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ABSTRACT

Evangelia Kalpinelli

PROBABILISTIC MODELS IN FINANCIAL MATHEMATICS
July 2006

The aim of a Probabilistic Model (or Probability Model) is to combine the capacity of
Probability Theory to handle uncertainty with the capacity of deductive logic to exploit
structure. The result is a richer and more expressive formalism with a broad range of possible
application areas. The difficulty with Probabilistic Models is that they tend to multiply the
computational complexities of their probabilistic and logical components.

This thesis 1s a bnef development of the Probability Theory, placing main emphasis
on the mathematical rigour and on the detailed properties of particular models rather than on
general concepts. The three crucial concepts in the theory of probability, those of a random
variable and of the probability distribution and the charactenistic function of a random
variable, are systematically developed under the view of probability spaces in the first three
chapters of the present thesis. Equally developed are the Central Limit Theorem and the
Theory concerning Infinitively Divisible Laws.

Having introduced the fundamentals of the Probability Theory, we then introduce
some other subfields of this theory, in order both to cover all the major subfields and to keep
a strong link with applications in Finance. To be quite specific, all these rather sophisticated
mathematical concepts that we present, such as Martingales, Brownian Motion and Stochastic
Integration, are methods that financial analysts use to describe the behaviour of markets or to
derive computing methods.

Finally, it is worth to mention that Probability Theory can be applied in several other
areas, like Bioinformatics, Formal Epistemology, Game Theory, Psychology etc., but the

presentation of these application areas 1s beyond the scope of this thesis.
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Chapter 1

Probability Spaces, Measures, and
Random Variables

1.1 Probability Spaces as Measurable Spaces

The standard formulation of probability theory starts with a sample space 2. Events correspond
to subsets of this space. Logic dictates that if a subset A of Q corresponds to an event then its
complement, A, should also correspond to an event, namely the non—occurrence of A. Similarly, if
A and B are events then AU B and AN B should also correspond to events. Families of sets are
usually called classes and from the above it should be clear that the class of all events events should
be a field of sets.

Field: Let © be a set and A a class of subsets of 2. A is a field if

Fl1. Qc A
F2. A,B € Aimplies that AUB €.

F3. A € Aimplies A° € A.

Note that in view of the above definition, if A is a field then § = 2° € A and if A, B, both belong to
Q2 then AN B ={A°U B°) € Q. Also, it follows by induction that if A;,i=1,2,...,n belong in A,
then {JI_, A; and (), Ai also belong in A (i.e. a field is a class of subsets of 2 closed under finite
unions and intersections). Note that the set difference of two sets in A, defined as A\ B := AN B¢
and the symmetric difference AA B := (AN B°)U (A°N B) also belong to A.

The above framework is the adequate for the simplest situations that arise in probability
theory, namely those that deal with finite sample spaces. Consider for instance the problem of
casting a die. A natural choice of sample space in this case would be @ — {wi,ws, w3, ws, w5, ws}
where w; corresponds to the case where the face that lands up is 1 etc. There are six "elementary
events” in this case, {w;}, i = 1,2,...,6 and all conceivable events are unions of these!. There are
2% = 64 possible events, including the empty set (impossible event) and the whole space (certain
event). For instance, the event that the outcome is even is {ws,ws,ws}, while the event that the
outcome is greater than or equal to 5 is {ws,wg}.

!Note that the "elementary events” are not the elements wy, wa,..., but the sets {w1}, {w2},.... Events are
always subsets of Q.



If the sample space has a finite or a countably infinite number of elements {wy,ws,ws, ...}
it is possible to think in terms of elementary events {w;}. In the typical case however. when the
sample space is uncountably infinite, one begins with a field of subsets of {2. When {2 is not finite it
is important to be able to extend the above considerations to sequences of events. In particular we
wish to ensure that countable intersections and unions of events are again events and this leads us
to extend the notion of the field to that of the o—field.

o—Field: Let S be a set and F a field of subsets of 2. F is a o—-field if it also satisfies
F4. If A;,i=1,2,3,... belong to F then o, A; € F.

Again we point out that (o, 4; = (Uie, 45)° € F. Thus the countable union property, together
with closure under complementation and de Morgan’s laws, imply closure under countable intersec-
tions as well and a o—field is closed under countable set operations.

The following propositions are direct consequences of the definition.

Proposition 1: Let F;, i € I a family of o—fields on S, where I is an index set. Then the class
F :=(); F; is again a o—field.

Proposition 2: The class P(S) := {A: A C S}, i.e. the set of all subsets of 2 is a o—field.

Let C a class of subsets of . The o-field it generates is the smallest o—field that contains
all its elements i.e. the intersection of all the o—fields that contain C. We know that the family of
o—fields that contain C is not empty since it contains at least P(S), the power set of .

Definition 1 Let Q be a set and F a o—field of subsets of Q. A probability measure defined on (QU,F)
is a set function P: F — [0,1] such that

) P -1,

(ii) P(A°)=1-—P(A) forall Ac F,

(iii) for all Ay, Ag, A3, ... € F with A;NAj = 0 we have P(UR, A;) = Y00, P(A).

1.2 Sequences of Events

Let {A,} be a sequence of sets belonging to . We say that this sequence is increasing if A,, C A,
for all n and decreasing if A, D A, for all n. The limit of a monotone sequence of events is defined
as lim, o = {Jo; A. for an increasing sequence {A,} and lim,_o = (o, A, for a decreasing
sequence.

If {Ap}n=1,2,.. is an increasing sequence of events, we can write D,, = A,\A,_1,n=2,3,.. ..
D, = A,. Note that D, € F and D,(\ D, =0 when m # n. Thus {J,_; A» = Un~; Bn where the
Dy’s are disjoint and P(D,)} = P(A,) — P(An—1),n=2,3,....

P(|J 4n) = P(|J Dn) = }_ P(D.) = P(A1) + Y P(A) — P(An_1)
n=1 n=1 n=l

n=2
However, the last series is telescopic and has the value lim, P(A,) — P(A;). Thus

P(lim A,) =1lim P(A,,)
n n

for increasing sequences. The same can be shown for decreasing sequences, hence the above equality
holds for all monotonic sequences of events.



If {A,} is a sequence of events that is not monotonic, we define its superior and inferior
limits as

limsup A, = ﬁ G Ap, lirrhiann = G ﬁ A,

n=lm=n n=1m=n

The meaning of these two events can be understood as follows: w € limsup A, orw € o2, Une_, A
means that w € |Jo_ . Am for all n which in turn means that for every natural number n there ex-
ists another natural n’ > n such that w € A,,. In other words, w € limsup,, A, if there exists a
subsequence (n;) such that w € A,, for every k or equivalently if w belongs to infinitely many A,’s.

We also point out that the sets B, :=J,.., Am, n =1,2,. .., form a decreasing sequence.

Similarly, the sequence of sets C,, = (\o-_,, Am i an increasing sequence of sets hence
liminf,, 4,, = U'l C, = lim,C,. Thus w € liminf A, or w € UZ‘;I C,, if there exists a natural
number n such that w € C,,, which in turn means that w € (_, . i.e. that w belongs to all the A,,,,

for m > n. Hence liminf,, A,, is the set of w that belong to all but a finite number of the A, ’s.

Theorem 1 [Borel-Cantelli] Let {A,} be a sequence of events such that

i P(A,) < co. (1.1)

n=1

Then, with probability 1, only a finite number of these events occurs.

Proof: Let Q be the probability space and define

_ 1 ifweA;
lAi(w)—{ 0 ifwd A

Also {w : a finite number of the A;’s occur} = {w : Y27 | 14,(w) < 0o}. Note however that

E P(An) =k Z 1a, (w)
n=1 n=1

o0
n=1

and hence (1.1) implies that the rhs of the above equation is finite and hence that 3
w.p. 1.

14, (w) < o0

An alternative proof of the Borel-Cantelli lemma (as it is widely known) goes as follows.
The probability that infinitely many of the events A, occur is precisely P(limsup, A,)} in view of
the above discussion. But limsup, 4, = lim,_ Ukz" Aj, hence

P(limfupA,,) = P(lim kL>J A) = lim P(kL>J Ar) < lim Z;P(Ak) =0,

the last limit being zero since the series > ;o | P(Ag) converges by assumption.

The Borel-Cantelli lemma has the following partial converse in the case where the events
A,, are independent.

Theorem 2 [ Second Borel-Cantelli Lemma] If the events A,, n = 1,2,..., are independent
and Y70, P(An) = oo then the probability that infinitely many of the events A, occur is 1, i.e.
P(limsup, A,) = 1.
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Proof: It suffices to show that lim, P(U,, Ax) = 1 or equivalently that lim,, P ((U k> Ak> ) =0.

Using de Morgan’s laws, (Ukz" Ak)c = (k>n Af hence (Uan Ak)c C Mhey, Ag for all m > n.
Thus

P ((x2ndx)) < P (7, 4) = [] P(A5) = [] (1 - P(AL)),

k=n k=n

where in the next to the last equality above we have used the independence of A,. Using the
inequality 1 — x < e~ * which is valid for all £ € R. we have

P ((k3nAr)°) < e~ Lik=n P40 for all m > n.

However, since the series Y, P(A) diverges it follows that limm e >y, P(Ax) = 0o and hence,
letting m — oo we obtain

P((k21u4k)c) = 0)
whence P(liminf, A,) = lim, o P (k>nAx) =1 ®

1.3 Convergence Concepts for Sequences of Random Vari-
ables

Let { X, } be a sequence of real random variables defined on a probability space (2, F, P). Seeing that
such a random variable is in fact a measurable function from Q to R (we write X : (0, F) — (R, B),
where B is the Borel o—field in R) we realize that the issue of convergence of a sequence of random
variables is the same as that of a sequence of real functions defined on an measure space.

1.3.1 Convergence in Probability and Convergence with Probability 1

Definition 2 The sequence {X,} converges in probability to the random variable X if Ve > 0

lim P X, — X|>e€) =0. (1.2)
n—oc

{Note that (1.2) is shorthand for the statement lim, . P ({w: [Xp{w) — X(w)| > €}) = 0.} To
signify that X, converges to X in probability we often write X, L x.

Equivalently we may say that, for every € > 0, § > 0, there exists ng such that P(] X, - X| >
€} < § for all n > nyg.

Definition 3 The sequence {X,} converges to the random variable X with probability 1 if there
exists a set A such that P(A) — 0 and for all w ¢ A, X, (w) — X{(w).

The above is pointurise convergence for all w not in A and is usually denoted as X,, — X w.p.
1 (with probability 1) or a.s. (almost surely). Equivalently we may write P ({w : X, (w) — X(w}}) =
1 or simply P(X, — X)=1.

In order to understand the connection between the two modes of convergence we have
discussed so far let us examine closely the definition of a.s. convergence. The set on which X,
converges pointwise, i.e. the set {w: X,(w) — X(w)} can be written as

{w: Ve > 0 Ing(w, €) such that | X,, (w) — X(w)] < e for all m > ny(e)}

4



or, equivalently,

ﬂ U ﬂ {w: | Xm(w) — X(w)| < €}

e>0 n=1 m=n

Let Ac :==po Moo n{w 1 [ Xm(w) — X(w)| < €}. If & < €2, then A, € A., Also, nothing is lost if
we let ¢ = 1/k where & € N and we can thus say that the set on which X,, converges to X is the set

tim () () {2 1Xm() ~ X(@)] < 7}

k—oo
n=1m=n

or, equivalently, limy—.oo Hm inf,, 00 {| X — X | < 1/k}. Convergence with probability 1 is equivalent
to the condition

lim P ( U {Xm—X|> e}) — 0. (1.3)
From the above discussion we see that X,, converges in probability to X if, for every ¢ > 0,
lim P{|X,—- X|>e)=0 (1.4)
n—oC
whereas X, converges to 0 with probability 1 if, for every € > 0,

lim P(sup|X; — X| > ¢} =0. (1.5)

n—o0  k>n

It should be clear from the above that convergence with probability 1 is stronger: it implies conver-
gence in probability, while convergence in probability does not imply convergence w.p.1. Similarly,
X, converges w.p.1 to X iff lim, o0 P(supy>, | Xrx — X| > €) = 0. Convergence with probability 1
is also referred to as almost sure (abbreviated a.s.) convergence.

Before we move further, let us consider the following examples:

Example 1: Suppose that {X,;n € N} is a sequence of independent Bernoulli random variables
with P(X, =0} =1~ 21, P(X, =1) = 1. Itis easy to see that X, converges to 0 in probability.
Indeed, for any € > 0, P(|X,| > ¢) < } — 0, and hence (1.4) is satisfied. On the other hand we can
see that X,, does not converge to 0 w.p.1. Indeed, if ¢ € (0, 1), then

o0
{sup | Xix| > €} = U {Xx =1}
k>n e

and hence, by de Morgan'’s rule

P(igple[>e)=P(U{Xk= 1}) =1—P<ﬂ{Xk: 0}) =1-]] (1—%)
zn k=n

=n k=n

However, the infinite product above is equal to zero. (Actually one says that this infinite product
diverges to zero.) Indeed,

= 1 R = 1 i n—1 n m—2m-—1 . n—1
1 (1) = Jim 11 (1-5) = Jim o g iy o = Jim 2 =0

Hence P(sups, |Xx| >€) 1 and, as a result, (1.5) is not satisfied. Let us appraise this situation:
If we make n large enough we can make the probability P(X, = 1) arbitrarily close to zero. i.e. we
can. in the limit be sure that X,, = 0. However, since P {{J;—,{Xx = 1}) = 1 we can also be sure

5
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that, no mater how large we take n to be, there will be another 1 in the sequence. Put differently.
the total number of 1's in the sequence is infinite with probabilitv 1.

Example 2: Suppose now that, in the previous example, P(X,, =1) = 7113 Again it is easy to see
that X, converges in probability to 0. This time we will also show that it converges to 0 w.p.1. The
same calculations as above apply but this time we have

b 1
P Xi| > 1- 1- =1,
(sup | X €) H( kg)

k=n
and
O 1 ) T (K- 1)
M(1-2) = s JI (_
- (n—1)(n+1)n{n+2) ~ {m— 2ym (m — 1)(m + 1)
T e n2 (n+1)2 (m—1)? m*
= lim {n—1}{m+1) :n—l
m-—oo nm n
Hence
lim P(sup | Xe|>e)=1- "—1 =0
n—oo k>n n

which (according to (1.5) establishes convergence w.p.1. Unlike example 1, here we see that the
total number of 1's in the sequence is finite with probability 1.

There is however a case where convergence in probability implies convergence with proba-
bility 1. Suppose that {Y,} converges monotonically to Y in probability. To start with the simplest

case, assume that 0 < Y, <Y, for all n and YnLO. Because of monotonicity

sup Y, =Y,

m>2n

hence

P(sup Y, > €)= P(Y, >¢) —0

m>n
which implies that Y,, — 0 w.p. 1.

The above result generalizes immediately to the case where either Y, < Y, for all n or

Yo+1 2 Y, for all n and Y, Y by considering the sequence Y,, = |Y,, — Y|. Note that in both
cases Y, is decreasing and by definition converges to zero in probability. Hence

lim P(sup |Y;, =Y >¢€}= lim P(lY, -Y|> ¢ =0.

m>2n

1.3.2 Convergence in the L? sense

Let {X,},n =1,2,..., be a sequence of real random variables such that £]|X,? < oc where p > 1.
We say that X,, converges to X in L” (write X,, LN X)if

lim E|X,~ X[P=0.

