ATHENS UNIVERSITY
OF ECONOMICS AND BUSINESS

DEPARTMENT OF STATISTICS
POSTGRADUATE PROGRAIM

REPRESENTATION OF STOCHASTIC
INTEGRALS WITH RESPECT TO LEVY
RANDOM MEASURES

By

Anastasios A. Haralampopoulos

A THESIS
Submitted to the Department of Statistics
of the Athens University of Economics and Business
in partial fulfilment of the requirements for

the degree of Master of Science in Statistics

Athens, Greece
2003



bitps://doi.org/10.26219/heal.aueb.6113

QIKONOMIKO TANENIZTRMIO AGHNON
(ATAAOTOE

I

498081




5719.23

ATHENS UNIVERSITY
OF ECONOMICS AND BUSINESS

DEPARTMENT OF STATISTICS
POSTGRADUATE PROGRAM

Representation of Stochastic Integrals with respect to
Lévy random measures

By

Anastasios A. Haralampopaulos
fo5 RN

Submitted to the Department of Qtl$m:5 - )/,//

BhEM |-

A THESIS

of the Athens University of Economics ana‘ eSS
in partial fulfilment of the requirements for

the degree of Master of Science in Statistics

Athens, Greece
November 2002




X721,

OIKONOMIKO ITANEINIXTHMIO
AOHNON

TMHMA XTATIXTIKHX

Avamapdotoaon X1oyactik®v OAoKANpoOUdTOV OETIKOV
2uvaptnoemv og tpog Lévy tuyaia pérpa

Avaotdolog A. XopaAaumrdmoviog

AIATPIBH ( x
ITov vroPfAndnke oto Tunua Ztancﬁ;éﬁg\

tov Owovopkov [Tavemompiov ABnvav o S

®¢ UEPOG TOV ATMALTICEMV Y10 TNV OXOKTNOT

Metantoyokod Aumhdpatog Edikevong om Zratiotikn

Abnva
Noéupprog 2002



519.273

ATHENS UNIVERSITY
OF ECONOMICS AND BUSINESS

DEPARTMENT OF STATISTICS

A Thesis submitted in partial fulfillment of
the requirements for the degree of

Master of Science

Representation of Stochastic Integrals with respect to
Lévy random measures

/ ¥ 4 %, ".-__ %
v '\\‘.,
(1] BiBAIA- =1
. .-|.-_ ....f_-r_-p,.lh-h. )“: .I
Anastasios A. Haralampoponl!;pg\ /ol
A\ h 4 ;
‘“}\"}-ﬁ‘ %
\"‘\:—Q}I NOR =~

e

Approved by the Graduate Committee

M. Zazanis N. Fragkos H. Pavlopoulos
Associate Professor Professor Assistant Professor
Thesis Supervisor Members of the Commitee
Athens, December 2003

Michaeﬂazanis, Associate Professor
Director of the Graduate Program




ACKNOWLEDGEMENTS

I would like to thank my supervisor Professor Michael Zazanis for his
help and guidance during the writing of this dissertation. I would also like
everyone else who helped in anyway to complete this thesis.



II

https://doi.org/10.26219/heal.aueb.6113



VITA

I was born in Athens in 1976. I finished High School in 1993. I became a
student in the University of Athens, department of Mathematics, in
September 1993. I graduated in Jenuary 1999. In June 1999 1 was
accepted as a post-graduate student in the International Master Program
in Statistics of the Athens University of Economics and Business.

m



v

https://doi.org/10.26219/heal.aueb.6113




ABSTRACT /. A

|| BiBaiOBHKH 'i

Haralampopoulos Anastasios W2\ =}
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Representation of Stochastic Integrals wit '\\f‘ééﬁﬁcttfto Lévy
random measures

November 2002

The aim of the present thesis is to provide a comprehensive review of the
existing recent work on the stochastic integrals and differential equations with respect
to Lévy processes. Furthermore, we also introduce also a new representation of
stochastic integrals of possitive functions with respect to any Lévy process.

We provide in detail the Gamma Ornstein-Uhlenbeck process, which is the
solution of the corresponding Omstein-Uhlenbeck differential equation with respect
to Lévy process when the latter is a Compound Poisson. The most important
difference with the usual case when the corresponding Lévy process of the stochastic
differential equation is the Brownian motion, is that now the process is not continuous
and may have jumps over time.

We also provide some general theorems which charecterize the marginals
distributions of such a process and show the strong relation between the resulted
Ornstein-Uhlenbeck process and the corresponding Lévy process . Furthermore we
utilize two completely different methods in order to observe the characteristic
function of the integrated OU process in the Gamma case.

In addition, based on the fact that the Ornstein —Uhlenbeck processes give as
result a stochastic integral of a possitive function with respect to a Lévy process we
classify these integrals into a more general class of possitive functions with respect to
any Lévy processes such Compound Poisson, a-Stable process, Brownian-motion etc.
and we introduce a new representation for the marginals distributions of these
integrals as a subordinated process.

Finally we compare our results theoreticaly in order to demostrate the aggreement
of our representation with some well known results. We also use sampling methods in
order to compare the distribution of our representation of the stochastic integral in

Gamma — OU case.
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IHEPIAHYH

XopalaptmOTovA0S AVooTAGLOG

Avanapdotacn X10yasTikOV OLoKANpONATOV OC TPOS
Lévy Toyaia pétpa

NoéuBprog 2002

Txomdg TG Topovcag Satpifrg eivar vo dDOEL pi TO.POLGIACT] TOV
TPOGEUTA GYETIKA £PYOV TAVE OTO CTOYUGTIKA OAOKANPAOUATH KOl GTOYOOCTIGTIKEC
owpopwéc efiodoelg wg mpog Lévy Swdikaocieg kabBdg ko va sioayst pa véa
AVATOPACTAOT] CTOYUCTIKOV OAOKANPOUATOV feTikdv cuvaptioewv ®¢ mpog Lévy
odikooies.

INapovordlovpe avarivtikd t Gamma Omstein-Uhlenbeck dwdikacio mov
givan M Avom g avtictoyrg Omstein-Uhlenbeck otoyaotikig dwapopikg e&icmong
6tav 1 Lévy dwdwkaoia oe avtmm sivar Compound Poisson. H PBacwum dwgopd tov
povtérov mov e€etdlovpe pe o ovvnbeg Ornstein — Uhlenbeck poviélo dtav dniad
1 Lévy dwdwkacio and v onola mpoépyetor to poviéro givan kivnon Brown, eivon
6T m Lévy dadwacia dev eivarl anapaitnta cuveyme kot TepiEyet GApota.

Iapovoialovior emiong pepikd yevikd Bswpiuata mov yopaktnpilovv TG
Katavopés 1é€Toov dwdikacidv kKol @avepdvovv tn oyxéon perabd Ornstein —
Uhlenbeck xai tov avtiotoywv Lévy dwwdwaocidv. Emmhéov vroloyilovpe pe dvo
OWPOPETIKODG TPOTOVE TNV YOPUKTNPIOTIKY] GLVAPTNOT Y TO OAOKANPOMA TG
Ornstein-Uhlenbeck dwndwaciag oty mepintoon ov avth givar Gamma OU.

