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Abstract

Stamatina Labrinakou

Graph Clustering

July 2018

The goal of the thesis is the study of graphs emphasizing on laplacian matrices and spectral
clustering. The first chapter constitutes an introduction to graphs. In the second chapter
we introduce laplacian matrices, while in the third chapter we represent some of the most
ubiquitous spectral clustering algorithms. The application of the thesis is clustering of
bond yield data. In the appendix we cite some code for the clustering of bond yield data.
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Chapter 1

Introduction to Graphs

Much of the material of this chapter is taken from [1] (pages 39-66).

1.1 Introduction to Graphs

Definition 1. A graph G is a set of points V (G) called vertices along with a set of line
segments E(G) called edges joining pairs of vertices. Vertices u and v are said adjacent
if there is an edge e =< u; v > joining them. Edge e is said to be incident with vertices
u and v,respectively.

Example 2. Suppose that there are ten students, numbered 1; 2; :::; 10, each of whom need
to sign up for classes next summer. The classes are Math, English, Science, History and
French. The time meetings will be determined after the students sign up so that no two
classes having students in common are scheduled for the same time. Suppose the class lists
of students are as follows: Math: f1,3,4,6,7,9g , English: f2,3,4,5,8g, Science: f1,6,7,10g,
History: f2,8,10g, French: f1,4,7g. The graph that models this situation letting the classes
be vertices and drawing an edge between vertices that share at least one common student:

Science French

English History

Math

Definition 3. Simple is called a graph that does not have loops, namely edges joining
the same vertices, or pairs of vertices joining by multiple edges.

3

CC BY: Attribution alone 4.0

https://creativecommons.org/licenses/by/4.0/

https://doi.org/10.26219/heal.aueb.6509



Definition 4. Complete is called a graph that is a simple graph having n vertices, with
each vertex being adjacent to every other vertex.

Definition 5. The degree of a vertex v, denoted deg(v), is the number of vertices adjacent
to v. The set of vertices adjacent to v is the neighborhood of v which we denote as N(v).

Example 6. Consider the following graph G:

c d

b e

a

The following table shows the vertex, the degree, the incidence edges and the neighbor for
each vertex of graph:

V ertex Degree Incident edges Neighbors

a 2 < a; b >;< a; e > b; e
b 3 < a; b >;< b; c >;< b; e > a; b; c
c 2 < b; c >;< c; d > b; d
d 2 < c; d >;< d; e > c; e
e 3 < a; e >;< b; e >;< d; e > a; b; d

Theorem 7. Let v1; ::; vn be the vertices of a graph G has m edges, then

nX
i=1

deg(vi) = 2m (1.1)

Therefore, the sum of the degrees of the vertices of a graph must be even.

Corollary 8. In any graph there must be an even number of vertices of odd degree.

This occurs, since the sum of degrees of vertices of a graph is even as well as the sum
of degrees of vertices of even degree is even and by extension the sum of degrees of vertices
of odd degree should be even. Thus, this induces that there must be an even number of
vertices of odd degree.

Example 9. A graph G has one vertex of degree 6, six vertices of degree 3 and two vertices
of degree 2. By applying the above theorem we conclude that the graph G must have 14
edges, since

6 + 6 � 3 + 2 � 2 = 2 �m => m = 14

4
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Theorem 10. If a graph has n � 2 vertices, then there must be at least two vertices with
the same degree.
Proof
We will show it by contradiction. Assume that the nodes have unique degrees. The possible
degrees in a graph with n vertices are 0; 1; 2; :::; n� 1. This gives n unique degrees that are
to be assigned to n vertices of the graph. Initially, the degree of zero is assigned to one of
the vertices of the graph G. This vertex is not connected to any other vertex of the graph.
Afterwards the degree of n � 1 is assigned to one of the remaining vertices. This new
chosen vertex is connected to every vertex of the graph. The above assignments lead us to
a contradiction because it is impossible simultaneously to have a vertex that is connected
to every other vertex and a vertex that is connected to none. Hence, there must be at least
two vertices with the same degree.

Definition 11. A graph is called regular if every vertex has the same degree.

Example 12. A 3-regular graph:

Definition 13. Let G1 and G2 be two graphs with vertex sets V (G1) and V (G2) respectively.
Then G1 and G2 are isomorphic. If there is a one-to-one correspondence � between V (G1)
and V (G2) such that for any pair of vertices u;w2V (G1) we have u and w are adjacent in
G1 i� �(u) and �(w) are adjacent in G2. The function � is an isomorphism from G1 to G2.

Example 14. By considering the following two graphs:
G1 G2:

b
c

da

e

r
t

s

p e

G1 and G2 are isomorphic as there exists an isomorphism � between these two graphs,
namely �(a) = p; �(b) = r; �(c) = q; �(d) = t; �(e) = s

Definition 15. A v-w walk in a graph G is a sequence of vertices beginning at v and
ending at w so that the consequtive vertices in the sequence are adjacent. The number of
edges encountered in a walk, including multiple appearances, is the length of the walk.

5
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Example 16. By considering the following graph G:

h i j k

d
e f

g

b
c

a

a d� b walk of length 5 is d� e� b� c� e� b.

Definition 17. A closed walk is a walk with the same starting and ending vertex. An
open walk is a walk in which the start and end vertices di�er.

Example 18. By considering the graph G of the example 16, a closed walk of length 5
beginning and ending at g is g � f � e� b� c� g.

Definition 19. A trail is a walk in which no edge is repeated.

Example 20. By considering the graph G of the example 16, the i� e trail of length 6 is
i� h� d� b� a� c� e.

Definition 21. A path is a walk in which no vertex is repeated.

Example 22. By considering the graph G of the example 16, a b � c path of length 4 is
b� e� f � g � c.

Note that a path in a graph is also a trail since no vertex is repeated and by extension
no edge can be repeated.

Definition 23. A cycle is a closed walk in which no vertex is repeated, but the starting
and ending vertices that are the same.

Example 24. By considering the graph G of the example 16, b� c� e� b is a cycle on 3
vertices.

Definition 25. The distance between two vertices v and w, denoted d(v; w), is the short-
est length path between v and w.

Example 26. We consider the graph of the example 6. The following table gives the
distances between distinct pair of vertices.

a b c d e

a 0 1 2 2 1
b 1 0 1 2 1
c 2 1 0 1 2
d 2 2 1 0 1
e 1 1 2 1 0

Definition 27. The diameter of a connected graph G, denoted diam(G) is the greatest
distance between any two vertices of G.

Example 28. We consider the graph G of the example 16. The diameter of the graph G
is equal to 6, since the distance between the vertices i and k is equal to 6 (i-h-d-e-f-g-k).

Definition 29. A graph is connected if there exists a path between every pair of distinct
vertices

6
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1.2 Operation of Graphs and Special Classes of Graphs

Definition 30. The complement of a graph G, denoted Gc, is formed from V (G) by
joining vertices i and j of V (G) i� i and j are not adjacent in G.

Example 31. Consider the graph G :

c d

b e

a

We create the complement Gc by �rst deleting the existing edges and then adding edges
joining the nonadjacent vertices of G.
Gc :

c d

b e

a

Theorem 32. If a graph G on n vertices is r-regular, then Gc is n� r � 1 regular.
Proof
In the graph G, each vertex v is adjacent to r of the other n � 1 vertices of the graph G.
Thus in the complement of the graph G, the degree of the vertex v is equal to n � r � 1,
namely the vertex v is adjacent to the n � 1 � r vertices which are not adjacent to the
vertex v in the graph G.

Definition 33. The line graph of a graph G, denoted L(G), is the graph that is constructed
from G by representing each edge e of G by a vertex ve in L(G) and joining two vertices ve
and ve� i� edges e and e� are incident with the same vertex in G.

Example 34. We consider the graph of the example 31. Its line graph:

cd

bc de

ab ae

Definition 35. The induced subgraph by a subset U of the vertices of a graph G is the
graph consisting of the vertices in U and all edges in E(G) which join vertices in U .

Example 36. Consider the graph of the example 31. The subgraph induced by vertices
a; b; c; d :

7
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c d

b

a

Example 37. Consider the graph of the example 16. The subgraph induced by the set of
vertices fa; b; d; eg:

d e

b

a

Definition 38. The union of two graphs G and H, denoted G
S
H or G+H, is the graph

whose the vertex set is V (G)
S
V (H) and whose edge set is E(G)

S
E(H).

Example 39. We consider the following graphs and form their union.
G: H: G

S
H:

c d

b

c d

ba

c d

ba

Example 40. We consider the following graphs and form their union.
G: H: G

S
H:

a

b

c

d

e

a

b

c

d

e

Definition 41. The join of two graphs G and H, denoted G
W
H, is created by adding

edges between G and H so that every vertex in G is adjacent to every vertex in H.

Example 42. We consider the graphs G and H of the example 40. G
W
H:

a

b

c

d

e

Example 43. We consider the graphs G and H of the example 39. G
W
H:

c d

ba

8
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Definition 44. Let V (G) = fu1; :::; ung and V (H) = fv1; :::; vpg. The product GxH is
created by taking p copies of G, calling them G1; :::;Gp, placing them at the location of the
vertices v1; ::; vp in H, then joining the vertex ui in Gj to the vertex ui in Gk i� vj and vk
are adjacent in H.

Example 45. We consider the following graphs and form their product.

G: H: GxH:

u2

u1

v1 v2 v3
(u2; v1)

(u1; v1)

(u2; v2)

(u1; v2)

(u2; v3)

(u1; v3)

Example 46. We consider the following graphs and form their product.

G: H: GxH:

u2

u1

v1 v2

v4

v1

(u2; v2)

(u1; v2)

(u2; v3)

(u1; v3)

(u2; v4)

(u1; v4)

(u2; v1)

(u1; v1)

Theorem 47. (G
W
H)c = Gc +Hc

Proof
The set of vertices of the graph G

W
H consists of the vertices of the graph G, V (G) and

the vertices of the graph H, V (H) i.e V (G
W
H) = V (G)

S
V (H). The set of edges of

the graph G
W
H consists of the edges of the graph G, E(G), the edges of the graph H,

E(H), and the edges that are needed so that every vertex in G is adjacent to every vertex
in H, E�, i.e E(G

W
H) = E(G)

S
E(H)

S
E�. In addition, the set of vertices of the

graph (G
W
H)c consists of the vertices of the graph G

W
H i.e V (G

W
H) = V ((G

W
H)c) =

V (G)
S
V (H) = V (Gc)

S
V (Hc) and the set of edges of the graph (G

W
H)c consists of the

edges of the complement of the graph G and the edges of the complement of the graph H,
i.e E((G

W
H)c) = E(Gc)

S
E(Hc).

Hence, (G
W
H)c = Gc +Hc.

Definition 48. A complete graph on n vertices, denoted Kn, is the graph on n vertices
in which every pair of vertices is adjacent.

9

CC BY: Attribution alone 4.0

https://creativecommons.org/licenses/by/4.0/

https://doi.org/10.26219/heal.aueb.6509



Example 49. Complete graphs on 3, 4 and 5 vertices:

Theorem 50. The number of edges of Kn is equal to n(n�1)
2 .

Proof
The degree of every vertex of Kn is equal to n-1. By applying the theorem 7, we have that

n(n� 1) = 2m => m =
n(n� 1)

2
(1.2)

.

Definition 51. A clique of a graph G is a complete induced subgraph of G. The clique
number, denoted (!(G)), is the number of vertices in the largest clique of G.

Example 52. Consider the following graph G:

c d

b
e

a

f

Observe the subgraph induced by vertices b; c; d; e is a clique, that is the largest induced
complete subgraph of G. Hence !(G) = 4.

Definition 53. The empty graph, En, on n vertices is the complement of the complete
graph on n vertices, Kn. Thus the empty graph on n vertices is the graph on n vertices
containing no edges.

Definition 54. A split graph is a graph whose vertices can be partitioned into two sets
where the induced subgraph by the one set of vertices is a complete subgraph while the
induced subgraph by the other set is an empty graph.

Example 55. We consider the graph G:

c
d

b
e

a

i

h

g

f

We can partition the vertices into sets V = fa; b; c; d; eg and W = ff; g; h; ig where the

10
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subgraph induced by the vertices in V is the complete graph K5, while the subgraph induced
by the vertices in W is the empty graph E3.

Theorem 56. A graph G on n � 2 vertices is bipartite i� it contains no odd cycles.
Proof
First, we assume that the graph G is bipartite. This means that the set of vertices of the
graph G, V (G), can be partitioned into two nonempty subsets V1 and V2, so that each edge
joins a vertex in V1 to a vertex in V2. We must show that the length of an existing cycle of
the graph G is even or equivalently it is a cycle on even number of vertices. Therefore, we
assume a cycle on p vertices Cp = v1v2::::vpv1 with v1 2 V1. Since the graph is bipartite,
it follows that v1 2 V1; v2 2 V2; :::; vp 2 V2. Hence, p is even and the length of Cp is even.
For the converse, assume that G has no odd cycles. We must show that G is bipartite. Let
u 2 V (G), V1 = fw 2 V (G)jd(u;w) is eveng and V2 = fw 2 V (G)jd(u;w) is oddg. We
will show that (V1; V2) is a bipartition of G, namely every edge of G joins a vertex of V1 to
a vertex of V2. In order to show that, we assume that there exists an edge e joining two
vertices of V2. Let y; z 2 V2 and e =< y; z >.
In addition, let P = u; v1; v2; :::; v2s; v2s+1 = y be the shortest u� y path,
Q = u;w1; w2; :::; w2t; w2t+1 = z be the shortest u � z path and these paths have some
common vertices. Let x be the last common vertex of paths such that d(u; x) = i, i � 0
with i = 0 corresponding to the case that vertex u is the only common vertex of the paths.
Since we consider the shortest paths u � y and u � z, we have that vi = wi = x and by
extension x; vi+1; :::; v2s; y; z; w2t; :::; x is a cycle of length [(2s+1)� i]+ [(2t+1)� i]+1 =
2(s+ t� i+ 1) + 1 that is of odd length and contradicts to our initial assumption that G
has no odd cycles.

Example 57. We consider the graph G:

c

b

a h

g

f

d e

The graph G is not bipartite since it contains the odd cycle a-e-g-a.

Theorem 58. A graph G in which every edge joins a vertex with even degree, called even
vertex, with a vertex with odd degree, called odd vertex, is bipartite.
Proof
Let u 2 V (G), V1 = fw 2 V (G)jdegree of w is eveng and V2 = fw 2 V (G)jdegree of w is oddg.
We will show that (V1; V2) is a bipartition of G, namely every edge of G joins a vertex of
V1 to a vertex of V2. In order to show that, we assume that there exists an edge e joining
two vertices of V1 that contradicts to the fact that every vertex join an even vertex with
an odd vertex and thus there cannot exist an edge joining a pair of even vertices.

11
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1.3 Trees

Definition 59. A tree is a connected graph that contains no cycle.

Example 60. Some examples of trees are as follows:

Definition 61. A star on n vertices is a tree consisting of one vertex that is adjacent to
the remaining n� 1 vertices.

Example 62. Examples of stars:

Definition 63. A pendant vertex is a vertex whose degree is one

Lemma 64. Every tree (other than K1) has at least two pendant vertices.
Proof
Let T be a tree and let P be a path u = w0 � w1 � w2 � :: � wk = v in T of greatest
length. We will show that u and v are pendant vertices of T . Necessarily, neither u nor
v is adjacent to any vertex not on P , because otherwise a path whose length is greater
than the length of P would be produced. Certainly, u and v are adjacent to w1 and wk�1

respectively. In addition, since T contains no cycles, u and v cannot be adjacent to any
other vertex of P . Thus deg(u) = deg(v) = 1

Theorem 65. A tree on n vertices has n� 1 edges.
Proof
We will prove this by induction on n. The only tree on n = 1 vertex is K1 which has no
edges. Hence the result is true for n = 1.
Assume now that for a �xed positive integer k that all trees on k vertices have k�1 edges.
Let T be a tree on k + 1 vertices. The theorem is proven if we can show that T has k
edges. By previous lemma, T contain at least two pendant vertices and let v be one of
them. Then T

0
= T � v is a tree on k vertices and by the inductive hypothesis has k � 1

edges. Hence, T has k edges, since T has exactly one more edge that T
0
.

Theorem 66. A connected graph G on n vertices is a tree i� G has n� 1 edges.
Proof
First, we assume that a connected graph G on n vertices is a tree. According to the theorem
65, G has n� 1 edges.
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For the converse, we assume that a connected graph G has n � 1 edges. We will show
that G is a tree. For that we assume that G is not a tree. This means that G has at least
one cycle. Successively remove edges from the cycles of G in order to obtain a connected
graph without cycles G0. The graph G0 has n vertices but n � x � 1 edges where x > 0
is the number of edges removed in order to obtain G0, but this contradicts to our initial
assumption that a connected graph on n vertices has n� 1 edges.