6



CC BY: Attribution alone 4.0 https://doi.org/10.26219/heal.aueb.5740
https://creativecommons.org/licenses/by/4.0/

The case p = 2 is of particular importance and L? convergence it is often referred to as mean square
(m.s.) convergence.

1t is easy to see that convergence in LP implies convergence in probability. For this we shall
need the following basic inequality (known as the Markov inequality).

Theorem 3 Let ¢ : Rt — R* an increasing function and Y a real random variable such that
E)(]Y|) < oc. Then, for any a >0,

Eg¢(lY))

P(‘Y‘ > Ot) < —W.

(1.6)

A particular choice of the function ¢ that is often useful is ¢(x) = «P with p > 1 which gives
a bound on the tail of the distribution in terms of its moments.

Proof: It suffices to observe that

E(Y]) = E[HYNUY|< o)+ EB(Y (Y] > a)]
=z E(YDU(Y] > a)]
> {o)E(Y]> o)) = d(a}P([Y] > @)

where in the above inequalities we have used the fact that ¢ takes nonnegative values and that it is
increasing. &

Hence, applying the above inequality with ¢(r) = z? we obtain
kX, - X|P

PX,-X[>e< o

(1.7)
IfX, L7, X then the numerator on the right hand side of {(1.7) goes to 0 as n — oo, hence we have
P{X, - X|>¢€ — 0asn — oo for any ¢ > 0. Thus convergence in L? implies convergence in
probabiliy.

The relationship between convergence in LP and a.s. convergence is more complicated.
Neither one implies the other, unless certain extra conditions are satisfied.

Finally, one important result which will be used in the sequel is the following.

Theorem 4 If a sequence of random variables { X} converges to X in probebility then there exists
a subsequence ny such that X, — X w.p. 1.

Proof: Since X,, converges in probability to X, for every k there exists n; such that
P(iXn, — X|>27F) <27k
Call A the event {w : | X, (w) — X(w)] > 27*}. Since 352, P(Ax) < Y722 * < co the Borel-

Cantelli theorem assures us that, with probability one, only finitely many of the Ax’s will occur, i.e.
that with probability 1, |X,, — X| < 27% for all k¥ > ko(w). This insures that

o ¥}
Y [ Xn—X[<o0  wpl
k=1

since the tail of the series is dominated by the convergent series 3, 27%. Thus

klim sup | X,, — X| < klirn - =0
—0 m>k — 00 ok
since the series converges. )



1.4 'Weak Convergence

In this section we sketch briefly (and mostly without proof) some of the most important results
regarding weak convergence of distribution functions. The set up is the following: Suppose that a
family of real random variables {X,} is given with corresponding distribution functions F,. (It is
important to note that we are not concerned at all here with the joint statistics of the family {X,.},
only with their marginal distributions F,{zr) = P(X, < z), so the random variables do not even
have to be defined on the same probability space.)

Definition 4 {F,} converges weakly to e distribution function F if
Jim F, (z} = F(z)

for each point of continuity of F(x).

Weak convergence is often referred to as convergence in distribution and denoted by F,, 4,
F. The terminology extends to the sequence of random variables which is said to converge in

distribution. One also writes X, 4. x.

Theorem 5 (Helly) Let {F,} be an arbitrary collection of distribution functions. Then there exists
a subsequence {},, } such that

. d
K, —F

for some distribution F.

Theorem 6 {F,} converges weakly to F if and only if

tim [ f(@)dFu(@) = [ f@)aF (@)

for every bounded, continuous f.

(This is sometimes referred to as Helly’s second theorem.)

As we shall see when we discuss the Central Limit Theorem later on, one of the problems that
arises very often, both in practice and in theory is the following. If we have a family of distributions
{F,} with corresponding characteristic functions f,, then,

a) If I, converges weakly to some distribution function }' can we conclude that f, will converge
to the characteristic function f of F'?

b) If f,.(t) converges for all £ to f(t), then is f(¢) also a characteristic function, and if it is and it
corresponds to (say) the distribution F, can we conclude from this that F, < F?

The first question has an affirmative answer as one can show without much effort (essentially
this follows from Helly’s second theorem). The answer to the second question however is more
complicated as we can see from the following example.

Let
0 < —n
Fo(z)=Q 52 -n<z<n
n<z
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i.e. we have a family of uniform distributions on [—n,n]. Their ch.f.’s are

fult) = sin(nt) .

nt

We thus see that

me—r0={ 1 20

It is easy to see that the above limit is not a characteristic function (it is not continuous!). Also, in
this case, F{z) — 0 for all x so {#,} does not converge to a distribution function. Thus clearly it
is not enough for f, to converge.

Theorem 7 [Convergence Theorem| Let {F,} be probability distributions with characteristic
functions {fp}. If

a) fo(t) converges for every t and defines a limit function f(t)

b) This limit function f(t) is continuous att =20
then

{F.} converges weakly to some distribution F' with characteristic function F.
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Chapter 2

Characteristic Functions

Let X a real random variable with distribution function F. We denote by p the corresponding
measure induced on the real line by #' via the relationship u{a, b] = ¥(b) — F(a). The characteristic
function corresponding to X (or equivalently to F' or u) is

o(t) = AeitzdF(x) = Aeitzp(dz) = Be'tX (2.1)

where ¢ = /—1 is the imaginary unit and { € R. Thus f is a function from R to C.
Recalling de Moivre’s formula for the complex exponential, e* = cosx + isinz we can also write

() = /R cos(at)dF(z) + i /R sin(zt)dF (z)

Suppose that the distribution function ¥ is symmetric, i.e. P(X > z) = P(X < —x) for every z, or
equivalently 1 — '(z) = F{—z—). Then, taking into account the fact that sinz is an odd function
we can see that the imaginary part of the characteristic function vanishes and we are left with

¢(t)=/Rcos(a:t)dF(z)

From the above definition it is obvious that the probability distribution specifies the char-
acteristic function. Later in this discussion we will also prove the uniqueness theorem which states
that the characteristic function uniquely specifies the probability measure. Hence, knowledge of the
characteristic function of a random variable is enough to determine its distribution. We will begin
with some useful elementary results.

If f(t) is a characteristic function then f(0) = 1. This follows by direct substitution into
(2.1).

A characteristic function is uniformly continuous, i.e. Ye > 0 36 > 0 such that |f(¢t + h) —
f()] < € whenever |h| < 6 for all ¢ € R. Indeed,

If(t+h) = F)

\ /R e HN7dF (z) - /R e**dF(z)
LleitZ(eizh _ l)ldF($)=/l;|(eim—1)|dF(:c)

IA
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However, |¢'*" — 1| < 2 and [ 2dF(z) < 00, hence we can appeal to the Dominated Convergence
theorem to argue that limp_.o fi |(€**" — 1)| dF(z) = 0. Thus the result is established.

If the characteristic function (ch. f.) of the random variable X is f(t), then the ch. f. of
aX +bis e f(at). This follows immediately from E[e?{3X+))] = ¢itb peilat) X

Let fi(t) = E[e®*X:], i = 1,2, where X;, X are independent random variables. Then the
characteristic function of their sum is the product of the characteristic functions: Ee#t(X1+X2) =
BeitX1 peitXs = f (¢) fo(t). This of course generalizes to sums of independent random variables with
arbitrarily many terms.

Let X, X’ independent random variables with the same distribution and characteristic func-
tion f(t). Show that KeitX+X") = f(1)2 and Eei*X—X') = f(t)f(t) = |f(t)|>. This shows that
whenever f(t) is a characteristic function, |f(¢)|2, which is always real-valued, is also a characteris-
tic function.

Let Z be a standard normal random variable. Then its characteristic function is f(t) =
e~ /2. Indeed, f(t) = =, 712_13_32/ 2eftede = [0 #e‘”z/ 2 cos(tx)dz since the density of the

standard normal is an even function. Thus differentiating with respect to ¢ inside the integral and
integrating by parts gives

fie) = - / ” ‘/%e"‘z/zxsin(tz)dz = /_ Z Vé—;sin(tz)d(e‘zz/z)

R T

Thus, f(t) satisfies the differential equation
fity=-tf@), fO)=1

which has the solution f(t) = e~*/2. From the above it follows that the charactristic function of a
normal r.v. with mean y and variance o2 is e*#—t'7"/2,

The exponential distribution with density ™%, z > 0 has characteristic function

/ e Tttt dr — / e-z:(l—tt)dz o .
o A 1—it

In the same way we can compute the characteristic function of the Laplace distribution with density
1.—|z] R
5€ ,ZE R as

11+1_1
2\1+4+4  1—it)  1+¢

If f;(t) are characteristic functions (corresponding to distribution functions Fi(z)), i =
1,2,3,...,and p; 2 0, 3, pi = 1, then ), p; fi(t) is the characteristic function that corresponds
to the distribution -, p;#i(x). This idea ofcourse extends from sums to integrals: If #'(x,a) is
a distribution depending with a parameter a with characteristic function f(¢,a) and G is another
distribution function, then [ f(¢,a)dG(a) is the characteristic function of the "mixed” distribution
J F(z,a)dG(a).

The following table gives examples of distributions and the characteristic functions that
correspond to them.!

1We denote by z* the positive part of a real number z, i.e. z+ = max(0,z) and by z— the negative part,
T —min(0,z). Thusz =z% -z

12



’ ‘ Distribution/Density Function

Characteristic Function
0 < .
1. Deterministic: F(z) = e eite
1 z>a
0 z<0
2 Bernoulli: F'(z)=¢ ¢ 0<z<1 g+ pe’t
1 z2>1
1 0<z<«1 ey
3. Uniform with density #"(z) = b et/ 23’%‘@
0 otherwise
4. Standard Normal with density #e"’z/ Z e t'/2
5. Gamma with density ﬁla—)z Sleg® (1_1—“)a

6. | Triangular density +"(z) =

A-|zhr -1<z<1

(=4#2)

otherwise
7. Cauchy densxty % 1-!-_13:7 et
8. Geometric P(X =k)=4¢* 1p,k=1,2,3,.. 1_::“
o Binomial P(X = k) = (;)p*¢" (g+pe)"
10. Poisson P(X = k) = ?‘_’;e*a k=0,1,2... ea(e“~1)

2.1 The Uniqueness Theorem

Before we turn to the central result regarding characteristic functions we need the following fact

from analysis

L, 5 a>0
sinaz T

/ dz = —sgn(a) := 0 a=0
0 x 2

~5 a<0

(2.2)

It is enough to establish the result for a > 0 as the others follow from a simple change of variables.

To this end, write

o
/ smazdm _ /‘ sinazx (az)—/ smxdz
0 0

x A

00
0 1+u2 2

/0 smz[/ﬂ ""du]d:c: /O°° [/Oooe""sinxdx]du

Theorem 8 [Uniqueness Theorem] The characteristic function uniquely specifies the probebility

measure via the relationship

1 T _—ith —1ta

e =

p(a,b) + 2u{a} + 2#{b}

T—»oo 21!'

13

f(@)dt.

(2.3)



Proof: In view of the definition of the characteristic function the integral on the right hand
side of (2.3) is

T —itb _ ,—ita . T _—ith _ ,—ita
/ " / ¢t dF(z)dt = / / S etdtdF(z).
T it R rRJ-T it

Since for any real y

1 [T eitv 1 [T eity — g—ity 1 (T sinyt
— dt = = —dt =~ dt =: Sr(y),
2 J ¢ it T /0' 2it ™ /0 t )

taking into account the above equation, the right hand side of (2.3} becomes
lim / (Sr(z — b) — Sp(z — a)) dF (). (2.4)
T—oo Jy

As we have seen from (2.2), limr_. Sr(y) = 3sgn(y). Also, |S(y)| < c, hence,

/ (Sr(z — b) — Sr(x — a)) dF(x)
R

< /R ISr(z — b) — Sr(z — a)| dF(z) < 2 /R dF(z) = 2

and we can appeal to the Dominated Convergence Theorem in order to interchange the order of the
limit and the integral in (2.4). Thus

Tlim Sr(z—b)—-St(z—a)=Lla<z<b)+ —;-l(a: =a)+ %l(a: =b)

and hence

Tlim (St(z — b) — Sp(z — a))dF{x)
—oo Jp
= / [1(e <z < b) + 31(z = a) + 31(z = b)] u(dx)
R

= pu(a,b) + 3p{a} + 3p{b}.
&

Theorem 9 Suppose that the characteristic function f(t) is integrable, i.e. [g |f(t)|dt < co. Then
the corresponding distribution function is absolutely continuous with corresponding density p(zx) given
by

p(x) = 2—11r-/l‘e'itzf(t)dt. (2.5)

Proof: We begin with the remark that if f is integrable, then the corresponding distribution
function has no atoms, i.e. #'(z} = F(z—). Indeed, from the uniqueness theorem we have

F(z)—F(zx—h) lim 1‘/7'1—6'7‘t
it

il —itz
h T—o00 27 ith < F(®)dt.

1The interchange of the order of the two integrals here is justified by Fubini’s theorem since
b
e—ith _ o—ita / ite—itt dy
a

and hence
—ith —ita
c € eitz

it

. b .
< leit] / le=#du — |b— a].
a

14



tht

‘th I < 1, the integrand is bounded by | Lt —eite f(a:)l < |f(#)|, and since by assumption
J(¢) is integrable, we can appeal to the Dominated Convergence Theorem to obtain

Since I

. F)—F(z—h) . 1 [®1-¢M .
fim == = Mmoo [ e
1 >}

=. _ —itx
= o we F(#)dt.

The above argument establishes that the left derivative of F'(z) exists and is given by the above

expression. An identical argument shows that the right derivative also exists and equals the same
quantity. This completes the proof. &

The behavior of the characteristic function near the origin determines the ”heaviness” of
the tails of the distribution. This idea is formalized in the following inequalities

Theorem 10 [Modulus Inequalities] If we denote by u|—A, A]° the probability P(|X| > A) for
any A > 0, then

ul=A, AF / - s (26)
Proof:
o /_ TT foydt = / / it y(d)dt = / p(dz) ( /_ ie'“dt)

Note however that
1 |z] <24
s 1
5TA |$| > 24
1

sinl'z 1
/R Tw ——u{dz) < pu[—2A4A,24] + 2TA (1 - p[-2A4,24)) = ( 2TA> [-2A4,24] + TA"

If we set T = A~! in the above we obtain

A1
g / Ft)dt

—A-1

sinl'z

and hence

1 1
< —pl~ =
< 5H[-24,24]+ 5

From this last inequality, (2.6) follows readily. ®

2.2 Weak Convergence

In this section we sketch briefly (and mostly without proof) some of the most important results
regarding weak convergence of distribution functions. The set up is the following: Suppose that
a family of random variables {X,} is given with corresponding distribution functions F,. (It is
important to note that we are not concerned at all here with the joint statistics of the family X,,,
only with their marginal distributions F,(z) = P(X, < z), so the random variables do not even
have to be defined on the same probability space.)

15



Definition 5 {F,} converges weakly to a distribution function F if
lim F,(z) = F(z)
n—oc

for each point of continuity of F(x).
Weak convergence is often refered to as convergence in distribution and we write F), N

Theorem 11 (Helly) Let {F,} be an arbitrary collection of distribution functions. Then there
erists a subsequence {F,,} such that

Foy -k

for some distribution F.
Theorem 12 {F,} converges weakly to F' if and only if

tim [ f@)dFu(o) = [ f@aF@)

for every bounded, continuous f.

