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Abstract

Stamatina Labrinakou
Graph Clustering
July 2018

The goal of the thesis is the study of graphs emphasizing on laplacian matrices and spectral
clustering. The first chapter constitutes an introduction to graphs. In the second chapter
we introduce laplacian matrices, while in the third chapter we represent some of the most
ubiquitous spectral clustering algorithms. The application of the thesis is clustering of
bond yield data. In the appendix we cite some code for the clustering of bond yield data.




CC BY: Attribution alone 4.0 https://doi.org/10.26219/heal.aueb.6509
https://creativecommons.org/licenses/by/4.0/

Contents
{1  Introduction to Graphs | 3
(1.1 Introduction to Graphs| . . . . . .. .. . ... ... ... ... ... ... 3
[1.2  Operation of Graphs and Special Classes of Graphs|. . . . . . ... ... .. 7
M3 Trees . . . o o o 12
(1.4 Connectivity of Graphs| . . . . . . . . . . ... ... .. 18
2 Introduction to Unnormalized Laplacian Matrices | 23
[2.1  Matrix Representations of Graphs|. . . . . . ... ... ... ... ... 23
2.2 The Matrix Tree Theorem| . . . . . . . . . .. .. ... ... 30
[2.3  Graph Representations and Energyl . . . . . . .. ... ... 35
[2.4  The Spectrum of unnormalized Laplacian Matrices| . . . . . . . .. ... .. 40
[2.4.1  What spectrum is| . . . . . . . ... o 40
[2.4.2  The Spectrum of unnormalized Laplacian Matrices under Certain |
| Graph Operations | . . . . . . . . . . ... ... .o 40
[2.4.3 Bounding the unnormalised Laplace eigenvalues|. . . . . . . ... .. 44
[2.4.4  Edge cuts and eigenvalues| . . . . . ... ... o000 45
13 Spectral Clustering] 46
[3.1 Graph Laplacians and their basic properties| . . . . . . . . .. ... ... .. 46
[3.1.1  The unnormalized graph Laplacian| . . . . . . . . ... ... ..... 46
[3.1.2  The normalized graph Laplacians|. . . . . .. .. ... ... .. ... 46
[3.2 Graph Cut| . . ... .. ... 48
B.2.1 RatioCutfork=2[. ... ... ... ... ... ... ... ...... 49
[3.2.2  RatioCut for arbitrary k| . . . . . .. ... ... ... ... ... ... 50
B23 Neutfork=2 ... ... .. ... .. 51
B.24 Ncutfork=>2 ... ... . .. . 53
B.3 Random walks . . . .. .. ... 54
B8.3.1  Random walks and Necutl. . . . . .. ... ... ... ... ...... 99
[3.4  Power Iteration Clustering|. . . . . . . . . ... ... ... ... ....... 55
[3.5  Spectral Clustering Algorithms| . . . . . . .. .. ... ... 0. 57
4 Applications| 59
[4.1  Clustering of bond yield datal . . . . . .. ... ... .. ... ... ..... 59
[4.2  'The average bond yields per interval . . . . . ... ... ... ... ..... 61 B
B3 Tnfernal MEasuresl. - - -« « . o covoovo oo e e e e 63 >
431 BetaCV Measure] . . . . . . . . ... oo 63
432 DunnlIndex| . . .. ... ... ... 63
4.5.3  Normalized Cut Measurel . . . ... ... ... ... ... ...... 63 ‘
4.3.4 Davies-Bouldin Index| . . . . . .. ... .. ... 00 65 |




CC BY: Attribution alone 4.0 https://doi.org/10.26219/heal.aueb.6509
https://creativecommons.org/licenses/by/4.0/

4.3.5  Silhouette Coefficient] . . . . . . . . . . L 65

[4.4 Clustering results| . . . . . . . . . . ... .. ... 66
441 wi=1, wop=0andw3z=0[...................... 66

442 w1 =0, wo=landwsz=0/...................... 69

443 wi1=0,wo=0andwz=1]...................... 72

444 WI=Wo=W3 =13 .. ... 74

4.5  Conclusionl . . . . . . . . . . . 75
5__Conclusionl 77
6  Appendix]| 79
[6.1 Code for Clustering of Bond Data] . . . .. ... ... ... ... ...... 79
|Bibliography]| 100




Chapter 1

Introduction to Graphs

Much of the material of this chapter is taken from [1] (pages 39-66).

1.1 Introduction to Graphs

Definition 1. A graph G is a set of points V (G) called vertices along with a set of line
segments E(G) called edges joining pairs of vertices. Vertices u and v are said adjacent
if there is an edge e =< u;v > joining them. Edge e is said to be incident with vertices
u and v,respectively.

Example 2. Suppose that there are ten students, numbered 1; 2; :::; 10, each of whom need
to sign up for classes next summer. The classes are Math, English, Science, History and
French. The time meetings will be determined after the students sign up so that no two
classes having students in common are scheduled for the same time. Suppose the class lists
of students are as follows: Math: ¥1,3,4,6,7,99 , English: 2,3,4,5,8g, Science: f1,6,7,10qg,
History: £2,8,10g, French: f1,4,7g. The graph that models this situation letting the classes
be vertices and drawing an edge between vertices that share at least one common student:

Math

English History

Science French

Definition 3. Simple is called a graph that does not have loops, namely edges joining
the same vertices, or pairs of vertices joining by multiple edges.
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Definition 4. Complete is called a graph that is a simple graph having n vertices, with
each vertex being adjacent to every other vertex.

Definition 5. The degree of a vertex v, denoted deg(v), is the number of vertices adjacent
to v. The set of vertices adjacent to v is the neighborhood of v which we denote as N (v).

Example 6. Consider the following graph G:

a

@ L ]
c d

The following table shows the vertex, the degree, the incidence edges and the neighbor for
each vertex of graph:

Vertex | Degree | Incident edges N eighbors
a 2 <ab>;<ae> b;e
b 3 <ab>;<bc>;<bje> a;b;c
c 2 <bc>;<cd> b; d
d 2 <cd>;<dje> c,e
e 3 <ae><be><de=> a;b;d

Theorem 7. Let vy;::; vy be the vertices of a graph G has m edges, then

X
deg(vi) = 2m (1.1)
i=1

Therefore, the sum of the degrees of the vertices of a graph must be even.
Corollary 8. In any graph there must be an even number of vertices of odd degree.

This occurs, since the sum of degrees of vertices of a graph is even as well as the sum
of degrees of vertices of even degree is even and by extension the sum of degrees of vertices
of odd degree should be even. Thus, this induces that there must be an even number of
vertices of odd degree.

Example 9. A graph G has one vertex of degree 6, six vertices of degree 3 and two vertices
of degree 2. By applying the above theorem we conclude that the graph G must have 14
edges, since

6+6 3+2 2=2 m==>m=14




Theorem 10. If a graph has n 2 vertices, then there must be at least two vertices with
the same degree.

Proof

We will show it by contradiction. Assume that the nodes have unique degrees. The possible
degrees in a graph with n vertices are 0;1;2;::;;n 1. This gives n unique degrees that are
to be assigned to n vertices of the graph. Initially, the degree of zero is assigned to one of
the vertices of the graph G. This vertex is not connected to any other vertex of the graph.
Afterwards the degree of n 1 is assigned to one of the remaining vertices. This new
chosen vertex is connected to every vertex of the graph. The above assignments lead us to
a contradiction because it is impossible simultaneously to have a vertex that is connected
to every other vertex and a vertex that is connected to none. Hence, there must be at least
two vertices with the same degree.

Definition 11. A graph is called regular if every vertex has the same degree.

Example 12. A 3-regular graph:

<P

Definition 13. Let G; and G, be two graphs with vertex sets V (G1) and V (G2) respectively.
Then G; and G, are isomorphic. If there is a one-to-one correspondence between V (G)
and V (G2) such that for any pair of vertices u;w2V (G1) we have u and w are adjacent in

Gy i (u)and (w) are adjacent in G. The function is an isomorphism from G to G,.
Example 14. By considering the following two graphs:
G1 GZ:
e p e
a/ |
{ ;IC t
b r

Gy and G, are isomorphic as there exists an isomorphism  between these two graphs,
namely (a)=p; (b)=r; (¢)=q; (d)=t, (e)=s
Definition 15. A v-w walk in a graph G is a sequence of vertices beginning at v and

ending at w so that the consequtive vertices in the sequence are adjacent. The number of
edges encountered in a walk, including multiple appearances, is the length of the walk.
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Example 16. By considering the following graph G:
a

ad bwalkoflength5isd e b ¢ e b

Definition 17. A closed walk is a walk with the same starting and ending vertex. An
open walk is a walk in which the start and end vertices di er.

Example 18. By considering the graph G of the example 16, a closed walk of length 5
beginning and endingatgisg f e b ¢ g.

Definition 19. A trail is a walk in which no edge is repeated.

Example 20. By considering the graph G of the example 16, the i e trail of length 6 is
i h d b a c e

Definition 21. A path is a walk in which no vertex is repeated.

Example 22. By considering the graph G of the example 16, a b ¢ path of length 4 is
h e f g c

Note that a path in a graph is also a trail since no vertex is repeated and by extension
no edge can be repeated.

Definition 23. A cycle is a closed walk in which no vertex is repeated, but the starting
and ending vertices that are the same.

Example 24. By considering the graph G of the example 16, b ¢ e bisacycleon3
vertices.

Definition 25. The distance between two vertices v and w, denoted d(v; w), is the short-
est length path between v and w.

Example 26. We consider the graph of the example 6. The following table gives the
distances between distinct pair of vertices.

albjc|d]e
al0o|1(2]2]1
bi1l0(1|2]1
cl2(1]0]|1|2
dl2(2(1]0]1
ej1]|1|2|1]0

Definition 27. The diameter of a connected graph G, denoted diam(G) is the greatest
distance between any two vertices of G.

Example 28. We consider the graph G of the example 16. The diameter of the graph G pNEMI Ty
is equal to 6, since the distance between the vertices i and k is equal to 6 (i-h-d-e-f-g-k). OQ g 6;%
X
Definition 29. A graph is connected if there exists a path between every pair of distinct > 2
. o o
vertices 7/0 et
Yo WO



1.2 Operation of Graphs and Special Classes of Graphs

Definition 30. The complement of a graph G, denoted G¢, is formed from V (G) by

joining vertices i and j of V(G) i i and j are not adjacent in G.
Example 31. Consider the graph G :
a
b e

¢ d

We create the complement G€ by rst deleting the existing edges and then adding edges
joining the nonadjacent vertices of G.

G°:

a
b e
c d

Theorem 32. If a graph G on n vertices is r-regular, then G isn r 1 regular.
Proof

In the graph G, each vertex v is adjacent to r of the other n 1 vertices of the graph G.
Thus in the complement of the graph G, the degree of the vertex v is equal ton r 1,
namely the vertex v is adjacent to the n 1 r vertices which are not adjacent to the
vertex v in the graph G.

Definition 33. The line graph of a graph G, denoted L(G), is the graph that is constructed
from G by representing each edge e of G by a vertex ve in L(G) and joining two vertices ve
and ve i edges e and e are incident with the same vertex in G.

Example 34. We consider the graph of the example 31. Its line graph:
ab ae

bc de

cd

Definition 35. The induced subgraph by a subset U of the vertices of a graph G is the
graph consisting of the vertices in U and all edges in E(G) which join vertices in U.

Example 36. Consider the graph of the example 31. The subgraph induced by vertices
a;b;c;d :

WNET/y
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c d

Example 37. Consider the graph of the example 16. The subgraph induced by the set of
vertices fa;b; d; eg:

d e

S
Definition 38. The union (g two graphs G and H, denoted G kK or G+H, is the graph
whose the vertex set is V(G) V (H) and whose edge set is E(G) E(H).

Example 39. We consider theéollowing graphs and form their union.

G: H: G H:
| aRb a%b
c.—Id c d c d

Example 40. We consider theéollowing graphs and form their union.
G: H: G H:
e e

bI d bI d
a c a c

. w o .
Definition 41. The join of two graphs G and H, denoted G H, is created by adding
edges between G and H so that every vertex in G is adjacent to every vertex in H.

W
Example 42. We consider the graphs G and H of the example 40. G H:

e
b d
a c

W
Example 43. We consider the graphs G and H of the example 39. G H:
a b
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Definition 44. Let V (G) = fuy;::;;ung and V (H) = fvy; 5 vpg. The product GxH is
created by taking p copies of G, calling them Gy; :::; Gy, placing them at the location of the
vertices vq;::; Vp in H, then joining the vertex uj in Gj to the vertex u; in Gx 1 vj and v
are adjacent in H.

Example 45. We consider the following graphs and form their product.

G: H: GxH:
Us (ug;vi) (s v2) (U1;V3)
T ees OLID
2 o—o—o (uz;v1) ) (Uz;Vv3)

Example 46. We consider the following graphs and form their product.

G: H: GxH:

V1

~—

(ug; V2

(ug;v3)

ui
UZI Vl A V2

Theorem 47. (G WH)c =G+ H°¢

Proof W

The set of vertices of the graph G H consigts of the vertlges of the graph G, V (G) and
the vertices gf the graph H, V(H) i.e V(G H) = V(G) V(H). The set of edges of
the graph G H consists of the edges of the graph G, E(G), the edges of the graph H,
E(H), and the edgewhat are need@ S0 thaéevery vertex in G is adjacent to every vertex
inH, Ey,ieEG H)=E(G) EMH) E. In\ﬁddltlon the, set of vertl%s of the
graphéG H)¢ conS|sts§f the vertices of the graph G H i.e V(G W) =V({(G H)=
V(G) V(H)=V(G® V(H®) and the set of edges of the graph (G  H)® consists of the
edges of We complement g the graph G and the edges of the complement of the graph H,
i.e E((G Wl) ) =E(G®) E(H°).

Hence, (G H)® = G°® 4 HC.

(u2;v2)

(U2;V3)

Definition 48. A complete graph on n vertices, denoted Ky, is the graph on n vertices
in which every pair of vertices is adjacent.



Example 49. Complete graphs on 3, 4 and 5 vertices:

A

Theorem 50. The number of edges of K, is equal to M
Proof

The degree of every vertex of Ky, is equal to n-1. By applying the theorem 7, we have that

nn 1)

(1.2)

Definition 51. A clique of a graph G is a complete induced subgraph of G. The clique
number, denoted (1(G)), is the number of vertices in the largest clique of G.

Example 52. Consider the following graph G:
a

c d

Observe the subgraph induced by vertices b;c; d; e is a clique, that is the largest induced
complete subgraph of G. Hence !(G) = 4.

Definition 53. The empty graph, En, on n vertices is the complement of the complete
graph on n vertices, K,. Thus the empty graph on n vertices is the graph on n vertices
containing no edges.

Definition 54. A split graph is a graph whose vertices can be partitioned into two sets
where the induced subgraph by the one set of vertices is a complete subgraph while the
induced subgraph by the other set is an empty graph.

Example 55. We consider the graph G:
a

f
e
b g
h
C Qi
d

We can partition the vertices into sets V = fa;b;c;d;eg and W = fF;g; h;ig where the

10
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subgraph induced by the vertices in V is the complete graph Ks, while the subgraph induced
by the vertices in W is the empty graph Es.

Theorem 56. A graph G on n 2 vertices is bipartite i it contains no odd cycles.
Proof

First, we assume that the graph G is bipartite. This means that the set of vertices of the
graph G, V (G), can be partitioned into two nonempty subsets Vi and V5, so that each edge
joins a vertex in Vi to a vertex in V,. We must show that the length of an existing cycle of
the graph G is even or equivalently it is a cycle on even number of vertices. Therefore, we
assume a cycle on p vertices Cp = viva:iivpvy with vy 2 Vi, Since the graph is bipartite,
it follows that v; 2 V1;v2 2 Va; vy 2 Vo, Hence, p is even and the length of Cp, is even.
For the converse, assume that G has no odd cycles. We must show that G is bipartite. Let
u2V(G), Vy=Ffw2V(G)jd(u;w) is eveng and V, = fw 2 V (G)jd(u; w) is oddg. We
will show that (Vy;V>) is a bipartition of G, namely every edge of G joins a vertex of V; to
a vertex of V,. In order to show that, we assume that there exists an edge e joining two
vertices of Vo. Lety;z2V, and e =<y;z >.

