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ABSTRACT

Eleni Kontou

Big Data Regression

March 2017

We are entering the era of Big Data. Half a century after computers entered
in our society, data has begun to be the center of attention. Not only there is
massive information, which has never existed before, but also this information
is proliferating faster and has a variety of forms. Therefore, Big Data brings
new opportunities for the development of society and poses new challenges to
data scientists. It has unique features that are not shared by the traditional
data sets. Specifically, it is characterized by high dimensionality and large
sample size. Due to this, ordinary statistical methods do not work. Thus,
we need new effective statistical procedures and computational methods.

In the current thesis, we will study methods that deal with regression
for large datasets. After we review such existing methodologies, we will
examine an updating method, which estimates the regression coefficients and
is faster than the ordinary least square estimation. We will also investigate
the regression by orthogonalization and regression using QR decomposition.
Afterwards, we will compare the methods through their respective running
time that is required in order to estimate the regression coefficients. In the
same way, generalised linear models are studied and an updating method for
them is attempted. Finally, several proposals for deeper exploration of the

previous subjects will be discussed.
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ITEPIAHWH

Eiévn KovtoU

IToaAwwdpopnon vy Meydho Acdouéva

Miéptiog 2017

‘Eyouue ewoéher oty emoyr| 1wv Meydhwy Aedopévwv. Mohc wed onwvo
amd TOTE TOU Ol UTOAOYLO TEG ELOEBUANAY GTNY XOWOVI JOG, To DEQOUEVY EYOUY
apyloet vo yivovtar To emixevipo tng mpocoyrc. Oyt uévo undpyel teRdo-
TI0¢ Oyxog Thnpogopiag, o omolog dev UTAEyYE TokOTERA, ahAd ETloNG AUTH 1|
TAnpogopior ToAMaTAACLIECETOL YENYOROTERA Xal €YEL ulol UEYAAT oAl pop-
pwv. I'v owto, ta Meydha Acdouéva divouv véeg suxanpleg yior TNV avdmTuin
NS xoWmViog xou VETOLY VEEC TPOXACELS GTOUC EQELVNTES TNG EMOTAUNG TWV
0edOUEVLY. 'Eyouv povadd yopoxTnoto Txd Tou BV GUVOVTHUE OTO TUEd-
000LoXd GUVORA DEBOUEVMY. LUYHEXPWEVA, EYOLY CUVATKC TOAAES BLaG TUCELS
xaon Yeydro péyedog delypatoc. Eoutiog autol, or cuvnhopéveg puedodor dev
doulevouyv. 'Etot, yeelalouaote VEEC ATOTEAEOUATINES CTUATIO TIXES DLOdLXAGIES
%o UTOAOYLO TiXEC pedddoug.

Yy nopoloa Simhwpotixy, Yo yeketcouue pedod0ouc yio TUAVOEOUNOT
oe peYdha oOvoho OEBOUEVKDY. Aol avahlcouue TETOLES DT UTdE)OUCES
uedodoroyleg, Vo e€etdoouye pio uédodo mou yenoyomolel Evay avadeopxd
TUTO %o XAVEL GUVEYT) EVNUERMOT. AUTH EXTIUEEL TOUC CUVTEAECTES TNG YPUU-
UxhAC ToAvdpounong xat ebvat yenyopoteprn and tn cuvnhouévn extiunomn ehaylotwy
TeTpayovwy. Enlong, Yo aoyohniolue pe tn molvopduncr mou yenoylomolel
opvoywvorolnomn xar TN mahvdpdunon pe QR mopayovrtonoinon. ‘Eneta, o
oLy xpivoulde Ohec aLTEC TiC edddoug e Bdom Tov avTicTolyo yedvo Tou amoTel-
TOL Y10 VO EXTYOOLY oUTOUS ToUC oLVTEAEG TEC. Me Tov (Blo TpdTo Yo peretnioly
TOL YEVIXEUMEVOL YROUUIXG HOVTEAA Xou Vot BOXWUGCOUUE VoL PTIGEOUUE [l TIopO-
uota u€todo, OTwe oo Ypouuixd povtéha. 2to Téhog, Yo culntnioly dudpopeg

mpotdoelc Yo Baditepn e€epebvnon TV TEONYOUUEVLY VeUdTOV.
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Chapter 1

Introduction

1.1 What is Big Data

We have entered the world of big data. We can find it everywhere, be-
cause it is being generated by everything around us every moment. Digital
processes, social media and electrical devices, such as mobile phones, are
just some examples, which contain data that can be collected and analysed.
Nowadays, big data is "fashionable” and it is essential to construct new
methods in order to efficiently deal with it.

Big data is the term for too large datasets, where we cannot use the tra-
ditional ways to handle them. There are a lot of definitions for Big data. For
instance, TechAmerica Foundation defines it as follows: ”Big data is a term
that describes large volumes of high velocity, complex and variable data that
require advanced techniques and technologies to enable the capture, storage,
distribution, management, and analysis of the information.” ( TechAmerica
Foundation’s Federal Big Data Commission, 2012)

Big data can be described by several characteristics. The most famous are
the three V’s (Volume, Variety, Velocity). Volume is related to the magnitude
of the data. The size determines whether a dataset is big or not. Let’s

give some examples. Gandomi A. and Haider M. (2015) report that ”one



terabyte stores as much data as would fit on 1500 CDs or 220 DVDs, enough
to store around 16 million Facebook photographs and Facebook processes up
to one million photographs per second.”. In addition, estimates report that
Facebook stored 260 billion photos using storage space of over 20 petabytes(1
petabytes=1024 terabytes). Variety concerns the type of data. It is not all
the type of data structured, such as in spreadsheets. The social media, for
example, provide text, images, audio, video, which are unstructured data.
Moreover, the term velocity refers to the speed at which the data is generated.
The flow of data is massive and continuous. For instance, Wal-Mart processes
more than one million transactions per hour (Cukier, 2010)

IBM added Veracity as the forth V. The quality of the collected data
can vary and affect the accurate analysis. In other words, the veracity is
another challenge of big data, which is related to reliability. SAS refer two
additional characteristics. The first one is the Variability. It refers to data
whose meaning is constantly changing. It can have periodic peaks. The
second characteristic, according to SAS, is the Complexity. Since the data
are collected from multiple sources, it is difficult to be matched, cleansed and
transformed.

Big data have surely affected the field of statistics. There are predomi-
nantly two problems that we can encounter in this framework. The first one
is data that might have a large number of observations, called big-n data
and the second one is data that might have a large number of features, called
big-p data. These problems can be time and memory consuming. They can
cause multicollinearity, high standard errors, while variables that are not sig-
nificant appear as significant etc. Thus, we need to overcome all of these Big
Data challenges. Because of its characteristics, the ordinary data process-
ing applications are inadequate to deal with big datasets. Therefore, new

methods, techniques and algorithms have been developed.



1.2 Linear Regression

In several problems in statistics, it is not enough to study the character-
istics of some random variables, such as mean, median, variance etc. It is
also important to find how they are associated with each other. Therefore,
we use regression analysis. With regression analysis we can construct models
which describe or explain relationships that may exist between variables. For
example, we want to study the relationship between the risk of stroke and
other variables such as age, sex, blood pressure, and so on.

The two basic types of regression are the simple linear regression and
the multiple linear regression. The former includes only two variables, while
the latter uses more variables, such as in the previous example. Specifi-
cally, we are usually interested in just one variable, known as the response
or dependent variable (notation: Y'). The variables that are manipulated by
researchers and predict the values of the dependent variable in the model are
called independent / explanatory variables or covariates (notation: Xy, ..., X,).
We use regression models to describe and understand the association between
the variables and in order to predict future values of Y.

We assume that we have n observations. So, the simple linear regression

model has only one independent variable and can be written as
Y; = fo+ HXi+e, e~N(00%),

where 7 = 1,...,n, (B is the intercept, S is the slope, ¢; is the error variable
that adds noise to the linear relationship and we assume that ¢; ~ N (0, 0?),
i.e. ¢ follows normal distribution with F(e;) = 0 and Var(e;) = o?. If there

are a lot of independent variables, we have the multiple regression model
Vi=fo+biXii+... +BXpi+6, &~ N(0,0%,

where 3; (j = 0,...,p) are the unknown parameters to be estimated. Be-



cause of the potentially large number of predictors, it is more efficient to use
matrices to define the regression model. Thus, writing these n equations in

matrix form, we get

Y) 1 X1,1 e Xp,l Bo €1
Y, I Xio ... Xp2| | €2
=1 . . B e o A I
Y, 1 Xin oo Xpnl [Bp €n
equivalently
Y =XB+e

Our aim is to estimate the parameters vector 3. We will use the least square

estimation. So, we have to minimize the Y " € or eTe = (Y — X3)T(Y —

X 3)(Seber and Lee, 2003). Using BT XTY = (BT XTY)T = YT X3 we get
efe=YTY - 287 XTY + BT XT X33,

and then

) T
€€ _,
B
—2XTYy +2XTXB=0
XTxp=X"TY,
using the below properties
d(f" ) d(BTAB)
= ——= =2A0.
i) a and i3 B

Finally to solve this equation, it is required the matrix X has full rank,



namely the columns of X are linearly independent. Thus,
B=(XTX)'XTy.

It is worth mentioning the properties of least squares estimators. If we assume
that the errors are unbiased, uncorrelated and have the same variance, we
obtain

EY)=Xp and Var(Y) = Var(e) = 0*I,.

Hence,

E(B) = (XTX) ' XTE(Y)
= (XTX)"'XTXpB
=B,

namely ,@ is an unbiased estimator of B and

Var(8) = Var(XTX)' XTY)
= (XTX)"'XTVar(Y) X (XTX)™!
= XTX) N XTX)(XTXx)™!
=o}(XTX).

The fitted values (XB) are denoted by Y. So, the vector e =Y — Y, which
is called residuals, gives the estimation of errors.

The linear regression models have a number of assumptions. The most
important of these, which have to be checked, are: independence of errors
(and Y;), normality of errors (and Y;), homoscedasticity of errors (and Y;),
linearity between X and Y. Of course, in order to check these assumptions,

we work with the residuals.



1.3 Purpose of the thesis

In the present thesis we will study regression for big data. As we have
already mentioned, we cannot handle large datasets with the ordinary tech-
niques. This is due to the distinct characteristics of big data, which we de-
scribed previously. We will mainly focus on the problem of the huge number
of observations or the large number of variables.

Let’s assume that we have a linear regression model
Yi=fo+biXri+ ...+ B Xpi+ 6, e~ N(0,0%),

with ¢ =1,...,n. We proved that the regression coefficients can be estimated
by
B=(XTX)'XTy.