(This is sometimes refered to as Helly’s second theorem.)

As we shall see when we discuss the Central Limit Theorem later on, one of the problems that
arises very often, both in practice and in theory is the following. If we have a family of distributions
{F,} with corresponding characteristic functions f, then,

a) If F,, converges weakly to some distribution function F' can we conclude that f, will converge
to the characteristic function f of ¥'?

b} If f.(t) converges for all £ to f(¢), then is f(¢) also a characteristic function, and if it is and it
corresponds to (say) the distribution ', can we conclude from this that £}, < w7

The first question has an affirmative answer as one can show without much effort (essentially
this follows from Helly’s second theorem). The answer to the second question however is more
complicated as we can see from the following example.

Let
0 r<—n
Folz)={ &2 -n<z<n
1 n<zx

i.e. we have a family of uniform distributions on [—n,n]. Their ch.f.’s are
sin(nt
fa(t) = _rf.t—)
We thus see that

0 ift#£0
t=0

falt) — F(t) =

It is easy to see that the above limit is not a characteristic function (it is not continuous!). Also, in
this case, F,,(z) — 0 for all z so {#,} does not converge to a distribution function. Thus clearly it
is not enough for f, to converge.

16



Theorem 13 [Convergence Theorem] Let {F,} be probability distributions with characteristic
Junctions {f.}. If

@) fa(t) converges for every t and defines o limit function f(t)
b) This limit function f(t) is continuous at t =0
then

{F.} converges weakly to some distribution I with characteristic function f.

2.3 Positive definite functions

Definition 6 A function f : R — C is positive definite if for every n € N, t1,¢5,...,¢, € R and
€1,€2,..-,Cn € 07

YD aEif(ti—1) 20, (28)
=1 j=1

where ¢ denotes the complex conjugate of c.

{The meaning of the above inequality is that the left hand side should be real and non-

negative.) Note that the positive definiteness of f is equivalent to the positive definiteness of the
matrix

O fli—t) fli—ts) - flti—ta) |
f(ta —t1) J(0) flta—t3) - flta—ty)
flta—t1) flts—t2) J(0) e flty—tn) 2.9)

f(tn"tl) f(tn—t2) f(tn"t3) f((”

for every n and ¢; € R. Also note that we use the term positive in the weak sense following common
usage (in other words, here positive means ”nonnegative”).

Theorem 14 All characteristic functions are positive definite.

Proof: We start with the remark that ¢?** is positive definite. Indeed,

E qéje'(ti—t;‘)=§ qeltiz(cjett,-z)___(E c,-e't"z) E cje“f" — 2 c,-e“‘”
i, i,j i j i

To show that a characteristic function is positive definite, it is enough to mimic the above argument,
interchanging summations and expectation:

2
> 0.

2
S fti—t)ad = agBEtTX] = By aget X =k 20

i3 i3 .3

.eitiz
Z a

More interesting and far-reaching however is the fact that the converse is also true, namely that all
positive definite functions f : R — C are characteristic functions of some measure on the real line.

17



This result will be established latter on. We first establish some of the properties of positive definite
functions.

1. If f is positive definite, then f{0) > 0 (as before part of the assertion is that f(0) is real).
Indeed, (2.8) with n = 1 gives cZf(0) = |c|?£(0) > 0.

2. f(t) = f(—t). In particular this means that a real positive definite function must be
even, i.e. it must satisfy f(#) = f(~t). To prove this assertion apply (2.8) withn =2,1; =0, 2 = ¢,
¢1 = ¢ = 1 to obtain

2O+ f()+f(-) 20
which implies® that f(t) + f(—t) is real, hence Sf(t) + Sf(—t) =0, or

Sf(t) = —Sf(-¢) (2.10)
If we choose ¢; = 1, ¢c3 = i we obtain

2f(0) +if(t) —if(-t) 20
which implies that f(¢) — f(—t) is pure imaginary, hence Rf(t) — Rf(—t) =0, or

Rf(t) = Rf(-1). (2.11)
Equations (2.10) and (2.11) together establish that
f(t) = f(-t). (2.12)

3. |f(®)| < F(O) for every t € R. To show this, take ¢; = f(#), co = —|f(t)| to obtain
2F(0)| F()12 — 2| £(t))® > 0, whence the inequality follows.

4. Any positive definite function for which f(0) — 1, satisfies the following inequality:
[f(t+ k)= F()] < 211 - f(R)1. (2.13)

(The normalizing assumption f(0) -~ 1 simplifies the algebra without harming the generality of the
statement.) The importance of this inequality lies in the fact that it implies that if a positive definite
function is continuous at 0 then it must be continuous (and in fact uniformly continuous) on R. We
have already seen this for characteristic functions. To prove this assertion, we will use the positive
definiteness of the matrix

1 f(=t) f(=t—h)
f(t) 1 f(=h) (2.14)
fie+h) f(B) 1

which is obtained from (2.9) with n = 3, ¢; =0, t2 = t, t3 = t + h and f(0) = 1. (2.14) is positive
definite if

1-|f@®)P =0

1+ f(=t)f(=R)f(t+ k) + F(O)f (W) (~t = B) = [F (R = I (&) = | £t + B)* 2 0.
Making use of (2.12), this last inequality can be rewritten as

1+ fOS(B)FE+h) + FO)F(R)F(E+h) = [FOF ~ |F (R = 1fE+R)*> 2 0

2If ¢ = a +1b is a complex number (a, b € R) we denote its real part by Rc = e and its imaginary part by Sc = b)
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or

1+ 2R{f(O)f (R F(E+ R} = [FOP ~ IF(R)? ~ |f¢+ R)? 2 0,

which gives

[t + B+ |F @) < 1= f(R)? + 2R{S (6) f(R)FE + R)}.
We are now ready to show (2.13)

IF(t) — £t +R)?

IFOPF +1FE+R)? - FOFE+R) - FIEf(t+R)
IF@®)1 + |t + B)|? — 2R{f () f(t + )}

< 1= |f(R)? + 2R{F &) (R)F(E+ h)} — 2R{F () F(t + h)}
= 1—|f(R)2 + 2R{fO)FE+ R)[f(R) - 1]}
< 1-|f(W+2/1 - f(h)] (2.15)

where in this last inequality we have used the fact that

R{FOFE+R)F(R) -1} < |FEFE+RFE) -1 < IO F(E+h) 11— f@)
< -5l

(since |f(t)| < F(0) = 1). Finally, note that 1 — |f(R}| = |1 — |f(R)]| £ |1 — f(h)| and hence (2.15)
gives

f@) = FE+h)P < A= fRDA+IFR))+211~ f(RY < 1~ f(R) 1+ (h)]| +2)
< 41-f(h)

As we have seen, characteristic functions of probability measures are positive definite and
positive definite functions that are continuous at zero have the same properties as characteristic
functions. This is far from accidental. In fact as the next theorem shows these two classes of
functions coincide.

Theorem 15 (Bochner) Suppose that a function f : R — C is positive definite with f(0) = 1 and
continuous at 0. Then there erists a probability distribution F' on R. such that f(t) = [ e**dF(z).

Proof: Fix 1" > 0 and consider the function
1 (T (T . )
priz) = ;13/ / f(t — s)e'*®e**%dsdt > 0. (2.18)
o Jo
It is clear that pr(z) is real and nonnegative since the double integral is the limit of Riemann

sums -: 37, f(t; — sk)e*ts%e™**+* At;Asy, which are nonnegative by positive definiteness. Changing
variables in (2.16) gives

pr(z) = f_ TT( - Ii') F()e—i*vdt. (2.17)

Remark: For any L > 0,

l/Ldy/y ettdx
L Jy -

1 L Y 2 L
E/o dy/0 2costzd:c=E/(; sinty dy

1—cos Lt
e
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Hence,

%/;Ldy/_:m(x)dz o _i( 1')1 12 s

00 +
_ 7_1r/ (1_|,1t_!) COSLtf(t)dt

Il
o
|

Define

fr(t) = (

') () (2.18)

and note that | fr(t)| < 1. Also, note that I st 1—‘mtdt| < 00. Hence, by dominated convergence,

dt=1.

/ fT(t/L) cost 1/'°° 1—cost

) o B2

We thus have that fi’y pr(z)dz 11 as y T co. (Here we are using the following result: If g is an

increasing function and % fOX g(z)dx — a as X — oo, then g(z) — a as z — oo. f_yy pr(z)dz must
be an increasing function of y, since pr(z) > 0 for all z. We have thus shown that p+(z) is integrable
with [%°_ pr(z)dz = 1, hence pr(z) is the probability density of some distribution. We also have

pr(z) = —21; / : (1 - ’li')+ f(t)ye **dx

Hence, for each T, fr(t) is the characteristic function of some distribution function. As T' — oo,

+
frt) = (1—-,1t—.) F@&) - f(@®) forallte R

and f(t) is by assumption continuous at 0. Therefore the convergence theorem of the previous
section guarrantees that f(¢} must also be a characteristic function ®

2.4 Second Order Stationary Processes

Let {X;;t € R} a stochastic process with KX, = u(t). Define £ = X; — p(t). The function
R(s,t) := E£.&, is called the covariance function of the process X. A process X is called Gaussian
if, for any n € N and any #1,t3,...,t,, (Xs,, Xt,-- -, Xs,, ) ~ N (1, X) where

-
r1

[ Var(X,,) Cov(Xy,, Xi,) -+ Cov(Xy, Xs.) |
Ho C()V(Xt2 N th) Var(th) s COV(Xt1 y th)
it ’ 5 . . .
Cov(X;,,X:,) Cov(X: ,X:,) --- Var(X, )

A process {X;;t € R} is a second order stationary process if
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i) EX¢=p, E(X; —p)® =02 < oo, forallt € R,
i4) There exists a real function r : R — R such that E(X,—u)(X;—u) = r(t—s) for all 5, € R,
#ii) The process is mean-square continuous, i.e.

'];in(’-)E(Xt+h - Xt)2 =0

Let us now examine some of the consequences of the above properties. First, since Var(X;) =
Cov(Xy, Xy) if follows that r(0) = 62. Also, E(Xiih — X;)? = 02 + 02 — 2r(h) = 2(r(0) — r(h)) and
hence, property iii) is equivalent to the requirement that r be continuous at zero, i.e. r(h) — r(0)
as h — 0. Cauchy-Schwartz implies |r(t)| < 2 Vi. Without loss of generality suppose o = 1.

Theorem 16 r(t) is a positive definite function.

Proof:

.
0 < [T Xez| = (Th Xez) (T Xez)
E?=1 E;:l zZ; Xy, th 0

Taking expectations we have
0< ZZ;EjEXt‘.XtJ. = Zr(tj - t;)z,-?,-
i i3
This establishes that the covariance function of any stationary second order process is positive

definite. Hence Bochner’s theorem guarantees that there exists a uniquely determined probability
measure on R such that

r(t) = / ” ¢t R(da)

o

In particular, since r is an even function,

r(t) = 2 /O ” cos(tz)R(dz) (2.19)

2.4.1 An example of a stationary second order process
Let N(t) be a Poisson process with rate A and X(0) a random variable with P(X(0) = 1) =
P(X(0) = —1) = 1/2, independent of the Poisson process. Counsider the process

X(#) = X(0)(-¥® (2.20)

Clearly, X alternates between the values 1, and —1, changing value at each Poisson point. It is easy
to see that EX(t) = EX(0)E(—1)¥® = 0 (since EX(0) = 0). The covariance function is easily
computed as follows:

EX@®)X(t+s)=F [ X(0)2(_1)N(t)+N(t+s)] =F [(_I)N(t+s)—N(t)]

Using the stationary increments property the above expectation is

As)2® Ag)2nt+1 Y
BEDYD = 2((23). Zfzn)+ e

= cosh(As)e™* — sinh(As)e % = e722¢.
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Hence the covariance function is given by

EX()X(s) =r(t — s) = e 2At—sl,
The spectral measure can be easily computed in this case: We must have r(t) = e=2M = [% ¢ R(dx)
and hence

R(dz) = %\ [

1

1+ (m/z,\)z] de.
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Chapter 3

The Central Limit Theorem

3.1 The Central Limit Theorem for IID Random Variables

The Central Limit Theorem for i.i.d. r.v.’s states that

Theorem 17 If X;, ¢ = 1,2,... are i.i.d. random variables with common mean p and variance
02 < oo, the normalized sum

Xi4 -+ Xp—np
oyn

converges in distribution to the standard normal.

In order to establish this, in view of the convergence theorem for characteristic functions, it
is enough to show that

E[eit(x’ +";+{g—ﬂl‘)] o e_tz/z.

If f(t) = E[e’*X1], and we assume u = 0, 0 = 1 (as we may with no loss of generality) then the
above relationship becomes

(ft/vm)" — et/ (3.1)

To show (3.1} we begin with a set of inequalities that will also prove to be useful in the
sequel. For z € R

e —1 =i/ze"”dy
[
and taking moduli on both sides |e'” — 1| < |i| f; [e'yldy < |z| or
le® — 1| < |=|. (3.2)
Similarly,
ei”—l—iz=[)zi(eiy— 1) dy
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and again taking moduli and using (3.2) we obtain

S| z 3.3
1 —iz| < . .
|e zz| <% (3.3)
Repeating this process once more,
o : 2 z .
e —1—iz - ﬂ :/ i(e—1—iy)dy
2 0
which gives
) ;)2 3
e —1—izx— (w;) < % (34)
We will now combine {3.3) and (3.4) to obtain a more useful inequality:
iz  (iz)? iz . (x| 2 2 _ ,
-1-izx— 5 Sle —1—1m|+ 3 <?+—2——z.
Hence.
iz . (=) 2 |z
e =1—iz 5 <min|z 3 ) (3.5)
We also need the following

Lemma 1 Let ¢, be a sequence of complez numbers such that ¢, — ¢ as n — oo. Then
(1 + c_,,)n — e
n

We are now ready to show (3.1). Define o, () := f(t/\/n) — 1+ % We have

) £2 . iXt (Xt)?
¢ itX/ym - itX/vn _ 220
lan(t)) ‘E [e 1+ 2n] ‘E [e 1 7 +=
) iXt  (Xt)?
< pleitXiva_ 1"t
< Ele 1 —\/ﬁ + on
<

sl (5 57|

where to obtain the second equality we have used our assumption that EX = 0 and EX2 = 1 and
to obtain the last inequality we have used (3.5). Thus,

(V) = (1 2@/2 - nan(®))
Now fix ¢ and note that

nlan(0] < B [min (007, 2]

Since min ((X t)?, f‘;‘l%;) < (Xt)? and E(Xt)? = t? < oo, we can use dominated convergence to
evaluate the limit as n — oo

; N 2 XtP\] _
nh_{r;onlan(t)l <E [nlin;omm (()(t) iz )| 0.
We can now appeal to the lemma with ¢, = t2/2 + na,(t) — ¢?/2 and this completes the proof.
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3.2 The Central Limit Theorem for Arrays of Random Vari-
ables

While the Central Limit Theorem for iid r.v.’s is in all likelihood the most often used (and misused)
result of Probability, very often its assumptions are not satisfied in practice. The random variables
added may not be identically distributed or they may not be independent. Here we will focus our
attention to independent but not identically distributed random variables.