In addition, let P = u;Vvy;Va; il Vos; Vos+1 = Y be the shortest u vy path,

Q = U; Wy Wy; il Wor; Wore1 = Z be the shortest u  z path and these paths have some
common vertices. Let x be the last common vertex of paths such that d(u;x) =i, i 0
with i = 0 corresponding to the case that vertex u is the only common vertex of the paths.
Since we consider the shortest paths u y and u z, we have that vi = w; = X and by
extension X; Vi+1; 13 Vas; Y; Z; Wor; 5y X is a cycle of length [(2s+1) i]+[(2t+1) i]+1=
2(s+t 1i+1)+1 thatis of odd length and contradicts to our initial assumption that G
has no odd cycles.

Example 57. We consider the graph G:
a h

The graph G is not bipartite since it contains the odd cycle a-e-g-a.

Theorem 58. A graph G in which every edge joins a vertex with even degree, called even
vertex, with a vertex with odd degree, called odd vertex, is bipartite.

Proof

Letu2V(G), V1 = fw 2 V (G)jdegree of w is eveng and V, = fw 2 V (G)jdegree of w is oddg.
We will show that (V1;V>) is a bipartition of G, namely every edge of G joins a vertex of

V1 to a vertex of V,. In order to show that, we assume that there exists an edge e joining

two vertices of V; that contradicts to the fact that every vertex join an even vertex with WNEMIZ
QY goten, ‘4

an odd vertex and thus there cannot exist an edge joining a pair of even vertices. o a,
X °
= >
2 &3
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1.3 Trees

Definition 59. A tree is a connected graph that contains no cycle.

Example 60. Some examples of trees are as follows:

Nt

Definition 61. A star on n vertices is a tree consisting of one vertex that is adjacent to
the remaining n 1 vertices.

Example 62. Examples of stars:

A X

Definition 63. A pendant vertex is a vertex whose degree is one

Lemma 64. Every tree (other than K1) has at least two pendant vertices.

Proof

Let T be a tree and let P be a path u = wg w; Wy 1 wg =V in T of greatest
length. We will show that u and v are pendant vertices of T. Necessarily, neither u nor
v is adjacent to any vertex not on P, because otherwise a path whose length is greater
than the length of P would be produced. Certainly, u and v are adjacent to w; and wy 1
respectively. In addition, since T contains no cycles, u and v cannot be adjacent to any
other vertex of P. Thus deg(u) = deg(v) =1

Theorem 65. A tree on n vertices has n 1 edges.

Proof

We will prove this by induction on n. The only tree on n = 1 vertex is K1 which has no
edges. Hence the result is true for n = 1.

Assume now that for a xed positive integer k that all trees on k vertices have k 1 edges.
Let T be a tree on k + 1 vertices. The theorem is proven if we can show that T has k
edges. By previous lemma, T contain at least two pendant vertices and let v be one of
them. Then T' =T v is a tree on k vertices and by the inductive hypothesis has k 1
edges. Hence, T has k edges, since T has exactly one more edge that T

Theorem 66. A connected graph G on n vertices isatreei G hasn 1 edges.

Proof

First, we assume that a connected graph G on n vertices is a tree. According to the theorem
65, G has n 1 edges.

12
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For the converse, we assume that a connected graph G has n 1 edges. We will show
that G is a tree. For that we assume that G is not a tree. This means that G has at least
one cycle. Successively remove edges from the cycles of G in order to obtain a connected
graph without cycles G'. The graph G’ has n vertices but n x 1 edges where x > 0
is the number of edges removed in order to obtain GO, but this contradicts to our initial
assumption that a connected graph on n vertices has n 1 edges.

Theorem 67. A graph G on n vertices is a tree i for every pair of distinct vertices u
and v of G there exists a unique u v path.

Proof

Let G be a tree. Thus G is connected by de nition. This means that every pair of distinct
vertices of G are connected by a path. We will show that every pair of distinct vertices of G
are connected by a unique path. For that we suppose that there is a pair of distinct vertices
of G that are connected by two distinct paths, but then a cycle is formed that contradicts
to our initial assumption that G is a tree.

For the converse, we suppose that every pair of distinct vertices u and v of G are connected
by a unique u v path. Hence, certainly G is connected. Therefore, in order to show that
G is a tree, it is enough to show that G does not contain cycles. For that we assume that
G has a cycle C and u and v are two distinct vertices of C. C determines two distinct
u Vv paths that contradicts to our assumption that every pair of distinct vertices (u;v) of
G are connected by a unique u v path.

Theorem 68. Let G be a connected graph on n vertices. The following are equivalent:
() G is a tree

(b) G has n 1 edges

(c) For every pair of distinct vertices u and v of G, there exists a unique u v path.
Proof

This theorem is proved by applying the theorems 66 and 67.

Theorem 69. Let G be a connected graph on n vertices, Then G has at least n 2 edges.
Proof

This theorem is certainly true for graphs on 1,2 or 3 vertices. Assume that this theorem
is false. Then a connected graph on n vertices has at most n 2 edges. We assume that
G is a connected graph on the smallest number of vertices such that the number of edges
is at most the number of its vertices minus 2.

We will rst show that G has a pendant vertex. In order to show that, we assume that G
does not have a peng@nt vertex. This means that the degree of every vertex of G is at least
2 and by extension 55 deg(v) 2n. Since the sum of the degrees of the vertices is twice
the number of edges of a graph, it follows that G has at least n edges which contradicts to
our assumption that G has at most n 2 edges. Therefore, G contains a pendant vertex.

Let v be a pendant vertex of G. Since G is connected, has n vertices and at most n 2
edges, it follows that G v is connected, has at most n 3 edges and n 1 vertices, but
this contradicts to our assumption that G is a graph on the smallest number of vertices
such that the number of edges is at most the number of vertices minus 2.

Example 70. Suppose a tree T has 21 vertices and the vertices have only degrees 1, 3, 5
and 6. If has exactly 15 pendant vertices and one vertex of degree 6, how many vertices
on T have degree 5;

A tree with 21 vertices has 20 edges. Let x be the number of vertices of degree 3 and

13
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y the number of vertices of degree 5. Since the sum of the degrees of the vertices is twice
the number o;(edges of a graph, we have that

deg(v) =40 =>15+6 + 3X + 5y = 40 => 3x + 5y = 19 (1.3)
v2T

that gives two vertices of degree 5 and three vertices of degree 3.

Example 71. Suppose a tree T on 35 vertices has 25 pendant vertices, two vertices of
degree 2, three vertices of degree 4, one vertex of degree 5 and two vertices of degree 6. It
also contains two vertices of the same unknown degree X. What is X;

A tree with 35 vertices has 34 edges. Since the sum of the degrees of the vertices is
t)vv(ice the number of edges of a graph, we have that

deg(v) =68=>25+2 243 441 54+2 6+2Xx=68=>2x=10=>x=§1.4)
v2T
Definition 72. A graph H is called subgraph of a graph G, written H G , if V(H)
V(G) and E(H) E(G).

Example 73. Consider the following graph:
u

Some of its subgraphs:

u u u u
W X W X
w
y y y

Definition 74. A spanning tree of a graph G is a tree that is a subgraph of G containing
all of the vertices of G.

Example 75. Consider the following graph G:

u

y
X

Two spanning trees of G:

14




u u
vmw v[ :W
y y
X X

Definition 76. A rooted tree is a tree in which a vertex is designated as the root vertex.

Example 77. Examples of rooted trees:

root
%O‘t

Definition 78. In a rooted tree, if a vertex v is adjacent to a vertex w and v lies one level
above w, then we say that v is a parent of w and that w is a child of v.

Definition 79. In a rooted tree, if w lie any number of levels below v and path from w to
v contains only vertices on levels below v, then we say w is a descendant of v and v is
an ancestor of w.

Definition 80. A rooted m-ary Bethe tree on k levels is a rooted tree on k levels
where each vertex in levels 0;::;;k 1 has m children.

Example 81. A 2-ary Bethe tree on 3 levels:

There are two common algorithms that create spanning trees of graphs: the depth-
first search(dfs) and the breadth-first search(bfs) algorithms. With the depth-
first search we first designate a vertex to be the root vertex. Then we create a spanning
tree by traveling from the root vertex as far as we can go until we cannot travel with-
out going to a vertex we already accounted for. We then backtrack through the path we
created until we encounter a vertex that is adjacent to a vertex we have not accounted |
for. We then travel along a path accounting for new vertices until we cannot travel any
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further. We then backtrack as we did before until we find another vertex that is adjacent
to a vertex we have not accounted for. We continue this procedure until all vertices are
accounted for.

Since first we choose the vertex that will be the root of tree and then when we backtrack
we may meet vertices that are adjacent to more than one unaccounted vertices and hence
we choose one of them, the spanning tree produced using dfs is not unique.

Example 82. Consider the graph below:

We designate vertex a to be the root vertex. Starting at vertex a, we can create a path
by traveling to vertices b; d; h, then i. At this point, i is not adjacent to any unaccounted
vertices. So we backtrack until we reach a vertex adjacent to an unaccounted vertex. The

rst such vertex we reach when we backtrack is d. From d we create the path by traveling
to vertices e;c; g, then k. Since Kk is not adjacent to any unaccounted vertices, we backtrack
to g that is adjacent to two unaccounted vertices. From g we create the path by traveling
to vertex j. Since J is not adjacent to any unaccounted vertices, we backtrack to g that
is adjacent to an unaccounted vertex. From g we create the path by traveling to vertex f.
We have now accounted for all of the vertices of our graph. Below is the spanning tree we
created using the dfs alogorithm:

In the beadth-first search algorithm, we designate a root vertex. We choose all
vertices that are adjacent to the root vertex. We then go one by one through these vertices
and choose all of the vertices adjacent to these vertices that have not been accounted for.
We continue in this fashion creating additional levels of our spanning tree until all vertices
of the graph are accounted for.

Since there is a choice in which vertex is designated the root vertex and since there is
often a choice in the order in which the subsequent vertices are considered, the spanning
tree we produce using the breadth-first search algorithm is not unique.

Example 83. Consider the graph below:

16




We designate vertex a to be the root vertex. Since a is adjacent to b and c, let edges ab
and ac be in our spanning tree. Now we consider vertices b and c. The vertices adjacent
to b that we have not accounted for are d and e, hence we let edges bd and be be in our
spanning tree. The only unaccounted vertex adjacent to vertex c is g, thus the edge cg will
be in our spanning tree. Now we consider the vertices d; e and g which are currently at the
bottom level of our spanning tree.The unaccounted vertex adjacent to d is h, thus adding
dh to the tree. The unaccounted vertex adjacent to e is T, thus adding edge ef to the tree.
The unaccounted vertices adjacent to g are j and k, thus adding edges gj and gk to the
tree. Now we consider the vertices h; f;j and k which are currently at the bottom level
of our spanning tree. The unaccounted vertex adjacent to h is i, thus adding edge hi to
the tree. There are no unaccounted vertices to f;j and k as well as to h. Below is the
spanning tree we created using bfs:

Definition 84. A connected subgraph of a disconnected graph G that is not a subgraph of
any connected subgraph of G is called a component of G.

Example 85. The following graph has three components: the subgraph induced by the
vertices fa;b; c; dg, the subgraph induced by the vertices fe; f; gg and the subgraph induced
by the vertices fh; ig.

dI:I C A‘* Ih

b f g i

a

Definition 86. A forest is a disconnected graph in which each component is a tree.

Corollary 87. Every forest F on n vertices with k components has n  k edges.

Proof

Let ni:be the total number of edges of F. The components of If:,are trees Tpon n; vertices
\A_qth K ni=nand1 i k. Hence,wehavethatm= '"mj= KX (n; 1)=

(o]

X

-_1 n. k=n Kk where mj is the number of edges T; with mj = n; 1 since a tree on s
o

1

n; vertices has nj 1 edges.
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1.4 Connectivity of Graphs

Definition 88. A vertex v is a cut vertex of a connected graph G if G v is disconnected.

Example 89. Consider the following graph G:

The vertex c is a cut vertex since the removal of ¢ with the incidence edges
f<ajc>;<hbc>;<c;d>;<c;e>;<c;F>g will result in a disconnected graph.

Theorem 90. A vertex v is a cut vertex in a connected graph G i there exist vertices u
and w distinct from v such that v lies on every u w path of G.

Proof

First, we assume that a vertex v is a cut vertex in a connected graph G. Thus G v is
disconnected by de nition.We will show that there exist vertices u and w distinct from v
such that v lies on every u w path of G. For that we suppose that u and w are in di erent
components of G v. Since G v is disconnected there does not exist a u w path in
G v, but there does exist such a path in G. Thus it follows that every u w path in G
must contain v.

For the converse, we assume that there exist vertices u and w distinct from v such that v
lies on every u w path of G. This means that there does not exist u w pathin G v
and by extension G v is disconnected. Hence, v is a cut vertex of G.

Theorem 91. Let G be a connected graph and let u 2 V(G). If v is a vertex that is
farthest from u in G, then v is not a cut-vertex of G.

Proof

Assume that v is a cut vertex of G. Let w and u be in di erent components of G v. Since
au w path in G contains v, it follows that d(u;w) d(u;v) that is contradiction.

Definition 92. A graph is nonseparable if it does not contain a cut vertex.

Theorem 93. A connected graph G on n 3 vertices is nonseparable i every two vertices
of G lie on a common cycle.

Proof

First, we assume that G is a graph on n 3 vertices such that every two vertices of G lie
on a common cycle and we will show that G is nonseparable. We note that G is connected
since every two vertices of G lie on a common cycle and by extension they are connected.
We assume that G is not nonseparable and hence G must contain a cut vertex, say v. Let u
and w be two vertices belonging to di erent components of G v. According to our initial
assumption all vertices lie on a common cycle C that determines two distinct u  w paths
of G, one of which does not contain the vertex v contradicting to assumption that v is a
cut vertex. Therefore G does not contain cut vertices and so G is nonseparable.

For the converse, we assume that G is a nonseparable graph on n 3 vertices and we
will show that every two vertices of G lie on a common cycle. We assume G contains two
vertices that do not lie on a common cycle. Let (u;v) be such a pair with the minimum
d(u;v) among all pairs of vertices that do not lie on a common cycle.
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1st case: d(u;v) = 1, i.e. < u;v >2 E(G). Since G is nonseparable and n 3, at
least one of u and v is adjacent to another vertex of G. Without loss of generality say u
is adjacent to a vertex w. Since G does not contain cut vertices, G v is connected and
contains aw u path. The w u path together with the pathv. u w form a cycle in G

that contradicts to our assumption that u and v do not lie on a common cycle.
u w

s
s

v
2nd case: d(u;v) =k 2. Let P = (U= vp;Vy;:Vk 1;Vk = V) beau v path in G.
Since we have assumed that u and v do not lie on a common cycle and G is honseparable,
we consider that there exists a cycle C containing u and vk 1 but not v as the below gure
shows. Since vk 1 is not a cut vertex, the theorem 90 implies that there is u v path Q
that does not contain vk 1. Since u 2 V(C), there is a vertex x 2 V(Q)\V (C). Let Q
be the v x subpath of Q and let P'beavg 1 X path on C that contains u. The edge
V; Vi 1 with the paths P! and Q' form a cycle containing both u and v that contradicts to
our initial assumption that u and v do not lie on a common cycle.

Theorem 94. Let G be a simple graph. Either the graph G or its complement G° is
connected.

Proof

We assume that the graph G is not connected and we will show that its complement G°€ is
connected. Let u;v be two vertices in G.

1st case: The vertices u and v lie in di erent components of G. Since u; v are not adjacent
in G, they must be adjacent in G®. Hence there exist a u v path in G°.

2nd case: The vertices u and v lie in the same component of G. Let w be a vertex in a
di erent component of G. Since the vertices u and v are not adjacent to w in G, both u
and v must be adjacent to w in G°. Hence there existsau w v path in G°.

Since there exists a path between any two vertices of G¢, G¢ is a connected graph.