It is obvious in big datasets, the inverse of the matrix X T X will be incredibly
time consuming to compute. Moreover, if we attempt to add a new variable
in the regression model, we will have to calculate the inverse of the matrix
from scratch. Thus, our aim is to find a faster technique to estimate the
coefficients without the calculation of the inverse from the beginning.

There are several methods for big data regression in the literature and we
will describe some of them. However, we will extensively study regression by
orthogonalization and regression with QR decomposition. We are interested
to know if these methods of regression are computationally faster than our
technique and the ordinary least square estimation.

Furthermore, we intend to be expand to generalized linear models for big
data. It is known that the estimation of the coefficients uses the iteratively
reweighted least squares algorithm. Hence, we have the same aim, to com-
putationally improve this algorithm in order to estimate the coefficients of

the generalized linear model faster.



1.4 Structure of the thesis

Now we will report the structure of the thesis. It is organized in four
additional chapters. Chapter 2 reviews methods and techniques for regression
for big datasets, which exist in the literature. We will start with the most
commonly used simple techniques and then proceed to the more advanced
methods. Furthermore, this chapter provides a survey of existing sampling
methods applicable to the data splitting problem.

Chapter 3 is the center of attention of this thesis. It presents an updating
regression, proving a recursive formula in order to estimate the regression
coefficients. This estimation’s technique is compared with the ordinary least
squares estimation. In addition, this chapter describes the regression by
orthogonalization and the regression using QR decomposition. In the end,
all of these methods are compared together.

Chapter 4 focuses on the generalized linear models. At first, it includes
an introduction to GLMs, sparsity and relevant methods. Furthermore, a
subsampling method for the estimation of the coefficients of logistic regression
is described. Afterwards, the iteratively reweighted least squares algorithm
and our aim, which is to try to apply the updating formula in order to be
faster than the previous algorithm, are explained in detail. We conclude this
thesis with a short discussion and a description of some topics that can be

investigated for further research in Chapter 5.
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Chapter 2

Review of Regression for Big
Data

2.1 Regression methods for Big Datasets

It is difficult to analyze big data. Because of the large volume of data,
the traditional and the typical methods rarely work and the majority of
computers cannot store all the data in their RAM. Therefore, there are several
techniques in the literature, which handle the big data and overcome the
computing burden. In this chapter, we provide some techniques and methods
for the regression for big data.

Some of the techniques are very simple, but there is a possibility to have
drawbacks. Others methods are efficient and others are computationally
slow. Of course, there are and more complicated methods for regression.

The most famous of these are described below.

2.1.1 Randomization

The simplest method is the selection of a subset of a data randomly (simple

random sampling) and the analysis only of this. Namely, we apply regression



in the subdata, but the standard error of the coefficients of regression will be
the subdata’s standard error. Therefore, the estimation of the model error
will have a high variance. It is preferable to use as much relevant information
as possible. So, if we are not lucky, the estimation of the coefficients of the
subdata will probably be different from the full data.

2.1.2 Divided Regression Analysis

It is a very common approach to handle big data (Jun, Lee & Ryu, 2015).
Initially, we divide the data into smaller pieces (subdata), which are of the
same size, for parallel analysis. There are many methods of data splitting,
that will be described afterwards. Here, we choose the random split, in which
each observation has the same probability to be selected from the subdata.
Let k£ be the number of subadatasets, which we created by the full dataset.
Then, we compute the regression coefficients in each of them. Let B; be the
vector of regression coefficients of the ¢ subdata. Thus, in order to combine
the results, we use the mean. Namely, the regression coefficient of the big
data will be -

B = Dic1 Bi.
k
The mean as a function for combining is very simple and easily used.
However, this is sensitive to extreme values. So if we do not have an ap-
propriate splitting and one subdata is very different from the others, the
mean can distort the results. Thus, we can also modify this approach by

transforming the last step, such as the next method.

2.1.3 The Split-Analyze-Meta analyze approach (SAM)

According to Cheung and Jak (2016), this approach is similar to the pre-
vious one. The big dataset is divided into small datasets randomly and each

of them is analyzed independently. We apply regression analysis and the

10



regression coefficients are returned for any subdataset. However, in order to
combine our findings, we will use meta analysis.

Generally speaking, meta analysis is a statistical procedure for com-
bining results of multiple scientific studies. The results usually vary from
one study to the other, so we cannot base on only one study. There is a
common statistical measure among the studies and it is called effect size. In
meta analysis we have to make an important decision , which is whether we
will use a fixed-effects or a random-effects model(Haidich, 2010). A fixed-
effect model assumes that all the differences in the observed effect size are
based on the sampling error. The models are homogeneous and each study
expected the same effect. Contrariwise, when there are differences between
the studies, we use random-effects model. It is appropriate when there is a
statistical heterogeneity in the results of studies.

In the SAM approach, each of the subdataset is considered as a study and
the parameter estimates are the effect sizes in the studies. It is obvious that
since the big dataset was divided randomly, we know that we will use fixed-
effects model because the same thing has been measured. In other words, the
parameters in the studies are assumed to be equal. It is deemed that all the
studies have a common effect( the vector of regression coefficients) and each
of the study calculate an estimation of this, the b;. Thus, we will combine

the results using the formula

~

B Zf:l w;b;

where k is the number of subdatasets and w; is the inverse of se(b;)? (Niemi-
nen et al., 2013). We use the weights, since each study contributes differently

to the estimates of overall effect.

11



2.1.4 Using sufficient statistics

It is known that the regression coefficients are calculated using the formula
B = (XTX)'XTY. In large datasets, the inversion of XTX is time
consuming, thus it is a good idea to split the dataset in parts, work with
each one separately and update the results. In this way, only a portion of
data is on the memory.
For example, we assume that we have a dataset with n observations and
p — 1 explanatory variables and we split it into two subdatasets. The first
subdataset has the first k observations and the second one has from the k1"
to n'" observation. We also denote the design matrix of the i subdataset as
X (i) and the response of the correspondent subdataset as Y(;). Furthermore,
we write X, for the j variable measured for the k" observation. Then,
we calculate the regression coefficients of the first subdata with the known

formula and we store the matrices as
Cl = X(I;)X(l) and d1 = X(’li)}f(l),

where

k Z?:l (X17i> s Z?:l (Xp,i)

(X)) SR (X)L (XX
Ci=XHXqa) = 1 ) o

J

>
S (X)) S (X1aXpa) o D (Xpa)?

S (Vi)

S (X0,
dy = XY = ! :

k
Zz‘:l(Xp,iYi)
Next, we handle the second subdataset and we update the d; and one of

C, or C;! with the new one. Specifically, for the two datasets together, we

12



obtain the below results(Kosmidis, 2015):

dlUQ — d1 + d2 - X(’Ii)y'(l) + X(’I;,)Yv(g), (21)
ClUQ == C1 + CQ - X(,Ii)X(]_) ‘I’ X(’I;)X(z) (22)

or
Cily=C' = C'X 5T+ X2)C ' X (5) ' X2)Cr (2.3)

where the index 1U2 represents the union of the first and second subdataset.
The last equation (2.3) arises from applying Woodbury matrix identity (Seber
,2007). As we can see, we only need to calculate the sums, which are the
sufficient statistics.

It is preferable to update the inverse of Cy2, since in this way we do
not need to inverse the matrix from scratch, which speeds up the process.

Finally, the estimation of regression coefficients will be
bis = Cipdie.

Obviously, this approach can be generalized and the equations (2.1),(2.2) and
(2.3) are key to the updating process.

2.1.5 The VIF regression

VIF regression is a fast algorithm for variable selection for big datasets and
provides accurate predictions. It handles problems where the number of the
features in the dataset is larger than the number of the observations. In this
case, it assumes that only a subset of the predictors has nonzero coefficients.
In essence, this algorithm uses streamwise regression and the a-investing rule
for variable selection. In streamwise regression, variables can be generated
dynamically and each of them is evaluated once, when it is generated. In
contrast to stepwise regression, in which in each step all the variables are

evaluated, the streamwise regression can be also used when the size of the

13



variable set is unknown or infinite (Zhou J. et al.,2006).

According to Lin, Foster and Ungar (2011), the VIF approach includes
two steps. In the first one (the evaluation step) we correct the marginal
correlation using a pre-sampled set of data. Specifically, we use stagewise
regression, which evaluates variables only using marginal correlations. In the
second step (the search step) we test each variable using the a-investing rule.
The VIF regression is described thoroughly below.

Assuming that the variables are centered and normalized, we have the

model
Yy = BO+51m1+/62m2+- . '+5kwk+ﬁnewmnew+ea where €~ N(Oa UQI)»

in which exists k variables and we are searching for the k+1 variable. In

stagewise regression, we consider the model
= + € é ~ N(0,5°I)
T = TnewTnew €, € O )

where 7 is the residual of projecting y on {1,x4,...,Tg}.
Moreover, we denote X as the matrix X = [1, @1, ..., x| Let Bnew,%ew be

the least square estimate of [3,¢, and 7,e, respectively, then
~ 2N
ﬁYnew - p Bnewa

where p?> = 2L (I — X(XTX) ' XT)Zpe0-

new

We can prove that
ﬁnew ~ N(ﬁnew; 9_202)7

thus
ﬁ/new ~ N(pzﬁneun 0202)-

One way to estimate o is computing the root mean square error(RMSE)

under the null hypothesis that (£,., = 0 and p can be estimated with the

14



relation p> =1 — R?

new|l...k"

Vnew

|plo

or not with the t-ratio. The evaluation procedure, which is described below,

As a consequence, ~ N(0,1), hence we can test whether ¢, = 0

compute this t-ratio.

In the fast evaluation procedure, our variables are centered. At each step
of the regression, we define a set of explanatory variables C = {x1,..., 2},
which are included in the model. From the previous step, we can calculate
the residuals and the RMSE as

r=y-—Xe(XcXc)'Xey and 6=

respectively. Afterwards, we sample a subset of observations, namely Z C
{1,...,n} and we denote as T the corresponding subsample of explanatory

variables . In this way, we compute the coefficient estimate ¥,.,, and the

x
RZ, fitting » on ——="—

T and zZ_ on {xT ... xI} respectively, i.e.
new

| Trewl?

and R: =

Ynew =

Finally, we return the t-ratio

A
7 ’Ynew

tnew - . /"
6/1— RZ

Now, we will try to explain how the a-investing rule works. This rule is
a methodology for testing multiple hypotheses and it is used for variable
selection (Foster & Stine, 2007). Specifically, assuming that we play a game
with a series of tests. Let’s suppose that we start with a initial wealth wj.
We denote as w; the wealth that we have after j tests. Furthermore, let p;
be the p-value of the test of H; hypothesis. At the step i, an a-investing rule

sets the level a; and
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if p; < a;, we reject H; and we earn a pay-out Aw, i.e. w1 = w; + Aw

otherwise,
a; a;
if p; > a;, the wealth is decreased by e wip = w; — L.
1-— a; 1— a;
w.
We usually set Aw = wy = 0.05 and a; = ﬁ, where { is the time when
Z J—

the last hypothesis was rejected. This is continued until w; < 0.