Theorem 67. A graph G on n vertices is a tree i� for every pair of distinct vertices u
and v of G there exists a unique u� v path.
Proof
Let G be a tree. Thus G is connected by de�nition. This means that every pair of distinct
vertices of G are connected by a path. We will show that every pair of distinct vertices of G
are connected by a unique path. For that we suppose that there is a pair of distinct vertices
of G that are connected by two distinct paths, but then a cycle is formed that contradicts
to our initial assumption that G is a tree.
For the converse, we suppose that every pair of distinct vertices u and v of G are connected
by a unique u� v path. Hence, certainly G is connected. Therefore, in order to show that
G is a tree, it is enough to show that G does not contain cycles. For that we assume that
G has a cycle C and u and v are two distinct vertices of C. C determines two distinct
u� v paths that contradicts to our assumption that every pair of distinct vertices (u; v) of
G are connected by a unique u� v path.

Theorem 68. Let G be a connected graph on n vertices. The following are equivalent:
(a) G is a tree
(b) G has n� 1 edges
(c) For every pair of distinct vertices u and v of G, there exists a unique u� v path.
Proof
This theorem is proved by applying the theorems 66 and 67.

Theorem 69. Let G be a connected graph on n vertices, Then G has at least n� 2 edges.
Proof
This theorem is certainly true for graphs on 1,2 or 3 vertices. Assume that this theorem
is false. Then a connected graph on n vertices has at most n � 2 edges. We assume that
G is a connected graph on the smallest number of vertices such that the number of edges
is at most the number of its vertices minus 2.
We will �rst show that G has a pendant vertex. In order to show that, we assume that G
does not have a pendant vertex. This means that the degree of every vertex of G is at least
2 and by extension

P
v2G deg(v) � 2n. Since the sum of the degrees of the vertices is twice

the number of edges of a graph, it follows that G has at least n edges which contradicts to
our assumption that G has at most n� 2 edges. Therefore, G contains a pendant vertex.
Let v be a pendant vertex of G. Since G is connected, has n vertices and at most n � 2
edges, it follows that G � v is connected, has at most n � 3 edges and n � 1 vertices, but
this contradicts to our assumption that G is a graph on the smallest number of vertices
such that the number of edges is at most the number of vertices minus 2.

Example 70. Suppose a tree T has 21 vertices and the vertices have only degrees 1, 3, 5
and 6. If has exactly 15 pendant vertices and one vertex of degree 6, how many vertices
on T have degree 5;

A tree with 21 vertices has 20 edges. Let x be the number of vertices of degree 3 and
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y the number of vertices of degree 5. Since the sum of the degrees of the vertices is twice
the number of edges of a graph, we have thatX

v2T
deg(v) = 40 => 15 + 6 + 3x+ 5y = 40 => 3x+ 5y = 19 (1.3)

that gives two vertices of degree 5 and three vertices of degree 3.

Example 71. Suppose a tree T on 35 vertices has 25 pendant vertices, two vertices of
degree 2, three vertices of degree 4, one vertex of degree 5 and two vertices of degree 6. It
also contains two vertices of the same unknown degree x. What is x;

A tree with 35 vertices has 34 edges. Since the sum of the degrees of the vertices is
twice the number of edges of a graph, we have thatX
v2T

deg(v) = 68 => 25 + 2 � 2 + 3 � 4 + 1 � 5 + 2 � 6 + 2x = 68 => 2x = 10 => x = 5(1.4)

.

Definition 72. A graph H is called subgraph of a graph G, written H � G , if V (H) �
V (G) and E(H) � E(G).

Example 73. Consider the following graph:

y

w
x

u

Some of its subgraphs:

y

w
x

u u

w

x

u

y

x

u

w x

y

Definition 74. A spanning tree of a graph G is a tree that is a subgraph of G containing
all of the vertices of G.

Example 75. Consider the following graph G:

x
y

wv

u

Two spanning trees of G:
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x
y

wv

u

x
y

wv

u

Definition 76. A rooted tree is a tree in which a vertex is designated as the root vertex.

Example 77. Examples of rooted trees:

root

root

Definition 78. In a rooted tree, if a vertex v is adjacent to a vertex w and v lies one level
above w, then we say that v is a parent of w and that w is a child of v.

Definition 79. In a rooted tree, if w lie any number of levels below v and path from w to
v contains only vertices on levels below v, then we say w is a descendant of v and v is
an ancestor of w.

Definition 80. A rooted m-ary Bethe tree on k levels is a rooted tree on k levels
where each vertex in levels 0; ::; k � 1 has m children.

Example 81. A 2-ary Bethe tree on 3 levels:

There are two common algorithms that create spanning trees of graphs: the depth-
first search(dfs) and the breadth-first search(bfs) algorithms. With the depth-
first search we first designate a vertex to be the root vertex. Then we create a spanning
tree by traveling from the root vertex as far as we can go until we cannot travel with-
out going to a vertex we already accounted for. We then backtrack through the path we
created until we encounter a vertex that is adjacent to a vertex we have not accounted
for. We then travel along a path accounting for new vertices until we cannot travel any
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further. We then backtrack as we did before until we find another vertex that is adjacent
to a vertex we have not accounted for. We continue this procedure until all vertices are
accounted for.
Since first we choose the vertex that will be the root of tree and then when we backtrack
we may meet vertices that are adjacent to more than one unaccounted vertices and hence
we choose one of them, the spanning tree produced using dfs is not unique.

Example 82. Consider the graph below:

h i j k

d
e f

g

b
c

a

We designate vertex a to be the root vertex. Starting at vertex a, we can create a path
by traveling to vertices b; d; h, then i. At this point, i is not adjacent to any unaccounted
vertices. So we backtrack until we reach a vertex adjacent to an unaccounted vertex. The
�rst such vertex we reach when we backtrack is d. From d we create the path by traveling
to vertices e; c; g, then k. Since k is not adjacent to any unaccounted vertices, we backtrack
to g that is adjacent to two unaccounted vertices. From g we create the path by traveling
to vertex j. Since j is not adjacent to any unaccounted vertices, we backtrack to g that
is adjacent to an unaccounted vertex. From g we create the path by traveling to vertex f .
We have now accounted for all of the vertices of our graph. Below is the spanning tree we
created using the dfs alogorithm:

h i j k

d
e f

g

b
c

a

In the beadth-first search algorithm, we designate a root vertex. We choose all
vertices that are adjacent to the root vertex. We then go one by one through these vertices
and choose all of the vertices adjacent to these vertices that have not been accounted for.
We continue in this fashion creating additional levels of our spanning tree until all vertices
of the graph are accounted for.
Since there is a choice in which vertex is designated the root vertex and since there is
often a choice in the order in which the subsequent vertices are considered, the spanning
tree we produce using the breadth-first search algorithm is not unique.

Example 83. Consider the graph below:
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h i j k

d
e f

g

b
c

a

We designate vertex a to be the root vertex. Since a is adjacent to b and c, let edges ab
and ac be in our spanning tree. Now we consider vertices b and c. The vertices adjacent
to b that we have not accounted for are d and e, hence we let edges bd and be be in our
spanning tree. The only unaccounted vertex adjacent to vertex c is g, thus the edge cg will
be in our spanning tree. Now we consider the vertices d; e and g which are currently at the
bottom level of our spanning tree.The unaccounted vertex adjacent to d is h, thus adding
dh to the tree. The unaccounted vertex adjacent to e is f , thus adding edge ef to the tree.
The unaccounted vertices adjacent to g are j and k, thus adding edges gj and gk to the
tree. Now we consider the vertices h; f; j and k which are currently at the bottom level
of our spanning tree. The unaccounted vertex adjacent to h is i, thus adding edge hi to
the tree. There are no unaccounted vertices to f; j and k as well as to h. Below is the
spanning tree we created using bfs:

h

i

j k

d
e

f

g

b
c

a

Definition 84. A connected subgraph of a disconnected graph G that is not a subgraph of
any connected subgraph of G is called a component of G.

Example 85. The following graph has three components: the subgraph induced by the
vertices fa; b; c; dg, the subgraph induced by the vertices fe; f; gg and the subgraph induced
by the vertices fh; ig.

a
b

cd

f g

e

i

h

Definition 86. A forest is a disconnected graph in which each component is a tree.

Corollary 87. Every forest F on n vertices with k components has n� k edges.
Proof
Let m be the total number of edges of F . The components of F are trees Ti on ni vertices
with

Pk
i=1 ni = n and 1 � i � k. Hence, we have that m =

Pk
i=1mi =

Pk
i=1(ni � 1) =Pk

i=1 ni � k = n� k where mi is the number of edges Ti with mi = ni � 1 since a tree on
ni vertices has ni � 1 edges.
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1.4 Connectivity of Graphs

Definition 88. A vertex v is a cut vertex of a connected graph G if G�v is disconnected.

Example 89. Consider the following graph G:

b

a

c

e

d

f g

i

h

j k

The vertex c is a cut vertex since the removal of c with the incidence edges
f< a; c >;< b; c >;< c; d >;< c; e >;< c; f >g will result in a disconnected graph.

Theorem 90. A vertex v is a cut vertex in a connected graph G i� there exist vertices u
and w distinct from v such that v lies on every u� w path of G.
Proof
First, we assume that a vertex v is a cut vertex in a connected graph G. Thus G � v is
disconnected by de�nition.We will show that there exist vertices u and w distinct from v
such that v lies on every u�w path of G. For that we suppose that u and w are in di�erent
components of G � v. Since G � v is disconnected there does not exist a u � w path in
G � v, but there does exist such a path in G. Thus it follows that every u � w path in G
must contain v.
For the converse, we assume that there exist vertices u and w distinct from v such that v
lies on every u � w path of G. This means that there does not exist u � w path in G � v
and by extension G � v is disconnected. Hence, v is a cut vertex of G.

Theorem 91. Let G be a connected graph and let u 2 V (G). If v is a vertex that is
farthest from u in G, then v is not a cut-vertex of G.
Proof
Assume that v is a cut vertex of G. Let w and u be in di�erent components of G�v. Since
a u� w path in G contains v, it follows that d(u;w) � d(u; v) that is contradiction.

Definition 92. A graph is nonseparable if it does not contain a cut vertex.

Theorem 93. A connected graph G on n � 3 vertices is nonseparable i� every two vertices
of G lie on a common cycle.
Proof
First, we assume that G is a graph on n � 3 vertices such that every two vertices of G lie
on a common cycle and we will show that G is nonseparable. We note that G is connected
since every two vertices of G lie on a common cycle and by extension they are connected.
We assume that G is not nonseparable and hence G must contain a cut vertex, say v. Let u
and w be two vertices belonging to di�erent components of G � v. According to our initial
assumption all vertices lie on a common cycle C that determines two distinct u�w paths
of G, one of which does not contain the vertex v contradicting to assumption that v is a
cut vertex. Therefore G does not contain cut vertices and so G is nonseparable.
For the converse, we assume that G is a nonseparable graph on n � 3 vertices and we
will show that every two vertices of G lie on a common cycle. We assume G contains two
vertices that do not lie on a common cycle. Let (u; v) be such a pair with the minimum
d(u; v) among all pairs of vertices that do not lie on a common cycle.
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1st case: d(u; v) = 1, i.e. < u; v >2 E(G). Since G is nonseparable and n � 3, at
least one of u and v is adjacent to another vertex of G. Without loss of generality say u
is adjacent to a vertex w. Since G does not contain cut vertices, G � v is connected and
contains a w� u path. The w� u path together with the path v� u�w form a cycle in G
that contradicts to our assumption that u and v do not lie on a common cycle.

v

u w

2nd case: d(u; v) = k � 2. Let P = (u = v0; v1; :::; vk�1; vk = v) be a u � v path in G.
Since we have assumed that u and v do not lie on a common cycle and G is nonseparable,
we consider that there exists a cycle C containing u and vk�1 but not v as the below �gure
shows. Since vk�1 is not a cut vertex, the theorem 90 implies that there is u � v path Q
that does not contain vk�1. Since u 2 V (C), there is a vertex x 2 V (Q) \ V (C). Let Q

0

be the v � x subpath of Q and let P
0

be a vk�1 � x path on C that contains u. The edge
v; vk�1 with the paths P 0 and Q0 form a cycle containing both u and v that contradicts to
our initial assumption that u and v do not lie on a common cycle.

Theorem 94. Let G be a simple graph. Either the graph G or its complement Gc is
connected.
Proof
We assume that the graph G is not connected and we will show that its complement Gc is
connected. Let u; v be two vertices in G.
1st case: The vertices u and v lie in di�erent components of G. Since u; v are not adjacent
in G, they must be adjacent in Gc. Hence there exist a u� v path in Gc.
2nd case: The vertices u and v lie in the same component of G. Let w be a vertex in a
di�erent component of G. Since the vertices u and v are not adjacent to w in G, both u
and v must be adjacent to w in Gc. Hence there exists a u� w � v path in Gc.
Since there exists a path between any two vertices of Gc, Gc is a connected graph.

Theorem 95. If v is a cut vertex of a graph G then v is not a cut vertex of Gc.
Proof
Since v is a cut vertex of a graph G, G�v is disconnected. According to the above theorem,
(G � v)c = Gc � v is connected and that’s why v cannot be cut vertex of Gc.

Definition 96. A block of graph G is nonseparable subgraph of G that is not a subgraph
of any other nonseparable subgraph of G.

Example 97. We consider the following graph G:
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b

a

c

e

d

f g

i

h

j k

Blocks of the graph G are the subgraph induced by the vertices fa; b; cg ; the subgraph
induced by the vertices fc; d; f; eg ; the subgraph induced by the vertices fg; h; i; jg ; the
subgraph induced by the vertices fj; kg ; the subgraph induced by the vertices ff; gg.

Definition 98. Given a graph G, a vertex cut is a set of vertices U such that G � U is
disconnected.

Definition 99. If the cardinality of vertices in a vertex cut U of a graph G is the minimum
number of vertices required to be removed from G to render G disconnected, we say that U
is a minimal vertex cut. This cardinality is known as the vertex connectivity of G
and is denoted by v(G).

Example 100. We consider the following graph G:

f
e d

a b c

Observe that G contains no cut vertices. However, there exist a vertex cut U of cardinality
2, namely U = fb; eg, since G � U is disconnected .Hence the vertex connectivity of G is
2,i.e v(G) = 2.

Definition 101. An edge e is a bridge of a connected graph G if G� e is disconnected.

Example 102. We consider the following graph G:

b

a

c

e

d

f g

i

h

j k

The edge < f; g > is a bridge of G since G� < f; g > is disconnected.

Definition 103. Given a graph G, an edge cut is a set of edges X such that G �X is
disconnected.

Definition 104. If the cardinality of edges in an edge cut X of a graph G is the minimum
number of edges required to be removed from G to render G disconnected, we say that X
is a minimal edge cut. This cardinality is known as the edge connectivity of G and is
denoted by e(G).

Example 105. We consider the following graph G:
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f
e d

a b c

We observe that G has no bridges. However, there does exist an edge cut X of cardinality
2, namely X = f< a; b >;< f; e >g since G �X is disconnected. Thus e(G) = 2.

The minimum vertex degree will be denoted as �(G).

Theorem 106. For every graph G, we have v(G) � e(G) � �(G).
Proof
If G is disconnected, then v(G) = e(G) = 0 � �(G) and the inequalities hold. If G = Kn

for n � 2 then v(G) = e(G) = �(G) = n� 1 and the inequalities hold. So for the reminder
of the proof, we will assume that G is a connected noncomplete graph on n � 3 vertices
and by extension �(G) � n� 2.

Let’s �rst show that e(G) � �(G). Let v be a vertex of G such that deg(v) = �(G). Since
the set of �(G) edges incident with v is an edge cut of G, it follows that e(G) � �(G) � n�2.

To show v(G) � e(G), let X be a minimum edge cut of G. Then jXj = e(G) � n � 2.
G�X contains exactly two components, say G1 and G2. Suppose G1 has k � 1 vertices and
hence G2 has n � k � 1 vertices. Since X is an edge cut, every edge in X joins a vertex
in G1 to a vertex in G2. We consider two cases:

Case 1: Every vertex of G1 is adjacent to every vertex in G2.Thus jXj = k(n � k).
Since (k � 1)(n � k � 1) � 0 => k(n � k) � n + 1 � 0 => k(n � k) � n � 1 => e(G) =
jXj = k(n� k) � n� 1. However, e(G) � n� 2, so this case cannot occur.

Case 2: There exist vertices u in G1 and v in G2 such that u and v are not adjacent
in G. We de�ne a set U of vertices of G. For each e 2 X, we select a vertex for U in the
following way. If u is incident with e, then choose the other vertex in G2 that is incident
with e as an element of U . Otherwise, select the vertex that is incident with e and belongs
to G1 as an element of U . Since there may be more than one edge incident to be a vertex
in U , jU j � jXj. Since u; v =2 U and there is no u� v path in G�U , it follows that G �U
is disconnected and so U is a vertex cut. Thus, v(G) � jU j � jXj = e(G) � �(G).

