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n→∞
E[g|Hn]  ! "#$% $&' %(& !''&&)*! %$+ ,-.! /$&+0!�& f $&# L2

FT
(Ω,R) *2&(!� '" 2(&/!33+/$!� "2% *+" ",&4&#.�" $5
 *&(78


fn =
∑

n
αn exp

∫ T

0
hn(t)dBt −

1

2

∫ T

0
|hn(t)|

2dt %2&# hn ∈ L2([0, T ],R1×m) '$!$!(*+'+/$+,8 /#'-($5/59N
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 ! !"#"$!%&'
) * #+,+ Xn %�."/Hn0,%#1'$/,*+ 2 #$/) 31*$/,454/6.#"
 #4 7',," #8. Doob-Lynkin ,541%�." 91":%� 9/" !;<% n 8
 Xn = gn(Bt1, ..., Btn) 9/" !;54/" Borel0,%#1'$/,* $&.;1#*$* gn : Rn → R+=;<% #>#4/" $&.;1#*$* ?,8
) ,541%� ." 514$%99/$#%� $#4. 3614 L2
FT

"5? $&."1#'$%/
 φn(Bt1, ..., Btn)?54& φn ∈ C∞
0 (Rn) !"/ >#$/ !"#"7'94&,% $#4. /$3&1/$,? ,"
+ 5/!%.#18.?,"$#% #61" $#*. "5?@%/A* #4& 7',,"#4
+ =;.4&,% #*. <%61*$* ?#/ * g %�."/ 41<496./" $%!;<% #+,+ f #*
 ,41:'
 BC+CD) @*7"@' E[fg] = 0+ =;.4&,% #*. %5/749' h(t) =∑n

i=1 i1[ti,ti+1) ?54& i ∈ R454/4/@'54#% .#%#%1,/./$#/!4� "1/<,4�+ E5? #*. 41<498./?#*#" 5"�1.4&,% ?#/
E[exp{λ1Bt1 + ...+ λnBtn}g] =

∫

exp{λ1Bt1 + ...+ λnBtn}gdP = 0.E&#? 54& ,5414F,% ." @%�A4&,% "5? #*. 5"1"5;.8 /$?#*#" %�."/ ?#/ g = 0+ G/" ." #4 !;.4&,% "&#? ?,8
51>5%/ ." 31*$/,454/'$4&,% !;54/%
 #%3./!>
 #*
 ,/9"@/!'
 ".;7&$*
+ H1�I4&,% 74/5?. #*. $&.;1#*$*
G(λ) := E[exp{λ1Bt1 + ...+ λnBtn}g]* 454�" %�."/ 51"9,"#/!' !"/ "."7&#/!' $#4 λ = (λ1, ..., λn) ∈ R

n+ JF,:8." ,% #*. <%81�" #*
 "."7&#/!'
%5>!#"$*
) * G <" >3%/ ,/" "."7&#/!' %5>!#"$* $#4 ,/9"@/!? %5�5%@4 ∈ C
n #*. 454�" <" $&,K47�I4&,%

G∗+ G/" #*. "."7&#/!' %5>!#"$* G∗ <" /$3F%/ ?#/ G∗ = 0 $#4 C
n %:?$4. * G = 0 $#4 R

n !"/ %�."/"."7&#/!'+ J&.%56

G∗(z) := E[exp{z1Bt1 + ...+ znBtn}g] = 09/" ?7" #" z = (z1, ..., zn) ∈ C
n !"/ !;<% t1, ..., tn ∈ [0, T ]+  5/7>94.#"
 z = (iλ1, ..., iλn), λ1, ..., λn ∈ R#?#% >34&,% ?#/ G(iλ1, ..., iλn) = 0+2 $#8 #61" φ ∈ C∞

0 (Rn)+ L?#%) <" @%�A4&,% ?#/ E[φ(Bt1, ..., Btn)g] = 0+ M1;9,"#/) %:?$4. φ ∈
C∞
0 (Rn) ,5414F,% ." @6$4&,% ,/" 474!7*18#/!' >!:1"$* 9/" #*. φ(Bt1, ..., Btn) 31*$/.454/6.#"
 #4.,%#"$3*,"#/$,? Fourier φ̂ #*
 φ @*7"@' ?#/

φ(Bt1, ..., Btn) = (2π)−n/2

∫

Rn

ei(λ1Bt1
+...+λnBtn )φ̂(λ)dλJ&.%56


E[φ(Bt1, ..., Btn)g] =

∫

Ω
φ(Bt1, ..., Btn)gdP

(2π)−n/2

∫

Ω

∫

Rn

ei(λ1Bt1
+...+λnBtn )φ̂(λ)dλgdP =

(2π)−n/2

∫

Rn

φ̂(λ)

∫

Ω
ei(λ1Bt1

+...+λnBtn )gdPdλ =

(2π)−n/2

∫

Rn

φ̂(λ)G(iλ)dλ = 0%:?$4. G(iλ1, ..., iλn) = 0 9/" !;<% λ1, ..., λn ∈ R+2 34&,% 74/5?. ?#/ E[φ(Bt1, ..., Btn)g] = 0 9/" 454/"@'54#% φ ∈ C∞
0 (Rn)+ 2H,8
 @%�A",% .81�#%1" ?#/ 4/$&."1#'$%/
 #*
 ,41:'
 φ(Bt1, ..., Btn) 9/" φ ∈ C∞

0 (Rn) %�."/ 5&!.>
 $#4. 3614 L2
FT
+  :?$4. * g %�."/41<496./" $% >." 5&!.? &54$F.474 #4& L2

FT
([0, T ]) >34&,% ?#/ g = 0+J&,5%1"�.4&,% 74/5?. ?#/ ". !;54/" #+,+ g ∈ L2

FT
(Ω,R) %�."/ 41<496./" $% ?7%
 #/
 #&3"�%
 ,%#"K7*#>
#*
 ,41:'
 BC+CD ,% .#%#%1,/./$#/!? h) &5? #*. >..4/" ?#/ E[fg] = 0) #?#% g = 0+ E&#? #4 %5/3%�1*,""1!%� 9/" ." @%3#4F,% ?#/ 4/ #&3"�%
 ,%#"K7*#>
 f %�."/ 5&!.>
 $#4. L2

FT
(Ω,R)+ �L4 %5?,%.4 7',," ,"
 4@*9%� >." K'," 51/. #*. "5?@%/A* #4& K"$/!4F ,"
 <%81',"#4
+N
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 !""# $%$%&  !" #$%& '()"�" +&'",-.'/ ξ ∈ L2
FT

(Ω;R) (0$1)&! +!" 2'3)"2'!#/ 4!"4!#"2�" f ∈
M2([0, T ],R1×m) '5'3!" 62'&

ξ = E[ξ] +

∫ T

0
f(s)dBs703( Bt = (B1,t, ..., Bm,t) &�8"! +!" m94!$2'"'. #�8.2. Brown. : 2'3)"2'!#/ 4!"4!#"2�" f &�8"! +38"4!#/(07 '.8 5883!" 7'! "8 (0$1)&! "#7+" +!" 2'3)"2'!#/ 4!"4!#"2�" g ;!" '.8 303�" !2)<&! '3 0"1"0$8="03'5-&2+" '7'& 5)3(+& 7'!

E

[
∫ T

0
|f(s)− g(s)|2ds

]

= 0>'()*+,-./  !"#$%"&'( )%* + ξ $,(* %+- (*.*/0 '"120
ξ = exp

∫ T

0
h(t)dBt −

1

2

∫ T

0
|h(t)|2dt .3%+- 4&-$,(*56 "1�8"&'( %+- 4%",54%*/0 .*5.*/54�5

x(t) = exp

∫ t

0
h(s)dBs −

1

2

∫ t

0
|h(s)|2ds.9:15 /;-"-%5
 ,104+ %"& =0''5%"
 %"& Ito 4%+- x(t) !5�1-"&'(

dx(t) = x(t)(h(t)dBt −
1

2
h2(t)dt) +

1

2
x(t)(h(t)dBt)

2 = x(t)h(t)dBt.>="/=+1:-"-%5
 %:15 5!) ? $@
 T !5�1-"&'( )%*
xT = ξ = 1 +

∫ T

0
h(t)x(t)dBt = E[ξ] +

∫ T

0
h(t)x(t)dBt.A!"'$-@
6 B*5 %&,5�(
 '(%5C=+%$
 %+
 '"120
 DEFEG " *4,&1*4')
 %"& =0''5%"
 EFEFH *4,I(* B*5 %+- (!*J="B0 f(t) = h(t)x(t)F A!*!=$"-6 =)B@ %+
 B15''*/)%+%5
 %"& 4%",54%*/"I "="/=+1:'5%"
 " *4,&1*4')
*4,I(* 5/)'5 /5* 5- + %F'F ξ (�-5* $-5
 B15''*/)
 4&-.&54')
 (/#(%*/:- %&,5�@- '(%5C=+%:- %+
 '"120
DEFEGF K>!@
 .(�L5'( )'@
 4%" =0''5 EFEFE6 %" 4I-"=" 5&%:- %@- %&,5�@- '(%5C=+%:- (�-5* !&/-) 4%"-,:1" L2

FT
(Ω,R)F KM15 " *4,&1*4')
 *4,I(* B*5 /;#( %F'F ξ ∈ L2

FT
(Ω,R)FN5
 '$-(* -5 .(�L"&'( %+- '"-5.*/)%+%5 %+
 .*5.*/54�5
 f F M&%0 + *.*)%+%5 '!"1(� -5 .(*,#(� ,1+4*J'"!"*:-%5
 %+- *4"'(%1�5 %"& Ito.  !"#$%"&'( ="*!)- )%*

ξ = E[ξ] +

∫ T

0
f1(t)dBt = E[ξ] +

∫ T

0
f2(t)dBt)!"& f1, f2 ∈ M2([0, T ],R1×m)F 9)%( $,"&'( )%*

0 = E

[

(
∫ T

0
(f1(t)− f2(t))dBt

)2
]

=

∫ T

0
E
[

(f1(t)− f2(t))
2
]

dt/5* (!"'$-@
 f1(t, ω) = f2(t, ω), ∀t ∈ [0, T ]× Ω σ.β. KA%4* .(�L5'( /5* %+- '"-5.*/)%+%5F �9:15 $,"&'( 4%+- .*;#(4+ '5
 )6%* ,1(*58)'54%( B*5 -5 !1",@104"&'( 4%+- 5!).(*L+ %"& C54*/"I '5
#(@10'5%"
 DMRTGF E?
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 !"#$%&' ()* +$,-./0()
 232324 !"�
 %&'%( )(
 *+,-./)()0
 .',123+ )(, 4+5"(6( /)- ( Mt +�,0- 31,17-'6)0)(8 7(&079 /)- d = 1:;<0"3/=123+ &1->/, )1 &9330 >12 3/&-
 0>17+�?03+ @A:A:BC 6)(, )2D0�0 3+)0%&()9 ξ =M(T ): E>'"D+-&1->/, 31,07-.9 6)1D06)-.9 7-07-.06�0 θ ∈ M2([0, T ],R1×m) )F)1-0 56)+
MT = E[MT ] +

∫ T

0
θ(s)dBs =M0 +

∫ T

0
θ(s)dBs@/>12 2>14F)123+ D!"�
 %&'%( )(
 *+,-./)()0
 /)- M0 +�,0- ,)+)+"3-,-6)-./C: G',1,)0
 D"96( )(
-7-/)()0
 martingale *-0 )(, Mt .045
 .0- )!, -7-1)9)!, )12 6)1D06)-.1H 1&1.&("530)1
 FD123+ /)-

Mt = E[MT |Ft] = E

[

M0 +

∫ T

0
θ(s)dBs|Ft

]

=M0 +

∫ t

0
θ(s)dBs.I;)6- 0>17+�?03+ )1 =()1H3+,1: �

 !" #$%&&'()
 BSDEsJ+ 02)/ )1 .+<'&0-18 40 06D1&(41H3+ 3+ )(, 3+&F)( )!, 1>-6417"13-.5, 6)1D06)-.5, 7-0<1"-.5,+?-656+!, @backward stochastic differential equationsC: K 0>&1H6)+"( >+"�>)!6( )!, >"1
 +?F)06(+?-656+!,8 +�,0- ( *"033-.9 BSDE. L/*1
 H>0"?(
 .0- +?F)06(
 )!, +?-656+!, 02)5, +�,0- >1&&' >"1%M&930)0 >12 >"1.H>)12, 6+ 7-'<1"+
 +>-6)93+
 @)1 %06-./ F,02630 7/4(.+ 0>/ )0 D"(30)11-.1,13-.'C/>12 FD1,)0
 3-0 )+&-.9 62,49.(8 4F&123+ ,0 *2"�6123+ >�6! 6)1, D"/,18 6)(, 6)-*39 +..�,(6(
 )12>"1%&930)1
 *-0 ,0 .0)0&9?123+ 6)(, 1"4/)+"( +>-&1*9 9 6)"0)(*-.9 >12 >"F>+- ,0 0.1&124(4+�: N2)/>12 >"16<F"+- 02)9 ( -7-0�)+"( 31"<9 +?-656+!,8 +�,0- /)- 6+ .'4+ D"1,-.9 6)-*39 +>-&F*123+ 6)"0)(*-.9&03%',1,)0
 2>/O(, )(, >&("1<1"�0 >12 FD123+ 9 40 +�D03+ 3FD"- +.+�,( )(, D"1,-.9 6)-*39: N2)/ )16)1-D+�18 30
 17(*+� 6+ >-1 0."-%+�
 &H6+-
 0>/ /)- 1- 62,94+-
 7-0<1"-.F
 +?-656+-
 .045
 F)6- &03%',+M)0- 2>/O( .0- 1 >0"'*1,)0
 I>&("1<1"�0I: P+.-,'3+ &1->/,8 +?+)'=1,)0
 6+ >"5)( <'6( )(, >+"�>)!6()(
 *"033-.9
 BSDE.N"D-.' 4F&1,)0
 ,0 7+�?123+ )(, %06-.9 -7F08 40 ?+.-,96123+ +?+)'=1,)0
 )(, >-1 0>&9 >+"�>)!6( )F)1-0
+?�6!6(
: I;6)! &1->/, /)- d = 1 @7(&079 2>14F)123+ /)- ( .�,(6( Brown +�,0- 31,1M7-'6)0)(C8 T > 08.0- ξ ∈ L2
FT

(Ω,R): I;D123+ )/)+ )(, 0./&124( 6)1D06)-.9 7-0<1"-.9 +?�6!6( 3+ )+&-.9 62,49.(Q
{

dYt = 0, t ∈ [0, T ]
YT = ξ

@A:ACJ.1>/
 30
8 +�,0- ,0 %"1H3+ 3-0 7-07-.06�0 Y >"160"3163F,( 6)(, 7-94(6( {Ft}t≥0 ( 1>1�0 40 &H,+-)(, >0"0>',! +?�6!6(: K &H6( >12 >"1.H>)+- 0,)-3+)!>�=1,)0
 )(, >0"0>',! +?�6!6( 60, 3-0 62,94(7-0<1"-.9 +�,0- (
Yt = ξ, ∀t ∈ [0, T ], @A:BC( 1>1�0 /3!
 7+, +�,0- 6D+7/, >1)F FtM>"160"3163F,( @+.)/
 0>/ )(, >+"�>)!6( />12 )1 ξ +�,0- 6)04+"/C:;>13F,!
8 ( +?�6!6( @A:AC 7+, FD+- )( 6!6)9 31"<9 0, .'>1-1
 O'D,+- ,0 %"+- 3-0 &H6( >12 ,0 -6DH+-*+,-.': ;>13F,!
8 *-0 ,0 %"1H3+ 3-0 FtM>"160"3163F,( &H6( >"F>+- ,0 )"1>1>1-96123+ )(, @A:AC:K >0"0>',! &H6( Y @A:BC8 -.0,1>1-+� )(, @A:AC 0&&' 7+, +�,0- 0>0"0�)()0 FtM>"160"3163F,(: I;,0
<26-./
 )"/>1
 ,0 7-1"456123+ 02)/ )1 D0"0.)("-6)-./ +�,0- ,0 1"�6123+ 7-0<1"+)-.' )(, Y !
Q

Yt = E[ξ|Ft], t ∈ [0, T ]. @A:RCAA
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 !"#$ % Y &�(#) *+,-( Ft.*"-/#"0-/0,(% 1#) )1#(-*-)&� 2%( 2&+)13 /4(531% YT = ξ6 7*�/%
$ &9( 2- :&�(#) /2#5&"9 2;2& % <=6>? 2#42�@&2#) 0& 2%( <=6A?6 BC0D
$ % <=6>? *+,-( E&( )1#(-*-)&� 2%( #"F)13 &:�/D/%<=6=?6 CG&�+-40& &*-0,(D
 (# H"-I0& *-)# &:�/D/% )1#(-*-)&� % 1#)(-I")# +I/% 0#
6J"F)19$ *#"#2%"-I0& ;2) % E)#E)1#/�# Y ;*D
 2%( -"�/#0& /2%( <=6>?$ &�(#) 0)# 2&2"#KD()19.-+-1+%"!/)0%
Ft-martingale. B72/)$ #*; 2- 5&!"%0# #(#*#"9/2#/%
 2D( martingales <*-4 #(#G,"#0& /2%( *"-.%K-I0&(% *#"9K"#G-? 0*-"-I0& (# H"-I0& 0)# 0-(#E)13 Ft.*"-/#"0-/0,(% /2-F#/2)13 E)#E)1#/�# Z ∈
L2
F ([0, T ];R) 2,2-)# !/2&

Yt = Y0 +

∫ t

0
ZsdWs, ∀t ∈ [0, T ],P− σ.β. <=6L?J*; 2)
 /F,/&)
 <=6>?.<=6L?$ *"-1I*2&) ;2) <540�@-40& ;2) % ξ &�(#) FT .0&2"3/)0%?

ξ = YT = Y0 +

∫ T

0
ZsdWs. <=6M?7*-0,(D
$ /4(E49@-(2#
 2!"# 2)
 <=6L?.<=6M?$ *#�"(-40&

Yt = ξ −
∫ T

t
ZsdWs, t ∈ [0, T ]. <=6N?O#) ,2/) % E)#G-")13 0-"G3 2%
 <=6N? E�(&2#) #*;

{

dYt = ZtdWt, t ∈ [0, T ]
YT = ξ.