Theorem 95. If v is a cut vertex of a graph G then v is not a cut vertex of G°.

Proof

Since v is a cut vertex of a graph G, G v is disconnected. According to the above theorem,
(G v)®*=G°® v is connected and that’s why v cannot be cut vertex of G°.

Definition 96. A block of graph G is nonseparable subgraph of G that is not a subgraph
of any other nonseparable subgraph of G.

Example 97. We consider the following graph G:
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b

Blocks of the graph G are the subgraph induced by the vertices fa;b;cg ; the subgraph
induced by the vertices fc;d; f;eg ; the subgraph induced by the vertices fg; h;i;jg ; the
subgraph induced by the vertices fj; kg ; the subgraph induced by the vertices ff; gg.

Definition 98. Given a graph G, a vertex cut is a set of vertices U such that G U is
disconnected.

Definition 99. If the cardinality of vertices in a vertex cut U of a graph G is the minimum
number of vertices required to be removed from G to render G disconnected, we say that U
is a minimal vertex cut. This cardinality is known as the vertex connectivity of G
and is denoted by v(G).

Example 100. We consider the following graph G:

a b c
11
€ d

Observe that G contains no cut vertices. However, there exist a vertex cut U of cardinality
2, namely U = fb;eqg, since G U is disconnected .Hence the vertex connectivity of G is
2,i.,ev(G) =2.

Definition 101. An edge e is a bridge of a connected graph G if G e is disconnected.

Example 102. We consider the following graph G:

b

The edge < f;g > is a bridge of G since G < f;g > is disconnected.

Definition 103. Given a graph G, an edge cut is a set of edges X such that G X is
disconnected.

Definition 104. If the cardinality of edges in an edge cut X of a graph G is the minimum
number of edges required to be removed from G to render G disconnected, we say that X
is a minimal edge cut. This cardinality is known as the edge connectivity of G and is
denoted by e(G).

Example 105. We consider the following graph G:
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L1

e d

We observe that G has no bridges. However, there does exist an edge cut X of cardinality
2, namely X = f<a;b>;<f;e>gsince G X is disconnected. Thus e(G) = 2.

The minimum vertex degree will be denoted as (G).

Theorem 106. For every graph G, we have v(G) e(G)  (G).

Proof

If G is disconnected, then v(G) = e(G) =0 (G) and the inequalities hold. If G = Kp,
forn 2thenv(G) =e(G)= (G)=n 1 and the inequalities hold. So for the reminder
of the proof, we will assume that G is a connected noncomplete graph on n 3 vertices
and by extension (G) n 2.

Let’s rst show that e(G) (G). Let v be a vertex of G such that deg(v) = (G). Since
the set of (G) edges incident with v is an edge cut of G, it follows that e(G) (G) n 2.

To show v(G) e(G), let X be a minimum edge cut of G. Then jXj=e(G) n 2.
G X contains exactly two components, say G1 and G,. Suppose G; has k 1 vertices and
hence G, has n  k 1 vertices. Since X is an edge cut, every edge in X joins a vertex
in G; to a vertex in G,. We consider two cases:

Case 1: Every vertex of G; is adjacent to every vertex in G,.Thus jXj = k(n k).
Since (k 1)(n k 1) 0=>k(n k) n+1 0=>k(n k) n 1=>¢6)=
jXj=k(n k) n 1. However, e(G) n 2, so this case cannot occur.

Case 2: There exist vertices u in Gy and v in G, such that u and v are not adjacent
in G. We de ne a set U of vertices of G. For each e 2 X, we select a vertex for U in the
following way. If u is incident with e, then choose the other vertex in G, that is incident
with e as an element of U. Otherwise, select the vertex that is incident with e and belongs
to G; as an element of U. Since there may be more than one edge incident to be a vertex
inU, juj jXj. Since u;v2U and thereisnou v pathin G U, it follows that G U
is disconnected and so U is a vertex cut. Thus, v(G) jUj jXj=e(G) (G).

Theorem 107. Let G be a graph on n vertices. If deg(u) +deg(v) n 1 for every two
nonadjacent vertices u and v of G, then G is connected and diam(G) 2.

Proof

We will show that every two distinct vertices of G are connected by a path of length at
most 2. Let x;y 2V (G). If <x;y >2 E(G) then there is a x y path of length equal to 1.
For the remainder of the proof, we assume that x and y are not adjacent vertices. Since
it is given that deg(x) +deg(y) n 1, there must be a vertex w that is adjacent to both
x and y. So (x;w;y) isax y of length 2 in G.

Theorem 108. If G is a graph on n vertices with (G) ”Tl then G is connected.
Proof
For every two nonadjacent vertices u and v of G,

deg(u) + deg(v) ”71 +%5= =n 1 and by extension G is connected according to the
above theorem.
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Theorem 109. If G is a graph on n 3 vertices such that deg(v) % for each vertex
v 2 G, then G is nonseparable.

Proof

Since deg(v)  J for each vertex v 2 G, we have that (G) J 51 and according to the
above theorem G is a connected graph. We will show that G is a nonseparable by showing
that it does not contain a cut vertex. Let v 2 G be a cut vertex and u;w be two vertices
that are in di erent components of G v. The set N (U) of vertices adjacent to u contain
at least § vertices, as does N (w). Since G contains n vertices, N(U)\ N (w) must contain
at least two vertices, at least one of which is not v, say x. Thus there does existau w
path not containing v, namely u x w, and by extension v cannot be a cut vertex of G
that is contradiction.
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Chapter 2

Introduction to Unnormalized
Laplacian Matrices

Much of the material of this chapter is taken from [2] (pages 91-125) and [3].

2.1 Matrix Representations of Graphs

Definition 110. Let G be a graph on n vertices labelled 1;:::;n. The adjacency matrix of
G on rtvertices is the nxn matrix A = [a;j] where
1 ;if i6j;iand j are adjacent

aii =
"7 0 ;ifi=jori6jandiis notadjacent to j

We are not allowing loops in our graphs and thus the diagonal entries of the adjacency
matrix are equal to zero. As for the off-diagonal entries, since ajj = aj;j the adjacency
matrix is symmetric. We note that the number of 1’s in each row and each column is the
degree of the corresponding vertex.

Example 111. We consider the following graph:

1 2

3 4
5 6

Its adjacency matrix is:
2 3

01 1010

1 00110

1 00 010

A= 01 0 001

1 11001

000110

Example 112. We consider the following graph:
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4 5 6 7

Its adjacency matrix is:
2 3

>

Il
[l elelNoll S =)
OO = = O O =
—_ 0 O O O =
OO OO O
S OO O O+ O
OO OO+ OO
OO OO = OO

Theorem 113. Let G be a graph with vertices vi;::;vh and adjacency matrix A = [ajj].

Then the entry ai(}() in row i and column j of AKX is the number of distinct v; vj walks of
length k in G.

Proof

We prove this by induction on k. For k = 1, we have the matrix A’ = A. An entry of

ai(jl) is 1 if vj and v; are adjacent, i.e. there is a v; v;j walk of length one in G. Likewise,

an entry of ai(jl) is 0 if v; and v; are not adjacent, i.e. there are no v;j v; walks of length
one in G. This proves the base step.

For the inductive hypothesis, assume that for a positive integer k, the number of v; v;
walks of length k in G is ai(}o. By matrix multiplication, the entry ai(}”l) of AK*1 js the
dot product of row i of Ai:k> and column j of A.

(k+1) n (k) (k) (k)

k k
In other words aj; "™~ = ¢_; aj5"asj = &j;’a1j + &, Aj +:::+ai(n anj. Every vi vj walk

W of length kK + 1 in G is produced by beginning with a v; vs walk W'’ of length k in G
for some vertex vs adjacent to vj, then following w’ by vj. By the inductive hypothesis,
the number of vi vg walks of length k is a®. In addition, asj = 1 i vs is adjacent to

is -
vj. Hence ai(}(H) represents the number of v;  vj walks of length k + 1 in G.

)

Example 114. We consider the graph of the example 111. The second power of A is:

2 3
311121
13201 2
, B1 2201 1
AT=81002 20
2 1 12 4 0
12100 2
@

Thus, for example, since ay; = 2 there are two vo vz walks of length two, namely
Vo Vi Vvzandvy, Vs Vs.

We notice that the diagonal entries of A? are precisely the degrees of each vertex. This
is because the walks of length two from a vertex V;j to itself are the walks (vj; Vj; Vi) where
Vj is a vertex adjacent to vj and therefore the number of closed walks of length 2 beginning
and ending at vj is equal to the number of adjacent vertices to V;j.
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Example 115. We consider the graph of the example 111. The third power of A is:
2 3

A3 =

W O N Tt O
o TN N
S W NN Ot
_ O W ot N

Y= = O 00 O

OO = =W

1 1 4
3 _

For example, since a;; = 5 there are ve v4 vz walks of length three, namely v4 Ve
V5 Vo, Va Vo Vs Vo, Va Vo Vi Vo;Va Vo V4 Voandvs Vg V4 Vo. In
addition, since ag) = 2 there are two cycles of length 3, namely v» vi vs Vv, and
V2 V5 V1 V2

A closed walk of length 3 is a cycle of length 3. Hence, for each i = 1;2;::;n the ith
diagonal entry of A3 are the number of cycles of length three beginning and ending at
vi. Each cycle beginning and ending at vj with i = 1;2;::;n, is counted twice (once for
each direction, clockwise and anticlockwise). However, the ith diagonal entry of A* does
not represent the number of cycles of length four beginning and ending at vj. Consider-
ing the graph of the previous example, a walk of length 4 beginning and ending at vj is
Vi V2 Vi Vz Vi that is not a cycle of length 4. We recall that a cycle is a closed walk
in which no vertex is repeated except that the starting and ending vertices are the same.

Example 116. Considering the graph of the example 112. The third power of A is

2 3
0440000
4003 311
4001133
A®=80 3 1 0 0 0 0
0310000
01 30000
013 0¢00O0O0

As we expected all the diagonal entries of A% are equal to O since there do not exist
cycles of length 3 in G.

th fourth power of A is 3

8 0 0 4 4 4 4
0 10 6 0 0 0 0
0 6 10 0 0 0 0
A*=84 0 0 3 3 1 14]
4 0 0 3311
4 0 0 11 3 3
4 0 0 11 3 3

As we expected, all the diagonal entries of A* are not equal to 0 since there exist walks
of length 4 beginning and ending at the same vertex, such asvy Vo Vi Vo Vg

We recall that the trace of a matrix A, denoted Tr(A), is the sum of the diagonal
entries of A.
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Theorem 117. Let A be a graph G with m edges, n vertices and t cycles of length 3. Then
MHTr(A)=0

(ii) Tr(A?) =2m

(i) Tr(A3) = 6t

Proof

We are not allowing loops in our graphs and thus the diagonal entries of the adjacency
matrix are equal to 0. Hence, Tr(A) = 0.

The diagonal entries of A? are precisely the degrees of each vertex. Since the sum of degrees
of the vertices is equal twice the number of edges the graph, we have that Tr(A?) = 2m.

For each i=1,2,..,n the ith diagonal entry of A3 are the number of cycles of length 3
beginning and ending at vj. Each cycle will be counted twice (once for each direction,
clockwise and anticlockwise) for each of the three vertices of the cycle. Therefore the num-
ber of distinct cycles is %Ag) =t => Tr(A3%) = 6t. In other words each existing cycle
increases by 2 the diagonal entries of A3 corresponding to the vertices of the cycle. Since
it is given that t is the number of cycles of length 3, we have that Tr(A3) = 6t.

Definition 118. Let G be a graph on n vertices labeled vy;::;vhn and m edges labeled
e1;:;em. The incidence matrix F is the nxm matrix such that

g._ P(viiej) ;if vi and ej are incident
"o ;if vi and e are not incident

The columns of the incidence matrix F correspond to the edges of the graph, while the
rows of the incidence matrix F to the vertices of the graph. In addition, p(vi;e;j) is equal
to 1 if v; is the lower-numbered label vertex incident to ej and equal -1 if v; is the larger-
numbered label vertex incident to e;.

Example 119. We consider the graph of the example 111. The incidence matrix F is

2 3
11 1 0 O O 0 O
10 o0 1 1 0 0 O

F:O 1 0 0O 1 0 0

0 0 0 1 0 0 1 O

0 O 1 0 1 1 0 1

0o 0 o0 o0 0 O 1 1

Observation: Each column j has exactly two non-zero entries. These entries are in
the rows corresponding to the two vertices that are incident to e;.

Example 120. We consider the graph of the example 112. The incidence matrix F is

2 3
11 0 0 0 O
10 1 1 0 O
0 1 0 0 1 1

F=20 0 1 0 0 O

0O 0 O 1 0 0

0 0 0 O 1 0

o 0 o0 0 O 1

Theorem 121. Let G be a graph on n vertices and m edges, and let F be its incidence
matrix. Let A be the adjacency matrix for L(G), the line graph of G. Then A=jFTF 2Ij.
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Proof

For i;j = 1;:::;m the (i;j) entry of FTF is the dot product of the ith column of F with
the jth column of F. Hence the diagonal entries of FTF are each 2 and by extension
the diagonal entries of FTF 21 are each zero. For the o -diagonal entries of FTF, the
(i;J) entry is zero i edges e; and e;j are not incident with a common vertex and hence
Aij = 0. Otherwise, since we are not allowing more than one edges joining the same pair
of vertices, the (i;j) entry of FTF is either 1 or -1 and thus Ajj = 1.

Definition 122. Let G be a graph on n vertices labged 1;:;;n. The unnormalized Laplacian
= 1 ;ifi6&j;iandj are adjacent
matrix of G is the nxn matrix L = [l;;] where l;; = _0 Jifi6&jandiis notadjacent to j
“di ;ifi=]j
In this chapter when we say Laplacian matrix we mean the unnormalized Laplacian

matrix. In the next chapter we will introduce the normalized Laplacian matrices and their
basic properties.

Observation 123. If D is the diagonal matrix consisting of the degrees of the vertices
of a graph G and A is the adjacency matrix for G, then the Laplacian matrix L of G is
L=D A.

Example 124. We consider the graph of the example 111. The Laplacian matrix L is

2 2 1 1 0 0 0 0 3
1 3 0 1 1 0 0
1 0 3 0 0 1 1
L=RO0 1 0 1 0 0 0 4 =D-A where D = diagf2;3;3;1;1;1;1g
0 1 0 0 1 0 0
0 0 1 0 0 1 0
0 0 1 0 0 1 0

Observation 126. Since the number of nonzero entries in row i of the incidence matrix
F is the degree of vertex i, it follows that taking the dot product of row i with itself will
yield the degree of vertex i. Moreover, for i & j, taking the dot product of row i with row
j will yield -1 if vertices i and j are adjacent and zero otherwise. Hence L = FFT.

Theorem 127. The Gersgorin Disc Theorem. Let A be an n x m matrix and let
be the set of all eigenvalues of A. Then

WNEM/»
. . < LS -fi/\'s'f;
inzlfrZC D )ai r] Jalng ¥O ¢ : 6
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% Ry
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Observation 128. Laplacian matrices have the following spectral properties:

1) All of the eigenvalues are real, since Laplacian matrices are symmetric.

2) All eigenvalues are nonnegative real numbers.

This results by applying the theorem 127 and since the diagonal entry of each row is equal
to the sum of the diagonal entries. We note that

X X
i T ki ==jr lijj ilikj ==
Kk=1:K&i K=1:K&i
X X X X
ik r i jlikj == 0 = lj ki iliki
K=1:K&i K=1:K&i K=1:K&i k=1:K&i

3) Zero is the smallest eigenvalue with the vector of ones being a corresponding eigenvector,
since the row sums of the Laplacian matrix are each zero.

Generalizing the adjacency and Laplacian matrices to weighted graphs is straight-
forward in that we simply replace the off-diagonal entries with w and w, respectively,
where W denotes the weight of the corresponding edge. In the Laplacian matrix of a
weighted graph, each diagonal entry is the sum of the weights of the edges incident to
the corresponding vertex. To generalize the 'Bcidence matrix to WSghted graphs, alter the
definition of p(vj; ej) by defining p(Va;€j) = W and p(vp;€j) = = W with ej =<va;vp >.
We note that with these definitions of the Laplacian and Incidence matrix for weighted
graphs the special properties are preserved as well as the observation 126.