Theorem 107. Let G be a graph on n vertices. If deg(u) + deg(v) � n� 1 for every two
nonadjacent vertices u and v of G, then G is connected and diam(G) � 2.
Proof
We will show that every two distinct vertices of G are connected by a path of length at
most 2. Let x; y 2 V (G). If < x; y >2 E(G) then there is a x� y path of length equal to 1.
For the remainder of the proof, we assume that x and y are not adjacent vertices. Since
it is given that deg(x) + deg(y) � n� 1, there must be a vertex w that is adjacent to both
x and y. So (x;w; y) is a x� y of length 2 in G.

Theorem 108. If G is a graph on n vertices with �(G) � n�1
2 , then G is connected.

Proof
For every two nonadjacent vertices u and v of G,

deg(u) + deg(v) � n�1
2 + n�1

2 = n� 1 and by extension G is connected according to the
above theorem.
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Theorem 109. If G is a graph on n � 3 vertices such that deg(v) � n
2 for each vertex

v 2 G, then G is nonseparable.
Proof
Since deg(v) � n

2 for each vertex v 2 G, we have that �(G) � n
2 �

n�1
2 and according to the

above theorem G is a connected graph. We will show that G is a nonseparable by showing
that it does not contain a cut vertex. Let v 2 G be a cut vertex and u;w be two vertices
that are in di�erent components of G � v. The set N(U) of vertices adjacent to u contain
at least n

2 vertices, as does N(w). Since G contains n vertices, N(U)\N(w) must contain
at least two vertices, at least one of which is not v, say x. Thus there does exist a u� w
path not containing v, namely u� x� w, and by extension v cannot be a cut vertex of G
that is contradiction.

.
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Chapter 2

Introduction to Unnormalized
Laplacian Matrices

Much of the material of this chapter is taken from [2] (pages 91-125) and [3].

2.1 Matrix Representations of Graphs

Definition 110. Let G be a graph on n vertices labelled 1; :::; n. The adjacency matrix of
G on n vertices is the nxn matrix A = [aij ] where

aij =

(
1 ; if i 6= j; i and j are adjacent

0 ; if i = j or i 6= j and i is not adjacent to j

We are not allowing loops in our graphs and thus the diagonal entries of the adjacency
matrix are equal to zero. As for the off-diagonal entries, since aij = aji the adjacency
matrix is symmetric. We note that the number of 1’s in each row and each column is the
degree of the corresponding vertex.

Example 111. We consider the following graph:

5 6

3 4

1 2

Its adjacency matrix is:

A =

26666664

0 1 1 0 1 0
1 0 0 1 1 0
1 0 0 0 1 0
0 1 0 0 0 1
1 1 1 0 0 1
0 0 0 1 1 0

37777775
Example 112. We consider the following graph:
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4 5 6 7

2 3

1

Its adjacency matrix is:

A =

2666666664

0 1 1 0 0 0 0
1 0 0 1 1 0 0
1 0 0 0 0 1 1
0 1 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 1 0 0 0 0

3777777775
Theorem 113. Let G be a graph with vertices v1; ::; vn and adjacency matrix A = [aij ].

Then the entry a
(k)
ij in row i and column j of Ak is the number of distinct vi� vj walks of

length k in G.
Proof
We prove this by induction on k. For k = 1, we have the matrix A1 = A. An entry of

a
(1)
ij is 1 if vi and vj are adjacent, i.e. there is a vi� vj walk of length one in G. Likewise,

an entry of a
(1)
ij is 0 if vi and vj are not adjacent, i.e. there are no vi � vj walks of length

one in G. This proves the base step.
For the inductive hypothesis, assume that for a positive integer k, the number of vi � vj
walks of length k in G is a

(k)
ij . By matrix multiplication, the entry a

(k+1)
ij of Ak+1 is the

dot product of row i of Ak and column j of A.

In other words a
(k+1)
ij =

Pn
s=1 a

(k)
is asj = a

(k)
i1 a1j + a

(k)
i2 a2j + :::+ a

(k)
in anj. Every vi� vj walk

W of length k + 1 in G is produced by beginning with a vi � vs walk W
0

of length k in G
for some vertex vs adjacent to vj, then following W

0
by vj. By the inductive hypothesis,

the number of vi � vs walks of length k is a
(k)
is . In addition, asj = 1 i� vs is adjacent to

vj. Hence a
(k+1)
ij represents the number of vi � vj walks of length k + 1 in G.

Example 114. We consider the graph of the example 111. The second power of A is:

A2 =

26666664

3 1 1 1 2 1
1 3 2 0 1 2
1 2 2 0 1 1
1 0 0 2 2 0
2 1 1 2 4 0
1 2 1 0 0 2

37777775
Thus, for example, since a

(2)
2;3 = 2 there are two v2 � v3 walks of length two, namely

v2 � v1 � v3 and v2 � v5 � v3.

We notice that the diagonal entries of A2 are precisely the degrees of each vertex. This
is because the walks of length two from a vertex vi to itself are the walks (vi; vj ; vi) where
vj is a vertex adjacent to vi and therefore the number of closed walks of length 2 beginning
and ending at vi is equal to the number of adjacent vertices to vi.
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Example 115. We consider the graph of the example 111. The third power of A is:

A3 =

26666664

4 6 5 2 6 3
6 2 2 5 8 1
5 2 2 3 6 1
2 5 3 0 1 4
6 8 6 1 4 6
3 1 1 4 6 0

37777775
For example, since a

(3)
4;2 = 5 there are �ve v4 � v2 walks of length three, namely v4 � v6 �

v5 � v2; v4 � v2 � v5 � v2; v4 � v2 � v1 � v2; v4 � v2 � v4 � v2 and v4 � v6 � v4 � v2. In

addition, since a
(3)
22 = 2 there are two cycles of length 3, namely v2 � v1 � v5 � v2 and

v2 � v5 � v1 � v2

A closed walk of length 3 is a cycle of length 3. Hence, for each i = 1; 2; ::; n the ith
diagonal entry of A3 are the number of cycles of length three beginning and ending at
vi. Each cycle beginning and ending at vi with i = 1; 2; ::; n, is counted twice (once for
each direction, clockwise and anticlockwise). However, the ith diagonal entry of A4 does
not represent the number of cycles of length four beginning and ending at vi. Consider-
ing the graph of the previous example, a walk of length 4 beginning and ending at v1 is
v1� v2� v1� v2� v1 that is not a cycle of length 4. We recall that a cycle is a closed walk
in which no vertex is repeated except that the starting and ending vertices are the same.

Example 116. Considering the graph of the example 112. The third power of A is

A3 =

2666666664

0 4 4 0 0 0 0
4 0 0 3 3 1 1
4 0 0 1 1 3 3
0 3 1 0 0 0 0
0 3 1 0 0 0 0
0 1 3 0 0 0 0
0 1 3 0 0 0 0

3777777775
As we expected all the diagonal entries of A3 are equal to 0 since there do not exist

cycles of length 3 in G.

The fourth power of A is

A4 =

2666666664

8 0 0 4 4 4 4
0 10 6 0 0 0 0
0 6 10 0 0 0 0
4 0 0 3 3 1 1
4 0 0 3 3 1 1
4 0 0 1 1 3 3
4 0 0 1 1 3 3

3777777775
]

As we expected, all the diagonal entries of A4 are not equal to 0 since there exist walks
of length 4 beginning and ending at the same vertex, such as v4 � v2 � v1 � v2 � v4.

We recall that the trace of a matrix A, denoted Tr(A), is the sum of the diagonal
entries of A.
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Theorem 117. Let A be a graph G with m edges, n vertices and t cycles of length 3. Then
(i) Tr(A) = 0
(ii) Tr(A2) = 2m
(iii) Tr(A3) = 6t
Proof
We are not allowing loops in our graphs and thus the diagonal entries of the adjacency
matrix are equal to 0. Hence, Tr(A) = 0.

The diagonal entries of A2 are precisely the degrees of each vertex. Since the sum of degrees
of the vertices is equal twice the number of edges the graph, we have that Tr(A2) = 2m.

For each i=1,2,..,n the ith diagonal entry of A3 are the number of cycles of length 3
beginning and ending at vi. Each cycle will be counted twice (once for each direction,
clockwise and anticlockwise) for each of the three vertices of the cycle. Therefore the num-

ber of distinct cycles is Tr(A3)
6 = t => Tr(A3) = 6t. In other words each existing cycle

increases by 2 the diagonal entries of A3 corresponding to the vertices of the cycle. Since
it is given that t is the number of cycles of length 3, we have that Tr(A3) = 6t.

Definition 118. Let G be a graph on n vertices labeled v1; ::; vn and m edges labeled
e1; ::; em. The incidence matrix F is the nxm matrix such that

fij =

(
p(vi; ej) ; if vi and ej are incident

0 ; if vi and ej are not incident

The columns of the incidence matrix F correspond to the edges of the graph, while the
rows of the incidence matrix F to the vertices of the graph. In addition, p(vi; ej) is equal
to 1 if vi is the lower-numbered label vertex incident to ej and equal -1 if vi is the larger-
numbered label vertex incident to ej.

Example 119. We consider the graph of the example 111. The incidence matrix F is

F =

26666664

1 1 1 0 0 0 0 0
�1 0 0 1 1 0 0 0
0 �1 0 0 0 1 0 0
0 0 0 �1 0 0 1 0
0 0 �1 0 �1 �1 0 1
0 0 0 0 0 0 �1 �1

37777775
Observation: Each column j has exactly two non-zero entries. These entries are in

the rows corresponding to the two vertices that are incident to ej .

Example 120. We consider the graph of the example 112. The incidence matrix F is

F =

2666666664

1 1 0 0 0 0
�1 0 1 1 0 0
0 �1 0 0 1 1
0 0 �1 0 0 0
0 0 0 �1 0 0
0 0 0 0 �1 0
0 0 0 0 0 �1

3777777775
Theorem 121. Let G be a graph on n vertices and m edges, and let F be its incidence
matrix. Let A be the adjacency matrix for L(G), the line graph of G. Then A = jF TF�2Ij.
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Proof
For i; j = 1; :::;m the (i; j) entry of F TF is the dot product of the ith column of F with
the jth column of F . Hence the diagonal entries of F TF are each 2 and by extension
the diagonal entries of F TF � 2I are each zero. For the o�-diagonal entries of F TF , the
(i; j) entry is zero i� edges ei and ej are not incident with a common vertex and hence
Aij = 0. Otherwise, since we are not allowing more than one edges joining the same pair
of vertices, the (i; j) entry of F TF is either 1 or -1 and thus Aij = 1.

Definition 122. Let G be a graph on n vertices labeled 1; ::; n. The unnormalized Laplacian

matrix of G is the nxn matrix L = [lij ] where lij =

8><>:
�1 ; if i 6= j; i and j are adjacent

0 ; if i 6= j and i is not adjacent to j

di ; if i = j

In this chapter when we say Laplacian matrix we mean the unnormalized Laplacian
matrix. In the next chapter we will introduce the normalized Laplacian matrices and their
basic properties.

Observation 123. If D is the diagonal matrix consisting of the degrees of the vertices
of a graph G and A is the adjacency matrix for G, then the Laplacian matrix L of G is
L = D �A.

Example 124. We consider the graph of the example 111. The Laplacian matrix L is

L =

26666664

3 �1 �1 0 �1 0
�1 3 0 �1 �1 0
�1 0 2 0 �1 0
0 �1 0 2 0 �1
�1 �1 �1 0 4 �1
0 0 0 �1 �1 2

37777775 =D-A where D = diagf3; 3; 2; 2; 4; 2g

Example 125. We consider the graph of the example 112. The Laplacian matrix L is

L =

2666666664

2 �1 �1 0 0 0 0
�1 3 0 �1 �1 0 0
�1 0 3 0 0 �1 �1
0 �1 0 1 0 0 0
0 �1 0 0 1 0 0
0 0 �1 0 0 1 0
0 0 �1 0 0 1 0

3777777775
=D-A where D = diagf2; 3; 3; 1; 1; 1; 1g

Observation 126. Since the number of nonzero entries in row i of the incidence matrix
F is the degree of vertex i, it follows that taking the dot product of row i with itself will
yield the degree of vertex i. Moreover, for i 6= j, taking the dot product of row i with row
j will yield -1 if vertices i and j are adjacent and zero otherwise. Hence L = FF T .

Theorem 127. The Gersgorin Disc Theorem. Let A be an n x m matrix and let �
be the set of all eigenvalues of A. Then

� � [ni=1fr 2 C : jaii � rj �
X

k=1;k 6=i
jaikjg
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Observation 128. Laplacian matrices have the following spectral properties:
1) All of the eigenvalues are real, since Laplacian matrices are symmetric.
2) All eigenvalues are nonnegative real numbers.
This results by applying the theorem 127 and since the diagonal entry of each row is equal
to the sum of the diagonal entries. We note that

jlii � rj �
nX

k=1;k 6=i
jlikj => jr � liij �

nX
k=1;k 6=i

jlikj =>

�
nX

k=1;k 6=i
jlikj � r � lii �

nX
k=1;k 6=i

jlikj => 0 = lii �
nX

k=1;k 6=i
jlikj � r �

nX
k=1;k 6=i

jlikj

3) Zero is the smallest eigenvalue with the vector of ones being a corresponding eigenvector,
since the row sums of the Laplacian matrix are each zero.

Generalizing the adjacency and Laplacian matrices to weighted graphs is straight-
forward in that we simply replace the off-diagonal entries with w and �w, respectively,
where w denotes the weight of the corresponding edge. In the Laplacian matrix of a
weighted graph, each diagonal entry is the sum of the weights of the edges incident to
the corresponding vertex. To generalize the incidence matrix to weighted graphs, alter the
definition of p(vi; ej) by defining p(va; ej) =

p
w and p(vb; ej) = �

p
w with ej =< va; vb >.

We note that with these definitions of the Laplacian and Incidence matrix for weighted
graphs the special properties are preserved as well as the observation 126.

Proposition 129. We assume that G=(V,E) is an undirected, weighted graph with weight
matrix W where wij = wji � 0 is the weight of the edge < i; j > and wij = 0 when the

vertices i and j are not adjacent. The degree of a vertex t is de�ned as dt =
nP
j=1

wtj.

Proposition 130. For every vector f 2 Rn we have

f 0Lf =
1

2

nX
i;j=1

wij(fi � fj)2

where L is the Laplacian matrix of the graph G.

Proof.

f 0Lf = f 0(D �W )f = f 0Df � f 0Wf =

nX
i=1

dif
2
i �

nX
i;j=1

wijfifj

=
1

2

� nX
i=1

dif
2
i � 2

nX
i;j=1

wijfifj +
nX
j=1

djf
2
j

�

=
1

2

� nX
i=1

nX
j=1

wijf
2
i � 2

nX
i;j=1

wijfifj +

nX
j=1

nX
i=1

wjif
2
j

�

=
1

2

� nX
i;j=1

wijf
2
i � 2

nX
i;j=1

wijfifj +
nX

i;j=1

wijf
2
j

�

=
1

2

nX
i;j=1

wij(fi � fj)2
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Theorem 131. Let L be the Laplacian matrix for a graph G and F be its incidence matrix.
Then L = FF T and F TF have the same nonzero eigenvalues.
Proof
Let �i be a nonzero eigenvalue of L = FF T and qi be an eigenvector belonging to �i.
Then

Lqi = �iqi => FF T qi = �iqi; qi 2 Rnx1:

By choosing xi = F T qi 2 Rmx1, we have that

F TF xi = F TFF T qi = F T�iqi = �iF
T qi = �ixi:

This means that �i is also an eigenvalue of F TF with xi = F T qi being a corresponding
eigenvector.