Emmiéov Bacildpevor oto yeyovdg 6Tl TO0 amOTEAESUN TETOL®V SOOIKACIOV
TePEYEL v OTOYAOTIKO ohoxkAnpopa pog Betikng cvvdptong g mpog o Lévy
dwdkaoio, KoTYOPLOMOOVUE OVTA T0 OAOKANPOMOTO O pia YeVIKOTEPT OpAda
OTOYOOTIKOV OAOKANpOUdTOV BeTikdv cuvapmoewv ¢ mpog omowdnmote Lévy
dadwacia 6mmg o rapaderypo Compound Poisson, a-Stable, Brownian motion, kat

EI0AYOVUE [0 VEQ AVATOPACTACT] Y10 TIG KOTAVOUES TOVG.

VII



Téloc ocvykpivovue BepnTikd To amOTEAECUATA QTS TNG AVATAPACTOCOTG
ue €idn yvootd omoteréopota. Xtnv mepimtoon m¢ Gamma OU Swdikoociog

TO.POVCIALOVUE YPOPIKES KAL CTATICTIKEG GLYKPLTIKEG PEBOSOVG.
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Chapter 1 “(
Introduction

In this thesis we will present some basic results for Lévy processes that are solutions of
Ornstein-Uhlenbeck (OU) stochastic differential equations with respect to a general Lévy

process. In particular we will examine the so-called Gamma—QOU process.

These models were introduced in Barndorff-Nielsen and Shephard (2001). The Ornstein-
Uhlenbeck process as they have shown it can be a stationary process its one dimension
marginals are completely determined by the background Lévy process. Barndorff-Nielsen
and Shephard identify the corresponding background driven Lévy process and the mar-
ginals of the OU process in most cases like Gamma-OU, Inverse-Gaussian Ornstein—
Uhlenbeck (IG-OU), Normal-Inverse-Gaussian (NIG-OU) and more. For these kinds of
processes the existence is connected with the unique property of a subclass of infinitely
divisible distributions the selfdecomposable distributions. More specific cf. Wolfe (1982)
and Jurek and Vervaat (1983) (see also Barndorfl-Nielsen, Jensen, and Sorensen (1998))
there exists a stationary process of Ornstein-Uhlenbeck type whose one dimensional mar-

ginal law is D iff D is selfdecomposable.

The OU-process is defined to be the solution of the stochastic differential equation

dX(t) = —AX (t)dt + dZ(t) (1.1)

1



where the driving process, {Z(t);t > 0} is a Lévy process. The solution of (1.1) can be

written in the form R
t
X(t) = e X(0) + e"\t/ e*dZ(s)
0

and using the fact that the stochastic integral and the random variable X (0) are inde-
pendent we can think of this model as a subclass of a more general family of processes

which includes stochastic processes of the form
t
X = [ 1:)42()
0

where f is a positive, real function.

In the next chapters we derive the characteristic function of the integrated OU-process
in the Gamma case which as a process plays a crucial role in stochastic volatility models.
Note that this process is of the form

/OtX(s)ds = —i— i t(l — e Me*)dZ(s)

which belongs to the more general class we described above.

For such integrals, Rosinski (1990, 2000) introduced a series representation which
besides its theoretical interest, is particularly useful in practice since it provides a way
of generating random variables with this distribution in Monte—Carlo simulation. In this
thesis we introduce a new representation for such integrals. We will represent the above

stochastic integral in the form

/0 f(s)dZ(s) £ Z(A(t))

where the new process A(t) is completely determined for the Laplace exponent and the
inverse Laplace exponent of the background driven Lévy process Z(t). Furthermore we
prove the existence of the inverse Laplace exponent (as a function) for the process Z(t)

in the Ornstein—Uhlenbeck case. The whole procedure is due to the fact that the one

2



dimension marginals are selfdecomposable. We derive the process A(t) for the Gamma-
OU case and we exa.miﬂe the representation of some general stochastic integrals, for
example when Z(t) is stable process, Compound - Poisson etc. and for different functions.
Finally we will use the above representation in order to sample from Z(A(t) in Gamma

-OU case and we compare the results with Rosinski series method.
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Chapter 2

Lévy process and random fields.

2.1 Lévy Process

In this chapter we include some basic theorems which will be used in the sequel. We
will start with the definitions of a real valued Lévy process and we will proceed in some
very famous theorems for such a process. Next we will define a random field from these
processes .

Definition 2.1 : A real valued stochastic process {Z(t)}4~o with Z(0) = 0 defined on a
probability space (2, F, P), is called a Lévy process, if it satisfies the following conditions:

i) For any finite partition of the closed interval [0,t] with ty,t1, ..., t, their points, the
increments, Zy,, — Zy, ,, 1 =1,...,n are independent random variables.

it) For any t, s in the closed interval [0, 00), the distribution of the random variable
Zirs — Zy do not depend on s.

it1)The process Z; is continuous in probability, for every s > 0 and any € > 0 we
have that:

}i_f%POZs_t‘Zs' >e€) = 0.

w) For almost every w € €, the sample path : t — Xy(w) s right continuous for
every t > 0 and has left limits for positive t.

If the conditions %) — 4ii) are satisfied we will say that Z, is a Lévy process in law and

)



if the conditions i)—v) holds we will call Z an additive process. In the following we will
study the Lévy processes which have only positive independent increments means that
they have positive jumps, as an example we will refer the Compound Poisson process.

After the definition we can know represent some basic and very famous theorems
which are well known. The first one in the bibliography is presented most times, as the
definition of a Lévy process and the truth is, that is equivalent with the definition as
describes the unique property of the family of Lévy processes which has to do with the
infinity divisibility. First of all we give the definition of an infinitely divisible random
variable.

Definition 2.2: We will say that the random wvariable Z has infinitely divisible
distribution, if for every n, there are exist independent and identically distributed random
variables, X, ..., X5 such that Z = X + ... + X in distribution.

The next theorem describes one unique property of such random variable, the reader
can find the proof and more results in (Breiman, 1967)

Theorem 2.1 : A random variable Z is infinitely divisible if and only if has the

characteristic function of the form (Lévy—Khintchine representation)
E [e*?] = exp {z’sa — %s2b + / {e** — 1 —ish(z)} v(dz)} (2.1)
R

where v is a finite measure that assigns zero mass to the origin. The function h(z) is a

truncated function, means measurable bounded with bounded support that satisfies

= for |z| > 1

h(z) = { a

z for |z| < 1

We notice here that the proof for this theorem can be done with any truncated function
which is equal to z in an neighborhood of z = 0. Actually the above representation of
characteristic function indicates that the random variable Z is the sum of two independent
random variables, one normal N(a,b?) (the Gaussian part of Z), and the other is again

an infinitely divisible random variable without Gaussian part. From know on we take

6



the logarithm of the characteristic function as it is easier to work with this in most cases.
Theorem 2.2 : A stochastic process {Z(t)}i>0 with Z(0) = 0 is a Lévy process if and
only if the characteristic function of the random variable Z(1) has the Lévy-Khintchine

representation and furthermore we have that :
¢(s) — E[eisz(t)] - (E[eisZ(l)])t (2.2)

According to the previous results Z(t) is a sum of two independent random process
Z(t) = at + VbW (t) + 2 (t) where the process W (t) is a Brownian motion and z'(t) is
a Lévy process without a Gaussian part. This well known result is obvious from the

representation of the characteristic function of Z(t)
§(s) = E[e*70] = &3 exp { / {e""—1- ish(x)}v(dw>}
R

where h(z) and v(z) as above.
If b = 0 then the process Z(t) has jumps and we say that Z is a Lévy jump process.
If o = 0 it is called pure jump process and finally if Z has positive increments then we

say that Z is a subordinator. (for more details see Bertoin, 1996,1999).