In essence, the a-investing rule controls the marginal False Discovery
Rate (mFDR). mFDR is the ratio of the expected number of false rejections
to the expected number of rejections and FDR is the expected value of this
ratio. Namely, assuming that V is the number of falsely rejected hypotheses

and R is the total number of rejected hypotheses, we get

mFDR =

or and FDR:E(%|R> 0)P(R > 0).

The algorithm of VIF regression is described below (Lin, Foster & Ungar,
2011). Tt is worth noticing that we incorporate the evaluation procedure,
which is detailed previously, into a streamwise regression using a-investing

rule.
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Algorithm 1: VIF Regression
Input: y,xq,... (centered)
Set: initial wealth:wy = 0.05, pay-out:Aw = 0.05, subsample size:m
Initialize: C = {0}, 7 =y — 4,6 = sd(y),i = 1l,w; =wo, f =0
Sample: Z C {1,...,n}
repeat

Set threshold a; =

W;
l4+1—f
Attain #; from the fast evaluation procedure
C=Cu{i}
update r =y — ge, 6 = RMSE;
Wip1 = w; + Aw
f=1
else
@;

wi-i-l:wi_l a
—

end
t=1+1
until mazimum CPU time or Memory is reached

2.1.6 /(1Regularized High-Dimensional Sparse Regres-

sion

In many big data problems, such as in biology, medicine etc, the number
of observations can be smaller than the number of variables. In this case
(p >> n), ordinary least square methods are not consistent. This leads us to
high dimensional sparse regression. A sparse statistical model is one having a
small number of nonzero coefficients. As a consequence, most of our variables
are not significant.

One of the most famous methods of high dimensional sparse regression
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is the ¢;-norm regularized approach, which is called LASSO(Least Absolute
Shrinkage and Selection Operation). We consider a high dimensional linear
model

Y = X3 +e,

where Y € R” is the response variable, X € R™*? is the design matrix and
€ € R" is the error vector. Our aim is to estimate the regression coefficients
in case of p > n. In general, the estimation of coefficients in LASSO can be

written as

. 1
Brasso = alfgmlHQ—HY — X85+ A8,
BERP n

where A > 0 is the regularization parameter or penalty level. The param-
eter A\ controls the strength of the penalty. If A = 0, we get the linear
regression estimate. If A = oo, then BLASSO = 0. Due to the shape of the
¢1-norm ball, some coefficients are shrunken to zero exactly. Next, accord-
ing to Li(2013), we will describe the family of Lasso regression (FLARE) for
the high-dimensional sparse linear model i.e. Dantzig selector, LAD Lasso,
SQRT Lasso, ¢, Lasso.

In real datasets, there is at least a small amount of noise. Thus, we use

the Dantzig selector in order to estimate 5 with noisy data (Candes and Tao,
2007). We obtain

Bus = arﬁgrﬂgin“ﬁ”l, s.t. | XT(Y — XB8)|lo < A
cRP

Also, Dantzig selector is useful because it can tolerate missing values in the
design matrix and response vector. Nevertheless, Lasso and Dantzig selector
assume Gaussian distribution and known variance, that are difficult to find
in practice. For this reason, we use other methods of Lasso, where these
assumptions are not necessary.

We define the square root Lasso method (SQRT Lasso) (Belloni A., Cher-

nozhukov V. and Wang L.,2011). So, we can estimate the coefficients as
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follows
Bsorr = afgmlﬂ\/—HY X B2 + M8

In this method, the optimal regularization parameter selection does not de-
pend on any unknown parameter.

In the case of heavy tail random noise and outliers, we prefer the Least
Absolute Deviation (LAD) Lasso (Wang L., 2013). This estimator can be

written as 1
,[;LAD = argmin—||Y — X 3|1 + \||B]]1-
BeRp T

We can generalize the two previous methods as the ¢, Lasso. So, we

obtain

B, —argmm\/—HY XBllg+AlBlL,

where ¢ > 1 and ¢ € R. In the case of ¢ = 1 we have the LAD Lasso and for
q = 2 we get the SQRT Lasso.

2.1.7 Informative Subdata Selection for Big Data

Because of the volume of big datasets, it is essential to extract only the
useful information from the full data. In order to achieve this, subsampling
based methods will be used. The selection of the subsample is accomplished
assigning sampling probabilities m; for all data points (i = 1,...,n) and
taking a subsample according to these probabilities.

The easiest way is the uniform random sampling, i.e. m; = % But it
deems all data points equally significant. For this reason, it is preferable
to use nonuniform sampling probabilities so that the influential points have
higher probabilities to be selected.

According to HaiYing Wang(2016), let

p
:/60+Zzz]5]+62 i:17"'7n7
j=1
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. . . T
be a linear regression model where y; are the responses, z; = (21, ..., Zip)

are the covariates and ¢; are the uncorrelated errors. We also denote x; =
(1,27, X = (1,...,@pn) and y = (y1,...,yn). As we mentioned previ-

ously, the subsampling based method is the following:

1. Let w = {m,...,m,} be the nonuniform sampling probabilities and
Yl mi=1
2. Let (x7,v7), ..., (x}, y;) be the data points of a random subsample of

size k according to the probabilities 7w (x} is a (p + 1) x 1 vector and

yr is a scalar)

3. Then, the subsampling-based estimator is
k k

B=0 wiziz") ' wiwly},
i=1 i=1

where usually w} = - and 7;’s are often the statistical leverage scores.
3

Our aim is an optimal estimator based on a subdataset. It is known that the
least squares estimator minimizes the variance of estimators, where Var (B) =
(XTX) 162 But, in multiple regression, the variance of an estimator is a
covariance matrix, so the problem of minimizing the variance is complicated.
Consequently, we will try to maximize the inverse of the covariance matrix,
which is the information matrix.

Let’s assume that d; is an indicator, which shows whether the observation
i is included in the subdataset or not, such that > " 6, = k. Under this

assumption, the information matrix of a subdataset of size k can be written

as
1 n
M(d) = o Z Sz,
i=1
where & = (01, ...,0,). In order to maximize the information matrix, we will

use the D-optimality criterion. This is a popular criterion in the design of
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experiments theory, which minimizes |(XT X)™!|, or equivalently maximizes
the determinant of the matrix X* X . Thus, the D-optimality criterion sug-

gests the selection of subdataset so that
n
8Pt = argmax|M (§)| = argmaxz ST, .
] .

This is the Information-Based Optimal Subdata Selection(IBOSS) based on
D-optimality. It is worth mentioning that it is difficult to find a closed form
solution for this problem. Hence, we try to find an upper bound for the

determinant of M (§) and then we aim to approximate this bound.

2.2 Data splitting

In some regression methods for big data, we mention that we split the data
and then analyze each subset independently. The problem of data splitting
can be operated as a sampling problem. Hence, we will describe some of
statistical sampling methods which can be used for this reason. Each of
them is different, has its own advantages and disadvantages. The choice of
the splitting methods depends mainly on the character of the dataset. Thus,

according to Reitermanova Z. (2010), we have the following approaches.

2.2.1 Simple Random Sampling

It is the most common and simplest technique in order to split the data.
We choose observations of the dataset randomly with a uniform distribution.
Each observation has an equal probability and chance of being included in the
subset. Thus, randomization achieves a subset with low bias. Nevertheless,
the simple random sampling can create subsets, which are different from the
full dataset. As a consequence, the estimation of the model error will suffer

from high variance.
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2.2.2 Trial-and-error method

In this method, in order to overcome the problem of the previous technique,
we apply simple random sampling many times and then we take the mean

of the results. However, this procedure has a high computational cost.

2.2.3 Systematic Sampling

It is also a simple method of data splitting but it needs appropriate dataset.

Firstly, we have to put the data in order. Then, we choose randomly an

. . . Ndataset
observation and add each k" observation in the subset, where k = ———=<.

Nsubset
The main drawbacks of this method are the difficulty to find a appropriate

order for each dataset and its sensitivity to periodicities in the dataset. It
is obvious that if the data are not in order, the systematic sampling is equal

with the simple random sampling.

2.2.4 Convenience Sampling

This technique is like the systematic sampling, because it is used for appro-
priate datasets(e.g. time series) and has the same drawbacks. Applying con-
venience sampling, we split the dataset according to the discrete blocks(e.g.

time intervals).

2.2.5 DUPLEX

The first algorithm of DUPLEX split the dataset into two subsets with the
way below (Snee R. D., 1977). We find the two farthest observations of the
dataset according to the Euclidean distance and we put them in one subset.
The next pair of observations, which is the farthest apart, is put in the second
subset. In the next step, the observation which is farthest from the two points
in the first subdata is added in the first subdata. Then, the observation that

is farthest from the pair of observations in the second subdata is included

22



in this subdata. We continue this algorithm with the same procedure. Of
course, this method can be generalized for more subsets. Nevertheless, it has

a main drawback, it has a huge computational complexity.

2.2.6 Stratified sampling

Stratified sampling technique is used when the dataset is heterogeneous.
Firstly, the dataset is divided into smaller groups, known as strata. This
procedure is achieved with several clustering algorithms, such as c-means.
Then, observations are selected separately in each stratum in order to create
a subset. This technique is appropriate for datasets, which can be split into
homogeneous groups .

As we mentioned above, in order to create a subset we have to take
observations from each stratum. If we divide randomly each stratum into
smaller groups, we have the known Stratified random sampling. There
are several ways in order to select the number of observations per stratum.

We will describe the most common one according to allocation rules:

Equal allocation : It defines equal number observations from each strata.

In other words, the number of observations which we select from the

Hsubsel here k is the number of the strata.

stratum i will be n; =

Proportional allocation : In this rule, the number of observations,which
is selected per stratum depends on the size of each stratum. Thus,

n; = Nupset —7——— Where Nj is the size of the stratum j.

Zj:l Nj
Optimal allocation : In this allocation, the number of observations that

is selected depends not only on the size of each stratum, but also on
Nio;

k
> i-1 Njoj

is the size of the stratum j and o, is the standard deviation of the

the standard deviation. Specifically, n; = ngupset , where N

stratum j.
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2.3 Conclusion of chapter 2

In this chapter, we studied several methods and techniques for big data
regression. For problems where the number of observations is huge, we can
split the data into parts, analyze them separately and combine the results
either with mean or meta analysis. In addition, we explored the selection of
an appropriate subdataset using IBOSS, an approach that proved efficient.
Of course, another method for saving time and memory is the use of sufficient
statistics only instead of the actual data.

