simplest and most common use of Principal Component Analysis it is very 

useful because as already mentioned the original variation is reproduced with a new 

propose of variables which replaces a large number of variables with a much smaller 

and retains some interpretation with respect to the initial variables.  

  Since we have describe the purpose and general use of Principal Component Analysis 

we are going to express mathematically the way that principal components are defined. 

Firstly, we look for a linear function of the elements of     
   having maximum 

variance, where    is a unit measure vector of   constants                so that: 

 

                                    
                           

 

   

                                    

 

The maximization problem at this stage is: 

 

                                                     
      

         
                                                      

 

where Σ is the covariance matrix. After solving this maximization problem the constants 

             will be known. In the next step we look for a linear function   
    with 

maximum variance and uncorrelated with   
  . We obtain in this way the constants 

             We continue this approach in the same manner so that at the     stage 

we found a linear function   
    which is the     principal component and has maximum 

variance and it is uncorrelated with   
     

          
     The number of principal 

components that could be found is up to   as many as the original variables. So, after 

the definition and the mathematic form of the principal components we are interest to 

know how to find them. As we note from the equation (4.2) necessary condition to 

derive principal components is to know the covariance matrix   of the vector   of the 

random variables. The elements of the covariance matrix   is the known covariance 

between the     and     variable of the vector   when     and the variance of the     

variable when      The actual solution of the maximization problem in (4.2) is that    

is equal with the first eigenvector of matrix Σ. The solution of the remaining 

maximization problems leads to the ordered in magnitude eigenvectors. Overall, the     

principal component is given by:                                                

                                                         

                                                                         
                                                                         

 

where    is the eigenvector of covariance matrix  , which is corresponding to the     

largest eigenvalue     The vector    can be mentioned in the bibliography as the vector 

of the coefficients or the vector with the loadings for the     principal component. 
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4.2 Non Linear Principal Component Analysis 

 

 

 

 

  Although Principal Component Analysis is maybe the most widely used method of 

multivariate analysis, suffers from two important limitations and becomes in many 

cases a non-appropriate method to perform in our analysis. Firstly, it assumes that the 

relationships between variables are linear and secondly that all the variables are 

assumed to be scaled at the numeric level. It is obviously that if our variables are 

categorical and especially categorical with unordered categories it makes no sense to 

compute weighted sums of the original variables, as Principal Component Analysis 

does. So, we must apply a method that have the positive features of Principal 

Component Analysis, but also can deal with the two above limitations. This method is 

the Non Linear Principal Component Analysis or else known as Categorical Principal 

Component Analysis. 

  Non Linear Principal Component Analysis is an alternative method of multivariate 

analysis which is suitable for all types of variables with mixed measurement levels and 

it can be used even if the variables are not linearly related. It was first described by 

Guttman (1941) and extra description of this method can be found in the literature from 

Kruskal (1965), Shepard (1966), Kruskal and Shepard (1974), Young et al (1978) and 

Winsberg and Ramsay (1983). The objective of Non Linear Principal Component 

Analysis is the same with the aim of Principal Component Analysis, i.e. to reduce a 

number of   continuous variables to a smaller number of   variables which are 

uncorrelated and ordered in such a way that the first new retain the largest percentage of 

the variability. If all the variables are numeric then the Non Linear Principal Component 

Analysis gives the same solution with Principal Component Analysis. If the variables 

are not only numeric and exist also categorical variables in our analysis, Non Linear 

Principal Component Analysis converting category numbers into numeric values by a 

technique called optimal quantification. 

  Optimal quantification, or optimal scaling, or optimal scoring, is a process during the 

ordered or unordered categories of categorical variables are assigned as numeric values. 

This process is very important and useful since variance can be calculated only for 

continuous numeric variables. In case of categorical variables the optimal quantified 

new variables are constructed in a way that as much possible of the variance is 

accounted for. Another reason for using quantification, is because Pearson correlations 

are used in the Principal Component Analysis and even if Pearson correlations may be 

calculated for ordinal variables, don’t make sense for nominal variables. So, in Non 

Linear Principal Component Analysis the correlations are not computed between the 

original variables, but between the new quantified variables. Exactly for that reason, the 

solution in Non Linear Principal Component Analysis is not derived from the 

correlation matrix as in Principal Components Analysis, but it depends from the type of 

quantification that will be used in the analysis. It concludes that the method of optimal 

quantification maximizes the first   eigenvalues of the correlation matrix which is 

equivalent to maximize the variance accounted in the quantified variables.        
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4.3 Comparison of Principal Component Analysis and 

       Non Linear Principal Component Analysis 

 

 

 

 

  After analyzing the methods of Principal Component Analysis and Non Linear 

Principal Component Analysis we are going to compare these two methods and to 

present the basic similarities and differences. Non Linear Principal Component Analysis 

has been developed after Principal Component Analysis and since then it has been used 

in cases where the last could not cope, i.e. data sets with categorical variables and in the 

presence of nonlinear relationships. Firstly, we are going to give the similarities 

between these two methods and then the main differences. 

  As we seen both methods provides eigenvalues, loadings and scores. Also, in both 

methods the first principal component is associated with the largest eigenvalue and 

accounts for most of the variance, the second principal component is associated with the 

second largest eigenvalue and accounts for the remaining variance and so on. The 

loadings are obtained with the same way, i.e. from the Pearson correlation between the 

principal components and observed variables for the Principal Component Analysis 

either the Pearson correlations between the principal component and the quantified 

variables for the Non Linear Principal Component Analysis. Last, the sum of squares of 

the loadings of a principal component is equal with the eigenvalue associated with that 

component and gives the variance accounted for the corresponding observed or 

quantified variable. 

  Although these two methods have many characteristics in common, have also main 

differences due to the fact that they need different conditions to be implemented. 

Initially, if there exists a nonlinear relationship between the variables or categorical 

variables are present in the problem and not only numeric, the Non Linear Principal 

Component Analysis performs better than Principal Component Analysis and leads to 

better results of accounting variance because apply the approach of the optimal 

quantification. Furthermore, in Principal Component Analysis the observed variables 

are directly analyzed, while in Non Linear Principal Component Analysis the quantified 

variables are analyzed and for that reason in the first case principal components are 

weighted sums of the original variables but in the second case principal components are 

weighted sums of the quantified variables. A last basic difference between the two 

methods is that in the simple Linear Principal Component Analysis the solutions are 

nested for the different values of the principal components    something that does not 

happen in Non Linear Principal Component Analysis. More analytically, that means that 

the principal components of the   dimension will be equal with the corresponding 

principal components of the     dimension in the case of Linear Principal Component 

Analysis. 
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4.4 Singular Value Decomposition 

 

 

 

 

  Before proceeding to analyze and describe the different approaches of imputation that 

exist in the category of Principal Component Analysis, it is necessary to report an 

alternative method which is relevant to PCA and can be used to find the principal 

components and there will be several references to this in the subparagraphs below. 

Singular Value Decomposition transforms the original correlated variables into a new 

set of uncorrelated variables fewer than the first one and suitable to expose the 

variability and the relationships that are exist in the dataset. So, Singular Value 

Decomposition can be viewed as a data reduction method, since it transforms the data 

matrix   in a new matrix with fewer dimensions and through then identifying the 

principal components. The implementation of this method can be done in R with the 

package svd. Below, follow a small description with the way that principal components 

and principal axes can be found with the use of Singular Value Decomposition.   

  Let   a matrix of dimension    , where   the number of indivinduals and   the 

number of the variables. Then the matrix   can be written as: 

                                                             

                                                                                                                                                
 

where   a matrix of dimension        a matrix of dimension    , so that        

and        and   a diagonal matrix of dimension      So, if we can find the matrices 

      that satisfying relation (4.4), then the matrix   will give us the eigenvectors and 

the matrix   will give us the square roots of the corresponding eigenvalues, i.e. we will 

have the coefficients and the standard deviations of the principal components for the 

sample covariance matrix   or correlation matrix    Also, the matrix   give us the 

scores of the principal components but in a rescaled form.  

 

 

 

 

4.5 Main Models in Principal Component Analysis 

 

 

 

 

  In this subsection, in a model point of view, we are going to analyze two main models 

that exist and both developed and used for handling missing values, the Fixed Effect 

model and the Random Effect model. The Random Effect model is essentially a 

Bayesian treatment of the Fixed Effect model. These two models and a Bayesian 

procedure can be found in the articles of Julie Josse - Francois Husson and Alexander 

Ilin - Tapani Raiko. 
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4.5.1 The Fixed Effect Model 
 

 

 

  This model is a bilinear model where the data are generated as a fixed structure 

corrupted by noise and it may be found in the statistical literature as the “classical 

Principal Component Analysis model” or the “Fixed Factor Score model”. Applying 

this model the individuals have different expectations which are explained only from 

the error term and the maximum likelihood estimates derived from solving the least 

squares equations. The fixed effect model is applicable on data where each individual is 

an object of interest, i.e. the individuals are not a sample drawn from a population. For 

example, in sensory analysis where individuals can be food products and the aim of the 

analysis is to describe these food products. The mathematic form of this model is the 

following: 

 

                                                                                                       
 

Let      be the initial matrix of the data set with   indivinduals and   variables and   

is an     dimension matrix with each row equal to    where                 

the vector with the mean of each variable.  