2.2 Random Fields

In order to define the stochastic integral with respect to a Lévy process we will start with
the definitions of a Lévy random measure and field.

Definition 2.3: A random measure on a measurable space (J, ) (J the state space
of a process) over the probability space (2, F, P) taking its values in R, is a function
Z:Q xS — R, such that

a)V fized A € & the function Z[e, A] : w — Z(A,w) is a random variable

b) for any fized w the function Zw,e] : A — Z(A,w) is almost surely a measure on

S



Based on this definition of a random measure we define the random field.

Definition 2.4: A Lévy Field, is a random measure on a region W such that for
every countable number of disjoint subsets of W, the values of Z corresponding to these
subsets are independent random variables and such that for every subset A C W the
random variable Z(A) is infinitely divisible (Barndorff-Nielsen)

From previous paragraph and the above definition it is clear that for such a field
Z the characteristic function of the random variable Z(dw) has the Lévy—Khintching

representation
E[eisZ(dw)] = isa(dw) — —;—bz(dw) + /{eism — 1 —ish(z)}v(dz, dw) (2.3)
R

The measure v assigns zero mass: V A C W, v({0}, A) = 0 and such that if A = {w}
for every w. Furthermore v has the property

/ a2y < oo.
R

The triplet (o, b, v) is called the characteristic triplet of the random field. fa = 0,5 =0,
Z called the Lévy jump field. In addition it can be seen that a Lévy random measure
determines a Lévy process starting from the property that Z((e, 8]) = Z(8) — Z(c). The

inverse is also true.

2.3 Selfdecomposability and Subordination

In this section we will give the basic ideas for the selfdecomposable distributions and
subordinator processes. As we will see recently issues provide a strong relation between
the class of selfdecomposable distributions and the class of Ornstein-Uhlenbeck type
processes. Furthermore we will see that if we subordinate a Brownian motion with
a selfdecomposable subordinator the subordinated process arising from them is again

selfdecomposable. We may observe also useful results for the quadratic variation for the

8



subordinated process. We refer to [10],[11],[20],[22] for the proofs and more issues.

2.3.1 Selfdecomposability

As we will see, there is one to one correspondence between selfdecomposability and the
Ornstein-Uhlenbeck type processes. More specific a process is of an Ornstein-Uhlenbeck
type if and only if its marginals are selfdecomposable.. We start with the definition of
the selfdecomposable distribution.

Definition 2.5: A distribution F' on R is called selfdecomposable if, for every b > 1,
there exists a distribution Fy on R such that their characteristic functions ¢(z), ¢y,(2)

satisfy

¢(2) = ¢(b7 2)dy(2) , 2 € R (2.4)

The class of selfdecomposable distributions is a subclass of the class of infinitely divis-
ible distributions i.e. every selfdecomposable distribution is infinitely divisible. After the
definition of selfdecomposable distribution we give the definition for the selfdecomposable
Lévy process.

Definition 2.6:A4 Lévy process is selfdecomposable if at each time t, its marginal
distribution is selfdecomposable.

Selfdecomposability can be preserved under various transformations, for example the
transformation of background driven Lévy process to process of an Ornstein-Uhlenbeck
type (Sato and Yamazato 1983).Furthermore there exists a relation between selfdecom-
posability and subordination. More specific let {X} : ¢ > 0} be the subordinated process
arising from {B; : t > 0},{A: : t > 0},where B; is a Brownian motion and A; is a
selfdecomposable process independent from B;, then X; = B(A;) is selfdecomposable.
Furthermore Halgreen (1979) and Ismail and Kelker (1979) noticed essentially the above
result but for Brownian motion without drift. Sato had show that the same exist and

with a Brownian motion with drift as the subordinand. Also now it is well known that

9



we can use any strictly stable subordinand in the above procedure in order to take again
a selfdecomposable subordinated process. Under some regularity conditions, if we re-
place the brownian motion with a selfdecomposable process, the subordinated process is
selfdecomposable.

Another important property of a selfdecomposable processes refers to their Lévy mea-
sures.

Lemma 2.1 : The process {X; : t > 0} is selfdecomposable if and only if the Lévy

measure v of X; has the representation

L I—’llll—lk(u)du (2.5)

where k(u) is increasing on (—o0,0) and decreasing on (0,+00) in the weak sense.
If the Lévy measure of the process is concentrated on (0, +00), then it is enough to
show that k(u) is decreasing on (0, +00). As an example we refer to gamma process with

parameters a, ¢ and Lévy measure v(du) = Zae du , u > 0.

2.3.2 Subordination

In this section we will refer only to Bohner’s subordination procedure. Suppose that
we have a Levy process let say {Z; : t > 0} and we evaluate this process at a random
time change points which defined by an independent from Z;, Lévy process {A; : t > 0}.
The process {A; : t > 0} is called the subordinator and the process Z,, is called the
subordinated process. We can think the process A; as a random clock. Most readers
separate the subordinators in two categories, the continuous and the purely discontinuous
processes.

We can defined the Subordinators as processes with independent and homogenous
increments which are right continuous. Then the following theorem holds and characterize
the probability measure of these processes.

Theorem 2.3 : ¢ is the Laplace exponent of a subordinator iff there exists a unique

10



pair (d, k) with d, k > 0 and a unique measure v on R such that ® has the representation

O(0)=d+ kb + /0+°°(1 — e~ ")o(dz).

As an example consider the Gamma process with parameters a, b, with Laplace ex-

ponent

+o0
®(0) = alog(1+ —Z—) = / (1-e%)az e *dz
0

where v(dz) = az"le %*dz.

11
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Chapter 3

Stochastic Integral.

3.1 Introduction.

In this chapter we define the stochastic integral with respect to a Lévy process of a
function f which may depend or not from w. The stochastic integral in general is a short
of operator which take a stochastic process let say f as an input and produces as an
output a stochastic variable. In other words let f be a process in a space of measurable
functions L(2x[0,¢], R*) and X in a space L(f2, R"),then the stochastic integral with

respect to X (t) is an operator

/0 [oldX(s) : L(2 x [0,2]) — L(Q, BY) (3.1)

Furthermore this operator should be linear with respect to Lebesgue — Stieltjes integral
since it represents some kind of integration. We will see that under regularity conditions
the stochastic integral with respect to Lévy process coincide with the usual stochastic
integral (one has to keep in mind that we expecting this result when the Brownian motion
is a Lévy process).We notice here that in general there are exist no random functions

that they are not integrable with respect to Lévy process. There is a key measure which

13



characterizes the integrable functions, for more details see Rajput and Rosinski (1989).

3.2 Stochastic integral with respect to Lévy process.

First of all we define the integral for a real simple function and then for the general
case. Suppose then a probability space 2 = R™ and the o—field o(£2) on this space. A
real simple function can be defined as a linear combination of characteristic functions:
F=3%_ z.x 4, Where A, are subset of o(Q2) such that if A C B then B\A € o(2).
Definition 3.1 For every subset B, A; of o(?) such that BN A; € o(Q) and a real

function f on Q we define:

k
d
/B fdz = ; z,2(B N Ap)

we proceed forward with the definition for the general case, in other words with functions
which depends on w.