Example 132. We consider the following graph G:

7 8

65

3

1 2

4

9

1
2

2

4

3

6

3

5

7

10

8
1

The adjacency matrix is:

A =

266666666664

0 3 5 0 8 0 0 0
3 0 0 6 1 4 0 0
5 0 0 0 7 0 0 0
0 6 0 0 0 3 0 0
8 1 7 0 0 2 10 1
0 4 0 3 2 0 0 2
0 0 0 0 10 0 0 9
0 0 0 0 1 2 9 0

377777777775
The Laplacian matrix is:

L =

266666666664

16 �3 �5 0 �8 0 0 0
�3 14 0 �6 1� �4 0 0
�5 0 12 0 �7 0 0 0
0 �6 0 9 0 �3 0 0
�8 �1 �7 0 29 �2 �10 �1
0 �4 0 �3 �2 11 0 �2
0 0 0 0 �10 0 19 �9
0 0 0 0 �1 �2 �9 12

377777777775
The Incidence matrix is:
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F =

2666666666664

p
3

p
5

p
8 0 0 0 0 0 0 0 0 0 0

�
p

3 0 0
p

6
p

1
p

4 0 0 0 0 0 0 0

0 �
p

5 0 0 0 0
p

7 0 0 0 0 0 0

0 0 0 �
p

6 0 0 0
p

3 0 0 0 0 0

0 0 �
p

8 0 �
p

1 0 �
p

7 0
p

2
p

10
p

1 0 0

0 0 0 0 0 �
p

4 0 �
p

3 �
p

2 0 0
p

2 0

0 0 0 0 0 0 0 0 0 �
p

10 0 0
p

9

0 0 0 0 0 0 0 0 0 6 �
p

1 �
p

2
p

9

3777777777775

2.2 The Matrix Tree Theorem

Theorem 133. Let G be a weighted graph on n vertices with k components and Laplacian
matrix L. Then �1 = ::: = �k = 0 and �k+1 > 0.
Proof
Let L1; L2; :::; Lk be the laplacian matrices for each of the k components. The Laplacian
matrix L is a block diagonal matrix with L1; L2; ::; Lk as the blocks. Since each block Li is
an irreducible M-matrix, it follows that zero is a simple eigenvalue of Li i.e. its algebraic
multiplicity is equal to 1. Let e(i) ; i = 1; 2; ::; k be the vector consisting of ones in the
entries corresponding to the ith component of G and zeros elsewhere. The set of vectors
fe(1); e(2); :::; e(k)g is a set of linearly independent eigenvectors of L corresponding to
the eigenvalue zero and its geometric multiplicity is equal to k. Since the algebraic and
geometric multiplicities are equal for each eigenvalue of a symmetric matrix, the algebraic
multiplicity of eigenvalue zero is equal to k. Considering also that all eigenvalues of the
Laplacian matrix L are nonnegative real numbers, we have that �1 = ::: = �k = 0 and
�k+1 > 0.

Observation 134. The above theorem shows that zero is a simple eigenvalue, i.e. its
algebraic multiplicity is equal to one, of the laplacian matrix of a connected graph G.

Theorem 135. Let A be an nxm matrix and let B an mxn matrix where m � n. Then

det(AB) =
X
S

det(As)det(Bs)

where the sum is taken over all subsets S � Im = f1; 2; ::;mg with jSj = n.

Theorem 136. Matrix Tree Theorem Let G be an unweighted graph on n vertices
labeled 1; ::; n with Laplacian matrix L.Then the number of spanning trees of G is the ab-
solute value of the determinant of any (n� 1)x(n� 1) submatrix of L.
Proof
Initially, we recall that a spanning tree of G is a tree that is a subgraph of G containing all
of the vertices of G as well as has n� 1 edges.
First suppose that G is disconnected. This means that zero is an eigenvalue of L with
multiplicity of at least two. Therefore any (n�1)x(n�1) submatrix L̂ of L has det(L̂) = 0
as it was expected since a disconnected graph cannot have any spanning trees.
Afterwards, suppose tha G is connected. This means that zero is a simple eigenvalue of
L with corresponding eigenvector the vector of all ones. Let B = [bij ] be the adjoint of
L and thus bij = (�1)i+jdet(L[j; i]) where L[j; i] is the (n � 1)x(n � 1) matrix obtained
from L by deleting row j and column i. By the properties of adjoint matrices, we have
that LB = det(L)I = 0. Since LB = (Lb1; Lb2; :::; Lbn) = 0 where bi; i = 1; 2; ::; n are the
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columns of B, every column of B is in the eigenspace of L corresponding to zero and by
extension all of the entries in any column of B are identical, since the vector of all ones
is a basis for the eigenspace corresponding to zero. In addition by the properties of adjoint

matrices, we have that BL = det(L)I = 0. Since BL =

2664
bT1 L
bT2 L
:::
bTnL

3775 = 0 where bTi i = 1; 2; ::; n

are the rows of B, every row of B is a left eigenvector of L corresponding to 0. We recall
that since the matrix L is symmetric, then the left and right eigenvectors are just trans-
poses of each other. Hence all of the entries in any row of B are identical and by extension
all entries of B are identical.

We will show that the absolute value of this common entry of B is the number of
spanning trees of G. We note that the absolute value of the entry bij of the matrix B is
equal to the absolute value of the determinant of the submatrix obtained from L by deleting
row j and column i. Since all entries of B are identical, without loss of generality, we will
consider the element bnn = (�1)n+ndet(L[n; n]) = (�1)2ndet(L̂) with L̂ = L[n; n]. Let F
be the incidence matrix of G and let F̂ be the matrix obtained from F by deleting its last
row. We have FF T = L and F̂ F̂ T = L̂.
Thus,

det(L̂) = det(F̂ F̂ T ) =
X
S

det(F̂S)det(F̂ TS ) =
X
S

det(F̂S))2

where the sum is taken over all subsets S � Im such that jSj = n � 1. We have to show
that for a given subset Sk 2 Im with jSkj = n� 1 we have jdet(F̂Sk)j = 1 if the edges cor-
responding to the columns of F̂ represented by Sk form a spanning tree and det(F̂Sk) = 0
otherwise.
Let E be the set of edges corresponding to the columns of F̂ represented by Sk. We suppose
that the edges in E do not form a spanning tree and we will show that det(F̂Sk) = 0. Since
the edges in E do not form a spanning tree, there exists at least one vertex in G that is not
in the subgraph induced by the edges in E. Let v be such a vertex. There are two cases to
consider: (i) v 6= vn and (ii) v = vn.
If v 6= vn, then the row of F̂Sk corresponding to v will contain zeros and hence det(F̂Sk) = 0.
If v = vn, then for each edge e 2 E both vertices incident to e are represented by rows in
F̂Sk . Since the columns of F̂ TSk are linearly dependent, thus det(F̂ TSk) = det(F̂Sk) = 0.

Now suppose that the edges in E form a spanning tree of G and we will show that jdet(F̂Sk)j =
1 by induction. If n = 2, then since G is connected we have that G = K2 and thus
jdet(F̂Sk)j = 1.
For our inductive hypothesis, assume that if G has n = t vertices and a subset of edges,
say E, form a spanning tree of G, TSk , then jdet(F̂Sk)j = 1 where F̂Sk is the incidence
matrix of TSk .
We assume that G has n = t+ 1 vertices and the edges in E form a spanning tree T of G.
Since every tree has at least two pendant vertices, it follows that T has at least one pendant
vertex v 6= vn. Then the row in F̂Sk corresponding to v has only one nonzero entry (�1)
and that entry will be in the column of unique edge e incident to v in T . Thus det(F̂Sk)
will equal �1 the determinant of the submatrix F̂ vSk of F̂Sk formed by eliminating the row
corresponding to v and the column corresponding to e. However, the edges correspond-
ing to the columns in F̂ vSk form a spanning tree of G � v and according to the inductive

hypothesis we have that jdet(F̂ vSk)j = 1. Thus det(F̂Sk) = �1det(F̂ vSk) => jdet(F̂Sk)j = 1.
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Example 137. We consider the following graph G:

a

b c

d e

f g

The Laplacian matrix of G is:

L =

2666666664

2 �1 �1 0 0 0 0
�1 3 �1 �1 0 0 0
�1 �1 3 0 �1 0 0
0 �1 0 3 �1 �1 0
0 0 �1 �1 4 �1 �1
0 0 0 �1 �1 3 �1
0 0 0 0 �1 �1 2

3777777775
Using the Matrix Tree Theorem we �nd that the graph G has 79 spanning trees, since

det(L̂) = 79.

Definition 138. If G is a weighted graph, we de�ne the weight of G, denoted w(G), as the
product of the weights of the edges of G. A graph with no edges is de�ned to have a weight
of 1.

Example 139. We consider the graph G of the example 130. The weight of G, w(G), is
equal to 21772800.

Theorem 140. Matrix Tree Theorem for weighted graphs Let G be a weighted graph
on n vertices labeled 1; ::; n with Laplacian matrix L.Then the sum of the weights of the
spanning trees of G is the absolute value of the determinant of any (n�1)x(n�1) submatrix
of L.
Proof
Initially, we recall that a spanning tree of G is a tree that is a subgraph of G containing all
of the vertices of G as well as has n� 1 edges.
First suppose that G is disconnected. This means that zero is an eigenvalue of L with
multiplicity of at least two. Therefore any (n�1)x(n�1) submatrix L̂ of L has det(L̂) = 0
as it was expected since a disconnected graph cannot have any spanning trees.
Afterwards, suppose that G is connected. This means that zero is a simple eigenvalue of
L with corresponding eigenvector the vector of all ones. Let B = [bij ] be the adjoint of
L and thus bij = (�1)i+jdet(L[j; i]) where L[j; i] is the (n � 1)x(n � 1) matrix obtained
from L by deleting row j and column i. By the properties of adjoint matrices, we have
that LB = det(L)I = 0. Since LB = (Lb1; Lb2; :::; Lbn) = 0 where bi; i = 1; 2; ::; n are the
columns of B, every column of B is in the eigenspace of L corresponding to zero and by
extension all of the entries in any column of B are identical, since the vector of all ones
is a basis for the eigenspace corresponding to zero. In addition by the properties of adjoint
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matrices, we have that BL = det(L)I = 0. Since BL =

2664
bT1 L
bT2 L
:::
bTnL

3775 = 0 where bTi i = 1; 2; ::; n

are the rows of B, every row of B is a left eigenvector of L corresponding to 0. We recall
that since the matrix L is symmetric, then the left and right eigenvectors are just trans-
poses of each other. Hence all of the entries in any row of B are identical and by extension
all entries of B are identical.

We will show that the absolute value of this common entry of B is the sum of the
weights of the spanning trees of G. We note that the absolute value of the entry bij of the
matrix B is equal to the absolute value of the determinant of the submatrix obtained from
L by deleting row j and column i. Since all entries of B are identical, without loss of
generality, we will consider the element bnn = (�1)n+ndet(L[n; n]) = (�1)2ndet(L̂) with
L̂ = L[n; n]. Let F be the incidence matrix of G and let F̂ be the matrix obtained from F
by deleting its last row. We have FF T = L and F̂ F̂ T = L̂.
Thus,

det(L̂) = det(F̂ F̂ T ) =
X
S

det(F̂S)det(F̂ TS ) =
X
S

det(F̂S))2

where the sum is taken over all subsets S � Im such that jSj = n � 1. We have to show
that for a given subset Sk 2 Im with jSkj = n � 1 we have jdet(F̂Sk)j =

p
w(TSk) if the

edges corresponding to the columns of F̂ represented by Sk form a spanning tree , TSk , and
det(F̂Sk) = 0 otherwise.
Let E be the set of edges corresponding to the columns of F̂ represented by Sk. We suppose
that the edges in E do not form a spanning tree and we will show that det(F̂Sk) = 0. Since
the edges in E do not form a spanning tree, there exists at least one vertex in G that is not
in the subgraph induced by the edges in E. Let v be such a vertex. There are two cases to
consider: (i) v 6= vn and (ii) v = vn.
If v 6= vn, then the row of F̂Sk corresponding to v will contain zeros and hence det(F̂Sk) = 0.

If v = vn, then for each edge e 2 E both vertices incident to e are represented by rows
in F̂Sk . Since the columns of F̂ TSk are linearly dependent, thus det(F̂ TSk) = det(F̂Sk) = 0.

Now suppose that the edges in E form a spanning tree of G, TSk , and we will show
that jdet(F̂Sk)j =

p
w(TSk) by induction. If n = 2, then since G is connected we have that

G = K2 and thus jdet(F̂Sk)j =
p
w(TSk) =

p
w where w is the weight of edge < v1; v2 >.

For our inductive hypothesis, assume that if G has n = t vertices and a subset of edges,

say E, form a spanning tree of G, T
0
Sk

, then jdet(F̂Sk)j =
q
w(T

0
Sk

) where F̂Sk is the inci-

dence matrix of T
0
Sk

.

We assume that G has n = t + 1 vertices and the edges in E form a spanning tree
T of G. Since every tree has at least two pendant vertices, it follows that T has at least
one pendant vertex v 6= vn. Then the row in F̂Sk corresponding to v has only one nonzero
entry (�pwv) and that entry will be in the column of unique edge e of weight wv incident

to v in T . Thus det(F̂Sk) will equal to �pwv times the determinant of the submatrix F̂ vSk
of F̂Sk formed by eliminating the row corresponding to v and the column corresponding to
e. However, the edges corresponding to the columns in F̂ vSk form a spanning tree of G � v,
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TSk , and according to the inductive hypothesis we have that jdet(F̂ vSk)j =
p
w(TSk). Thus

det(F̂Sk) = �pwv
p
w(TSk) => jdet(F̂Sk)j =

p
w(T ).

Example 141. We consider the following graph G:

a

c

cd

b

f

3

7

1

3

2

5

18

4

The weight of the graph G is 6720.

The Laplacian matrix of G is:

L =

26666664

9 �8 �1 0 0 0
�8 16 �3 �5 0 0
�1 �3 11 0 �7 0
0 �5 0 11 �2 �4
0 0 �7 �2 10 �1
0 0 0 �4 �1 5

37777775
Using the Matrix Tree Theorem we �nd that the sums of the weights of all spanning

trees of the graph G is 16415, since det(L̂) = �16415.

Proposition 142. Let A be an nxn matrix such that the sum in each row and column is
zero and A0 be the matrix obtained by removing the last row and column of A. Then the
coe�cient of x in det(A� xI) is equal to �ndet(A0).

Theorem 143. Let G be a graph on n vertices and 0 = �1 � �2 � ::: � �n be the
eigenvalues of the Laplacian matrix. Prove that the number of spanning trees of G is
�2����n
n .

Proof
We have that

det(L� xI) = (�1 � x)(�2 � x) � � � (�n � x) = �x(�2 � x) � � � (�n � x):

The coe�cient of x is ��2�3 � � ��n.
By the above proposition, the coe�cient of x in det(L� xI) is equal to �ndet(L0).
Hence, we have that

� �2�3 � � ��n = �ndet(L0) => j � �2�3 � � ��nj = j � ndet(L0)j =>

�2�3 � � ��n = njdet(L0)j => jdet(L0)j = �2�3 � � ��n
n

:

According to the Matrix Tree Theorem, det(L0), is equal to the number of spanning trees
of G. Thus the number of spanning trees of G is �2�3����n

n .

34

CC BY: Attribution alone 4.0

https://creativecommons.org/licenses/by/4.0/

https://doi.org/10.26219/heal.aueb.6509



2.3 Graph Representations and Energy

Definition 144. Let G be a graph with vertex set V . A representation of G in Rk is a
function p : V ! Rk. The function p(v) gives the position of the vertex v 2 V in Rk. It
is convenient to use a representation matrix R, where row i of R corresponds to the
representation of vertex i in Rk, p(i).

Definition 145. Let G be a graph with vertex set V and edge set E represented in Rk

with representation p : V ! Rk. The energy �(p) of the representation p w.r.t the graph
G is the quantity

�(p) =
X
uv2E

jjp(u)� p(v)jj2:

Lemma 146. Let p be a representation of a graph G with R as the representation matrix.
Let L be the Laplacian matrix of G. Then �(p) = Tr(RTLR):

Proof We assume that V is the vertex set of G with jV j = n and E the edge set with
jEj = m. We recall that L = FF Twhere F is the incidence matrix of G. Hence we have

that RTLR = LTFF TR. We note that F TR =

26664
fT1 R
fT2 R

...
fTmR

37775 where fi are the columns of the

incidence matrix Fand R =

26664
p(v1)
p(v2)

...
p(vn)

37775. We recall that each column i of F represents an

edge e of the graph G and has only two non-zero entries corresponding to the vertices in-
cident to the edge e. Let u,v be adjacent vertices in G. We consider the row uv of F TR
and have that (F TR)uv = �(p(u) � p(v)). This means that the uvth diagonal entry of
jjF TRjj2 = (F TR)TF TR is jjp(u)� p(v)jj2 = �(p). Thus

Tr(RTLR) = Tr(RTFF TR) =
X
uv2E

jjp(u)� p(v)jj2 = �(p):

Definition 147. A representation p of a graph G with vertex set V is balanced ifP
v2V

p(v) = 0:

Example 148. Below is a representation p of a wheel graph W4 in R3:

(-1,1,-1)

(-1,-1,-1) (1,-1,-1)

(1,1,-1)

(0,0,4)

The corresponding represenation matrix is
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R =

266664
�1 �1 �1
1 �1 �1
�1 1 �1
1 1 �1
0 0 4

377775
Since

P
v2V

p(v) = 0 the representation p is balanced.

The Laplacian matrix is

L =

266664
3 �1 �1 0 �1
�1 3 0 �1 �1
�1 0 3 �1 �1
0 �1 �1 3 �1
�1 �1 �1 �1 4

377775

As a result RTLR =

2412 0 0
0 12 0
0 0 100

35
Hence, the energy of the representation p is �(p) = Tr(RTLR) = 124.

Definition 149. Let G be a graph and let p be a balanced representation with R as the
corresponding representation matrix. If RTR = I then p is an orthogonal representation
of G.