A natural guess would be that if {X;} is a sequence of independent r.v.’s with means p; and
variances o7 < oo then the normalized sum

E?=1(Xi — i)

V Ei=1 a:

converges in distribution to a unit normal random variable. This will turn out to be true but not
without some restrictions on the relative sizes of the variances.

We begin with some examples to illustrate what could go wrong. These examples are
necessarily somewhat complicated but they are based on the simple trigonometric identity sin(2z) =
2sin(z) cos(z).

Example 1. Let X; be :1:51,;, these two values taken with equal probability. Then the corresponding
ch. f. is given by fi(t) = cos(t/2¥) and the variance is o2 = 4 *. Hence, setting S, = X1+ -+ X,
and B2 =3 ¢_, 47% = 1(1 - 47™), we compute the ch. f. of S,/B, which is given by

() = Be5=/8) = ] oo ( t ) .

2kB,
k=1

Repeated application of the trigonometric identity mentioned above shows that

() - 1)

or
sin { &
bal(t) = ——gi")— (3.6)
2 sin (55 )
Since B,, — %, letting n — oo in (3.6) gives
sin(tv/3)
Pn(t) RV

We thus see that S,,/B, converges to the uniform distribution on [—v/3,v3].

Example 2. Let now X; be +2* with equal probability. Then the corresponding ch. f. is
given by fi(t) = cos(t2*) and the variance is 07 = 4*. Again, setting S, = X; +--- + X, and
B2 =% p_, 4 = 4(4" — 1), we compute the ch. f. of Sn/Bn which is given by

; = 2k¢
— Jptt Sa Bn —
Pn(t) = Bet(5n/Bn) = kl_l1 cos (—Bn) .

whence

na 2 {2t
2 sm(B—n) ¢,.(t)—sm( B, )




or

3.7)

Now
2n+1 2n+1 \/5
Bn J§(4n_1) \/1—4_"'

n+l

so that lim,_,o 2 ‘B

= /3. Rewrite (3.7) as

. 1
() snevd)
(@) w@)
Hence in this case as well the limit is uniform instead of normal. These two examples are in a sense

significantly different since in the first case the sum of the variances converges whereas in the second
it grows rapidly.

éa(t) =

In order to obtain the necessary and sufficient condition for normalized sums of independent
but not identically distributed r.v. to converge to a normal limit it will be useful to extend the scope
of our investigation to triangular arrays of r.v.’s. Consider the following scheme: Let k, be an
integer—valued sequence such that k, — co as n — oo and consider the array of random variables

Xu X2 ... Xig,
Xo1 Xoo ... Xog,
Xn1 Xn2 .- Xak,
We assume that all the random variables in the same row (i.e. X,;,7 =1,2,...,k,) are independent,

while we will make no ammkptlon about the joint distribution of random variables belonging to
different rows. Let S, = ;—-1 Xn; be the sum of the »’th row. In its most general form, the
Central Limit Problem consists in finding the conditions under which there exist real sequences a,,,
b, such that ﬁnb:—“ﬂ converges in distribution to a non-degenerate law. An important special case in
the above scheme are triangular arrays {obtained when k, = n)

Xu

Xo1 Xoo

X3 Xz Xs3

an Xn2 Xn3 Xﬂ'l

In this section we will not examine the problem in its full generality. We will restrict our investigation
to the case where all the random variables in the above array have finite variance: Var(X,,;} = oﬁj <
oo. Denoting the corresponding means by pn; = £X,;, 7 =1,2,...,k,, and setting

kﬂ.
— § : 2
= Onj

i=t
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we define new random variables

Xpi— pini
gnjzzz__gﬁ;_ﬁ_i,

Thus the normalized array

fn &z ... k.
€n &2 - o,
- I : (3.8)
a1 &n2 oo &nka

has the property that all the random variables in it have zero mean and that E?;l Var(§;,) = 1 for
all n. Now we are ready to state the

Theorem 18 [Lindeberg—Feller Central Limit Theorem] Given the normalized array (3.8),
Sy = E;;l &nj converges to the stendard normal law if and only if

kn
RILH;ZE[@%J-; |€nil > €] =0 for any e > 0. (3.9)

=1

Remarks Condition (3.9} is known as the Lindeberg condition. Note that if F‘,.,-(:c) =
P(&,; < z) is the distribution function of &,;, then it can be stated equivalently as

z|>e

kn
lim Z / 22dF,;(x) =0 for any € > 0. (3.10)
n—00 = !

Proof: Here we will only establish the direct half of the theorem, namely that (3.9) implies that

én(t) :== Ee'*5n converges to e~**'/2 which will establish convergence of S, to the standard normal
law. If we denote by f,;(t) := Ee**~i the characteristic function of £,; we note that f,;(f) -1 =

J(€¥*® — 1 —itz)dF,;(z) (since E¢,; = 0). Thus, using the inequality |¢’* — 1 — iz| < 923, we obtain

u® =115 G [2dFusta).

Let € > 0 be an arbitrary, positive number. Then,
/x2dl:',,_,-(a:) = / zzdi'"j (a:) + $2dﬁ;,j (.’.,")
lz|<e |z|>e€
< €4 z2dF,;(x)
|z|>e
However, the last integral above is one of the terms in (3.10) and therefore it goes to 0 as n — oo.

Thus, for n sufficiently large, it can also be made smaller than €2, for any j < ky,.

We thus have (for n sufficiently large)

max |fu(t) — 1] < T2

1<5<kn

27



Thus, for |¢| < T, maxi<j<k, |faj(t) — 1| < 1/2 for n sufficiently large, hence we can use the Taylor
expansion for the complex logarithm

log(l1+2z2)= Z( 1)" |z} < 1,
n=1
to obtain
log(¢a(2)) = Zlog Jai(t) = Zlog(1+ (fn3(8) = 1))
=1 J=1
= S0+ Ry o
=1

where

ka
=3 " m-nr

i=1m=2

We can bound R,, as follows:

PAIEED 3 SF TN IR TR § i 0kes Zifw(t)—lr*’
j=1 m—2 2 = 1 = lfﬂj(t) ll
< 1( ke lfna(t)‘lljz_:llfm(t)—ll
However,

kan
D 1fas®) -1

7=1 i=1

2 k..
t / 22dFp;(z) = i

J—l

/ (€% — 1 — itz) dFp;(x)

kn
Z/R e*® — 1 — itax| dF,;(z)
j=1

IA
t~-”|

From the two inequalities above it follows that

Ral <% max [fas() =1
and hence that

|Ry| — 0 uniformly in |¢| < T'. (3.12)
But

Z (Faj — —j +Pn (3.13)

j=1
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9 ke .
prn = % +) / ("% — 1 —itz) dby;(z)
=1’k

kn

2
- Z / (e“z 1 -tz (d;) )dl“ﬂ](z’)
j=171zI<e

kn

+ Z/ (eit‘” —1— itz — (ttx) )dF,,, {x)
=1 lz|>e 2

Using the inequalities (3.3) and (3.4) in the first and second term (after taking moduli) we obtain

|tl3 z|3dF,;: (= = 22dF, (2

lpn| < 12—1:/ |z|°dFpi(z) + t E :/z|>e ni ()
ltl3 & 2 2 '

< E /z|<€ dF,;(z) + t E /l>em dF,;(z)

¢* 2( Itlf) "/ 2
= —e+t°{1=— z?dF,;(z),
6 6 ; lz|>e g

where in the last equality we have used the fact that, for a normalized array,

$ Var(e) = 3 [ b =1

7=1 7=1

Hence |pn| — 0 uniformly in |¢| < I'. This fact, together with equations (3.11), (3.12), and (3.13)

shows that log(¢,(t)) — —t-; and hence that S, converges in distribution to a standard, normal
random variable. &

Let us now return to our original problem of a sequence of independent random variables
{X;} with distributions Fj(z) and EX; = p; and Var(X;) = o2. Our conjecture was that the
normalized sums

Zn o S" - Er:l i

3.14
£ (314)
with S, = X1 +---+ X,, and B2 := Y"1 | 02 converge in distribution to N(0,1), provided that
some condition is satisfied. This problem easily fits the preceeding framework if we set
X; —
€nj = JB—,,] (3.15)
0,2

Then the double array {£,;}j=12, . .nnr=123,. is normalized since Z >, Var(é,;) = Zj_l -B-'Q- =41

for all n» and Z,,, as defined in (3. 14) is equal to £,1 +&na2+- - -+&nn. Thus from the Lmdeberg—Feller
theorem with &,; given by (3.14) we conclude that the necessary and sufficient condition for Z,, to
converge to N(0,1) is

lim ——ZE (X; LXi — | >eBa] =0 for any € > 0, (3.16)

" oi=1

or equivalently

n
lim = Z/ (z — p:)?dFy(z) =0 for any ¢ > 0. (3.17)
|

2
n— 00 B @ —pi|>€Bn
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Let us now return to the two examples given previously and see what went wrong.

In example 1, B2 = 1 (1 — 4 ™) (and of course p; = 0) hence, B2 < 1/3, thus the quantity
we need to examine is

2
BZ }"'\/|2:|>63n2dF (x) = 3Z/z|>e 2 & (z)

noi=1

Now this ought to go to zero as n — oo for any ¢, however small or large. Notice that F; has mass

only at the points +2*, so these masses will concentrate at the origin as ¢ becomes large. If € < 3?,
then at least the first term in the above sum (and perhaps some of the following) will not vanish.
So,

1 1 3
22dFi(z) > 3 22dF (= =3(-22+—2 2)-—
B2 Z/z[>€Bn (=) 1z)>1/4 1{z) 2 2 4

" =1

and hence (3.17) is not satisfied. This explains why the limiting distribution in this case was not
normal.

Let us now see what happens in example 2. There B2 = § (4" — 1) and hence B2 < .

Here F; has mass only at the points +2¢, and these move to mﬁmty as ¢ becomes la.rge Since
gn+1

B, < ¥ v R ifwetakee—lcweseethat

0 ifi<
[ sarE > [ PiRE- . T
|z|>€Byn |z|>2n~-1 -;— ((2')2 -+ (—2‘)2) =4 if: >n.

Thus,

n

1 2 1 2 —_— 3 n o _ §
=L [w 24P 2 g ]W_ dFa(z) = gt = §

which means that (3.17) is again not satisfied.

Let us finally examine a third example. Suppose that X; are independent with P(X; =
+i) = P(X; = —i) = 1/2. Here we have again for convenience u; = 0, while 0? = i2. Again F is
concentra.ted on two points that, as in example 2, move to infinity as ¢ grows la.rge Bl 2 =

in(n+1)(2n + 1), as one can easily see by induction. Observe that B, behaves asymptotlca.lly as

%, and hence, for any fixed ¢, we will have n/2 < €B,, when n is large enough. Consequently, for
every e there exists a n, such that n > n, implies [,z z°dFi(z) < [, 2%dFi(z) =0fori<n

(remember that F; has mass at +:). In other words, for n sufficiently large,
22dF(z / 22dFi(z) =0
3121 ,2_;‘/‘z;|>eBn ( ) B2 Z |zi>n

and hence (3.17) is satisfied. Thus we expect that the normalized limit in this case will be N0, 1).
Another way to think of this example is that, if x; are i.i.d. random variables that take the values
+1 with equal probability, then

List Xt g,3).

n3/2

(note that instead of 1/ (n® + 3n2 + 1) we have used %5~ as a normalizing constant. Why is this
possible?)
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Chapter 4

Infinitely Divisible Laws

Let X be a real random variable with characteristic function ¢(t) := Ee**X and distribution function
F(z) = P(X < ). We say that X is infinitely divisible (or, equivalently, that ¥, or ¢ are infinitely
divisible) if, for every integer n there exist independent, identically distributed random variables X;,
i=1,2,...,n, such that

XEX +Xo+ -+ Xa

Equivalently we say that the characteristic function ¢(¢) is infinitely divisible if, for every n, there
exists a characteristic function ¢,(t) such that

$(t) = (a(t))" (4.1)

A few examples will convinee us that this definition is not vacuous: If X is A(0, 1) then for each n
it can be expressed as a sum of n independent normal N(0, %) r.v’s. For another example consider
a Gamma distributed r.v. with shape parameter o and scale parameter 3 and corresponding char-

o a/n
acteristic function ¢(t) = ( ﬂ_ﬁ it) . Since (p—f&) is also a characteristic function (of a Gamma

distribution with shape parameter a/n and scale parameter again 3) we see that (4.1) is satisfied,
hence the Gamma distribution is infinitely divisible.

Theorem 19 The characteristic function of an i.d. r.v. does not vanish for any real ¢.

Theorem 20 The distribution function of a sum of independent r.v.’s having infinitely divisible
distribution function is also infinitely divisible

Proof: Let X;, i = 1,2,...,k be independent r.v.’s with infinitely divisible characteristic
functions ¢;(t). Set X = X; + ---+ X; and denote by ¢(t) = Ee'® its characteristic function.
Clearly ¢(t) = ¢1(t)da(t) - - - p&(t). Since X; is infinitely divisible, for every integer n ¢}/ "(t) is also
a characteristic function. Hence, since the product of characteristic functions is also a character-
istic function, ¢Y/™(t) = ¢1/"(£)py " (£) - - - $,/"(t) is a characteristic function and ¢(£) is infinitely
divisible.

Theorem 21 The limit distribution function of a sequence of infinitely divisible distribution func-
tions is itself infinitely divisible, i.e. if F,(z) is a sequence of infinitely divisible distribution functions
such that F,(z) — F(z) for all continuity points of the distribution function F', then ' is infinitely
divisible.
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Proof: Let ¢, (¢) denote the characteristic function of F,(z) and ¢(t) the ch.f. of F(z). By
the convergence theorem we know that ¢,,(¢) — ¢(¢) for all ¢, and in fact this convergence is uniform

in ¢. Since F, is infinitely divisible, ¢3./ * is also a characteristic function, and by the continuity of
the square root

Theorem 22 [Lévy—Khinchine Representation] A distribution function F with finite variance
(and corresponding characteristic function ¢(t)) is infinitely divisible if and only if it has the repre-
sentation

log () = iyt + / (" — 1 —itx) %dG(a:) (4.2)
where ~y is a real constant and G a nondecreasing function of bounded variation.

Proof: Suppose that ¢(¢) is i.d. Then from (4.1) for any n we have
log 4(t) = nlog ¢ (t) = nlog (1 +¢n(t) — 1)

However, for any T > 0, as n — 00, ¢n(t) — 1 uniformly in |t} < T. Hence we can write
log (1 + ¢,(t) — 1) = {,(t) — 1) (1 + ¢,) where ¢, — 0 as n — oo and

log $(t) = n (¢a(t) — 1) (1 + €n)

Denote by F,, the distribution function corresponding to the characteristic function ¢,. We then
have

Pty — 1= /R (e“z — 1) dF.(z)

Also,
n/ zdF, (x) =/ zdF(z) = .
R R
Hence
log () = iyt + lim 7 f (€= — 1 - itz) dFy(x) (4.3)
n—o0 R
Set

Gu(z):=n / u2dFp(u)
o0
Then {G,.(z)} is a sequence of increasing functions. Also {G,(c0}} is bounded. Indeed,
00
n/ w2dF,(u) = o® + 172
—oo n

With these definitions,
. . eitr —1— itz
log ¢(t) = iyt + "h_{xgo /R —zz_dGn(-"’)-

Helly’s first theorem asserts that there exists a subsequence n; and an increasing function G(z) such
that G, (z} — G(z) for all continuity points of G(z). On the other hand

et _1_itx 2
z2 < 2

it 1 %
log $(t) = it + / M G a).
R x

Uniquness of specification: By differentiating twice the above relationship with respect to ¢ we see
that

d? ]
Zed log ¢(t) = /R e'*dG(x).