Definition 3.2 : Let Z be a Lévy process. A function f : (Q,0(Q)) — (R, B(R)) is
said to be Z—-integrable if there exist a sequence of simple functions {fn}nen Such that:

)fn— f ae

ii)V B C 0(Q) the sequence of random variables { [ fndZ }n converges in probability
as n goes to infinity.

iii) We define : [, fdZ < p— lim [, fadZ

Based on this definition we present a well known property of the characteristic function
of the above integrals that is very usual for calculations in the case where Z is a random
measure on R, with characteristic triplet (0, 0, v(dz, dw) and v factorizes in two measures
(often v is said to be product measure) M (dz, dw)and p(dw) and p is a measure on R, .
Then Z determines a Lévy process and furthermore Z((a,b]) = Z(b) — Z(a). The most
important thing with the following theorem is that if one knows the distribution of the

random variable Z(1) then he can calculate the characteristic function of the stochastic

14



integral and furthermore by using the inverse Fourier transform if this is possible to find
out the distribution of the integral for every t.

Theorem 3.1 : Let Z(t) be a Levy process and Z is a subordinator,f a real Z-
integrable negative function. The cumulant transform ¢(s) of the random variable fot fy)dzZ(y)
satisfies the following :

E[esﬁ f(y)dz(y)] = exp {/Ot @z(f(y)s)dy} (3.2)

therefore for a real positive Z-integrable function the Laplace transform of the random

variable fot f(¥)dZ(y) may be written

Ele~® ks WZW)} = exp{ / : Logle~*WZWdy = exp {— / t ®.(f (y)s)dy} (3-3)
0 0

where ®(s) is the Laplace exponent of the random variable Z(1).
For a proof of the above theorem we refer the reader to Barndorff-Nielsen (2001).

3.2.1 Series representation of Stochastic Integral

In this section we present the series representation of a stochastic integral with respect
to Lévy process. One has to keep in mind that the following relation refers only to the
distribution of the integral. The series representation is one very powerful tool which we
need in order to sample from the stochastic integral. More details and the proof one can
find in[4], [6], [18], [19].

Theorem 3.2 : Let Z(t) be a Lévy process and let Z be the Lévy random field which
this process determines. Furthermore suppose that the Lévy measure is a product measure
and factorizes to v(dz, dw) = M(dz,dw)u(dw). We define M*(z,w) = M([z,0),w) and
the inverse mapping M~(y,w) = inf{z > 0: M*(r,w) < y}. Suppose that {a;}ien s
the arrival times of a Poisson process with intensity 1 and {wn}nen an i.i.d. sequence

from the p— law and the two sequence are independent. Then for nonnegative functions
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[ which are Z—integrable we have
t o0
[ 1682 £ 3 flwpM ) (3.4)
Jj=1

The above equality holds in law. Furthermore according to the above representation
one can easily derive the characteristic function of the stochastic integral if he calculate

the characteristic function of the sum.
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Chapter 4

Ornstein-Uhlenbeck process.

4.1 Stochastic differential equations of the Ornstein-
Uhlenbeck type.

In this chapter we examine one special stochastic differential equation of the Ornstein—

Uhlenbeck type :

dX () = —AX (t)dt + dZ(2). (4.1)

The term A in the above equations is used in order keep the marginal distributions of
the process X (¢) unchanged in time. The general definition of the Ornstein—Uhlenbeck
process is the solution of the stochastic differential equation of the above form. We
mention here that Z is in general a homogeneous Lévy process with Z(0) = 0 and it is
called the background driven Lévy process. From now on we will refer to the process
X (t) as the OU-process.

In this very common model, in the usual case, the process Z(t) is a standard Brownian
motion. In our case we can think the process Z(t) as a general Lévy process, for example
Z(t) can be a process with Gamma or Inverse Gaussian, etc. marginals. The most

important difficulty of this models comparing to the usual case where Z(¢) is a Brownian
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motion is that we allow Z(t) to have jumps over time, if Z(¢) is for example a compound
Poisson process. We will examine this case and we suppose that the jumps follow the

Gamma distribution. The solution of the above equation is
At
X(t) = e MX(0) + e / e*dZ(s). (4.2)
0

In he above equation the random variable X (0) and the stochastic integral are indepen-
dent random variables and as we will see from the theorem below X (0) X (t).

The following theorem gives the existence and furthermore a very useful property of
the marginal distributions of such a process. First of all suppose that we have a random
variable z such that z is selfdecomposable (the characteristic function of z satisfies ¢(() =
d(k¢)Pr(¢) for all ¢ € R and every k € (0,1) ) then :

Theorem 4.1 (Wolfe (1982) and Jurek and Vervaat (1983)): If z is a selfdecompos-
able random variable, there ezists a stationary stochastic process X (t) and a Lévy process
Z(t) such that X (t) Lz and X (t) satisfies the equation (4.2). The converse is also true.

From the above it is clear that the marginals of the OU process X (¢) is determined
completely from the background driven process Z(t). Furthermore the marginals of X (t)
remain unchanged over time. We mention here that X (¢) may have jumps and it is
not necessary continuous process. On the other hand the integrated OU process (the
integral of X (t) with respect to time) is a continuous time process even though X ()
and Z(t) have jumps. Having now the distribution of Z(1) and combine the results from
the previous chapters we can completely determine the marginal distributions of the OU
process. The above model introduced first by Barndorfi-Nielsen and Shephard and give
as an advantage a simple structure for the OU-process X () and for the integrated process
J X(t)dt. Some times mostly in finance the process X (t) referred to us as the stochastic
volatility and the integrated process as the integrated volatility. A lot of these models
have been completely solved by Barndorfl-Nielsen and Shephard for different types of the
background driven Lévy process such as the Inverse Gaussian, Compound Poisson, and

Gamma case.
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4.2 Integrated Ornstein-Uhlenbeck process.

The integrated OU—process is simply the integral with respect to time of the OU—process
X (t) in the equation (4.2). Taking this integral we conclude that

1 {1 11 As
/ X(s)ds = X(0) / e **ds + / e / e*dZ(u)ds
0 0 0 0

/0 X(s)ds = $(Z04)— X(2) + X(0)

4 At
/ X(s)s = $1—e)XO)+5 [ (1-ee)az(s). (4.3)
0 0

From the above form it is clear that in order to find out the one dimension marginals and
the other properties of the integrated OU process it is enough to examine the stochastic
integral. Furthermore comparing these forms for OU and integrated OU process it is

clear that both of them are of the more general form:

Y(t) = /B £(s)dz(s) (4.9)

where Z(t) is a Lévy process and the function f is a positive function. In addition if f
is bounded then all process which belong to above family are stationary positive process.
Furthermore it is clear that all the properties of the stochastic integrals which we have

described in the previous chapter holds.

4.3 The Laplace exponent of the BDLP of an OU

process.