Lemma 150. Let M be a real symmetric nxn matrix. If R is an nxk matrix such that
RTR = I, then Tr(RTMR) is greater than or equal to the sum of the k smallest eigenvalues
of M . Equality holds i� the column space of R is spanned by the normalized eigenvectors
belonging to the k smallest eigenvalues of M .

Theorem 151. Let G be a connected graph on n vertices with Laplacian matrix L. Let
�1 � �2 � � � � � �n be the eigenvalues of L. Then the minimum energy of a balanced

orthogonal representation of G in Rk equals
k+1P
i=1

�i:

Proof
Since G is a connected graph we have that �1 = 0 and �2 > 0. We recall that the vector of
all ones, 1 2 Rnx1, is the basis of the eigenspace belonging to eigenvalue �1 = 0.
Let p be the representation of G in Rk+1 with R as the corresponding representation matrix.
The energy of the representation p, �(p), is Tr(RTLR) and according to the above lemma

is bounded below by the sum of the k + 1 smallest eigenvalues of L,
k+1P
i=1

�i. The lower

bound is realized by taking the columns of R to be the normalized eigenvectors qi belonging
to eigenvalues �i, i = 1; 2; ::; k; k + 1.
We note that

� Lqi = �iqi; i = 1; 2; ::; k; k + 1

� R = [q1 q2 � � � qk qk+1] 2 Rnx(k+1) is the corresponding representation matrix of G

in Rk+1 having qTi qj =

(
1 ; if i = j

0 ; if i 6= j
and by extension

qTi q1 = 0 => qTi 1 = 0, i = 2; :::; k; k + 1.
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�

[q1q2 � � � qkqk+1]TL[q1q2 � � � qkqk+1] =

2666664
qT1 L
qT2 L

...
qTk L
qTk+1L

3777775 [q1q2 � � � qkqk+1] =

2666664
qT1 �1

qT2 �2
...

qTk �k
qTk+1�k+1

3777775 [q1q2 � � � qkqk+1] =

264�1

. . .

�k+1

375

Thus Tr(RTLR) =
k+1P
i=1

�i =
k+1P
i=2

�i by taking the columns of R to be the normalized

eigenvectors qi belonging to eigenvalues �i, i = 1; 2; ::; k; k + 1.
In addition, a representation matrix with columns the normalized eigenvectors fq2; q3; :::; qk; qk+1g
gives a balanced orthogonal representation of G in Rk with the same minimum energy since
�1 = 0. Therefore the minimum energy of a balanced orthogonal representation of G in Rk

is equal to the lowest possible minimum energy of a representation of G in Rk+1 which is

equal to
k+1P
i=1

�i =
k+1P
i=2

�i since �1 = 0.

Observation 152. The energy of a graph with representation in Rk is minimized through
a balanced orthogonal representation in Rk which is achieved by taking he columns of
R to be the normalized eigenvectors fq2; q3; ::; qk+1g belonging to the eigenvalues �i, i =
2; 3; ::; k + 1.

Example 153. We consider the following graph:

4 5

2 3

1

The Laplacian matrix is

L =

266664
1 �1 0 0 0
�1 4 �1 �1 �1
0 �1 1 0 0
0 �1 0 2 �1
0 �1 0 �1 2

377775
It can be calculated that �1 = 0; �2 = �3 = 1; �4 = 3; �5 = 5. The corresponding

eigenvectors are

q1 =

266664
�0:4472
�0:4472
�0:4472
�0:4472
�0:4472

377775, q2 =

266664
�0:5

0
�0:5
0:5
0:5

377775, q3 =

266664
0:7071

0
�0:7071

0
0

377775, q4 =

266664
0
0
0

�0:7071
0:7071

377775, q5 =

266664
0:2236
�0:8944
�0:2236
�0:2236
�0:2236

377775
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In order to represent a graph in a balanced orthogonal way in R2 so that its energy is
minimized, we take the columns of the representation matrix R to be the eigenvectors q2,
q3. Thus we have that

R =

266664
�0:5 0:7071

0 0
�0:5 �0:7071
0:5 0
0:5 0

377775
In this case the minimum energy is equal to

3P
i=1

�i = 2.

In order to represent a graph in a balanced orthogonal way in R3 so that its energy is
minimized, we take the columns of the representation matrix R to be the eigenvectors q2,
q3, q4. Thus we have that

R =

266664
�0:5 0:7071 0

0 0 0
�0:5 �0:7071 0
0:5 0 �0:7071
0:5 0 0:7071

377775
In this case the minimum energy is equal to

4P
i=1

�i = 5.

Definition 154. Let G be a weighted graph with vertex set V represented in Rk with
representation p : V ! Rk. The energy of the representation p is

�(p) =
X

uv2E(G)

wuvjjp(u)� p(v)jj2

where wuv represents weight of the edge uv:

Lemma 155. Let p be a representation of a weighted graph G with R as the representation
matrix. Let L be the Laplacian matrix of G, F the incidence matrix of the corresponding
unweighted graph and W the diagonal matrix of the weights of the edges of G where the
rows and columns of W are indexed in correspondence to the columns of F .
Then �(p) = Tr(RTFWF TR):
Proof
The incidence matrix of the weighted graph G is FW

1
2 and thus its laplacian matrix is

L = FW
1
2 (FW

1
2 )T = FWF T . According to the lemma 144 we have that

�(p) = Tr(RTLR) = Tr(RTFWF TR):

Example 156. We consider the following weighted graph G represented in R3:

38

CC BY: Attribution alone 4.0

https://creativecommons.org/licenses/by/4.0/

https://doi.org/10.26219/heal.aueb.6509



(0,0,-1)

(1,1,0)
(0,0,0)(-1,1,0)

(0,0,1)

6

14

3

2

2

The Laplacian matrix is

L =

266664
1 0 �1 0 0
0 2 �1 0 �1
�1 �1 4 �1 �1
0 0 �1 2 �1
0 �1 �1 �1 3

377775
The Representation matrix is

R =

266664
0 0 1
�1 1 0
0 0 0
1 1 0
0 0 �1

377775
The Incidence matrix is

F =

266664
1 0 0 0 0 0
0 1 1 0 0 0
�1 �1 0 1 1 0
0 0 0 �1 0 1
0 0 �1 0 �1 �1

377775
The diagonal matrix of the weights of the edges of G is

R =

26666664

2 0 0 0 0 0
0 4 0 0 0 0
0 0 3 0 0 0
0 0 0 1 0 0
0 0 0 0 2 0
0 0 0 0 0 6

37777775
Thus we have that

RTFWF TR =

2414 0 3
0 14 9
3 9 13

35
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Since Tr(RTFWF TR) = 41, it follows that �(p) = 41.

2.4 The Spectrum of unnormalized Laplacian Matrices

2.4.1 What spectrum is

All Laplacian eigenvalues are nonnegative real numbers and 0 is the smallest eigenvalue
of a Laplacian matrix. We denote the eigenvalues of L by 0 = �0 � �1 � � � � � �n�1. The
set of �0is is usually called the spectrum of L. The algebraic multiplicity of the eigenvalue
�1 = 0 shows the number of components of the graph G. If the graph G is a disconnected
graph, then we can permute its Laplacian matrix L into a block diagonal matrix with
each block corresponding to a component of G. Therefore, if G has k components, we can
obtain k linearly independent eigenvectors corresponding to the eigenvalue 0

Theorem. Let G be a weighted graph on n vertices with k components and Laplacian
matrix L. Then �1 = ::: = �k = 0 and �k+1 > 0.

Proof. Let L1; L2; :::; Lk be the laplacian matrices for each of the k components. The
Laplacian matrix L is a block diagonal matrix with L1; L2; ::; Lk as the blocks. Since each
block Li is an irreducible M-matrix, it follows that zero is a simple eigenvalue of Li i.e. its
algebraic multiplicity is equal to 1. Let e(i) ; i = 1; 2; ::; k be the vector consisting of ones
in the entries corresponding to the ith component of G and zeros elsewhere. The set of
vectors fe(1); e(2); :::; e(k)g is a set of linearly independent eigenvectors of L corresponding
to the eigenvalue zero and its geometric multiplicity is equal to k. Since the algebraic and
geometric multiplicities are equal for each eigenvalue of a symmetric matrix, the algebraic
multiplicity of eigenvalue zero is equal to k. Considering also that all eigenvalues of the
Laplacian matrix L are nonnegative real numbers, we have that �1 = ::: = �k = 0 and
�k+1 > 0.

2.4.2 The Spectrum of unnormalized Laplacian Matrices under Certain
Graph Operations

Corollary 157. Let A;B 2 Mn be symmetric where B is positive semide�nite. Then
�k(A) � �k(A+B) for all k = 1; ::; n:

Theorem 158. Let G be a graph on n vertices and let Ĝ be a graph on n vertices created
from G by adding a weighted edge joining two nonadjacent vertices in G or increasing the
weight of an existing edge in G. Then for all i = 1; :::; n we have �i(L(G)) � �i(L(Ĝ)).

Proof. Observe that L(Ĝ) = L(G) + M where M is a positive semidefinite matrix. Let
vi; vj be the two nonadjacent vertices or the ends of the edge of which we increase its
weight. We consider the following 2 cases:
1st case: We add a weighted edge joining two nonadjacent vertices in G. We assume that
without loss of generality the weight of the new edge is 1.
2nd case: We increase the weight of an existing edge < vi; vj >. Without loss of generality,
we assume that we increase the weight of the existing edge by one.
In both cases, all the entries of M are zero but the diagonal entries (vi; vi) and (vj ; vj)
that are set to 1 and the off-diagonal entries (vi; vj) and (vj ; vi) set to -1. In particular we
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have that

xTMX =
�
x1 � � �xi � � � xj � � � xn

�
2666666666664

0 � � � 0 � � � 0 � � � 0
...

...
...

...
0 � � � 1 � � � �1 � � � 0
...

...
...

...
0 � � � �1 � � � 1 � � � 0
...

...
...

...
0 � � � 0 � � � 0 � � � 0

3777777777775

2666666666664

x1
...
xi
...
xj
...
xn

3777777777775

=
�
0 � � �xi � xj � � � � xi + xj � � � 0

�
2666666666664

x1
...
xi
...
xj
...
xn

3777777777775
= xi(xi � xj) + xj(�xi + xj) = x2

i � 2xixj + x2
j

= (xi � xj)2 � 0

Thus the matrix M is positive semidefinite.
By the above corollary we have that �i(L(G)) � �i(L(Ĝ)) i = 1; 2; ::; n.

Example 159. We consider the following graph G:

3
2 4

5

1

Its Laplacian matrix is

L =

266664
1 0 �1 0 0
0 2 �1 0 �1
�1 �1 4 �1 �1
0 0 �1 2 �1
0 �1 �1 �1 3

377775
The eigenvalues of the Laplacian matrix for G are �1 = 0; �2 = 1; �3 = 2; �4 = 4 and

�5 = 5. Then we create the graph Ĝ by adding an edge joining vertices 1 and 2 of G:

3
2 4

5

1
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Its Laplacian matrix is

L =

266664
2 �1 �1 0 0
�1 3 �1 0 �1
�1 �1 4 �1 �1
0 0 �1 2 �1
0 �1 �1 �1 3

377775
The eigenvalues of the Laplacian matrix for Ĝ are �1 = 0; �2 = 1:5858; �3 = 3; �4 =

4:4142 and �5 = 5. Observe that the values for �2; �3 and �4 increase when we add the
edge joining the vertices 1 and 2 and the values for �1 and �5 remain unchanged.

By Theorem 158, it follows that of all unweighted graphs on n vertices, the graph with
the largest eigenvalues is the complete graph on n vertices, Kn.
We note that L(Kn) = nI � J where I is the identity matrix and J is the matrix of all
ones. The vector of all ones, 1, is an eigenvector corresponding to �1 = 0. Let f(i) be
the vector containing n entries with 1 in the first position, -1 the ith position and zeros
elsewhere. The vectors f1; f(1); � � � ; f(n)g are linearly independent. For each i = 2; :::; n
we have that L(Kn) = (nI � J)f(i) = nf(i). Hence �2 = �3 = � � � = �n = n.

Corollary 160. Let G be an unweighted graph on n vertices with Laplacian matrix L. If
� is an eigenvalue of L, then � � n.

Proof. Every weighted graph G on n vertices is a subgraph of Kn. Since n is the largest
eigenvalue of L(Kn), � � n.

Corollary 161. Let G be an unweighted graph on n vertices and L be its Laplacian matrix
with eigenvalues �1 � �2 � � � � � �n. Then G = Kn i� �i = 0 and �i = n for all 2 � i � n.

Theorem 162. Let G1 and G2 be unweighed graphs on n1 and n2 vertices, respectively. Let
L1 and L2 be the Laplacian matrices for G1 and G2, respectively, and L be the Laplacian
matrix for G1 _ G2. If 0 = �1 � �2 � � � � � �n1 and 0 = �1 � �2 � � � � � �n2 are
the eigenvalues of L1 and L2 respectively. Then the eigenvalues of L are 0; n2 + �2; n2 +
�3; ::; n2 + �n1 ; n1 + �2; n1 + �3; :::; n1 + �n2 ; n1 + n2.

Theorem 163. Let G and H be Laplacian matrices for G and H, respectively. Let A =
f�1; ::; �ng and B = f�1; ::; �pg be the eigenvalues of L(G) and L(H), respectively. Then
the eigenvalues of L( G �H) are f�i + �j j�i 2 A; �j 2 Bg.

As a consequence �2(G � H) = minf�2(G); �2(H)g and �max(G � H) = �max(G) +
�max(H):

Example 164. Let G be a graph whose Laplacian eigenvalues are
0 = �1 � �2 � � � � � �n. The eigenvalues of the Laplacian matrix of G _ G are
0; n+ �2; n+ �3; :::; n+ �n; n+ �2; n+ �3; ::; n+ �n; 2n. The eigenvalues of the Laplacian
matrix of G � G are 0; �2; �3; ::; �n; �2; 2�2; �2 + �3; ::; �2 + �n; �3; �3 + �2; 2�3; ::; �3 +
�n; ::; �n; �2 + �n; �3 + �n; ::; 2�n.

Example 165. Find the eigenvalues of the Laplacian matrices of P2 _ P3 and P2 � P3.

P2: with Laplacian matrix: L(P2)=

�
1 �1
�1 1

�
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P3: with Laplacian matrix: L(P3)=

24 1 �1 0
�1 2 �1
0 �1 1

35
The eigenvalues of L(P2) are 0,2. The eigenvalues of L(P3) are 0,1,3.

The eigenvalues of the Laplacian matrix of P2 _ P3 are 0, 3+2, 2+1, 2+3, 2+3 <=>
f0; 5; 3; 5; 5g.
The eigenvalues of the Laplacian matrix of P2 � P3 are 0,1,3,2,3,5.

Theorem 166. Let G be an unweighted graph on n vertices with Laplacian matrix L.
Let 0 = �1 � �2 � � � � � �n be the eigenvalues of L. Then the eigenvalues of L(Gc) are
0 � n� �n � n� �n�1 � � � � � n� �2 with the same corresponding eigenvectors.

Proof. It holds that L(Gc) = nI�J�L. Since L(Gc)1 = (nI�J�L)1 = n1�n1�L1 = 0�1,
the vector of all ones 1 is an eigenvector of L(Gc) corresponding to the eigenvalue 0. Let
xi be an eigenvector of L corresponding to the eigenvalue �i, for i = 2; ::; n. We have that
L(Gc)xi = (nI � J � L)xi = nxi � Jxi � Lxi = (n � �i)xi i = 2; ::; n. This means that
(n � �i) is an eigenvalue of L(Gc) with xi as a corresponding eigenvector. We note that
Jxi = 0 since the eigenvectors of L are orthogonal.

Example 167. Using only the theorems concerning the eigenvalues of Laplacian matrices,
prove that if G is the join of two unweighted graphs then Gc is disconnected.
Let 0 = �1 � �2 � � � � � �n be the eigenvalues of L(G). According to the above theorem,
the eigenvalues of L(Gc) are 0 � n� �n � n� �n�1 � � � � � n� �2. It is enough to show
that n� �n = 0. Since graph G is the join of two graphs, �n = n according to the theorem
162. Thus n� �n = 0 and by extension Gc is disconnected.