  The main aim of PCA is to reduce the dimensionality of a data set, i.e. to provide a 

best low rank   with      This aim is achieved with defining the matrices of law rank 

 ,      and      with corresponding dimensions     and      matrices that could be 

found by minimizing the following quantity: 

                                               

                                                                                                                         
 

                                                                    

 

   

  

   

 

   

                                       

 

Estimations of this two matrices are easy to be found with the additional condition that 

the columns of matrix   are orthogonal and of unit norm. Then the solution for the 

scores matrix or principal components matrix     where the     is defined in a way that 

the variance of each column of the initial matrix   is equal to the corresponding 

eigenvalue of the covariance matrix   and the principal axes matrix or loadings-

coefficient matrix    with elements the eigenvectors of the covariance matrix    are 

determined by the two followings equations: 

                                             

                                                                  
  

                                                                

                                          

                                                                     
                                             

                                                                          
  

                                                        
  

 

                                           

CC BY: Attribution alone 4.0

https://creativecommons.org/licenses/by/4.0/

https://doi.org/10.26219/heal.aueb.6410



39 

 

4.5.2 The Random Effect Model 
 

 

 

 

  In this model, the data are generated as a random structure corrupted by noise and is 

implemented in these cases where Principal Component Analysis is performed on 

sample data drawn from a population, for example survey data. Here, in contrast with 

the previous model the individuals are independent and identically distributed. The 

Random Effect model is also known as the “Probabilistic Principal Component Analysis 

Model” or PPCA model and is special case of a Factor Analysis model in which the 

variance of noise is not free of distribution. The mathematic form of this model is the 

following: 

 

                                                                                                      
 

where      a matrix with dimensions     and elements the unknown coefficients and 

     the matrix of latent variables with dimensions      Under the selection of this 

model for our analysis it results a Gaussian distribution for the indivinduals with a 

specific structure of the covariance matrix   which is given below: 

  

                                                                                                                
 

with   the identity matrix of size  . In the Fixed Effect Model we present estimation 

for the matrices   and    same here if we suppose that the individuals are independent 

we will have that: 

 

                                                                           
                                                                  

 

Now, if    is the matrix with the first   eigenvectors of the covariance matrix   and we 

take as an estimation for the scores the expectation of the latent variables given the 

observed variables, i.e.             the maximum likelihood estimates of the matrix  , 

of the matrix   and the variance of noise    are given by the following equations: 
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4.6 Techniques of Imputation in Principal  

       Component Analysis  
 

 

 

 

  As we mentioned in the previous chapters, in many surveys and especially in  those 

with large data sets the desirable information is not completely collected and we our 

interested in applying a method to fill in the missing values of the variables. Assume 

that we are not approaching the problem by deleting any observation for which at least 

one of the variables has a missing value, something that will lead to waste of 

information rather than valid results if missing values are so many and respondents 

differ systematically from non-respondents. The very next alternative approach is to use 

the technique of imputation. In Chapter 3 we mentioned the most known and often used 

methods of imputation and we made a reference in the performance of Principal 

Component Analysis as a way to deal with missing values. Usually, the first step in this 

method is to compute the covariance or correlation matrix and the most effort is given 

on estimating the matrix   in the presence of missing data. Principal Component 

Analysis methods are dimensionality reduction techniques and often used to sum up 

data, study the similarities between individuals, the relationship between variables and 

to characterize the individuals by using the available variables. Their aim is the best 

estimation of the parameters and of their variance, the prediction of the missing values 

and the creation of a complete data set during the several algorithmic approaches that 

they have been developed in the category of Multivariate Exploratory Data Analysis 

methods. Methods of imputation that are exist in the category of Principal Component 

Analysis and we are going to analyze in this chapter are: the Iterative PCA algorithm, 

the MI-PCA algorithm, the Forward Imputation, the Factorial Analysis for mixed 

datasets and the Nipals algorithm. The kind of method, as the way that will be used, 

depends from the type of variables in the problem, because different approaches are 

used for continuous variables and different approaches are used for categorical 

variables. However, there are methods that can deal with mixed type of data and can 

cope equally well with both types of variables. 

 

 

 

 

4.6.1 The Iterative Principal Component 

         Analysis Algorithm 

 

 

 

 

  The Iterative PCA is a procedure that corresponds to an expectation maximization 

algorithm which is associated to the Fixed Effect model that we have analyzed in 

subparagraph      . During this algorithm and more specifically through the estimation 

process an imputation of the missing values is achieved. The expectation step 

corresponds to the imputation by the expectation of the missing values and the values of 
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the parameters given the observed values. The maximization step corresponds to the 

maximization of the likelihood. The Iterative PCA algorithm can be viewed in the 

bibliography as the EM-algorithm and because it is associated with the Fixed Effect 

model takes into account the similarities between individuals and the relationships 

between variables. So, this method it can be viewed as a single imputation method in 

the category of PCA, since a complete data set is creating during the implementation of 

the method. This algorithm is detailed analyzed in the articles of Julie Josse and 

Francois Husson and has first been proposed from Kiers        who has shown that 

this algorithm minimizes the below criterion: 

 

                                                                                                               
 

                                                               

 

   

  

 

   

 

   

                                   

 

where     and   the matrices as defined in paragraph        a weight matrix with 

elements       if the element    of the initial matrix   is missing and       

otherwise and   denote the Hadamard product. An interpretation of the Iterative PCA 

algorithm is that the weights of the variables are different from one individual to 

another and the weights of the individuals are different from one variable to another. 

The steps of the algorithm after minimizing the least squares criterion        using the 

non missing elements are presented in the next subparagraph.  

  First, in the beginning the missing elements of the data matrix   are replaced with 

initial values, for example the mean of each corresponding variable for the missing 

value. Then in the   step the Principal Component Analysis is implemented on the 

complete data matrix to estimate the parameters              and after the estimation the 

missing values are imputed with the fitted values, i.e. we have: 

 

                                                                                                                                        
 

and the new imputed dataset is given from: 

 

                                                                                                                       

 

according to which the imputed values for the non-missing entries are the same as the 

observed and the missing are completed with the fitted one. The approach is continued 

with the calculation of the     on     and the estimation of parameters. The imputation 

is continued until we have convergence. So, the EM-algorithm improves the prediction 

of the missing values compared with the initial filled values using the mean imputation. 

The implementation of the Iterative PCA algorithm and generally the performing of 

Principal Component Analysis is achieved in the package of R “missMDA”. 
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4.6.2 The Multiple Imputation in Principal 

          Component Analysis 

 

 

 

 

  As we have seen multiple imputation is a method that generates multiple imputed 

dataset in order to reflect the uncertainty of the prediction of the missing values, 

something that cannot be done with the method of single imputation. Multiple 

imputation which has proposed by Rubin         consists of generating at a first stage 

  plausible values for each missing value and this leads to the creation of   imputed 

data sets. After the creation of the   imputed datasets the statistical analysis of each 

imputed dataset is performed in order to obtain the estimate of the quantity of interest  . 

Lastly, the results from each data set are combined to make a finally estimation for    

and the variability of this estimation take into account the uncertainty due to the missing 

elements. The method that we are going to analyze here is a multiple imputation method 

which belongs into the category of Principal Component Analysis. This means that we 

focus on assessing the variability due to the missing values, i.e. we focus on assessing 

the influence of the different predicted values created from the approach of multiple 

imputation during the implementation of a Principal Component Analysis model. 

  The MI-PCA algorithm begins with the implementation of the EM-PCA algorithm on 

the matrix  . Estimation of the parameters       and    are therefore derived. The 

expectation-maximization algorithm is an iterative algorithm which gives a maximum 

likelihood estimate from an incomplete dataset when a solution is not directly available. 

The expectation step corresponds to the imputation of the missing values with the 

expectation of the missing values given the observed values and the values of the 

parameters at the   iteration. The maximization step corresponds to carry out Principal 

Component Analysis on the imputed data set. Finally, after the implementation of the 

EM-PCA algorithm and the estimation of the parameters we reconstruct the data as: 

 

                                                                                                                                            
 

We next calculate the incomplete matrix of the residuals, since the matrix   is 

incomplete, from: 

 

                                                                                                                                               
  

For all the imputed datasets, the algorithm continues with a bootstrap approach, where 

the matrix of residuals    is replaced with a new matrix of residuals   . A new matrix of 

data    that corresponds to    is obtained and using this matrix the new estimated 

parameters         and     are obtained. The new data matrix is calculated as: 

 

                                                                                                                                            
 

Then for          each missing value    
  is imputed with the value of the 

conditional mean: 
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Last, for all the imputed values in the datasets a residual    drawn from the observed 

residuals    is added to take account the uncertainty for each missing value and the 

imputed matrix for the   dataset is: 

 

                                                                
                                  

 

As we have seen there are different steps in the algorithm of multiple imputation and the 

main aim is to produce   different datasets that will reflect the uncertainty of the 

prediction due to the missing values. Also, the variance of the prediction it reflects the 

uncertainty in the estimation of the parameters, because   sets of parameters            

are calculated and the variability of the noise since each missing value    
  in the   

dataset is imputed with: 

 

                                                             
     

       
     

    

 

   

                                               

 

So, the proposed algorithm MI-PCA is a technique that belongs it the category of 

Principal Component Analysis methods and the reason that was developed is the 

generation of multiple imputed datasets. It must be said that this method is 

computationally efficient, fast and it can be easily implemented. A more analytically 

description of the method is available in the articles of Julie Josse and Francois Husson. 

The approach of MI-PCA is available in the package of R “missMDA”.  

 

 

 

 

4.6.3 The Forward Imputation Applying Principal 

          Component Analysis 

 

 

 

 

  Forward Imputation is based on an iterative algorithm, in which the method of 

Principal Component Analysis is performed in a complete matrix with elements the 

subset of data with no missing values and the imputation is achieved by the Nearest 

Neighbor approach, i.e. the missing data cells are filled in with the corresponding values 

of the nearest unit in the complete matrix measured by a distance. In this way, the entire 

process followed  is a sequential procedure that imputes missing values “forward” by 

alternating the method of Linear Principal Component Analysis which is performed 

every time on the updated complete matrix and the Nearest Neighbor imputation 

process. In the particular case, by applying PCA, this technique can be only used when 

our dataset is consisting of continuous variables.  