Let Z(t) be the background driven Lévy process of an OU-type process o(t). This means

that o%(t) is the solution of the following stochastic differential equation

do?(t) = =\ (t)dt + dZ(t) (4.5)
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and straight forward calculus give us the solution for ?(t)

t
o2 (t) = e ®a?(0) + e / e*dZ(Xs).
0
Since the process o%(t) is of an OU type then is selfdecomposable and furthermore

its Lévy density will have the representation

U(dz) = I—il—k(x)dx

where U is the Lévy measure of o2 and k(z) is an increasing function on (—o0,0) and
decreasing on (0, +00) (in the weak sense). In this section we will assume that the Lévy
measure U(z) concentrated only on (0,+00) and therefore it is enough to define the
k(z) = 0 in (—00,0). Barndorff -Nielsen and Shephard was found out that there exists
the following relation between the Lévy measure of the process Z(t) and the Lévy density
of the corresponding OU process o(t)

W (z) = zu(z) (4.6)

where

Wt(z) = /:m w(u)du

and w(z) is the Lévy density of the random variable Z(1) and u(z) the Lévy density of
the OU process. Assume now that u(z) is differentiable then w(z) is related with the
Lévy density u(z) according to the following equation

w(z) = —u(z) — zu (z) (4.7)

Using now the fact that the process o2(t) is selfdecomposable then

Ultdz) w= Ti—lk(x)dx
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!

u(z) = k(z 4.8

@ = pik@) (4.8)
Furthermore if we assume that ¢2(¢) > 0 then
1

u(z) = ;k(x) (4.9)

with k(z) decreasing function. Under the above assumptions the Lévy density of the
BDLP Z(t) become

w(z) = —u(z)— zu (z)

w(z) = —K(z) (4.10)

Theorem 4.2 : If the subordinator Z(t) is the BDLP of an OU type stochastic

differential equation and the solution
T
a?(t) = e ®o2(0) + e / e**dZ(\s)
0

satisfies the conditions :
i) 0%(t) > 0 and
i) o%(t) has differentiable Lévy density,

then the Laplace exponent of Z(t),

+00
®@) =d+ kb + /0 (1 — e %)W (dz),

s an increasing function in the strong sense and therefore it can be inverted.

Proof: First of all note that W(dz) = w(z)dz and using equation (4.10) W (dz) =
—k'(z)dz. Where k(z) is decreasing and therefore k'(z) < 0. Using this result we can
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rewrite the Laplace exponent

+o0
®0O) = d+kf+ /0 (1—e )W (dz)

®(0) d+ k6 — /+°°(1 — ek (z)dz
0

Taking now the first derivative with respect to 6 we observe
Is +w 14
8'(0) = k— / ek (z)dz (4.11)
0
Note now that
+o0o
- / ze~ %%k (z)dz > 0
0

since k(z) is decreasing and therefore & (8) > 0. If k > 0 then ®'() > 0 and therefore is

an increasing function. ®'(6) vanishes when k = 0 and
~+o00 ,
/ ze %k (z)dz = 0.
0

The last integral is the Laplace transform of the function f(z) = zk (z) and by the
uniqueness of Laplace transform we get that zk'(z) = 0 V z and therefore k'(z) = 0 so
®(6) = d and therefore Z(t) = t so in this case the process Z(t) does not depend on w.
We mention here that the family of the Laplace exponent that can be inverted includes
many interesting processes such as Poisson, Compound Poisson, stable process with index

a € (0,2) Gamma Process etc.

4.4 Gamma OU process and Integrated Gamma OU
process.

In this paragraph we introduced the Gamma OU process a process with Gamma (one di-

mension) marginals which satisfies the equation (4.2).We will first derive the background
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driven Lévy process and then the characteristic and the moment generating function of

the integrated Gamma OU process.

Let suppose that we have the process X (t) which satisfies the equation (4.2) with the
I'(v, &) marginals. The probability density is then

f(z) = I‘(Z;) 2 le 1 5 (). (4.12)

The corresponding Lévy density of this distribution is well known that is
fr(z) = vz~le ™. (4.13)

Let as assume that f;, and f, are the Lévy densities of X (t) and Z(1) respectively, then
from (4.7) we have:
f:(@) = —fi(e) — zfL(z)

Applying this equation to our case we find that

f(z) = ave™™.

Using know the equation (2.2) we conclude that

t'log E[e*?®] = log Ee*?")]
logE[eisZ(t)] e eut{ﬁ—l}

which means that the background driven Lévy process Z(t), is a compound Poisson

process and the jumps follows the I'(1, @) distribution, more specific Z(t) is of the form
N(t)
Z(t) = Z Gn (4.14)
n=1
where g,, ~ I['(1, ) and N(t) is a Poisson process with E[N(t)] = vt.
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The reader can find a figure from this process in Appendix section figures 6-1 for the
BDLP and 6-2 for the Gamma-OU process

4.4.1 Characteristic function of the Integrated Gamma OU process.

Having known now the background driven process Z(t) and using the fact that X(?)
one dimension marginals follows the Gamma distribution we will find the characteristic
function of the integrated process. We will derive our result using two completely different
methods which we have described in previous paragraph. One is the series representation
of the stochastic integral and the other one is given by key formula (3.2). Furthermore
we will assume that X(0) is known and X(0) = 0. The integrated process then have the

form

11 1 At
/ e / (1= ee*)dZ(s).
0 Ao
Using now (3.2) for the characteristic function of the Integrated - OU process we observe
g X
¢(s) = FE [exp‘ (ZX A 1- e’)‘tes)dZ(s))]
. s — At ou
¢(s) = exp < / Log (Eei(l‘e € )Z(l)) ds)
0

Since Z(t) is a compound Poisson process with Gamma, I'(1, a) jumps then

E[eisZ(l)] _- eu{ﬁ —1}

and therefore the integrated term in the above equation is

Log (E [exp (§(1 = e—'\te")Z(l))]) =y (a — if(lc-y— p vy — 1)

Comparing the two equations above

¢(s) = exp (/okty(a = z‘ﬁ(lo—l— eMev) l)du)

A
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At . —At _u
is(1 — e Me*)
= exp du ).
© (V/O Aa —is(1 — e~ Me¥) u)

Since ¢(is) = M (s) where M is the moment generating function we get that

= oo (v [ 2 )

If we make the substitution y = (1 — e *e*) then

0
sy 1
M = A 4
Oh A2 (” /1_ da—syl- yd“)

/0 A B
= exp |V + dy
( lee=d \Aa—sy 1l-—y

where A = 22 B = —£— and finally

al—s’

M(s) = exp (uAt ( - AT 1)) (1 _ %(1 - e_’\t))# : (4.15)

a— S

From this we conclude that the integrated Gamma OU process is a sum of two indepen-
dent processes
t
/ X(s)ds = Zo(t) + Y (2)

0

where Zy(t) is a compound Poisson process
N(z)
ZO (t) — Z Gn

n=1

where g, have the I'(1, Aa) distribution and N () is a Poisson process with E[N(t)] =

vAt. The unknown process Y (t) has the moment generating function

M(s) = (1- 2= (1- e"’\t))i:? :

25



We will now derive the same result in a different way using the series representation (3.4)

of stochastic integral .

/0 F(8)42(s) & 3 Flwy) M2t 5)

j=1

Where M~1(t,w) in our case is the inverse function of the upper tail Lévy measure.
Barndorff-Nielsen (1998b) shows the relation which exists between the Lévy density of
the OU-process and the Lévy measure of the background driven process Z(t). More
specifically, if we define

M*(z) = /+°° w(u)du

where p(u) is the Lévy density of the Lévy measure M then
M*(z) = zl(z)

where [(z) is the Lévy density of the OU-process. In our case we have Gamma marginals
for X (t) so the density I(x) will be

and therefore,

M*(z) = zl(z) = ve™™*

since M1(t,w) is the inverse function defined:

M™(t) = inf{d: 9 positive, M+ (9) < t}
M™Y(t) = max{0,~a7’ log(g—)} (4.16)

(see also Barndorff-Nielsen, 2000 , Bertoin, 1999).