Proposition 129. We assume that G=(V,E) is an undirected, weighted graph with weight
matrix W where wjj = wjj 0 is the weight of the edge < i;j > and w;jj = 0 when the

vertices i and j are not adjacent. The degree of a vertex t is de ned as di = wyj.
j=1

Proposition 130. For every vector f 2 R" we have

0 1 X 2
fo:§ wij(fi )
i;j=1
where L is the Laplacian matrix of the graph G.

Proof.

X )
fiLf =D W)f =f'Df f'wf=  d;f? w;j Fif

i=1 ij=1
1 X 5 X X )
= — dify 2 wi; Fifj + djfj
i=1 ij=1 j=1
1 XX 5 X KX 5
= — Wijfi 2 Wijfifj + Wjifj
i=1 j=1 ij=1 j=1i=1
1 X 5 X X )
=5 wife 2 wi; Fifj + Wijfj
ij=1 ij=1 ij=1
1 X )
=5 wiy(fi )
i;j=1
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Theorem 131. Let L be the Laplacian matrix for a graph G and F be its incidence matrix.
Then L=FFT and FTF have the same nonzero eigenvalues.
Proof
Let ; be a nonzero eigenvalue of L = FFT and g; be an eigenvector belonging to ;.
Then

Lgi = i0i =>FF'gi = i0i;gi 2R™"

By choosing xj = FTg; 2 R™, we have that
FTF =FTFFTg=F" igi= iF'gi= i

This means that ; is also an eigenvalue of FTF with x; = FTg; being a corresponding
eigenvector.

Example 132. We consider the following graph G:

The adjacency matrix is:
2 3

0350 8 0 0 0
3006 1 4 0 O
5000 7 0 0 O
A 06 00 0 3 0 0
8 1.7 0 0 2 10 1
0403 2 0 0 2
0000 100 0 9
00001 2 90

The Laplacian matrix is:

216 3 5 0 8 0 0 0 3
3 14 0 6 1 4 0 0
5 0 12 0 7 0 0 0
L — 0 0 9 0 3 0 0
§ 1 7 0 29 2 10
0 4 0 3 2 11 0

The Incidence matrix is:
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2 p_ _ p-

5& 5 8 r97 3 r97 0 0 0 0 0 0

3 EL 0 6 1 4 & 0 0 0 0 0

0 0 B 0 0 7 " 0 0 0 0

0 0 6 0 3 0 0

F= 0 0 E)g 0 E)I EL E’? EL % p1o FQT |C97
0 0 0 0 0 4 0 3 2 8 0 2
0 0 0 0 0 0 0 0 0 10 9)7 9),
0 0 0 0 0 0 0 0 0 6 1 2

2.2 The Matrix Tree Theorem

Theorem 133. Let G be a weighted graph on n vertices with k components and Laplacian
matrix L. Then ;== x=0and +1>0.

Proof

Let Lq; Lo;:::; Ly be the laplacian matrices for each of the k components. The Laplacian
matrix L is a block diagonal matrix with Lj;L;::; Lk as the blocks. Since each block L; is
an irreducible M-matrix, it follows that zero is a simple eigenvalue of L; i.e. its algebraic
multiplicity is equal to 1. Let e(i) ;i = 1;2;::;k be the vector consisting of ones in the
entries corresponding to the ith component of G and zeros elsewhere. The set of vectors
fe(1);e(2);:::;e(k)g is a set of linearly independent eigenvectors of L corresponding to
the eigenvalue zero and its geometric multiplicity is equal to k. Since the algebraic and
geometric multiplicities are equal for each eigenvalue of a symmetric matrix, the algebraic
multiplicity of eigenvalue zero is equal to k. Considering also that all eigenvalues of the
Laplacian matrix L are nonnegative real numbers, we have that 1 = :: = ¢ = 0 and

k+1 > 0.

Observation 134. The above theorem shows that zero is a simple eigenvalue, i.e. its
algebraic multiplicity is equal to one, of the laplacian matrix of a connected graph G.

Theorem 135. Let A be an nxm matrix and let B an mxn matrix where m n. Then

>
det(AB) =  det(As)det(Bs)

s
where the sum is taken over all subsets S I, = f1;2;::; mg with jSj = n.

Theorem 136. Matrix Tree Theorem Let G bhe an unweighted graph on n vertices
labeled 1;::; n with Laplacian matrix L.Then the number of spanning trees of G is the ab-
solute value of the determinant of any (n 1)x(n 1) submatrix of L.

Proof

Initially, we recall that a spanning tree of G is a tree that is a subgraph of G containing all
of the vertices of G as well as has n 1 edges.

First suppose that G is disconnected. This means that zero is an eigenvalue of L with
multiplicity of at least two. Therefore any (n  1)x(n 1) submatrix L of L has det(L) = 0
as it was expected since a disconnected graph cannot have any spanning trees.
Afterwards, suppose tha G is connected. This means that zero is a simple eigenvalue of
L with corresponding eigenvector the vector of all ones. Let B = [b;;] be the adjoint of
L and thus bjj = ( 1)"*det(L[j;i]) where L[j;i] is the (n  1)x(n 1) matrix obtained
from L by deleting row j and column i. By the properties of adjoint matrices, we have
that LB = det(L)l = 0. Since LB = (Lb1; Lby;:::; Lbn) = 0 where bj;i = 1;2;::; n are the
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columns of B, every column of B is in the eigenspace of L corresponding to zero and by

extension all of the entries in any column of B are identical, since the vector of all ones

is a basis for the eigenspace corresponding to zero. In adgitiongby the properties of adjoint
bl L

L
matrices, we have that BL = det(L)l = 0. Since BL = gbLZ = 0 where biT i=1;2;::n

b L
are the rows of B, every row of B is a left eigenvector of I_n corresponding to 0. We recall
that since the matrix L is symmetric, then the left and right eigenvectors are just trans-
poses of each other. Hence all of the entries in any row of B are identical and by extension
all entries of B are identical.

We will show that the absolute value of this common entry of B is the number of
spanning trees of G. We note that the absolute value of the entry bj; of the matrix B is
equal to the absolute value of the determinant of the submatrix obtained from L by deleting
row j and column i. Since all entries of B are identical, without loss of generality, we will
consider the element by, = (- 1)"*"det(L[mn]) = ( 1)2"det(L) with L = L[mn]. Let F
be the incidence matrix of G and let F be the matrix obtained from F by deleting its last
row. We have FFT =L and FFT = L.

ThUS, A . > A A > A

det(L) = det(FFT) =  det(Fs)det(Fd) = det(Fs))?

s s

where the sum is taken over all subsets S I, such that jSj=n 1. We have to show
that for a given subset Sk 2 I, with jSgj=n 1 we have jdet(Fs,)j = 1 if the edges cor-
responding to the columns of F represented by S, form a spanning tree and det(lfgk) =0
otherwise.
Let E be the set of edges corresponding to the columns of F represented by Sy. We suppose
that the edges in E do not form a spanning tree and we will show that det(lfsk) = 0. Since
the edges in E do not form a spanning tree, there exists at least one vertex in G that is not
in the subgraph induced by the edges in E. Let v be such a vertex. There are two cases to
consider: (i) v 6 v and (ii) v = vp.
If v & vp, then the row of Ifsk corresponding to v will contain zeros and hence det(lfsk) =0.
If v. = vp, then for each edge e 2 E both vertices incident to e are represented by rows in
Fs,. Since the columns of FS are linearly dependent, thus det(FS ) = det(Fs, ) = 0.

Now suppose that the edges in E form a spanning tree of G and we will show thatjdet(ng)j =
1 by jnduction. If n = 2, then since G is connected we have that G = K, and thus
jdet(Fs,)j = 1.

For our inductive hypothesis, assume that if G has n = t vertices and a subset of edges,
say E, form a spanning tree of G, Ts,, then jdet(lfsk)j = 1 where Ifsk is the incidence
matrix of Ts,.

We assume that G has n = t+ 1 vertices and the edges in E form a spanning tree T of G.
Since every tree has at least two pendant vertices, it follows that T has at least one pendant
vertex v & v,. Then the row in Ifsk corresponding to v has only one nonzero entry ( 1)
and that entry will be in the column of unique edge e incident to v in T. Thus det(lfsk)
will equal 1 the determinant of the submatrix Ifg’k of Ifsk formed by eliminating the row
corresponding to v and the column corresponding to e. However, the edges correspond-
ing to the columns in Ifg’k form a spanning tree of G v and according to the inductive

hypothesis we have that jdet(F¥, )j = 1. Thus det(Fs,) = 1det(F¥ ) => jdet(Fs,)j = 1.

31

NEI‘II[)~
K
(@]
>
£
e
o w°



Example 137. We consider the following graph G:
f g

a
The Laplacian matrix of G is:

o o o o

Using the Matrix Tree Theorem we nd that the graph G has 79 spanning trees, since
det(L) = 79.

Definition 138. If G is a weighted graph, we de ne the weight of G, denoted w(G), as the
product of the weights of the edges of G. A graph with no edges is de ned to have a weight
of 1.

Example 139. We consider the graph G of the example 130. The weight of G, w(G), is
equal to 21772800.

Theorem 140. Matrix Tree Theorem for weighted graphs Let G be a weighted graph
on n vertices labeled 1;::;n with Laplacian matrix L.Then the sum of the weights of the
spanning trees of G is the absolute value of the determinant of any (n 1)x(n 1) submatrix
of L.

Proof

Initially, we recall that a spanning tree of G is a tree that is a subgraph of G containing all
of the vertices of G as well as has n 1 edges.

First suppose that G is disconnected. This means that zero is an eigenvalue of L with
multiplicity of at least two. Therefore any (n 1)x(n 1) submatrix L of L has det(L) = 0
as it was expected since a disconnected graph cannot have any spanning trees.
Afterwards, suppose that G is connected. This means that zero is a simple eigenvalue of
L with corresponding eigenvector the vector of all ones. Let B = [bjj] be the adjoint of
L and thus bjj = ( 1)"™JIdet(L[j;i]) where L[j;i] is the (n 1)x(n 1) matrix obtained
from L by deleting row j and column i. By the properties of adjoint matrices, we have
that LB = det(L)l = 0. Since LB = (Lbs; Lby;:::; Lby) = 0 where b;; i = 1;2;::; n are the
columns of B, every column of B is in the eigenspace of L corresponding to zero and by
extension all of the entries in any column of B are identical, since the vector of all ones
is a basis for the eigenspace corresponding to zero. In addition by the properties of adjoint
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2 3
bTL

L
matrices, we have that BL = det(L)l = 0. Since BL = gszZ = 0 where biT i=1;2;:;n

bi L
are the rows of B, every row of B is a left eigenvector of I_n corresponding to 0. We recall
that since the matrix L is symmetric, then the left and right eigenvectors are just trans-
poses of each other. Hence all of the entries in any row of B are identical and by extension
all entries of B are identical.

We will show that the absolute value of this common entry of B is the sum of the
weights of the spanning trees of G. We note that the absolute value of the entry bj; of the
matrix B is equal to the absolute value of the determinant of the submatrix obtained from
L by deleting row j and column i. Since all entries of B are identical, without loss of
generality, we will consider the element by, = (- 1)™*"det(L[mn]) = ( 1)2"det(L) with
L = L[mn]. Let F be the incidence matrix of G and let F be the matrix obtained from F
by deleting its last row. We have FFT =L and FFT = L.

ThUS, . . > . X > R
det(L) =det(FFT) =  det(Fs)det(Fd) = det(Fs))?
s s

where the sum is taken over all subsets S I, such that jSj=n 1. We have to show
that for a given subset Sk 2 I, with jSgj = n 1 we have jdet(lfsk)j = Ww(Tg,) if the
edges corresponding to the columns of F represented by Sy form a spanning tree , Ts,, and
det(Fs,) = 0 otherwise.

Let E be the set of edges corresponding to the columns of F represented by Sy. We suppose
that the edges in E do not form a spanning tree and we will show that det(lfsk) = 0. Since
the edges in E do not form a spanning tree, there exists at least one vertex in G that is not
in the subgraph induced by the edges in E. Let v be such a vertex. There are two cases to
consider: (i) v 6 v and (ii) v = vp.

If v & vy, then the row of Fs, corresponding to v will contain zeros and hence det(Fs, ) = 0.

If v = v, then for each edge e 2 E both vertices incident to e are represented by rows
in Fs,. Since the columns of FSTk are linearly dependent, thus det(FsTk) = det(Fs, ) = 0.

Now suppose Bat the edges in E form a spanning tree of G, Ts,, and we will show

that jdet(lfsk)J = W(Ts,) by jnduction. If n = 2, then since G is connected we have that

G = K, and thus jdet(lfsk)j = W(Ts,) =" w where w is the weight of edge < vy;v, >.

For our inductive hypothesis, assume that if G has n :(glvertices and a subset of edges,
say E, form a spanning tree of G, Ték, then jdet(Fs, )j = W(T;k) where Fs, is the inci-

. 0
dence matrix of Tg .

We assume that G has n = t 4 1 vertices and the edges in E form a spanning tree
T of G. Since every tree has at least two pendant vertices, it follows that T has at least
one pendant vertex v & vn. Then the row in Ifs,k corresponding to v has only one nonzero
entry ( ~ Wwy) and that entry will be in the column of unique edge e of weight w,, incident
to v in T. Thus det(Fs,) will equal to PWy times the determinant of the submatrix FY
of Ifsk formed by eliminating the row corresponding to v and the column corresponding to
e. However, the edges corresponding to the columns in Ifg’k form a spanning tree of G v,
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Ts,, and accordinqoto the inductive hypothesis we have that jdet(lfg’k)j = W(Ts,). Thus

det(Fs, )= Pwy w(Ts,) => jdet(Fs,)j = w(T).

Example 141. We consider the following graph G:

f
4 1
d c
5 7
b c
8
a

The weight of the graph G is 6720.

The Laplacian matrix of G is:

Using the Matrix Tree Theorem we And that the sums of the weights of all spanning
trees of the graph G is 16415, since det(L) = 16415.

Proposition 142. Let A be an nxn matrix such that the sum in each row and column is
zero and Ag be the matrix obtained by removing the last row and column of A. Then the
coe cient of x in det(A xl) is equal to ndet(Ao).

Theorem 143. Let G be a graph on n vertices and 0 = 1 2 n n be the
eigenvalues of the Laplacian matrix. Prove that the number of spanning trees of G is
2n n .

Proof

We have that

dettL xI)=(1 X)(2 X (n X)= x(2 X (n X:

The coe cient of x is 2 3 n.
By the above proposition, the coe cient of x in det(L xI) is equal to ndet(Lyo).
Hence, we have that

2 3 n= ndet(LO) :>J 2 3 nj :j ndet(LO)J ==
2 3 n,

2 3 n=njdet(Lo)j => jdet(Lo)j = n

According to the Matrix Tree Theorem, det(Lo), is equal to the number of spanning trees
of G. Thus the number of spanning trees of G is 22—,
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2.3 Graph Representations and Energy

Definition 144. Let G be a graph with vertex set V. A representation of G in RK is a
function p : V. ¥ RK. The function p(v) gives the position of the vertex v 2 V in RK. It
is convenient to use a representation matrix R, where row i of R corresponds to the
representation of vertex i in R¥, p(i).