  Suppose that   is the initial matrix of dimension      with      where   denotes 

the individuals and   the quantitative measured variables. We consider that in this 

matrix there are existing missing values for the observed variables. Then the procedure 
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of Forward Imputation as described in the articles of Nadia Solaro, Alessandro 

Barbiero, Giancarlo Manzi and Pier Alda Ferrari begins with creating a matrix   
   

 of 

dimension   
   

   from the initial matrix   with elements only the    completely 

responding units, with     
   

    and no missing values. Subsequently,   

submatrices    of dimension       with           expressing the number of 

missing values in each row created from the initial divided matrix  . In the next step for 

a fixed value of   and with the use of the Principal Component Analysis,   principal 

components are extract from the covariance matrix   
     

 or the correlation matrix 

  
     

 of the complete matrix   
     

 of dimension   
     

    We also use the 

covariance or corellation matrix to obtain the eigenvalues   
     

 and the eigenvectors 

  
     

 with generic element    
     

            The approach continues with the 

computation of the pseudo principal components for the submatrices    and   
     

  
using only the common variables with no missing values. If we denote as   the   

combinations set of the   indices of variables which have missing values on the rows of 

    the pseudo principal components    for the submatrix    symbolized with       and 

the pseudo principal components    for the submatrix   
     

 symbolized with         

are given by: 

                                                  

                                                                   
     

  
   

 

   
   

                                                       

 

                                                                    
                                                      

                                                                     
     

  
     

 

   
   

                                                

   

After computing the pseudo principal components, the Minkowski distance of order    

with      is calculated between each incomplete unit   
   

 in matrix    and each 

complete unit   
     

 in matrix   
     

  The Minkowski distance     is given by: 

 

                   
   

   
     

        
   

    
     

  
     

 
 

 

   

 

   

         
     

               

 

where    
     

 is the weight and calculated as the square root of the   eigenvalue of the 

covariance matrix   
     

 or the correlation matrix   
     

  divided by the sum of all the 

eigenvalues. So, the weight   
     

 is given by the equation: 
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The Minkowski distance is used and more specifically the implementation of it helps to 

find the first corresponding complete units and select the donors     
   

 for the unit   
   

  

Then, if    is the total number of donors for the unit   
   

 and      is the distance 

between the     donor and the unit   
   

  the missing values of the variable          are 

imputed with: 

                                            

                                                           
   

 
    

       
       

  
   

 
  

   

                                                    

 

When the imputation is completed we take the imputed matrix     and this matrix is 

joined with the initial full observed matrix   
     

  By merging these two matrices the 

new data matrix   
   

 is arising and then we set up       and the approach is 

continued from the beginning until the initial matrix   is completely imputed. The 

method of Forward Imputation is available in the package of R “ForImp”. 

 

 

 

   

4.6.4 The Forward Imputation Applying Non Linear 

          Principal Component Analysis 

 

 

 

 

  Non Linear Principal Component Analysis, as we have seen, is an alternative method 

of multivariate analysis which has the positive features of Principal Component 

Analysis but it is suitable for ordinal categorical variables and variables that are not 

linearly related. It can be used also to extract statistical indicators and measure a latent 

phenomenon which is lied in the categorical variables by the minimization of a loss 

function that consists from the scores, the loadings and the category quantifications for 

each observed categorical variable. For more details see Gifi (1990) and Michailidis-De 

Leeuw (1998). Now, if missing values are observed in the initial data matrix then the 

technique of Forward Imputation is implemented to create a new imputed dataset, but in 

a kind of a different way from the procedure which is followed in Principal Component 

Analysis. The method of Non Linear Principal Component Analysis is implemented on 

a subset of data with no missing values and the approach of optimal quantification is 

performing first and then the implementation of the Nearest Neighbor procedure 

follows for the imputation of missing cells with the corresponding nearest unit in the 

complete matrix. The proposal of the method that we are going to describe can someone 

find in the paper of Pier Alda Ferrari, Alessandro Barbiero and Giancarlo Manzi. 
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   Let   be the data matrix affected by missing values, with   units and   ordinal 

variables with    categories for         and    be the indicator matrix of dimension 

     for the   variable. Then the procedure begins with the split of the matrix   into a 

matrix   
   

 of dimension   
   

   with no missing values and   disjoint submatrices    

of dimension      for         and      where   denoting the number of 

missing elements for each row. Subsequently, for each matrix     and for each row in 

matrix   , the approach of the Nearest Neighbor is implemented using the loadings and 

the quantifications which have observed from the performing of Non Linear Principal 

Component Analysis on the complete matrix   
     

  So, using the Nearest Neighbor 

imputation the missing values are filled in with the values of the closest observation in 

the complete matrix   
      

  To define the donors that are going to provide their values, 

the Euclidean distance as derive below in the equation        is used: 

 

                    
   

   
           

     
        

     
        

     
 
 

  

 

 

                                                                

 

the indicator   is running only for the     variables that are observed on the both 

units   
   

   
  where   

    
     

 and               
   of dimension       is a 

vector which contains the optimal category quantifications for variable    After the 

above steps, the approach is continued by appending the new completed rows in the 

matrix   
     

 to create the new matrix   
   

  The procedure is implemented for   
      and finally the Non Linear Principal Component Analysis is performed on the 

complete matrix   
   

 to find the variable loadings   
   

 and the category quantifications 

  
   

 for            

  The method that we have described due to the fact that it is implemented initial on the 

complete matrices it makes use of the whole information that is available and the 

variable loadings that gives can be interpreted as correlation coefficients and show the 

role of each variable in the process. Also, because the objects are included in the 

analysis in different steps and according to their number of observed variables, the role 

of each object in the interpretation of the results is connected with its number of 

observed values.   

 

 

 

 

4.6.5 Factorial Analysis for Mixed Data 

 

 

 

 

  In the majority of surveys and statistical researches the observed variables are not only 

continuous. Thus appeared the need to develop a method that could find the influence of 

all type of variables. The Factorial Analysis for mixed data responds well in all types of 

variables. As all the methods for imputation that belong in the category of Principal 

Component Analysis is used to study the relationships between the variables, the 
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similarities between the individuals and the connection between the existing measured 

variables and the individuals. This method, also named as PCAMIX, it operates like 

Principal Component Analysis in the case we have only quantitative variables and like 

Multiple Correspondence Analysis in the case we have only qualitative variables and it 

was first presented from Brigitte Escofier (1979) and then by Gilbert Saporta (1990) and 

Jerome Pages (2002). The article of Vincent Audigier, Francois Husson and Julie Rosse 

has an analytically description of the algorithm that we are present below.   

  Suppose now that   denote the indivinduals,    the number of the continuous variables 

and    the number of the categorical variables. It concludes that the total number of 

variables is          Then we note as   the matrix of dimension     with 

           
continuous variables and               the corresponding dummy variables 

of the categorical variables, where   is given by the equation: 

  

                                                                      

 

   

                                                               

 

and    is the number of categories of variable   for         After the determination 

of the variables the next step is a weighting approach whereby each continuous variable 

   is divided with its standard deviation    and each dummy variable is divided with 

    where    is the proportion of individuals that take the category    with      

     Lastly, the implementation of the Principal Component Analysis on the weighted 

matrix    
    

  where   the initial matrix and    the diagonal matrix, complete the 

process. The structure of the matrix    is available in the next equation: 

 

                                                   
        

                                                  

 

We also define the matrix   of dimension    . Each row of this matrix is equal with 

the vector of the means of each column of    
    

  
  After the general frame and the definitions of the variables we can move on and 

describe analytically the iterative algorithm of the Factorial Analysis for mixed data. 

First the missing values of the matrix   are substituted by initial values, for example the 

missing values of the continuous variables are filled in with the mean of the 

corresponding variable and the missing values of the dummy variables with the 

proportion of the corresponding category of each variable using non missing entry. It 

must be said that the sum of the entries of one individual and of one categorical variable 

is one and the initial values of the dummy variables can be no integer. Then we 

calculate the matrix   
  and the matrix    which is the matrix with the vector of the 

means of each column of      
        In the   step of the algorithm is performing the 

Singular Value Decomposition of the matrix: 

 

                                                                
    

    
                                                       

 

The matrices                  with the corresponding eigenvectors, scores and 

eigenvalues are obtained from the above approach. Then by keeping the first   
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dimensions, we compute the fitted matrix      
  and we use it to find the new imputed 

data set   : 

 

                                   
        

       
  

   
      

  
 

     
        

    
   

 
   

                   

  

                                                                       
                       

                                                                                                                       
 

Where   it’s a binary operation that takes two matrices of the same dimensions and 

produces another matrix where each element    is the product of the elements    of the 

original two matrices and   is a matrix with dimensions     and elements equal to one 

if     is observed and zero otherwise. The algorithm goes on until the change in the 

imputed matrix is smaller than a predefined threshold    for example when: 

 

                                                                 
        

        

  

                                                 

 

The FAMD algorithm that has been described above and estimates the parameters via 

Singular Value Decomposition and goes on with the imputation of the missing values, 

suffer from overfitting problems. In order to overcome this problem and avoid 

instabilities an approach is proposed by Josse and Husson        according to, is 

assumed that the first   dimensions are giving us information and noise and the last 

ones only noise, because the variance of the noise is estimated by the mean of the last 

eigenvalues. This is a regularized algorithm for which assumed that if the noise is small 

is similar with the initial algorithm and the eigenvalues     
          are replaced by 

the new regularized values: 

                                                                                                    

                                                                          
   

     

    
 

                                           

 

with 

 

                                                                   
  

      

    

     

                                                   

 

  The method of Factorial Analysis for mixed datasets is a very reliable and 

computationally fast technique. It help us in many cases where the structure of data is 

really complicated. The approach of the Factorial Analysis is available in the package of 

R “missMDA”. 
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4.6.6 The Nipals Algorithm 

 

 

 

 

  The Nipals algorithm or Nonlinear Partial Least Squares is an iterative algorithm that 

performs Principal Component Analysis on datasets in the absence of missing values. It 

was first presented by Wold        with the name NILES as an iterative procedure and 

it not well known because the method is not cooperate well in cases of data with very 

big percentage of missing elements. This algorithm can provide initially the desired 

principal components by applying an iterative procedure based on least squares 

regression and helps us with empty cells since moves on an imputation approach where 

all the empty cells are filled in.  

  Suppose that the data matrix   of dimension     consists of   individuals and p 

quantitative variables. Also, if              we suppose that each variable    is set 

in a way that                      Furthermore, it has been proved that in Principal 

Component Analysis the initial matrix   can be written as: 

 

                                                                          
 

 

   

                                                               

 

where    denote the vector with the principal components for         and    denote 

the vector with the principal axes for          The element       of the vector    

represents the slope coefficient in the linear regression of the variable    with the 

principal component     The Nipals algorithm begins with an initialization step where 

the initial matrix   influenced by missing data is setted with a complete matrix    with 

no missing elements. The matrix    is a matrix that has been created with 

corresponding observed values of the matrix   and imputed values for the missing 

values of the matrix    The approach of the imputation that can be used in the 

initialization step to create a complete matrix    is the Mean Imputation, i.e to fill in 

each missing value with the mean of the corresponding variable. After defining the 

matrix     for         we take as    the first column of the matrix      and until 

the convergence of the vector of principal axes     we calculate the    as: 

 

                                                                       
     

                                                            

 

After the calculation of the vector     we normalize this vector to a unit vector and then 

we calculate the vector of principal components    as: 

 

                                                                           
                                                           

 

The algorithmic approach is completed with the creation of the new complete matrix     
which is given below: 
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  Even if the Nipals algorithm is a not difficult technique, based on simple least squares 

regression and easy to implement in the most cases, it is not a widely used method. This 

is due to the fact that this algorithm requires strictly quantitative variables and the 

convergence of the algorithm depends on the percentage of missing data. The algorithm 

can be implemented in the R packages “plsdeplot” and “pcaMethods”. 
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Chapter 5 
 

 

 

 

 

 

 

   In Chapter 5 we will deal with experiments in several datasets which will be analyzed 

by the statistical package R. The main aim is to apply the methods of imputation that we 

have reported in detail in Chapter 4 and to compare them, in order to see which method 

responds better depending on the case. The datasets that we will use vary, i.e. the 

variables can be all continuous and all the cells of the matrix are consist from numeric 

values, either the dataset may consist of continuous and categorical variables. Another 

sort for the data regard to whether is simulated and coming from a distribution, or there 

are truly collected and they are based on real situations. The data that we are going to 

use, in order to compare the methods of imputation that belongs in the category of 

Principal Component Analysis are listed below: 

 

 Simulated data from the Multivariate Normal distribution where the variables 

are correlated. 