Hence, to a given ¢(t) there corresponds a unique function G(z) by the uniqueness theorem for
characteristic functions.
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4.1 Examples of infinitely divisible distributions
The following infinitely divisible distributions are described by means of their characteristic functions

o The deterministic distribution e'®
e The Normal distribution e=°"t"

¢ The gamma distribution (1——5;, a>0

—%

The Poisson distribution e~ (1)

The compound Poisson distribution e *1~%(%)) where 4(t) is the characteristic function of
some random variable

o The symmetric stable distribution of exponent a: ¢~“l%° where 0 < oo < 2 and ¢ > 0.

In the next example we compute the charactenstlc measure for the gamma distribution:
Starting with ¢(¢) = (1 —it)~* we see that & log¢(¢) = {%;. But L = [i° ¢**"e~%dz and hence,

integrating with respect to ¢, log #(t) — log ¢>(0) =ia [;° [ j;) ""du] “*dz = a f° (¢* — 1) £ dz.
Hence, taking into account that f0°° e %dz = 1, we have the representation

log ¢(t) = it +/ (e“’ —-1- it:c) ;12—dG(a:) with dG(z) = { 0 e
R

azxe T x>0

This corresponds to G(z) = a{l — (1 +z)e ®) for £ > 0 and G{z) = 0 for = < 0.

Poisson random variables with non-integer values. Let N be a Poisson random
variable with parameter \: P(N = k) = L)%=,k =0,1,2,..., and @ > 0. Then the random
variable X = aN has distribution P(},a) glven by P(X = ka) = —;/\" 2 k=0,1,2,...,1ie. it
takes values on the integer multiples of a. Its characteristic flmctlon is

eA(eito_l).

The geometric distribution. Let X be a random variable with distribution P(X = k) =

¢*p, k=0,1,2,..., . We will show that X is infinitely divisible. Its characteristic function is given
by
—_ ttX q
¢(t) - Zq pe 1 _ qe‘t

Since 0 < q < 1, log(1 — q), and log(1 — ge*) are well defined, so

log ¢(t) = log(1 — q) - log(l-—qe’t)—qu ekt _ 7).
k=1

Hence
= 1 k{ ikt bt
¢(t) = H ek? (e _1) =" H (pk(t),
k=1 k=1
where, each of the characteristic functions ¢ (t) corresponds to a Poisson random variable
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Chapter 5

Martingales in Discrete Time

5.1 Adapted and Predictable processes

On the probability space (2, F, P) suppose that there has been defined an increasing sequence of
o—fields F, such that 7, C Fp41 C F for all n. The family {F,} is called a filtration. In practice
F., represents the information available at (discrete) time n.

e The process { X, }n>0 is adapted to {F,} if for every n X,, is measurable with respect to F,.
We will write X, € F,,.

e The process {X, }n>0 is predictable with respect to {F,} if for every n X,, is measurable
with respect to F,_; or symbolically X,, € F,,_; .

5.2 Stopping Times

Let 1" be a nonnegative, integer valued, random variable. 1" is a stopping time w.r.t. the filtration
{Fn} iff the sequence of random variables 1{(1' = n), n = 0, 1,2, .., is adapted to {F,}. In particular,
note that if 1’ is a stopping time then {1(1' < n)} is also an adapted sequence, while {1(1' > n)} is
a predictable sequence. To see this, write

1(1'< n) = 2": 1(L' = k)

k=0

and observe that 1{T = k) € F C F, for k < n. This establishes that 1{T < n) € F,. On the
other hand 1(1' > n) =1 — 1(1' < n — 1) which, in view of the above is a predictable sequence.

Proposition 1 IfS, T, are F,—stopping times then S+T, SVT, SAT are also F,—stopping times.
Proof: To prove the first statement, note that

1(S+T =n) = il(s — KT =n—k) € Fn.
k=0

The second follows from 1(S V1 < n) = 1{S < n)1(1' < n), and the fact that both 1($ < n) and
1(S < n) are in F,, since 1' and S are stopping times. Finally 1{S A1 > n} = 1(S > n)1(1' > n).

a
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5.3 Martingales in Discrete Time
Theorem 23 A process {X,} is a martingale w.r.t. the filiration {F,} if

o X, is an adapted process, i.e. X, € F,,
o E|X,| < oo Vn,
o E[Xpt1|Fn] = X, Vn.
Example 1: Let {Y;} be independent random variables with E|Y;| < oo for all i and consider the

filtration F,, = o{Y1,Ya,...,Y,}. (This is sometimes called the natural filtration of the process.)
Let EY; = p;. The process X, = Y ., ¥; — p; is an F,—martingale.

Example 2: Using the setup of the previous example suppose that, for all i, o2 = Var(Y¥;) < oo.
The process Xp, = (X, Y — p)” — X, o is an F,-martingale.

Example 3: Using again the same setup we assume that Y; has distribution F; and F}(s) k=
J=2 e~*2dFi(z) is finite for s in a neighborhood of 0. Then

e—s 2?:1 },‘
) H:‘:l b}(s) '
is an F,-martingale.

n

Example 4: Let {Y,,} be a Discrete Time Markov Chain with state space S and transition proba-
bility matrix P(z, ). Also suppose that f : S — R be a real function. Then

Xo:=Y (f(m - Pm_l,j)fm)

k=1 JES
is an F,—martingale.

Example 5: [Right Regular Sequences and Induced Martingales for Markov Chains] Let
{Y.,} be a Discrete Time Markov Chain with state space S and transition probability matrix P(%, 5).
Let f : S — R be bounded and satisfy

fG) = _PG,NfG), VieS.

jE€S

Such sequences (right eigenvectors corresponding to eigenvalue 1) are called right regular sequences.
Then

Xn= f(Y,,)
is a martingale.

Example 6: The above example is a special case of the following more general class of martingales.
Let f be a right eigenvector corresponding to an eigenvalue A of P, i.e.

M@ =) PG,)IG), Vies.

JES
Assuming that E|f(Y,)| < oo,
Xn=2"T"f(Ya)

36



is a martingale.

Example 7: [Likelihood Ratios] Let {Y,} be an i.i.d. sequence with density g. Let f be another
density function. Then the process
SRS f(Ya)
" g(Yo)g(Y1)---g(Ya)

is a martingale.

5.4 Submartingales, Supermartingales, and Martingale Trans-
forms

Theorem 24 {X,} is a submartingale w.r.t. {F,} iff

a) X, € F,
b) E|X,| < oo Vn
¢) B Xp1|Fn] > Xn, V.

{X.,} is a supermartingale w.r.t. {F,} off it satisfies a) and b) above and

c’) E[Xn-(-l']:n] < X, Vn.

5.4.1 Convexity and Jensen’s Inequality

A function ¢ : R — R is convex iff, for every A € (0,1) and every 1,z € R
oAz + (1 — Nz3) < Ad(z1) + (1 — X)p(za)

It can be shown that, ¢ is convex iff for every zy € R there exists 3 € R such that
d(zo) + Blz — zp) < ¢{x) for all z € R.

(This result, which is in fact true for convex functions in R"™ is known as the supporting hyperplane
theorem.) We are now ready to state the central result about convex functions which we shall need
here:

Jensen’s Inequality Let ¢ be a convex function and X a random variable with EX < co. Then

H(EX) < E¢(X) . (5.1)
Proof: Apply the supporting hyperplane theorem with zg = KX to obtain

HEX)+ Bz~ EX) < ¢(x) for all z € R.
Hence

S(EX) +B(X — EX) < $(X)
and taking expectations in the above equation establishes (5.1) since E(X — FX) =0. L)

Theorem 25 Let {X,,} be a martingale and g a convez function. Then {g(X,)} is a submartingale,
provided that E|g(X,)| < co.

Examples: Suppose {X,.} is a martingale. Then {X2} and {(X, —a)*} are submartingales.
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5.4.2 Martingale Transforms
Let {M,} be an F,—martingale and {C,} an F,—predictable process. Set AM, = M,, — M,_1,

n
X, =CoMo+ ) CeAM; .
k=1
{Xn} is 2 Martingale Transform. It is easy to see that martingale transforms are martingales.

Proposition 2 Suppose |C,| < K Vn, where K is a positive real number. Then {X,} is a martin-
gale.

Proof: We first show that E|X,| < oc:

E|X.| < E|Co|E|My|+ Y E|Ci|E|AMy|
k=1

k=1

< K (E|Mo| + i:E|Mk| +E|Mk_1|) )
(E}My| < oo for all k since { My} is a martingale.)
Next, check that E{X,1|F,] = X,. Indeed,
Xnt1 = Xn +Cri1 (Mpy1 — M)
and, taking expectations,
EXnt1|Fn] = E[Xn + Cri1 (Mnt1 — Myp) | Fr]l = Xn+ Co1 EIMp 1y — M, [ Fo] =0

The second equality following from the fact that X,, Cn,y; € F,,, and the last from the fact that M,,
is a martingale. )

5.5 Square—integrable martingales and orthogonality of in-
crements

Theorem 26 Let {X,} be an F,—martingale with X2 < co. Then, for all integers i < j <k <,

E(X; - X )(X; — X:)=0. (5.2)
Furthermore
L3
EX2=EX2+) E(Xi — Xx-1)® . (5.3)
k=1

Proof: To establish (5.2) note that
E[(X[ = Xk)(Xj — Xi)l]'-k] = (Xj - X;)E[X[ - Xklfk] = .
To show (5.3) write X, = X¢ + Y _p=;(Xx — Xi—1). Then

n n n k-1
X'Z. == Xg +2Xp E(Xk - xk—l) + Z(Xk - Xk_l)z + 22 Z(Xk - Xk_l)(Xj - X]_l).
k=1 k=1 k=2 j=1
Taking expectations and using (5.2) yields (5.3). L)
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5.6 The Doob—Meyer Decomposition

Theorem 27 Let {X,} be a process adapted to F,,. Then there exists an F,~martingale {M,} and
an F,—predicteble process {A,} with Mg = 0, Ay = 0 such that

Xn - XO + Mu + A'n . (5.4)

This decomposition is essentially unique in that if X, = Xo+ M, + A, Vn, M,, = M,,, A, = A,
Vn (with probability 1).

If {X,.} is a submartingale then {A,} is a nondecreasing process, i.e. Apy1 > Ap Vn (w.p.

1).

Proof: If (5.4) is true then
Xot1 — Xn=Mpy1 — Mp+ Apy1 — Ag
hence
B Xny1 — Xu|Fn] = E[Mnpi1 — Ma|Fa] + E[Any1 — AnlFa] .

Since {M,,} is a martingale, B[M,1 — My|F,] = 0. Since {4,} is predictable, K[A, 1 — Ap|Fr] =
Ap+1 — Ap. Hence,

Apy1 = Ap + E X1 Fa] - Xa .

Set
An = ) E[Xi|Fia] - Xia, (5.5)
k=1
M, = Zxk—E[Xk|fk—1]~ (5.6)
k=1

From (5.5) you can verify that {A,} is F,~predictable, from (5.6) that {M,} is an F,-martingale,
and adding (5.5)+ (5.6) gives

M,+A,=X,-Xo.
Note that if {X,,} is a submartingale then it is F,~adapted and therefore the Dooh-Meyer
decomposition holds with A,, M,, given by (5.5), (5.6). From (5.5) it follows that
An+1 —A, = E[Xn+1|-rn] -Xn20,
since {X,} is a submartingale.

To show uniqueness, suppose we also have X,, = Xp +M,. +A~,,. Then M, + A, = M,, +A~n
or

M,-M,=A,—A,. (5.7)
Taking conditional expectations we get
E[M,|F._1] = E[My|Fn_i] = E[An|Fn_1] — E[An|Fai]
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However

E[M,|F,_;} = M, _;(martingale)
E[Ap|F, 1] = A, (predictable)

(The same relations hold for M,, and A,,.) Therefore

M, I_Mn lgfin‘“An- (58)
From (5.7) and (5.8) we get
My, 1—M, =M,-M,. (5.9)

{5.9) holds for all n and, by induction,
M,—M,=My— My=0.
From (5.7) it follows that
A,—A,=0.
@

Example: An application of the Doob—Meyer decomposition Let { X, } be an F,,—martingale.
Then {X?2} is a submartingale and

X2=X2+A.+M,
where M, is a martingale and A, is predictable and are given by the expressions

A, = Y E[AX}|Fr_1), (5.10)
k=1

M, = Y X}-E[X}|Fi1) (5.11)
k=1

5.6.1 Quadratic Variation of a Martingale

Let {X,} be an F,-martingale. Then {X2} is a submartingale which we can decompose into a
martingale and an increasing process. This increasing process is called the quadratic variation of X,
(X). We write

Xi=Mu+ (X)n.
From the Doob-Meyer decomposition we have

(Xy = X2+ 3" Bl(X - Xp 1) o]
k=1

5.7 The Optional Sampling Theorem

5.7.1 Optional Sampling Theorem for Submartingales
Let {X,} be a submartingale w.r.t. {F,} and S, I, be stopping times such that 0 < S <1T'<m
(where m is a given integer). Then

EXs < EXr. (5.12)
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Proof: Write X7 = Xp+ (X1 — Xo)+---+ (X7 — Xr_1). or

X7 =Xo+ D ( Xk — Xxa)L(I' 2 k) .
k=1
Similarly,

m
Xg=Xo+ ) (X — Xe1)U(S 2 k) .
k=1

Taking expectations we can write
EX7 =EXo+»_ E[E[(Xx — Xx—)1(T > k)| Fi_1]] -
k=1
Note that 1(1' > k)=1-— Zi:ol 1(1' =1) € Fx_;1 and hence
E[(Xk = Xe—1)1(L' 2 B)|Frma] = (L' 2 F)E[(Xi — Xi—1)1Fi—1]
Since T > S, 1(T > k) > 1(S = k). Also E[Xy — Xg_1|Fx-1] = 0 ({X,} is a submartingale). Hence
1T > F)E[( Xk = Xk-1 )1 Fr-1] 2 1(S 2 B} E[(Xi — X1} Fa_a] .
From the above it follows that

Xo+ 30 B{(Xe — X)L > B)Faa] 2 Xo+ 3 B(Xa — X)L 2 D) Fia].
k=1 k=1

Taking expectations:

E | Xo+ Y (Xe — X )1(L' > k)] > K [xo +3El(Xe— X )US 2 K)|
k=1 k=1
or

EXr > EXs .

5.7.2 Doob’s Maximal Inequality

Let {X,} be a nonnegative submartingale (i.e. X,, > 0 Vn). Then, VA > 0. Vn,
/\P{Oxélgn X > A} < EX, . (5.13)
Proof: Define the stopping time 1" as
I min{k : Xi > A} if maxo<r<n Xk > A
n if maxg<k<n Xz <A
Notice that {X7 > A} = {maxg<g<n Xi > A} and therefore
P{Xr > A} = P{olélka%("Xk > A}
However, from Markov’s inequality
AP{X1 > A} < EXr,
while from the Optional Sampling Theorem,
EXr <EX,.