<=6P?B72/)$ % <=6P? E&�F(&) (# &�(#) 0)# 1#29++%+% *#"#++#K3 2%
 <=6=?6 Q#"#2%"-I0& ;2) /& /F,/% 0& 2%(#"F)13 &:�/D/%$ ,F&) *"-/2&5&� - ;"-
 ZtdWt6 R# #(#G,"-40& ;2) % E)#E)1#/�# Z E&( &�(#) &1 2D(*"-2,"D( K(D/23 1#) #*-2&+&� ,(# 0,"-
 2%
 +I/%
6 C4/)#/2)19$ #423 % E)#E)1#/�# BE)-"5!(&)B 2%(0%.*"-/#"0-/2)1;2%2# 2%
 #"F)13
 +I/%
 Y (·) ;*D
 -"�/2%1& /2%( <=6A?6 S
 &1 2-I2-4$ ;2#( 0)+90&K)# Ft.*"-/#"0-/0,(% +I/%$ 5# &((-I0& ,(# @&4K9") Ft.*"-/#"0-/0,(D( E)#E)1#/)!( (Y,Z) *-4 5#)1#(-*-)-I( 2%( /F,/% <=6P? <3 )/-EI(#0# 2%( <=6N? ?6B72/)$ #*; 2# *#"#*9(D #42; *-4 0*-"-I0& (# &:9K-40& /#( /40*,"#/0# &�(#) ;2) % <=6P? 0#
 E�(&) 0)#
Ft.*"-/#"0-/0,(% +I/% (Y,Z)$ ;*-4 % Y 1#5-"�@&2#) #*; 2%( /F,/% <=6>? 1#) % Z 1#5-"�@&2#) *+3"D
#*; 2%( /F,/% <=6L? 0,/D 2-4 5&D"30#2-
 #(#*#"9/2#/%
 2D( martingales.O#) 2&+&)!(-(2#
 0& #42; 2- #*+; *#"9E&)K0# (# 19(-40& 0)# *#"#23"%/%6 T& 0)# *"!2% 0#2)9$ �/D
19*-)-
 (-0�/&) ;2) -) <*"-/#"0-/0,(&
? +I/&)
 E&( &�(#) 0-(#E)1,
 &*&)E3 % <=6P? &�(#) 0)# &:�/D/% 0&EI- #K(!/2-4
$ E%+#E3 2)
 E)#E)1#/�&
 Y 1#) Z6 BC0D
$ % *"-/#"0-K3 2-4
 /2%( Ft 0#
 E�(&) #1;0# ,(#(*&")-")/0; - -*-�-
 0#
 -E%K&� /2%( 0-(#E)1;2%2# 2%
 +I/%
 (Y,Z)6 U4K1&1")0,(#$ &G#"0;@-(2#
 2-+300# 2-4 Ito /2%( |Yt|2$ *#�"(-40&V

E|ξ|2 = E|Yt|2 +
∫ T

t
E|Zs|2ds, ∀t ∈ [0, T ]. <=6W?7G;/-( +-)*;( % <=6P? &�(#) K"#00)13$ % /F,/% <=6W? 0#
 E�(&) 2%( 0-(#E)1;2%2# 2%
 Ft.*"-/#"0-/0,(%
+I/%
 2%
 <=6P?6 ,+-
$ /2%( *&"�*2D/% ;*-4 2- : &�(#) 0)# /2#5&"9 *#�"(-40& ;2) Yt ≡ ξ 1#) Zt ≡ 06 J*; 2%( 0-(#E)1;2%.2# ;0D
$ &�(#) % 0;(% +I/% 2%
 <=6P?$ % -*-�# /& #423 2%( *&"�*2D/% /40*�*2&) 0& 2%( <=6=?6 !"# 5# &*)1&(2"D5-I0& /2%( K&()1;2&"% *&"�*2D/% K"#00)13
 BSDE. B7/2D +-)*;( ;2) ,F-40& 2%(*#"#192D K"#00)13 /2-F#/2)13 E)#G-")13 &:�/D/% 0& 2&+)13 /4(531%V

{

dY (t) = {A(t)Y (t) +
∑d

j=1Bj(t)Zj(t) + f(t)}dt+ Z(t)dW (t), t ∈ [0, T ],

Y (T ) = ξ,
<=6X?=A
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 !"#
• A,B1, . . . , Bd $�&'( )*'+,-&$
 Ft/!*"0'*,"0,-&$
 1('1(2'0�$
 ,$ 3(,-
 03" R

k×k

• f ∈ L2
F (0, T ;R

k)

• ξ ∈ L2
FT

(Ω,Rk)452"! 
 ,'
 $�&'( &' 6*"7,$ Ft/!*"0'*,"0,-&$
 1('1(2'0�$
 Y 2'( Z ≡ (Z1, . . . , Zd)8 "( "!"�$
!'�*&"#& 3(,-
 03" R
k 2'( 03" R

k×d '&3�03"(9'8 3-3"($
 :03$ ; <=4>? &' (097$(4 @( 1('1(2'0�$
 (Y,Z)+(' 3(
 "!"�$
 AB9&"#,$ '!'(3$�3'( &' $�&'( $,!*"0C"1*",(2B !*"0'*,"0,-&$
8 $) 0"& ; 1('1(2'0�' Y2'C"*�D$3'( 03;& 3$E(2F 9*"&(2F 03(+,F t = T <2'( G
 $2 3"73"# ; $H�0G0; !*-!$( &' E#C$� '&'1*",(2B?4IH'(3�'
 '#3"78 2'E"7,$ 3;& <=4>? ,(' +*',,(2F "!(0C"1*",(2F 03"9'03(2F 1(')"*(2F $H�0G0; (linear
BSDE). I�&'( E"(! & !*")'&-
8  3( ; !$*�!3G0; !"# $H$3B0',$ &G*�3$*' <=4J? '!"3$E$� 3;& !(" '!EF!$*�!3G0; 3-3"('
 $H�0G0;
 <1;E'1F &' -9$( ,;1$&(2 ’drift’).@*�D"#,$ G
 L2

F (Ω; C([0, T ];Rk)) 3"& 9:*"  EG& 3G& Ft/!*"0'*,"0,-&G& 0#&$9:& 1('1(2'0(:& Y 3-3"($
:03$ E supt∈[0,T ] |Y (t)|2 <∞4 K:*' ,!"*"7,$ &' $(0B+"#,$ 3"& '2 E"#C" "*(0, 4 !"#$%
 '()('  !"# $%&'()* (Y,Z) ∈ L2
F (Ω; C([0, T ];Rk)) × L2,loc

F (0, T ;Rk×d) +#,%�.#* /*# 0)12#)3/12/4"5 ,625 .5
 89:;< %(" *2=6%* >.*?
Y (t) = ξ −

∫ T
t {A(s)Y (s) +

∑d
j=1Bj(s)Zj(s) + f(s)}ds

−
∫ T
t Z(s)dW (s), ∀t ∈ [0, T ], P− σ.β.

<=4=L?@ %A�2B25 89:;< C# ,4/% >.* 4=%* /*# /1"#D*+E 0)12#)/12/4"5 ,625 %(" '*# 101*%2DE01.% D61 0)12#)3/12/4"%
 ,62%*
 (Y,Z) +#* (Ỹ , Z̃)F *2=6%* >.*
P{Y (t) = Ỹ (t), ∀t ∈ [0, T ]& Z(t) = Z̃(t), σ.π. t ∈ [0, T ]} = 1.M
 0#&-!$(' 3"# !'*'!B&G "*(0,"78 !*"27!3$( 3" $! ,$&" N2'E:
 "*(0,-&"N '!"3-E$0,' +(' 3;& +*',,(2F

BSDE.*+,!-$. '()('  !2.B A,B1, . . . , Bd ∈ L∞
F (0, T ;Rk×k): G>.%F '*# +(C% f ∈ L2

F (0, T ;R
k) +#* ξ ∈

L2
FT

(Ω;Rk)F 5 BSDE (1.9) %�"#* /*# /1"#D*+E ,625 (Y,Z) ∈ L2
F (Ω; C([0, T ];Rk))×L2

F (0, T ;R
k×d) 8+#*0)12#)/12/4"5< +#* &0()=%* /*# 2.#C%)( K > 0 .4.1*# H2.%

E sup
t∈[0,T ]

|Y (t)|2 +
d
∑

j=1

E

∫ T

0
|Zj(t)|2dt ≤ K{E|ξ|2 + E

∫ T

0
|f(t)|2dt}. <=4==?/0%1+"2-3O$2(&B,$ 3;& '! 1$(H; C$G*:&3'
 3(
 !'*'2B3G 17" 03"9'03(2-
 1(')"*(2-
 $H(0:0$(
P

{

dΦ(t) = {A(t)Φ(t) +∑d
j=1Bj(t)Bj(t)Φ(t)}dt +

∑d
j=1Bj(t)Φ(t)dW

j(t),

Φ(0) = I,
<=4=Q?

{

dΨ(t) = −Ψ(t)A(t)dt−∑d
j=1Ψ(t)Bj(t)dW

j(t),

Ψ(0) = I.
<=4=R?I) 0"& "( <=4=Q? 2'( <=4=R? $�&'( 0#&FC$(
 +*',,(2-
 (forward) 03"9'03(2-
 1(')"*(2-
 $H(0:0$(
,$ )*'+,-&"#
 0#&3$E$03-
8 3 3$ C' -9"#& ,"&'1(2-
 <(09#*-
? E70$(
 Φ 2'( Ψ8 "( "!"�$
 C' $�&'( Ft/!*"0'*,"0,-&$
4 NI30(8 '! 3" EF,,' 3"# Ito, C' -9"#,$=R
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d[Ψ(t)Φ(t)] = −Ψ(t)A(t)Φ(t)dt−
d
∑

j=1

Ψ(t)Bj(t)Φ(t)dW
j(t)

+Ψ(t)[A(t)Φ(t) +

d
∑

j=1

Bj(t)Bj(t)Φ(t)]dt

+

d
∑

j=1

Ψ(t)Bj(t)Φ(t)dW
j(t)−

d
∑

j=1

Ψ(t)Bj(t)Bj(t)Φ(t)dt

= 0.  !"!#$%&'()* +,-. /0-123 4+) 5') Φ(0) = Ψ(0) = I* 6+ /0-123 5')
Ψ(t)−1 = Φ(t), ∀t ∈ [0, T ], P− σ.β.  !"!7$8'9: (1:/03)+* 1;-6/'-123 5') '- <3.=-
 (Y,Z) 3�:+) 2)+ ;@-(+@2-(2/:9 A.(9 '9
  !"B$" &,+@25<-:'+
'- AC22+ '-1 Ito 4+) ('9: Ψ(t)Y (t)* ;+�@:-123

d[Ψ(t)Y (t)] = −Ψ(t)A(t)Y (t)dt−
d
∑

j=1

Ψ(t)Bj(t)Y (t)dW j(t)

+Ψ(t)[A(t)Y (t) +

d
∑

j=1

Bj(t)Zj(t) + f(t)]dt

+

d
∑

j=1

Ψ(t)Zj(t)dW
j(t)−

d
∑

j=1

Ψ(t)Bj(t)Zj(t)dt

= Ψ(t)f(t)dt+

d
∑

j=1

Ψ(t)[Zj(t)−Bj(t)Y (t)]dW j(t).  !"!D$%&'()*
Ψ(t)Y (t) = Ψ(T )ξ −

∫ T

t
Ψ(s)f(s)ds−

d
∑

j=1

∫ T

t
Ψ(s)[Zj(s)−Bj(s)Y (s)]dW j(s)

= θ +

∫ t

0
Ψ(s)f(s)ds−

d
∑

j=1

∫ T

t
Ψ(s)[Zj(s)−Bj(s)Y (s)]dW j(s),  !"!E$5;-1

θ , Ψ(T )ξ −
∫ T

0
Ψ(s)f(s)ds.  !"!F$G+�@:-:'+
 +:+23:523:3
 ')2/
 H
 ;@-
 '9: (IJA=3K@+ Ft 4+) ('+ L.- 2/A9 '9
  !"!E$  E(·|Ft)$*/0-123

Ψ(t)Y (t) =

∫ t

0
Ψ(s)f(s)ds+ E(θ|Ft), t ∈ [0, T ].  !"!B$!#
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 !"!#$"%&'( )#* #% +(,� './%
 #$
 12.1$
 345467 (,!"#8#!* ')9% !:) #% ξ ;!* #$9 f 5 <:�1$
= >/.:%?'()#* @*! 9! A#81%?'( 1#$9 12.1$ 345467 2"$1*'%:%*B1!'( #$9 @"!''*;)#$#! #$
 !"2*;B
 (,�1C1$
5<:�1$
= !:) #$9 345467 ;!* 2"$1*'%:%*D9#!
 ;!* #$9 12.1$ 3454E7 ':%"%&'( 9! @"8F%?'(
Y (t) = Φ(t)

{
∫ t

0
Ψ(s)f(s)ds+ E(θ|Ft)

}

, t ∈ [0, T ], 345GH7):%? Φ ;!* Ψ %* /&1(*
 #C9 3454G7 ;!* 3454I7 !9#�1#%*2!= ;!* #% θ ;!J%"�1#$;( 1#$9 3454K75 L#$9 1?9.2(*!=J! +(�,%?'( )#* $ Y ):C
 #$9 %"�1!'( 1#$9 345GH7= '!M� '( ;8:%*! Z= J! (�9!* '*! :"%1!"'%1'.9$ /&1$#$
 345675N<#1*= !:) #*
 3454K7 ;!* 345GH7 .2%?'(
Y (T ) = Φ(T )

{
∫ T

0
Ψ(s)f(s)ds+ θ

}

= Φ(T )Ψ(T )ξ = ξ. 345G47L#$9 1?9.2(*!= @9C"�M%9#!
 )#* $ E(θ|Ft) (�9!* '*! #(#"!@C9*;8O%/%;/$"D1*'$ martingale, ;!* ;89%9#!
2"B1$ #%? J(C"B'!#%
 !9!:!"81#!1$
 #C9 martingales ':%"%&'( 9! >"%&'( '*! '%9!+*;B 1#%2!1#*;B+*!+*;!1�! η ≡ (η1, . . . , ηd) ∈ L2
F (0, T ;R

k×d) #.#%*! D1#(
E(θ|Ft) = Eθ +

d
∑

j=1

∫ t

0
ηj(s)dW

j(s), ∀t ∈ [0, T ], P− σ.β. 345GG7P
 1?9.:(*! #%? :!"!:89C= !:) #*
 345GH7 ;!* 345GG7 :"%;&:#(* )#*
Y (t) = Φ(t)







∫ t

0
Ψ(s)f(s)ds+

d
∑

j=1

ηj(s)dW
j(s) + Eθ







, Φ(t)r(t), ∀t ∈ [0, T ], P− σ.β. 345GI7<A!"')M%9#!
 !;)'! '*! A%"8 #% /B''! #%? Ito :!�"9%?'(
dY (t) = {A(t)Φ(t)r(t) +

d
∑

j=1

Bj(t)Bj(t)Φ(t)r(t)}dt

+

d
∑

j=1

Bj(t)Φ(t)r(t)dW
j(t) + Φ(t)Ψ(t)f(t)dt

+
d
∑

j=1

Φ(t)ηj(t)dW
j(t) +

d
∑

j=1

Bj(t)Φ(t)ηj(t)dt

= {A(t)Y (t) +
d
∑

j=1

Bj(t)[Bj(t)Y (t) + Φ(t)ηj(t)] + f(t)}dt

+
d
∑

j=1

[Bj(t)Y (t) + Φ(t)ηj(t)]dW
j(t). 345GQ7NR"!= J.#%9#!
 Z = (Z1, . . . , Zd) ):%? 4E
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Zj(t) , Bj(t)Y (t) + Φ(t)ηj(t), t ∈ [0, T ], P− σ.β., 1 ≤ j ≤ d,  !"#$%&'( )*+,(-./.(012'
 2(
  !"#!% &'(  !"#4%5 &'2'678.9-: ;2( +
(Y,Z) ∈ L2,loc

F (0, T ;Rk)× L2,loc
F (0, T ;Rk×d)(&'1./.(:� 2+1  !"=%">+-:(01.9-: ;2( -?)*( ,2(8-7
 ?).9-: @:�A:( -;1. 2+1 2./(&7 .6.&6+*B,(-;2+2' 2+
 (Y,Z)" C?6.9-: 1'2. :/:&2:�1.9-: 6.(/;1 '92; 2. '/.2?6:,-' .6(&D &'( ;)( -;1. 2./(&D" E92; /.9 F' @:�A.9-: :�1'( ;2(,2+1 /*'8-'2(&;2+2' (,)G:( ;2(

(Y,Z) ∈ L2
F (Ω; C(0, T ;Rk))× L2

F (0, T ;R
k×d).E92; /.9 &D1.9-: :�1'( 8(' &DF: n 1' .*�,.9-: ?1'1 {F}t≥0H)*;1. ,2D,+


τn , inf{t ≥ 0 :

∫ t

0
|Z(s)|2ds ≥ n} ∧ T.I�1'( 6.(/;1 /*.J'1?
 ;2( 2. τn '9AD1:( /6+,(DK.12'
 2. T  P − σ.β.% &'F0
 n → ∞" IJ'*-;K.12'
20*' 2. 67--' 2.9 Ito ,2+1 |Y (t ∧ τn)|25 /'�*1.9-:
E|Y (0)|2 + E

∫ T∧τn

0

d
∑

j=1

|Zj(s)|2ds

= E|Y (T ∧ τn)|2 − 2E

∫ T∧τn

0
〈Y (s), A(s)Y (s) +

d
∑

j=1

Bj(s)Zj(s) + f(s)〉ds

≤ E|Y (T ∧ τn)|2 +KE

∫ T∧τn

0
{|Y (s)|2 + |f(s)|2}ds

+
1

2
E

∫ T∧τn

0

d
∑

j=1

|Zj(s)|2ds.  !"#L%M
 :& 2.G2.95
d
∑

j=1

E

∫ T∧τn

0
|Zj(s)|2ds ≤ K

{

E|Y (T ∧ τn)|2 + E

∫ T∧τn

0
|f(s)|2ds

}

.  !"#N%E1 ;-B
 n→ ∞ &'( )*+,(-./.(012'
 2. 67--' 2.9 Fatou, &'2'678.9-: ,2+1 ,)?,+
d
∑

j=1

E

∫ T

0
|Zj(s)|2ds ≤ K

{

E|ξ|2 + E

∫ T

0
|f(s)|2ds

}

.  !"#O%PI2,( /*.&G/2:( ;2( Z ∈ L2
F (0, T ;R

k × d)"Q?1:( 20*' 1' @:�A.9-: &'( ;2( Y ∈ L2
F (Ω; C(0, T ;Rk))" E/; 2(
 ,)?,:(
  !"#4% &'(  !"#!%5 ?).9-: ;2(

Y (t) = ξ −
∫ T

t
h(s)ds −

∫ T

t
Z(s)dW (s), t ∈ [0, T ],  !"#=%!L
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 !" #$%&!" h ∈ L2
F (0, T ;R

k)' ()*&
 #$,&,-"
 ./012 #"! -3, ",!1&-0-3, -&4 Doob #"! -3, Burkholder-
Davis-Gundy, ).&456 7-!