Having known the above results and define ¢;, j € N as the arrivals times of a
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Poisson process N(t) with E[N(t)] = v)t, and 7; i.i.d. sequence (and independent of ¢;)

of random variables from the uniform distribution U(0, 1) then we have

/0 F(8)4Z() £ 5 Fluy) M t5,05)

At

At 1
X (s)dZ(s) = /0 (1— eMe?)dzZ(s) 2 AaZM—l( )f (xir;)

0

At oo
(1= e¥e)dz(s) & —5= 3" T (55) log(5) (1 — e™eM)

At [o's)
Mg A 1 | Iy
(1— e™e%)dz(s) "= > 1joy(us) log(uz) (1 — e Me ™)

Ao =
At —Atg At‘r
/ (1 —At s)dZ(S) Zl[ﬁ 1 u] log(u xu(l—e A 7)
0 g
and finally
N(l) 1— —At Atr
(1 — eMe?)dZ(s) £ Zlog 3 (=) (4.17)

Where u; are the arrivals times of the Poisson process N(1) with intensity 1. Using
the above representation for the integrated OU process we are ready to calculate now
the characteristic and moment generating function. But before this step we have to
mention some important things of the above representation. First it is clear that one
can sample from the integrated OU process and furthermore to simulate the process
using equation (4.17). Another important thing is that the random variables u; are
independent from the uniform variables 7; for each j. Furthermore since u; denotes the
arrivals of a Poisson process up to time 1, if we order them and conditioning with respect
to random variable N(1) = n then u; become independent copies from the uniform U(0, 1)
distribution. Furthermore, the sequence of 7; remains independent from our new uniform

random variables because r; are independent from the Poisson process N(t). So for the
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characteristic function we have

'X"(l e'")‘te)‘trj)

E[ez’s OM X(s)ds] = E[ is Z:N(l) Togu ]
1—e— M i
ZE[exp stlog 3 ))[N(l) = n|P(N(1) = n).

n=1

Since now u; become independent the above expression can be written as

S {[] Blexplistog(u; 77 ) NQ) = n]}P(N(1) = n)

or
Z{HE explislog(u; =" )N (1) = n]} P(N(1) = n)
or .
v (E[u-x‘%<1—e‘”e”’>|zv(1) 1 n])" P(N(1) = n). (4.18)

We will calculate first the expected value and then, the series so we have
E[u__(l_e Ate. At‘r)IN( ) _ n / E (1_e—AteAt-r)IT, N(l) — 'n,]d‘T

(Recall here that u, 7, are independent, U(0, 1) random variables.) By making the substi-

tutions y = 1 — 7, (then y is again uniform distribution on U(0, 1)), 7(y) = $2(1 — e~*¥)

and using again the fact that M(s) = ¢(—is) we have

1
Efu30""|N(1) =n] = / Efu®ly, N(1) = n]dy
0

1
1
r(y) _
// duly;= / () Er /(Jl—x%(l—e‘“y)dy
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using the substitution £ = e~ % the above becomes

—At

LN AR S P i/e __A B,
where A = —5—, B = 2% . Then simple calculations give
Bl 50 N(1) = n] = 2 L 0t 4 log(1 — (1 — e))
Aa — s At A

We will return now to the equation (4.18) in order to complete the proof

Eletka X = Z{E SN N () = ml} PN (1) = )

t > Aa 1 = n — (V)‘t)n
Ele*do" X)) = { — (Mt + log(1 — —(1 At))} gAML
Z_; Ao — s At n!

s [ X(s)ds) _ ,—vAt Aa _ S
Ele®Jo |=e exp(/\a_s()\t-#log(l )\a(l e )

oM S UALL 5 p W VAG 1og(1—/\—2(1—e-*t))

1 (,“X(s)ds] - Aa— s Aa — s

t A v
Elet I X@4) — exp(uat] Aa‘_’ -~ 1}{1- Xs&(l — M)} TR

We note here that in order to define some of the above integrals we must use the fact

that in our case s < 1. Furthermore as far as concerned the unknown process Y (t) with

characteristic function

M{(is) = (1 _ /%(1 - e‘)‘t)) =3

one can use the inverse Fourier transform of the characteristic function in order to have

the one dimension marginals of this process, but it is very hard to get a close form

solution. In the Appendix section we present a sample path from the integrated OU

process in figure 6-3
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Chapter 5

Representation of the stochastic

integral as a subordinated process.

5.1 Representation of the stochastic Integral

Let X(t) = fot f(s)dZ(s), where f is a positive function and does not depend on w. Fur-
thermore assume that Z(t) is a subordinator with a strictly monotone Laplace exponent

so that can be inverted. Define for example the process
t

X(t) = / ek dZ (ks).
0

Our aim is to find a process A(t) where A(¢) is a process with independent increments

independent of Z(t) such that
X0 = [ 1()az(5) £ 2(A) 5.1

Note here that the process Z(t) can be the BDLP of an OU process as theorem 4.2
indicates. This has to do with the fact that we want the process Z(t) to have strictly
monotone Laplace exponent and theorem 4.2 proves that all BDLP of an OU process

have this property. We will need the following preposition

31



Theorem 5.1 : Let Z(t), A(t) two independent processes and Z(t) be a subordinator

and A(t) be a process with independent increments, then for the process Z(A(t)) we have

B e—AZ(A(t))] = eMa(2:(N), (5.2)

where M, is the logarithm of the Laplace transform of the marginals at time t of the
process A(t) and ®,()) is the Laplace exponent of the process Z(t).

Proof: We have that :

E[C—AZ(A(t))] a E[E[e—AZ(A(t))]|A(t)] Al E[e—-A(t)@z(A)] -t CMA(QZ(A))

We are ready now to identify with the following theorem the process A(t)

Theorem 5.2 : Let X(t) = fo f(s)dZ(s), where f is a positive function and does not
depend on w. Furthermore assume that Z(t) is a subordinator with a strictly monotone

Laplace exponent so that can be inverted then there exists a process A(t) such that

x@= [ ' F(s)dz(s) £ Z(A®))

with
OMu(\ 1)

(-2Ma0 ) _ g (2N

7))
where Ma(\,t) is the Laplace transform of the process A(t) and ®z()) is the Laplace
exponent of the process Z(t).