Example 168. We consider
the graph G: and its complement Gc:

3 5

42

1

3 5

42

1

The Laplacian matrix of the graph G is

L =

266664
2 �1 0 �1 0
�1 3 �1 �1 0
0 �1 2 0 �1
�1 �1 0 3 �1
0 0 �1 �1 2

377775
The eigenvalues of L(G) are 0, 1.382, 2.382, 3.618, 4.618.
The Laplacian matrix of its complement Gc is

L =

266664
2 0 �1 0 �1
0 1 0 0 �1
�1 0 2 �1 0
0 0 �1 1 0
�1 �1 0 0 2

377775
The eigenvalues of L(Gc) are 0, 5-4.618,5-3.618,5-2.382,5-1.382 <=> f0; 0:382; 1:382; 2:618; 3:618g
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2.4.3 Bounding the unnormalised Laplace eigenvalues

Let M be a symmetric matrix with eigenvalues �1 � �2 � � � � � �n and orthonormal
eigenvectors u1; :::; un. For any nonzero vector f in Rn the Rayleight quotient p(f) is
defined by

p(f) =
< Mf; f >

< f; f >
=
fTMf

fT f
:

It holds that

� �1(M) = �min(M) = min
�
<Mf;f>
<f;f>

���0 6= f 2 Rn
�

= min
�
< Mf; f >

���f 2 Rn; jjf jj = 1
�

� �n(M) = �max(M) = max
�
< Mf; f >

���f 2 Rn; jjf jj = 1
�

� The kth smallest eigenvalue

�k(M) = min
�
< Mf; f >

���f 2 Rn; jjf jj = 1; f ? fi; 1 � i < k
�

where fi; ::; fk�1 are pairwise orthogonal eigenvectors of �1; ::; �k�1 respectively.

Among the Laplace eigenvalues of a graph G, the most important are the extreme non-
trivial eigenvalues: the first non-zero smallest eigenvalue,�2(G) and the largest eigenvalue,
�max(G).
For a (weighted) graph G with Laplace matrix L = L(G), we have that

�2(M) = min
�
< Mf; f >

���f 2 Rn; jjf jj = 1; f ? 1
�

.

Lemma 169. Let s; t 2 V (G) be nonadjacent vertices of a graph G. Then �2(G) � ds+dt
2 .

Proof. We define the vector f = (f1; ::; fn)0 2 Rn with entries fi =

8><>:
1 ; if i = s

�1 ; if i = t

0 ; otherwise

Since f ? 1, the above question yields that �2(G) � <Lf;f>
<f;f> with

< Lf; f >= 1
2

nP
i=1

nP
j=1

wij(fi � fj)2 = 1
2

nP
j=1

wsj + 1
2

nP
j=1

wtj = ds+dt
2

where wij is the weight of the edge < i; j > and dt =
nP
j=1

wtj the degree of the vertex t in

a weighted graph considering that wtj = 0 when the vertices j and t are not adjacent.

Proposition 170.

� �2(G) = 2nmin

� P
uv2E

wuv(fu�fv)2P
u2V

P
v2V

(fu�fv)2

���f 6= c1 for c 2 R
�

� �max(G) = 2nmax

� P
uv2E

wuv(fu�fv)2P
u2V

P
v2V

(fu�fv)2

���f 6= c1 for c 2 R
�

where E is the set of the edges of the graph G and V the set of the vertices of the graph G.
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2.4.4 Edge cuts and eigenvalues

Given disjoint sets of vertices A;B � V (G), let E(A,B) be the set of those edges of G that
have one vertex in A and the other in B. We also set

e(A;B) =
X
u2A

X
v2B

w(u; v) =
X

e2E(A;B)

w(e)

to be the sum of the weights of the edges in E(A,B). Note that for unweighted graph G,
e(S; S̄) counts the number of edges in the cut E(S; S̄).

Lemma 171. Let G = (V;E) be a weighted graph with jV j = n and S � V (G). Then

�2(G)
jSj(n� jSj)

n
� e(S; S̄) � �max(G)

jSj(n� jSj)
n

where �2(G) and �max(G) are the eigenvalues of the unnormalised Laplacian of the under-
lying graph.

Proof. We define the vector f = (f1; ::; fn)0 2 Rn with entries fv =

(
1 ; if v 2 S
0 ; otherwise

.

X
uv2E

wuv(fu�fv)2 =
1

2

nX
u;v=1

wuv(fu�fv)2 =
1

2

X
u2S;v2 �S

wuv+
1

2

X
u2 �S;v2S

wuv =
1

2
e(S; S̄)+

1

2
e(S; S̄) = e(S; S̄)

nX
u=1

nX
v=1

(fu�fv)2 =
X

u2S;v2 �S

(fu�fv)2+
X

u2 �S;v2S

(fu�fv)2 =
X

u2S;v2 �S

12+
X

u2 �S;v2S

12 = jSjjS̄j+jS̄jjSj = 2jSj(n�jSj)

According to the proposition 170 we have that

�2(G) � 2n
e(S; S̄)

2jSj(n� jSj)
=> e(S; S̄) � �2(G)

jSj(n� jSj)
n

�max(G) � 2n
e(S; S̄)

2jSj(n� jSj)
=> e(S; S̄) � �max(G)

jSj(n� jSj)
n

Thus, we have that

�2(G)
jSj(n� jSj)

n
� e(S; S̄) � �max(G)

jSj(n� jSj)
n
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Chapter 3

Spectral Clustering

Much of the material of this chapter is taken from [2], [4] and [8].

We assume that G = (V;E) is an undirected, weighted graph on n vertices with ad-
jacency matrix W where wij = wji � 0. The degree of a vertex t 2 V is defined as

dt =
nP
j=1

wtj . The degree matrix D is defined as the diagonal matrix with the degrees

d1; ::; dn on the diagonal. For any subset A � V :
jAj :=the number of vertices in A
vol(A):=

P
i2A

di

3.1 Graph Laplacians and their basic properties

3.1.1 The unnormalized graph Laplacian

The unnormalized graph Laplacian matrix is defined as L=D-W.

Proposition 172. The matrix L satis�es the following properties:
1. For every vector f 2 Rn we have

f 0Lf =
1

2

nX
i;j=1

wij(fi � fj)2:

2. L is symmetric and positive semi-de�nite.
3. The smallest eigenvalue of L is 0, the corresponding eigenvector is the constant one
vector 1.
4. L has n non-negative, real-valued eigenvalues 0 � �1 � �2 � � � � � �n.

3.1.2 The normalized graph Laplacians

There are two matrices which are called normalized graph Laplacians. Both matrices are
closely related to each other and are defined as

Lsym := D�
1
2LD�

1
2 = I �D�

1
2WD�

1
2

Lrw := D�1L = I �D�1W
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Proposition 173. The normalized Laplacians satisfy the following properties:
1. For every f 2 Rn we have

f 0Lsymf =
1

2

nX
i;j=1

wij

�
fip
di
� fjp

dj

�2

:

2. � is an eigenvalue of Lrw with eigenvector v i� � is an eigenvalue of Lsym with eigen-

vector D
1
2 v.

3. � is an eigenvalue of Lrw with eigenvector v i� � and v solve the generalized eigenprob-
lem Lv = �Dv.
4. 0 is an eigenvalue of Lrw with the constant one vector 1 as eigenvector. 0 is an eigen-
value of Lsym with eigenvector D

1
2 1.

5. Lsym and Lrw are positive semi-de�nite and have n non-negative real valued eigenvalues
0 = �1 � � � � � �n.

Proof.
1:

f 0Lsymf = f 0(I �D�
1
2WD�

1
2 )f = f 0f � f 0D�

1
2WD�

1
2 f =

nX
i=1

f2
i �

nX
i;j=1

wijp
di
p
dj
fifj

=
1

2

� nX
i=1

f2
i � 2

nX
i;j=1

wijp
di
p
dj
fifj +

nX
j=1

f2
j

�
but

nX
i=1

f2
i =

nX
i=1

di
f2
i

di
=

nX
i=1

nX
j=1

wij
f2
i

di
=

nX
i;j=1

wij

�
fip
di

�2

Similarly,
nX
j=1

f2
j =

nX
i;j=1

wij

�
fjp
dj

�2

Thus we have that

f 0Lsymf =
1

2

� nX
i;j=1

wij

�
fip
di

�2

�2
nX

i;j=1

wijfifjp
di
p
dj

+
nX

i;j=1

wij

�
fjp
dj

�2�
=

1

2

nX
i;j=1

wij

�
fip
di
� fjp

dj

�2

2.:
(=>) We assume that � is an eigenvalue of Lrw with eigenvector v i.e. Lrwv = �v.
Thus we have that

LsymD
1
2 v = D�

1
2LD�

1
2D

1
2 v = D�

1
2Lv = D

1
2D�

1
2D�

1
2Lv = D

1
2D�1Lv = D

1
2Lrwv = D

1
2�v = �(D

1
2 v)

i.e � is an eigenvalue of Lsym with eigenvector w = D
1
2 v

(<=) We assume that � is an eigenvalue of Lsym with eigenvector w = D
1
2 v .

Thus we have that

LsymD
1
2 v = �D

1
2 v ) D�

1
2LD�

1
2D

1
2 v = �D

1
2 v ) D�

1
2Lv = �D

1
2 v ) D�1Lv = �v ) Lrwv = �v

i.e � is an eigenvalue of Lrw with eigenvector v.
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3.:
(=>)We assume that � is an eigenvalue of Lrw with eigenvector v. This means that
Lrwv = �v ) D�1Lv = �v ) Lv = �Dv.
(<=) We assume that � and v solve the generalized eigenproblem Lv = �Dv. Thus we
have that
D�1Lv = �v ) Lrwv = �v i.e � is an eigenvalue of Lrw with eigenvector v.

4.:

Lrw1 = D�1L1 = D�10 = 0 � 1

i.e. 0 is an eigenvalue of Lrw with the constant one vector 1 as eigenvector.

LsymD
1
2 1 = D�

1
2LD�

1
2D

1
2 1 = D�

1
2L1 = 0 = 0D

1
2 1

i.e. 0 is an eigenvalue of Lsym with eigenvector D
1
2 1.

5.:
a) Since

f 0Lsymf =
1

2

nX
i;j=1

wij

�
fip
di
� fjp

dj

�2

� 0;

for each f 2 Rn , Lsym is positive semidefinite and by extension it has n non-negative
real-valued eigenvalues.
b) Since � is an eigenvalue of Lrw with eigenvector v iff � is an eigenvalue of Lsym with

eigenvector w = D
1
2 v, Lrw has n non-negative real-valued eigenvalues and by extension it

is psd.

Proposition 174. Let G be an undirected graph with non-negative weights. Then the
multiplicity k of the eigenvalue 0 of both Lrw and Lsym equals the number of components
A1; :::; Ak in the graph. For Lrw the eigenspace of 0 is spanned by the indicator vectors
1Ai of those components. For Lsym the eigenspace of 0 is spanned by the vectors D

1
2 1Ai.

3.2 Graph Cut

We want to find a partition of the graph such that the edges between different groups have
a very low weight and the edges within a group have high weight.
For two disjoint subsets A;B � V we define cut(A;B) =

P
i2A;j2B

wij .

Given a similarity graph with adjacency matrix W, the simplest and most direct way
to construct a partition is to solve the minicut problem. This consists of choosing the
partition A1; ::; Ak which minimizes

cut(A1; ::; Ak) =
kX
i=1

cut(Ai; Āi):

The two most common objective functions which encode this are RatioCut and the nor-
malized cut, Ncut:
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RatioCut(A1; ::; Ak) =
kX
i=1

cut(Ai; Āi)

jAij

Ncut(A1; ::; Ak) =
kX
i=1

cut(Ai; Āi)

vol(Ai)

Both objectives take a small value if the clusters Ai are not too small.

3.2.1 RatioCut for k=2

Our goal is to solve the optimization problem

min
A�V

RatioCut(A; Ā):

We define the vector f = (f1; ::; fn)0 2 Rn with entries

fi =

8<:
q
j �Aj
jAj ; if vi 2 A

�
q
jAj
j �Aj ; ifvi 2 Ā

(3.1)

We can see that

�

f 0Lf =
1

2

nX
i;j=1

wij(fi � fj)2 =
1

2

� X
i2A;j2 �A

wij(fi � fj)2 +
X

i2 �A;j2A

wij(fi � fj)2

�

=
1

2

� X
i2A;j2 �A

wij

�s
jĀj
jAj

+

s
jAj
jĀj

�2

+
X

i2 �A;j2A

wij

�s
�jĀj
jAj
�

s
jAj
jĀj

�2�

= cut(A; Ā)

�s
jĀj
jAj

+

s
jAj
jĀj

�2

= cut(A; Ā)

�
jĀj
jAj

+
jAj
jĀj

+ 2

�
= cut(A; Ā)

�
jĀj+ jAj
jAj

+
jAj+ Āj
jĀj

�
= cut(A; Ā)

�
jV j
jAj

+
jV j
jĀj

�
= jV j

�
cut(A; Ā)

jAj
+
cut(A; Ā)

jĀj

�
= jV jRatioCut(A; Ā)

�
nX
i=1

fi =
X
i2A

fi +
X
i2 �A

fi = jAj

s
jĀj
jAj
� jĀj

s
jAj
jĀj

=
q
jAjjĀj �

q
jĀjjAj = 0

�

jjf jj2 =

nX
i=1

f2
i = jAj jĀj

jAj
+ jĀj jAj

jĀj
= jĀj+ jAj = n
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So the initial problem can be equivalently rewritten as

minimize
A�V

f 0Lf

subject to f 01 = 0;

fi defined as in Eq:(3:1);

jjf jj =
p
n:

We relax this problem by allowing the entries of the vector f to take arbitrary real
values. This leads to the relaxed optimization problem

minimize
f2Rn

f 0Lf

subject to f 01 = 0;

jjf jj =
p
n:

The solution is given by the vector f which is the eigenvector corresponding to the
second smallest eigenvalue of L (recall that the smallest eigenvalue of L is 0 with eigenvector
1).We consider the coordinates fi as points in R and cluster them into two groups A and
Ā by the k-means clustering algorithm.

3.2.2 RatioCut for arbitrary k

Our goal is to solve the optimization problem

min
A1;A2;::;Ak

RatioCut(A1; A2; ::; Ak):

We define k indicator vectors hi = (h1;i; h2;i; ::; hn;i) by

hi;j =

8<:
1p
jAj j

; if i 2 Aj

0 ; otherwise
(3.2)

Then we set the matrix H 2 Rn�k as the matrix containing those k indicator vectors
as columns:

H =

26664
h1;1 h1;2 � � � h1;k

h2;1 h2;2 � � � h2;k
...

...
...

hn;1 hn;2 � � � hn;k

37775 H 0 =

26664
h1;1 h2;1 � � � hn;1
h1;2 h2;2 � � � hn;2

...
...

...
h1;k h2;k � � � hn;k

37775
We can see that

� H 0H = I since h
0
ihi = 1 and h

0
ihj = 0 for i = 1; ::; n and i 6= j.

�

h
0
kLhk =

1

2

nX
i;j=1

wij(hi;k � hj;k)2 =
1

2

� X
i2Ak;j2 �Ak

wij(hi;k � hj;k)2 +
X

i2 �Ak;j2Ak

wij(hi;k � hj;k)2

�

=
1

2

� X
i2Ak;j2 �Ak

wij
1

jAkj
+

X
i2 �Ak;j2Ak

wij
1

jAkj

�
=
cut(Ak; Āk)

jAkj
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� h0iLhi = (H 0LH)ii

� RatioCut(A1; ::; Ak) =
nP
i=1

cut(Ai; �Ai)
jAij =

nP
i=1

h
0
iLhi = Tr(H 0LH)

Thus the initial problem can be equivalently rewritten as

minimize
A1;A2;::;Ak

Tr(H 0LH)

subject to H 0H = I;

H as defined in Eq(3:2):

We relax the problem by allowing the entries of the matrix H to take arbitrary real
values. Then the problem becomes

minimize
H2Rn�k

Tr(H 0LH)

subject to H 0H = I:

The solution of the relaxed problem is given by choosing H as the matrix which contains
the first k eigenvectors of L as columns. We consider as points in Rk the rows of the H
and cluster them into groups A1; A2; ::; Ak by the k-means clustering algorithm. This
then leads to the general unnormalized spectral clustering algorithm as is presented in the
paragraph 3.5.