Definition 145. Let G be a graph with vertex set V and edge set E represented in RK
with representation p: V ¥ RK. The energy (p) of the representation p w.r.t the graph
G is the quantity >

2

(p) = jip(u) - p(v)ji:

uv2E

Lemma 146. Let p be a representation of a graph G with R as the representation matrix.
Let L be the Laplacian matrix of G. Then (p) = Tr(RTLR):

Proof We assume that V is the vertex set of G with jVj = n and E the edge set with
JEj = m. We recall that L = FFTwhere F is the, incidgnce matrix of G. Hence we have
IR

TR
that RTLR = LTFFTR. We note that FTR = g 2 z where f; are the columns of the

T'
> 3 fnR
p(V1)

. . p(v2) .
incidence matrix Fand R = E . \Z We recall that each column i of F represents an

P(Vn)
edge e of the graph G and has only two non-zero entries corresponding to the vertices in-

cident to the edge e. Let u,v be adjacent vertices in G. We consider the row uv of FTR
and have that (FTR)y, = (p(u) p(v)). This means that the uvth diagonal entry of
JIFTRIii> = (FTR)TFTR s jip(u)  p(V)jj* = (p). Thus

Tr(R'LR) =Tr(R'FF'R) = < iip(u)  pW)ii* = (p):
uv2E

finition 147. A representation p of a graph G with vertex set V is balanced if

p(v) = 0:
v2V

Example 148. Below is a representation p of a wheel graph W, in R3:

(0,0,4)

(1,1,-1)
(-1,-1,-1) -1,-1)

The corresponding represenation matrix is
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1 1 1
1 1 1
R = 1 1 1
1 1 1
0 0 4
. P . .
Since p(v) = 0 the representation p is balanced.
v2Vv

The Laplacian matrix is

2 3
12 0 0
Asaresult RTLR=40 12 092
0 0 100

Hence, the energy of the representation p is (p) = Tr(RTLR) = 124.

Definition 149. Let G be a graph and let p be a balanced representation with R as the
corresponding representation matrix. If RTR = | then p is an orthogonal representation
of G.

Lemma 150. Let M be a real symmetric nxn matrix. If R is an nxk matrix such that
RTR = I, then Tr(RTMR) is greater than or equal to the sum of the k smallest eigenvalues
of M. Equality holds i the column space of R is spanned by the normalized eigenvectors
belonging to the k smallest eigenvalues of M.

Theorem 151. Let G be a connected graph on n vertices with Laplacian matrix L. Let
1 2 n be the eigenvalues of L. Then the minimum energy of a balanced
==}
orthogonal representation of G in R¥ equals i
i=1
Proof
Since G is a connected graph we have that ; =0 and , > 0. We recall that the vector of
all ones, 1 2 R™ is the basis of the eigenspace belonging to eigenvalue 1 = 0.
Let p be the representation of G in Rk*1 with R as the corresponding representation matrix.
The energy of the representation p, (p), is Tr(RTLR) and according to the above lemma

ML
is bounded below by the sum of the k + 1 smallest eigenvalues of L, i. The lower

i=1
bound is realized by taking the columns of R to be the normalized eigenvectors ¢; belonging
to eigenvalues i, i=1;2;:; Kk k+ 1.
We note that

Lgi= igi;i=1;2;:kk+1

R = [o1 02 Ok qk+1](2 R™(k+1) s the corresponding representation matrix of G
1 ;ifi=j
0 ;ifi6]
Qg =0=>q/1=0,i=2:5kk+1.

in R**1 having qf g = and by extension
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2
(0102 OkOk+1] L0102 OkOk+1] = E (0102 OkOk+1] =

5 3 QK+1
1

o
=
N
w

(0102 OkOk+1] = 2 - /4
qk k k+1
q-kr+1 k+1

T KL L . .
Thus Tr(R'LR) = i = i by taking the columns of R to be the normalized

eigenvectors g belongingI té eigen\I/alzues i, 1=1;2;k k+ 1.
In addition, a representation matrix with columns the normalized eigenvectors fg2; gs; :::; Ok; Ok+10
gives a balanced orthogonal representation of G in RK with the same minimum energy since

1 = 0. Therefore the minimum energy of a balanced orthogonal representation of G in R¥
is equal to the lowest possible minimum energy of a representation of G in R¥*1 which is
equal to i= i i since 1 =0.

i=1 i=2
Observation 152. The energy of a graph with representation in RK is minimized through
a balanced orthogonal representation in R which is achieved by taking he columns of
R to be the normalized eigenvectors fgz;s; :;; Qk+19 belonging to the eigenvalues j, i =
2,3,k + 1.
Example 153. We consider the following graph:
1

4 5

The baplacian matrix is
1 1 0 0 O

It can be calculated that ; =0; >, = 3=1; 4 =3, s =5 The corresponding
eigenvectors are

2 3

2 2 2 2
0:4472 0 0:7071 0 0:2236 >
0:4472 0 0:8944
=8 044722, g, =8 054, q3=8 o 7071 = =8 0:2236
0:4472 05 0: 7071 0:2236
0:4472 0:5 0:7071 0:2236
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In order to represent a graph in a balanced orthogonal way in R? so that its energy is
minimized, we take the columns of the representation matrix R to be the eigenvectors g,
g3. Thus we have that

2 3
0:5 0:7071

0 0
R = 0:5 0:7071
0:5 0

0:5 0
. .. . P
In this case the minimum energy is equal to i = 2.
i=1

In order to represent a graph in a balanced orthogonal way in R® so that its energy is
minimized, we take the columns of the representation matrix R to be the eigenvectors g,
03, q4. Thus we have that

3

0:5 0:7071 0

0 0 0
R=8 05 0:7071 0

0:5 0 0:7071

0:5 0 0:7071

. - . P

In this case the minimum energy is equal to _ i = 5.

i=1

Definition 154. Let G be a weighted graph with vertex set V represented in RK with
representation p: vV 1 RK. The energy of the representation p is
>
(p) = Wuvjjp(u) (V)]
uv2E(G)

2

where wy, represents weight of the edge uv:

Lemma 155. Let p be a representation of a weighted graph G with R as the representation
matrix. Let L be the Laplacian matrix of G, F the incidence matrix of the corresponding
unweighted graph and W the diagonal matrix of the weights of the edges of G where the
rows and columns of W are indexed in correspondence to the columns of F.

Then (p) =Tr(RTFWFTR):

Proof

The incidlence rpatrix of the weighted graph G is FW3 and thus its laplacian matrix is
L=FW2(FW2)T = FWFT. According to the lemma 144 we have that

(p) =Tr(RTLR) =Tr(RTFWFTR):

Example 156. We consider the following weighted graph G represented in R3:
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1,1,0)

(0,0,-1)

The Laplacian matrix is

2 3
1 0 1 0 0

0 2 1 0 1
L = 1 1 4 1 1
0 0 1 2 1

0 1 1 1 3

The Representation matrix is
2 3

0 0 1
1 1 0
Rzgo 0 Oé
1 1 0
0 0 1
The Incidence matrix is
2
1 0O 0O 0 o0 O
0 1 1 0 0 0
Fzgl 1 O 1 1 02
0 0 O 1 0 1
0 O 1 0 1 1

The diagonal matrix of the weights of the edges of G is

2 3
200000
040000
R_80 03000
000100
000020
000006
Thus we hawe that 3
14 0 3
RTFWFTR=40 14 995
3 9 13
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Since Tr(RTFWFTR) = 41, it follows that (p) = 41.

2.4 The Spectrum of unnormalized Laplacian Matrices

2.4.1 What spectrum is

All Laplacian eigenvalues are nonnegative real numbers and 0 is the smallest eigenvalue
of a Laplacian matrix. We denote the eigenvalues of L by 0 = ¢ 1 n 1. The
set of ?S is usually called the spectrum of L. The algebraic multiplicity of the eigenvalue

1 = 0 shows the number of components of the graph G. If the graph G is a disconnected
graph, then we can permute its Laplacian matrix L into a block diagonal matrix with
each block corresponding to a component of G. Therefore, if G has k components, we can
obtain k linearly independent eigenvectors corresponding to the eigenvalue 0

Theorem. Let G be a weighted graph on n vertices with k components and Laplacian
matrix L. Then 1 =::= x=0and g+1>0.

Proof. Let Li;Ly;:::; Lg be the laplacian matrices for each of the K components. The
Laplacian matrix L is a block diagonal matrix with Li; Lo;::; Lk as the blocks. Since each
block Lj is an irreducible M-matrix, it follows that zero is a simple eigenvalue of L;j i.e. its
algebraic multiplicity is equal to 1. Let e(i) ;i = 1;2;::; K be the vector consisting of ones
in the entries corresponding to the ith component of G and zeros elsewhere. The set of
vectors fe(1);e(2);:::; e(k)g is a set of linearly independent eigenvectors of L corresponding
to the eigenvalue zero and its geometric multiplicity is equal to K. Since the algebraic and
geometric multiplicities are equal for each eigenvalue of a symmetric matrix, the algebraic
multiplicity of eigenvalue zero is equal to k. Considering also that all eigenvalues of the
Laplacian matrix L are nonnegative real numbers, we have that | =i = § =0 and

k1 = 0. O

2.4.2 The Spectrum of unnormalized Laplacian Matrices under Certain
Graph Operations

Corollary 157. Let A;B 2 My be symmetric where B is positive semide nite. Then
k(A) k(A+B) for all k =1;:;n:

Theorem 158. Let G be a graph on n vertices and let G be a graph on n vertices created
from G by adding a weighted edge joining two nonadjacent vertices in G or increasipg the
weight of an existing edge in G. Then for all i = 1;:::;n we have ;(L(G)) i(L(G)).

~

Proof. Observe that L(G) = L(G) + M where M is a positive semidefinite matrix. Let
Vi;Vj be the two nonadjacent vertices or the ends of the edge of which we increase its
weight. We consider the following 2 cases:

1st case: We add a weighted edge joining two nonadjacent vertices in G. We assume that
without loss of generality the weight of the new edge is 1.

2nd case: We increase the weight of an existing edge < vj;vj >. Without loss of generality,
we assume that we increase the weight of the existing edge by one.

In both cases, all the entries of M are zero but the diagonal entries (vj;Vj) and (Vj;Vj)
that are set to 1 and the off-diagonal entries (vj;Vj) and (Vvj; Vi) set to -1. In particular we
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have that

2 32 3
0 0 0 0 x
0 1 1 04 8x;
XTMX = X1 X X Xn @: : : 7h
0 1 1 0% 8x;
0 0 0 Xn

3

0
2
X1
Xi
=0 X X Xi + Xj 0 :
Xj
Xn

=Xi(Xi  Xj)+X( Xi+Xj)=xF 2XXj+ X}
=i x)* 0

Thus the matrix M is positive semidefinite.

By the above corollary we have that (L(G)) i(LG)i=1;2;:n
O
Example 159. We consider the following graph G:
1
2 4
5

Its Laplacian matrix is 3
1 0 1 0 0

0 2 1 0 1
L= 1 1 4 1 1
0 O 1 2 1
0 1 1 1 3

The eigenvalues of the Laplaciap matrix forGare 1=0; ,=1; 3=2; 4 =4 and
5 = 5. Then we create the graph G by adding an edge joining vertices 1 and 2 of G:
1
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Its Laplacian matrix is 3
2 1 1 0 0

The eigenvalues of the Laplacian matrix for Gare 1 =0; = 1:5858; 3 =3, 4 =
4:4142 and 5 = 5. Observe that the values for ,; 3 and 4 increase when we add the
edge joining the vertices 1 and 2 and the values for 1 and s remain unchanged.

By Theorem 158, it follows that of all unweighted graphs on n vertices, the graph with
the largest eigenvalues is the complete graph on n vertices, K.
We note that L(Kn) = nl J where I is the identity matrix and J is the matrix of all
ones. The vector of all ones, 1, is an eigenvector corresponding to 1 = 0. Let F(i) be
the vector containing n entries with 1 in the first position, -1 the ith position and zeros
elsewhere. The vectors f1;f(1); ; ¥(n)g are linearly independent. For each i = 2;:::;;n
we have that L(Kn) = (nl J)f(i) =nf(i). Hence 2= 3= = =

Corollary 160. Let G be an unweighted graph on n vertices with Laplacian matrix L. If
is an eigenvalue of L, then n.

Proof. Every weighted graph G on n vertices is a subgraph of K. Since n is the largest
eigenvalue of L(Kp), n. O

Corollary 161. Let G be an unweighted graph on n vertices and L be its Laplacian matrix
with eigenvalues 1 2 n. ThenG=K,i j=0and j=nforall2 i n.

Theorem 162. Let G; and G, be unweighed graphs on n; and n, vertices, respectively. Let

L; and Ly be the Laplacian matrices for Gy and G, respectively, and L be the Laplacian

matrix for Gy _Gy. If 0 = ; 2 np and 0 = 1 2 n, are

the eigenvalues of L and L, respectively. Then the eigenvalues of L are 0;ny + 2;n2 +
3N+ npyM+ 2;N1+ 3,550+, N+ No.

Theorem 163. Let G and H be Laplacian matrices for G and H, respectively. Let A =
T ;i ngand B =T 1;:;; g be the eigenvalues of L(G) and L(H), respectively. Then
the eigenvalues of L(G H)are f i+ jj i 2A; j2Bg.

As a consequence (G H) = minf 2(G); 2(H)g and max(G H) = max(G) +
max(H):

Example 164. Let G be a graph whose Laplacian eigenvalues are

0= 1 2 n. The eigenvalues of the Laplacian matrix of G _ G are

O;n+4+ o;n+ 35N+ N4+ ;N4 35N+ p;2n. The eigenvalues of the Laplacian
matrix of G G are 0; 2, 3;: n; 2:2 2, 24+ 3% 24+ ny o3 3+ 2,2 3 3+
i onm 2+ ny 3+ niih2on.

Example 165. Find the eigenvalues of the Laplacian matrices of P, _ P3 and P,  Ps.

1 1

P,: @&——e with Laplacian matrix: L(P2)= 11
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2 3
1 1 0

P;: &—e——e with Laplacian matrix: L(P3)=4 1 2 15
0 1 1

The eigenvalues of L(P,) are 0,2. The eigenvalues of L(P3) are 0,1,3.
The eigenvalues of the Laplacian matrix of P, _ P3 are 0, 3+2, 2+1, 2+3, 2+3 <=>
T0; 5; 3; 5; 5Q.
The eigenvalues of the Laplacian matrix of P, Pj3 are 0,1,3,2,3,5.
Theorem 166. Let G be an unweighted graph on n vertices with Laplacian matrix L.

Let 0 = ; 2 n be the eigenvalues of L. Then the eigenvalues of L(G®) are
0 n non n 1 n 2 with the same corresponding eigenvectors.

Proof. It holds that L(G®) =nl J L. SinceL(G®)1=(nl J L)1=n1 n1 L1=01,
the vector of all ones 1 is an eigenvector of L(G®) corresponding to the eigenvalue 0. Let

Xj be an eigenvector of L. corresponding to the eigenvalue j, for i = 2;::;;n. We have that
LGY)xi=(nl J L)xi=nx; JIX Lxi=(n i)Xi I = 2;:;n. This means that
(n i) is an eigenvalue of L(G®) with X; as a corresponding eigenvector. We note that
JX; = 0 since the eigenvectors of L. are orthogonal. O

Example 167. Using only the theorems concerning the eigenvalues of Laplacian matrices,
prove that if G is the join of two unweighted graphs then G is disconnected.

Let0= ; 2 n be the eigenvalues of L(G). According to the above theorem,
the eigenvalues of L(G®) are 0 n n N n 1 n 2. It is enough to show
that n = 0. Since graph G is the join of two graphs, , = n according to the theorem
162. Thus n n = 0 and by extension G° is disconnected.

Example 168. We consider
the graph G: and its complement G°:
1 1

The Laplacian matrix of the graph G is

2 3
2 1 0 1 0

1 3 1 1 0
L=80 1 2 0 1
1 1 0 3 1

0 0 1 1 2
The eigenvalues of L(G) are 0, 1.382, 2.382, 3.618, 4.618.
The Laplacian matrix of its complement G€ is

2 3
2 0 1 0 1
0 1 0 O 1
L= 1 0 2 1 0
0 O 1 1 0
1 1 0 0 2 N
The eigenvalues of L(G®) are 0, 5-4.618,5-3.618,5-2.382,5-1.382 <==> 10; 0:382; 1:382; 2:618; 36
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2.4.3 Bounding the unnormalised Laplace eigenvalues

Let M be a symmetric matrix with eigenvalues 1 2 n and orthonormal
eigenvectors Uj;:::;Un. For any nonzero vector f in R" the Rayleight quotient p(f) is
defined by
_<Mf;f>  fTMF,
A T ar

It holds that

1(M) = min(M) =min <M= 06 f2R"

=min <Mf;f> f2R"Njjfjj=1
nM)= max(M)=max <Mf;f> f2R"jjfjj=1

The K¢y smallest eigenvalue
k(M)=min <Mf;f> f2RNjjfjj=1f?fi;1 i<k

where Tj;::; i 1 are pairwise orthogonal eigenvectors of 1;::; Kk 1 respectively.