We also referred to methods, that handle problems where the number of
observations is smaller than the number of variables. Such methods are the
¢ regularization and the VIF regression. At the end, we reported sampling
techniques for data splitting. These techniques are important for splitting

the full dataset in order to analyze it.
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Chapter 3

Regression for Big Data

3.1 Updating Regression

3.1.1 Recursive formula for XTX

In a multiple linear regression, Y represents the response variable and X

is the regression matrix. So, we obtain
Y=o+ 51 Xui+ ...+ BpXpi + €, 1=1,...,n,

where F(¢;) = 0 and Var(e;) = o and we write X;; for the j variable
measured for the ¥ observation. From a matricial point of view, the linear

model can be written as follows:
Y = X3 +¢, Y eR", X € M,,11(R),B € RPF,
In order to estimate 3, we take a least squares approach:
B=(XTX)'XTY.

If we have a big dataset, the inversion of XT X will be time consuming

and if we add a new variable, we have to calculate X7 X from the beginning.
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In this chapter, we will present an alternative way to estimate 3 using a
recursive formula.

If XTX is formed, it can be used easily to add variables in the model.
We denote the coefficient of the X; variable of the model that includes r
explanatory variables by B](-r) and the parameters vector that includes r ex-
planatory variables by b,.. Let’s asume that we have only one explanatory

variable X i.e.

Y=Y+ 89X, +e, i=1,....n

Then,
1 Xia
(XTX) . 1 1 . 1 1 X172 B n Z?:l (Xl,i)
1= . . - n n )
Xip Xip oo Xig : : Zi:1(X1,z‘) Zi:l(Xl,i)Q
1 Xl,n
and
Y
1 I | Y: "y
(XTY)l = '2 — %:zzl( ) )
Xip X2 ... Xig : Yo (X1Y))

Ya

For two explanatory variables X7, X3 i.e.

Y, =82+ 89X, + P X+, i=1,....n,
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we obtain

(XTX),

and (XTY)2 = | X1 Xio

Xo

Generally, for r explanatory variables Xj, ...,

Y; =8 + B X, +

with

1 1
Xl,l X1,2
Xr,l X’l",2

n

+ B9 X, + €,

1] 1 Xy,

Xl,n 1 X1,2

Xr,n 1 Xl,n
> i1 (X1)

Do (X14)?

> (X1 X)

27

i=1,...

2 im

— 1 1 1 1 Xl,l X2’1
1 Xio Xoo
Xl,l X1,2 Xl,n . . .
_X2,1 Xa2 Xon ' ' '
1 Xln X2n
[ n Z Xlz X2 z)
Z?:l(XL%) Z Xlz Zz 1 Xl 1X2 1,)
L Z?:l(XZi) Zi:l(XlﬂXQﬂ) z=1(X2,i)
1 1 1 h "
nl |l
Xl,n . = = 1 Xlz
Xop o X |0 [EL G0, J

X, we get

7n7
Xr,l
XT,2
Xr,n

Z?=1<Xr,i)

(X1, X04)

Z?:l(XT,i)2



Lo L] ] S
X X Xinl Y5 T (X4,Y,
nd (x7y), |70 e e [ SR
Xr,l Xr,? Xr,n Yn Z?:1<Xr,iy)
Also,the (r + 1)*0 step is
Y /B(r+1 + /8(T+1 -+ Br:‘gl r+1,1 + €, 1= ]-7 . y 1L,
with
[ 1 1 1 1 X, Xry1,1
X1 Xio Xin 1 Xio Xry12
(XTX)rJrl = : . . . . .
_Xr+1 1 Xr+1 2 XrJrl,n 1 Xl,n XrJrl,n
n Z?:1<X1,i) Z?:1(Xm’> Zzn 1(Xr+1i)
> e (X1) > (X1)? D i (X1 Xes) | 2o (X1 Xor4)
Do (X)L (X1 Xo) o (X)) | o (X X
| i (X)) 20 (X1iXo) Do (XiXoa) | 20 (X)®
_ "y _
Zz:l(lei}/;)
T X1 X1 Xin Y, )
and (X'Y), 1 = ' ' = :
‘ ' ' ' > i (XeY))
Xr+1,1 Xr+1,2 Xr+1,n Yn !
Zz 1
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So, we observe the following recursive formula

(XTX), s — [ (XTX), W]7
wT ‘z

> (Xri14)
Z?:1 (Xl,iXT-i-l,i)

where W = and z = Y"1 (X,41,)%,
Z?:1<Xr,in+1,i>
and
XTY),
(XTY)T+1 — ( - ) ’

where R =>"" (X,41,Y7).

From the above analysis, we conclude that each XTX matrix is a block
A B

BT|ad |

It’s necessary to inverse this matrix in order to estimate b.

matrix, which can be written as (X7 X), = [

3.1.2 Estimation regression coefficients

B

. Assume A is nonsingular; then the ma-

A
Theorem 1. Let R = [ C

triz R is invertible if and only if the Schur complement D —CA™'B of A is
A"+ A'B(D-CA"'B)"'CA~! —A"'B(D- CAlB>1]

wnvertible, and R~ =
—(D-CA'B)~'CA~! (D—-CA-'B)~!

Applying Theorem 1(Lu & Shiou, 2002) to our previous result, we get
—1
A | B A+ 1A 'BBTA! —
(XTX)rlleT d ] - +leTA—1
Tk

Y

A'B
1
z
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where k = d — BT A='B. So, we only need the inverse of A i.e. the inverse
of the previous XTX.

) AlB] K|L
We define (XTX) ! = =
BT | d M| N
S|T
Uu\v |

So, in order to estimate 3, we have

by = (XTX)7 (XTY), = [%%

Remember that we have defined

and (XTX), !, =

(XTX), | W (XTY),
XTX),. = and (X'Y),
( )41 [ wr | ( )41 -
Then
b [ S| T | [(XTY).] _ [S(XTY), + TR] @heorerm)
T lulv|| rR | |UXTY),+VR
XTX)XTY), + (XTSI WWT(XTX)N(XTY), - L(XTX) T TWR
| ~IWT(XTX); N(XTY), + 1R

b, + L XTX),'WW7h, - L(XTX),'WR
—1WwTp, + 1R

b, + (XTX)'W(IW7b, - LR)

~(tW'b, — |R)

In conclusion,

b, + (XTX)'W(iWTh, — 1R)

= b, =
i —(AWTh, — 1R)

, (3.2)
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where ¢ = 2 — WT(XTX)'W

We assume that the response and the covariates are standardized i.e.

Y))=0 X:..)=0 S2 = Zz:l< o
;( ) =0, ;( 3i) =0, X, p— ,

2 i1 (Xrir X10)
n—1
with j=1....p, E,l=1,....p and k #1.

SleXl =

9

So, if we add a new explanatory variable, we don’t need all the data set in
order to estimate b,,;. We have already calculated b, and (XTX):!, and
then we need only the covariances between the new variable and the existing
variables , i.e. Sx, ., x,;, J=1,...,7and Sx,__, v

~

Especially, for the b,41 , we need:

e b, and (XTX) . These are already calculated.

T

> (Xog1a) 0
Yo (X1, Xoq1) (n —1)Sx, x,.,

o W =

> i (X Xog14) (n—1)Sx,,x,4.
e R=37" (X,p1:Yi)=(n—1)Sx,,,v

e c=2-WT(XTX)'W (cis an number),
where 2 =371 | (Xop13)? = (n = 1)5% ,, =n—1

3.2 Special cases

In the previous section, we proved a recursive formula to estimate the re-
gression coefficients. Now, assuming that the covariates are standardized, we

shall focus on two special cases:
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1) If the explanatory variable X, is uncorrelated with all other variables,

ie. SXiuX'rJ,-l:O izl,...T then
0 0
n—1)S 0
W = ( >.X1’XT+1 =|. and c=z-WIHXTX)'W = 2.

(TL — 1)SXT,XT+1 0

Hence, the formula (1.2) will be

i .
br+1 = [ ] .
SX,q1,Y

In this case, we notice that the new variable X, ;; doesn’t affect the

previous coefficients Sy, ..., 3,, as expected.

2) If the explanatory variable X, is highly correlated with one of the
other variables, e.g. with X7, and uncorrelated with the remaining, i.e.

SX1>X7‘+1 = 1 a‘nd SX’i7Xr+1 - O,VZ S {2, .o 7T}7

we will obtain

(n - 1)SX17X7~+1 n—1
W = (n — 1)SX2,X,,+1 ~ 0
_(n - 1)SX’!’7X'I’+1_ L O a
and
[ o(7)
0
. )
WTh.~10 n—1 0 ... of | | ~(n-1)8".

B
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Therefore, the coefficient of X, 4, will be

R—(n—1)p"

C

. 1oon 1
BIAY ~ —(EWTb,, - )=

Hence,

)
. — (-1

) by — (xTx) WL (n = 1)

b1 ~ n € . 3.3
+ R—(n—-1) § ) (3:3)

C

Let’s see a realistic example. We assume that we have the model
Yi :552) +B§2)X1,i+ﬁ§2)X2,i+€i, 1=1,...,n,

and we want to add a new variable, X3, which will be highly correlated
with X and uncorrelated with X5, namely Sx, x, = p1 and Sx, x; = P2,

where p; tends to one and ps, tends to zero. The new model will be
Y= 5(()3) + ﬁf?’)Xu + 553))(2,1 + /83(,3) =+ €, 1=1,...,n.

So, from the relation (3.3) we will get

[ éQ)(E 0 due to standardization)
{’: B® [p1 — st)gl,xz][sxzy —2552)]
N 1=5%, x, tr2—ni
53) (P2 — P15Sx1,%5[Sxsy — 552)]

B~

1- Sgcl,xz + p3 — i

and

2
o _ B= (=B [Sxy — BN = Sk, xa)
’ c 1 — S%,.x, + 05— i

Obviously, the coefficient of the added variable depends solely on the

coefficient which is highly correlated with the new variable. In addition, the
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example described above with the three covariates, can be generalized. It
indicates the estimation of regression coefficients, for any relation between

the new and the previous covariates (i.e. for any py, ps).