(

E{ sup
t∈[0,T ]

|Y (t)|2}
)

1

2

≤
(

E|ξ|2
)

1

2 +

(

E{
∫ T

0
|h(s)|ds}2

)

1

2

+

(

E|
∫ T

0
Z(s)dW (s)|2

)

1

2

+

(

E sup
t∈[0,T ]

|
∫ t

0
Z(s)dW (s)|2

)
1

2

≤ (E|ξ|2) 1

2 +
√
T

(

E

∫ T

0
|h(s)|2ds

)

1

2

+ 3

(

E

∫ T

0
|Z(s)|2ds

)

1

2

<∞. 89':;<=%7 -2, -6*64-"�" 1.)12 #"-"*0 &456 7-! Y ∈ L2
F (Ω; C([0, T ];Rk))? #"! 6%&5),3
 -& @6A &
 (Y,Z)6�,"! 5!" %/&1"/5&15),2 *A12 -2
 89'B<' C4,D4$@&,-"
 -!
 1.)16!
 89'EF< #"! 89':;<? 6A#&*" #"-"*0 &4561-2, 1.)12 89'99<' G%&5),3
? D6�H"56 #"! -2, 5&,"D!#7-2-" "I&A 2 6H�1312 6�,"!  /"55!#0' � !"!#$"%&% (& @6A &
 (Y,Z) %&4 "%&-6*6� -2, *A12 %&4 14@2-01"56? ).6! 5!" %&*A 125",-!#0 6/J52,6�" 1-2, 14,"/-21!"#0 ",$*412 #"! 1-2, D4K#0 ",$*412' C4 #6#/!5),"? 2 *A12 "4-0 D6, 6�,"! -�%&-"D!"I&/6-!#7 "%7 -2, ","%"/$1-"12 -&4 Riesz 82 &%&�" 6�,"! 5&,"D!#0< 6,7
 14 #6#/!5),&4 14,"/-21!J"#&A 1-&, .L/& Hilbert L2

F (0, T ;R
k) × L2

F (0, T ;R
k×d)? %&4 &/�@6-"! 5)13 5!"
 (forward) 1-&."1-!#0
D!"I&/!#0
 6H�1312
 2 &%&�" 6�,"! D4K#0 1-2, BSDE 89'B<'=
 #"M&/�1&456 *&!%7, -& 14,"/-21!"#7 N

π(φ,ψ) , E

∫ T

0
〈x(t),−f(t)〉dt+ 〈x(T ), ξ〉

∀(φ,ψ) ≡ (φ,ψ1, . . . , ψd) ∈ L2
F (0, T ;R

k)× L2
F (0, T ;R

k×d), 89':9<7%&4 x 6�,"! 2 *A12 -2
 1-&."1-!#0
 D!"I&/!#0
 6H�1312

{

dx(t) = (−A(t)⊤x(t) + φ(t))dt+
∑d

j=1(−Bj(t)
⊤x(t) + ψj(t))dW

j(t),

x(0) = 0.
89':E<G�,"! H6#$M"/& *&!%7, 7-! -& π 6�,"! )," I/" 5),&  /"55!#7 14,"/-21!"#7 -&4 .L/&4Hilbert L2

F (0, T ;R
k)×

L2
F (0, T ;R

k×d). G%&5),3
? ./21!5&%&!L,-"
 -& M6L/25" ","%"/$1-"12
 -3, Riesz-Frechet, D6�.,&4567-! 4%$/.6! )," 5&,"D!#7 @6A &

(Y ,Z) ∈ L2

F (0, T ;R
k)× L2

F (0, T ;R
k×d)-)-&!& L1-6

π(φ,ψ) = E

∫ T

0
{〈φ(t), Y (t)〉+ 〈ψ(t), Z(t)〉}dt. 89'::<G%!%*)&,? 6$, -& @6A &
 (U,Z) 6�,"! 2 *A12 -2
 89'B<? -7-6 6I"/57@&,-"
 -& *055" -&4 Ito 1-2,

〈x(t), Y (t)〉? 5%&/&A56 6A#&*" ," D6�H&456 7-! 2 1.)12 89'::< !1.A6! ",-!#"M!1-L,-"
 7%&4 (Y ,Z) -&@6A &
 (U,Z)' OP53
 *7 3 -2
 5&,"D!#7-2-"
 -2
 ","%"/$1-"12
? M" !1.A6! 7-! (Y ,Z) ≡ (Y,Z)'Q$-! "#75" %&4 5%&/&A56 ," D&A56 6�,"! 2 D4K#7-2-" 56-"HA -2
 6H�1312
 89':E< #"! -2
 89'B<' G%�12
?D!"I"�,6-"! 2 "," #"!7-2-" -2
 ./012
 6,7
 @6A &4
 *A12
 1-2, 89'B< D6D&5),&4 7-! 2 D4K#0 -2
 6H�1312).6! DA& 5)/2N  6,,0-&/" 8drift) #"! D!$.412 8diffusion).9R
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 !" #$ %&'(()*+
 BSDEs !"�$%$&'
 )" &' '*%&"!+,)'&' *%- '.%/%0$ &1
 BSDEs, 2' 3"�4%-)" 5&1 )1' BSDE )*%/"� $' +6"1)%$'3178 !0,9 '75)' 7'1 5&'$ 3"$ "�$'1 :/'))178 ;39!< 3"$ "�$'1 &9
 )%/.8
 ;=<> >< ?"$17"0%-)" 39!'38&9$ 3-$'&5&9&' "*1!-,1)5&9&'
 '-&%0 &%- "�3%-
 &@$ "41,A,"@$B '!!C 7'1 &9$ 1315&9&' &9
 )%$'3175&9&'
'-&8
 &9
 !0,9
B *+/'$ &9
 :/'))178
 *"/�*&@,9
 7C&@ '*5 7C*%1"
 ,6"&17C 6'!'/+
 ,-$287"
<D+&%-)" 4'$C &% :$@,&5 *!'�,1% 7C&@ '*5 &% %*%�% 3%-!"0%-)"< EF,&@ W = (Wt)0≤t≤T )1' &-*178
dG31C,&'&9 7�$9,9 Brown ," +$'$ 6A/% *12'$5&9&'
 (Ω,F ,F,P)B 5*%- F "�$'1 9 .-,178 31829,9 *%-*'/C:"1 9 7�$9,9 Brown. D' ,-)H%!�I%-)" )" S2(0, T ) &% ,0$%!% &@$ FtG*/%,'/)%,)+$@$ ,&%6',&17A$31'317',1A$ Y *%- &1)%!%:%0$&'1 ,&% R 7'1 :1' &1
 %*%�"
 1,60"1

E

[

sup
0≤t≤T

|Yt|2
]

<∞,7'1 )" M2([0, T ])d &% ,0$%!% &@$ FtG*/%,'/)%,)+$@$ ,&%6',&17A$ 31'317',1A$ Z *%- &1)%!%:%0$&'1,&% R
d 7'1 :1' &1
 %*%�"
 1,60"1

E

[
∫ T

0
|Zt|2dt

]

<∞. !"#$%
 '()('  !"#$%&! '() &*
 ,�.!(*) /.* 0!%1$
 (ξ, f)2 ($ $3$�$ *3$(!4!�(*) *3' (5. (!4)67 89.:7656*) ($. 1!..7($#* (5
 !;�8"85
2 3$9 )6*.$3$)$%. ()
 !;7
 89.:76!
<
• ξ ∈ L2(Ω,FT ,P;R)

• f : Ω× [0, T ]× R× R
d → R (/($)* =8(!> 5 f(·, t, y, z) !�.*) Ft>3#$8*#&$8&/.5 1)* '4* (* y, z> f(t, 0, 0) ∈ M2([0, T ])> 5 f !�.*) $&$)'&$#?* 89.!@7
 6*(A Lipschitz "
 3#$
 (* (y, z)2 ,54*,7 93A#@!) &)* 8(*:!#A Cf(B"B

|f(t, y1, z1)− f(t, y2, z2)| ≤ Cf (|y1 − y2|+ |z1 − z2|), ∀y1, y2, ∀z1, z2, dt⊗ dP σ.β.CD.* 0!%1$
 &! ()
 3*#*3A." ),)'(5(!
 4/1!(*) 0!%1$
 standard 3*#*&/(#".BJ7".&5)',&" &A/' 7C&@ '*5 &1
 *'/'*C$@ ,-$287"
 &9$ ;:1' "-7%!�' )%$%31C,&'&9> BSDE K
{

−dYt = f(t, Yt, Zt))dt − ZtdWt

YT = ξ.
;=<LM> !"#$%
 '()(* E�* 4%85 (5
 !;�8"85
 FGBHIJ !�.*) /.* 0!%1$
 (Y,Z) ∈ S2(0, T ) ×M2([0, T ])d 3$9)6*.$3$)!�

Y (t) = ξ +

∫ T

t
f(s, Ys, Zs)ds −

∫ T

t
ZdWs, 0 ≤ t ≤ T.D' '*%3"�4%-)" ,&9$ ,-$+6"1'B +$' '*%&+!",)' 0*'/49
 7'1 )%$'3175&9&'
 :1' &9$ *'/'*C$@ BSDE.+,-!.$/ '()(' CD8(" '() /@$9&! /.* 0!%1$
 standard 3*#*&/(#". (ξ, f)B K'(!2 5 BSDE FGBHIJ /@!)&$.*,)67 4%85 (U,Z)B

=N
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 !"#$%&'( !"#$%&'( ")* +! $,-)*.% /!-�1%2!& -% .&! .3+)$) -2!+%4)5 -(.%�)*6 78-29 :)&"#;< #2& 3=)*.% 2(;-*;>42(-( Φ ( )")�! !;?@%& -2); =,4) S2(0, T )m × M2([0, T ])d< @!& !"%&@);�1%& 2) 1%5A)
 (U, V ) ∈
S2(0, T ) ×M2([0, T ])d -2) (Y,Z) = Φ(U, V ) 2) )")�) @!+)4�1%2!& !"#

Yt = ξ +

∫ T

t
f(s, Us, Vs)ds−

∫ T

t
ZsdWs. CD6EFGH*A@%@4&.3;!< 2) 1%5A)
 (Y,Z) @!2!-@%*>1%2!& 9
 %'?
I -@%J2#.!-2% 2(; martingale Mt = E[ξ +

∫ T
0 f(s, Us, Vs)ds|Ft]< ( )")�! %�;!& 2%24!A9;&@>K):)@:(4,-&.( @>29 !"# 2&
 "4)�")+3-%&
 ")* +3-!.%A&! 2) 1%5A)
 (ξ, f)6 8J!4.#1)*.% 2) +%,4(.! !;!"!4>-2!-(
 29; martingale 2) )")�) .!
 $�;%& 2(;5"!4'( @!& 2(; .);!$&@#2(2! .&! $&!$&@!-�!
 Z ∈ M2([0, T ])d 2696

Mt =M0 +

∫ t

0
ZsdWs. CD6EMGH2(; -*;3=%&!< )4�1)*.% 2(; $&!$&@!-�! Y 9


Yt = E

[

ξ +

∫ T

t
f(s, Us, Vs)ds|Ft

]

=Mt −
∫ t

0
f(s, Us, Vs)ds, 0 ≤ t ≤ T.N4(-&.)")&,;2!
 2(; !;!"!4>-2!-( 2(
 M CD6EMG< @!& -(.%&,;);2!
 #2& YT = ξ< "!4!2(4)5.% #2& ( U&@!;)")&%� 2(; -=3-( CD6EFG6 O!4!2(4)5.% %"�-(
 !"# 2(; !;&-#2(2! 2)* Doob #2&

E

[

sup
0≤t≤T

∣

∣

∣

∣

∫ T

t
ZsdWs

∣

∣

∣

∣

2
]

≤ 4E

[
∫ T

0
|Zs|2ds

]

≤ ∞.P>29 !"# 2&
 -*;+?@%
 ")* &-=5)*; A&! 2) 1%5A)
 (ξ, f)< .")4)5.% ;! -*."%4>;)*.% #2& ( $&!$&@!-�! U!;?@%& -2); =,4) S2(0, T )6 7Q4!< ( Φ %�;!& .&! @!:,
 )4&-.3;( -*;>42(-( ")* !"%&@);�1%& !"# 2); =,4)
S2(0, T ) ×M2([0, T ])d -2); %!*2# 2)*6 8").3;9
< /:3")*.% #2& ( (U,Z) +! %�;!& :5-( -2(; CD6ERG !;@!& .#;) !; %�;!& 3;! -2!+%4# -(.%�) 2(
 Φ678-29 2,4! 2! 1%5A(

(U, V ), (U ′, V ′) ∈ S2(0, T )×M2([0, T ])d@!& 2! 1%5A(
(Y,Z) = Φ(U, V ), (Y ′, Z ′) = Φ(U ′, V ′).S32)*.%

(U, V ) = (U − U ′, V − V ′), (Y ,Z) = (Y − Y ′, Z − Z ′), f t = f(t, Ut, Vt)− f(t, U ′
t , V

′
t ).O!�4;)*.% @>")&) β > 0 2) )")�) +! 2) @!+)4�-)*.% !4A#2%4!< @!& %J!4.#1)*.% 2) :?..! 2)* Ito -2(;$&!$&@!-�! eβs|Y s|2 .%2!'5 29; =4);&@,; -2&A.,; s = 0 @!& s = T I

|Y 0|2 = −
∫ T

0
eβs(β|Y s|2 − 2Y sfs)ds−

∫ T

0
eβs|Zs|2ds

−2

∫ T

0
eβsY

′
sZsdWs. CD6ETGO!4!2(4)5.% #2& DU
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E





(
∫ T

0
e2βt|Yt|2|Zt|2dt

)

1

2



 ≤ eβT

2
E

[

sup
0≤t≤T

|Yt|2 +
∫ T

0
|Zt|2dt

]

<∞, ! !"!�! $%�&'%( ) ( *  !"(+, martingale
∫ t
0 e

βsY
′
sZsdWs %�'-( . *' "/-01- (+) * - 1(- !1!()1!/2-!3!+3*/4.(1* martingale, +5 ( "!6 "/!+7" %( -")  *' -'(.) * -  8' Burkholder-Davis-Gundy.9-�/'!' -
 -'-1%')1%'%
  (1;
 . *' .&;.* <=>?@AB ;&!61%

E|Y 0|2 + E

∫ T

0
eβs
(

β|Y s|2 + |Zs|2
)

ds = 2E

[
∫ T

0
eβsY sfsds

]

≤ 2CfE

[
∫ T

0
eβs|Y s|(|U s|+ |V s|)ds

≤ 4C2
fE

[
∫ T

0
eβs|Y s|2ds

]

+
1

2
E

[
∫ T

0
eβs(|U s|2 + |V s|2)ds

]

.C4/-B %"(3;0!61% β = 1 + 4C2
f B +-( %"!1;'8
 ;&!61%

E

[
∫ T

0
eβs(|U s|2 + |Zs|2)ds

]

≤ 1

2
E

[
∫ T

0
eβs(|U s|2 + |V s|2)ds

]

. <=>?DAE  %3%6 -�- .&;.* 1-
 $%�&'%( ) ( * Φ %�'-( 1(- -6. */, .6. !3, . !' &4/! Banach S2(0, T ) ×
M2([0, T ])d %2!$(-.1;'!6 1%  * ')/1-

‖(Y,Z)‖β =

(

E

[
∫ T

0
eβs(|Ys|2 + |Zs|2)ds

])

1

2

.F"!1;'8
B * Φ ;&%( 1!'-$(+) . -G%/) .*1%�!B  ! !"!�! G- %�'-( * 37.*  *
 BSDE (1.34). �C4/- G- $%�H!61% ) (B -' %"(3;H!61% .-' Φ  ! %"-'-3*" (+) .&,1-  !6 Picard B  ) % * -+!3!6G�-"!6 G- !/(. %� G- .60+3�'%( σ.β. . *' 37.*  *
 BSDE. !"#$%& '()('  !"#$ β #%#&'& ("#) β = 1+4C2
f *  !"#$ )+�"-
/ - 01&2&34�0 (Y n, Zn) - &+&�0 &5�6)#0'07085&9'1: 0+; (Y0 = 0;Z0 = 0) 10'

−dY n+1
t = f(t, Y n

t , Z
n
t )dt− Zn+1

t dWt, Y n+1
T = ξ. <=>?IA<;#)/ #& 01&2&34'01; 6)=>&
 (Y n, Zn) "3>12�7)' "#& (Y,Z)/ dP ⊗ dt σ.β. ?10' "#&7 @(5& S2(0, T ) ×

M2([0, T ])dA 104(
 n→ ∞**+!,-#./0JF. 8 (Y n, Zn) * -+!3!6G�- "!6 !/�K% -( -'-$/!1(+5 -")  *' .&;.* <=>?IA> C) %B -")  *' .&;.* <=>?DA;&!61%B
‖Y n+1 − Y n‖2β + ‖Zn+1 − Zn‖2β ≤ ρnK,)"!6 K = ‖Y 1 − Y 0‖2β + ‖Z1 − Z0‖2β +-( ρ = 1

2 < 1> F"!1;'8
B
∑

n

‖Y n+1 − Y n‖2β +
∑

n

‖Zn+1 − Zn‖2β <∞,LM
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 !" #$%" &'( )&$*" !+$, &(+ -#.!/*0 �1$23 &'(24()/*32 &!'54'!6(7 89%!/* /"! !&,8*":2 4"! $23 )&!':2  !" /(3!8" ,$2$! .)%2
 $2
 BS-
DE /* 4'!//" , 4*33<$('!0 =! 89%(+/* ! ,/! /"! !&,8*":2 4"> !+$< $23 &*'�&$@%2  !$!.<4(3$!
/5."%$!  !" %$23 /('6< &(+ -! #A*" 2 !3!.+$" < .)%2 %* !+$< $23 &*'�&$@%20>B%$@ .("&,37 ,$" ( 4*33<$('!
 f *�3!" 4'!//" ,
 @
 &'(
 $! y, z0 C,$*7 2 4'!//" < BSDE /&('*�3! 4'!6*� %$23 /('6<

−dYt = (AtYt + ZtBt + Ct)dt− ZtdWt, YT = ξ, DE0FGH,&(+ (" A,B *�3!" 6'!4/#3*
  !" &'(%!'/(%/#3*
 %$23 8"<-2%2 Ft 8"!8" !%�*
 &(+ $"/(.(4()3$!" %$( R !" Rd !3$�%$("A!7  !" C *�3!" /"! 8"!8" !%�! $(+ A9'(+ M2([0, T ])0 I *:�%@%2 !+$< #A*" .)%2  .*"%$()$)&(+  !" /!
 $23 8�3*" 2 ! ,.(+-2 &',$!%20 !"#$%& '()('  !"#$%&'( )*+, (Y,Z) +-,# ./$!!&'( BSDE %�#1-$& $23 -,# 14�+5+,
ΨtYt = E

[

ΨT ξ +

∫ T

t
ΨsCsds|Ft

]

,  !"#!$32"6 Ψ 1�#$& , +676.(
 9( %6:'(; %&$%&'$+�$< )*+, +-,# ./$!!&'( +-"=$+-&'( %&$>"/&'( 14�+5+,
dΨt = Ψt(Atdt+BtdWt), Ψ0 = 1. !"#$%&'(%&'()*+,-). /, 01))' /,- Ito 2/34 ΨtYt5 6'7 8'�(4,-).
d(ΨtYt) = −ΨtCtdt+Ψt(Zt + YtBt)dWt,6'7 :/275 ;(<&,4/'
 0�;, >7'&,(./76< /34 2?:23 '-/1 :?,-).