Among the Laplace eigenvalues of a graph G, the most important are the extreme non-
trivial eigenvalues: the first non-zero smallest eigenvalue, 2(G) and the largest eigenvalue,
max(G)-
For a (weighted) graph G with Laplace matrix L = L(G), we have that

2(M)=min <Mf;f> f2RMjjfjj=1,f?1

Lemma 169. Let s;t 2V (G) be nonadjacent vertices of a graph G. Then ,(G)  Ustde,
8 .
=1 jifi=s
Proof. We define the vector £ = (fq;::; fn)0 2 R" with entries fj = - 1 ;ifi=t
"0 ;otherwise
Since T ? 1, the above question yields that 2(G) <<Lffff>> with
P P P P
<Lfif>=3"  wifi f))P=3 wg+; wy=S5"
i=1j=1 ji=1 Jj=1

- P

where Wijj is the weight of the edge < i;j > and d¢ = Wtj the degree of the vertex tin
i=1

a weighted graph considering that w¢j = 0 when the vertices j and t are not adjacent. [J

Proposition 170.

wuv (fu fv)2
2(G) =2nmin “BEP-—0s f 6l for c2R
u2Vv v2v
Wuv (fu fv)2
max(G) = 2n max %P(fuifv)z feciforc2R

u2Vv v2v

where E is the set of the edges of the graph G and V the set of the vertices of the graph G.
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2.4.4 Edge cuts and eigenvalues

Given disjoint sets of vertices A; BV (G), let E(A,B) be the set of those edges of G that
have one vertex in A and the other in B. We also set

XX X
e(A;B) = w(u;v) = w(e)
u2Av2B e2E(A;B)

to be the sum of the weights of the edges in E(A,B). Note that for unweighted graph G,
e(S; S) counts the number of edges in the cut E(S;S).

Lemma 171. Let G = (V; E) be a weighted graph with jVj=nand S V (G). Then

JjSi(n_jSj) & jSi(n jSj)
0 e(S;S) maX<G)7n

2(G)
where 2(G) and max(G) are the eigenvalues of the unnormalised Laplacian of the under-
lying graph.

« .
1 ;ifv2S

Proof. We define the vector f = (fy;::; fy)! 2 R" with entries f, = .
0 ;otherwise

X 1 X 1 X 1 X 1 _ _ _
wu(Fy )2 = 5 woy(Fu )% = 3 Wy +5 Wuy = 58(S;S)+5¢(S;S) = e(S; S)
uv2E uv=1 u2s;v2s u2s;v2s
KK X > X X _ _
(fu )2 = (fu )%+ (fu )? = 124 12 = [SiiSj+iSiisj = 2iSj(n jsj)
u=lv=1 u2s;v2s u2s;v2s u2s;v2s u2s;v2s

According to the proposition 170 we have that

es;S) & iSi(n__jSj)
2(G) QnW =>¢(S;9) z(G)f
es;s) & jSi(n jSj)
me®) g sy S e
Thus, we have that
2(G)ij(nn iSi) o(S:S) maX(G)ij(”n iSi)
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Chapter 3

Spectral Clustering

Much of the material of this chapter is taken from [2], [4] and [8].

We assume that G = (V;E) is an undirected, weighted graph on n vertices with ad-
jacency matrix W where wijj = Wjj 0. The degree of a vertex t 2 V is defined as
P
de = Wtj. The degree matrix D is defined as the diagonal matrix with the degrees
i=1
d1;::; dn on the diagonal. For any subset A V:
JA] ::thelgumber of vertices in A
vol(A):= " d;
i2A

3.1 Graph Laplacians and their basic properties
3.1.1 The unnormalized graph Laplacian

The unnormalized graph Laplacian matrix is defined as L=D-W.
Proposition 172. The matrix L satis es the following properties:

1. For every vector f 2 R" we have

fOLf = Wij (fi fj)zi

i;j=1

DN | =

2. L is symmetric and positive semi-de nite.

3. The smallest eigenvalue of L is 0, the corresponding eigenvector is the constant one
vector 1.

4. L has n non-negative, real-valued eigenvalues 0 1 2 n.

3.1.2 The normalized graph Laplacians

There are two matrices which are called normalized graph Laplacians. Both matrices are
closely related to each other and are defined as

Lym:=D (LD 2=1 D :WD 3 &l

Lew:=D IL=1 D 1w
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Proposition 173. The normalized Laplacians satisfy the following properties:
1. For every f 2 R"™ we have

0 1 X fi fi 2
2 di d;
i;J=1
2. is an eigenvalue of Ly, with eigenvector v i is an eigenvalue of Lsym with eigen-
vector D%v.
3. is an eigenvalue of L, with eigenvector v i and v solve the generalized eigenprob-

lem Lv = Dwv.

4. 0 is an eigenvalue of Ly with lthe constant one vector 1 as eigenvector. 0 is an eigen-
value of Lsym with eigenvector D21.

5. Lsym and L, are positive semi-de nite and have n non-negative real valued eigenvalues
0= 1 n.

Proof.
1:
1 1 1 1 X X Wii
flLymf =f'(1 D 2WD 2)f =f'f f'D 2WD 2f= 7 1%;é,?fifj
i=1 i;j=1 LS
1 X 5 X Wi X )
= 5 fi p—é}: Efifj + fJ

i=1 ij=1 ! ] j=1

but
X ) X o2 XX g2 X f, 2
fi= dig= Wijg- = Wij P
i=1 i=1 ! i=1j=1 ' gj=1 !
Similarly,
X ) X f; 2
= Wij pd:
j=1 i;j=1 ]
Thus we have that
1 X fi 2 Ko X f; 2 11X fi 5
1:OLsymf:§ Wij f£ 2 (;TJ (;7-—‘_ Wij i% =5 Wij {£ 1%
i;j=1 ! i;j=1 Y =1 J ij=1 i J

2.
(=>) We assume that is an eigenvalue of Ly with eigenvector v i.e. LyywVv = V.

Thus we have that
1 1 11 1 11 1 1 1 1 1
LsymD2v=D 2LD 2D2v=D 2Lv=Dz2D 2D 2Lv=D2D “Lv=D2Lw =Dz v= (D2v)

. . . . . 1
i.e is an eigenvalue of Lsym with eigenvector w = D2v

(<=) We assume that is an eigenvalue of Lsym with eigenvector w = D2v .
Thus we have that

1

Vs
LymDZv= Dzv) D LD 2D2v= Dzv) D :2Lv= DzvD D Lv= v LV 22w
& O

i.e is an eigenvalue of Ly with eigenvector v.
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3.:
(=>)We assume that is an eigenvalue of Lyy with eigenvector v. This means that
Lywv= vYD Lv= v) Lv= Dv.

(<=) We assume that and v solve the generalized eigenproblem Lv = Dv. Thus we
have that
D lLv= v) LwVv= Vie isan eigenvalue of Lpy with eigenvector v.

4.:

Lwl=D 'L1=D '0=0 1
i.e. 0 is an eigenvalue of Ly with the constant one vector 1 as eigenvector.
LymD21 =D ZLD 2D21=D zL1=0=0D21

1
i.e. 0is an eigenvalue of Lsym with eigenvector D21.

5.:
a) Since
1 X f; f; °
2 HE di 9

for each ¥ 2 R" | Lsym is positive semidefinite and by extension it has n non-negative
real-valued eigenvalues.
b) Since is an eigenvalue of Lyy with eigenvector v iff  is an eigenvalue of Lsym with

1
eigenvector W = D2V, Ly has n non-negative real-valued eigenvalues and by extension it
is psd. O

Proposition 174. Let G be an undirected graph with non-negative weights. Then the
multiplicity k of the eigenvalue 0 of both Ly and Lsym equals the number of components
Aq; i Ak in the graph. For Ly, the eigenspace of O is spanned by the indicator vectors
14, of those components. For Lsym the eigenspace of O is spanned by the vectors D214,.

3.2 Graph Cut

We want to find a partition of the graph such that the edges between different groups have
a very low weight and the edges within a group have high v&ig'ght.
For two disjoint subsets A;B ~ V we define cut(A;B) = Wij -
i2A;j2B
Given a similarity graph with adjacency matrix W, the simplest and most direct way

to construct a partition is to solve the minicut problem. This consists of choosing the
partition Ag;:;; Ak which minimizes

X )

cut(Az; s Ax) = cut(Ai; Aj):
i=1

The two most common objective functions which encode this are RatioCut and the nor- |
malized cut, Ncut:
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X cut(Aj; A.)

RatioCut(As;::; Ak) = A
1

i=1
X cut(A;; Aj)

Ncut(Ag; i Ax) = Vol(AY)

i=1

Both objectives take a small value if the clusters Aj are not too small.

3.2.1 RatioCut for k=2

Our goal is to solve the optimization problem

min RatioCut(A; A):
AV

We define the vector f = (fy;::; fn)° 2 R" with entries

8qg.__
< A ifyi2A
fi=_ JT _ - (3.1)
z }W} (ifvi 2 A
We can see that
. 1 X , 1 > , > )
f'Lf = 3 Wij (fi fj) = B Wij (fi fj) + Wij (fi fj)
i;j=1 i2Aj2A i2Aj2A
< S a2 X Sa Sa e
1 A "™ A "™
=3 Wij u + JTJ + Wij u JTJ
2 A JAI A - JAI A
J2A i2A;J2A
Sif S 2 _
o AL A o A A
= cut(A; A — 4+ —= =cut(A;A) — +—=
AA) A A (AA) AL A
< JAJ Al | JAJ+A] o Vi V]
= cut(A; A — + = =CUt(A;A) — —
KA A A AR A A
.. CUt(A;A) cut(A;A) L -
=jVj = = jV jRatioCut(A; A
A JA ( )
S S
xX X X A .- A Y= G——
fi = fi + fi =JA] Al JA] A JAJIA] JAIJA] =0
i=1 i2A i2A A A
U= TR A S IAHA = ANCIIDSOON
i
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So the initial problem can be equivalently rewritten as
minimize fLFf
AV
subject to fl1=0;
fi defined as in Eq:(3:1);
e P—
ifji="n
We relax this problem by allowing the entries of the vector f to take arbitrary real
values. This leads to the relaxed optimization problem
minimize fLF
f2Rn
subject to 1 = 0;
Lo P—
ifji="nm
The solution is given by the vector f which is the eigenvector corresponding to the
second smallest eigenvalue of L (recall that the smallest eigenvalue of L is 0 with eigenvector

1).We consider the coordinates fj as points in R and cluster them into two groups A and
A by the k-means clustering algorithm.

3.2.2 RatioCut for arbitrary k

Our goal is to solve the optimization problem

min  RatioCut(A1; Az; 5 Ax):
A A2 AK
We define k indicator vectors hj = (hyj; ha:i; :i; hn:i) by
8
<pl_ :ifi2 Aj
hi;j = _ JAj] (3.2)
-0 ; otherwise

Then we set the matrix H 2 R™ ¥ as the matrix containing those k indicator vectors

as colmns: 3 2 3
hi1 hio h1:k hip hoa Pn:1
§h2;1 ho.o hz;kz 0 Ehl;z ho.o hn;2z
H=¢ . } i H =§ . i )
hn;l hn;2 hn;k h1;k hZ;k hn;k

We can see that

H'H = I since hghi =1 and h[;hj =0fori=1;:;nandi6j.

0 1 21 > 2 > 2
hlhie =5 wij(hix  hjw)™ =5 wij (hie  hjw)® + wij (Nige  hjik)?
ij=1 i2Ak;J 2Ak iI2Ak;j2Ak /
1 X we = e L
= — IJf ij: - =
iZAk ;j ZAk JAkJ i2Ak ;j 2Ak JAkJ
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hiLh; = (H'LH);;
P A P
RatioCut(Aq; :; Ay) = SSQEA) — 7 it by = Tr(HLH)
i=1 ' i=1
Thus the initial problem can be equivalently rewritten as
minimize Tr(H'LH)
AL A2 AL
subject to H'H = 1;
H as defined in Eq(3:2):
We relax the problem by allowing the entries of the matrix H to take arbitrary real
values. Then the problem becomes

minimize  Tr(H'LH)
H2Rn K

subject to H'H = 1:

The solution of the relaxed problem is given by choosing H as the matrix which contains
the first k eigenvectors of L as columns. We consider as points in R¥ the rows of the H
and cluster them into groups Aj; A2;::;; Ak by the k-means clustering algorithm. This
then leads to the general unnormalized spectral clustering algorithm as is presented in the

paragraph 3.5.

3.2.3 Ncut for k=2
Our goal is to solve the optimization problem

min Ncut(A; A):
AV

We define the vector f = (fy;::; )" 2 R" with entries

S
= ¥ ifvi2 A
fi—_ RO (3.3)
- Vol(A) ifvi 2 A
We can see that
2 3
difq
Df_Edz_fzz
dnfn
X X X X S > S
vol (A vol (A
(Dff1=difi= difi+ difi= d; volEA; di OI(A_)
i=1 i2A i2A i2A i2A v ( )
s _ s
ol(A) —. Vol(A)
= vol(A I(A _
vollA) Zoiay VI ol
q q
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RS >< vol(A) X vol(A) vol(A) ~ Vol(A)
foni_ld'f'ZiZAd'vol(A) iZAd'vm(A) oA Toia) TV A oAy = VoIV
e L T i f2— kTS e F2e S wef f2
fILf 5 wij (fi ) 5 wij(fi )"+ wij (fi )
ij=1 i2Aj2A i2A;j2A
s s 1, s " "'s 1,1
1 X vol(A) vol(A) x< vol(A) vol(A)
2 i2A;j2AWIJ voI(A)+ vol(A) +i2A;j2AW" vol(A) vol(A)
B ~~ Vvol(A) vol(A)
= CUtAA) Toia) T vl (A)
_ _~ Vol(A) +vol(A)  vol(A) + vol(A)
= CUt(AA) vol(A) vol(A)
— Cut(AA) vol(V) N vol(\/_)

vol(A)  vol(A)
CUt(A;A)  cut(AA)
VoI(A)  vol(A)

= vol(V )Neut (A; A)

=vol(V)

So the initial problem can be equivalently rewritten as
mi}&lir{}ize fILF
subject to Df ?1;
fi defined as in Eq:(3:3);
f'Df = vol(V):

We relax this problem by allowing the entries of the vector f to take arbitrary real
values. This leads to the relaxed optimization problem

minimize fLF
f2RN
subject to DT ?1;
f'Df = vol(V):
By setting f = D %g, the problem becomes

L. 1 1
minimize gOD 2D 2g
g2RN

subject to D%g ?1;
jigii? = vol (V)
that is equivalent to .
miélzig%ize g'Lsymd
subject to D%g ? 1,

jigii? = vol(V):
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The solution is given by the vector g which is the eigenvector corresponding to the
second smallest eigenvalue not equal to 0 of Lsym and by extension the optimal vector f
is given by the eigenvector corresponding to the second smallest eigenvalue not equal to
0 of Lyw -We consider the coordinates fj as points in R and cluster them into two groups
A and A by the k-means clustering algorithm.