The conclusion of the theorem follows from the above. &
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5.7.3 The Optional Sampling Theorem for Martingales

Let {X,} be a martingale w.r.t. {F,}. We know that £X,, = KX, If 1'is a stopping time, under
what conditions is EX1 = FXy?7 We start with

Lemma 2 Let {X,.} be a martingale and I’ a stopping time w.r.t. {F,}. Then, for alln >k,

E[X (' = k)] = EX (T = k)] .

Proof: Indeed

E[XaL(T = k)] = E[E[XoL(T = k)|F]] = E[L(T = k)E[X|F]] = E[I(T = k) Xx]

Lemma 3 With the assumptions of the previous lemma

E[XTan] = EXq .

Proof: We can write Xpp, = Ek: X;1(T = k) + X, 1{T > n) and taking expectations,

n—1

Y EXu1(1' = k)] + E[X,1(1' > n)]

k=0

n—1

= Y E[X,U(T =k)]+ E[X, (T > n)]
k=0

S [x,. (,.2_:1 (L =k)+1(1 > n))}
k=0
= EX,=EX,.

]

E[XT/\n]

Theorem 28 Let {X,} be a martingale and I' a stopping time w.r.t. {F,}. Suppose that P(I' <
o0} =1 and E[supy | XTar|] < 0o. Then EXyp = EX,.

Proof: From the previous lemma we have EXra, = EXg ¥n. Since P(1' < o0) = 1,
lim, o X7par = Xr. Finally, X7a, < supy |X7ak]- Use the Dominated Convergence Theorem to
conclude that

lim E[XT/\n] = E[ lim XT/\,,] = EXT 5
n—00 71— 00

5.7.4 The Kolmogorov—Doob Inequality
Theorem 29 Let X,, be a square-integrable martingale (i.e. EX2 < oo for alln). Then

EX2
P Kz 975"

42



CC BY: Attribution alone 4.0 https://doi.org/10.26219/heal.aueb.5740
https://creativecommons.org/licenses/by/4.0/

Proof: Define the sets Ar = {|X;| < ¢, 1 < k}, By = Ax_1 N {|Xx| > ¢}. Then Q =
An U (Uk=o Bx) and

EX2 =3 BB + BIX21(A)] 2 3 HX21(B,)
k=0 k=0

‘We have however

EX21(By)] = E[(Xa~ X+ Xk)*1(Bg)]
= E{(Xa — X&)’1(Bi)] + 2E[(Xa — Xx) X 1(By)] + E[X?1(By)]
> EXPUB) .
Hence

EX? > zn:E[Xfl(Bk)] > e2iE1(Bk) = eZE[i 1(By)] = ezP(o B:i),
k=0 k=0 k=0 k=0

from which the conclusion of the theorem follows immediately. é®
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Chapter 6

Brownian Motion

6.1 Brownian Motion

A stochastic process {W,,t > 0} is called Standard Brownian Motion if it satisfies the following
three postulates

i) P(Wp =0) = 1, i.e. the process starts with probability 1 from 0 at time 0.

it) {Wy,t > 0} has continuous paths with probability 1.

ii4) The increments are independent i.e. if 0 < t; <t < --- < t; then P(W,, — W, | € H;;i =
1,2,...,k) = I’If:l P(W,, — W,,_, € H;) for any (Borel) subsets H; of R.

iv) For 0 < s < t, W, — W, is normally distributed with mean 0 and variance t — s:

P(W, - W, e H)= 2*/20t-9) gy

W= I A

From the above postulates it follows that the finite dimensional distributions of the process
W, are given by

P(W,, € (zy,zy +dzy),..., W, € (zn, 70 +dx,)) = f(z1,20, ..., Zn; b1, b2, ...ty )dpy - - -dzy

with

f(zlv'-'1xn;t1)t27'~'7tn)

Xy — gy 2
_ 1 1 . %{Ei““(—’?{——’z‘lﬁ*““*%}
2m)n2 \ft1(ts — t1) -~ (b — tn1)
_ 1 _1_ ' Te-1,
(2m)"/2 /5]
where 7 denotes the transpose of z = (z1,...,Tn) and
i EW, W, S EW, W,
Y=FE : Wy, W )| = XL EW Wy, = [tiNtilich njmt,
I, EW, W, EW, W,
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is the corresponding covariance matrix. i.e. the finite dimensional distributions of brownian motion
are normal. This means that brownian motion is a Gaussian process.

6.1.1 Properties of Standard Brownian Motion

1. Markov Property. Brownian motion is a Markov process with stationary transition probabilities

P(z,A) = P(Wyu.€AW,=2)=PWy,-W,€A—-z|W,=12x)

= PW,eA-2z)= o(u)du
A—-zx

where A— z is the set {y —z :y € A} and ¢(u) = 7%278'-'“2/2.

2. Scaling Property. Ve > 0 {/cW,;t > 0} L (Wt >0}

Indeed, /cW,,. has continuous paths, stationary and independent increments, and the correct
distribution.

3. Symmetry. {—W;;t > 0} 4 {Wy;t > 0}

4. Time reversal. {tW,,;t > 0} < (Wt > 0}.

6.2 Maximum of the Standard Brownian Motion

Let M; = max{W,;0 < u < i}, where as usual {W,;t > 0} is SBM (Standard Brownian Motion).
For fixed ¢ this is a nonnegative random variable, while, if we consider the process {M;; ¢t > 0} then we
have a process with My = 0 and nondecreasing sample paths. Here we will compute the distribution
of the random variable M, using the reflection principle. Define 1 := inf{u > 0 : W,, = a} the first
time when the brownian motion reaches the level a (note that 7 is a stopping time). Now define
new process, Wu, via the relationship

P W, u<T
W, =
a—(Wy—a) u>r

In the figure below, W is the process that is identical with W up to time 7, and after that time
results from the reflection of W around the level a (the grey path in the figure). Note also that
{M; > a} = {7 < t} (i.e. the two events are the same). Now

P(MtZa)-—P(MtZa,Wt?_a)+P(Mt_>_a,W¢<a)
and {M; > a} C {W; > a}, so that P(M; > a, W, > a) = P(W, > a). Also,
PM;>a,Wi<a) = Pr<t)P(W,<a|T<t)
= P(r<t)PW,>a|7<t)
= P(V/V\t>a,7'§t)

- P(Wt>a,Mt2a)
& P(Wt>a)

From the above it follows that

> o
P(M; > a}) = 2P(W, > a) = / \/Ee_’” 12t g, a>0. (6.1)
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Equivalently, we can say that M, 4 |W,|. This same formula gives the distribution of the time
required for SBM to reach a given level 2 > 0: If we denote by 7, := inf{t > 0: W, = z} we have

2

o0
Plr, <) =P(M; > =z =/ ."—e_yz/2tdy
(x ) ( t ) . ‘l. s

The change of variables y = z+/t transforms the above equation into

oo Y
P, <t) =/ y'ze /24,
/i T

and differentiating with respect to ¢ we obtain the density function of 7,:

ze T/ t>0.

1
1) = ————
flt) =
(This is the inverse Gaussian distribution.)

ftbpFU5.8608in2.3289%in0ptReflection principlereflection.bmp

6.3 Martingales associated with Brownian Motion

It is easy to see that standard brownian motion is a martingale. If we denote by F := o{W,;0 <
u < s} the history of the process up to time s then

b,[th-Fs] =W, + E[Wt - Wsi}-s] =W,
the second term in the above equation vanishing as a result of the independent increments property.

This property, together with the optional stopping theorem allows us to compute probabil-
ities of reaching boundaries. Suppose that Wy =z and leta <z < b. Set 7 =inf{t > 0: W, =
a or b}. Then, by the optional stopping theorem we have

EW-,— = EWO =x.

However W, = a1l{W, = @) +b1L(W, = b), and if we denote by p, = P(W; = a) (and similarly for
py) we have ap, + bpp = x which gives (since p, +p, = 1)

b—=x

_a.

Pa =

o

Similarly, one can easily show that the process S; = W2 — ¢ is also a martingale. Indeed,

EW?—t|F,] = E[W.— W2+ 2W, (W, — W,)+ W2 —t|F,]
E[(W, — W)\ F] +2W W, — W, |F]+ W2 -t
(t—s)+0+W2—t=W2-s

With 7 defined as before let us use the optional sampling theorem again. This time we obtain
EW.,? — Er =12

which gives
paa2 +pbb2 —Er =z>
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or

(b—z)a® + (z — a)b? a2

— = kT

from which we obtain
ET =ab.

An important martingale associated with brownian motion is the exponential martingale.
Suppose here that W, is BM(u,02). Then, if 6 is any real number

M, = Va0t with q(0) = pf + %0202
is a martingale. Indeed,
E[My|F,) = E[eO(Wt—W.,)—q(o)(t—S)| FJ M, =M,

the last equality following from the fact that Ee®(W:—W:) — gnf(t—s)+36%0%(t—s)

We have thus seen that M, is a martingale for any choice of 8. If we set 0 =60y = —%‘; we
see that q(6p) = 0 and thus the exponential martingale becomes e?e":. We can use this to compute

Pa and py (defined as before) when i # 0. Indeed, in this case, from the optional sampling theorem
we have

E[eenw-.—] - eenz

or
Pae® 4 ppefit = 0oz
which gives
G- _ 4
Pa = et_,rg_—(b_—;zrl-.

The optional sampling theorem can also be used to obtain the Laplace transform of the time
until we hit the boundary. Here we will assume that x = 0, o = 1 which corresponds to ¢(8) = %02,
in order to simplify the algebra. We start with

E[eGWT—‘rq(G)] = eom.

or

®
|

6z _ paE[eaWT“"'(e)lwf = q +pr[eOW-r—‘rq(0)[WT = b
paeaaE[e—q(o)-rlw_r = a] +pbe%E[e_q(o)T|WT = 1.

We seem to have the problem that this is one equation and we have two unknowns, E[e~4)7|W, = 4]
and E[e~9)7|W, = b] but in fact we can get around this problem by setting

1
s =4q(0) = é02.

There are two solutions to this equation,

6=v2s, and Oy=-V2s.
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Thus, if we set f,(s) = E[e™*"; W, =a] and fy(s} = E[e™*"; W,. = b], we have

VB = VB[ (s)+ eV fy(s)
eTVE = VB (s) + eV fi(s).

From this system we can compute f,(s), fs(s) separately, and hence also Ee™*" = f,{s) + fi(s). In
fact, adding and subtracting the above equations we get

cosh(zV2s) = cosh(av2s)f.(s)+ cosh(bv/2s)
sinh(zv2s) = sinh(av/2s)f,(s) + sinh(bv/2s)

or, using the fact that sinh(a — 8) = sinh a cosh # — cosh asinh 3, we obtain
fa(s)sinh(b — a)V/2s = sinh(b — z)Vv2s
Jo(s) sinh(b — a)v/2s = sinh(z — a)v/2s

We thus have

sinh ((z — a)v/2s) + sinh ((b— z)v/2s)
f(8) = fals) + bo(s) = (« _) ((b—=)
sinh ((b— a)Vv/2s)
and using the formulas sinh2a = 2sinhacosha, sinha + sinh § = 2cosh (£52) sinh (2£2) we
obtain
(s = =2le =) vBe)
7T T ook (552 V25)
Since we can take z — 0 without loss of generality, this formula simplifies as follows
f(o) = B (52v2s)
s =—~2 T/
cosh (k;_a Vv2s)

In particular, when b =£ > 0, a = —¢, then

1
o) = cosh (l\/@

6.4 Total and Quadratic Variation
Let f be a real function. The total variation of f over an interval [0, b] is defined by the limit
n-1
Vi(0,b) = lim kz_jo £ (k1) = F(88)]

te=%bk=0,1,...,n—1.
Remark: If f is monotonic, V £(0,b) = | f(b) — f(0)|. To give another example, suppose f is right

continuous and there exist points (countably many at the most) T;, i = 1,2,..., such that f is
absolutely continuous on (;,7;41) and has jumps of size J; at 1;. In that case

fO=f0)+ 3 s+ ]0 £ (u)du (6.2)

0<T; <t
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and

b
V5(0,5) = /0 IF@ldu+ 3 1l

0<T;<b

The quadratic variation of f is defined as
n-1
QS(0,6) = lim > |f(tr+1) — F(tR) -
k=0

Suppose f is absolutely continuous, ie. f{t} = f(0) + fot f'(u)du. Then, from the mean value
theorem,

n—1
QF(O,5) = Jim 3|7 (ke + &P
k=0

where & € (0,2). If |f'(t)] < BVt € [0,}], 0 < Qf(0,b) < hm,._.oc,B'*"Zk_0 =0 If fisasin
(6.2 then

Q0.5 = Y JI.

0<Ti<t

6.4.1 Quadratic Variation of Brownian Sample Paths

Let W (t) be a standard Brownian motion. For every fixed ¢ > 0,

Al

fim 35 W (ko) - WO =t wp (63

i.e. the quadratic variation of brownian paths is QW(0,¢) = ¢. (The equality holds both with
probability 1 and in the mean square sense.} One implication of this is that the total variation of
the paths is infinite

"lin;oz |W( ) — W( t)[ = w.p.1.
k=1
This is a consequence of

¥ Wk - wity)®

max;—1, om |W(gt) — W(51e)|

hmZIW( k1) — W(kzte)| >

n—0co

The numerator converges to ¢ w.p.1 as n — oo while the denominator converges to zero since W (¢)
is continuous (and hence uniformly continuous on bounded intervals) w.p. 1.

To show (6.3) (with convergence in the mean square sense) define
= (W(kt) -W(kly) -

Note that Eé;, = 27" and E§2 , = 3.272" It suffices to show that an 18kn =5 0. The
independence of brownian motion increments implies that the L2 norm of this r.v. is 2"E6¥ =
2".3.27"=3.27" 0.
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The above calculations lead easily to the conclusion that (6.3) holds w.p. 1 as well. Fix

€ > 0 and let

2"
A, ={w: |Z¢5k,n| > €}.

k=1
Then, from Chebychev’s inequality

2¢2

P
P(A") = €29n

and thus Ziﬂ=1 P(A,) = %‘; Hence, for any given ¢, the Borel-Cantelli theorem implies that only
finitely many of the A,, occur, i.e. that, for any e there exists np(€) such that n > ng(e) implies

anl ék,n < €.

6.5 Gaussian Processes

A stochastic process {X;t € R} is called a Gaussian process if, for every k and every t) < 2 < --- <
tr, the distribution of (X, X,,,..., X3, ) is multidimensional Gauss. It is clear that to define the
joint distribution of (X;,, Xt,, ..., X¢, ) it suffices to determine the vector (m(t;), m(ta),. .., m(tx))

and the covariance matrix

R(t1,t1)  R(ty,t2)
R(t27 tl) R(t21 t2)

R(tk') tl) R(t’h t2)

R{t1,tr)
R(ta, tr)

Rty tx)

51
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Chapter 7

Stochastic Integrals

7.1 L? theory of random variables

7.1.1 A brief overview of linear spaces of random variables

Consider the family, L2, of all random variables on the probability space (2, 7, P) that have zero
mean and finite second moment, i.e. for every X € L2, EX = 0, EX2 < co. It is easy to see that
this family is a linear space over R i.e. that it satisfies the axioms

L1. 0€ L2
L2. If o, B are two real numbers and X, Y € L? then aX + 8Y € L2.