3.2.3 Ncut for k=2

Our goal is to solve the optimization problem

min
A�V

Ncut(A; Ā):

We define the vector f = (f1; ::; fn)0 2 Rn with entries

fi =

8<:
q

vol( �A)
vol(A) ; if vi 2 A

�
q

vol(A)
vol( �A)

; ifvi 2 Ā
(3.3)

We can see that

�

Df =

26664
d1f1

d2f2
...

dnfn

37775
�

(Df)01 =
nX
i=1

difi =
X
i2A

difi +
X
i2 �A

difi =
X
i2A

di

s
vol(Ā)

vol(A)
�
X
i2 �A

di

s
vol(A)

vol(Ā)

= vol(A)

s
vol(Ā)

vol(A)
� vol(Ā)

s
vol(A)

vol(Ā)

=
q
vol(A)vol(Ā)�

q
vol(Ā)vol(A) = 0
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�

f 0Df =

nX
i=1

dif
2
i =

X
i2A

di
vol(Ā)

vol(A)
+
X
i2 �A

di
vol(A)

vol(Ā)
= vol(A)

vol(Ā)

vol(A)
+vol(Ā)

vol(A)

vol(Ā)
= vol(V )

�

f 0Lf =
1

2

nX
i;j=1

wij(fi � fj)2 =
1

2

� X
i2A;j2 �A

wij(fi � fj)2 +
X

i2 �A;j2A

wij(fi � fj)2

�

=
1

2

 X
i2A;j2 �A

wij

 s
vol(Ā)

vol(A)
+

s
vol(A)

vol(Ā)

!2

+
X

i2 �A;j2A

wij

 
�

s
vol(Ā)

vol(A)
�

s
vol(A)

vol(Ā)

!2!

= cut(A; Ā)

�
vol(Ā)

vol(A)
+
vol(A)

vol(Ā)
+ 2

�
= cut(A; Ā)

�
vol(Ā) + vol(A)

vol(A)
+
vol(A) + vol(Ā)

vol(Ā)

�
= cut(A; Ā)

�
vol(V )

vol(A)
+
vol(V )

vol(Ā)

�
= vol(V )

�
cut(A; Ā)

vol(A)
+
cut(A; Ā)

vol(Ā)

�
= vol(V )Ncut(A; Ā)

So the initial problem can be equivalently rewritten as

minimize
A�V

f 0Lf

subject to Df ? 1;

fi defined as in Eq:(3:3);

f 0Df = vol(V ):

We relax this problem by allowing the entries of the vector f to take arbitrary real
values. This leads to the relaxed optimization problem

minimize
f2Rn

f 0Lf

subject to Df ? 1;

f 0Df = vol(V ):

By setting f = D�
1
2 g, the problem becomes

minimize
g2Rn

g0D�
1
2LD�

1
2 g

subject to D
1
2 g ? 1;

jjgjj2 = vol(V )

that is equivalent to
minimize
g2Rn

g0Lsymg

subject to D
1
2 g ? 1;

jjgjj2 = vol(V ):
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The solution is given by the vector g which is the eigenvector corresponding to the
second smallest eigenvalue not equal to 0 of Lsym and by extension the optimal vector f
is given by the eigenvector corresponding to the second smallest eigenvalue not equal to
0 of Lrw .We consider the coordinates fi as points in R and cluster them into two groups
A and Ā by the k-means clustering algorithm.

3.2.4 Ncut for k>2

Our goal is to solve the optimization problem

min
A1;A2;::;Ak

Ncut(A1; A2; ::; Ak):

We define k indicator vectors hi = (h1;i; h2;i; ::; hn;i) by

hi;j =

8<:
1p

vol(Aj)
; if i 2 Aj

0 ; otherwise
(3.4)

Then we set the matrix H 2 Rn�k as the matrix containing those k indicator vectors
as columns:

H =

26664
h1;1 h1;2 � � � h1;k

h2;1 h2;2 � � � h2;k
...

...
...

hn;1 hn;2 � � � hn;k

37775
We can see that

�

h
0
iDhi =

nX
j=1

djh
2
j;i =

X
j2A

djh
2
j;i +

X
j2 �A

djh
2
j;i =

X
j2A

dj
1

vol(Aj)
=
vol(Aj)

vol(Aj)
= 1

�

h
0
iDhj =

nX
k=1

dkhk;ihk;j =
X
k2Ai

dkhk;ihk;j+
X
k2Aj

dkhk;ihk;j =
X
k2Ai

dk
1p

vol(Ai)
0+
X
k2Aj

dk
1p

vol(Aj)
0 = 0

�

h
0
iLhi =

1

2

nX
k;l=1

wkl(hk;i � hl;i)2 =
1

2

� X
k2Ai;l2 �Ai

wkl(hk;i � hl;i)2 +
X

k2 �Ai;l2Ai

wkl(hk;i � hl;i)2

�

=
1

2

� X
k2Ai;l2 �Ai

wkl
1

vol(Ai)
+

X
k2 �Ai;l2Ai

wkl
1

vol(Ai)

�
=
cut(Ai; Āi)

vol(Ai)

� Ncut(A1; ::; Ak) =
kP
i=1

cut(Ai; �Ai)
vol(Ai)

=
kP
i=1

h
0
iLhi =

kP
i=1

(H 0LH)ii = Tr(H 0LH)
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Thus the initial problem can be equivalently rewritten as

minimize
A1;A2;::;Ak

Tr(H 0LH)

subject to H 0DH = I;

H as defined in Eq(3:4):

We relax the problem by allowing the entries of the matrix H to take arbitrary real
values. Then the problem becomes

minimize
H2Rn�k

Tr(H 0LH)

subject to H 0DH = I:

By substituting H = D�
1
2U , the relaxed problem becomes

minimize
U2Rn�k

Tr(U 0D�
1
2LD�

1
2U)

subject to U 0U = I

that is equivalent to the problem

minimize
U2Rn�k

Tr(U 0LsymU)

subject to U 0U = I

The solution of the relaxed problem is given by choosing U as the matrix which contains
the first k eigenvectors of Lsym as columns. Since U = D

1
2H ) H = D�

1
2U , the optimal

solution H is a matrix having the first k eigenvectors of Lrw as columns. We consider as
points in Rk the rows of the H and cluster them into groups A1; A2; ::; Ak by the k-means
clustering algorithm. This then leads to the normalized spectral clustering according to
Shi and Malik (2000) as is presented in the paragraph 3.5.

3.3 Random walks

In a graph G = (V;E) a walk is just a sequence of vertices fx0; x1; ::; xngwith
< xi�1; xi >2 E(G) for all 1 � i � n. A random walk is determined by the transition
probabilities p(u; v) = P (Xi+1 = vjXi = u) which are independent of i. Clearly, for each
vertex u,

P
v
p(u; v) = 1.

For any initial distribution f(V ! R) with
P
v
f(v) = 1, the distribution after k steps

is just fP k. The random walk is said to be ergodic if there is a unique stationary distri-
bution �(v) satisfying lim

s!1
fP s(v) = �(v):

The necessary conditions for the ergodicity of P are
(i) irreducibility i.e. for any u; v 2 V there exist some s such that P s(u; v) > 0.
(ii) aperiodicity i.e. gcdfs : P s(u; v) > 0g = 1.
These two conditions for ergodicity are equivalent to the conditions that the graph be (i)
connected (that is equivalent to �2(Lrw(G)) > 0) and (ii) non-bipartite (that is equivalent
to �n(Lrw) < 2).
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We say that a random walk is reversible if �(u)p(u; v) = �(v)p(v; u).
With each distinct pair u; v 2 V , we associate the weight wuv = �(u)p(u; v).
The transition probability of jumping in one step form vertex u to vertex v is proportional
to the edge weight wuv and is given by p(u; v) = wuv

du
.

Proposition 175. The transition matrix P of the random walk is de�ned by P = D�1W .
If the graph G is connected and non-bipartite, then the random walk always possesses a
unique stationary distribution � = (�1; :::; �n) which is given by �i = di

vol(G) .

Proposition 176. Let G be a weighted graph with at least two vertices. Then

�1 � �min(P ) < �max(P ) = 1:

If G is connected the �max(P ) = 1 is a simple eigenvalue, and we have �min(P ) = �1 i�
G is bipartite.

3.3.1 Random walks and Ncut

Proposition 177. Let G be connected and non-bipartite. Assume that we run the ran-
dom walk (Xt)t�0 starting with X0 in the stationary distribution �. For disjoint subsets
A;B � V , denote by P (BjA) = P (X1 2 BjX0 2 A). Then:

Ncut(A; Ā) = P (ĀjA) + P (AjĀ):

Proof.

P (X0 2 A;X1 2 B) =
X

i2A;j2B
P (X0 = i;X1 = j) =

X
i2A;j2B

�ipij =
X

i2A;j2B

di
vol(G)

wij
di

=
1

vol(G)

X
i2A;j2B

wij

P (X1 2 BjX0 2 A) =
P (X0 2 A;X1 2 B)

P (X0 2 A)
=

�
1

vol(G)

X
i2A;j2B

wij

��
vol(A)

vol(G)

��1

=

P
i2A;j2B

wij

vol(A)
=
cut(A;B)

vol(A)

Thus we have that

Ncut(A; Ā) =
cut(A; Ā)

vol(A)
+
cut(A; Ā)

vol(Ā)
= P (X1 2 ĀjX0 2 A)+P (X1 2 AjX0 2 Ā) = P (ĀjA)+P (AjĀ)

This proposition tells us that minimizing Ncut, we actually look for a cut through the
graph such a walk seldom transitions from A to Ā or vice versa.

3.4 Power Iteration Clustering

Observation 178. If � is an eigenvalue of Lrw with eigenvector v, then (1 � �) is an
eigenvalue of S = D�1W with eigenvector v.

Proof. Since � is an eigenvalue of Lrw with eigenvector v, it holds that

Lrwv = �v ) (I �D�1W )v = �v ) v � �v = D�1Wv ) (1� �)v = Sv

i.e. (1� �) is an eigenvalue of S with eigenvector v.
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Thus the k smallest eigenvectors of Lrw are also the k largest eigenvectors of S.
One method for computing the largest eigenvector of a matrix is the Power Iteration

(PI). PI is an iterative method, which starts with an arbitrary vector v0 6= 0 and repeatedly
performs the update

vt+1 = cSvt:

c is a normalizing constant to keep vt from getting too large (here c= 1
jjSvtjj1 ).If t is large,

then vt will be a good approximation of the largest eigenvector of S.
The Power Iteration Clustering (PIC) Algorithm applies the PI method.

The PIC algorithm
Input: A row-normalized affinity matrix S and the number of clusters k.
Pick an initial vector v0

repeat
Set vt+1 = Svt

jjSvtjj1 and �t+1 = jvt+1 � vtj
Increment t

until j�t � �t�1j ’ 0
Use k-means to cluster points on vt

Output: Clusters A1; A2; ::; Ak

We assume that S has eigenvectors e1; e2; ::; en with eigenvalues �1; �2; :::; �n respec-
tively. Then ignoring renormailization we have that
vt = Svt�1 = S2vt�2 = ::: = Stv0 = St(c1e1 + c2e2 + :::+ cnen)

= c1S
te1 + c2S

te2 + :::+ cnS
ten

= c1�
t
1e1 + c2�

t
2e2 + :::+ cn�

t
nen:

The above equation shows that PIC does not choose among eigenvectors - the embedding
uses a weighted linear combination of the all eigenvectors.
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3.5 Spectral Clustering Algorithms

The unnormalized spectral clustering algorithm
Input: The adjacent matrix of the similarity graph, W 2 Rn�n and the number k
of clusters to construct

� Compute the unnormalized Laplacian L.

� Compute the first k eigenvectors v1; ::; vk of L.

� Let V 2 Rn�k be the matrix containing the vectors v1; ::; vk as columns.

� For i = 1; :::; n, let yi 2 Rk be the vector corresponding to the i-th row of V.

� Cluster the points (yi)i=1;::;n in Rk with the k-means algorithm into clusters
A1; ::; Ak.

Output: Clusters A1; ::; Ak.

The normalized spectral clustering algorithm according to Shi and
Malik (2000)
Input: The adjacent matrix of the similarity graph, W 2 Rn�n and the number k
of clusters to construct

� Compute the unnormalized Laplacian L.

� Compute the first k eigenvectors v1; ::; vk of the generalized eigenproblem
Lv = �Dv.

� Let V 2 Rn�k be the matrix containing the vectors v1; ::; vk as columns.

� For i = 1; :::; n, let yi 2 Rk be the vector corresponding to the i-th row of V.

� Cluster the points (yi)i=1;::;n in Rk with the k-means algorithm into clusters
A1; ::; Ak.

Output: Clusters A1; ::; Ak.

We note that the generalized eigenvectors of L correspond to the eigenvectors of the
matrix Lrw.
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The normalized spectral clustering algorithm according to Ng,Jordan
and Weiss (2002)
Input: The adjacent matrix of the similarity graph, W 2 Rn�n and the number k
of clusters to construct

� Compute the normalized Laplacian Lsym.

� Compute the first k eigenvectors v1; ::; vk of Lsym.

� Let V 2 Rn�k be the matrix containing the vectors v1; ::; vk as columns.

� Form the matrix U 2 Rn�k from V by normalizing the row sums to have norm
1, that is uij =

vij

(
P
k
v2
ik)

1
2

.

� For i = 1; :::; n, let yi 2 Rk be the vector corresponding to the i-th row of U.

� Cluster the points (yi)i=1;::;n in Rk with the k-means algorithm into clusters
A1; ::; Ak.

Output: Clusters A1; ::; Ak.

The PIC algorithm
Input: The adjacent matrix of the similarity graph, A 2 Rn�n and the number k
of clusters to construct

� Pick an initial vector v0.

� Compute the diagonal matrix D 2 Rn�n with diagonal entries the degrees of
vertices.

� Compute the matrix W = D�1A.

� Form the row-normalized matrix S 2 Rn�n from W.

� repeat
Set vt+1 = Svt

jjSvtjj1 and �t+1 = jvt+1 � vtj
Increment t

until j�t � �t�1j ’ 0.

� Use k-means to cluster points on vt.

Output: Clusters A1; A2; ::; Ak.

According to [4] it is useful to let v0(i) =

P
j
Aij

V (A) where V (A) =
P
i

P
j
Aij for i=1,2,..n.
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Chapter 4

Applications

4.1 Clustering of bond yield data

The application of the thesis is clustering of bond yield data. The data are the daily
yields of 10 bonds of different maturities for 14 countries (Table 4.1) over the period
2009-2015. The bonds under consideration differ in maturity that varies from 1 year to
10 years. We note that the variables of the problem are the daily bond yields. Our aim
is to examine if the issuers of the bonds under consideration can form clusters based on
the bond yields characterizing each issuer (country). In particular, we divided the period
2009-2015 in 7 intervals of duration equal to 1 year. For each interval the problem can
be seen as a fully connected graph having 14 vertices that represent the countries. Each

country i for each interval t is characterized by fDY (t)
i ; R

(t)
i ; DC

(t)
i g, where DY

(t)
i 2 R10x1

is the mean of the differences of daily yields, DC
(t)
i 2 R10x10 the covariance matrix of the

daily differences in the bond yields and R
(t)
i 2 R10x10 the correlation matrix of the bond

yields throughout the interval t. In other words, we transform the given set of data points

fDY (t)
i ; R

(t)
i ; DC

(t)
i g14

i=1 with pairwise similarities sij into a fully connected graph. In order
to construct its similarity graph we connect all points with positive similarity with each
other and weight all edges by sij . According to [2] an appropriate similarity function is

the gaussian similarity function s(xi; xj) = exp
�
� jjxi�xj jj2

2�2

�
. We recall that the parameter

� controls the width of the neighborhoods. Specifically, the similarity of two countries i
and j during the interval t is defined as

s
(t)
ij = exp

�
�
�
w1

jjDY (t)
i �DY

(t)
j jj22

2�2
1

+ w2

jjR(t)
i �R

(t)
j jj2F

2�2
2

+ w3

jjDC(t)
i �DC

(t)
j jj2F

2�2
3

��
:

We assume that the data can be characterized as elements of R10 �R10�10 �R10�10, and
decide to choose a metric of this space which is a convex combination of the metrics of
the component spaces R10; R10�10; R10�10 respectively. The relative weights will provide
some clues as to which features of the data (among differences of daily yields, covariances
of differences of daily yields or correlation of yields) play a dominant role in the character-
ization of the clusters and may be used as features for characterizing the bond behaviour.
We consider �1 = �2 = �3 = 1.
We apply the aforementioned spectral clustering algorithms in order to form clusters. Af-
terwards, we check the composition of these clusters and whether this composition remains
unchanged during the time periods in consideration. We compare the spectral clustering
algorithms through the measures: BetaCV, Dunn Index, Normalized Cut, Davies-Bouldin
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Index and Silhouette Coefficient that will be introduced shortly.The clustering procedure
is repeated using the data for each of the 7 time periods mentioned above. The clusters
formed in each period are not expected to be necessarily the same, however, if partici-
pation of a country in a particular cluster is expected to provide some input towards its
economic characteristics, it is expected that the contents of the clusters should not vary
too much from period to period. We chose to consider countries which are either in the
Eurozone or very strongly related to it.

The countries under consideration

Austria Belgium
Denmark Germany
Spain Finland
france Greece
Ireland Italy
Netherlands Portugal
Sweden UK

Table 4.1: The countries under consideration.
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4.2 The average bond yields per interval

The following figure illustrates the yield curves.