3.2.4 Ncut for k>2

Our goal is to solve the optimization problem

i N A A Ak
A cut(A1; Az; i Ax)

We define k indicator vectors hj = (hy:j; ha:i; :i; hnii) by
8
< 1 Y - -
p—— ;ifi2A;
hig=_ vl ’ (3.4)

-0 :otherwise

Then we set the matrix H 2 R™ ¥ as the matrix containing those k indicator vectors

as colmns: 3
hip hip hyk
Ehz;l ho;» hz;kz
H=g . ) )
hn;l hn;2 hn;k

We can see that

X > > 1 vol(Aj)
hiDhi=  dihZ; = dih% + djhZ; = d _ i) _
j=1 i2A i2A i2A V0|(Aj) V0|(Aj)
] X X X X 1 X 1
hiDhj = dkhk;ihk;j = dkhk;ihk;j+ dkhk;ihk;j = de P——0+ dkpﬁo
k=1 k2A; k2A; k2A; Vol(Ai)  op, ol(Aj)
0 , 1 X 2 > 2
hjLhj = - Wit (i higi)® = 5 Wii(hii  higi)® + Wii(hi;i - higi)
k;l=1 k2Ai;12A; k2Ai;12A;
1 X WL N =< WL _ CcUut(Ai; Ai)
B Kvol(A) Kvol(Al) T~ vol(A)
k2Ai;12Ai k2Ai;12Ai

[ A o o
NCUt(Ag; 15 Ak) = 1%:' lh‘;Lhi:_ 1(|_|0|_H)ii:Tr(H0|_H)
1= 1= 1=

53



Thus the initial problem can be equivalently rewritten as

minimize T r(H'LH)

ALAZ; 5 AK
subject to H'DH = l:
H as defined in Eq(3:4):

We relax the problem by allowing the entries of the matrix H to take arbitrary real
values. Then the problem becomes
minimize  Tr(H'LH)
H2Rn k
subject to H'DH =1I:

By substituting H = D %U, the relaxed problem becomes

minimize Tr(U'D ZLD zU)
U2RnN k

subject to U =1

that is equivalent to the problem

C e 0
minimize Tr(U’LsymU
ninimiz (U'LsymU)

subject to ulu =1

The solution of the relaxed problem is given by choosin% U as the matrbl( which contains
the first k eigenvectors of Lsym as columns. Since U = D2H ) H =D 2U, the optimal
solution H is a matrix having the first k eigenvectors of Ly as columns. We consider as
points in R¥ the rows of the H and cluster them into groups A1; Ay ::; Ak by the k-means
clustering algorithm. This then leads to the normalized spectral clustering according to
Shi and Malik (2000) as is presented in the paragraph 3.5.

3.3 Random walks

In a graph G = (V;E) a walk is just a sequence of vertices Xo; X1; :1; Xngwith
<Xj 1;Xi =2 E(G) forall1 i n. A random walk is determined by the transition
probabilitjes p(u;v) = P(Xj+1 = VjX;j = u) which are independent of i. Clearly, for each
vertex u,  p(u;v) = 1.

\%

P
For any initial distribution f(V ¥ R) with ~ f(v) = 1, the distribution after k steps

\
is just FPX. The random walk is said to be ergodic if there is a unique stationary distri-

bution (V) satisfying sli.ni fPS(v) = (v):

The necessary conditions for the ergodicity of P are
(i) irreducibility i.e. for any u;v 2 V there exist some s such that PS(u;v) > 0.
(ii) aperiodicity i.e. gcdfs: P3(u;v) > 0g = 1.
These two conditions for ergodicity are equivalent to the conditions that the graph be (i)
connected (that is equivalent to 2(Lyw(G)) > 0) and (ii) non-bipartite (that is equivalent |/
to n(Lrw) <2). |
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We say that a random walk is reversible if (u)p(u;v) = (v)p(v;u).
With each distinct pair u;v 2 V, we associate the weight wyy = (u)p(u;Vv).
The transition probability of jumping in one step form vertex u to vertex v is proportional
to the edge weight wyy and is given by p(u;v) = .
Proposition 175. The transition matrix P of the random walk is de ned by P =D W.
If the graph G is connected and non-bipartite, then the random walk always possesses a
unique stationary distribution = ( 1;::; n) which is given by ; = ﬁ('e)
Proposition 176. Let G be a weighted graph with at least two vertices. Then

1 min(P) < max(P) =1:

If G is connected the max(P) =1 is a simple eigenvalue, and we have min(P)= 11
G is bipartite.
3.3.1 Random walks and Ncut

Proposition 177. Let G be connected and non-bipartite. Assume that we run the ran-
dom walk (Xt)t o starting with Xy in the stationary distribution . For disjoint subsets
A;B V, denote by P(BjA) =P (X1 2BjXg 2 A). Then:

Ncut(A;A) = P (AjA) + P (AjA):

Proof.
P(Xo 2 A;X; 2 B) > P(Xo=i;X: = j) > p w12
0 y X1 = o=LEX1=])= iPij = - = ij
i2A:j2B i2A:j2B i2A:j2B vol(G) di vol(G) i2Aj2B
P W
ij
. P(Xo 2 A; X1 2 B) 1 X vol(A) 1 i2aj2e Cut(A; B)
P(X12BjXo 2 A) = = i = =
(X12BjXo 2 A) P(Xo 2 A) Vol(6) 1 0 Wi oi(e) VOI(A) VoI(A)

Thus we have that

CUt(A; A) CUt(A; A)

Neut(A; A) = vol(A) vol(A

=P (X1 2 AjXp 2 A)+P (X1 2 AjXo 2 A) = P(AjA)+P (AJA)

This proposition tells us that minimizing Ncut, we actually look for a cut through the
graph such a walk seldom transitions from A to A or vice versa.
O

3.4 Power Iteration Clustering

Observation 178. If is an eigenvalue of L, with eigenvector v, then (1 ) is an
eigenvalue of S = D W with eigenvector v.

Proof. Since 1is an eigenvalue of Ly with eigenvector v, it holds that

Lewv= vD) (I DW= vDdv v=D?WvDd(@1 )v=Sv

ie. (1 ) is an eigenvalue of S with eigenvector v. O
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Thus the k smallest eigenvectors of Ly are also the k largest eigenvectors of S.

One method for computing the largest eigenvector of a matrix is the Power Iteration
(PI). PIis an iterative method, which starts with an arbitrary vector v & 0 and repeatedly
performs the update

vt — csyt:

c is a normalizing constant to keep V' from getting too large (here c:m).lf t is large,

then vt will be a good approximation of the largest eigenvector of S.
The Power Iteration Clustering (PIC) Algorithm applies the PI method.

The PIC algorithm

Input: A row-normalized affinity matrix S and the number of clusters k.
Pick an initial vector v©

repeat

t o 9
Set Vi1 = oS and = vttt v
Increment t

untilj ¢t 170
Use k-means to cluster points on vt
Output: Clusters Ag; Az; i Ak

J

We assume that S has eigenvectors eq;ez;::; ey with eigenvalues 1; 2;::i; n respec-
tively. Then ignoring renormailization we have that
vt=8vt 1 =382yt 2 —::: = S0 — St(cie; + Coep + 11 4 Cnen)

= ¢1S%; + c,Stey + i + ¢ Step

=0Cp je1+C2 Ser+:ii+cCn Len:
The above equation shows that PIC does not choose among eigenvectors - the embedding
uses a weighted linear combination of the all eigenvectors.
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3.5 Spectral Clustering Algorithms

The unnormalized spectral clustering algorithm
Input: The adjacent matrix of the similarity graph, W 2 R" " and the number k
of clusters to construct

Compute the unnormalized Laplacian L.

Compute the first k eigenvectors v1;::; Vg of L.

Let V 2 R" X be the matrix containing the vectors vi;::;Vk as columns.

For i = 1;::;n, let yi 2 RK be the vector corresponding to the i-th row of V.
Cluster the points (Yj)i=1:::n in RK with the k-means algorithm into clusters

Ar; Ak

Output: Clusters Az;::; Ak.

The normalized spectral clustering algorithm according to Shi and

Malik (2000)
Input: The adjacent matrix of the similarity graph, W 2 R" " and the number k
of clusters to construct

Compute the unnormalized Laplacian L.

Compute the first k eigenvectors vq;::; vk of the generalized eigenproblem
Lv= Dv.

Let V 2 R" K be the matrix containing the vectors vi;::; Vk as columns.
Fori=1;:5n lety; 2 RX be the vector corresponding to the i-th row of V.
Cluster the points (Yj)i=1::n in RK with the k-means algorithm into clusters

Az Ak

Output: Clusters Az;::; Ak.

J

We note that the generalized eigenvectors of L correspond to the eigenvectors of the
matrix Lpy.
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The normalized spectral clustering algorithm according to Ng,Jordan
and Weiss (2002)

Input: The adjacent matrix of the similarity graph, W 2 R" " and the number k
of clusters to construct

Compute the normalized Laplacian Lsym.
Compute the first k eigenvectors Vy; ::; Vi of Lsym.
Let V 2 R" X be the matrix containing the vectors v1;::;Vk as columns.

Form the matrix U 2 R™ K from V by normalizing the row sums to have norm
1, that is Ujj = <pv']71
C vi)?

Fori=1;:5n, letyi 2 RX be the vector corresponding to the i-th row of U.

Cluster the points (Yj)i=1:n in RK with the k-means algorithm into clusters
Az Ak

Output: Clusters Az;::; Ak.

The PIC algorithm
Input: The adjacent matrix of the similarity graph, A 2 R" " and the number k
of clusters to construct

Pick an initial vector vO.

Compute the diagonal matrix D 2 R" " with diagonal entries the degrees of
vertices.

Compute the matrix W = D A,
Form the row-normalized matrix S 2 R™ " from W.

repeat

t . -
Set Vi1 = ;S and T = vt V]
Increment t
Git ot 1
until | ] 7 0.

Use k-means to cluster points on V'.

Output: Clusters Az; Ap; i Ax.

J

Aij PP

According to [4] it is useful to let VO(i) = ﬁ where V(A) = Ajj for i=1,2,.n.

i j
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Chapter 4

Applications

4.1 Clustering of bond yield data

The application of the thesis is clustering of bond yield data. The data are the daily
yields of 10 bonds of different maturities for 14 countries (Table 4.1) over the period
2009-2015. The bonds under consideration differ in maturity that varies from 1 year to
10 years. We note that the variables of the problem are the daily bond yields. Our aim
is to examine if the issuers of the bonds under consideration can form clusters based on
the bond yields characterizing each issuer (country). In particular, we divided the period
2009-2015 in 7 intervals of duration equal to 1 year. For each interval the problem can
be seen as a fully connected graph having 14 vertices that represent the countries. Each
country i for each interval t is characterized by fDYi(t); Ri(t); DCi(t)g, where DYi(t) 2 Rioxt
is the mean of the differences of daily yields, DCi(t) 2 R10 the covariance matrix of the

daily differences in the bond yields and Ri(t) 2 R0 the correlation matrix of the bond
yields throughout the interval t. In other words, we transform the given set of data points
fDYi(t); Ri(t); DCi(t)gilil with pairwise similarities Sjj into a fully connected graph. In order
to construct its similarity graph we connect all points with positive similarity with each
other and weight all edges by Sjj. According to [2] an appropriate similarity function is
the gaussian similarity function S(Xj;Xj) = exp ”)('27)(2’”2 . We recall that the parameter

controls the width of the neighborhoods. Specifically, the similarity of two countries i
and j during the interval t is defined as

.. t 1).. e (t 1).. .. t 1.
ioy® by®i3  GrRP RO jipc?  pDcPji
= exp W1 5 W2 3

®
sii w
! 2 1 23 2 3

We assume that the data can be characterized as elements of R1® R10 10 R10 10 554

decide to choose a metric of this space which is a convex combination of the metrics of
the component spaces R10; R10 10: R10 10 regpectively. The relative weights will provide
some clues as to which features of the data (among differences of daily yields, covariances
of differences of daily yields or correlation of yields) play a dominant role in the character-
ization of the clusters and may be used as features for characterizing the bond behaviour.
We consider 1= 2= 3=1.

We apply the aforementioned spectral clustering algorithms in order to form clusters. Af-
terwards, we check the composition of these clusters and whether this composition remains
unchanged during the time periods in consideration. We compare the spectral clustering |
algorithms through the measures: BetaCV, Dunn Index, Normalized Cut, Davies-Bouldin
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Index and Silhouette Coeflicient that will be introduced shortly.The clustering procedure
is repeated using the data for each of the 7 time periods mentioned above. The clusters
formed in each period are not expected to be necessarily the same, however, if partici-
pation of a country in a particular cluster is expected to provide some input towards its
economic characteristics, it is expected that the contents of the clusters should not vary
too much from period to period. We chose to consider countries which are either in the
Eurozone or very strongly related to it.

The countries under consideration
Austria Belgium

Denmark Germany

Spain Finland

france Greece

Ireland Italy

Netherlands Portugal

Sweden UK

Table 4.1: The countries under consideration.
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4.2 The average bond yields per interval

The following figure illustrates the yield curves.

Mean Values of the Bond Yields per country in 2009
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Figure 4.1: The mean values of the bond yields per interval.
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Over the period 2009-2015 Greece presents the largest average bond yields compared with
the other countries we examine. However, in 2009 Irish bond yields are very close to Greek
bond yields on average. The largest yields of greek bonds are observed in the period 2010-
2013 in which period the largest differences in the average bond yields between Greece
and the other countries are found.
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4.3 Internal Measures

We assume that we are given a clustering C = fCq; Cy; ::; Ckg comprising k clusters with
cluster Cj containing nj = jCjj points.

4.3.1 BetaCV Measure

The BetaCV measure is the ratio of the mean intra-cluster distance to the mean inter-

[
\'/\‘V_in W - W(GCisCi)
cluster distance BetaCV = - = '\lil().L: W = '\,iﬁ:t 'F:z,l where
Nout W (Ci;Ci)
i=1

Nin is the number of distinct intra-cluster edges.

Nout is the number of distinct inter-cluster edges.

1
Win = % W (C;j; Cj) that is the sum of all the intra-cluster weights over all clusters,
i=1 P P
where W (Cj; Cj) = wij. It is divided by 2 since each edge is counted twice
i2Ci j2Ci
in the summation.

14
Wout = % W (Cj; Cj) that is the sum of all the inter-cluster weights over all clus-
i=1 B P
ters, where W (Cj; Cj) = wij. It is divided by 2 since each edge is counted
i2Cj j2C;
twice in the summation.

The smaller the BetaCV ratio the better the clustering is since it indicates that intra-
cluster distances are on average smaller than the inter-cluster distances. Specifically, in
our problem the larger the BetaCV ratio the better the clustering is, since each edge is
weighted by the similarity of its endpoints.

) fe
In a fully connected graph we have that Nj, = r12. = % ni(nj 1) and
i=1 i=1
L =R
Nout = nin;.
i=1j=i+1

4.3.2 Dunn Index

The Dunn Index is defined as the ratio between the minimum distance between point pairs

from different clusters and the maximum distance between points from the same cluster.
min
More formally, we have Dunn = VV\\//?H;X.

The larger the Dunn Index the better the clustering is because it means that the closest
distance between points in different clusters is much larger than the farthest distance
between points in the same cluster. Specifically, in our problem the smaller the Dunn
Index the better the clustering is, since each edge is weighted by the similarity of its
endpoints.

4.3.3 Normalized Cut Measure

The Normalized Cut Measure is defined as follows

ne = Pween - Pweiey P weien P4
(=1 vol(C;) =1 W(CiV) =g W(CiC)+W(CiCi) — ) wég:g:;+1
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The higher the NC value the better is.

We can see that the NC is maximized when the ratios wACtiCi)

IReD) (across the k clusters)
are as small as possible, which happens when the intra-cluster distances are much smaller
compared to inter-cluster distances, i.e, when the clustering is good. Specifically, in our
problem the smaller the NC the better the clustering is, since each edge is weighted by
the similarity of its endpoints.

Example 179. We consider the following graph:

The two clusters are C; = f1;2;3g and C, = T4, 5; 6g.
The ﬁdjacent matrix of the graph ié

0O 08 06 O 01 O

08 0 08 0 0 O
A 006 0:8 0 02 O 0

0 0O 02 0 08 07

01 O 0 08 0 08

0 0 0 07 08 0

P
We recall that di =  w;j. The following table illustrates the degrees of the vertices.
j=1

dj
15
1.6 s
1.6
1.7
1.7
1.5 k

ST W N | =
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P
We recall that vol(Cj) = dj. Thus we have that vol(C1) = 4:7 and vol(C;) = 4:9.
J2GC;

The sum of all the intra-cluster weights over all clusters is
Win = 3(2  (0:8+0:8+0:6) +2 (0:8+0:8+ 0:7)) = 4:5.