Proof:

As we mention before (3.3) for the stochastic integral holds the following relation:

t
= [e—s I f(s)dZ(s)] _ exp{/ Log{E[e—sf(u)Z(l)]}du}-
0
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Using now equations (5.2),(3.3) we want
MA@.0.0) = [ -8 (w)du}

and taking the derivative with respect to ¢, the above equation becomes

aMA(@z ()‘)’ t) i
En =

—2.(Af(2)).

this determines the Laplace transform of the process A. Using now our assumption that

®.(s) is strictly monotone function so M4 () is we get that

2,0 = (- 22224 (@ (1)

from which we get the solution

. aMA()‘a t)

o7t
( ot

)= ‘I’z(w (5.3)

Note here that (%ﬁz)‘1 is well defined since f(t) > 0,®;(s) > 0 because the func-
tion @, : [0,+00) — [0. + oo) and therefore (Qﬂ—lﬁﬂ)'lis decreasing as we expected.
Furthermore we have assumed that @, it can be inverted so the function @z(%)&) is
well defined. In addition in 5.3 the inverse functions it have been taken with respect to

A

5.1.1 Examples

We will use the previous result in order to derive the above representation for various
Lévy processes Z(t) and functions f in very common cases. Note that from now on for

simplicity we will use the form (—M4()))~" instead of (—%ﬁ)_l.
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Gamma-OU

We will try to find out the process A(t) in the Gamma-OU case. Note here that the
BDLP is a Compound Poisson Process with I'(1,a) jumps and the OU process

0_2 Iy e—kto_2 —kt teks
@) (0) +e /0 dZ (ks)

is a stationary process with I'(v, &) marginals for each t. Furthermore the stochastic
variable ¢2(0) 4 (v, @) and is independent from the process Z(t). The above stationary
solution exists for each k& > 0 so for simplicity we will take k£ = 1. Since Z(t) is a

Compound Poisson Process with I'(1, a) jumps we have for the Laplace exponent

a
v(l_a+/\>
ai
v—A

®.(2)

;1N =

Our aim is to represent the stochastic integral fot e*dZ(s) in the form Z(A(t)). So our
function f will be the e®. Therefore we have (5.1)that

o = e (20

(~My(N)T = v(l——‘—’——)

al
@+ GoNF®

A v(l———l——)

A
1+ %

) _ 'UAf(t)
Ma() = IBYIOETES)
and in our case
Y ()= vet
el waed Hh—o

and therefore



t et
Ma) = v [t
t—
Ma() = —vlogl + 2 1)]

which means that A(t) is a process with I'(v, z%;) marginals.

The only think which left to do is to verify that
e~'a?(0) + e Z(A(t)) £ X

where X is a random variable distributed as I'(v, a). Note that 02(0), Z(A(t)) are inde-

pendent and such that

E[e—)\e"‘taz(0)—z\e_tZ(A(t))] T E[e—Ae"a2(O)]E[e—/\e'tZ(A(t))]

det

Ac=Ee > 4,
= exp{—vlog[l + . ] — vLog[1 + :\e‘_t-i-—a(e -1)]

a+ et A ¢
= e{-vlogl 2214 2 (1)

a+de P+ - de?t
= exp{-—vlog[ ]

a+)\]} ’

= exp{-vlog[l + 2]}

= exp{—vlog|

In this special case we can verify the above representation in a more simple way. We
can compute directly the Laplace transform of the stochastic integral in the integrated

equation

t
o(t) = e *a*(0) + e_kt/ e**dZ (ks)
0
We will use (we will take again k = 1) the following:
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e’ /Ot e’dZ(s) < /Ot e*dZ(s)

i) t
E[e™ o 7)) = exp (/ (IDZ()\e_s)ds)
0

i)
a
— — o 1 | = — Y
bz(\)=v (1 =7 )‘) v{l —£(Y)}
where £(Y) is the Laplace transform of the exponential jump size of the Compound

Poisson Process Z(t). Straightforward calculus in the second equation above give us the

result

E[e™>Joe7"42()] = exp (vt (% /0 tE(Ye's)ds ~ 1)) (5.4)

If we look more carefully the above equation we will see that it is nothing more than a
Compound Poisson random variable with rate vt and jumps from the Ye~° distribution
where Y is exponential and S is a uniform random variable on [0,¢] independent of Y.
Note here that one can take a more general result if we replace the function e™* with
any positive integrable function f, with respect to random field Z(B) defined from the
process Z(t). Then the random variable fot e~*dZ(s) is digtributed as a Compound Poisson
random variable with rate vt and jumps size from Y f(S)where Y, S as before. We will
verify now that e *Z(A(t)) < CPO(vt,Ye™%). Taking the Laplace transforms in both

sides we have that
a)

LetZ(At))) = —wvlogl+ —e/\_—e—z(et —1)]



b)

UYeS) = exp {vt (% /:E(Ye‘s)ds s 1) } = exp {vt (/Ot ﬁ%ds = 1) }

a+ A

As a conclusion we write all the results for the Gamma-OU case in the following table

Table 5.1

Random variable Laplace transform | Distribution

() exp{~vlog[l + 2]} | I'(v, a)

A() —vlog[l + A=Y | T(v, %)

e~ [ e*dZ(s) £ Z(A(t)) | —vlog[z22-] CPO(vt,Ye=5),Y "Exp(a),S"U(0, t)

The stochastic integral with respect to « stable process with index a ¢ (0,2).

Let Z(t) be a stable process with index ae(0, 2) then the Laplace exponent of Z it is well
know that it is

Dz(A)=A°
Define now the process

xm=Af@w@

with f as before. Then using the above representation(5.1) we can write the integral in

the following form )
Lf@ﬂwizmw)

where A(t) is a process with Laplace transform defined from

ST

o = ey %
A AL ~| BIBAIOGHKK

M -1 _ _A \ WY J

( MA(A)) fa(t) ..v I v/;/
My = -Af(t) SRS



Ma(d) = —A /0 " fo(s)ds

Assume now that the function f is stable f(¢) = ¢ > 0 then the process A(¢) has Laplace

t
—)\/ c®ds
0

Ma(\) = —c®A

transform

Ma(X)

and therefore the process A(t) = ¢*t. This means that the stochastic integral
t
/ cdZ(s) = cZ(t)
0

is distributed as .
/ cdZ(s) = cZ(t) £ Z(ct). (5.5)
ol .

If we take @ = 2 then Z is a Brownian motion, we observe from (5.5) the well known

scaling property for Brownian motion :

c3Z(t) £ Z(c M)
2() £ vez(5)

Another simple structure we can observe for the function f(t) = t then the process A(t)
is defined from

t
Myu(A) = —)\/ s%ds

0

1
MA(A) = —a——i-]_ta+1A
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and therefore A(t) = Z7t**" which means that :

t
g 1 a+1
/0 sdZ(s) = Z(a+1t ).

Compound Poisson

Let now Z(t) be a Compound Poisson Process with I'(v, a) jumps. Then we can define

the process {cZ(t)} in terms of the following stochastic integral

cZ(t) = /0 cdZ(s).

Using now some results of first example the Gamma - OU process we have that

3,0\ = v(l—ai)‘)
vAf(@#) . vAc

Ma@) = M@ Fv=X2  Actv-—2A
and therefore
vAC
Ma() = _t/\c+ v—A
Ms(\) = —t ve Ae—1)

c—1AMec—1)+v
_ ve v/(c—1)
Ma®) = —to—3 (1 " v/(c—1) +,\>

which means that the process cZ(t) has marginals laws of the form
cZ(t) £ Z(A®))

where A(t) is a compound Poisson process with intensity {¢-%$} and jumps from the
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I’(1,v/(c—1)) distribution. Note that straight forward calculus gives the expected result
Ma(®z(N)) = —tD.z(A).

Proof: We have that

v/(c—1)

My@3() = ~to=5 {1~ s =)
a+tA

ve 1

RETTES L W ey vy
ve 1

= ot nE ey

— —t’U{ a:-cA
z(zz_-::\xz_:

a
= —tv{l—a+)‘c}

The above result tell us that the simple process cZ(t) is distributed as

NEZM® X))

cZt)= > Y,

where N(t) is a Poisson point process with intensity vt, Y; are independent and distrib-
uted as I'(1,a), M(t) is a Poisson point process with intensity ¢-25 and finally X; are
independent I'(1,v/(c — 1)) distributions.