3.3 Recursive formula using hat matrix

In multiple linear regression, it is more efficient to use matrices due to
the potentially large number of explanatory variables. There are several
matrix formulations for the linear regression model. Omne of the matrices
that appear in many formulations is the projection matrix. Therefore, this

section contains further discussion of the relation (3.2) using this matrix.
Let’s start from the formula

~ 1 ~ 1 ~ 1 ~ 1
; b, + (XTX);lW(fWTb,ﬂ — —R) b, + E(XTX);1WWTbr — E(XTX);lWR
r41 = 1 R 1 = 1 ~ 1
—(fWTb,. - -R) —(fWTb,, ——-R)
C C C C

where ¢ = z — WT(XTX)'W and 2z = > [ (X,41,4)%,
i1 (Xr)

W — Z?:l (X.l,in-i-Li)

and R = Z?:l(XrJrl,i}/;)'
Z:'L:l(Xr,in-&-l,i)

We have to express the above sums (z, W R) in matricial form. Especially,

Xr+1,1 n
XX = [Xon o Xeoa| | [ = (=2
Xr+1,n =
1 r... 1 X1 > i1 (Xog1)
X1y X1 ... Xia| | X, " (XX
T e B I e
Xr,l XT,2 Xr,n Xr+1,n Z?:1<Xr,in+l,i>
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Yi
XELY = [Xeos 0 Xeo] | ] = (i) = R
Yn =1

In summary, we get
o z=X" X, 1
o W=XTX,,
o WT = X;:':,_IX
e R= X,ﬂlY

Apart from these, as we can see, Y = X(XTX)'XTY , which means
that the fitted values are expressed in terms of X and Y matrices. Therefore,
we define the matrix P = X(XTX)'X7T.

P is the projection matrix and is also named "hat matrix”. Because of
PY = f/, it expresses the influence each response value has on each fitted
value. P has several useful properties. First of all, P is symmetric, i.e.
P = PT. Secondly, it is idempotent, i.e. P2 = PP = P. Thus, we also
have P(1 — P) = (1 — P)P = 0. It is worth mentioning that the design
matrix X is invariant under P, ie. PX = X, hence (1 — P)X = 0.

As for the residuals, we can express them as linear combinations of the
Y;,iec.e=Y —-Y =Y — PY = (1 — P)Y. Now, let:

e P=X(XTX) !XT
e M=1I,-P
o U= (XTX)_l_XTXT+1

by the formula (1.2), the vector of regression coefficients will be
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. 1
by + ~(XTX)'WWTh, — —(XTX)'WR

C

Cwrg, — g
(5 )

@)

br—i—l =

.1 1
b+~ (XTX): 1XTXT_,_1XT X (XTX)XTY - (XTX) XX, 0 XY

|
o

16
——X,THX(XTX) XTY + XL, Y

.1
br — —(XTX), ' XX, X[ (Y - X(XTX), ' XTY)
= 1
“XT (L, - X(XTX) ' XT)Y
L C
1

b, — (XTX) 1XTXT+1XT (L, - X(XTX) ' XT)Y
= 1

Finally (Seber and Lee, 2003),

where

c=z-WHX"X);'W=X" X, 11 — X[ X(XT"X) ' X" X, 11
= X (I - X(XTX), ' XT) X, 14
=X MX, .

Obviously, the formula (3.4) is equivalent to the formula (3.2). This is very

useful, because if we set 67(,7:{1) the coeflicients of the new variable, i.e.
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1
B,,Eﬁl) = X,TJFIMY, we will get

T e
b, — b, — ’Ufﬁﬁfll)
r+1 — (r+1) :
67’—&—1

Hence, we can clearly see the relation between the new and the previous

estimation of coeflicients.

3.4 Regression by orthogonalization- Gram

Schmidt procedure

Linear regression has a nice geometrical interpretation. It is based on
projections and it uses the projection matrix we saw in the previous sec-
tion. Using these, we will describe regression by Orthogonalization, which
is another way to obtain the least square estimates. In particular, this algo-
rithm ;which is known as the Gram Schmidt procedure, orthogonalizes the
covariates and then uses simple projections.

We need some notations and clarifications in order to continue. We set
a=(ay,...,a,)", b= (by,...,b,)T and we define the inner product between
the vectors a and b as (a,b) = > " a;b; = aTb. Also, two vectors a and
b are said to be orthogonal if (a,b) = 0. Finally, when we say regress b on

a, we mean that we have a simple univariate regression of b on a, without

and a residual vector

intercept, and we produce a coefficient 4 =
z=b—A*a.
Let’s begin with a simple model y = 51 + S1x + €. We can estimate the

coefficient ; with the following two steps:

1,z ;
1. Regress « on 1, producing the coefficient <1 = == = ¥ and

—
—

~
N

the residual z = & — z1.
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A -zl
2. Regress y on z, producing the coefficient g = EZ’ yi = < (m_lx ,y>_1>.
z,z x—1l,x—=

This procedure can be generalized for multiple linear regression. It is
described by the following algorithm (Friedman, Hastie and Tibshirani, 2008).

Algorithm 2: Regression by Orthogonalization
Input: Y . X4,..., X, 11
Output: Br+1
Initialize zg = Xo =1
for j=1,...,r+1do

Regress X on zop, ..., 2;j_1 to yield coefficients
zi, X
Yij = (zi, J>,i =0,...,7 — 1 and residual vector
<zi7 Z'i) )
zj =X — > 10 kiZk
end

Regress Y on the residual 2,41 to estimate /ér+1

This algorithm assumes that the model has r + 1 covariates and the
(zr41,Y)

) ) ) (Zr41, Zrt1) )
the residual vector z; is produced by regressing X; onto z1,...,2;_1, zjis

output, namely the coefficient of X, 14, will be Br—l—l = . Since

orthogonal to z1,...,2j_1, S0 21, ..., Zp41 are orthogonal.

It is important to highlight that if our covariates Xy, ..., X,4+1 are or-
thogonal, namely (X, Xy) = 0 for all [ # k, then the multiple least squares
estimates Bj are equal to Bj = % This means that there is no ef-
fect on the estimation of the parameters. If we suppose that X,.; is highly
correlated with some of the other covariates, then the coefficient Br+1 will be
unstable, since z,41 will tend to zero.

It is interesting to note that the output Br+1 is the coefficient of the
explanatory variable X, in the multiple regression of Y on Xy,..., X, 1.
According to lecture notes of Tibshirani (2013), the proof is simple. We

know that 24, ..., 2,41 are orthogonal. Since z; = X; — Zf;g Ak,; 2k for any
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j=1,...,7+1, each of z; is a linear combination of Xy,..., X} , so
span{z1,...,zj} C span{Xq,..., X,}.

But X; = z; + 2{;5 Ak,j%k, thus each of Xj; is a linear combination of
Z1,...,%j, SO
span{Xy,..., X;} C span{zq,..., 2}

Hence

span{Xy,..., X;} = span{z4, ..., z;}.

As a consequence, the regression of Y on Xj,..., X, 41 is the same as the
regression of Y on zj,...,2,41. We call this Y and for some coefficients

a1,...,Q.11 We obtain

A

Y = a1z1+ ...+ Qp12p41

Since 21, ..., Zr41 are orthogonal, the coefficients ay, ..., a,41 can be calcu-

lated by univariate linear regression, that is

(2r41,Y)

Qry1 = = ﬁrJrl'
<Zr+1, Zr+1>
Thus,
Y =aiz1+ ...+ opzp + Brp1Zega
From the relation X,,1 = 2,41 + 22:0 k2K, the explanatory variable

X, 41 exists only through the 2,11 and its coefficient is 1, therefore for some

c1,...,Cr We can write
Y = C1X1 + ...+ CTXT + ﬁqn_HXr_*_l.

Hence, we prove our claim.

Another way to show this is proving that the coefficient of the variable
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X, 41 from the formula (3.4) is the same as the output of the previous algo-

rithm. Specifically, we proved that

~ 1
br+1 = 1 ¢ T )

where ¢ = X \M X,y and M =I,, — P.

Thus, the coefficient of X, 1, in the multiple regression is

5(r+1) _ X, MY (M2=M) X MY (MT=M) (MX,1)"Y

Br - -
X MX, XTI MMX, (MX,41)TMX,
. MXnY)
<MX7'—|—17 MXT+1> ’
A r ) Y
which is the same as the output of the algorithm g, = M because
<Zr+17 zr+1>
Zr4+1 is the residual of the orthogonal projection of X, ; onto zo,..., 2,

i.e. the residual from regressing X,; onto 1,X4,...,X,. Algorithm 2
computes only the coefficients of the last variable. We will describe the
procedure, which is applied for the estimation of the other coefficients (Zhang,
2016). We assume that we have only three explanatory variables in the model
ie.

Y = [o1 + 51 X1+ Bo X2+ 33 X3 + €

From the algorithm, we compute the residual
zZ0 — 1,
z1 = X1 — %,120,

zo = X2 — Y0220 — V1,221,

z3 = X3 — Y0320 — V1,321 — Y2,3%2.
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As detailed below, span{1, X;, Xo, X3} = span{1, z1, z2, 23} ,because

Bol + 1 X1+ B2 X2+ B3 X5 = Fol + [1(z1 + Fo120) + B2(22 + Y0220 + F1,221)+
B3(z3 + Fo320 + Y1321 + Y2,322)
= 20(Bo + Y0161 + Y0282 + Fo.3583)+
z1(B1 + Y1202 + Y1,303) + 22(B2 + Y2,303) + 2303
= 1oZo t 121 + 1222 + 1)323.

So we can regress Y on {1, zq, 2z, 23} one by one and calculate the coeffi-

cients, namely
e Regress Y on z3 and compute the coefficient

no_ <Z3>Y>
B3 = (23.23)

e Regress Y on z,, producing 7y and estimate the coefficient
By = iy — 53%,3-
e Regress Y on z;, producing 7; and estimate the coefficient
By =1 — 33%,3 — BoAra-
e Regress Y on zg = 1, producing 7y and estimate the coefficient
Bo = 7o — Bs¥o.s — B0z — Brio-

This way can be generalized for any number of explanatory variables.
If we incorporate this procedure into the algorithm, we can estimate all the
coefficients of the model. Our aim is to compare this algorithm with the

recursive formula, which is proved in a previous section. It is obvious that
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the results of these two procedures are the same. However, Algorithm 2
makes extra computations in order to estimate §; for j =r+1,7,...,0 (i.e.
in inverse order). Thus, this procedure is slower than the recursive formula

we proved.

3.5 QR decomposition

3.5.1 Regression and QR decomposition

The matricial expression of multiple regression is
Y = Xb+e,

where X is the n x p regression matrix, n is the number of observations,
p — 1 is the number of variables and we assume n > p. We will try to make
the least squares problem simpler using QR decomposition.

Generally speaking, QR decomposition is a factorization of the matrix X
into a product of matrices, namely X = QR, where Q is an n X n orthogonal
matrix and R is an n X p upper triangular matrix that is zero below the main

diagonal. For our regression matrix X (Bates 2010), the QR decomposition

c-oft]-f aft]-on.

1s written

0

where R is an p X p upper triangular matrix, @ is the first p columns of
Q and Q3 is the last n — p columns of Q.
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Therefore, substituting X = Q1 R; ,the least squares estimates of 3 is

N

B=(XTX)'XTy

= ((Q1R1)"Q1R:) '(Q1R))"Y
= (R{QTQ:R:) 'RTQTY
=R;'(R{)'R{Q1Y

=R, Q7Y

= R, d,

where d = QTY. Thus, we have an upper triangular system of equations
R;3 = d which may be solved quickly by back substitution.
There are several methods for computing the QR decomposition. We

will describe two of them.