 Simulated data from the Multivariate Normal distribution where the variables 

are not correlated. 

 Simulated data from the Skew Normal distribution where the variables are 

correlated. 

 A real dataset with only numeric variables that corresponds to 202 individuals 

and 11 continuous variables, which contains some measurements for athletes 

collected at the Australian Institute of Sport. 

 A real mixed dataset, that consist of 1 categorical and 4 continuous variables 

and contains some measurements for 150 different plants.  

 

In the above datasets, we create missing values with different percentage each time. In 

more detail, the rates of missingness will be 5%, 10% and 20%. Then for each case the 

application and the comparison of the methods, the packages, the corresponding 

commands, the advantages and disadvantages of each method and the conclusions from 

the analysis will be presented.  
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5.1 Data with continuous variables 
 

 

 

 

  In the case of continuous variables the available methods of imputation that belongs in 

Principal Component Analysis and were presented in the previous chapter are: a)The 

Iterative Algorithm, b)The Factorial Analysis for mixed data, c)The Forward Imputation 

and d)The Nipals Algorithm. All the above methods will apply in the datasets and will 

be compared. At this point, we must say that the Factorial Analysis is a method that it 

has been created for cases with data that have continuous and categorical variables, but 

it is plausible that we can use it if we have only continuous variables. Except for these 

four methods we may use in our analysis another general method of imputation, the 

method of the Mean Imputation. We will include this non-Principal Component 

imputation method to our comparison study as the standard technique usually used in 

practise.  

   Mean Imputation method can be implemented in the package of R called ‘ForImp’. 

The implementation is very easy and it can be done with the following command: 

 
       >meanimp(mat)  

 

where mat the matrix with the missing values. So, if the matrix with the missing values 

that we want to impute is named mat, we get the new imputed matrix using the above 

command. The next method that is belong to Principal Component Analysis is the 

Iterative Algorithm. This procedure is available in the package of R ‘missMDA’ and the 

corresponding command is: 

 
       >imputePCA(mat,ncp,threshold,maxiter)  

 

The basic arguments of the command are a data frame with continuous variables 

containing missing values, an integer corresponding to the number of principal 

components that used to predict the missing values, the threshold for assessing 

convergence and an integer which denoting the maximum number of iteration for the 

algorithm. Next method in comparison is the Factorial Analysis for mixed data. This 

approach is also available in the package ‘missMDA’ and it can be implemented with 

the following command: 

 
       >imputeFAMD(mat,ncp) 

 

The basic arguments here is as before a dataframe with continuous and categorical 

variables containing missing values and an integer corresponding to the number of 

principal components that used to predict the missing values. Subsequently, the next 

method is the Nipals Algorithm. The way that it can be used, is available in the package 

‘pcaMethods’ and the main command is: 

 
       >completeObs(pca(mat,nPcs,method="nipals")) 
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The arguments are a matrix with continuous variables that has missing values and an 

integer denoting the number of principal components. The last method that we will use 

for the comparison is the Forward Imputation. It is available in the package ‘ForImp’ 

and the command is: 

 
       >ForImp(mat,p) 

 

Same here, the arguments are a matrix with numeric values contatining missing entries 

and a integer denoting the number of principal components. All the above methods are 

fast and can easily be implemented regardless to the total percentage of the missing 

values. In our analysis we will use and compare these five methods in datasets with 

percentage of missing values 5%, 10% and 20%. 

  We first create missing values in the existing dataset and then depending on the 

method that we are going to use we create the new imputed matrix. We repeat this 

procedure for each method and we obtain a complete dataset each time. The comparison 

among the imputation techniques is according to a measure of accuracy between the 

initial dataset and the imputed. The minimum value of this measure indicates the best 

imputation method. For continuous datasets the measure used for the comparison is the 

Root Mean Square Error.  It is calculated as the square of the sum of the proposed value 

subtracting the true value that is missing for the purpose of the experiment and then we 

divide with the number of  the individuals. The mathematic form of this measure is: 

 

                                                            
    

      

 
                                                          

  

where n is the number of the individuals,   
  the imputed value and    the initial true 

value. In the case that the variables are not all numeric, only the Root Mean Square 

Error is not enough and cannot implemented for the categorical variables. So, if we have 

a dataset with continuous and categorical variables we use two measures. First we use 

the Root Mean Square Error for the continuous variables and the Percentage of Falsely 

Classified observations for the categorical variables. This is a measure that is calculated 

by dividing the number of the misclassified observations with the totally number of the 

missing for our categorical variables. Mathematically we can write: 

 

                                                                       
  

  
                                                                     

  

where    the number of the missclassified observations and    the number of all the 

missing for the categorical variables. 

  As we will see in the next chapters, we will not have a single generation of datasets in 

the case of simulated data, but we will generate 200 datasets in each case. So, for each 

simulated dataset the corresponding measure is calculated and the comparison is based 

on the complete set of values.  
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5.1.1 Uncorrelated Data From The Multivariate Normal 
 

 

 

 

  In this paragraph we will use for the comparison of the methods simulated data from 

the Multivariate Normal. Let’s assume a dataset of dimension         i.e we will have 

150 individuals and 10 continuous variables generated from       , where μ=0 and 

                                                           Mathematically we can 

write about the structure of our data:  

 

                                                                                                                                               
 

                                                                                                                                   
 

                                                                                                 

 

The procedure as described is repeated 200 times resulting into 200 datasets coming 

from the same        distribution. The first 15 rows of the first produced dataset are 

available in the Table 5.1, in order to have an idea about the structure of our datasets.  

  

Table 5.1: The first 15 rows of the first produced dataset. 

 

 
……………………………………………………………………

…………………………………………………………………… 
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Figure 5.1: Boxplots with the RMSE for each method and for the several scenarios of 

missing in case we have uncorrelated data from the Multivariate Normal. 

 

 
 

  We proceed to implement the five methods of imputation which have been listed in the 

beginning of the chapter, in three different cases of missing. As mentioned before, when 

the percentage of missing data is 5%, when the percentage of missing data is 10% and 

when is 20%. We must say that the missing values were generated completely at 

random. In the Figure 5.1 we can see the boxplots with the Root Mean Square Error. 

We have three graphs for each percentage of missingness and in each graph there are 

exist 5 boxplots. The first boxplot shows the value of the RMSE for the Mean 

Imputation, the second the value of the RMSE for the Iterative Algorithm, the third the 

value of the RMSE for the Factorial Analysis, the fourth the value of the RMSE for the 

Nipals Algorithm and the fifth the value of the RMSE for the Forward Imputation.    

  The first thing that we can notice in the above Figure is that as the percentage of the 

missing values increases, the value of the Root Mean Square Error is becoming bigger. 

This is reasonable to happen because the error becomes bigger while the number of non-

respondents increases and therefore the information that gathered smaller. Also, we can 

see that for all the cases the simplest method of Mean Imputation responds better than 

any other method, although it uses only the mean of the datasets variable and not a 

sophisticate method for imputing the missing values. Now, for the methods that belong 

in the Principal Component Analysis, the most reliable is the Factorial Analysis, with 

the values of the RMSE to be very close to those that we take when we use the Mean 

Imputation. The method of  Nipals Algorithm follows, then the Iterative Algorithm and 

last one the Forward Imputation. The same ordering among imputation methods holds 

in each of three percentages of missingness. The comparison is consistence and only the 

difference in RMSE among various methods and in general increases as the percentage 

of missingness increases. So, we conclude that the method of Mean Imputation is the 

best method in this case. The worst method is the Forward Imputation, since the RMSE 
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becomes much bigger. Also, the RMSE relevant to Factorial Analysis is very close in 

that which is relevant to Nipals Algorithm. 

 

 

 

 

5.1.2 Correlated Data from the Multivariate Normal 
 

 

 

 

  Extending the previous case we simulate in this paragraph from the Multivariate 

Normal with a non-diagonal covariance matrix. The new covariance matrix is given in 

Table 5.2 and it has been generated with only condition to be positive definite. The 

dimension of each simulated matrix, same as before, will be 150 10, i.e. we will have 

150 individuals and 10 continuous variables. The numbers of iterations will be 200 as in 

previous paragraph. In the Table 5.3, we take the first 15 rows of the first matrix in 

order to have a clear view of our data.    

 

Table 5.2: The covariance matrix Σ, which used to produce our datasets. 
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Table 5.3: The first 15 rows of the first produced dataset. 

 

 
………………………………………………………………………………

……………………………………………………………………………… 
 

 

Figure 5.2: Boxplots with the RMSE for each method and for the several scenarios of 

missing in case we have correlated data from the Multivariate Normal. 

 

 
 

  In Figure 5.2 we can see the boxplots with the RMSE presented in a similar manner as 

described in previous paragraph, in case we have 5%, 10% and 20% missing values for 

the Multivariate Normal distribution with correlated variables. Our main conclusions 

with respect to how the imputation techniques compare are: Firstly, a similarity is that 

in both cases the RMSE is growing up while the percentage of missing values becomes 

bigger. Secondly, the value of RMSE for the method of Forward Imputation is larger for 
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all the scenarios, something that is shows us that this method is less reliable either we 

have correlated variables either not. 

  With respect to the comparison of the methods in the case of datasets with uncorrelated 

variables, we note that in case of correlated variables the simple method of Mean 

Imputation is not the best anymore. Most reliable method according the analysis, is the 

method of Factorial Analysis with close competitor the method of Nipals Algorithm. 