ΨtYt +

∫ t

0
ΨsCsds = Y0 +

∫ t

0
Ψs(Zs + YsBs)dWs.  !"#@$%&*2,4 *)A
 ,7 A,B .�4'7 &(';):4.
5 8'('/3(,B). */7 E supt |Ψt|2C ∞5 6'7 2-)D,0�+,4/'
 ). b∞ /,<4AE&(<;)' /,- B5 :?,-).

E

∫ T

0
Ψ2

s|Zs + YsBs|ds
)

1

2

]

≤ 1

2
E

[

sup
t

|Ψt|2 + 2

∫ T

0
|Zt|2dt+ 2b2∞

∫ T

0
|Yt|2dt

]

<∞.F8* /34 '472*/3/' /A4 Burkholder-Davis-Gundy, '-/* >.�?4.7 */7 3 /,8761 martingale 2/34 2?:23  !"#@$.�4'7 )7' ,),7*),(&' ,0,603(G27)3 martingale. H'�(4,4/'
 /34 '4').4*).43 /7)15 :?,-).
ΨtYt +

∫ t

0
ΨsCsds = E

[

ΨTYT +

∫ T

0
ΨsCsds|Ft

]

= E

[

ΨT ξ +

∫ T

0
ΨsCsds|Ft

]

,  !"#I$3 ,8,�' 2?:23 >�4.7 /34 :6&('23  !"#!$ ;7' /34 Y " J:0,
5 3 Z >�4./'7 ):2A /3
 '4'8'(<2/'23
 martin-
gale  !"#@$ /3
 martingale 2/34 2?:23  !"#I$" �K0.�4,4/'
 /, 6.&<0'7, '-/*5 >�4,-). )7' 8,0B ?(127)3 '(?1 2B;6(723
 ;7' /7
 BSDEs ):2A /,- .8*).4,-L.A(1)'/,
" @!
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 !"#$%& '()(*  !"#$ (ξ1, f1) %&' (ξ2, f2) ()* +,)-. standard /&0&12#0$34 %&' 2"#$ (Y 1, Z1), (Y 2, Z2)*' 5)",'
 "#'
 &3#�"#*'8,
 BSDEs9 :/*;2#*<1, =#'>
• ξ1 ≤ ξ2 σ.β.

• f1(t, Y 1
t , Z

1
t ) ≤ f2(t, Y 2

t , Z
2
t ) dtP σ.π.

• f2(t, Y 1
t , Z

1
t ) ∈ M2([0, T ])9!/'/52*34 ,?3 Y 2
0 ≤ Y 1

0 4 #=#, Y 1
t = Y 2

t , 0 ≤ t ≤ T 9 @<-%,%0'123&4 ,?3 P(ξ1 < ξ2) > 0 A f1(t, ., .) <
f2(t, ., .) ", 23& ")3*5* &<"#.0? ;,#'%*) 12#0*< dt⊗ dP4 #=#, Y 1

0 < Y 2
0 9+,-.!/0$1 !" #" "$%&'()*+(&',* %�.& )/# "$01*!2/3 '$&45)&',* 0)! d = 16 78�9&',* Y = Y 2 − Y 13Z = Z2 −Z16:0)*3 )& 9*+.&
 (Y ,Z) !<"#&$&!*� )/# .8",,!<= BSDE

−dY t = (∆y
tY t +∆z

tZt + f t)dt− ZtdWt, Y T = ξ2 − ξ1. >?6@@A0$&'
∆y

t =
f2(t, Y 2

t , Z
2
t )− f2(t, Y 1

t , Z
2
t )

Y 2
t − Y 1

t

1Y 2
t −Y 1

t 6=0

∆z
t =

f2(t, Y 1
t , Z

2
t )− f2(t, Y 1

t , Z
1
t )

Z2
t − Z1

t

1Z2
t −Z1

t 6=0

f t = f2(t, Y 1
t , Z

1
t )− f1(t, Y 1

t , Z
1
t ).BC0(&# & .*##=)&8"
 f2 *�#"! &,&!0,&8C" ('#*D=
 ('#E8)/(/ <")E Lipschitz F
 $8&
 )" y, z3 &! 1!G"1!<"(�*
 ∆y <"! ∆z *�#"! C8".,5#*
6 B$�(/
3 / f t *�#"! ,!" 1!"1!<"(�" $&' "#=<*! ()&# DH8& M

2([0, T ])6I8/(!,&$&!H#)"
 )/# $80)"(/ ?6J6?3 / Y 1�#*)"! "$0 )/# (D5(/
ΨtY t = E

[

ΨT (ξ
2 − ξ1) +

∫ T

t
Ψsfsds|Ft

]

,0$&' / ('9'.=
 1!"1!<"(�" Ψ *�#"! "'()/8E 4*)!<=6 K$0 "')= )/# (D5(/ .!" )/# Y $8&<+$)*! <"! /4*)!<0)/)" )F# ξ2 − ξ1 <"! f 6 �L"! <%*�#&',* )& <*CE%"!& ,* )& "<0%&'4& $08!(,"62-#/3%& '()(* !?3 #* +,)-*
 (ξ, f) '%&3*/*',� ξ ≥ 0 σ.β. %&' f(t, 0, 0) ≥ 0 dt ⊗ dP σ.π.4 #=#,
Yt ≥ 0, 0 ≤ t ≤ T σ.β. !/'/52*34 ,?3 P[ξ > 0] > 0 A f(t, 0, 0) > 0 dt⊗ dP σ.π.4 #=#, Y0 > 09+,-.!/0$1:& $08!(," "')0 $8&<+$)*! F
 E,*(/ ('#5$*!" )&' 4*F8=,")&
 (+.<8!(/
 ?6J6M ,* (ξ1, f1) = (0, 0)3 )/
&$&�"
 / %+(/ *�#"! $8&C"#H
 (Y 1, Z1) = (0, 0)6 �

MM
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 !"#$%&' (
BSDEs  !" #$%&!#$" '()*$"#$%+%�-#- ! "#$% $& '!($!)& *!+,-".&/ 0" "12&-30&(4! 4! $35 1$&2"1$.*6 0!7)�" !-9:2&# *". 1#:*!*).495" 4! $35;!-$.1$&<&�313 <)&;-34,$75 1$&2"1$.*6
 *#)�7
 +(1!7
> ?)2.*,/ 0" '@1&#4! 4!).*9
 ;"1.*9
 955&.!
*". &).14&(
 @1$! 5" :�5!. 1"+9
 $& <-"�1.& *,$7 "<% $& &<&�& !):"A%4"1$!> B" "5"+!)0&(4! 1$35*-"11.*6 490&'& ;!-$.1$&<&�313
/ $&5 '#5"4.*% <)&:)"44"$.14% *". 0" &)�1&#4! 95" ;"1.*% !):"-!�&$3
 0!7)�"
 !-9:2&#/ $35 HJB 1#5,)$313 (Hamilton-Jacobi-Bellman equation).  $35 1#592!."/ 0"!C!$,1&#4! $35 ")26 $&# 1$&2"1$.*&( 4!:�1$&# *"$, $&5 Pontryagin *". 0" "5"'!�C&#4! $35 12!$.*,59" $,13 1$35 0!7)�" $3
 1$&2"1$.*6
 ;!-$.1$&<&�313
/ '3-"'6 $35 2)613 BSDEs. DE$1./ 0" 1#5'91&#4!$" "<&$!-914"$" <&# !�'"4! 1$& <)&3:&(4!5& *!+,-".&/ *". 0" '&(4! :."$� "#$6 3 59" 490&'&
 !<�-#13
<-!&5!*$!� 1! <&--9
 <!).<$@1!.
 95"5$. $&# '#5"4.*&( <)&:)"44"$.14&(> !" #$%&'(') * +, '-.$/0 1203456&?)2.*,/ "#$% <&# 0" *,5&#4! !�5". 5" '@1&#4! 4." <)@$3 !.*%5" !5%
 <)&;-64"$&
 1$&2"1$.*6
 ;!-$.1$&<&�313
/ @1$! 5" *"$"55&61&#4! $35 +(13 $&# *". $" .'."�$!)" 2")"*$3).1$.*, $&#> F" 134!.@1&#4!%$. 0" <!).:),G&#4! *". 0" "5"+!)0&(4! 1$35 1#592!." 4%5& 1! <)&;-64"$" <!<!)"1495&# 2)&5.*&(&)�A&5$">DE1$7 -&.<%5/ %$. 92&#4! 1$35 '.,0!13 4"
 4." '."'.*,1�" H6 '.,2#13I Ito Xt ∈ Rn 3 &<&�" #<%*!.$". 1!4." '."'.*"1�" !-9:2&# αt ∈ Rk> J! $&5 %)&  !" !#"$�" &'()*+, 0" !55&&(4! 4." '."'.*"1�" <&# !<.'),1$" '#5"4.*, t → Xt $&# 1#1$64"$&
/ *". 3 $.46 $3
 *,0! 2)&5.*6 1$.:46 0" '�5!$". 1#5")$61!. $3
'."091.43
 <-3)&+&)�"
 492). !*!�53 $35 2)&5.*6 1$.:46 H!�5". '3-"'6 <)&&'!#$.*, 4!$)61.43 '."'.*"1�"I>J." $9$&." '."'.*"1�" &+!�-!. 5" .*"5&<&.!� *". *,<&.&#
 <!).&).14&(
 H*,<&.&. !<.;,--&5$". "<% $35 +(13$3
 Xt *". ,--&. "<% $35 +(13 $&# <)&;-64"$&
I> DK$"5 3 '."'.*"1�" .*"5&<&.!� "#$&(
 $&#
 <!).&).14&(
&5&4,A!$". "-+ &#./  !" !#"$�" &'()*+,/ *". $& 1(5&-& "#$@5 $75 '."'.*"1.@5 $& 1#4;&-�A&#4! 7
 U >L '."'.*"1�" Xt/ 0!7)&(4! %$. '�5!$". 1! '."+&).*6 4&)+6 7
 M

dXt = µ(t,Xt, ut)dt+ σ(t,Xt, ut)dBt

X0 = x0 HN>OI%<&# Bt ∈ R
d 4." *�5313 Brown. L <")"<,57 '."'.*"1�" &5&4,A!$".  !" !#"$�" #".0$."$1
 *". .1&'(5"4"4<&)!� 5" 1#4;&-�A!$". *". 7
Xt = Xu

t H%<&# & !*09$3
 '3-@5!. $35 !C,)$313 $3
Xt "<% $35 !<.-&:6 $3
'."'.*"1�"
 !-9:2&# uI> P35 '."'.*"1�" *"$,1$"13
 4<&)&(4! 5" $35 *"$"-,;&#4! 1"5 $35 "5"<"),1$"13!*!�575 $75 <&1&$.*@5 4!$";-3$@5 <&# 2)!.,A&5$". :." 5" <!).:)"+!� $& <)%;-34">
NQ
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 !"#$
 &'$
 ()("*"+ #,"-./01("
2 &�'1* 4+'/56
 7 0&8*4("#"�747 9/ &.1:*4("#"�747; 6
 #,"
 (7'<*1<*!14�1 &.)8:"+ u !=#"*"+ 4+'1,(74*"&*<">
 (7
 0",?/

J(u) = E

[
∫ T

0
f(t,Xt, ut)dt+ g(XT ),

]$#"+ f(·) &�'1* 4+'/56
 !=#"*1 4+'=,(747 :,74*0$(7(1
 !1* g(XT ) 0*1 4+'=,(747 (7
 (*0/
 (7
 <*@1<*!14�1
 !1(=4(147
 4(7' #&,=(647 ("+ :,"'*!"> ",�A"'(1B C" #,$-.701 1+($ 0#",&� '1 8,1?&� !1*6
 &D/
E FG4(6
v = sup

u∈U
J(u).H' +#=,:&* u∗ 8*1 (" "#"�" *4:>&* $(* u∗ ∈ U !1* J(u∗) = v2 ($(& (" u∗ "'"0=A&(1*  !"#$%#& '$('$)(%�(+"!,-./B I1 1'1?),"+0& $(* 1+($ (" u∗ 0#",&� '1 07' +#=,:&* 98*F 1+($ (" .$8" :,74*0"#"*">0& (" sup1'(� ("+ max;BG0&�
 $06
 51 14:".75">0& 0& 0*1 *<*1�(&,7 !1(78",�1 <*1<*!14*J' &.)8:"+ u "* "#"�&
 &�'1* ()("*&
J4(& u(t) = u(t,Xt)B K7.1</ " '$0"
 &.)8:"+ &D1,(=(1* !1* 1#$ (7' !1(=4(147 ("+ 4+4(/01("
 Xt(7' :,"'*!/ 4(*80/ tB I$0"* &.)8:"+ 1+(/
 (7
 0",?/
 "'"0=A"'(1* 012.$ +"!,-./ #34./ (05'6(%&
9feedback controls;B FG(4*2 7 1'1A/(747 8*1 (7' -).(*4(7 4(,1(78*!/ <&' &�'1* (�#"(1 =.." 1#$ ("'!15",*40$ (7
 4+'=,(747
 u(t, x)B ! " #$%&'&
 )&* '*+,#-.&/ 01&21,##,)-3#&/L1 <&�D"+0& (J,1 0*1 0)5"<" 8*1 (7' &#�.+47 #,"-.70=(6' (7
 4(":14(*!/
 5&6,�1
 &.)8:"+ 7 "#"�1&�'1* -14*40)'7 4(7' (&:'*!/ ("+ <+'10*!"> #,"8,1001(*40">B M&'*!/ *<)1 (7
 0&5$<"+ &�'1* '1 0&(1?),@"+0& (" #,$-.701 #"+ 5)."+0& '1 &#*.>4"+0& 4& 0*1 8&'*!$(&,7 !1(78",�1 #,"-.70=(6'B  (7' 4+')@:&*12 -,�4!"+0& !=#"*1 .>47 8*1 (7' 8&'*!/ 1+(/ !1(78",�12 "#$(& 7 .>47 4(" #,$-.701 #"+ A7(=0& 51#,"!>N&* 41' !=#"*1 &*<*!/ #&,�#(647 91?"> 51 ):"+0& .>4&* (" #,$-.701 8*1 (7' 8&'*!/ !1(78",�1;BFG'1 -14*!$ &,81.&�" #"+ :,74*0"#"*&� 1+(/ 7 0)5"<"
2 &�'1* 0*1 07 8,100*!/ '(&(&,0*'*4(*!/ &D�4647 0&0&,*!)
 #1,18J8"+
2 7 &D�4647 Hamilton-Jacobi-Bellman (HJB).FG4(6 ."*#$'2 $(* 5)."+0& '1 -,">0& (7' 0)8*4(7 (*0/ ("+ J(u) 1' 7 <*1<*!14�1 !1(=4(147
 (7' :,"'*!/4(*80/ t -,�4!&(1* 4(7' 5)47 xB G#"0)'6
2 (" 4+'1,(74*"&*<)
 #"+ 5)."+0& '1 0&8*4("#"*/4"+0& 51&�'1* ("

v(t, x) = sup
u∈U

Et,x

[
∫ T

t
f(s,Xs, us)ds + g(XT )

] 9OBO;$#"+ "* <&�!(&
 t, x +#"<7.J'"+' $(* 7 <*1<*!14�1 !1(=4(147
 *!1'"#"*&� (7' 4(":14(*!/ <*1?",*!/ &D�46@47
dXs = µ(s,Xs, us)ds+ σ(s,Xs, us)dBs, s ≤ t

Xt = xG�'1* #,"?1')
 ."*#$' $(* &*<*!&>"'(1
 (*
 4+'5/!&
 8*1 (1 t, x #,"!>#(&* "#"*"</#"(& #,$-.701 1+(/
(7
 0",?/
 5)."+0&B P &D�4647 #"+ 0#",&� '1 <J4&* .>47 4& 1+($ (" 8&'*!$ #,$-.7012 &�'1* $#6
#,"1'1?),10& 7 HJB BH,:*!= 51 <">0& (7' 1,:/ ("+ <+'10*!"> #,"8,1001(*40"> 8*1 #&#&,140)'" :,"'*!$ ",�A"'(1 0& 0*1#"*" 8&'*!/ 0",?/B G0&�
 -)-1*1 <&' 51 :,&*14(&� '1 :,74*0"#"*/4"+0& 1+(/ (7' 0",?/2 1..= 1#"(&.&�0*1 #*" *4:+,/ )!?,147B FG:"+0& ."*#$' (" 1!$."+5" 5&J,701EOQ
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 !"#$%& '('() *+#,- ./0 102&%34/5 6#/7#&%%&.38%/59  !"!#$%&'()
 +#)(,-.
 )#�0)(1$
2'%13 (t, x) ∈ [0, T ] ×R
n4 5.1! '+)6&!2
J(t, x) = sup

u∈U
sup

θ∈Tt,T

Et,x

[
∫ θ

t
f(s,Xs, us)ds + J(θ,Xθ)