3.5.2 Methods for QR decomposition

Householder Reflections

An efficient approach for QR factorization is to use Householder matrices
which introduce zeros in the subdiagonal elements of a column. Let A be a

n X p matrix and @ be the first column of the matrix,

Q11 Qi ... Oy 11

Qo1 Qg ... Qg 21
A= and T =

Ap1 Opo ... Oznp (6751

For any vector u € R", u # 0, we define the Householder matrix as

2 T
H-—1T— uu

uTu
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We have to calculate a vector w, such that

(0551 11

921 0
H, | =

(67951 0

This is u = x + sign(an)||z|2e1 , so

G Gan ... Gy
0 Qo ... «

A® — H,A = . r
0 an Qnp

Thus, A® = H,AM  Continuing this process, after « iterations, where

k =min(n — 1,p), we obtain
A® = H, .. .-H,H,A =R,

where R is an upper triangular matrix. For j =1,... &

oo T 0
’ 0 Hj|

Hence, R = QT A with QT = H,,--- H,H, ie. Q= H,H, - - H,..
So, using this procedure we have factored the matrix A as A = QR.
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Givens Rotations

Another method for QR decomposition is using Givens matrices in order
to progressively introduce zeros below the diagonal to one element at a time
(Hammarling S. and Lucas C., 2008). Let @ be the rotation matrix, which
rotates € R? by 6

| cos(f) —sin(0)
Q= Lz’n(G) cos () ] '

So, we get

Tz — [cos(@) —sin(G)] [11 _ [ z;co8(0) + xjsin(0) ] ‘

sin(0) cos(0) | |z, —x;51n(0) + ;c05(0)
T
x? + 17
If we write © = /27 + 27 x; and set
x? +
sin(6) L and  cos(f) L :
x; + 3 a2 4 22
we will obtain
cos sm

r =
\/73271 \/7003 0

As we can see, we set an element to zero. Generalizing, a Givens matrix
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G(i,7) € R™™ has the form

G(Z,J) - I )

§ = ——— and c=

For x € R", we get G(¢,7)Tx = y where

cx; —sxj, k=1
0, k=g
Tk, k‘#?ﬂj

Yk

There is a significant advantage here, that is only the ¢th and jth rows are
affected. Our aim is to transform A to an upper triangular matrix. So, we
will use Givens matrices to introduce one zero at a time in the subdiagonal

elements of A, namely

Gn—-1,n)7T...G(2,3)T- - - G(n-1,n)TG1,2)T-- - G(n—-2,n—-1)TG(n—-1,n)T A

p th column 2nd column 1st column
—QTA=R.
where Q = G(n — 1,n)TG(n — 2,n —1)T...G(1,2)T---G(n —1,n)T
This process is called QR decomposition with Givens Rotation. The following
algorithm shows how to calculate ¢ and s for Givens matrices. We search for

¢ and s,
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T
such that s 4+ ¢2 =1 and [ ¢ S] [a

—s c b

:lg

Algorithm 3: Calculate ¢ and s for Givens Rotation

Input: a,b

Result: ¢, s

if b =0 then

‘ c=1,s=0

else
if | b|>| a| then

a 1
t:—g,s:m,c:st
else
LIPS S
= a,c—m,s—c

end

Comparing the two methods, the Givens Rotations method can be prefer-
able for three reasons (Lambers, 2010). First of all, it can apply sets of
rotations in parallel, because each rotation modifies only two rows of the
matrix A. Secondly, it is easier to update the QR decomposition using the
Givens Rotations, for example adding a column to A, as we can see in next

subsection. And finally, it is more efficient when A is sparse.

3.5.3 Updating the QR decomposition

In previous section, we proved a recursive formula to estimate the coeffi-
cients of a multiple regression model. In order to achieve this, every time
we added a new variable in the model, we tried to find a recursive relation
with the previous model. Now, we will engage in the same problem using

QR decomposition (Hammarling S. and Lucas C., 2008). At the beginning,
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we will describe the framework for a general least squares problem and then
specifically for regression.

Let an n x p matrix X and the factorization of it X = QR, where Q is
an n X n orthogonal matrix and R is an n X p upper triangular matrix. Let

us consider the linear system

Y = Xb
Y = QRb

QY = Rb
d = Rb,

where Rb = d is an upper triangular system, which may be solved by back
substitution. We want to add a new column in X and then we update X
appropriately, without recomputing the factorization from scratch.

So, let u € R™ be a new variable in the p 4+ 1th column of X. Thus,

X=X u]
then
QTX = [ R v ], where v=Q%u.

We will give an example of the procedure in order to understand it easily. We

assume that we have n = 7 and p = 3 and we add a new variable. Therefore,

*
*
*

*
*

e
I
o oo o o o %

S O O O O ¥
o O O O ¥
*
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As we can see, the three last elements of the forth column have to be zero,
so the matrix R will be upper triangular. For this reason, we will define
(n —p—1) = 3 Givens matrices.

Generalizing, we will update the matrix R and the vector d. We define
(n —p— 1) Givens matrices, G(i,5) € R™™ so that the elements of vector
v from the (p + 1)th to the nth position will be zero. Then,

R=Q"X =(G(p+1,p+2)" - -G(n—1,n)TQ")X

and
d=Q"Y = (G(p+1,p+2)T---G(n—-1,n)7Q")Y,

where R is an n x (p 4 1) upper triangular matrix and
Q= QG(n—1,n)---G(p+ 1,p+ 2)) is the updated n x n orthogonal
matrix.
In multiple regression, we proved that the estimation of the coefficients
is given by
B=R;'d where d=QTY.

However, R, is an p X p matrix and @ is the first p columns of Q. Because
of

X—Q [R;] - [a: @] [ﬂ ~ QiR

we follow the same updating procedure explained before, using solely the first
p columns of @ and the square form of R (i.e. without the rows, which are
zero), so that Ry can be invertible. With this technique, a new variable is
added in the regression model, we need not calculate the QR decomposition

of X from scratch in order to estimate the regression coefficients.
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3.6 Comparison of the methods

The aim of this thesis is to estimate the regression coefficients faster.
Therefore, we will compare how time consuming is the formula, which we
proved, relative to the other methods, i.e. the ordinary least squares es-
timation, the Gram Schmidt procedure and the QR decomposition. All of
these methods and algorithms, which we described in this chapter, have been
transformed into codes for the programming language R.

We have to report that the updating QR decomposition for regression
will not be included in the comparison that follows. The reason is that the
code for this method is very slow for big data relative to the others. This
occurs because at the beginning of this approach we need the entire matrix
Q. Remember that

QTX = [R v ], where v=QTu,

i.e. the new matrix R will be upper triangular, if some elements of the new
variable are zero. In order to achieve this, we need the complete n x n matrix
Q. Thus, if n is very large, @ is huge. As a consequence, the algorithm is
computationally slow. In addition, R language (version 3.2.4) cannot allocate
such a matrix (for n > 100000).

Next, we will study the required time of every method to compare their
efficiency. At first, we simulate data from normal distribution for some values
of n and p and then we measure the time needed to execute every method.
In addition, we repeat every procedure 100 times in order to avoid possible
extreme time values. There is a table below, which includes the results with
running times measured in seconds and some plots, which compare OLS with
updating regression.

In the first and second columns of the table, the number of observations(n)
and the number of the explanatory variables(p) can be seen respectively. In

the third column, the ratio % is listed. In the fourth column, we have the
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running times, which arise from the least squares estimation of regression
coefficients, i.e. B = (XTX) ' XTY . In the same way, the fifth column de-
scribes the times of the recursive formula (3.2) given the covariance matrix
and the covariance between the response and the explanatory variables. The
sixth column is similar to the fifth, except that the times include the cal-
culation of the covariance matrix and the covariance between the response
and the explanatory variables. Finally, we get the times for regression by
orthogonalization and the regression with QR decomposition in the seventh

and eighth columns respectively.

Table 3.1: Comparison of the methods

n p n/p || Method 1 Method 2 Method 3 Method 4 Method 5
10000 50 200 0.032 0.008 0.026 0.477 0.076
100000 50 2000 0.364 0.007 0.203 6.584 0.781

1000000 50 20000 3.828 0.015 2.042 75.678 10.025
10000 100 100 0.124 0.038 0.107 1.772 0.231
100000 100 1000 1.301 0.036 0.744 17.543 2.456

1000000 100 10000 14.035 0.122 7.554 317.532 44.825
10000 500 20 2.821 8.709 10.337 43.738 5.313
100000 500 200 27.512 9.024 24.755 667.963 55.552
10000 200 50 0.526 0.325 0.585 7.067 0.884
10000 1000 10 12.465 140.167 145.790 165.746 19.709

We compare the average running time of each method (measured in seconds).
Method 1: Ordinary Least Squares estimation
Method 2: The recursive formula that we proved
Method 3: Method 2 including the calculation of the covariances
Method 4: Regression by orthogonalization
Method 5: Regression using QR decomposition
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Figure 3.1: Plots for methods comparison
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From the above, the following results are derived:

1.

Our updating regression estimates with huge speed the regression co-
efficients in comparison with others methods, especially when n is very
big. This method performs the best when we already know the covari-
ances (Method 2).

Even if we integrate the time to compute the covariance matrices into
the procedure (Method 3), it is still faster than the ordinary estimation
(Method 1).

Our updating regression is the fastest, as the ratio n/p increases. Con-
versely, when the ratio n/p is small (i.e. 10, 20), the classic formula
B=(XTX) 'XTY takes the least time to run. As a consequence, our

method does not work fast for small ratios n/p.

Method 4 and Method 5 are always time consuming in comparison
with the other methods.

Despite the fact that regression with QR decomposition is slow, it is

faster than our updating regression when the ratio n/p is small.

Regression by orthogonalization is the most time consuming. This
occurs because it makes extra computations in order to estimate [,

for j=r+1,r,...,0, as we mentioned in previous section.
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Chapter 4

Generalized Linear Models

extension

4.1 Introduction of Generalized Linear
Models

We have previously worked with regression models where the response
variable is quantitative and normally distributed. In real world, there are
many different occasions where the normal distribution is not appropriate, as
in the case of yes/no responses (binary data). In addition, if the data’s mean
is restricted to a range of values or the assumption of constant variance is not
realistic, linear models are not suitable. Therefore, the need for Generalized
Linear Models (GLMSs), which are extensions of traditional regression models,
is evident. In GLMSs, the response variable is assumed to follow any member
of the exponential family distributions.

There are three components for any Generalized Linear Model (Sahu S.
K.,2002), which have to be defined:

1. Random Component: It specifies the probability distribution of the

response variable.
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2. Systematic Component: It defines a model for the mean of the

data. It is achieved through linear predictors.