Furthermore, we notice that the approach of Iterative Algorithm and the Mean 

Imputation seems to give comparable results, at least in the cases we have 5% and 10% 

missingness.  

 

 

 

 

5.1.3 Data from the Multivariate Skew Normal 
 

 

 

 

  The second distribution we will use to simulate data is the Multivariate Skew Normal 

and we consider that the distribution is negative skewed. The number of the iterations 

will be 200 as before, with dimensions of each dataset 150 10. The Table 5.4 give the 
first 15 rows of the first produced dataset to get an indication of the numeric 
values that are exist in the specific datasets. 
 
Table 5.4: The first 15 rows of the first produced dataset. 

  

 
………………………………………………………………………………

………………………………………………………………………………. 
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Figure 5.3: Boxplots with the RMSE for each method and for the several scenarios of 

missing in case we have data from the Multivariate Skew Normal. 

 

 
 

  We proceed as in previous cases with the implementation of each imputation method 

for each case of missingness percentage and the results we obtatin for the RMSE are 

included in Figure 5.3. The most reliable method in the case we have simulated data 

from the Multivariate Skew Normal is the Factorial Analysis. But, we can also notice 

that the Nipals Algorithm is very close to that method in the scenarios of 5% and 10% 

missing, while it seems to be more distant when the percenatge of missing is 20%. In 

addition with the Multivariate Normal the Forward Imputation is not the worst 

approach. Mean Imputation appears to has the biggest values of RMSE in all the cases 

of missing, something that informs us that is the worst method. So, if we want to order 

the methods with respect to the minimum RMSE, we note that first comes the Factorial 

Analysis, next the Nipals Algorithm, then the Iterative Algorithm, after the Forward 

Imputation and last the technique of Mean Imputation. In general, as the dataset 

becomes more demanding (correlated variables or skewed shape) the standard technique 

of Mean Imputation becomes inadequate and consistently the Factorial Analysis 

performs better with close competive the Nipals Algorithm. Correlated variables or 

skewed distributions is more realistic scenario for a dataset than uncorrelated and 

symmetrical distributed variables. 
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5.1.4 A Real Dataset with Continuous Variables 
 

 

 

 

  In this subparagraph we are going to implement the imputation methods under 

comparison in a real dataset. The data that we are going to use is available in the 

package ‘sn’. The name of the dataset is ais and contains some measurements for 

athletes collected at the Australian Institute of Sport. More specifically the number of 

individuals is 202 and the variables that each individual is asked to give answers are:  

 

 RCC: This is a variable that gives a measure that doctor use to find how many 

red blood cells have a person in his blood. 

 White blood cell count: This is a variable that gives a measure that doctor use to 

find how many white cells have a person in his blood. 

 Hc: A variable that gives the Hematocrit of each athlete. 

 Hg: It is a variable that shows the levels of the Hemoglobin for each athlete. 

 Fe: It is a variable that shows the plasma ferritin concertation in his blood. 

 BMI: It is a variable that gives us the body mass index of each athlete. It is 

calculated by the following equation, BMI=                
 SSF: A variable which has the sum of skinfolds of each athlete. 

 Bfat: A variable which contains the body fat percentage of each athlete. 

 LBM: A variable which contains the lean body mass of each athlete. 

 Ht: A variable which contains the height of each athlete in cm. 

 Wt: A variable which contains the weight of each athlete in kg.   

 

Table 5.5 contains the first 20 athletes and all the available values for the measurable 

variables. Table 5.6 provides with some descriptive statistics. Also, in Figure 5.4 we 

have histograms for the variables of our dataset. As we can see, the data are not coming 

from a symmetrical distribution. 
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Table 5.5: The first 20 rows of the real dataset ais. 

 

 
 

 

Table 5.6: Descriptive statistics for the real dataset ais. 

 

 RCC WCC  HC  Hg   Fe BMI  SSF Bfat LBM   Ht  Wt 

Min.  3.8   3.3 35.9 11.6   8.0 16.7  28.0  5.6  34.3 148.9  37.8 

1
st
 Q.  4.3   5.9 40.6 13.5  41.2 21.0  43.8  8.5  54.6 174.0  66.5 

Median  4.7   6.8 43.5 14.7  65.5 22.7  58.6 11.6  63.0 179.7  74.4 

Mean  4.7   7.1 43.0 14.5  76.8 22.9  69.0 13.5  64.8 180.1  75.0 

3
rd

 Q.  5.0   8.2 45.5 15.5  97.0 24.4  90.3 18.0  74.7 186.2  84.1 

Max.  6.7  14.3 59.7 19.2 234.0 34.4 200.8 35.5 106.0 209.4 123.0 
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Figure 5.4: Histograms for the dataset ais. 

 

 
 

  The approach that has been followed is the same as in simulated data. In the observed 

matrix we make missing values in percentage 5%, 10% and 20%. Then all the methods 

of imputation that are available for the continuous variables were used to create a new 

complete matrix with the same values for the non-missing entries and with the proposed 

imputed values for the missing entries. The indicator of RMSE used again to show us 

which technique performs better in every case. Table 5.7 includes the resulting values of 

RMSE for each method, for each percentage of missingness. The first observation from 

Table 5.7 is that the values of the RMSE are very bigger from those we had when our 

data were simulated. Comparing the methods according to RMSE we notice that when 

we are in the case of 5% missingness the best method is the approach of Forward 

Imputation. As the percentage of missingness increases (10% and 20%) the result does 

not hold and in particular the method performs worst that all the others. The best 

method of imputation in these scenarios seems to be again the Factorial Analysis. The 

Iterative Algorithm technique is very close with the method of the Factorial Analysis. 

More less reliable results give the method of Nipals Algorithm and the Mean 

Imputation.  
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Table 5.7: Table with the values of the RMSE for each method of imputation and for the 

different scenarios of missing. 

 

 5% 10% 20% 

MEAN 14.42 19.61 29.47 

ITERATIVE 10.97 17.59 23.42 

FAMD 11.06 17.20 23.14 

NIPALS 14.20 19.25 28.89 

FORWARD 09.51 25.18 30.64 

 

 

 

 

5.2 Mixed Type Of Data 
 

 

 

 

  In previous sub-sections we analyzed datasets with only continuous variables. But in 

the most cases the datasets that we will be invited to analyze in real situations will be 

mixed. There are not many methods belonging in the category of Principal Component 

Analysis. The main methods that can be found in bibliography and can deal with 

continuous and categorical variables are the Factorial Analysis and the Forward 

Imputation. Beyond these two methods, we will use in our analysis one more approach, 

the method of Random Forests. This is a classification method, but it can also help us to 

impute missing dataset. It is a non-parametric method, which does not belong in the 

category of Principal Component Analysis and it is not very commonly used. As all the 

non-parametric methods it makes no assumptions about the distribution of our variables. 

It performs efficiently on large datasets and maintains accuracy when a large proportion 

of the data are missing. For the comparison of the above three methods we will use both 

RMSE and PFC. Essentially, we will separate the dataset in two parts. The one part will 

be the categorical variables and the other part the continuous. For the continuous 

variables we will calculate the RMSE, whereas for the categorical variables we will 

calculate the PFC. As we had mentioned, PFC is an indicator which gives us the 

percentage of falsely classified observations in the part of categorical variables. It is 

calculated dividing the number of the missclassified observations with the total number 

of missing for the categorical variables. In the next paragraph we will analyze a real 

mixed dataset in order to see which from the above three methods performs better. 
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5.2.1 Mixed Real Dataset Iris 

   
     

 

 

  The dataset iris is a mixed type dataset which contains 4 continuous variables and 1 

categorical variable. The categorical variable is an indicator that takes three values and 

show us in which species belong each of 150 different plants. There are three different 

types of plants, the setosa, the versicolor and the virginica. The continuous variables are 

4 and are listed below: 

 

 Sepal.Length: A variable that contains the sepal length of each plant. 

 Sepal.Width: A variable that contains the sepal width of each plant. 

 Petal.Length: A variable that contains the petal length of each plant. 

 Petal.width: A variable that contains the petal width of each plant. 

 

In Table 5.8 we have the first 20 rows of our dataset, whereas in Table 5.9 we can see 

some descriptive statistics about the 4 continuous variables of our data and the number 

of plants that belong in each type of our categorical variable. Furthermore, in Figure 5.5 

we give histograms for the numeric variables of dataset iris. 

 

Table 5.8: The first 20 rows of the real dataset ais. 
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Table 5.9: Descriptive statistics for the real dataset ais. 

 

 
 

 

Figure 5.5: Histograms for the continuous variables of dataset iris. 

 

 
   

 

  The procedure that we are going to follow is the same with the other chapters. In the 

real dataset we will create missingness and for the different percentage of missing 

values we will compare the two methods of Imputation that belong in the category of 

Principal Component Analysis, i.e. the Factorial Analysis and the Forward Imputation. 

As we refer above the comparison of the methods cannot be done only with the 

RMSE, because of the presence of a categorical variable. So, first we will see the value 

of the RMSE for the continuous variables and then the values of the PFC for the 

categorical variable. Table 5.10 presents the values taken for these two indicators for 

the different scenarios of missingness. The results of the approach of the non-

parametric method Random Forests are available also in this table. 
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Table 5.10: RMSE and PFC for each method of imputation and for the different 

scenarios of missingness. 

 

                 5%  

 FAMD FORWARD RANDOM FOREST 

RMSE 0.165 0.354 0.113 

PFC 0.1 (1/10) 0.2 (2/10) 0.1 (1/10) 

                10%  

 FAMD FORWARD RANDOM FOREST 

RMSE 0.274 0.242 0.177 

PFC 0.133 (2/15) 0.06 (1/15) 0.06 (1/15) 

                20%  

 FAMD FORWARD RANDOM FOREST 

RMSE 0.318 0.536 0.257 

PFC 0.275 (8/29) 0.310 (9/29) 0.06 (2/29) 

 

 

  The RMSE and the PFC are becoming bigger while the number of the missing values 

is increasing. The best and more reliable method seems to be the approach of Random 

Forest because the values of error are smaller when we use it instead of the other two. 