]  !"#$
= sup

u∈U
inf

θ∈Tt,T
Et,x

[
∫ θ

t
f(s,Xs, us)ds + v(θ,Xθ)

]  !"%$.")6 Tt,T 1) %7()8) 13( ",9$(:( +#.(3( %1;%<
 1)6 =,$%1>&$1)
 [t, T ]4:,;<3/ '('() ?($@'#)6&! -$, 1,
 "$#$-;13 ,%)=7($&!
 !-@#;%!,
 1)6 =6($&,-)7 "#)A#$&&$1,%&)74B$C D,$ -;9! u ∈ U(t, x) -$, θ ∈ Tt,T 2
v(t, x) ≥ Et,x

[
∫ θ

t
f(s,Xs, us)ds + v(θ,Xθ)

]

.  !"&$BEC  '()*+,-.
$ D,$ -;9! ǫ > 0F 6";#+!, u ∈ U(t, x) 1'1),) :%1! A,$ -;9! θ ∈ Tt,T 2
v(t, x)− ǫ ≤ Et,x

[
∫ θ

t
f(s,Xs, us)ds + v(θ,Xθ)

]

.  !"0$BG, "$#$";(3 !-@#;%!,
 !�($, !($88$-1,-'
 1<
 $#+>
 1)6 =6($&,-)7 "#)A#$&&$1,%&)7 ."3
 $61.
 =,$16":(!H1$, A,$ "!"!#$%&'() +#)(,-. )#�0)(1$4C+6;1!3=$>12,34 567
 78)9':3.
 5;'<=)
 u ∈ U(t, x)" >8. 3) 6.-) 346 '8767;7-?76.-'646 9',-'@-5646 8*),(9):+A6  law of iterated conditional expectation$B 8*):C83'+ .3+D
J(t, x, u) = Et,x

[
∫ θ

t
f(s,Xs, us)ds + J(θ,Xθ, u)

]

,:7+ 'E.,)6 J(., ., u) ≤ vB 76 ,37F'*)8)+G,)@-' 3) FB 5=)@-'
J(t, x, u) ≤ inf

θ∈Tt,T
Et,x

[
∫ θ

t
f(s,Xs, us)ds+ v(θ,Xθ)

]

≤ sup
u∈U(t,x)

inf
θ∈Tt,T

Et,x

[
∫ θ

t
f(s,Xs, us)ds + v(θ,Xθ)

]

.H7�*6)637
 3A*7 3) sup 4
 8*)
 3) u :7+ ,3) 7*+,3'*. -5;)
B 8*):C83'+ J 76+,.3J37D
v(t, x) ≤ sup

u∈U(t,x)
inf

θ∈Tt,T
Et,x

[
∫ θ

t
f(s,Xs, us)ds+ v(θ,Xθ)

]

.  !"K$L*73M-' 7@3G 3J6 76+,.3J37 :7+ F7 '8765;F)@-'"N37F'*)8)+)C-' 3A*7 :M8)+7 u ∈ U(t, x) :7+ θ ∈ Tt,T " >8. 3)6 '()*+,-. 3)@ v(t, x)B 5=)@-' .3+ <+7 :MF'
ǫ > 0 :7+ ω ∈ ΩB @8M*='+ uǫ,ω ∈ U(θ(ω),Xt,x

θ(ω)(ω))B 3) )8)�) '�67+ -+7 '(?5;3+,3J 9+79+:7,�7 ';5<=)@ <+73J6 v(θ(ω),Xt,x
θ(ω)

(ω))B 9J;79G
v(θ(ω),Xt,x

θ(ω)(ω))− ǫ ≤ J(θ(ω),Xt,x
θ(ω)(ω), u

ǫ,ω).  !"O$!&
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 !"#$ #%&' (#) *&�,*-./ #01 2)'2)3'"�'
ûs(ω) =

{

s(ω), s ∈ [0, θ(ω)]
uǫ,ωs (ω), s ∈ [θ(ω), T ].45*2/)316/#') (#) 0 2)'2)3'"�' û /�1') 5&**2/-#)37 ./#&8").0 3') $
 /3 #*6#*- '183/) "#*1 :%&* U(t, x);<&0").*5*)%1#'
 ='17 #* 1(.* #$1 /5'1'>'.?'1(./1$1 2/"./-.@1$1 5&*"2*3)%1 3') '5( #01 ":@"0AB;CDE @:*-./F

v(t, x) ≥ J(t, x, û) = Et,x

[
∫ θ

t
f(s,Xs, us)ds+ J(θ,Xθ, u

ǫ)

]

≥ Et,x

[
∫ θ

t
f(s,Xs, us)ds+ v(θ,Xθ)

]

− ǫ.!5/)28 (.$
 #' 5'&'571$ )":6*-1 G)' *5*)'285*#/ u, θ, ǫ > 0E 5'�&1*-./ #01 '1)"(#0#'
v(t, x) ≥ sup

u∈U(t,x)
sup

θ∈Tt,T

Et,x

[
∫ θ

t
f(s,Xs, us)ds+ v(θ,Xθ)

]

. AB;HDI-12-7,*1#'
 >*)5(1 #01 #/>/-#'�' ":@"0 AB;HD 3') #01 ":@"0 AB;JD 5&*365#/) #* K/%&0.' 5*- 2)'#-5%"'./;
�!5(./1* .'
 ?8.' #%&' /�1') 1' *&�"*-./ #01 5/&�L0.0 /=�"$"0 Hamilton-Jacobi-Bellman (HJB).M01/=�"$"0 '-#8E .5*&*6./ 1' #01 3'#'>7?*-./ "'1 #01 '5/)&*2)7"#'#0 /32*:8 #0
 '&:8
 #*- 2-1'.)3*6 5&*NG&'..'#)".*6E 20>'28 5/&)G&7L/) #01 #*5)38 "-.5/&)L*&7 #0
 v(t, x) A20>'28 #*- supu∈U J(t, x, u)D/71
θ → t; !./�
 K' *&�"*-./ '-#8 #01 "-17&#0"0 "#01 5/&�5#$"0 .(1* 5/5/&'".@1*- :&*1)3*6 *&�,*1#';O/$&*6./ (#) θ = t+ h 3') @"#$ us = u .)' "#'K/&8 2)'2)3'"�' />@G:*- Au ∈ UD; M(#/E 0 @3L&'"0 #*-2-1'.)3*6 5&*G&'..'#)".*6 G)1/#')F

v(t, x) ≥ Et,x

[
∫ t+h

t
f(s,Xs, u)ds + v(t+ h,Xt+h)

]

. AB;PQD!71 -5*K@"*-./ (#) 0 v /�1') '&3/#7 >/�' "-17&#0"0E .5*&*6./ 1' /L'&.("*-./ #* >8..' #*- Ito ./#'=6#$1 :&*1)3%1 "#)G.%1 t 3') t+ h 3') @:*-./
dv(t, x) =

∂v

∂t
dt+

∂v

∂x
(dXt) +

1

2

∂2v

∂x2
(dXt)(dXt) ⇒

dv(t, x) =
∂v

∂t
dt+

∂v

∂x
(µ(x, u)dt + σ(x, u)dWt) +

1

2

∂2v

∂x2
(σ(x, u)σ′(x, u)dt) ⇒

v(t+ h,Xt,x
t+h) = v(t, x) +

∫ t+h

t

(

∂v

∂t
+ Luv

)

(s,Xt,x
s )ds +

∫ t+h

t

∂v

∂x
σ(x, u)dWt ⇒

v(t+ h,Xt,x
t+h) = v(t, x) +

∫ t+h

t

(

∂v

∂t
+ Luv

)

(s,Xt,x
s )ds + A#*5)38D martingale,(5*- Lu /�1') * #/>/"#8
 5*- ":/#�,/#') ./ #01 2)7:-"0 AB;PD G)' 375*)' "#'K/&8 2)'2)3'"�' />@G:*- uE3') *&�,/#') $


Luv = µ(x, u)Dxv +
1

2
tr
[

σ(x, u)σ′(x, u)D2
xv
]

.41#)3'K)"#%1#'
 #)
 '1#�"#*):/
 /3L&7"/)
 "#01 ":@"0 AB;PQDE 5'�&1*-./
0 ≥ Et,x

[
∫ t+h

t

[(

∂v

∂t
+ Luv

)

(s,Xt,x
s ) + f(s,Xs, u)

]

ds

]

.BR
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 !"!#$%&"
 () &* h +"! ,"�#%*%&"
 &* .#!* h→ 0/ ,#*+0,&)! ",. &* 1)$#2(" (342
 &!(5

0 ≥ ∂v

∂t
(t, x) + Luv(t, x) + f(t, x, u).67.4*% "8&. !490)! :!" +;1) u ∈ U / ,#*+0,&)! 2 "%!4.&2&"

−∂v
∂t

(t, x)− sup
u∈U

[Luv(t, x) + f(t, x, u)] ≥ 0. <=>??@A$#"/ 8,*13&*8() .&! u∗ )�%"! 3%"
 B3C&!4&*
 %.(*
 )C3:9*8> A.&)/ 2 )D�4E42 &*8 F8%"(!+*0 ,#*:#"(G("&!4(*0 4) "8&5 &2% ,)#�,&E42 1" :�%)!
v(t, x) = Et,x

[
∫ t+h

t
f(s,X∗

s , u
∗)ds+ v(t+ h,X∗

t+h)

]

,.,*8 X∗ )�%"! 2 C042 4&2% F!"F!+"4�" +"&;4&"42
 ,*8 D)+!%; ",. &* x &2% 9#*%!+5 4&!:(5 t/ () &* %.(*)C3:9*8 u∗> H6&4!/ () .(*!* &#.,* .,E
 ,#!%/ ,"�#%*8()
−∂v
∂t

(t, x)− Lu∗

v(t, x) + f(t, x, u∗t ) = 0, <=>?=@2 *,*�" 49342 "% 48%F8"4&)� () &2% <=>??@/ ,#*+0,&)! .&! 2 v *7)�C)! %" !+"%*,*!)� &2%
−∂v
∂t

(t, x)− sup
u∈U

[Luv(t, x) + f(t, x, u)] = 0, ∀(t, x) ∈ [0, T )× R
n, <=>?I@)7.4*% ),!&8:9;%)&"! &* sup> J8&5 2 ()#!+5 F!"7*#!+5 )D�4E42 489%.&)#" &2% 48%"%&;() () &2% (*#75K

−∂v
∂t

(t, x)−H(t, x,Dxv(t, x),D
2
xv(t, x)) = 0, ∀(t, x) ∈ [0, T )× R

n, <=>?L@.,*8 :!" (t, x, p,M) ∈ [0, T ] × R
n × R

n × R
n×d

H(t, x, p,M) = sup
u∈U

[

µ(x, u)p+
1

2
tr[σ(x, u)σ′(x, u)M ] + f(t, x, u)

]

.J8&5 2 48%;#&242 H *%*(;M)&"!  !"#$%&'#!'( )Hamiltonian* &*8 49)&!+*0 ,#*BC5("&*
 )C3:9*8> N)D�4E42 <=>?L@ *%*(;M)&"! +,�./.0 %&1 21'!"#3&4 56&76!""!%#."&4 5 +,�./.0 HJB> N )D�4E42 "8&548%*F)0)&"! +"! ",. &2% &)C!+5 48%15+2
v(T, x) = g(x), ∀x ∈ R

n. <=>?O@P" ,*0() 4) "8&. &* 42()�*/ .&! &* B"4!+. B5(" 4&2% +C"44!+5 ,#*43::!42 &*8 F8%"(!+*0 ,#*:#"(("G&!4(*0 )�%"! %" F)�D*8() .&!/ F*13%&*
 (!"
 C)�"
 C042
 &2
 )D�4E42
 HJB, "8&.
 * 8,*Q57!*
 <2 C042F2C"F5@ 48(,�,&)! () &2% v(t, x)> J8&. &* ",*&3C)4(" *%*(;M)&"! 1)$#2(" ),"C51)842
/ +"! ("
 F�%)!&2% F8%"&.&2&" %" ,;#*8() 4"% ),"+.C*81* &*8 3%"% B3C&!4&* ("#+*B!"%. 3C):9* <5 %.(* "%;F#"42
F!"7*#)&!+;@> !"#$%& '('(' ) !"#$%& *+&,-.!/0$
2 89.%/ "#! .1':6%0.0 F ∈ C1,2([0, T )×R
n)∩C0([0, T ]×

R
n); 5&1 #3!'&5&#+� "#! .1'<(30 %+%6!7/'#3(
 !':5%1,0
 3!%: %>%&#& %6?5& @.%+ '! 15:6A+# .%!<+6: C%B/B

|F (t, x)| ≤ C(1 + |x|2), ∀(t, x) ∈ [0, T ]× R
n. <=>?R@=S
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 !"# $%&'()&*+, -). /
−∂F
∂t

(t, x)− sup
u∈U

[LuF (t, x) + f(t, x, u)] ≥ 0, (t, x) ∈ [0, T ) ×R
n

F (T, x) ≥ g(x), x ∈ R
n0-),1 F ≥ v 2)& [0, T ] × R

n# 3"# $%&'()&*+, ,%.%4(&5 -). F (T, .) = g1 6!. -). *%789,. +.! +,)8:2.+; 2*578);2; û(t, x), (t, x) ∈
[0, T )× R

n1 ).+&4&<;+(5; 2)& U )#=#
−∂F
∂t

(t, x)− sup
u∈U

[LuF (t, x) + f(t, x, u)] = −∂F
∂t

(t, x)− Lû(t,x)F (t, x) − f(t, x, û(t, x)) = 0,6!. ; 2)&9!2).6: >.!?&8.6: ,@�2=2;
dXs = µ(Xs, û(s,Xs))ds + σ(Xs, û(s,Xs))dWs(9,. +&5!>.6: 4B2; );5 X̂t,x
s 1 >&'(5)&
 !89.6:
 2*5':6;
 Xt = x1 6!. ; >.!>.6!2�!

{û(s, X̂t,x
s ), t ≤ s ≤ T} ∈ U(t, x).  !"#$%0-),1 .29B,. -). F = v 2)& [0, T ]× R

n 6!. ; û ,�5!. (5!
 3(4).2)&
 +!86&3.!5-
 (4,<9&
# !"#$%&'( &%" '()*+, F ∈ C1,2([0, T )×R
n)- ./+012 )34 54& 6782 (t, x) ∈ [0, T )×R

n, u ∈ U(t, x), s ∈ [t, T )- 6&46782 /9),+ *37*:
 τ <+0 <&�9,24 341.
 *3+ [t,∞)- <&�9,+012 &<) 3+ >?11& 3+0 Ito )34
F (s ∧ τ,Xt,x

s∧τ ) = F (t, x) +

∫ s∧τ

t

[

∂F

∂t
(r,Xt,x

r ) + LurF (r,Xt,x
r )

]

dr

+

∫ s∧τ

t
DxF (r,X

t,x
r )′σ(Xt,x

r , ur)dWr.'<4>.5+012 τ = τn = inf{s ≥ t :
∫ s
t |DxF (r,X

t,x
r )′σ(Xt,x

r , ur)|2dr ≥ n}- 6&4 <&9&3:9+@12 )34 τn ր ∞6&8A
 3+ n <:5&�,24 *3+ 7<249+"B *3&1&3:1.,: C4&C46&*�&
{
∫ s∧τn

t
DxF (r,X

t,x
r )′σ(Xt,x

r , ur)dWr, t ≤ s ≤ T}2�,&4 3)32 14& martingale, 6&4 <&�9,+,3&
 &,&12,)12,2
 341.
- ./+012
E[F (s ∧ τn,Xt,x

s∧τn)] = F (t, x) + E

[
∫ s∧τn

t

∂F

∂t
(r,Xt,x

r ) + LurF (r,Xt,x
r )dr

]

.'()*+, : F 46&,+<+42� 3:,  !"%- ./+012
∂F

∂t
(r,Xt,x

r ) + LurF (r,Xt,x
r ) + f(Xt,x

r , ur) ≤ 0, ∀u ∈ U(t, x),6&4 .3*4
E[F (s ∧ τn,Xt,x

s∧τn)] ≤ F (t, x)− E

[
∫ s∧τn

t
f(Xt,x

r , ur)dr

]

, ∀u ∈ U(t, x).  !"#D%!D
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 !"#$%& '()
∣

∣

∣

∣

∫ s∧τn

t
f(Xt,x

r , ur)dr

∣

∣

∣

∣

≤
∫ T

t
|f(Xt,x

r , ur)|dr,*+) (# ,&-� %/0#
 (2
 &-�3432
 &�5+) #0#*02673)%# +8' (25 3$59:*2 #0#*02643)%'(2(+
 3(# U(t, x);!<'3#5 0#)8'5 2 F )*+5#8#)&� %)+ 3$59:*2 (&(6+=45)*:
 +5>8($-2
? /"#$%&
|F (s ∧ τn,Xt,x

s∧τn)| ≤ C(1 + sup
s∈[t,T ]

|Xt,x
s |2),*+) (# ,&-� %/0#
 &�5+) #0#*02673)%#? 0'=4 (45 86#�8#9/3&45 8#$ )3"A#$5; !<+6%'B#5(+
 ('(& (#9&762%+ *$6)+6"2%/52
 3A=*0)32
? *+) 3(/05#5(+
 (# n 3(# >8&)6# 3(25 3"/32 CD;E? 8+�65#$%&

E[F (s,Xt,x
s )] ≤ F (t, x)− E

[
∫ s

t
f(Xt,x

r , ur)dr

]

, ∀u ∈ U(t, x).!8)80/#5? &<'3#5 2 F &�5+) 3$5&":
 3(# [0, T ] × R
n? 3(/05#5(+
 (# s 3(# T ? &<+6%'B#5(+
 *+) 8>0) (#9&762%+ *$6)+6"2%/52
 3A=*0)32
 *+) +8' (25 3"/32 CD;E? 8+�65#$%&

E[g(Xt,x
T )] ≤ F (t, x)− E

[
∫ T

t
f(Xt,x

r , ur)dr

]