3. Link Function: It determines the link between random and system-

atic components.

As we mentioned above, the probability distribution of the response vari-

able Y belongs to exponential family distribution and takes the form

y0 — b(0)

fr(:0,0) = eon{ =5

+d%@}

where b(0), a(¢) and c(y, ¢) are known functions and 6 and ¢ are parameters.
We note that 6 is the canonical parameter and ¢ is the dispersion parameter
(when ¢ is unknown, we call this an exponential dispersion family). It can
be shown that if Y has a distribution that belongs in the exponential family,

then it has mean and variance
E(Y)=pu=10(0),

Var(Y) = a(@)¥(6) = a(6)Var(u).

A Linear predictor is denoted by 1 and is expressed as a linear combi-
nation of the parameters of the model. In other words, it is the quantity
which incorporates the information about the independent variables into the

model. The linear predictor can be expressed as

n=Xpg.

The link between the distribution of Y and the linear predictor n is
provided by the link function ¢, as in

n=g(w),
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where p = FE(Y). There are many commonly used link functions, such as
identity, inverse, log, logit, probit etc.

It is important to mention some notation for GLMs. First of all, they
assume linear relation between the transformed response in terms of the link
function and the explanatory variables. The homogeneity of the variance is
not necessarily satisfied. Moreover, it uses maximum likelihood estimation
rather than ordinary least squares to estimate the parameters. The latter

will be analyzed in a following section.

4.2 Sparsity

A sparse statistical model is a model that among the coefficients that
describe it, only a small number of them are non-zero. Therefore, sparsity is
a desirable property, because it uses fewer memory and storage space and it
is much easier to estimate and interpret with it than it is with a dense model.
In high dimensional data, where the number of features are very large, the
model can be prone to overfitting. One appropriate method that can reduce
overfitting is regularization(Liu J., Chen J. and Ye J., 2009).

The most famous types of regularization are the ¢; and ¢ norm reg-
ularization. The /y-norm regularization leads to a smooth (differentiable)
unconstrained convex optimization problem. However, we will deal with ¢;-
norm regularization, where the regularization term is non-differentiable. This
is preferable, since some coefficients are shrunken exactly to zero. Thus, this
yields sparse models that are more easily interpreted and it is also appropri-
ate for variable selection.

In general, regularization tries to minimize a loss function with a penalty
(Schmidt M. ,Fung G. and Rosales R.,2007). Specifically, the ¢;-norm regu-

larization is the problem

minL(z) + A1, (4.1)
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where L(z) is a loss function, ||-||; is the ¢;-norm and A is the regularization
parameter.

Now, we will focus on a logistic regression model, where the dependent
variable is binary. We have the data points (x;,y;) with i = 1,...,n, where
y; € {0,1} and x; € R? is the p-dimensional feature vector. In the logistic
model, the probability distribution has the form

1
Py = 1]a;8) = g

where 3 € RP? is the parameter vector. The likelihood function of the logistic
regression is [[;_; P(y;|x;;3). The empirical logistic loss is defined as the

negative of the log-likelihood function and the average logistic loss as

1 1
F(B) = —~log [ [ Pluils; B) = =~ > _log P(yilxi: B)
i=1 i=1

— % > log(1 + exp{—pB"x}),
=1

which is a smooth and convex function. Generally, we minimize the average
logistic loss (mﬂm f(B)) in order to determine B leading to a smooth convex
optimization problem. In high dimensional data, where the number of fea-
tures is larger than the number of observations, logistic regression can lead
to overfitting, rendering regularization a necessity. The ¢;-norm regularized

logistic regression problem is given by
minf(8) + A8l (4.2)

Notice that the regularization term ||3||; is non-differentiable. The previ-

ous problem can be written in the equivalent form of an ¢;-ball constrained
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optimization problem with a smooth objective function
minf(B) subject to ||B] < ¢, (4.3)

where ¢ is positive and it can be chosen manually or via cross-validation.
According to Jun Liu, Jianhui Chen and Jieping Ye (2009), there are
several strategies for solving ¢;-norm regularization problems that are also

applicable to the ¢;-norm regularized logistic regression.

1. First strategy: It uses algorithms, based on subgradients. It treats
our problem as a nonsmooth optimization problem. The most fa-
mous algorithms are Gauss-Seidel(Shevade and Keerthi, 2003), graft-
ing(Perkins S., Lacker K., and Theiler J., 2003), shooting(Fu W.,
1998), BBR(Eyheramendy S., Genkin A., Ju W., Lewis D., and Madi-
gan D., 2003) etc.

2. Second strategy: It tries to approximate the problem (4.1) with a
smooth function in order to solve it with smooth optimization meth-
ods, applying smooth approximation to the ¢;-norm. It is achieved
by the smoothll method(Schmidt M. ;Fung G. and Rosales R., 2007),
where the loss function is now g(x) = L(x) + XY\, | € |4, and | x |

converges to | « | as « approaches co. | @ |, is twice differentiable.

3. Third strategy: It converts the problem (4.1) or (4.2) to a smooth
optimization problem with smooth constraint functions, introducing
additional variables. Some examples are 11-logreg(Koh K., Kim S. and
Boyd S., 2007) and ProjectionL1(Schmidt M. ,Fung G. and Rosales
R., 2007).

4. Fourth strategy: It converts a ¢;-norm regularized problem to the
equivalent /1-ball constrained optimization problem with a smooth ob-

jective function, just as we converted the problem (4.2) to the problem
(4.3). IRLS-LARS(Lee S., Lee H., Abbeel P. and Ng A. Y., 2006) and
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Lassplore algorithm(Liu J., Chen J. and Ye J., 2009) belong to this
strategy.

4.3 Optimal Subsampling for Big Datasets

In chapter 2, we mentioned methods for regression for Big Data and tech-
niques for subdata selection. Similar methods exist for GLMs. Now, we
will describe one of them, which is known as OSMAC (Optimal Subsampling
Method under the A-optimality Criterion).

Let’s assume that we have n data points and the response variable

y € {0, 1}. The logistic regression model is

T
ex B

Py =1]z) = p(x; B) = 15 %8

where & € R? are the covariates and (3 is the d x 1 parameters vector.
The vector 3 can be estimated by maximum likelihood estimation (MLE).
Since it is not easy to find the maximum likelihood estimator, we will try to
approximate it.

The general subsampling approach for Big Data is to assign sampling
probabilities m; (i = 1,...,n) for all data points, take a random subsample
of size r according to m; and then maximize the weighted log-likelihood to get
an estimate B, of BML g. But, how can we determine m;7 There are several
ways. The OSMAC method aim to derive the asymptotic distribution of B,
and then derive 7;’s, which minimize the asymptotic MSE of ,é We describe
this below, using some theorems (Wang, Zhu, and Ma, 2017).

Regarding the asymptotic behaviour of B, there exists the following the-

orei

Theorem 2. Under some regularity conditions, as n — oo and r — 00,
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conditional on F, in probability,
V(B - Byre) — N(0,1)

i distribution, where
V =M, 'V.M,

.‘/c:

Y

1 i {yi — pi(BMLE)}Qwi-’EzT
rn2 — e

M, = %;pi(BMLE){l - pz(BMLE)}mzm'T

Thus, we derived the asymptotic distribution of ,é and now we have to
minimize the asymptotic MSE (AMSE) of B In order to achieve this, we
will use the A-optimality criterion. According to this criterion, we minimize
the trace of V instead of the AMSE of ,é This occurs since

(/é - BMLE)L’Tn ~ N(()? V)

In addition,
Mw(B - BMLE)|~7:n ~ N(0, V).

Therefore, the AMSE of Mw,é is the trace of V.. Thus, we can minimize
either the trace of V', or the trace of V..

The two following theorems calculate the subsampling probabilities 7;’s,
which are essential in order to select the subsample and estimate the coeffi-

cients of the logistic regression model.

Theorem 3. If the subsampling probability is chosen such that

muse _ | Yi —pi(Buip) | 1M 'z

; — =
21 14— pi(Burp) | | M x5

=1,...,n,

then the asymptotic MSE of 3, tr(V'), attains its minimum.

61



Theorem 4. If the subsampling probabilities are chosen such that

251 |y = p(@s; Bure) | |25l

yeeey T

then the asymptotic MSE of M3, tr(V.), attains its minimum.

Ve can be calculated faster, because it

The subsampling probabilities 7™
is not required the calculation of || M_'x;|| for i =1,... n.

Nevertheless, the subsampling probabilities depend on the BM LE- S0,
the OSMAC cannot apply directly. Therefore, there is the following two step

algorithm, which approximate the OSMAC.

1. Take a subsample of size 7y, using e.g. uniform subsampling, in order
to obtain the estimator ,ég. Replace BML g with ,éo in order to take

an approximately optimal subsampling probabilities 7;’s.

2. Take a subsample of size r using replacement according to the previous
optimal subsampling probabilities and estimate the coefficients for the

total subsample of size ro + r.

4.4 Iteratively Reweighted Least Squares

algorithm

In Generalized Linear Models, the estimation of the parameters is ac-
complished using Maximum Likelihood Estimation (MLE). In practice, the
traditional way of MLE has no analytic solution. Therefore, we rely on nu-
merical methods to solve this, from which the most famous is the Iteratively
Reweighted Least Squares algorithm (IRLS). In this section, we will study
this algorithm in detail(Léo, 2013).

Let g be the link function and Y be the response variable. We define the
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random variable ¢(Y’). Using the Taylor approximation , we obtain

9(Y) = g(p) + (Y — p)g'(p).

Then, let
Z=n+Y —pygp) =X+ —pnydgp),
with
BE(Z)=n=XB,

s Var(w)(g (w)”

Var(Z) = Var(Y) (g (1))

Hence, we have the model
Z =X +e,

where Var(e) = Var(Z) = w. Finally, we obtain an improved estimate of 8
regressing the dependent variable Z on the explanatory variables Xy, ..., X,

using weights , i.e. we calculate the weighted least squares estimate
B=(XTWX)'XTWz,
where X is the model matrix, Z is the response vector, which is assumed to

be known and W is the following diagonal matrix

1 1
W = diag(—,...,—).
Uq Up,
Thus, an iterative procedure can be created, known as Iteratively Reweighted
Least Squares. We describe this algorithm below (Kane M. and Lewis B. W,

2014).
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Algorithm 4: Iteratively Reweighted Least Squares
Input: Y, matrix X, rmax, tol
Initialize: 8 =0
for r=1,...,rmazr do

Compute

n™ = XBr-1

p =g (n™)

ZM =q (Y — p™) g (u)

w) — diag(vy,...,v,) where wv; =

B = (XTw(r)X)—IXTw(r)Z(r)
Stop if |3 — BV < tol

w;

oVar(p™)(g' (n™))?

end

In Algorithm 4, we repeat the procedure until |3 — B=1)|| is suf-
ficiently small. So, tol is a termination tolerance. In addition, we give a
specific maximum number of iterations rmax, since we do not know if the

algorithm converges.