Constant function f

Examine more carefully the above example we can derive a more general result for the
above representation of the stochastic integral. More specifically the subordinated process
A(t) it can be a subordinator if the function f is constant. To see this we will start from
the beginning and we will conclude that the function f is constant.
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Let assume that there exists a process A(t) which is subordinator such that
¢ d
| #e)az(s) £ z(ae)
therefore using again (5.2),(3.3), we have
t
Ma(@.0) = [ -0 (w)au}

but from our assumption A(t) is subordinator and therefore we may rewrite the above

equation |
log[E[e ™70 = _13,,8,()) = / &, (Af(u))du)
0

taking now the second derivative with respect to ¢ we get that
0=—32(\f()f ()

which obviously means that f = 0 and therefore f is constant. Even in the case where
®,(Af(t)) = O that means ®z(A\f(t)) = c and therefore f(t) does not depend on ¢ so

again f is a constant function.

Brownian motion

Another simple and well known example is the usual case of the stochastic integral

/ ' f(s)dB(s)

where f is a real function and B(t) is a Brownian motion. We will use the (5.1) in order

to identify the process A(t). Using now the fact that

t
‘I’B(t)(/\) ¥l 5)‘2
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we get that
E[e—B(A(t))] — E[e—A(t)@B(l)(A)] = eMa(®s)(V)

and therefore we can use again the 5.1. So we have
J) <p15%(1)()\) = %)‘2
ii) D54y (N) = |vV2|

and therefore

(44wr1=¢mﬂ”$5
N P
(=My(A)~ = 120

i
My = — / F2(s)dsA
0
which means that the process A(t) is of the form
T
AW = [ P
0
and therefore we can write
11 d t
| 148 £ B([ H(s)as) (56)
We mention here that this result is equivalent to the Itd-isometry since
14
Bl([ 7(6)B)) = B[ (6)ds) = VB([ Fc)as).

As an example we will show that in the very simple and well known case fg sdB(s) the

distribution is N(0, %).Using (5.6) for this stochastic integral we take

¢ d ¢ 2 4 t*
/0 sdB(s) = B(/O s°ds) = B(g)
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which obviously is N(0, £).
Write now (5.6)

/ f(s)dB(s) & / 2(s)ds) = f(£)B(z) — / B(s)df(s).

We have that

/0 B(s)df(s) = F(H)B(t) — /f2(s ds)

or

/ B(s)df(s) £ (f(t) — 1)B(®) — (B( / f*(s)ds) — B(t))
0 0

and therefore

| B0 s) - N, (0 - e+ [ ' f2(s)ds — 1), if f > 1
0 0

5.2 Sampling from Stochastic integral.

In this section we will use two different methods in order to sample from the stochastic
integral in Gamma -OU case. The first method is due to Rosinski series representa-
tion (3.4) and the second via the representation above (5.1). In Barndorff -Nielsen and
Shepard (2001) the equations (4.2) and (3.4) for the I'(v, a)—OU case takes the form

/ F)dZ(s) £ 3 Fluos) M (85,05

j=1

t
-y d
et/est =
0

where ¢; < ¢3 < ... < enqy) the arrival times from Poisson with intensity vAt and N(1)

N(1)

et Z log(c;t)e'™

j=1

er—*

the corresponding events up until time 1, and finally r; independent copies from uniform

random variable in [0, 1].
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On the other hand using the representation above one has that

et /0 “edz(s) & e 2(AW)

where A(t) has I'(v, 7% ) marginals and Z is a Compound Poisson with jumps I'(1,a)

independent from A(t). Note that we can write

J N(A(t))
VO EI
j=1
where X;’s are i.i.d. from I'(1,a). One can sample first from A(t) and then given this
value, to sample from the sum, when A(t) is independent from Z(¢), N(¢) and finally
to repeat the above procedure in order to take the sample from Z(A(t)). In the figures
bellow we will take two samples of size 10.000 values and we compare the empirical

densities also we present some basic statistics for these densities.
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Figure 5-1. Empirical densities together using a sample of 10.000 for each one.
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Figure 5-2.The density of the stochastic integral using the representation Z(A(t))
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Figure 5-3.The density of series representation method
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In the following table we present some basic statistics for these samples

Table5.2

Z(A(t)) | Series Representation
mean 0.3519 | 0.3522

median | 0.3139 | 0.3154

Variance | 0.03962 | 0.04118

1st Q 0.205 0.204

3rd Q 0.460 0.459

Max 1.816 1.668
Min 0.001 0.001
N 10.000 | 10.000

An a F-test for variance equality gives as a result F=0.9621 p-value=0.0536 and the t-test
for means t=0.0789,df=19998,p-value=0.9371.
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Figure 6.1 The BDLP a Compound Poisson process
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Figure 6-2. The Gamma OU process jumps when Z(t) jumps
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Figure 6-3 The Integrated OU process
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S-Plus Programmes options(object.size=5e8)
#Parameters

lamda<-0.01

a<-8.5

v<-3

N<-seq(1,5000,1)

#Simulate the BDLP and the OU-Process (Gamma-OU)
Process<-seq(1,5000,1)

Z<-seq(1,5000,1)

71<-seq(1,5000,1)

Process1<-seq(1,5000,1)

#Calculate the series representation

for (i in 1:5000) {

Nli]<-rpois(1,lamda*v)

if (N[i]<1) {

Processl1[i]<-0

71[i]<-0

}

else{

c<-runif(NJi], 0, 1)

r<-runif(N[i], 0, 1)

c<-sort(c)

sum<-0

suml<-0

for (k in 1:length(c)) {
sum<-(1/(a*exp(lamda)))*(sum+log(1/c[k],exp(1))*(exp(lamda*r[k])))
suml<-(1/a)*(suml-+log(1/c[k],exp(1)))

}
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Z1[i]<-suml
Processl|[i]<-sum

}
}

#Construct the path

Process[1]<-rgamma(1,v,a)

Z[1]<-0

for (i in 1:4999) {

Z[i+1]<-Z[i]+Z1[i+1]
Process[i+1]<-(exp(-lamda))*Process|i]+Processl[i+1]
}

tsplot(Z)

tsplot(Process)

#Simulate the Integrated OU process-Construction of Path base on the above results
INTOU<-seq(1,5000,1)

for (i in 1:5000) {
INTOU[i]<-(1/lamda)*(Z[i}-Process|i]+Process|1])
}

tsplot(INTOU)

#S-Plus-Programme

#Parameters

lamda<-1

al<-8.5

a<-1/al

v<-7

t<-8

#dist =sample from Series Representation

dist<-seq(1,10000,1)
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for (i in 1:10000)_{
N<-rpois(1,v*¥lamda*t)
c<-runif(N,0,1)
r<-runif(N,0,1)

sum<-0

c<-sort(c)

for (j in 1:N) {
sum<-sum+(exp(-t)*a*exp(lamda*t*r[j])*log(1/clj],exp(1)))
}

dist[i]<-sum

}

Distl<-seq(1,10000,1)

for (i in 1:10000){
A<-rgamma(1,v,v/(exp(t)-1))
N<-rpois(1,v*A)
q<-rgamma(N,1,al)
s<-sum(q)
Dist1[i]<-exp(-t)*s

}

mean(dist)

mean(Dist1)

median(dist)

median(Dist1)

var(dist)

var(Dist1)

var.test(dist, Distl, conf.level=.99)
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