Figure 4.1: The mean values of the bond yields per interval.
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Over the period 2009-2015 Greece presents the largest average bond yields compared with
the other countries we examine. However, in 2009 Irish bond yields are very close to Greek
bond yields on average. The largest yields of greek bonds are observed in the period 2010-
2013 in which period the largest differences in the average bond yields between Greece
and the other countries are found.
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4.3 Internal Measures

We assume that we are given a clustering C = fC1; C2; ::; Ckg comprising k clusters with
cluster Ci containing ni = jCij points.

4.3.1 BetaCV Measure

The BetaCV measure is the ratio of the mean intra-cluster distance to the mean inter-

cluster distance BetaCV =
Win
Nin
Wout
Nout

= Nout
Nin

Win
Wout

= Nout
Nin

kP
i=1

W (Ci;Ci)

kP
i=1

W (Ci; �Ci)

where

� Nin is the number of distinct intra-cluster edges.

� Nout is the number of distinct inter-cluster edges.

� Win = 1
2

kP
i=1

W (Ci; Ci) that is the sum of all the intra-cluster weights over all clusters,

where W (Ci; Ci) =
P
i2Ci

P
j2Ci

wij . It is divided by 2 since each edge is counted twice

in the summation.

� Wout = 1
2

kP
i=1

W (Ci; C̄i) that is the sum of all the inter-cluster weights over all clus-

ters, where W (Ci; C̄i) =
P
i2Ci

P
j2 �Ci

wij . It is divided by 2 since each edge is counted

twice in the summation.

The smaller the BetaCV ratio the better the clustering is since it indicates that intra-
cluster distances are on average smaller than the inter-cluster distances. Specifically, in
our problem the larger the BetaCV ratio the better the clustering is, since each edge is
weighted by the similarity of its endpoints.

In a fully connected graph we have that Nin =
kP
i=1

�
ni
2

�
= 1

2

kP
i=1

ni(ni � 1) and

Nout =
k�1P
i=1

kP
j=i+1

ninj .

4.3.2 Dunn Index

The Dunn Index is defined as the ratio between the minimum distance between point pairs
from different clusters and the maximum distance between points from the same cluster.

More formally, we have Dunn =
Wmin
out

Wmax
in

.

The larger the Dunn Index the better the clustering is because it means that the closest
distance between points in different clusters is much larger than the farthest distance
between points in the same cluster. Specifically, in our problem the smaller the Dunn
Index the better the clustering is, since each edge is weighted by the similarity of its
endpoints.

4.3.3 Normalized Cut Measure

The Normalized Cut Measure is defined as follows

NC =
kP
i=1

W (Ci; �Ci)
vol(Ci)

=
kP
i=1

W (Ci; �Ci)
W (Ci;V ) =

kP
i=1

W (Ci; �Ci)
W (Ci;Ci)+W (Ci; �Ci)

=
kP
i=1

1
W (Ci;Ci)

W (Ci;
�Ci)

+1
.

63

CC BY: Attribution alone 4.0

https://creativecommons.org/licenses/by/4.0/

https://doi.org/10.26219/heal.aueb.6509



The higher the NC value the better is.
We can see that the NC is maximized when the ratios W (Ci;Ci)

W (Ci; �Ci)
(across the k clusters)

are as small as possible, which happens when the intra-cluster distances are much smaller
compared to inter-cluster distances, i.e, when the clustering is good. Specifically, in our
problem the smaller the NC the better the clustering is, since each edge is weighted by
the similarity of its endpoints.

Example 179. We consider the following graph:

The two clusters are C1 = f1; 2; 3g and C2 = f4; 5; 6g.
The adjacent matrix of the graph is

A =

26666664

0 0:8 0:6 0 0:1 0
0:8 0 0:8 0 0 0
0:6 0:8 0 0:2 0 0
0 0 0:2 0 0:8 0:7

0:1 0 0 0:8 0 0:8
0 0 0 0:7 0:8 0

37777775
We recall that di =

6P
j=1

wij. The following table illustrates the degrees of the vertices.

j dj

1 1.5
2 1.6
3 1.6
4 1.7
5 1.7
6 1.5
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We recall that vol(Ci) =
P
j2Ci

dj . Thus we have that vol(C1) = 4:7 and vol(C2) = 4:9.

The sum of all the intra-cluster weights over all clusters is
Win = 1

2(2� (0:8 + 0:8 + 0:6) + 2� (0:8 + 0:8 + 0:7)) = 4:5.

The sum of all the inter-cluster weights over all clusters is
Wout = 1

2((0:1 + 0:2) + (0:1 + 0:2)) = 0:3.

The number of distinct intra-cluster edges are Nin = 6.

The number of distinct inter-cluster edges are Nout = 2.

The BetaCV Measure can be computed as
BetaCV = Nout

Nin
Win
Wout

= 2
6

4:5
0:3 = 5.

The Dunn Index is given as Dunn =
Wmin
out

Wmax
in

= 0:1
0:8 = 0:125.

The Normalized Cut Measure is given as

NC = W (C1; �C1)
vol(C1) + W (C2; �C2)

vol(C2) = 0:3
4:7 + 0:3

4:9 = 0:125.

4.3.4 Davies-Bouldin Index

Let �i denote the cluster mean, �i = 1
n

P
xi2Ci

xi.

Let ��i denote the dispersion or spread of the points around the cluster mean,

��i =

s P
xj2Ci

�(xj ;�i)2

ni
=
p
var(Ci).

The Davies-Bouldin measure for a pair of clusters Ci and Cj is defined as the ratio

DBij =
��i+��j
�(�i;�j)

. DBij measures how compact the clusters are compared to the distance

between the cluster means.

The DB index is then defined as DB = 1
k

kP
i=1

max
j 6=i
fDBijg.

The smaller the DB value the better the clustering is.

4.3.5 Silhouette Coefficient

The silhouette coefficient is a measure of both cohesion and separation of clusters and is
based on the difference between the average distance to points in the closest cluster and
to points in the same cluster. For each point xi we calculate the silhouette coefficient si
as
si =

�minout (xi)��in(xi)

max(�minout (xi);�in(xi))
where

� �in(xi) is the mean distance from xi to points in its own cluster Ci,

�in(xi) =

P
j 6=i

�(xi;xj)

ni�1 , ni = jCij.

� �minout (xi) is the mean of the distances from xi to the points in the closest cluster Cj ,

�minout (xi) = min
j

� P
y2Cj

�(xi;y)

nj

�
.
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The si value of a point lies in the interval [-1,+1]. A value close to +1 indicates that xi
is much closer to points in its own cluster and is far from other clusters. A value close to
zero indicates that xi is close to the boundary between two clusters. Finally, a value close
to -1 indicates that xi is much closer to another cluster than its own cluster and therefore,
the point may be mis-clustered.
The silhouette coefficient is defined as the mean si value across all the points

SC = 1
n

nP
i=1

si.

A value close to +1 indicates a good clustering.

4.4 Clustering results

In the following clustering results, the cluster including Germany is colored in blue, while
the other one in red.

4.4.1 w1 = 1; w2 = 0 and w3 = 0
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Figure 4.2: Spectral Clustering Results for w1 = 1
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Figure 4.3: Internal Measures for w1 = 1

In 2009 and 2014 PIC does equally well or does better than the other method for most
evaluation measures. In the period 2010-2013 and 2015 the normalized spectral clustering
algorithm according to Shi and Malik (2000) does equally well or does better than the
other method for most evaluation measures. However, according to BetaCV Measure,
Dunn Index and Normalized Cut Measure both clustering algorithms work almost equally
well in the period 2009-2015. We observe that the measures take their best values in 2011
and 2012 for both spectral algorithms. Greece is included in the red cluster formed by
the normalized spectral clustering algorithm over the period 2010-2015, while Ireland only
in 2010 and 2013. In 2013 Portugal, Italy and Spain are also in the red cluster. In 2009
we see Greece and Germany in the same cluster. The red cluster formed by PIC involves
Greece only in the period 2011-2014. This means that in 2009, 2010 and 2015 Greece
and Germany are in the same cluster according to PIC. Applying majority vote over the
period under consideration we conclude that the normalized spectral clustering algorithm
according to Shi and Malik (2000) works better than the Power Iteration Clustering.
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4.4.2 w1 = 0; w2 = 1 and w3 = 0

Figure 4.4: Spectral Clustering Results for w2 = 1
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Figure 4.5: Internal Measures for w2 = 1
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In the period 2009-2010 as well as the period 2013-2015 the normalized spectral clustering
algorithm according to Shi and Malik (2000) does equally well or does better than the
other method for most evaluation measures. In 2011 and 2012 the PIC does equally well
or does better than the other method for most evaluation measures. However, according
to BetaCV Measure, Dunn Index and Normalized Cut Measure the performance of the
normalized spectral clustering algorithm is better than that of PIC over the period 2009-
2015. We observe that the measures take their best values in 2009 and 2013 for both
algorithms. The Normalized clustering algorithm groups Greece and Germany in the
period 2009-2014, while PIC only in 2010, 2012 and 2013. In reference to PIC, in 2014 we
meet Greece, Austria, Belgium, Sweden and Netherlands in the same cluster. By taking
into consideration only the correlation of the bond yields is not enough in order to separate
the countries based on the bond yields characterizing each one separately.
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4.4.3 w1 = 0; w2 = 0 and w3 = 1

Figure 4.6: Spectral Clustering Results for w3 = 1
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Figure 4.7: Internal Measures for w3 = 1

In the period 2009-2015 the normalized spectral clustering algorithm according to Shi and
Malik (2000) does equally well or does better than the other method for most evaluation
measures. In reference to the normalized spectral clustering algorithm Greece appears
consistently in the red cluster from 2010 to 2015 in which period we see occasionally
Portugal and Ireland in that cluster. Regarding PIC the formed red cluster does not
involve Greece in 2010 and 2014. This means that in these years Greece and Germany are
grouped contradicting to the financial data.
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4.4.4 w1 = w2 = w3 = 1
3

Figure 4.8: Spectral Clustering Results for w1 = w2 = w3 = 1
3
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Figure 4.9: Internal Measures for w1 = w2 = w3 = 1
3

In the period 2009-2010 as well as the period 2013-2015 the PIC does equally well or
does better than the other method for most evaluation measures. In 2011 and 2012 the
normalized spectral clustering algorithm according to Shi and Malik (2000) does equally
well or does better than the other method for most evaluation measures. Regarding the
normalized spectral clustering algorithm we see in the same cluster Greece and Germany
in 2010 and 2013, Greece, Belgium and Austria in 2009 and 2014 as well as Greece, UK
and Denmark in 2015. PIC groups Greece and Germany in 2010 and 2013-2014 as well
as Greece, UK and Denmark at the end of the period. Applying majority vote over the
period under consideration we conclude that the Power Iteration Clustering works better
than the normalized spectral clustering algorithm according to Shi and Malik (2000).

4.5 Conclusion

Although one may observe the formation of distinct clusters in the yield data and some of
the entries in clusters indeed correspond to different types of economies (i.e. one cluster
consists partly of economies which we view hit strongly by the recent crisis of the Eurozone,
while the other cluster consists of the stronger economies) it can be seen that the market
data of the bond yields are clearly not enough to separate the corresponding economies
into clusters of sufficient economic coherence, even though from the technical point of view
the cluster procedure is very successful as the corresponding indices show. This imposes
the necessity of a more holistic and detailed study in which the bond yield data are
combined with other microeconomic indicators such as GDP, growth rate, unemployment
rate, inflation,.. so as combined with the behaviour of these economies in the international
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bond market to get a more clear of their current situation. This is clearly beyond the scope
of this thesis.
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Chapter 5

Conclusion

The goal of the thesis is the study of graphs emphasizing on laplacian matrices and spectral
clustering. The first chapter constitutes an introduction to graphs. In the second chapter
we introduce laplacian matrices, while in the third chapter we represent some of the
most ubiquitous spectral clustering algorithms. The application of the thesis is clustering
of bond yield data. The data are the daily yields of 10 bonds of different maturities
for 14 countries (Table 4.1) over the period 2009-2015. The bonds under consideration
differ in maturity that varies from 1 year to 10 years. We note that the variables of the
problem are the daily bond yields. Our aim is to examine if the issuers of the bonds
under consideration can form clusters based on the bond yields characterizing each issuer
(country). In particular, we divided the period 2009-2015 in 7 intervals of duration equal
to 1 year. For each interval the problem can be seen as a fully connected graph having 14
vertices that represent the countries. Each country i for each interval t is characterized by

fDY (t)
i ; R

(t)
i ; DC

(t)
i g, where DY

(t)
i 2 R10x1 is the mean of the differences of daily yields,

DC
(t)
i 2 R10x10 the covariance matrix of the daily differences in the bond yields and

R
(t)
i 2 R10x10 the correlation matrix of the bond yields throughout the interval t. In other

words, we transform the given set of data points fDY (t)
i ; R

(t)
i ; DC

(t)
i g14

i=1 with pairwise
similarities sij into a fully connected graph. In order to construct its similarity graph
we connect all points with positive similarity with each other and weight all edges by
sij . According to [2] an appropriate similarity function is the gaussian similarity function

s(xi; xj) = exp
�
� jjxi�xj jj2

2�2

�
. We recall that the parameter � controls the width of the

neighborhoods. Specifically, the similarity of two countries i and j during the interval t is
defined as

s
(t)
ij = exp

�
�
�
w1

jjDY (t)
i �DY

(t)
j jj22

2�2
1

+ w2

jjR(t)
i �R

(t)
j jj2F

2�2
2

+ w3

jjDC(t)
i �DC

(t)
j jj2F

2�2
3

��
:

We assume that the data can be characterized as elements of R10 �R10�10 �R10�10, and
decide to choose a metric of this space which is a convex combination of the metrics of
the component spaces R10; R10�10; R10�10 respectively. The relative weights will provide
some clues as to which features of the data (among differences of daily yields, covariances
of differences of daily yields or correlation of yields) play a dominant role in the character-
ization of the clusters and may be used as features for characterizing the bond behaviour.
We consider �1 = �2 = �3 = 1.
We apply the aforementioned spectral clustering algorithms in order to form clusters. Af-
terwards, we check the composition of these clusters and whether this composition remains
unchanged during the time periods in consideration. We compare the spectral clustering
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algorithms through the measures: BetaCV, Dunn Index, Normalized Cut, Davies-Bouldin
Index and Silhouette Coefficient.The clustering procedure is repeated using the data for
each of the 7 time periods mentioned above. We chose to consider countries which are
either in the Eurozone or very strongly related to it. Although one may observe the for-
mation of distinct clusters in the yield data and some of the entries in clusters indeed
correspond to different types of economies (i.e. one cluster consists partly of economies
which we view hit strongly by the recent crisis of the Eurozone, while the other cluster
consists of the stronger economies) it can be seen that the market data of the bond yields
are clearly not enough to separate the corresponding economies into clusters of sufficient
economic coherence, even though from the technical point of view the cluster procedure
is very successful as the corresponding indices show. This imposes the necessity of a more
holistic and detailed study in which the bond yield data are combined with other mi-
croeconomic indicators such as GDP, growth rate, unemployment rate, inflation,.. so as
combined with the behaviour of these economies in the international bond market to get
a more clear of their current situation.
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Chapter 6

Appendix

6.1 Code for Clustering of Bond Data

We cite some of the code for Clustering of Bond Data.
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The content of the file 0names of matfiles EE:txt0 is

AUS daily:mat
BL daily:mat
DEN daily:mat
DEU daily:mat
ESP daily:mat
FIN daily:mat
france daily:mat
GR daily:mat
IRE daily:mat
ITA daily:mat
NL daily:mat
POR daily:mat
SWE daily:mat
UK daily:mat

The content of the file names of matfiles for Dif Cov yearEE is

AUS dailyyearDifCov.mat
BL dailyyearDifCov.mat
DEN dailyyearDifCov.mat
DEU dailyyearDifCov.mat
ESP dailyyearDifCov.mat
FIN dailyyearDifCov.mat
france dailyyearDifCov.mat
GR dailyyearDifCov.mat
IRE dailyyearDifCov.mat
ITA dailyyearDifCov.mat
NL dailyyearDifCov.mat
POR dailyyearDifCov.mat
SWE dailyyearDifCov.mat
UK dailyyearDifCov.mat
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The content of the file names of matfiles for Cor yearEE is

AUS dailyyearCor.mat
BL dailyyearCor.mat
DEN dailyyearCor.mat
DEU dailyyearCor.mat
ESP dailyyearCor.mat
FIN dailyyearCor.mat
france dailyyearCor.mat
GR dailyyearCor.mat
IRE dailyyearCor.mat
ITA dailyyearCor.mat
NL dailyyearCor.mat
POR dailyyearCor.mat
SWE dailyyearCor.mat
UK dailyyearCor.mat

The content of the file names of matfiles EE is

Austria
Belgium
Denmark
Germany
Spain
Finland
france
Greece
Ireland
Italy
Netherlands
Portugal
Sweden
UK
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