4.5 Recursive formula for GLMs

In previous chapter, we proved a recursive relation in order to estimate the
coefficients of a linear regression model faster. Because of the importance of
big data, it is essential to improve the estimation of the parameters of a
generalized linear model in order not to be so time consuming. For this

reason, we have to find a recursive formula for
B=(XTwX)'XTwy,

and then insert this in the IRLS algorithm.

Using the same procedure as in the linear regression case, we can prove
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that

T T
T B (X*WX), |U T B (X'WY),
(X" WX),1 = [ o7 ‘ - and (X*WY), = " ,
where
> (WilXo )
T,Li wZX in i
U — szl( ‘ 1, +1, ) — XTWXT+1
Z?:1<win,in+l,i)
2= Z(win?Jrl,i) = Xg+1WXr+1
i=1
V=) (wiX,,Y;) = X, WY.
i=1
Thus, applying Theorem 1 we obtain
. b, + (XTWX)'U(LUTH, — LV
Broy = + ( ). U5 V) 7 (4.4)

—GU b =3 V)

where k = » — UT(XTW X)) 'U.
Set P=X(X"™WX)'XT™W H=1,-P,l=(XTWX)'XTWX,
, then

. b, — ll(WXm)THY

beoy=| F : (4.5)

(WX, ) HY

where k = XL WHX, ;.

Just like in the linear regression case, this recursive formula is more
efficient than performing regression from the beginning in each step, since
the latter requires the inversion of a r + 2 X r + 2 matrix (XTW X),
in the 7 + 1th step. In our method, the inverse of (XTW X),, which is a

r 4+ 1 x r + 1 matrix, is already available, and the only inversion required is
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that of the number k.

4.6 Updating Generalized Linear Models

Our aim is to combine the IRLS algorithm with the previous recursive
formula. The question is how will this formula be integrated to the algorithm.
We will describe a method below and we will justify our choice.

Let us have r explanatory variables, namely X (™ = (X;,..., X,). Run
the IRLS algorithm with e.g 10 iterations. Then, add a new variable X, 1,
to obtain X+ = (X;,..., X,41). Now, update B from the recursive
formula (4.4). In this formula, we have to use the matrix W from the last
step of the IRLS algorithm. Finally, calculate again the coefficients 8 from
the IRLS using the matrix X T+1),

Algorithm 5: Updating Generalized Linear Models

Input: Y, matrix X = (X4,...,X,),p

Initialize: 8 =0

forr=1,...,pdo
Let X = (X,,...,X,)
Run IRLS and estimate 3 with 10 iterations (fixed X (™)
Add a new variable: XtY) = (X, ..., X, 1)
Update 3 from our recursive formula (fixed W)

end

This is an iterative procedure for all covariates. The number of iterations
for the IRLS is an example. It depends on how many iterations the algorithm
approximately needs in order to converge. The weight matrix W from the
last step of the IRLS is useful. Starting from the optimal matrix W of
the step r will lead to fewer iterations in the step r+1. This means faster
convergence.

Now, we will give an example, so that the previous procedure will be easy

to understand. Telecommunications companies want to identify customers
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that have a tendency to unsubscribe in order to take measures to retain
such customers. Thus, the dataset contains 5000 observations(subscribers),
of which we have 707 (14.14%) customers who churned, and our goal is to
predict if they have a high probability of unsubscribing now or in the near
future. Therefore, the variable churn is a binary dependent variable, which
takes the values {0,1}. In addition, we will use four of the explanatory
variables for our example (X7: number of voicemail messages, Xo: number
of total minutes during the day, X3: number of total minutes in the evening,
X4: number of total minutes during the night). In the table below, some

summary statistics of the data are presented.

Table 4.1: Summary statistics of the data

variables

mean sd | median | min | max

number of voicemail messages 7.76 | 13.55 0 0 52.0
number of total minutes during the day | 180.29 | 53.89 | 180.1 0 | 351.5
number of total minutes in the evening || 200.64 | 50.55 | 201.0 0 | 363.7
number of total minutes during the night || 200.39 | 50.53 | 200.4 0 |395.0

Subsequently, we will standardize our variables. Hence, in the following

diagram, we can see the steps of the procedure, which estimates the coeffi-

cients of the logistic model

logit(p;) = Bo + 1 X1, + BoXo,; + B3 X5, + BaXus,

pi = P(Y; = 1| X1, X2, X3, X4),
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Figure 4.1: Procedure of Updating GLM
In IRLS: rmax=10 and tol=10"%
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It is worth noticing that in our example the estimation of the coefficients
from the recursive formula is close to the estimation given by the IRLS algo-
rithm. Moreover, the IRLS algorithms did not require 10 iterations in order
to converge. Specifically, they need 6,5,5 and 4 iterations respectively. There-
fore, it is very interesting to investigate the final results of our method for
several maximum number of iterations. The next figure presents the results

for maximum number of iterations 10,3,2 and 1 (namely, rmax=10,3,2,1).

B=2.0155262 || P=2.0155262 || Po=2.0155197 || Po=2.0098196
Bi=0.3644900 || Pi=0.3644900 || Pi=0.3644881 || P1=0.3632885
B.= -0.6421414 | | B= -0.6421414 | | B=-0.6421385 | | Bo= -0.6405660
B;=-02952714 || P;=-02952714 || P;=-02952699 || P;=-02939653
Ps=01400982 || Ps=0.1400982 || Ps=-0.1400973 || Ps=-0.1373266

(a) rmax=10 (b) rmax=3 (c) rmax=2 (d) rmax=1

Figure 4.2: Estimation coefficients for several maximum number of iterations

of IRLS

As we can see, if the IRLS algorithms make at least 3 iterations, the
estimation of coefficients is exactly the same. In other words, every time
we added a new variable, we needed 6,5,5 and 4 iterations respectively and
we obtain the same results with maximum three iterations in each iterative
procedure!'. Furthermore, the estimation of coefficients for two iterations of
the IRLS algorithm has a minimal difference of order 107°. In the case of a
sole iteration, there is sensible difference, which can be essential depending
on the accuracy of estimation that we want to achieve. Consequently, the
choice of rmax has to be appropriate so that the procedure will be fast and
the estimation of coefficients will be accurate.

Generally, regarding our method, it is necessary to highlight that our
R code requires to standardize our variables, otherwise the estimation of

coefficients is unstable. Apart from this, we have realized that our method

LOf course, minor differences exist, but we have defined tolerance=10"8
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is time-consuming. This is a consequence of the inclusion of the weighted
least squares estimate 3 = (XTWX) ' XTW Z to the IRLS. Thus, the
inverse of XTW X is calculated many times, until the algorithm converges.
It practically means that we do not avoid the inversion of XTW X! Although
we can choose a small value for maximum number of iterations in IRLS in
order to improve computationally the method, it does not suffice to speed up
the procedure enough. In addition, we calculate the B coefficients in every
step, i.e. every time we add a new variable, slowing down the procedure. On
the other hand, the latter is not necessarily a drawback, since we provide the

estimation of coefficients for all the intermediate models.

4.7 Conclusion of chapter 4

In this chapter, we expanded our approach to the Generalized Linear Model
case. At the beginning, we studied a general term, sparsity, which is very
important for big datasets. Thus, we reported the /;-norm regularization,
which lead to sparse models, and strategies for solving ¢;-norm regularization
problems. Furthermore, we referred to an optimal subsampling method under
the A-optimality criterion for the logistic regression model.

The aim of this chapter was to find a similar algorithm like the one used
in linear regression in order to speed up the estimation of the coefficients of
a GLM. We also studied the IRLS algorithm and we attempted to combine

it with the recursive formula that we mentioned earlier.
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Chapter 5

Conclusions-Further Research

5.1 Conclusions

In the current thesis we studied regression for big datasets. We accom-
plished to construct an algorithm for the estimation of regression coefficients
using a recursive formula, which is faster than the Ordinary Least Squares
estimation. This occurs because we do not need to invert the matrix X7 X
from scratch. In addition, if our variables are standardized, it is sufficient to
know the covariance matrix of the explanatory variables and the covariance
between the response and the explanatory variables. The full dataset is not
required.

Apart from these, we studied two additional methods for estimating co-
efficients, which are the regression by orthogonalization and the factorisation
of matrix X using QR decomposition. Comparing all the methods and via
various examples we noted that if the ratio n/p has large value, the method
with the recursive formula is the fastest computationally. Contrariwise, the
regression by orthogonalization is the most time-consuming due to back sub-
stitution.

In the end, we expanded on generalized linear models. Due to data’s

volume, we attempted to combine the IRLS algorithm, which estimates the
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coefficients of the GLM, with a similar formula like the one used in linear
regression in order to speed up the procedure. Unfortunately, we cannot
accomplish it since we do not avoid the inversion of XTW X inside the IRLS
algorithm. However, this procedure gives us the estimation of coefficients for
all the intermediate models, since we were estimating a model and then we

were adding a new variable.

5.2 Discussion-Further Research

One of the first aspects of Big Data that comes to mind is computation
time. Thus, an important part of this thesis was the comparison methods.
To derive results and notes, we relied on the running time of each method.
Generally, a programmer will have to consider three basic factors, when com-
paring methods for regression calculations. The first one is the memory that
is required. The second one is the efficiency, which includes the time it takes
to execute an algorithm. This is measured by counting the number of flops.
The last one is the accuracy, namely how close are the computed regression
quantities to the true quantities. Hence, it would be preferable to examine
all these criteria.

Two other issues that could be further explored are the case of QR de-
composition when we add a new variable and the combination of IRLS algo-
rithm with the updating technique. Regarding the first, and given that the
theoretical idea of our method is interesting, it is worth mentioning that the
updating code of the QR factorization could potentially be refined. Further
hardware or software constraints (RAM size / the programming language)
and the implications of them to our method could also be researched. More-
over, a possible review and optimization of the updating GLMs method could
be useful. Specifically, it would be ideal to find a formula for the inversion
of the matrix XTW X. In addition, in this dissertation, we primarily han-

dle logistic regression with logit link function. It is a good idea to examine
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several generalised linear models with various link functions.

Big Data is characterized by massive sample size and high-dimensionality.
We predominantly studied the case of massive sample size. However, it would
be interesting to study the other case, where the number of features is large
and bigger than the sample size. Examples of this are plentiful in biology,
climatology, geology, health science, economics etc. Dimension reduction
and variable selection play pivotal roles in analyzing such high dimensional
problems. The ¢;-norm penalized least squares problem was mentioned in the
dissertation, because it can solve the problem of high dimensionality. Apart
from that, there are many techniques which can handle the big number of
features, such as several forms of regularization, PCA and others and it is

worth being examined.
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