Now, between the two methods that belong in the category of Principal Component 

Analysis, we can see that no one from these two methods responds better in all the 

cases of missingness. When the scenario that we create is that we have 5% missing 

data the approach of Factorial Analysis is more reliable with the smallest values of 

error. When we are in the case of 10% missing data the method with the smallest error 

is the technique of Forward Imputation. Last, when the proportion of missing values is 

20% the best method is the Factorial Analysis. So, the only thing that we can say is 

that the best method in total is the non-parametric method of Random Forest.   
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Chapter 6 
 

 

 

 

 

 

 

6.1 Conclusions With A Critical View 
 

 

 

 

  In Chapter 5 we make several experiments in R. We have generated data from the 

Multivariate Normal and the Skew Normal distribution and we also use some real 

datasets. For all the cases, we create missing values to the initiall matrices. The 

scenarios of missingness were different, i.e we have missing values with percentage 5%, 

10% and 20%. Then all the available methods of imputation that belong in the category 

of Principal Component Analysis used to create a new full observed dataset. All these 

methods were compared with each other in each case, by using the RMSE and the PFC. 

The results that we take differ depending on the occasion. The differences in the 

effectiveness of each method, had to do with the type of the data and the different 

percentages of missingness.  

  Firstly, we take simulated data from the Multivariate Normal with uncorrelated 

variables. In this case, we immediately see that as the percentage of missing values is 

getting bigger the RMSE getting bigger too. Interestingly the simple method of Mean 

Imputation, seems to respond better than the other methods. This is interesting, because 

the other algorithmic approaches that were used, beggin with the creation of the initiall 

full observed matrix by substituting the missing values with the mean of the 

corresponding variable and continue until the algorithm converge. Now, for all the other 

methods of interest, the best results give the technique of Factorial Analysis for mixed 

datasets. While the worst results, give the method of Forward Imputation. We continued 

the experiments with simulated data from the Multivariate Normal, but with correlated 

variables. Same here, as the percentage of missing values is getting bigger the error 

increases. Although we had again data from the Multivariate Normal, Mean Imputation 

is not the best method as happened before. In this case, the best results give the method 

CC BY: Attribution alone 4.0

https://creativecommons.org/licenses/by/4.0/

https://doi.org/10.26219/heal.aueb.6410



68 

 

of Factorial Analysis for mixed datasets, while the method of Nipals algorithm is very 

close. The worst method of imputation is the same as before, the Forward Imputation. 

Then, we procced with simulated data from the Skew Normal distribution. The results 

that we obtain differ in comparison with the previous experiments regarding 

Multivariate Normal. The best method is still the Factorial Analysis with results similar 

with the Nipals Algorithm, but the worst method is not the Forward Imputation, but the 

Mean Imputation. So, we notice that the method of Mean Impuation, which was the 

approach with the best results in the case of Multivariate Normal with uncorellated 

variables, becomes here a not reliable method. Finally, we conclude our experiments 

with real data sets. The first dataset was the dataset ais, which contains only numeric 

variables. As in all the cases before, while the percentage of missing values increase the 

RMSE increases too. By noticing the values of RMSE, we observe that the Forward 

Imputation is the most appropriate method of imputation in the scenario with 5% 

missing values, while it becomes the worst method in the cases with 10% and 20% 

missing values. The best method in the scenarios of 10% and 20% missingness is the 

Factorial Analysis. Another remark is that the values of RMSE that we take with the use 

of Factorial Analysis are very close with the values of RMSE that we take by using the 

Nipals algorithm. The second real dataset that has been used is the mixed mode dataset 

iris. Due to the fact, that in this dataset exists continuous, but also a categorical variable, 

the RMSE measure has been used for the continuous variables and the PFC for the 

categorical variable. As in all the other cases, same here, as the percentage of missing 

values is getting bigger the values of error increases. We conclude that the best 

technique to deal with missingness in this dataset is the non-parametric method of 

Random Forests. From the methods that belongs in Principal Component Analysis the 

results are different depending of the percentage of missing values. In the scenario we 

have 5% or 20% missing values the approach of Factorial Analysis give better results. 

But, in the scenario we have 10% missing values the approach of Forward Imputation 

seems to be more reliable. 

  Summing all the results we draw in some main conclusions. The first is that in all the 

cases, regardless if we have simulated or real data, as expected when the percentage of 

missing values is getting bigger, the loss of information and the error either the RMSE, 

or the PFC increases. The main result, is that the method of Factorial Analysis performs 

better than all other competitors when the data are coming from Multivariate Normal 

distribution with correlated variables (a very common situation in real datasets) or in 

Skew Multivariate Normal distribution. Certainly, we can say that totally the Factorial 

Analysis seems to be the most reliable method. Even in the cases that is not appear to be 

the most appropriate method, is very close to that which gives the best results. Now, in 

the simulated datasets, the best method is reliable in all the scenarios, i.e it does not 

matter the percentage of missing values that we have. A fact which is not confirmed 

with the experiments based on real datasets. There, as we saw, the results are becoming 

different depending the percentage of missing values. 
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Appendix 
 

 

 

 
A1 

 

fun<-function(ma,matr,maim,m4){ 

rm<-0 

p<-0 

for(i in 1:150){ 

for(j in 1:10){ 

if (m4[i,j]==TRUE){ 

p<-p+1 

rm<-rm+(matr[i,j]-maim[i,j])^2 

} 

} 

} 

rm<-sqrt(rm/150) 

return(c(rm,p)) 

} 

library(ForImp) 

library(missMDA) 

library(pcaMethods) 

iter<-200 

RMSE1<-matrix(rep(0, iter*5), ncol=5) 

for(i in 1:iter){ 

sigma<-diag(runif(10,0,10)) 

mat<-rmvnorm(n=150,mean=rep(0,10),sigma=sigma) 

m1<-missingmat(mat,nummissing=75,pattern="r") 

m2<-meanimp(m1) 

m4<-is.na(m1) 

RMSE1[i,1]<-fun(m1,mat,m2,m4)[1] 

MI2<-imputePCA(m1,ncp=2,method="EM",threshold=1e-06,maxiter=1000) 

mi2<-MI2$completeObs 

RMSE1[i,2]<-fun(m1,mat,mi2,m4)[1] 

mfa1<-as.data.frame(m1) 

imp<-imputeFAMD(mfa1,ncp=2) 

mfa<-imp$tab.disj 

RMSE1[i,3]<-fun(mfa1,mat,mfa,m4)[1] 

mnip<-completeObs(pca(m1,nPcs=2,method="nipals")) 

RMSE1[i,4]<-fun(m1,mat,mnip,m4)[1] 

mfo<-ForImp(m1,p=2) 

RMSE1[i,5]<-fun(m1,mat,mfo,m4)[1] 

} 

dimnames(RMSE1)[[2]]<-c("Mean 5%", "Iterative 5%", "FAMD 5%", "NIPALS 

5%", "FORWARD 5%") 

boxplot(RMSE1,col=8,cex.axis=0.8,las=1,ylim=c(0,max(RMSE1)),ylab="RMSE

") 

RMSE2<-matrix(rep(0, iter*5), ncol=5) 

for(i in 1:iter){ 

mat<-rmvnorm(n=150,mean=rep(0,10),sigma=sigma) 

m1<-missingmat(mat,nummissing=150,pattern="r") 

m2<-meanimp(m1) 

m4<-is.na(m1) 

RMSE2[i,1]<-fun(m1,mat,m2,m4)[1] 

MI2<-imputePCA(m1,ncp=2,method="EM",threshold=1e-06,maxiter=1000) 

CC BY: Attribution alone 4.0

https://creativecommons.org/licenses/by/4.0/

https://doi.org/10.26219/heal.aueb.6410



70 

 

mi2<-MI2$completeObs 

RMSE2[i,2]<-fun(m1,mat,mi2,m4)[1] 

mfa1<-as.data.frame(m1) 

imp<-imputeFAMD(mfa1,ncp=2) 

mfa<-imp$tab.disj 

RMSE2[i,3]<-fun(mfa1,mat,mfa,m4)[1] 

mnip<-completeObs(pca(m1,nPcs=2,method="nipals")) 

RMSE2[i,4]<-fun(m1,mat,mnip,m4)[1] 

mfo<-ForImp(m1,p=2) 

RMSE2[i,5]<-fun(m1,mat,mfo,m4)[1] 

} 

dimnames(RMSE2)[[2]]<-c("Mean 10%", "Iterative 10%", "FAMD 10%", 

"NIPALS 10%", "FORWARD 10%") 

boxplot(RMSE2,col=8,cex.axis=0.8,las=1,ylim=c(0,max(RMSE2)),ylab="RMSE

") 

RMSE3<-matrix(rep(0, iter*5), ncol=5) 

for(i in 1:iter){ 

mat<-rmvnorm(n=150,mean=rep(0,10),sigma=sigma) 

m1<-missingmat(mat,nummissing=300,pattern="r") 

m2<-meanimp(m1) 

m4<-is.na(m1) 

RMSE3[i,1]<-fun(m1,mat,m2,m4)[1] 

MI2<-imputePCA(m1,ncp=2,method="EM",threshold=1e-06,maxiter=1000) 

mi2<-MI2$completeObs 

RMSE3[i,2]<-fun(m1,mat,mi2,m4)[1] 

mfa1<-as.data.frame(m1) 

imp<-imputeFAMD(mfa1,ncp=2) 

mfa<-imp$tab.disj 

RMSE3[i,3]<-fun(mfa1,mat,mfa,m4)[1] 

mnip<-completeObs(pca(m1,nPcs=2,method="nipals")) 

RMSE3[i,4]<-fun(m1,mat,mnip,m4)[1] 

mfo<-ForImp(m1,p=2) 

RMSE3[i,5]<-fun(m1,mat,mfo,m4)[1] 

} 

dimnames(RMSE3)[[2]]<-c("Mean 20%", "Iterative 20%", "FAMD 20%", 

"NIPALS 20%", "FORWARD 20%") 

boxplot(RMSE3,col=8,cex.axis=0.8,las=1,ylim=c(0,max(RMSE3)),ylab="RMSE

") 

par(mfrow=c(1,3)) 

boxplot(RMSE1,col=8,cex.axis=0.8,las=1,ylim=c(0,max(RMSE3)),ylab="RMSE

") 

boxplot(RMSE2,col=8,cex.axis=0.8,las=1,ylim=c(0,max(RMSE3)),ylab="RMSE

") 

boxplot(RMSE3,col=8,cex.axis=0.8,las=1,ylim=c(0,max(RMSE3)),ylab="RMSE

") 

 

A2 

 

Posdef <- function (n, ev = runif(n, 0, 10)) 