A norm is a function || - || : L2 — R{ from the elements of L? to the nonnegative reals that
has the following properties

N1. (Nonnegativity) For all z € L2, ||z|| > 0,
N2. llz|| = 0iff £ = 0,
N3. |laz|| = | Jj=|| for all z € L2, a« € R.

N4.  (Triangular inequality) [jz + y|| < [l + llyll
An inner product is a function (-,-) : L2 x L2 — R such that

IPl.  (aX,Y)=(X,aY)=a(X,Y)
IP2. (X +Y,2)=(X,Z)+ (Y, %)

We define an inner product on L? via the relationship
(X,Y):=EXY (7.1)

A linear space on which an inner product has been defined is an inner product space. The inner
product induces a norm via the definition ||z|| = \/(z, z).
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The elements z1, 3, ..., z, of L? are linearly independent iff
o1y +agxa+ -+ ey =0
implies o; =0,t1 =1,2,...,n.

At this point it is customary to define the dimension of the linear space as the maximum
number of linearly independent elements of the space. In the ordinary Euclidean space R" this
dimension is of course n. However, since we are willing to assume that our probability space (Q, F, P)
is rich enough to support sequences of independent random variables X;, we have to dispense with
the requirement that our space has finite dimension.

Note that two random variables that differ only on a set of measure 0 have to be identified
here: Indeed, if P(X = Y) = 1 then certainly E(X — Y)2 = 0, hence || X — Y|| = 0 which implies
that X — Y = 0 according to (N2). Thus when we deal with random variables in L? we have to
think of them rather as equivalence classes.

A sequence of elements of L2, {X,}, is said to converge to an element of X € L2 if || X,, —
X|| — 0 as » — oco. Note that this is precisely L? convergence for the sequence of random variables.

A sequence {X,} is Cauchy, if
[[Xn = Xm|f — 0 as n,m — 00. (7.2)

Clearly every convergent sequence is Cauchy since, if X,, — X then, using the triangular inequality
{N4) we have

1 Xn — Xmll < 1Xn = X|| + | Xm — XI|

and each of the two terms on the right side go to 0 as n and m go to infinity. On the other hand,
a Cauchy sequence is not necessarily convergent. While (7.2) guarantees that the elements of the
sequence approach each other more and more as m and n grow large, there is no guarantee that the
limit this sequence is approaching is actually an element of L2.

All Cauchy sequences are bounded, i.e. if {X,} is a Cauchy sequence then sup,, [|[X,]| < o0
which means that there exists M > 0 such that X2 < M for all »n € N.

) The space L? is complete if every Cauchy sequence of elements of L? converges to an element
of L=,

Theorem 30 L2 is complete.

Proof. We start with a Cauchy sequence X,, of elements of L?. According to the definition
we have to show that there exists a random variable X with £X2 < co such that ||X,, — X|] = 0 as
n — co. Choose a subsequence n;, such that || X, — Xn|| < 273*/2 when m and n are greater than
or equal to n. This means that £(X,,,, — Xa,)? < 273. Using Chebychev’s inequality we have

E(Xnk-u — X"k )2

92k

P (| Xnpy — Xni| >27%) < <27k,

Since

o0 oo

Y P Xnpy — Xni|>27%) <D 2% <00,

k=1 =1
the Borel-Cantelli lemma insures that, with probability 1, only finitely many of the inequalities
IX,,,‘ - —X,.kl > 27F are true. This is equivalent to saying that there exists some kg (which
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may depend on w) such that, for all k& > kg, |X,,,‘_H - X,.k| < 27*. Hence, w.p. 1 the series
3 re i | Xnsys — Xn,| converges (since it is dominated by a convergent series). This in turn implies
that the telescopic series Y ;o | (Xn,,, — Xn,) converges absolutely and thus that limg—_,co X,,, =: X
exists.

It remains to show that £X2 < co

Finally we have to show that || X, — X]| — 0 when n — co. Indeed, for any given ¢, choose
ng such that | X, — X|| < ¢/2 and N such that || X,, — X,,|| < €/2 whenever m > N, n > N. Then,
from the triangle inequality,

€ €
1Xn = X[ < |1 X0 — Xl + 1 X0 = X[ < §+2 =€

7.2 Integration with respect to functions of bounded varia-
tion

To understand the challenges involved in defining the stochastic integral we have to recall first the
definition of the ordinary integral. Historically, arriving at a satisfactory definition was by no means
a simple task and it has only been completed in the first two decades of the twentieth century.
Suppose that F' is a function of bounded variation, f a continuous function defined on a closed
interval [a,b], and let t? :=a+ £(b—a), i =0,1,2,...,n. Then the so—called Riemann- Stielijes
integral can be defined as

b n—1
[ 1@aF@) = lim 3 ) [FeR) - #D).

i=0

There is of course nothing special about the equally spaced partition we have used above and in
fact, one can show that any partition, a = t§ < &} < --- < {2 < --- < % = b of the interval [a, b]
will yield the same limit as n — oo, provided of course that maxg<i<n—1(t?,; — &) — 0 as n — oco.

Why do we require }' to be a function of bounded variation? The reason is that functions of
bounded variation correspond to signed measures. Any increasing function F' defines a measure on
the real line via the relationship p(a, b] = #'(b) — F'(a). Think of the measure p(a, b} of the interval
(a, b] as the total mass of the interval. Since F is increasing, the mass of any interval is nonnegative
and if F is absolutely continuous, i.e. if #'(z)— #'(0) = foz F'{u)du, the derivative of ' correspond
to the mass density.

Similarly, a function of bounded variation can be written as the difference of two increasing
functions Gt and G—: F(z) = G*(z) — G~ (z). This representation is unique (up to an arbitrary
initial value, say G~ (—o00) = G*(—o0) = 0). Thus, if we can think of increasing functions as mass
distributions on the real line, we can think of bounded variation as electrical charge distributions
that can be positive in some places and negative in others. In this case the signed measure p of the
interval (e, b] is the total charge of the interval (positive - negative) i.e. u(a,bl = F(b) — F(a) =
(G*(b) — G*(a)) — (G (b} — G (a)).

The real problem that presents itself when we try to define

/0 fuaw,

is that, since W, has paths of infinite total variation, they do not define a (signed) measure the way
a bounded variation function does, so it is not at all clear how to define the integral and what its
precise meaning would be.
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7.3 Definition of the Ito Integral
Denote by H? the set of all adapted processes on (Q2, F, P) satisfying

t
E/ Xlds<oo  VE>0.
i}

A process X is simple if there exists a real sequence {¢x}, tx — 00 as k — oo such that
X(t,w) = X(tp—1,w) ont € [tx—1,tx); k=0,1,....
Also
S: The set of all simple adapted processes,

S$2: The set of all simple adapted processes in H?2,
L?: The set of all random variables £ in (Q2, F, P) such that E(£2)'/2 < co.

Define a norm in H? by means of

ixi= (& [ x24s)

Theorem 31 S? is dense in H? i.e. for all X € H? there erist simple processes {X,} such that

1/2

[[Xn—=X]|| —0 n— 00

We will denote the stochastic integral which we are about to define by /[,{X) := fot X dW,,
t > 0. For simple processes this task is easy. We set

n-1
H(X) =" Xo, Wep,, —We,) - (7.3)
k=0

The stochastic integral defined above has the following two important properties.

Proposition 3 For X € $2, EI(X) =0 and ||[(X)]| = || X]|.

Proof;:
n—1
EI(X)=) E[E[X) Wi, — W.)| Fu] ]
k=0
However

E [th (Wtk+1 - W‘k)lftk] = thE [Wtkd—l - Wtklfik] =0

whence we obtain EI(X) = 0. To show that the isometry ||I(X)|| = [|X|| holds as well, i.e. that
EI(X)? = E [, X2ds we first note that

n-1 n—2 n—1
I2(X) - thzk (Wtk+1 - Wtk)z + 22 Z X‘:'th (Wt:'+1 = Wtj) (Wtk+1 = ng) ¢
k=0 7=0 k=j+1
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Taking expectations on both sides of the above equation we will have to deal with two types of
terms.

E[X?k (Wtk+1 3 Wtk)zl (74)

and
E[X:; Xs, (Wtj+l i Wtj) (Wtk-n B Wtk)] (7.5)

Both expectations can be computed by conditioning appropriately. (7.4) becomes

3) )

E [ 4 [Xt2k (W3k+1 - Wtk)z

B X2 E [ (Weps, — Wa,)
E [thk (tk+1 - tk)] .

To compute (7.5) note that j < k hence j + 1 < k and t;4; < ¢, which implies that F;, , C F;,.
Hence the expectation in (7.5) becomes

bk [ E [thxtk (Wt5+1 - Wtj) (Wtk+1 - Wtk)' .7-},‘] ]
. 7] [thng (Wtj+1 = W‘j) 4 [(Wlk-n = Wtk)"rtk] ] =0,

the last equation following since F [(ng e ng) I .Ftk] = 0. Thus we have

n-1 n—1 t
EXXY =Y E[X}(tan —t)] =E [Z X2 (tesr — m] =E / X2ds (76)
k=0 k=0 0
since X; is a simple process. ®

Proposition 4 Suppose X € H2. There exists a random variable 1(X) € L?, unique up to a null
set, such that I{X,) — I(X).

Proof: Let {X,} be a sequence in $2 such that X,, — X. Then || X,, — X,,|| = 0 {Cauchy
sequence in H2). From the previous proposition

Ill(xm) - I(Xn)“ - Ill(xm - Xﬂ)" = "Xn - Xmli — 0

Hence {I(X,)} is a Cauchy sequence in L? and, in view of the completeness of L2, there exists
a random variable I(X) € L2 such that I(X,) — I(X). We have thus been able to define the
stochastic integral 1(X) for arbitrary integrants X, € H2 (not necessarily simple processes) by
means of approximating them by sequences of simple processes. This definition however would not
be satisfactory if the resulting limit /(X) depended on the approximating sequence. In other words
it is essential to establish uniqueness, i.e. to show that any other sequence of simple processes would
lead to the same result. Suppose that {X/} is another S? sequence such that X! — X. Then

I Xn — Xoll < |1 Xn — X+ IX - X /| — 0

where we have used the triangle iﬁequality and the fact that both X,, and X!, converge in H? to X.
However, using the linearity of the integral /(X ) for simple functions and the isometry |[/(Y}}] =||Y ||
we have established for any simple process we have

H(Xn) — LX) = H(Xn — X = | X~ Xo[| — 0
Thus,
(X7} — I < (X7} = I(Xa )l + M (Xa) - I(X}]| — 0.
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This establishes the uniqueness of the stochastic integral I(X) since it shows that I(X}) — I(X)
in L2. Finally, in order to show that K1(X) = 0 and |[/(X)|| = || X]] note that, for any sequence

of random variables £, — £ in L2, E¢, — E¢ and ||€,]] — ||¢]| as a consequence of the Dominated
Convergence Theorem. ®

Note that, up to this point, we have defined the Ito integral of a process X in H? for each
t. We have not however defined I;:(X) as a function of ¢, i.e. as a function of the upper limit of
integration. This will be done presently. Let us see first an example.

We will compute explicitly £:(W) = fot W.dW,. Since W, € F; by assumption the integrand
is an adapted process. Also Ejg W2ds = f;ly’Ws2 = fgsds = 2/2 < oo, thus W € H2. Fixt >0
and consider the simple functions {X,,} defined by

Xn(s) = W (tk27™) for s € [gj,ﬁ'_lL) , k=0,1,2,...,2"-1.

It is easy to see that {X,} is a sequence of adapted processes in S2. Also

]W—&H:Efm&X$WhifMM—L@Ws

20100 2" -1 g/z“

Z / E(W (k2" + s) — W (¢k27")) > ds = Z /

o LfEY _ £
2\2n) T

Thus
t
We X eee
IW = Xoll = gy =0
which implies I:(X,) — I:(W).
Write for simplicity ¢ = ££.
2n 1
L(Xa) = ) W(ta) [W(ten) — W(t)]
k=0

2" -1

- ;Z [W2(tkr) = W2(t)] — [W2(tkia) + W2(t) — 2W ()W (tr41)]
k=0

2 2"—1
- é [W2(tk+1) W2e)] - 3 3 W tein) = W ()
2 —1
= —W?(t)——Z W (trs1) — W ()]
k=0

However the last term in the above string of equations is the quadratic variation of the brownian
motion and it converges (in L?) to ¢:

2"=1

2
> Wit) - WE)* = ¢
k=0

Consequently

/WdW ——t
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The above explicit computation can be repeated for other type of integrands. It is akin to
the evaluation of integrals in ordinary calculus via approximating sequences. In practice stochastic
integrals are most often evaluated via the Ito formula (which is essentially the stochastic counterpart
of the ” change-of—variables” formula of ordinary calculus).

7.4 The Ito Formula

Suppose that X, Y, are adapted processes in H2 and Z; is an fto process, i.e. a process expressed
as

t t
Lo = Zo+ / X,dW, + / Y. ds. (7.7)
0 ]

The above is also often expressed in shorthand differential form (even though it only makes symbolic
sense) as

dZy = X, dW, + Yadt. (7.8)

Theorem 32 [Ito formula] Suppose f : R — R s twice continuously differentiable and Z is given
by (7.7). Then

t t 1 t
52 = g+ [ iz xaw, + [ pizypdss g [z

In order to evaluate stochastic integrals of the form fot F(W3)dW, we can apply the above

formula with X; = 1, Y, = 0 which gives Z; = W,, and F(t) = ¥'(0) +f0t f(s)ds. Of course, f must
be continuously differentiable in order for /" to exist and be continuous. Then the Ito formula gives

t t
F(W,) = F(0) + /0 FW.)aw, + /0 F/(W.)ds (7.9)

For instance, suppose we wanted to evaluate f(; W,dW,. Take f(z) = %zz and apply the
above formula to obtain

1 G TR
—W3=/ Wdes+—/ 1ds
2 0 2 Jy

which gives the result we had obtained in the previous section.
Similarly, to compute [ e"*dW, take f(x) = e* to obtain

t ¢
eVt =1 +/ Ve dW, + l/ eWeds
0 2 0

whenece we obtain

t 1 t
/ eWedW, =™t — 1 — —/ e-ds.
0 2 0

Note that the integral appearing on the right hand side of the above equation is an ordinary integral.

We now proceed to give the proof of (7.9).

Proof of (7.9) We shall establish this special case of the Ito formula under the additional assumption
that fot E[f(W,)]ds < co. The integral f(: f(W,)dW s makes sense as an Ito integral since the process
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f(W,) is adapted to F, and Efot F(Wo)dW, = fot E[f(W;)]lds < oo. Then if we set ti") = £ for
k=0,1,2,...,2" — 1 and we define an approximating sequence of simple processes via

Xo(s)=fWE™))  whense [tﬁ"’,tg';’l O RE=,2,. 0, 2,
In the sequel we shall supprass the dependence of ti") on n and write simply ;. The simple processes
X,, are obviously adapted and belong to S2, hence we can define their Ito integrals as

2"—1

I(Xa) =D FW({t)) (W(tks1) — W(ts)).

k=0

Let us use now Taylor’s theorem for the function F' (remember that F' = f) to obtain
FOW (t142)) = FOV (t8)) = FW @)W (1) = W (00)) + 2 F )W (tr2) = W 2))?
where & is between W (t,) and W{tx41). Thus
2"=1 2n—1

Y FW(tn)) - FW () — 3 1@ () = W6

k=0

I(X.)