, ∀u ∈ U(t, x).F'=4 (2
 ($"+)'(2(+
 (#$ u ∈ U(t, x)? &->=#$%& '() F (t, x) ≤ v(t, x)? =)+ *>9& (t, x) ∈ [0, T ]× R
n;CGE; !<+6%'B#$%& (# 0:%%+ (#$ Ito 3(25 F (r, X̂t,x

r ) %&(+-A (45 t ∈ [0, T ) *+) s ∈ [t, T ) *+) 8+�65#$%&
E

[

F (s, X̂t,x
s )
]

= F (t, x) + E

[
∫ t

s

∂F

∂t
(r, X̂t,x

r ) + Lû(r,X̂t,x
r )F (r, X̂t,x

r )dr

]

.H76+? &-+)(�+
 (#$ #6)3%#A (#$ û(t, x)? /"#$%&
−∂F
∂t

− Lû(t,x)F (t, x)− f(t, x, û(t, x)) = 0,*+) /(3)
E

[

F (s, X̂t,x
s )
]

= F (t, x)− E

[
∫ s

t
f(X̂t,x

r , û(r, X̂t,x
r ))dr

]

.I(/05#5(+
 (# s 3(# T ? ('(& 8+�65#$%&
F (t, x) = E

[
∫ T

t
f(X̂t,x

r , û(r, X̂t,x
r )dr + g(X̂t,x

T )

]

= J(t, x, û).H# (&0&$(+�#? %+
 ,&�"5&) '() F (t, x) = J(t, x, û) ≤ v(t, x)? *+) (&0)*> '() F = v %& (# û 3+5 /5+5G/0()3(# %+6*#G)+5' /0&="#; �H# 8+6+8>54 9&762%+ %+
 8+6/"&) %)+ +5+=*+�+ *+) &8+6*: 3$59:*2 =)+ (25 &8�0$32 (#$ 86#G0:%+(#
?*+97
 +5 %8#6#A%& 5+ 0A3#$%& (25 &-�3432 HJB ? 2 0A32 (2
 &�5+) +$('%+(+ *+) /5+
 $8#J:<)#
 =)+ (25G/0()3(2 3(6+(2=)*: 8#$ +5+B2(#A%& C867(# 3*/0#
 9&46:%+(#
E; H# ,&A(&6# 3*/0#
 (#$ 9&46:%+(#
?%+
 8+6/"&) (25 &8>6*&)+ =)+ (25 0A32 (#$ 86#G0:%+(#
; !"#5(+
 ,&�-&) (+ 8+6+8>54? %8#6#A%& 5+ +5+</6#$%& 3$5#8()*> %)+ =&5)*: ,)+,)*+3�+ 8#$ +*#0#$9&�(+)*+(> (25 &8�0$32 /5#
 (/(#)#$ 86#G0:%+(#
; DK
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•  !"#$%&' ()* '+�-.-) HJB /01 ($ 2!345)&1 64'5(0-($2$�)-)
8 2$% &1
 '*901#:!'0 *1 5;-$%&'<
• =205;$%&' ($  !"!#$% 2!345)&1 4'5(0-($2$�)-)


sup
u∈U

{f(t, x, u) + Luv(t, x)}>10 4!�->$%&' ($ u∗ /01 ($ $2$�$ '20(%/?"*'(10 ($ sup< @' 1%(3 ($ 4A&1 B'.!$;&' /*.-(:
2$-3()('
 (1 t, x, µ, σ, v(t, x) >10 5;*$%&' .
 2!$
 ($ u∗< C$ u∗ 53/. ()
 &$!#A ($% ('5'-(A Lu'�*10 &01 &) /!1&&0>A -%*"!()-) ()
 v >10 (.* 21!1/D/.* ()
 .
 2!$
 xE u∗ = Φ(t, x, v, vx, vxx)<
• F;*$%&' &'(" ()* &) /!1&&0>A 901#$!0>A '+�-.-) &' &'!0>:
 21!1/D/$%


∂v

∂t
+ f(t, x, u∗) + Lu∗

v(t, x)} = 0, (t, x) ∈ (0, T )× R
n

v(T, x) = g(x), x ∈ R
n 6G<HI8

• J=?$*(1
 %2$5$/�-'0 ()* v(t, x) /%!�K$%&' 2�-. -($ 9';('!$ 4A&1 >10 1*(0>1B0-($;&' -()* u∗ =
Φ(t, x, v, vx, vxx) ()* v(t, x) 2$% 4!A>1&' -($ (!�($ 4A&1< J=(-0E 21�!*$%&' ($ *3&$ 1*"9!1-)

u∗ = u(t, x)<@%*AB.
E ) '+�-.-) 2$% >1(15A/$%&' -($ (!�($ 4A&1 9'* :?'0 1*15%(0>A 5;-)< L2"!?$%* 3&.
 >102'!02(D-'0
 32$% ) 1*15%(0>A 5;-) '�*10 '#0>(A 62<?< ($ 2!345)&1 ($% Merton 8< !" BSDEs #$% & $'() *+, -*+($-*%#+. /01�-*+,M'�+1&' -()* 2!$)/$;&'*) 21!"/!1#$ 2D
 5;*$%&' :*1 2!345)&1 -($?1-(0>$; '5:/?$% &' ()* &:B$9$($% 9%*1&0>$; 2!$/!1&&1(0-&$;< CD!1E B1 21!$%-0"-$%&' &01 '*1551>(0>A 2!$-://0-)E ()* 1!?A ($%-($?1-(0>$; &'/�-($% >1(" ($* Pontryagin.L0$B'($;&' +1*" ($ 251�-0$ ($% 2!$45A&1($
 -($?1-(0>$; '5:/?$% -' 2'2'!1-&:*$ ?!$*0>3 $!�K$*(1<J=-(. X &01 90190>1-�1 >1("-(1-)
 -($* R

n 2$% >%!01!?'�(10 123
dXs = µ(Xs, us)ds + σ(Xs, us)dWs, 6G<GN832$% W '�*10 &01 dO90"-(1() (%20>A >�*)-) Brown, >10 u ∈ U E ) 90190>1-�1 '5:/?$%<C$ -%*1!()-0$'09:
 2$% B:5$%&' *1 &'/0-($2$0A-$%&' '�*10 ($

J(u) = E

[
∫ T

0
f(t,Xt, ut)dt+ g(XT )

]

,32$% f : [0, T ] × R
n × U → R '�*10 -%*'?A
 -($ (t, x) /01 >"B' u ∈ U E g : Rn → R '�*10 &01 >$�5) C1-%*"!()-) >10 $0 f, g 0>1*$2$0$;* &01 -%*BA>) ('(!1/.*0>A
 1*"2(%+)
 .
 2!$
 ($ x<P!�K$%&' ()* -%*"!()-) H : [0, T ]× R

n × U × R
n × R

n×d → R .

H(t, x, u, y, z) = µ(x, u)y + tr[σ′(x, u)z] + f(t, x, u), 6G<GH8) $2$�1 $*$&"K'(10 &'(#$')*+(, -"*#.!/(#"(0< L2$B:($%&' 3(0 ) H '�*10 901#$!�-0&) .
 2!$
 ($ x>10 -%&4$5�K$%&' ()* 21!"/./$ ()
 DxH< Q'.!$;&' /01 >"B' u ∈ U E ()* BSDE, ) $2$�1 $*$&"K'(10-%K%/A
 '+�-.-) 6adjoint equation8R

−dYt = DxH(t,Xt, ut, Yt, Zt)dt− ZtdWt,

YT = Dxg(XT ). 6G<GG8
SN
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 !"#$%& '()(*  !"#$ û ∈ U %&' X̂ ( )'*+,"( -., /012+/#&' &-3 #. 435. -., &4&617&5/8 9-.:1#.,5/3#' ,-*7+/' 5'& 0;"( (Ŷ , Ẑ) "#(4 BSDE <=8>?@ #1#.'& A"#/
H(t, X̂t, ût, Ŷt, Ẑt) = max

u∈U
H(t, X̂t, u, Ŷt, Ẑt), 0 ≤ t ≤ T, σ.β.  !"!#$%&'

(x, u) → H(t, x, u, Ŷt, Ẑt) /�4&' 5'& %.�0( ",4*7#("(C  !"!%$2'& 30& #& t ∈ [0, T ]8D3#/ #. û /�4&' 14&
 F10#'"#.
 10/2+.
C )(0&)G
J(û) = sup

u∈U
J(u).+,-.!/0$1&'( )*+, u ∈ U - ./0102., 3( 41*506.,

J(û)− J(u) = E

[
∫ T

0
[f(t, X̂t, ût)− f(t,Xt, αt)]dt+ g(X̂T )− g(XT )

]

.  !"!7$8/,'9: ; g ,�3(' )0�=; )(' >1;?'.0/0'@3A(
 A0 =:..( A06 Ito,C>06.,
E

[

g(X̂T )− g(XT )
]

≥ E

[

(X̂T −XT )Dxg(X̂T )
]

= E

[

(X̂T −XT )ŶT

]

= E

[
∫ T

0
(X̂t −Xt)dŶt +

∫ T

0
Ŷt(dX̂t − dXt) +

∫ T

0
tr[(σ(X̂t, ût)− σ(Xt, ut))

′Ẑt]dt

]

E

[
∫ T

0
(X̂t −Xt)(−DxH(t, X̂t, ût, Ŷt, Ẑt))dt+

∫ T

0
Ŷt(µ(X̂t, ût)− µ(Xt, ut))dt

+

∫ T

0
tr[(σ(X̂t, ût)− σ(Xt, ut))

′Ẑt]dt.  !"!D$8/'/=C03- (/E A03 01'?.E A;
 F(.'=A03'(3:
- C>06.,
E

[
∫ T

0
[f(t, X̂t, ût)− f(t,Xt, ut)]dt

]

= E

[
∫ T

0
H(t, X̂t, ût, Ŷt, Ẑt)−H(t,Xt, ut, Ŷt, Ẑt)]dt

−
∫ T

0
[(µ(X̂t, ût)− µ(Xt, ut))Ŷt]dt

−
∫ T

0
tr
[

(σ(X̂t, ût)− σ(Xt, ut))
′Ẑt

]

dt.  !"!G$H+10�I03A(
 A'
  !"!#$ )('  !"!%$ ?A;3  !"!!$- /(�1306.,
J(û)− J(u) ≥ E

[
∫ T

0
[H(t, X̂t, ût, Ŷt, Ẑt)−H(t,Xt, ut, Ŷt, Ẑt)]dt

−
∫ T

0
(X̂t −Xt)DxH(t,Xt, ut, Ŷt, Ẑt)dt.#J
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 !"# $%& "'
 )*+,-./
 012134 .$' 0121546 7 &87
 $+!9/)$ )"'
 $:.;</
 )"=+ %$8$%!+# )>?)= /�+$' 9=,/"'.&
2 A%79?+#
 B/�C$9/ $*"& %7* ,?<$9/2 �D*"& "7 ,/E8=9$ ,$ F$+/� %7<; >8-)'97 )"=+ )*+?>/'$6 .$' )*:./.8'9?+$ )"=+ /;8/)= )"8$"=:'.-
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 !"#$%&' ( ! "#$%&'() %*&+,-+!"!�'-'
 01-'
+,(2
 3 4,)56()7-'
 8)#+!9:&)5�!: !"#$%& '()* +* ,#-%& ./0#1&
 &3*)%#4!
 5'* 6)7%*'##1.#+#%1./ *$'(+ '8+ '&6+1.(+ 0#$ ,&�:*%&5'7+ 0)#74#-%&+7 0*)/4)*3#;  * *56#"7<#-%& "#10=+ %& !+* *0= '* ."*551./ 0)#>"?%*'* &-)&57
>!"'15'7
 5')*'741.?
 4+85'= 8
 mean-variance optimization problem. @)61./A <* *+'1%&'80�5#$%&*$'= '# 0)=>"7%* %!58 '7
 01# ,1*,&,#%!+7
 %!6)1 5?%&)*A *)6?
 '#$ ,$+*%1.#- 0)#4)*%%*'15%#- .*15'7+ 5$+!6&1* <* &:&'/5#$%& '# �,1# 0)=>"7%* %!58 '7
 *)6?
 '#$ 5'#6*5'1.#- %&4�5'#$ %& '7+ 6)?57
BSDE. BC'51A <* &�%*5'& 5& <!57 +* 5$4.)�+#$%& '1
 ,-# %&<=,#$
 .*1 +* ,#-%& '1 *""/D&1 ./<& 3#)/5'7+ *+'1%&'(0157 '#$ 0)#>"?%*'#
; E'# '!"#
 '#$ .&3*"*�#$A %& '7+ >#?<&1* '7
 0)#5#%#�857
 <*,#-%& 08
 ,#$"&-#$+ *$'!
 #1 %!<#,#1 %& '# *0"= %#+'!"# '8+ Black-Scholes. BC'51 <* *0#.'?5#$%&%1* 0"?)7 &1.=+* '#$ 0(
 .*1 0='& 6)751%#0#1#-+'*1 01# *0#'&"&5%*'1./; !" #$ %&'()*+, -,. /0, (,1.-' ,%$2/)31+,@)61./A <!'#$%& '# 0"*�51# '#$ 0)#>"?%*'#
; F)15.=%*5'& 5'7+ <!57 ./0#1#$ &0&+,$'? .*1 !6#$%& 5'*6!)1* %*
 *)61.? 0&)1#$5�* !5'8 x0; E.#0=
 %*
 &�+*1A %& *$'= '# *)61.= 0#5=A +* .*'*5.&$/5#$%&!+* 6*)'#3$"/.1# 0#$ +* %#1)/D&1 '# 0#5= *$'= 5& ./0#1# ? ./0#1#$
 5�4#$)#$
 '�'"#$
 G5$+?<8
*$'= &�+*1 ./0#1# ')*0&D1.= .&3/"*1#HA .*1 5& ./0#1#+ ? ./0#1#$
 '�'"#$
 0#$ &%0&)1!6#$+ .�+,$+# G%I0#)#-%& +* 5.&3'#-%& ./0#1* %&'#6? ? !+* 0*.!'# %&'#6(+H;  !"#$%& "#10=+ %& *$'= '# 6*)'#3$"/.1#0#$ .*'*5.&$/D#$%&A 5'# '!"#
 '#$ 6)#+1.#- #)�D#+'* 0#$ <!'#$%& +* &01'-6#$%& ./0#1# 5$4.&.)1%!+#5'=6# G0;6; 7 *+*%&+=%&+7 *:�* '#$ 6*)'#3$"*.�#$ 5'# '!"#
 '#$ 6)#+1.#- #)�D#+'* +* &�+*1 mH 3)#+'BI1D#+'*
 0*)/""7"* +* &"*615'#0#1?5#$%& '7+ *0=."157 *0= *$'=+ '#+ 5'=6# G5$4.&.)1%!+* D7'#-%& +*&"*615'#0#1?5#$%& '7+ ,1*.-%*+57 '7
 '1%?
 '#$ 6*)'#3$"*.�#$ '7+ 6)#+1.? 5'14%? JH; @
 ,1*'$0(I5#$%& =%8
 01# %*<7%*'1./ '# 0)=>"7%/ %*
;K/)1+ *0"='7'*
 .*1 68)�
 >"/>7 '7
 4&+1.='7'*
 <* &)4*5'#-%& 5'7+ 0&)�0'857 =0#$ # 5�4#$)#
 '�'"#
<* &�+*1 !+* ')*0&D1.= .&3/"*1# S0(t) .*1 # *>!>*1#
 '�'"#
 %1* %&'#6? S(t); J='& 7 *:�* '#$ ')*0&D1.#-.&3*"*�#$ <* 0&)14)/3&'*1 *0= '7+ 5$+?<7 ,1*3#)1.? &:�5857

dS0(t) = S0(t)rdt, S0(0) = 1 (r > 0) GL;MH=0#$ r '# 5'*<&)= &'?51# &01'=.1#;@+'�5'#16*A 7 '1%? '7
 %&'#6?
 ,�+&'*1 *0= '7+ 5'#6*5'1.? ,1*3#)1.? &:�5857
dS1(t) = S(t)µdt+ S(t)σdWt, S1(0) = s GL;NH=0#$ µ 7 &'?51* *0=,#57 '7
 %&'#6?
A σ 7 &'?51* 0'7'1.='7'* Gannual volatility) '7
 %&'#6?
 .*1 Wt 7'$01.? %#+#,1/5'*'7 .�+757 Brown.  &8)#-%& ='1 '* µ, σ &�+*1 5'*<&)!
 0#$ !6#$+ $0#"#415'&� *0= '#LL
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 !"#$%&' (#&'!()" &*
 ,-&'./
0 1!*#(,' '('2,- 3'( "4 &'  (' % 3" ,'4&53' &64 Black-Scholes 7(% 4% -!(7!89':,- &*4 #&'.%#&()/ ;(%;()%#�% &*
 &(,/
 &*
 ,-&'./
 )%( )%&= - 5)&%#* &': .%!&'$:3%)�': ,%
0=>#&6 3'( "4 "&( #- )8?- .!'4()/ #&(7,/@ - -4;2':,- &'  '#" α(t) #&'4 %A5A%(' &�&3' )%( &'  '#"
X(t)−α(t) #&' &!% -B()" )-$83%('0 C' .%!&'$:38)(' ,%
 '$-�3-( 4% -�4%(  !"#$%&' "#(#"#)'*+# Dself-
financing) )%( - ',546
 '$-�3-( 4% ()%4' '(-� &*4  %!%)8&6 ;(%;()%#�%

X(t) = α(t)S(t) + (X(t) − α(t))S0(t), ∀t ∈ [0, T ] DE0EF" ': Xt * %G�% &': .%!&'$:3%)�': ,%
 &*4 .!'4()/ #&(7,/ t0H-!(7!8$':,- &*4 ;(%;()%#�% &':  3'2&': ,%
 &I!% #- ;(%$'!()/ ,'!$/ )%( 5.':,-J
dX(t) = (X(t) − α(t))dS0(t) + α(t)dS(t)

= (X(t)− α(t))S0(t)rdt+ α(t)(µS(t)dt + σS(t)dWt)