{ 

Z <- matrix(ncol=n, rnorm(n^2)) 

decomp <- qr(Z) 

Q <- qr.Q(decomp) 

R <- qr.R(decomp) 

d <- diag(R) 

ph <- d / abs(d) 

O <- Q %*% diag(ph) 

Z <- t(O) %*% diag(ev) %*% O 

return(Z) 
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} 

library(ForImp) 

library(missMDA) 

library(pcaMethods) 

iter<-200 

RMSE1<-matrix(rep(0, iter*5), ncol=5) 

sigma<-Posdef(10) 

for(i in 1:iter){ 

mat<-rmvnorm(n=150,mean=rep(0,10),sigma=sigma) 

m1<-missingmat(mat,nummissing=75,pattern="r") 

m2<-meanimp(m1) 

m4<-is.na(m1) 

RMSE1[i,1]<-fun(m1,mat,m2,m4)[1] 

MI2<-imputePCA(m1,ncp=2,method="EM",threshold=1e-06,maxiter=1000) 

mi2<-MI2$completeObs 

RMSE1[i,2]<-fun(m1,mat,mi2,m4)[1] 

mfa1<-as.data.frame(m1) 

imp<-imputeFAMD(mfa1,ncp=2) 

mfa<-imp$tab.disj 

RMSE1[i,3]<-fun(mfa1,mat,mfa,m4)[1] 

mnip<-completeObs(pca(m1,nPcs=2,method="nipals")) 

RMSE1[i,4]<-fun(m1,mat,mnip,m4)[1] 

mfo<-ForImp(m1,p=2) 

RMSE1[i,5]<-fun(m1,mat,mfo,m4)[1] 

} 

dimnames(RMSE1)[[2]]<-c("Mean 5%", "Iterative 5%", "FAMD 5%", "NIPALS 

5%", "FORWARD 5%") 

boxplot(RMSE1,col=8,cex.axis=0.8,las=1,ylim=c(0,max(RMSE1)),ylab="RMSE

") 

RMSE2<-matrix(rep(0, iter*5), ncol=5) 

for(i in 1:iter){ 

mat<-rmvnorm(n=150,mean=rep(0,10),sigma=sigma) 

m1<-missingmat(mat,nummissing=150,pattern="r") 

m2<-meanimp(m1) 

m4<-is.na(m1) 

RMSE2[i,1]<-fun(m1,mat,m2,m4)[1] 

MI2<-imputePCA(m1,ncp=2,method="EM",threshold=1e-06,maxiter=1000) 

mi2<-MI2$completeObs 

RMSE2[i,2]<-fun(m1,mat,mi2,m4)[1] 

mfa1<-as.data.frame(m1) 

imp<-imputeFAMD(mfa1,ncp=2) 

mfa<-imp$tab.disj 

RMSE2[i,3]<-fun(mfa1,mat,mfa,m4)[1] 

mnip<-completeObs(pca(m1,nPcs=2,method="nipals")) 

RMSE2[i,4]<-fun(m1,mat,mnip,m4)[1] 

mfo<-ForImp(m1,p=2) 

RMSE2[i,5]<-fun(m1,mat,mfo,m4)[1] 

} 

dimnames(RMSE2)[[2]]<-c("Mean 10%", "Iterative 10%", "FAMD 10%", 

"NIPALS 10%", "FORWARD 10%") 

boxplot(RMSE2,col=8,cex.axis=0.8,las=1,ylim=c(0,max(RMSE2)),ylab="RMSE

") 

RMSE3<-matrix(rep(0, iter*5), ncol=5) 

for(i in 1:iter){ 

mat<-rmvnorm(n=150,mean=rep(0,10),sigma=sigma) 

m1<-missingmat(mat,nummissing=300,pattern="r") 

m2<-meanimp(m1) 

m4<-is.na(m1) 

RMSE3[i,1]<-fun(m1,mat,m2,m4)[1] 
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MI2<-imputePCA(m1,ncp=2,method="EM",threshold=1e-06,maxiter=1000) 

mi2<-MI2$completeObs 

RMSE3[i,2]<-fun(m1,mat,mi2,m4)[1] 

mfa1<-as.data.frame(m1) 

imp<-imputeFAMD(mfa1,ncp=2) 

mfa<-imp$tab.disj 

RMSE3[i,3]<-fun(mfa1,mat,mfa,m4)[1] 

mnip<-completeObs(pca(m1,nPcs=2,method="nipals")) 

RMSE3[i,4]<-fun(m1,mat,mnip,m4)[1] 

mfo<-ForImp(m1,p=2) 

RMSE3[i,5]<-fun(m1,mat,mfo,m4)[1] 

} 

dimnames(RMSE3)[[2]]<-c("Mean 20%", "Iterative 20%", "FAMD 20%", 

"NIPALS 20%", "FORWARD 20%") 

boxplot(RMSE3,col=8,cex.axis=0.8,las=1,ylim=c(0,max(RMSE3)),ylab="RMSE

") 

par(mfrow=c(1,3)) 

boxplot(RMSE1,col=8,cex.axis=0.8,las=1,ylim=c(0,max(RMSE3)),ylab="RMSE

") 

boxplot(RMSE2,col=8,cex.axis=0.8,las=1,ylim=c(0,max(RMSE3)),ylab="RMSE

") 

boxplot(RMSE3,col=8,cex.axis=0.8,las=1,ylim=c(0,max(RMSE3)),ylab="RMSE

") 

 

A3 

 

library(ForImp) 

library(missMDA) 

library(sn) 

library(pcaMethods) 

iter<-200 

RMSE1<-matrix(rep(0, iter*5), ncol=5) 

sigma<-matrix(rep(.8,100), nrow=10) 

diag(sigma)<-1 

alpha<-rep(-2,10) 

for(i in 1:iter){ 

mat<-rmsn(n=150, rep(0, length(alpha)), Omega=sigma, alpha=alpha) 

mat<-mat[1:150,1:10] 

m1<-missingmat(mat,nummissing=75,pattern="r") 

m2<-meanimp(m1) 

m4<-is.na(m1) 

RMSE1[i,1]<-fun(m1,mat,m2,m4)[1] 

MI2<-imputePCA(m1,ncp=2,method="EM",threshold=1e-06,maxiter=1000) 

mi2<-MI2$completeObs 

RMSE1[i,2]<-fun(m1,mat,mi2,m4)[1] 

mfa1<-as.data.frame(m1) 

imp<-imputeFAMD(mfa1,ncp=2) 

mfa<-imp$tab.disj 

RMSE1[i,3]<-fun(mfa1,mat,mfa,m4)[1] 

mnip<-completeObs(pca(m1,nPcs=2,method="nipals")) 

RMSE1[i,4]<-fun(m1,mat,mnip,m4)[1] 

mfo<-ForImp(m1,p=2) 

RMSE1[i,5]<-fun(m1,mat,mfo,m4)[1] 

} 

dimnames(RMSE1)[[2]]<-c("Mean 5%", "Iterative 5%", "FAMD 5%", "NIPALS 

5%", "FORWARD 5%") 

boxplot(RMSE1,col=8,cex.axis=0.8,las=1,ylim=c(0,max(RMSE1)),ylab="RMSE

") 

RMSE2<-matrix(rep(0, iter*5), ncol=5) 
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for(i in 1:iter){ 

mat<-rmsn(n=150, rep(0, length(alpha)), Omega=sigma, alpha=alpha) 

mat<-mat[1:150,1:10] 

m1<-missingmat(mat,nummissing=150,pattern="r") 

m2<-meanimp(m1) 

m4<-is.na(m1) 

RMSE2[i,1]<-fun(m1,mat,m2,m4)[1] 

MI2<-imputePCA(m1,ncp=2,method="EM",threshold=1e-06,maxiter=1000) 

mi2<-MI2$completeObs 

RMSE2[i,2]<-fun(m1,mat,mi2,m4)[1] 

mfa1<-as.data.frame(m1) 

imp<-imputeFAMD(mfa1,ncp=2) 

mfa<-imp$tab.disj 

RMSE2[i,3]<-fun(mfa1,mat,mfa,m4)[1] 

mnip<-completeObs(pca(m1,nPcs=2,method="nipals")) 

RMSE2[i,4]<-fun(m1,mat,mnip,m4)[1] 

mfo<-ForImp(m1,p=2) 

RMSE2[i,5]<-fun(m1,mat,mfo,m4)[1] 

} 

dimnames(RMSE2)[[2]]<-c("Mean 10%", "Iterative 10%", "FAMD 10%", 

"NIPALS 10%", "FORWARD 10%") 

boxplot(RMSE2,col=8,cex.axis=0.8,las=1,ylim=c(0,max(RMSE2)),ylab="RMSE

") 

RMSE3<-matrix(rep(0, iter*5), ncol=5) 

for(i in 1:iter){ 

mat<-rmsn(n=150, rep(0, length(alpha)), Omega=sigma, alpha=alpha) 

mat<-mat[1:150,1:10] 

m1<-missingmat(mat,nummissing=300,pattern="r") 

m2<-meanimp(m1) 

m4<-is.na(m1) 

RMSE3[i,1]<-fun(m1,mat,m2,m4)[1] 

MI2<-imputePCA(m1,ncp=2,method="EM",threshold=1e-06,maxiter=1000) 

mi2<-MI2$completeObs 

RMSE3[i,2]<-fun(m1,mat,mi2,m4)[1] 

mfa1<-as.data.frame(m1) 

imp<-imputeFAMD(mfa1,ncp=2) 

mfa<-imp$tab.disj 

RMSE3[i,3]<-fun(mfa1,mat,mfa,m4)[1] 

mnip<-completeObs(pca(m1,nPcs=2,method="nipals")) 

RMSE3[i,4]<-fun(m1,mat,mnip,m4)[1] 

mfo<-ForImp(m1,p=2) 

RMSE3[i,5]<-fun(m1,mat,mfo,m4)[1] 

} 

dimnames(RMSE3)[[2]]<-c("Mean 20%", "Iterative 20%", "FAMD 20%", 

"NIPALS 20%", "FORWARD 20%") 

boxplot(RMSE3,col=8,cex.axis=0.8,las=1,ylim=c(0,max(RMSE3)),ylab="RMSE

") 

par(mfrow=c(1,3)) 

boxplot(RMSE1,col=8,cex.axis=0.9,las=1,ylim=c(0,max(RMSE3)),ylab="RMSE

") 

boxplot(RMSE2,col=8,cex.axis=0.9,las=1,ylim=c(0,max(RMSE3)),ylab="RMSE

") 

boxplot(RMSE3,col=8,cex.axis=0.9,las=1,ylim=c(0,max(RMSE3)),ylab="RMSE

") 