2" -1

FOV(@) = FO) — 5 3 P (EW (txa) — Wlta))?
k=0

since the first sum is telescopic. It remains to examine the limit of the second sum as n — oco. In
fact we will show that it converges in L? to 3 fot F'(W)ds. To simplify the notation set

2m 1
Z F&HW (tet1) — W ()2,

k=0

t
& "(W,)ds,
/Of( )
2% =]

D PRt — 1)

k=0

e
3
]

S
il

To shoyy\-_f_ﬂat Qng—@ we must establish that [|®, — ®|| — 0. Using the triangle inequality
@ — @l < [|Bn — ¥nll + |[¥r — @Y.
Now we have
2 "1 g 2 2
18 Wall2 = B (SF25" £/ (€0) [W (tesa) = W () — (a1 — ta)])
To ease the notation define

8k ,n = [(W (Eks1) = W(t))? = (tra — t)] (7.10)

We have used the same quantities before, namely when we were trying to compute the quadratic
variation of Brownian motion. There we had seen that

Efn=1t2"" and E§ =37272" (7.11)
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Thus
120 — ¥all? = £ (X5 F(6)°82 ) + B (T2 Lo £/ (67 (€) k.m0

At this point we note that the second expectation on the right hand side of the above equation
vanishes. Also, since f’ is continuous on [0, ], and therefore bounded on this interval, say by M, we
obtain the inequality

2n_1
0n —Wal> < D MES , < 3t2272"M2" = 32M2™" — 0,
k=0
the second inequality following from (7.11). This completes the proof. &

7.5 A more general Ito formula

Often in applications the following, more general Ito formula is useful. Suppose that we are given
a function F': R? — R continuously differentiable with respect of its first argument, ¢, and twice
continuously differentiable with respect to its second argument, z. If, as before, Z; is an Ito process,
i.e.

dZ; = XidW, + Ydt,
then the following change of variables holds

aF , dF 132K
dF(t,2e) = S dt+—dZ,+ 5 -5 (dZ,)?

(aF 3FY+1621« 2)dt+%§

R i X dW,. (7.12)

In integral form this can be written as

F(t, Z,) — F(0, Zo) = /(aF aFY+;‘;2’;X2)d +/a X dW,.

7.6 Multidimensional version of Ito’ s formula

Suppose f : R® — R is a twice continuously differentiable function and X, and Ito process described
by the equation

d.Xt = utdt + ’Utde

where

1 [ L1112 1m 1
uy L e w,
2 w2l 22 ... 2m w2

1 t t t , t

Uy = v = H( =

n nl n2 W m

uy L e Wi

It is assumed that the processes ui, v}’ are adapted and that W}, i = 1,2,...,m are independent
standard brownian motions. The Ito formula is written symbolically as

df(X) = VidX, + -;-dx,THdX, (7.13)
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where

Duf(Xs) Diaf(Xe) - Dinf(Xe)
T Da1f(Xe) Da2af(Xe) -+ Danf(Xe)
Dnlf(Xt) Dn2f(Xt) e Dnnf(Xt)

We thus have

m n n m
dXTHdX, = dWJVTHVAW,=> > 3" dW}V]H;VidW;
=1 j=1 k=1 I=1

dtz Z Z VIHjVii = dt Z Z E V;iHjkVii

i=1 j=1k=1 =1 j=1 k=1

where in the above string of equalities we have taken into account that.
dWidW] = 8;;dt.

(8:5, called Kronecker’s delta, is defined to be equal to 1 if i = j and zero otherwise.) We can thus
write (7.13) in more detailed form as

df(X:) = E D;f(X:)uidt + Z D;f(Xy) Zv:‘j dW?

i=1 i=1 j=1

% (ZZva‘ jkf(xt)vf‘) dt (7.14)

=1 j= 1
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Chapter 8

Stochastic Difference Equations

We begin with the simplest stochastic difference equation. Suppose that {£,} is a sequence of inde-
pendent random variables with common distribution A(0,02) and define recursively the following
sequence of random variables

Xn+1 - aXﬂ it ﬂ{n) 73 = 0) 17 27 DO (8'1)

where Xo «» N(0,03) and is assumed to be independent of the {¢,}. Then by repeated iteration of
(8.1)

Xo=a"Xo+BY a4 (8.2)
k=1

In view of the independence assumptions we see that
Var(X,) = o®"oj + 52 Y o?("F)
k=1

and, summing the geometric progression we obtain

1-
\AN(O 02n03+,32 02 )
If |a| < 1 then, as n — o0, X, ﬁ»N(O,TjLZ,) . If we choose X, mN(O,T%;) , then {X,}isa
stationary sequence. It is indeed easy to check that

ﬂ2 g

Var(X,) = o®" 1_a2 =i

ﬂ2

for all n. Since
Xﬂ.-{-m — aan +ﬂz a™ l§n+l—1,
=1
we see that E[X,1mX,] = E[X2]a™ and hence, for all n, m,
,32

(2
— o2

Cov(Xn, Xngm) =
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Consider now the more general linear recursion or order k
Xntk = a1 Xn4k1 +02Xnik—2+ -+ o Xpn + 0

where {£,} is an i.i.d. sequence of normal random variables as before and (Xg, X3,...,Xx—1) is a
zero mean normal random vector, independent of the sequence {£,} with given covariance matrix
Vu. This can be put into vector-matrix form as follows

Xni1 0 1 0 0 Xn / 0\
Xz 0 0 1 - 0 Xos1 0

: et 3 : : +] | &
KXokt 0o 0 0 1 Xosk o 0
Xntk ak k-1 k-2 0o Xntk-1 B )

Instead of studying the above stochastic difference equation we rather turn our attention to the more
general case

Xn+1=AXn+B§rn n=071727'“7
where X,, is a random vector in R¥, A is a k x k matrix, B is a k x { matrix and {£,} is an
iid. sequence with distribution N (0, I;) where I, is the [—dimensional identity matrix. Also,
Xp v~ N (0,Vp) where Vj is a given k X k non-negative definite matrix. As in the scalar case,

Xn = Bén_1+ABf,_3+ A’Bén_3+---+ A" !B+ A X,
and hence the covariance matrix for X,, V,, := KX, XT, is given by

Vo =BBT + ABBTA+ A2BBT(A%)T + .- + A" 18BT(A" 1T + A"Vp(A™)T.

If A™ — 0 as n — oo (which happens if and only if the largest eigenvalue of A has modulus less than
1) then

oo
V= lim V, =) A*BBT(4")T.

n—o0
k=0
Since
V-BBT = ABBTAT + A’2BBT(A%)T + A3BBT(A3)T + ...
= A(BB" +ABBTAT + A’BBT(A%)T +.--) AT = AVAT
and thus
V = BBT + AVAT. (8.3)

If Xo «~ N (0,V) where V is given by the solution of (8.3) then {X,} is a stationary Gaussian
process with zero mean and KX, XTI =V for all n, EX, (n XT = A™V.



Chapter 9

Stochastic Differential Equations

9.1 Introduction

An ordinary stochastic differential equation (of the first order) is an equation of the form

dz
I f=z, ), (0} = zg. (9.1)

We are given a function f : R2 — R and an initial condition, o and we must find a function z(¢)
that satisfies (9.1). For instance, if f(z,t) = az, (o € R) then (9.1) becomes

dz
- = o% z(0) = =z¢ 9.2)

which has the unique solution
z(t) = zge®. (9.3)

Similarly, if f(xz,t) = a(t)z, where a(t) is a piecewise continuous function then

d—:: = oft)z, z(0) = =zq. (9-4)

The solution of this equation can be obtained by multiplying both sides with e~ fs @(9)ds 55 follows:
ek Q(S)ds% — z(t)olt)e” Jala)ds — ¢
or
d ¢
L (o~ [ als)ds) —
dt (e ] ) 0
which gives
z(t)e” Jooto)ds — ¢ forallt >0

where ¢ is an unspecified constant. Setting ¢ = 0 above we see that (0) = ¢ = gy and thus the
solution of (9.4) is

z(t) = zgedo (s
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Consider now the differential equation

2 — an(t) +u(t) (9.5)

where u(t) is a continuous function of time. Multiplying both sides of (9.5) by e~** we obtain

e"“td—x — e *az(t) = e *tu(t)

dt
or

d —aty _ _—at
%(z(t)e ) = e *tu(t).

Integrating the above equation we obtain

¢
z(t)e ™ =c+ / e *u(s)ds
0

and setting ¢ = 0 in we have z(0) = ¢ = =y, thus

¢
z(t) = zpe™* +/ e>t=9)y(s)ds.
0

9.2 Stochastic Differential Equations

In the same spirit we would like to study the differential equation

aX. _ aw,
dt T b(t) Xt) o O'(t, Xt) dt

where Xj is given and W, is standard brownian motion. The problem we are faced with here is
that W, has paths that are nondifferentiable, hence the way this equation is written makes no sense.
This can be circumvented if we pose the problem in its integral form

(9.6)

t t
e / b(s, X,)ds + / (s, Xo)dW.,. 9.7)
0 0

It is customary to write the above equation in differential form as follows:

dX; = b(t, Xg)dt + O'(t, Xt)de

9.3 Ornstein—Uhlenbeck Equation

dXt = —QXtdt -+ ﬁth (9.8)
(assume a > 0). Integral form

t

Xi= X0+/ aXds + W,
0

Solution

t
X, = Xge ™t + / Be =) dW, (9.9)
1]



EX; = EXge

Var(X;)

t
Var(Xo)e‘z"‘ + / ,626_2a(t-s)ds
Q

¢
Var(Xo)e“z"" + BFPe 2 / 2*9ds
0

2
Var(Xp)e 2>t + g—ae’z"‘t (et 1)

If Var(Xg) = % then Var(X,) = %:—

ftbpFU3.6244in1.8697in0ptSample path of the Ornstein-Uhlenbeck process.ou-02.bmp

9.4 The Brownian Bridge Process

Suppose that W, t > 0, is standard brownian motion. The brownian bridge process X;, t € [0,1], is
defined (at least informally for the time being) as the process By, conditional on the event Wy = 0.
Based on this informal idea we can easily compute the joint distribution of the process X; as follows.
Thus, for 0 <t <3 < -+ < t, <1 we have that

(Xh?th)" --)th) g (thth2) . -)Wi")l Wl == 0-

The right hand side of the above equation is the conditional distribution of a Gaussian vector given
one of its components, hence it is again Gaussian. ftbpFU3.6253in1.8697in0ptSample path of a
brownian bridgebridge.bmp

Two useful characterizations of the brownian bridge process are the following.

X; =W, — tW;, 0<t<1 (9.10)

and
dX, =~ IL_txthth, 0<t<1, Xo=0. 9.11)

It is easy to check that the process described in (9.10) is a Gaussian process which has the right mean
and covariance function and therefore that it is indeed the standard brownian bridge. Regarding

the SDE of (9.11) note that it can be solved through the use of an integrating factor: Indeed,
4t = —log(1 -t} and e % = 13- Thus, multiplying the equation (9.11) by 15 we obtain
dW,

1 1
Xt o Xt =

1 AW,
d(1-tx‘) T1-t

where we have used Ito’s rule, hence

t dw,

or
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In the above derivation we also took into account the initial condition Xy = 0. If the process starts
at time s € (0, 1) at the point X, then the solution would have been

Xt=(1-t)(

) (9.12)

l—u

To see that this is again the standard brownian bridge it is enough to note that it is a Gaussian
process with zero mean and covariance function given, when s < ¢, by (9.12) we have

EXthzE[XEE] +E [x,,(l—t) / :

t dw,
o

The second integral on the right hand side of the above equation is zero by the martingale property
of stochastic integrals. Thus, in view of the fact that

a-ors( [ fW> -9 [ 2

(1-s)? (1%3— 1) = s(LZ0),

E[X7]

gives
EX X, =s(1-1t)

which is the correct expression for the covariance. (Note that in the above derivation we have also
made use of the Ito isometry.)

9.5 Geometric Brownian Motion

Consider the following stochastic differential equation
dX; = r Xidt + a X, dW, (9.13)

where r and « are real constants. A solution can be obtained by applying Ito’s rule on the function
log X, to obtain

dX, 1
dl =— T e’ W,
og X X, 2X¢ o Xpdt = (r 20: dt + adW;
or
1,
logXt_logX(] =\|\r-= éa t+aWt.
Hence
X, = Xoer—1e7JtraW (9.14)
Letusﬁrstconsiderthespeclalcasea—l r—- Xo =1 w.p.1. In this case we have the

stochastic differential equation dX; = X dt + X dW; whose solution is given by
Xt = CW;2
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This stochastic process is known as geomelric brownian motion. Note that the distribution of X; is
lognormal, namely P(X; < ) = P(W, < logz). Differentiating the above relationship with respect
to = we obtain the density f;(z) of X; as

1
V2rt

In particular, the moments of X; can be obtazined casily from the moment generating function of
the normal distribution, EX = ke"W: = ei™’'t Forn = 1,2 we obtain the first two moments,

14 2
z le 3e(lo82)” z>0.

fe(z) =

EX, =e%t and Var(X;) = % — ¢’

9.6 The Samuelson model for stock prices

The first successful effort to develop a mathematical model for the fluctuations of stock prices is
the thesis of Bachelier (1900) who for this purpose was the first to give a description of Brownian
motion. Bachelier’s work was largely ignored by his contemporaries and in fact the mathematical
description of Brownian motion was discovered independently by Smoluchowski (1905} and Einstein
(1905). The first "modern” effort to describe stock prices using Brownian motion is the Samuelson
model (1965) according to which stock prices follow a geometric Brownian motion process, i.e. are
given by
Sy = Spe™ PP, 120,

where Sy is the price of the stock at time ¢ = 0 and W, is standard brownian motion. We point out
that, as a result of the Ito rule

dS; = S (e"t"'ﬂB‘ odt +e***PB:84B, + %eatﬂwt ,Bzdt)
and hence that S; satisfies the stochastic differential equation
1
S; = (a -+ 5,32) Sidt + $S;dB;.

If we denote the drift by p = o + %ﬂz and the volatility by o := 3 we can describe the Samuelson
model in terms of the SDE

Sg = [lStdt + O'StdBt (9- 15)
which has the solution

S, = Spelu—1e)t+aB: 45 ¢

69



CC BY: Attribution alone 4.0 https://doi.org/10.26219/heal.aueb.5740
https://creativecommons.org/licenses/by/4.0/

70




Bibliography

[1] Cox, D.R. and H.D. Miller. (1965) The Theory of Stochastic Processes. Chapman and Hall.

[2] Feller, W. (1968) An Introduction to Probability Theory and its Applications. Vol. 1, 3rd edition,
John Wiley.

[3] Karlin, S. and H-M. Taylor. (1975} A First Course in Stochastic Processes. 2nd edition. Aca-
demic Press.

[4] Lawer, G.F. (1995) Introduction to Stochastic Processes. Chapman and Hall.
{5] Norris, J.R. (1997) Markov Chains. Cambridge University Press.

[6] Ross, S.M. (1997) Stochastic Models. Tth Edition. Academic Press.

[7] Ross, S.M. (1996) Stochastic Processes. 2th Edition. John Wiley.

71



CC BY: Attribution alone 4.0 https://doi.org/10.26219/heal.aueb.5740
https://creativecommons.org/licenses/by/4.0/




CC BY: Attribution alone 4.0 https://doi.org/10.26219/heal.aueb.5740
https://creativecommons.org/licenses/by/4.0/