= [(X(t) − α(t))S0(t)r + α(t)µS(t)]dt+ α(t)σS(t)dWt

= X(t)[(1 − u(t))r + u(t)µ]dt+X(t)u(t)σdWt" ': 5.':,- ?5#-( u(t) = α(t)S(t)
X(t) 0K:&"  ': )%&%$5!%,- 4% )84':,-@ -�4%( 4% -)$!8#':,- &*4 ;(%;()%#�%  3':&(#,'2 ,%
 #- ;(%$'!()/ ,'!$/#%4 ):!&" #:4;:%#," )8 '(': u ∈ [0, 1]@ &' ' '�' -)$!8B-( &'  '#'#&" &*
 #:4'3()/
 ,%
  -!(':#�%
 ': - -4;2':,- #&'4 )8?- &�&3' #- )8?- .!'4()/ #&(7,/0 L- 3�7% 3"7(%@ -�4%( &' A8!'
  ': ;�4':,- #&'4)8?- &�&3'0 > ',546
@ * #&'.%#&()/ ;(%$'!()/ -G�#6#*  ': ?% ,%
 % %#.'3/#-( #&*4 #:45.-(% ?% -�4%(*

dX(t) = X(t)[(1 − u(t))r + u(t)µ]dt+X(t)u(t)σdWt, X(0) = x0. DE0MFN!�B':,- 6
 U &' #24'3' &64  !'#%!,'#,5464 ;(%;()%#(I4 u  ':  %�!4':4 &(,5
 #&' A@ )%( -�4%( &5&'(-
I#&- 4% (#.2-( "&(
∫ T

0
|u(s)|2ds <∞ σ.β.K:&/ * #:4?/)* 7(% &% A8!* -�4%(  '32 A%#()" 4% ()%4' '(-�&%( ;(%$'!-&()8 * -G�#6#* DE0MF ;-4 ?% 5.-(32#*0C'  !"A3*,%  ': ?53':,- 4% 32#':,- , '!-� 4% #:4'9(#?-� ,%?*,%&()8 #&'4 : '3'7(#," &*
 #:48!&*#*


V (m) = inf
u∈U

{V ar(XT ) | E[XT ] = m} , m ∈ R. DE0OFK:&" % '&-3-� 54% #24?-&'  !"A3*,%@ &' ' '�' ",6
 , '!-� 4% -:&-3(#&-� (#';24%,%@ ,- &*4 A'/?-(% &64 '33% 3%#(%#&I4 Lagrange )%( &*
 H!"&%#*
 E0P0P@ #&'4 : '3'7(#," &*
 #:B:7'2
 #:48!&*#*

Ṽ (λ) = inf

u∈U

{

E[(XT − λ)2]
}

, λ ∈ R. DE0QF" ': λ -�4%( ' %4&�#&'(.'
  '33% 3%#(%#&/
 Lagrange  ': % 3' '(-� &'  !"A3*,%0=>&#( )%&%$5!4':,- 4% % 3':#&-2#':,- %!)-&8 &'  !"A3*,% %$'2  35'4 ,%
 -4;(%$5!-( ,"4' 4% -R3%.(#&' '(/#':,- ,(% #:7)-)!(,54*  '#"&*&% .6!�
 4% 5.':,- )8 '(% ;5#,-:#*0 S  !"&%#* * ' '�%#&*!�B-( "3' ,%
 &' -7.-�!*,% -�4%( *  %!%)8&6 &*4 ' '�% )%( ?% % ';-�G':,-0 !"#$%& '()() ,-$#!'* ".
 0!1!2*�
 0$40*.

Ṽ (λ) = inf

m∈R

{

V (m) + (m− λ)2
}

, λ ∈ R DE0TF
V (m) = sup

λ∈R

{

Ṽ (λ)− (m− λ)2
}

,m ∈ R. DE0UFEM
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 !" #$%& m ∈ R' ( )*+,!-,(
 *+&/0(
 ,1
 V (m) &�3"! ( �4!(
 5& ,(3 )*+,!-,( *+&/0( ûλm
,1
 Ṽ (λ)' 67(8,( λm &7!,8/0$3&! ,( 5*/!-,( -,13 9:;<= #"! 87(+(/�>&,"! ?


λm =
m− exp

{

(

r − (µ−r)2

σ2

)

T
}

x0

1− exp
{

− (µ−r)2

σ2 T
}  !"#$ !"#$%&'(%&'&()'*+,- .(/ 0/& 123- λ ∈ R4 u ∈ U ,5*'-� -+1*7& 8& -790:-/ 1&8-�
 .(/ /<=+-/ ) <=9<)>

E[(XT − λ)2] = V ar(XT ) + (E[XT ]− λ)2.  !"?@$AB<(C (D'& .(/ -5/790*E,- 125*/* <E01-1'/,98* m ∈ R"F.(-4 0/& 123- ǫ > 0 E52'=-/ uǫ ∈ U (9(*/* D<(- 8& /<=+*E8 (& -:G

{

E[Xǫ
T ] = m,

V ar(Xǫ
T ) ≤ V (m) + ǫ

 !"??$H (-7-E(&�& <=9<) ()
  !"??$ 5&'&()'*+,- .(/ /<=+-/ &5. (* &1.7*E3* -5/=-�'),&"H <E82'()<) V (m)4 -:A *'/<,*+ -�8&/ (* ,90/<(* 12(C I'20,& (C8 V ar(XT ) 0/& (& *5*�& /<=+-/ .(/
E[XT ] = m" AJ'& 3& -�8&/ 1&/ 12(C I'20,& ()
 V ar(Xǫ

T )" AK,C
 ) 5*<.()(& V (m) + ǫ L-8 5&'&,98-/12(C I'20,& ()
 V ar(Xǫ
T )" AB(</ 1&(&7G0*E,- <()8 (-7-E(&�& &8/<.()(&"M')</,*5*/D8(&
 (D'& (/
 <=9<-/
  !"?@$ 1&/  !"??$ 5&�'8*E,-

V ar(Xǫ
T ) ≤ V (m) + ǫ⇒

E[(Xǫ
T − λ)2]− (E[Xǫ

T ]− λ)2 ≤ V (m) + ǫ⇒
E[(Xǫ

T − λ)2] ≤ (E[Xǫ
T ]− λ)2 + V (m) + ǫ⇒

E[(Xǫ
T − λ)2] ≤ (m− λ)2 + V (m) + ǫ⇒

Ṽ (λ) ≤ V (m) + (m− λ)2, ∀m,λ ∈ R.  !"?N$JE(.
 .,C
 -�8&/ * *'/<,.
 (*E ,90/<(*E 12(C I'20,&(*
 ()
 5*<.()(&
 V (m) + (m− λ)2" B5*,98C
4L-�:&,- ()8 <=9<)  !"O$"AB<(C (D'& 125*/* λ ∈ R"AB<(C u∗λ ) P97(/<() 5*7/(/1G 1&/ &8(�<(*/=& ) P97(/<() L/&L/1&<�& Xλ∗" B5�<)
4 9=*E,- .(/ E[X∗
λ(T )] =

mλ" Q& 9=*E,- 7*/5.8 .(/̃
V (λ) = E[(Xλ∗

T − λ)2] = V ar(Xλ∗
T ) + (mλ − λ)2

≥ V (mλ) + (mλ − λ)2.  !"?!$B5-/LG L/&/<3)(/12 ,5*'-� 8& I&8-� 7�0* 5-'�-'0) ) (-7-E(&�& &8/<.()(& -:)0*+,- 5C
 5'*91ER-" F* Xλ∗-�8&/ 98& &5. (& =&'(*IE721/& 0/& (& *5*�& /<=+-/ .(/ E[X∗
λ(T )] = mλ" AJ'& &5. (*8 *'/<,. 9=*E,-

V ar(Xλ∗
T ) ≥ V (mλ) = inf

u∈U
{V ar(XT ) | E[XT ] = mλ} .%&'&()'D (D'& .(/ &5. ()8  !"O$ .(/ )  !"?!$ ,*E L�8-/ 125*/* mλ (9(*/* D<(-

V (mλ) + (mλ − λ)2 ≤ Ṽ (λ).!S
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 !"# $%&'("#�*+ ,-. / u∗λ (�*#. / 012-.$-/ 23$/ $-/* V (mλ) 4#. +
 (4 -63-6% mλ = m∗78126
9 '#�"*6%&( -/* $:1$/ ;<7=>? 4#. 4@*6%&( 2�A(
 '"@B(.
7  C:6%&( 26.',* ,-.
Ṽ (λ) ≤ V (m) + (m− λ)2 ⇒

λ2 − Ṽ (λ)

2
≥ mλ− V (m) +m2

2
⇒

λ2 − Ṽ (λ)

2
= sup

m∈R

{

mλ− V (m) +m2

2

}

. ;<7=D? E&+
 / $%*@"-/$/ λ → λ2−Ṽ (λ)
2 (�*#. 6 &(-#$:/&#-.$&,
 Fenchel-Lagendre -/
 4%"-F
 $%*@"-/$/


m→ V (m)+m2

2 7  C:6%&( 1-$. -/* $:1$/ G%H$&63
V (m) +m2

2
= sup

λ∈R

{

mλ− λ2 − Ṽ (λ)

2

}

⇒

V (m) = sup
m∈R

{

Ṽ (λ)− (m− λ)2
}

, ∀m ∈ R. ;<7=I?J#. / #',G(.B/ (GK 62642/"K*(-#.7 �L.# *# $%*6M�$6%&(9 '(".A"@M#&( 1*# '",02/&# ('.26AF
 :#"-6N%2#4�6% %', 4@'6.6 4".-F".67 86 4".-F".O6 #%-,9 F-#* 1*# '",02/&# (2#:.$-6'6�/$/
 &.#
 %', $%*PF4/
 '6$,-/-#
7 Q( -/* 06FP(.# -+* '62O2#'2#$.#$-K* Lagrange 4#. -/
 '"6/A63&(*/
 '",-#$/
 4#-#N1"#&( *# &(-#-"1M6%&( #%-, -6 $3*P(-6'",02/&# $( 4@-. '.6 #'2,7 C�&#$-( 26.',* 1-6.&6. *# B(4.*F$6%&( -/* ('�2%$/ #%-63 -6% '"602F&#-6
7 !" #$%&'( )*+,-',(
 ',%/,(0-12
 3& ,(4 3*5676 ,68 984/3-16$:%60%/33/,-'36$ E'+
 #*#N1"#&( 4#. *+"�-("#9 / $%*PF4/ -/
 62642/"+$.&,-/-#
 &#
 G�*(. -/* 3'#"B/ 4#. -/* &6*#G.4,-/O-# &.#
 .$:%"F
 23$/
 -/
 ;<7D?7 R6P1*-6
 26.',* &.#
 $-"#-/A.4F
 :#"-6N%2#4�6% u ∈ U 9 $%&062�OS6%&( &( Xt,x -/* #*-�$-6.:/ G.#G.4#$�# '263-6% '6% -/* :"6*.4F $-.A&F t 0"�$4(-#. $-/* #":.4F P1$/
X(t) = x0 > 07 T46',
 &#
 (�*#. *# &(A.$-6'6.F$6%&( -/* #*#&(*,&(*/ :"/$.&,-/-# -6% -(2.463'263-6% &#
 $-6 T 7 C'6&1*+
 / $%*@"-/$/ '6% P126%&( *# &(A.$-6'6.F$6%&( (�*#. / (BF
U

v(t, x) = sup
u∈U

E[U(Xt,x
T )], (t, x) ∈ [0, T ] × R

+. ;<7=V?T-6 '",02/&# &#
9 / $%*@"-/$/ '6% ('.21A6%&( $#* $%*@"-/$/ :"/$.&,-/-#
 ;2,A+ -/
 $%SF-/$/
 '6%4@*#&( $-/* '"6/A63&(*/ '#"@A"#N6? (�*#. /
U(Xt,x

T ) = −(XT − λm)2. ;<7=W?X"6N#*K
 / U (�*#. NP�*6%$# 4#. 46�2/ $-6 R
+7 EN(�26%&( ,&+
 *# -$(4@"6%&( 4#. -/* $%&'(".N6"@-/
 v(t, x) $-6 x A.# 4@P( t ∈ [0, T ]7 C$-+ ,-. 1:6%&( 0 < x ≤ y 4#. u &.# G.#G.4#$�# (21A:6% -6% U 7E"�S6%&( -/* G.#G.4#$�# Z(s) = Xt,y(s)−Xt,x(s)7 Y *1# #%-F G.#G.4#$�# (�*#. '"6N#*1
 ,-. .4#*6'6.(�-/* $-6:#$-.4F G.#N6".4F (B�$+$/

dZ(s) = Z(s)[usµ+ (1− us)r]ds+ Z(s)usσdWs, Z(t) = y − x > 0.<V
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 !"#$%&
( Z(s) ≥ 0 )*"+ Xt,y(s) ≥ Xt,x(s) ,-) ./01 s ≥ t2  *34"% 5 U 1�%)- *0�%"74)( !)�8%"7#1 39-
U(Xt,y

T ) ≤ U(Xt,x
T ) ⇒

E[U(Xt,y
T )] ≤ E[U(Xt,x

T )] ≤ v(t, x), ∀u ∈ U ⇒
v(t, y) ≤ v(t, x). :;2<=>? 49& 9@8)( x1, x2 > 0 .)- u1, u2 A+" A-)A-.)4�1
 1B$,C"7 !"7 )%D."7% 49" U ( .)- q ∈ [0, 1]2 E8/*"7#1B"-!3% xq = qx1 + (1− q)x2( .)- #1 Xt,xi 47#F"B�G"7#1 95% A-)A-.)4�) !B"+9"7 !"7 H1.-%/ )!3 95% 0$45

xi 95% C8"%-.D 49-,#D t( .)- 1B$,C19)- )!3 95% ui, i = 1, 22 ? 94-( .)9)4.17/G"7#1 9"% $B1,C"
uq(s) =

qXt,x1(s)u1(s) + (1− q)Xt,x2(s)u2(s)

qXt,x1(s) + (1− q)Xt,x2(s)
. :;2<I>J)8)958"+#1 B"-!3%( 39- 9" !1A�" 9-#@% 95
 uλ 9" A( 0) 1�%)- $%) .7893 4+%"B" .)- ,-? )793 9"% B3,"0) -4C+1- 39- uλ ∈ U 2 K!3 )79D 95% -A-3959) 9"7 47%3B"7 47#!18)�%& 39- 0) 7!/8C1- F$B9-49"
 $B1,C"
:A5B)AD 9" sup 0) 1!-97,C/%19)->2 !-!B$"%( )!3 9) ,8)##-./ A7%)#-./ 95
 A-)A-.)4�)
 9"7 !B"+9"7( FB$!"7#1 39- 5 A-)A-.)4�) .)9/49)45


Xq 0) -.)%"!"-1� 95% 49"C)49-.D A-)*"8-.D 1H�4&45
dXq(s) = Xq(s)[uq(s)µ+ (1− uq(s))r]ds+Xq(s)uq(s)σdWs, s ≥ t,

Xq(t) = xq. !"#$%&
( 5 qXt,x1 + (1− q)Xt,x2 1�%)- #-) A-)A-.)4�) !B"+9"7 !"7 H1.-%/ )!3 95% 0$45 xq 95% C8"%-.D49-,#D t( .)- 1B$,C19)- )!3 95% A-)A-.)4�) uq2 L3,& 3#&
 9"7 39- 5 47%/89545 C854-#3959)
 U 1�%)-."�B5( $C"7#1 39-
U(qXt,x1

T + (1− q)Xt,x2

T ) ≥ qU(Xt,x1

T ) + (1− q)U(Xt,x2

T ) ⇒
v(qx1 + (1− q)x2) ≥ qE[U(Xt,x1

T )] + (1− q)E[U(Xt,x2

T )], ∀ u1, u2 ∈ U ⇒
v(qx1 + (1− q)x2) ≥ qv(x1) + (1− q)v(x2). :;2MN>O1�H)#1 1!"#$%&
 39- 1*34"% 5 U 1�%)- )74958/ ."�B5 47%/89545 .)- 7!/8C1- F$B9-49"
 $B1,C"
( 9391)!3 95% 91B179)�) 4C$45 :;2MN> *)�%19)- 39- .)- 5 47%/89545 v(t, x) 1�%)- 1!�45
 )74958/ ."�B5 49" x2 !3#1%" FD#) 1�%)- %) ,8/P"7#1 95% 1H�4&45 HJB ,-) 9" 1% B3,& !83FB5#) 49"C)49-."+ 1B$,C"72Q/C%"7#1 B"-!3% $%)% 7!"PD*-" F !"7 %) -.)%"!"-1� 95% 1H�4&45

−∂F
∂t

− sup
u∈A

[LuF (t, x)] = 0, :;2M<>#)G� #1 95% 918#)9-.D 47%0D.5
F (T, xT ) = U(xT ), xT ∈ R

+. :;2MM> A@( " ,1%%D9"8)
 LuF !)�8%1- 95% #"8*D
LuF (t, x) = x(uµ+ (1− u)r)

∂F

∂x
+

1

2
x2u2σ2

∂2F

∂x2
.? %)
 B",-.3
 7!"PD*-"
 !"7 %) -.)%"!"-1� 9-
 4C$41-
 :;2M<>(:;2MM> 1�%)- 5

F (t, x) = c0(t) + c1(t)x+ c2(t)x
2, :;2M;>3!"7 9) c0, c1, c2 1�%)- %91918#-%-49-.$
 47%)89D41-
 !"7 1H)89@%9)- #3%" )!3 9" t2;R

CC BY: Attribution alone 4.0

https://creativecommons.org/licenses/by/4.0/

https://doi.org/10.26219/heal.aueb.6112



 ! "#$%& '()&* "&+,�./01! )%&. )23)& 456789* :,; ,.%;:,<;)%$.%,
 >"/0 F (t, x) %&. 0"/?@';, )0.(#%&)&*!#!0./A1! %/ sup <!B#$.%,
 B
 1>.& (+.B)%& "/)>%&%, %/ u6 C3D/01! ., 1!+;)%/"/;@)/01! B
 "#/

u %&. "/)>%&%,

sup
u∈U

[x(uµ+ (1− u)r)(c1(t) + c2(t)x) +
1

2
x2u2σ2c2(t)].C!B#/A1! %&. )0.(#%&)&

Φ(u) = x(uµ+ (1− u)r)(c1(t) + c2(t)x) +
1

2
x2u2σ2c2(t).E,�#./.%,
 D/;">. %&. ",#(+B+/ %&
 Φ(u) B
 "#/
 %/ u :,; !F;)$./.%,
 %&. 1! %/ G* DA./01! B
 "#/
%/ u :,; H#�):/01! >%;

u∗ =
(r − µ)(c1(t) + 2c2(t)x)