 

A4 

 

library(ForImp) 

library(sn) 
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data(ais) 

ai<-ais[,3:13] 

ai<-as.matrix(ai) 

m1<-missingmat(ai,nummissing=111,pattern="r") 

m2<-meanimp(m1) 

m4<-is.na(m1) 

fun(m1,ai,m2,m4) 

library(missMDA) 

MI2<-imputePCA(m1,ncp=2,method="EM",threshold=1e-06,maxiter=1000) 

mi2<-MI2$completeObs 

fun(m1,ai,mi2,m4) 

library(missMDA) 

mfa1<-as.data.frame(m1) 

imp<-imputeFAMD(mfa1,ncp=2) 

mfa<-imp$tab.disj 

fun(mfa1,ai,mfa,m4) 

library(pcaMethods) 

mnip<-completeObs(pca(m1,nPcs=2,method="nipals")) 

fun(m1,ai,mnip,m4) 

mfo<-ForImp(m1,p=2) 

fun(m1,ai,mfo,m4) 

m1<-missingmat(ai,nummissing=222,pattern="r") 

m2<-meanimp(m1) 

m4<-is.na(m1) 

fun(m1,ai,m2,m4) 

MI2<-imputePCA(m1,ncp=2,method="EM",threshold=1e-06,maxiter=1000) 

mi2<-MI2$completeObs 

fun(m1,ai,mi2,m4) 

mfa1<-as.data.frame(m1) 

imp<-imputeFAMD(mfa1,ncp=2) 

mfa<-imp$tab.disj 

fun(mfa1,ai,mfa,m4) 

mnip<-completeObs(pca(m1,nPcs=2,method="nipals")) 

fun(m1,ai,mnip,m4) 

mfo<-ForImp(m1,p=2) 

fun(m1,ai,mfo,m4) 

m1<-missingmat(ai,nummissing=444,pattern="r") 

m2<-meanimp(m1) 

m4<-is.na(m1) 

fun(m1,ai,m2,m4) 

MI2<-imputePCA(m1,ncp=2,method="EM",threshold=1e-06,maxiter=1000) 

mi2<-MI2$completeObs 

fun(m1,ai,mi2,m4) 

mfa1<-as.data.frame(m1) 

imp<-imputeFAMD(mfa1,ncp=2) 

mfa<-imp$tab.disj 

fun(mfa1,ai,mfa,m4) 

mnip<-completeObs(pca(m1,nPcs=2,method="nipals")) 

fun(m1,ai,mnip,m4) 

mfo<-ForImp(m1,p=2) 

fun(m1,ai,mfo,m4) 

 

A5 

 

library(missMDA) 

library(ForImp) 

library(missForest) 

mat<-iris 

mfa1<-prodNA(mat,0.05) 
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summary(mfa1) 

mfa11<-mfa1[,1:4] 

mat2<-iris[,1:4] 

mat22<-as.matrix(mat2) 

imp<-imputeFAMD(mfa1,ncp=2) 

mfa<-imp$tab.disj 

mfa111<-as.data.frame(mfa11) 

mf<-mfa[,1:4] 

k<-rep(0,150) 

p1<-0 

p2<-0 

p3<-0 

for(i in 1:150){ 

if((mfa[i,5]>mfa[i,6]) & (mfa[i,5]>mfa[i,7])) 

(p1<-p1+1)&(k[i]<-1) 

if((mfa[i,6]>mfa[i,5]) & (mfa[i,6]>mfa[i,7])) 

(p2<-p2+1)&(k[i]<-2) 

if((mfa[i,7]>mfa[i,5]) & (mfa[i,7]>mfa[i,6])) 

(p3<-p3+1)&(k[i]<-3) 

} 

fun<-function(ma,matr,maim,m4){ 

rm<-0 

p<-0 

for(i in 1:150){ 

for(j in 1:4){ 

if (m4[i,j]==TRUE){ 

p<-p+1 

rm<-rm+(matr[i,j]-maim[i,j])^2 

} 

} 

} 

rm<-sqrt(rm/150) 

return(c(rm,p)) 

} 

m4<-is.na(mfa11) 

fun(mfa111,mat22,mf,m4) 

mfa2<-cbind(mfa1[,1],mfa1[,2],mfa1[,3],mfa1[,4],mfa1[,5]) 

mfaa<-ForImp(mfa2,p=2) 

mfor<-mfaa[,1:4] 

k<-rep(0,150) 

p1<-0 

p2<-0 

p3<-0 

for(i in 1:150){ 

if(mfaa[i,5]==1) 

(p1<-p1+1)&(k[i]<-1) 

if(mfaa[i,5]==2) 

(p2<-p2+1)&(k[i]<-2) 

if(mfaa[i,5]==3) 

(p3<-p3+1)&(k[i]<-3) 

} 

fun(mfa111,mat22,mfor,m4) 

mf5<-missForest(mfa1, maxiter = 10, ntree = 100, variablewise = FALSE, 

decreasing = FALSE, verbose = FALSE, 

mtry = floor(sqrt(ncol(mfa1))), replace = TRUE, 

classwt = NULL, cutoff = NULL, strata = NULL, 

sampsize = NULL, nodesize = NULL, maxnodes = NULL, 

xtrue = NA, parallelize = c('no', 'variables', 'forests')) 

mf55<-mf5$ximp 
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mixError(mf55,mfa1,mat) 

mrf<-mf55[,1:4] 

fun(mfa111,mat22,mrf,m4) 

mat<-iris 

mfa1<-prodNA(mat,0.1) 

summary(mfa1) 

mfa11<-mfa1[,1:4] 

mat2<-iris[,1:4] 

mat22<-as.matrix(mat2) 

imp<-imputeFAMD(mfa1,ncp=2) 

mfa<-imp$tab.disj 

mfa111<-as.data.frame(mfa11) 

mf<-mfa[,1:4] 

k<-rep(0,150) 

p1<-0 

p2<-0 

p3<-0 

for(i in 1:150){ 

if((mfa[i,5]>mfa[i,6]) & (mfa[i,5]>mfa[i,7])) 

(p1<-p1+1)&(k[i]<-1) 

if((mfa[i,6]>mfa[i,5]) & (mfa[i,6]>mfa[i,7])) 

(p2<-p2+1)&(k[i]<-2) 

if((mfa[i,7]>mfa[i,5]) & (mfa[i,7]>mfa[i,6])) 

(p3<-p3+1)&(k[i]<-3) 

} 

m4<-is.na(mfa11) 

fun(mfa111,mat22,mf,m4) 

mfa2<-cbind(mfa1[,1],mfa1[,2],mfa1[,3],mfa1[,4],mfa1[,5]) 

mfaa<-ForImp(mfa2,p=2) 

mfor<-mfaa[,1:4] 

k<-rep(0,150) 

p1<-0 

p2<-0 

p3<-0 

for(i in 1:150){ 

if(mfaa[i,5]==1) 

(p1<-p1+1)&(k[i]<-1) 

if(mfaa[i,5]==2) 

(p2<-p2+1)&(k[i]<-2) 

if(mfaa[i,5]==3) 

(p3<-p3+1)&(k[i]<-3) 

} 

fun(mfa111,mat22,mfor,m4) 

mf5<-missForest(mfa1, maxiter = 10, ntree = 100, variablewise = FALSE, 

decreasing = FALSE, verbose = FALSE, 

mtry = floor(sqrt(ncol(mfa1))), replace = TRUE, 

classwt = NULL, cutoff = NULL, strata = NULL, 

sampsize = NULL, nodesize = NULL, maxnodes = NULL, 

xtrue = NA, parallelize = c('no', 'variables', 'forests')) 

mf55<-mf5$ximp 

mixError(mf55,mfa1,mat) 

mrf<-mf55[,1:4] 

fun(mfa111,mat22,mrf,m4) 

mat<-iris 

mfa1<-prodNA(mat,0.2) 

summary(mfa1) 

mfa11<-mfa1[,1:4] 

mat2<-iris[,1:4] 

mat22<-as.matrix(mat2) 
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imp<-imputeFAMD(mfa1,ncp=2) 

mfa<-imp$tab.disj 

mfa111<-as.data.frame(mfa11) 

mf<-mfa[,1:4] 

k<-rep(0,150) 

p1<-0 

p2<-0 

p3<-0 

for(i in 1:150){ 

if((mfa[i,5]>mfa[i,6]) & (mfa[i,5]>mfa[i,7])) 

(p1<-p1+1)&(k[i]<-1) 

if((mfa[i,6]>mfa[i,5]) & (mfa[i,6]>mfa[i,7])) 

(p2<-p2+1)&(k[i]<-2) 

if((mfa[i,7]>mfa[i,5]) & (mfa[i,7]>mfa[i,6])) 

(p3<-p3+1)&(k[i]<-3) 

} 

m4<-is.na(mfa11) 

fun(mfa111,mat22,mf,m4) 

mfa2<-cbind(mfa1[,1],mfa1[,2],mfa1[,3],mfa1[,4],mfa1[,5]) 

mfaa<-ForImp(mfa2,p=2) 

mfor<-mfaa[,1:4] 

k<-rep(0,150) 

p1<-0 

p2<-0 

p3<-0 

for(i in 1:150){ 

if(mfaa[i,5]==1) 

(p1<-p1+1)&(k[i]<-1) 

if(mfaa[i,5]==2) 

(p2<-p2+1)&(k[i]<-2) 

if(mfaa[i,5]==3) 

(p3<-p3+1)&(k[i]<-3) 

} 

fun(mfa111,mat22,mfor,m4) 

mf5<-missForest(mfa1, maxiter = 10, ntree = 100, variablewise = FALSE, 

decreasing = FALSE, verbose = FALSE, 

mtry = floor(sqrt(ncol(mfa1))), replace = TRUE, 

classwt = NULL, cutoff = NULL, strata = NULL, 

sampsize = NULL, nodesize = NULL, maxnodes = NULL, 

xtrue = NA, parallelize = c('no', 'variables', 'forests')) 

mf55<-mf5$ximp 

mixError(mf55,mfa1,mat) 

mrf<-mf55[,1:4] 

fun(mfa111,mat22,mrf,m4) 
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