The sum of all the inter-cluster weights over all clusters is
Wout = 2((0:1 4 0:2) + (0:1 + 0:2)) = 0:3.

The number of distinct intra-cluster edges are Njn = 6.
The number of distinct inter-cluster edges are Noyt = 2.

The BetaCV Measure ¢

a;
_ Nout Win _ 2
BetaCV = N We = §

n be computed as
45 _ 5.

3

The Dunn Index is given as Dunn = VV\\;??%Z = 8— = 0:125.

=

[ee]

The Normalized Cut Measure is given as

vol(Cy) vol(C2) ~— 47

4.3.4 Davies-Bouldin Index

Let j denote the cluster mean, = % Xi.
Xj2Cj
Let .Sdenote the dispersion or spread of the points around the cluster mean,
e
)2
Xj 2C; (XJ’ I) pi
= T = var(Ci).

The Davies-Bouldin measure for a pair of clusters Cj and Cj is defined as the ratio

-+ -
DBij = (I.iji DBij measures how compact the clusters are compared to the distance

between the cluster means. o

The DB index is then defined as DB = % mg_foBijg.
i=1 J&I

The smaller the DB value the better the clustering is.

4.3.5 Silhouette Coefficient

The silhouette coefficient is a measure of both cohesion and separation of clusters and is
based on the difference between the average distance to points in the closest cluster and
to points in the same cluster. For each point Xj we calculate the silhouette coefficient S;j
as )

out (i) in(xi)

P out
Si = max( gt (xi); in(Xi))

where

in(Xi) is the mean distance from X; to points in its own cluster Cj,
o (xixg)
in(Xi) = *¥5——, ni =JCij.

min(x;) is the meap of the distances from Xj to the points in the closest cluster Cj,
(xi3y)
i . y2Cj
() = min 2

J
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The sj value of a point lies in the interval [-1,41]. A value close to +1 indicates that X;
is much closer to points in its own cluster and is far from other clusters. A value close to
zero indicates that X;j is close to the boundary between two clusters. Finally, a value close
to -1 indicates that X; is much closer to another cluster than its own cluster and therefore,
the point may be mis-clustered.

The silhol%ette coefficient is defined as the mean Sj value across all the points

SC = %msi.

A value close to 41 indicates a good clustering.

4.4 Clustering results

In the following clustering results, the cluster including Germany is colored in blue, while
the other one in red.

441 w;=1, wo=0and w3 =0

The normalized spectral clustering algorithm according to Shi and Malik (2000), wi=1
* UK * UK * UK * UK

* UK * UK #* UK
# Sweden # Sweden # Sweden # Sweden # Sweden # Sweden # Sweden
# Portugal # Porugal # Porugal + Parugal # Parugal # Parugal + Parugal
% Netnerlands % Netharands % Netherands 4 Netheriands % Natherands % Netherands 4 Nethertands
# laly * ltay # lay + lialy # laly * ltaly + liay
# Ireland # Ireland # Ireland # Ireland # lreland # lreland # Ireland
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# france # franca # france # france # tranca # franca # france
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# Beigum # Bagum * Bagum # Beigum # Baigum * Bagum # Beigum
# Austia # Austna # Austna # Austria § Ausna # Austna # Austna
| | 1 1 | |
2009 2010 2011 2012 2013 2014 2015
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The PIC algorithm, wi=1
# UK

* UK * UK * UK * UK * UK # UK
# Sweden # Sweden # Sweden # Sweden # Sweden # Sweden # Sweden
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Figure 4.2: Spectral Clustering Results for wy = 1
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59 Dunn Index, wi=1
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Figure 4.3: Internal Measures for wy = 1

In 2009 and 2014 PIC does equally well or does better than the other method for most
evaluation measures. In the period 2010-2013 and 2015 the normalized spectral clustering
algorithm according to Shi and Malik (2000) does equally well or does better than the
other method for most evaluation measures. However, according to BetaCV Measure,
Dunn Index and Normalized Cut Measure both clustering algorithms work almost equally
well in the period 2009-2015. We observe that the measures take their best values in 2011
and 2012 for both spectral algorithms. Greece is included in the red cluster formed by
the normalized spectral clustering algorithm over the period 2010-2015, while Ireland only
in 2010 and 2013. In 2013 Portugal, Italy and Spain are also in the red cluster. In 2009
we see Greece and Germany in the same cluster. The red cluster formed by PIC involves
Greece only in the period 2011-2014. This means that in 2009, 2010 and 2015 Greece
and Germany are in the same cluster according to PIC. Applying majority vote over the
period under consideration we conclude that the normalized spectral clustering algorithm
according to Shi and Malik (2000) works better than the Power Iteration Clustering.
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44.2 w;=0;, wo=1and w3z =0

The normalized spectral clustering algorithm according to Shi and Malik (2000}, w2=1
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Figure 4.4: Spectral Clustering Results for wp = 1
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Figure 4.5: Internal Measures for wp = 1
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In the period 2009-2010 as well as the period 2013-2015 the normalized spectral clustering
algorithm according to Shi and Malik (2000) does equally well or does better than the
other method for most evaluation measures. In 2011 and 2012 the PIC does equally well
or does better than the other method for most evaluation measures. However, according
to BetaCV Measure, Dunn Index and Normalized Cut Measure the performance of the
normalized spectral clustering algorithm is better than that of PIC over the period 2009-
2015. We observe that the measures take their best values in 2009 and 2013 for both
algorithms. The Normalized clustering algorithm groups Greece and Germany in the
period 2009-2014, while PIC only in 2010, 2012 and 2013. In reference to PIC, in 2014 we
meet Greece, Austria, Belgium, Sweden and Netherlands in the same cluster. By taking
into consideration only the correlation of the bond yields is not enough in order to separate
the countries based on the bond yields characterizing each one separately.
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443 w1 =0, wo=0and wz3 =1

The normalized spectral clustering algorithm according to Shi and Malik (2000}, w3=1
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Figure 4.6: Spectral Clustering Results for wg = 1
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Figure 4.7: Internal Measures for wg = 1

In the period 2009-2015 the normalized spectral clustering algorithm according to Shi and
Malik (2000) does equally well or does better than the other method for most evaluation
measures. In reference to the normalized spectral clustering algorithm Greece appears
consistently in the red cluster from 2010 to 2015 in which period we see occasionally
Portugal and Ireland in that cluster. Regarding PIC the formed red cluster does not
involve Greece in 2010 and 2014. This means that in these years Greece and Germany are
grouped contradicting to the financial data.

73




CC BY: Attribution alone 4.0
https://creativecommons.org/licenses/by/4.0/

https://doi.org/10.26219/heal.aueb.6509

4.4.4 W1 = Wy = W3 = 1

3

The normalized spectral clustering algorithm according to Shi and Malik &2000), wi=w2=w3=1/3
* UK * UK #* UK * Ul * UK

* UK * UK
# Swodan # Swenan # Swoden # Swaden # Sweoan # Sweaan # Sweoan
# Porugal # Porugal # Porugal + Porugal # Porugal # Porugal + Porugal
% Netnerlands % Netharands % Netherands 4 Netheriands % Natherands % Netherands 4 Nethertands
#* [taly #* Italy * Italy # Italy #* Naly #* Naly # Italy
# Ireland #* lreland # Ireland # Ireland # lreland #* Ireland # Ireland
* Greece #* Greece #* Greace # Greece #* Greece #* Greece # Greece
# trance # france # trance # trance # Trance # hance # france
% Finland % Finland % Finland % Finiand % Finland % Finland % Finland
% Span # Span # Span # Spain # Span * Spain # Spain
* Germany * Garmarny * Germany #* Garmany * Germany * Germany #* Garmany
# Denmark # Denmark # Denmark # Denmark # Denmark # Denmark # Denmark
# Baigum # Bagum % Bagum # Beigum # Baigum % Bagum # Beigum
# Austia # Austna # Austna # Austria § Ausna # Austna # Austna
| | 1 1 | |

2009 2010 20m 2012 2013 2014 2015
S e The PIC aIgorilhT,UKw1 =w2=w3=1/3 S il ik
* Sweden # Sweden * Sweden * Sweden # Sweden * Sweden * Sweden
# Porugal # Porugal # Porugal * Porugal # Parugal # Porugal * Porugal
# Nemenands % Nemanands # Nemenands # Netnerands 4 Nemenands # Nemenands # Nemenands
# ay # Iy # Iy + ltaty # haty # hayy * ltay
# Iralang # Iraland # Iraiang # Iralana # Irmiand # Irmiana # Irelang
* Graece * Greece #* Greeca * Graece #* Greece * Greece * Greece
# france # france # france * france # Trance * hance * france
% Finland # Finland % Finland # Finland # Finland % Finland % Finland
% Spain # Span # Spain # Span # Spamn # Span # Span
* Germany * Germany * Garmany # Garmany # Germany * Garmany # Garmany
# Donmark # Denmark # Denmark # Danmark # Danmark # Danmark # Danmark
# Beigum # Beigum # Baigum # Beigum # Beigum * Baigum # Beigum
* Austria * Austria * Austna # Austria # Austria * Austria # Austria

| | 1 1 |
2009 2010 2011 2012 2013 2014

Figure 4.8: Spectral Clustering Results for w3 = wp = w3 = %
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Figure 4.9: Internal Measures for Wi = wp = w3 = %

In the period 2009-2010 as well as the period 2013-2015 the PIC does equally well or
does better than the other method for most evaluation measures. In 2011 and 2012 the
normalized spectral clustering algorithm according to Shi and Malik (2000) does equally
well or does better than the other method for most evaluation measures. Regarding the
normalized spectral clustering algorithm we see in the same cluster Greece and Germany
in 2010 and 2013, Greece, Belgium and Austria in 2009 and 2014 as well as Greece, UK
and Denmark in 2015. PIC groups Greece and Germany in 2010 and 2013-2014 as well
as Greece, UK and Denmark at the end of the period. Applying majority vote over the
period under consideration we conclude that the Power Iteration Clustering works better
than the normalized spectral clustering algorithm according to Shi and Malik (2000).

4.5 Conclusion

Although one may observe the formation of distinct clusters in the yield data and some of
the entries in clusters indeed correspond to different types of economies (i.e. one cluster
consists partly of economies which we view hit strongly by the recent crisis of the Eurozone,
while the other cluster consists of the stronger economies) it can be seen that the market
data of the bond yields are clearly not enough to separate the corresponding economies
into clusters of sufficient economic coherence, even though from the technical point of view
the cluster procedure is very successful as the corresponding indices show. This imposes
the necessity of a more holistic and detailed study in which the bond yield data are

combined with other microeconomic indicators such as GDP, growth rate, unemployment

rate, inflation,.. so as combined with the behaviour of these economies in the international
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bond market to get a more clear of their current situation. This is clearly beyond the scope
of this thesis.
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Chapter 5

Conclusion

The goal of the thesis is the study of graphs emphasizing on laplacian matrices and spectral
clustering. The first chapter constitutes an introduction to graphs. In the second chapter
we introduce laplacian matrices, while in the third chapter we represent some of the
most ubiquitous spectral clustering algorithms. The application of the thesis is clustering
of bond yield data. The data are the daily yields of 10 bonds of different maturities
for 14 countries (Table 4.1) over the period 2009-2015. The bonds under consideration
differ in maturity that varies from 1 year to 10 years. We note that the variables of the
problem are the daily bond yields. Our aim is to examine if the issuers of the bonds
under consideration can form clusters based on the bond yields characterizing each issuer
(country). In particular, we divided the period 2009-2015 in 7 intervals of duration equal
to 1 year. For each interval the problem can be seen as a fully connected graph having 14
vertices that represent the countries. Each country i for each interval t is characterized by
fDYi(t); Ri(t); DCi(t)g7 where DYi(t) 2 R1% is the mean of the differences of daily yields,
DCi(t) 2 R0 the covariance matrix of the daily differences in the bond yields and
Ri(t) 2 R1™10 the correlation matrix of the bond yields throughout the interval t. In other
words, we transform the given set of data points fDYi(t); Ri(t); DCi(t)gilil with pairwise
similarities Sjj into a fully connected graph. In order to construct its similarity graph
we connect all points with positive similarity with each other and weight all edges by
Sij- According to [2] an appropriate similarity function is the gaussian similarity function

TV
S(Xi; Xj) = exp ”X'z# . We recall that the parameter controls the width of the
neighborhoods. Specifically, the similarity of two countries i and j during the interval t is
defined as

.. t 1).. e (t 1. .. t 1.
oy ® by®3  GrRP RO jipc?  DcPji
= exXp Wi > + W> > + W3 2

21 23 2 5

O
We assume that the data can be characterized as elements of R1C and
decide to choose a metric of this space which is a convex combination of the metrics of
the component spaces R10; R10 10; R10 10 regpectively. The relative weights will provide
some clues as to which features of the data (among differences of daily yields, covariances
of differences of daily yields or correlation of yields) play a dominant role in the character-
ization of the clusters and may be used as features for characterizing the bond behaviour.
We consider 1= = 3=1.

We apply the aforementioned spectral clustering algorithms in order to form clusters. Af-
terwards, we check the composition of these clusters and whether this composition remains |
unchanged during the time periods in consideration. We compare the spectral clustering

10 10 10 10
R R0 10,

[




algorithms through the measures: BetaCV, Dunn Index, Normalized Cut, Davies-Bouldin
Index and Silhouette Coefficient.The clustering procedure is repeated using the data for
each of the 7 time periods mentioned above. We chose to consider countries which are
either in the Eurozone or very strongly related to it. Although one may observe the for-
mation of distinct clusters in the yield data and some of the entries in clusters indeed
correspond to different types of economies (i.e. one cluster consists partly of economies
which we view hit strongly by the recent crisis of the Eurozone, while the other cluster
consists of the stronger economies) it can be seen that the market data of the bond yields
are clearly not enough to separate the corresponding economies into clusters of sufficient
economic coherence, even though from the technical point of view the cluster procedure
is very successful as the corresponding indices show. This imposes the necessity of a more
holistic and detailed study in which the bond yield data are combined with other mi-
croeconomic indicators such as GDP, growth rate, unemployment rate, inflation,.. so as
combined with the behaviour of these economies in the international bond market to get
a more clear of their current situation.
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Chapter 6

Appendix

6.1 Code for Clustering of Bond Data

We cite some of the code for Clustering of Bond Data.
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The content of the file "names_of _matfiles_ EE:txt’ is

AUS _daily:mat
BL _daily:mat
DEN _daily:mat
DEU _daily:mat
ESP _daily:mat
FIN _daily:mat
france_daily:mat
GR _daily:mat

IRE _daily:mat
ITA_daily:mat
N L _daily:mat

P OR_daily:mat
SW E _daily:mat
UK _daily:mat

The content of the file names_of matfiles_for_Dif_Cov_yearEE is

AUS_ dailyyearDifCov.mat
BL._ dailyyearDifCov.mat
DEN_ dailyyearDifCov.mat
DEU_ dailyyearDifCov.mat
ESP_ dailyyearDifCov.mat
FIN_ dailyyearDifCov.mat
france_ dailyyearDifCov.mat
GR_ dailyyearDifCov.mat
IRE_ dailyyearDifCov.mat
ITA_ dailyyearDifCov.mat
NL_ dailyyearDifCov.mat
POR. dailyyearDifCov.mat
SWE_ dailyyearDifCov.mat
UK_ dailyyearDifCov.mat
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The content of the file names_of _matfiles_for_Cor_yearEE is

AUS_ dailyyearCor.mat
BL_ dailyyearCor.mat
DEN_ dailyyearCor.mat
DEU_ dailyyearCor.mat
ESP_ dailyyearCor.mat
FIN_ dailyyearCor.mat
france_ dailyyearCor.mat
GR_ dailyyearCor.mat
IRE_ dailyyearCor.mat
ITA_ dailyyearCor.mat
NL_ dailyyearCor.mat
POR._ dailyyearCor.mat
SWE_ dailyyearCor.mat
UK_ dailyyearCor.mat

The content of the file names_of _matfiles_EE is

Austria
Belgium
Denmark
Germany
Spain
Finland
france
Greece
Ireland
Ttaly
Netherlands
Portugal
Sweden
UK
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