2σ2c2(t)x
. 4567I9J"/D/+�),1! D/;">. %/. H3D%;)%/ 3D!+2/ u∗6 K.%;:,<;)%/A1! %$#,* %&. 4567I9 )%;
 )23)!;
 456789*456779:,; ",�#./01! %/ ",#,:(%B )A)%&1, !F;)$)!B.L

{ [

c′2(t) +
(

2r − (µ−r)2

σ2

)

c2(t)
]

x2 +
[

c′1(t) +
(

r − (µ−r)2

σ2

)

c1(t)
]

x+ c′0(t)−
c2
1
(t)(µ−r)2

4σ2c2(t)
= 0,

(c0(T ) + λ2m) + (c1(T )− λm)XT + (c2(T ) + 1)X2
T = 0

4567M9N�, DA)& ,0%$. %B. !F;)$)!B.* !�.,; >D/; /; )0.%!D!)%3
 %/0
 ., !�.,; 1&O!.;:/�6 P(./.%,
 D/;">. ,0%@%&. <!$#&)&* "#/:A"%/0. %, ",#,:(%B )0)%@1,%, ,"D$. O;,'/#;:$. !F;)$)!B.L
dc1(t)

dt
+
(

r − (µ− r)2

σ2
)

c1(t) = 0, c1(T ) = 2λm, 4567Q9
dc2(t)

dt
+
(

2r − (µ− r)2

σ2
)

c2(t) = 0, c2(T ) = −1. 4567R9SA./01! D/;">. %;
 ",#,"(.B !F;)$)!;
* :,; ",�#./01! %;
 DA)!;
 %/0

c1(t) = 2λmexp

{

(

r − (µ− r)2

σ2
)

(T − t)

}

, 4567T9
c2(t) = −exp

{

(

2r − (µ− r)2

σ2
)

(T − t)

}

. 4567U9K.%;:,<;)%$.%,
 D/;">. %;
 DA)!;
 %B. !F;)$)!B. )%&. 4567I9* H#�):/01! >%; / H3D%;)%/
 3D!+2/
 "/0?(2.,1! !�.,; & )0.(#%&)&
u∗(t, x) =

(µ − r)
[

λmexp
{

(

r − (µ−r)2

σ2

)

(T − t)
}

− xexp
{

(

2r − (µ−r)2

σ2

)

(T − t)
}]

σ2xexp
{

(

2r − (µ−r)2

σ2

)

(T − t)
} . 4565G9

5T
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 ! "#$%&' ()*+,&+'
 &+$.+'/,01
 2% +'3 2)4565 +73 BSDEs ! "#$% $&' (")*+)",- ." "'$/0!$1(�3-#0! $- �4/- ()567&0" !(/7-+%
 9")$-,#7":�-#; 9)&3/0-(-/<'$"
501
 0/" !'"77":$/:% 0=.-4- $-# >#'"0/:-? ()-+)"00"$/30-?@ A ")9% $-# 3$-9"3$/:-? 0!+�3$-# :"$*$-' Pontryagin ." 0"
 !(/$)=B!/ '" 7?3-#0! $- ()567&0" (-# 4/"$#(<3"0! :*'-'$"
 9)%3& $&
 .!1)�"
(-# "'"($?C"0! 3$" 4?- ()-&+-?0!'" :!,*7"/"@D(-.=$-#0! 5$/ & 4/"4/:"3�" $-# (7-?$-# 0"
 (!)/+)*,!$"/ "(5 $&' !C�313&
dX(t) = [rX(t) + α(t)(µ − r)]dt+X(t)σα(t)dWt, X(0) = x0. EF@FGHEI4< 4!' ." 7?3-#0! $- ()567&0" 1
 ()-
 $-' =7!+9- u (-# !:,)*J!/ (-3-3$5 "77* 1
 ()-
 $- α (-#!:,)*J!/ (-35@ >!' 4&0/-#)+!� ()567&0" "#$5 501
 :".<
 0(-)-?0! '" 0!$",!).-?0! "(5 $-' ='"'=7!+9- 3$-' *77- 0=31 $&
 39=3&
 u(t) = S(t)α(t)

X(t) @HKL(1
 "'",=)"0!; $- :)/$%)/- 0=3&
 $/0%
 M 4/":?0"'3&
 +/" $&' !(/7-+% 9")$-,#7":�-#; =9!/ '" :*'!/ 0!$&' !7"9/3$-(-�&3& $&
 4/":?0"'3&
 $&
 (!)/-#3�"
 0"
 #(5 $-' (!)/-)/305 5$/ & "'"0!'50!'& $/0% $&
!�'"/ �3& 0! :*(-/" 4-.!�3" 3$".!)*; 4&7"4%
V (m) = inf

α∈A
[V ar(XT )|E[XT ]] , m ∈ R. EF@FNH $&' ")9% $-# :!,"7"�-#; 4!�C"0! 5$/ $- ()567&0" "#$5 !�'"/ /3-4?'"0- 0! $&' !(/7?3& $-# ()-67%0"$-
!?)!3&
 6=7$/3$-# !7=+9-#

Ṽ (λ) = inf
α∈A

[

E[XT − λ]2
]

, λ ∈ R.O"3/J50!'-/ 3$&' ")9% $-# 3$-9"3$/:-? 0!+�3$-# (-# (!)/+)*B"0! '1)�$!)" ." !(/7?3-#0! $- ()567&0""#$5@  :-(5
 0"
; 5(1
 :"/ ()/'; !�'"/ '" 0!+/3$-(-/%3-#0! 1
 ()-
 $-' =7!+9- 0"
 α :*(-/- 3#'")$&M3/-!/4=
 $&
 0-),%

J(α) = E

[
∫ T

0
f(t,X, α)dt + g(XT )

]5(-# 3$&' (!)�($13& 0"
 f(t, x, α) = 0 :"/ g(x) = (x− λ)2@P(-)-?0! !(-0='1
 '" #(-7-+�3-#0! $&' Q"0/7$-'/"'% 3#'*)$&3& $-# ()-67%0"$-
 !7=+9-#@ KI9-#0!
H(x, α, y, z) = µ̃(x, α)y + tr[σ̃(x, α)z] + f(t, x, α)

= [rx+ α(µ − r)]y + σαz EF@FFHR'$�3$-/9"; & 3#J#+%
 !C�313& (adjoint BSDE) +/" :*.! α #(-7-+�J!$"/ 1

{

dY (t) = DxH(t, x, α, y, z)dt − Z(t)dWt = Y (t)rdt− Z(t)dWt,
YT = Dxg(XT ) = 2(XT − λ)

EF@FSHKI3$1 $<)"; 5$/ α̂ ∈ A ='"
 #(-B%,/-
 6=7$/3$-
 =7!+9-
 +/" $- 9")$-,#7*:/- :"/ X̂, (Ŷ , Ẑ) -/ "'$�3M$-/9!
 4/"4/:"3�!
 (-# $-' 3#'-4!?-#'@ T5$!; & Q"0/7$-'/"'% 3#'*)$&3& ." (*)!/ $&' 0-),%
H(x, α, Ŷ , Ẑ) = rxŶ (t) + α[(µ − r)Ŷ (t) + σẐ(t)]R'"J&$-?0! 7-/(5' $- α (-# 0!+/3$-(-/!� $&' Q"0/7$-'/"'%@ P! $&' 3#'%.& 4/"4/:"3�" !?)!3&
 0!+�3$-#("�)'-#0!U

Φ(α) = rxŶ + α[(µ − r)Ŷ + σẐ]

∂Φ(α)

∂α
= 0 ⇒ (µ − r)Ŷ + σẐ = 0 EF@FVHFW
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 !" #$%!&' (&)*+ ,�."! ." /0$12, &34$!$. 54$*'6!$ 7+
 2$06'

Ŷt = φ(t)X̂t + ψ(t) 9:;:<=>(7, + ,?�(@(+ ." )A,! #1(+ 9B4$5 ψ(.), φ(.) .7,7,02!.!(7!&)
 (5."07'(,!
=;C 54$#$%!(2B
 "57>. 7@. (5."07'(,@. ,�."! 7$ &#,!D� (7+. #1(+ 7$5 40$/#'2"7$
; E0A!&3F ,6"02BG$52,(7+. (5G5%' BSDE 9:;:H= 7+. 2$06' 7+
 #1(+
 4$5 54$I)("2, &"! 4"�0.$52,

dφ(t)X̂(t) + dψ(t) + φ(t)dX̂(t) = −r[φ(t)X̂(t) + ψ(t)] + Ẑ(t)dWt. 9:;:J=KC2@
F #B%@ 7+
 9:;:L= + 4"0"43.@ (A)(+ %�.,7"!
dφ(t)X̂(t) + dψ(t) + φ(t)

[

[rX̂(t) + α̂(t)(µ − r)]dt+ σα̂(t)dWt

]

=

−r[φ(t)X̂(t) + ψ(t)] + Ẑ(t)dWt. 9:;:M=E57B 4$5 I" &3.$52, 7>0" ,�."! (7+. 4"0"43.@ (A)(+ ." D!"A@0�($52, 7$ .7,7,02!.!(7!&B &"! 7$ (7$NA"(7!&B &$2237! 7+
; KO7(!F 40$&147$5. $! 4"0"&37@ D1$ ,?!(>(,!

φ′(t)X̂(t) + φ(t)[rX̂(t) + α̂(t)(µ − r)] + ψ′(t) = −r[φ(t)X̂(t) + ψ(t)], 9:;:P=

φ(t)σα̂(t) = Ẑ(t), 9:;HQ=7!
 $4$�,
 ,6$D!3G$52, 2, 7!
 7,02"7!&)
 (5.I'&,

φ(T ) = 2, ψ(T ) = −2λ 9:;HL=$! $4$�,
 40$&147$5. 2, "4#' ".7!&"73(7"(+ (7+. (A)(+ 9:;:<=;R7+. (5.)A,!"F A0+(!2$4$!>.7"
 7!
 (A)(,!
 9:;:S=F9:;:<= &"! 9:;HQ= 40$&147,! + ,?'
 (A)(+ %!" 7$ α̂

α̂(t) =
(r − µ)Ŷ (t)

σ2φ(t)
=

(r − µ)(φ(t)X̂(t) + ψ(t))

σ2φ(t)
. 9:;HT=O4�(+
F "4B 7+. (A)(+ 9:;:P= 40$&147,! B7!

α̂(t) =
(φ′(t) + 2rφ(t))X̂(t) + ψ′(t) + rψ(t)

(r − µ)φ(t)
. 9:;H:=O?!(>.$.7"
 #$!4B. 7!
 (A)(,!
 9:;HT= &"! 9:;H:= &"! &3.$.7"
 #�%,
 403?,!
 4"�0.$52, 7+. ,?�(@(+

φ′(t)X̂(t) + 2rφ(t)X̂(t)− (µ − r)2

σ2
φ(t)X̂(t) = ψ′(t) + rψ(t)− (µ− r)2

σ2
ψ(t) ⇒

X̂(t)

[

φ′(t) +
(

2r − (µ − r)2

σ2
)

φ(t)

]

= ψ′(t) +
(

r − (µ − r)2

σ2
)

ψ(t). 9:;HH=E. #$!4B. I,@0'($52, 2!" #$%!&' #1(+ 7+
 4"0"43.@ ,?�(@(+
 7+. 0x = 0F &"! 430$52, &"! 7!
 7,02"7!&)
(5.I'&,
 4$5 40$(I)("2, 4"0"43.@F %!" 7$. 54$#$%!(2B 7@. φ,ψ "0&,� ." #1($52, 7!
 D1$ (5.'I,!
D!"6$0!&)
 ,?!(>(,!

φ′(t) +

(

2r − (µ− r)2

σ2
)

φ(t) = 0, φ(T ) = 2 9:;HS=
ψ′(t) +

(

r − (µ− r)2

σ2
)

ψ(t) = 0, ψ(T ) = −2λ 9:;H<=HQ
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 !"#
 %& '(% '&)*%+&,#
 -.&/0/-&
 #1%!2 3(/4 ,3-&/"%( "(5%!6 ,)& %& 3(/-&
 )!"#
 -�2)& %&
φ(t) = 2 exp

[

(

2r − (µ − r)2

σ2
)

(T − t)

]

, 89:;<=
ψλ(t) = −2λ exp

[

(

r − (µ− r)2

σ2
)

(T − t)

]

. 89:;>=?- )!"#
 "&
 -5&3%@#
 3%&5A2 @&) "&
 φ,ψλ "% B-(@%
 (Ŷ , Ẑ) 3(2-& "42 /!B!@C BSDE (3.34) ,)& &,)2%5%&%(2D")& %& /!2EC,-
 "%! E-F+CG)"%
 H-3"&/"%5%�4/4
 I:9:J: K5%G#2F
6 % H#3"&/"%
 #3-@1%
 '�2-")& )5A "42/1#/4 89:;I=6 "% %5%�% AGF
 G5%+-� 2) @+)*-� ,)& /"42 ?)+,%H&)2C G%+*C F

ûλ(t, x) =

(r − µ)(φ(t)x + ψλ(t))

σ2φ(t)
. 89:;L=

;J
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 !" #$%&'()* +,- './01,- 2. 1.1('3-% 4%5 26)4&527 ! "#$% $&' (")*+)",-. /" 0-12! 3"$* (45- !�'"7 "(-$!8!52"$739
 -7 29/-0-7 $-# 0#'"273-1 ()-+)"2;2"$752-1 3"7 $<' BSDEs !,")24=-'$"
 $!
 5! ()"+2"$73* 0!0-29'"> ?7" '" 9@-#2! 3"7 3*(-7- 29$)-51+3)75&
. (")*88&8". /" @)&572-(-7%5-#2! 3"7 3*(-7!
 5$)"$&+739
 (-# 0!' 8"2A*'-#' #(4B&' $-#
$- $7 5#2A"�'!7 5$&' "+-)* 3"7 !�'"7 ()-"(-,"57529'!
> ! ()C$& ,*5& /9$-#2! $- (8"�57- 5$- -(-�- !)+"=42"5$!> D(-/9$-#2! 4$7 3*(-7-
 !'07",9)!$"7 '"!(!'015!7 $- (45- $<' EFFFF 5! 3*(-7- !(!'0#$734 5@907- (-# 5! 07*)3!7" !'4
 9$-#
 /" $-# "(-,9)!73*(-7" 5#+3!3)729'& "(40-5&> G 5$)"$&+73% (-# /" $-' -0&+%5!7 5! "#$4 $-' -73-'-2734 5$4@- !89+@!;$"7 3"/&2!)7'*. 0&8"0% 3*/! &29)" (-# #(*)@!7 8!7$-#)+�" $<' "+-)C'> H ")7/24
 $<' &2!)C' (-# 8!7;$-#)+-1' -7 "+-)9
 5! 9'" 9$-
 !�'"7 IJK> ?7" '" ()-5-2-7C5-#2! $&' 3"$*5$"5& 5$&' -(-�" !L!8�5!$"7& "+-)*. #(-/9$-#2! 4$7 & 3*/! 2!$-@% /" !�'"7 27" "#$4'-2& 3�'&5& Brown 2! 5&2!�- !33�'&5&
 $&'$72% $&
 2!$-@%
 5%2!)"> H7 5$)"$&+739
 (-# /" @)&572-(-7%5-#2! /" "'"2!7+'1-#' $)"(!=73* 3!,*8"7"2! 2!$-@9
> M*'-'$"
 $&' 5@!$73% 9)!#'". A)%3"2! 4$7 "' 3*(-7-
 5%2!)" %/!8! '" 3*'!7 27" ()-/!527;"3% 3"$*/!5& !'4
 9$-#
 29@)7 $- 1B-
 $-# (-5-1 (-# "'",9)"2!. $- 3"81$!)- !$%57- !(7$437- (-# /"9A)753! 5$&' !88&'73% $)"(!=73% "+-)* !�'"7 N.KIO>P(7(89-'. 9@-#2! (")"$&)%5!7 $&' 5#2(!)7,-)* $!55*)<' 2!$-@C' $- ()-&+-12!'- 9$-
 9$57 C5$!'" 9@-#2! 75$-)73* 5$-7@!�" (-# '" 2"
 !(7$)9(-#' '" #(-8-+�5-#2! $7
 (")"29$)-#
 $-# 2-'$98-# $<'
Black-Scholes 2! 5$"/!)-1
 5#'$!8!5$9
> H7 2!$-@9
 !�'"7 !(78!+29'!
 9$57 C5$! '" 2(-)95-#2! '"0-372*5-#2! $7
 5$)"$&+739
 2"
 5! 07",-)!$739
 5#2(!)7,-)9
 2!$-@C'> Q" "'",9)-#2! A9A"7" 4$7 #(;-/9$-#2! 4$7 $" 345$& 5#'"88"+C' !�'"7 2&0!'73* C5$! '" 3)"$%5-#2! $" ()*+2"$" 45- (7- "(8* +�'!$"7>R! "#$9
 $7
 $955!)7
 2!$-@9
 8-7(4'. /" 3"$"53!#*=-#2! 3*/! ,-)* 9'" @")$-,#8*37- $- -(-�- /"(!)729'-#2! '" 2"
 0�'!7 3*(-7" 5#+3!3)729'& "(40-5& 5$- (9)"
 $-# @)4'-#> G !3*5$-$! 5$)"$&+73%/" 3*'!7 27" 2�L& $<' A9A"7<' 3"7 "A9A"7<' $�$8<'. & -(-�" /" *88"=!7 3*/! 29)". 2! 53-(4 '" !(7$!#@/!�& "(40-5& 5$4@-
> S!"875$73% #(4/!5& !�'"7 '" ()-5("/%5!7 3"'!�
 295< $<' 5$)"$&+73C' '" "#L%5!7$-' ")@734 (8-1$- $-# 9<
 3"7 EFO 5! 9'" 9$-
> T9)" $<' 5$)"$&+73C' $-# 0#'"273-1 ()-+)"22"$752-13"7 $<' BSDEs /" @)&572-(-7%5-#2! 3"7 *88!
 $)!7
 5$)"$&+739
. $&' UJF;JFU. $&' UVF;NFU 3"7 $&' UWF;KFU>H ()C$-
 ")7/24
 "'",9)!$"7 5$- (-5-5$4 !(� $-7
 !3"$4 $-# (8-1$-# (-# $&' !3*5$-$! @)-'73% 5$7+2%/" !(!'01!$"7 5$- $)"(!=734 3!,*8"7- !'C - 0!1$!)-
 5$- (-5-5$4 (-# !(!'01!$"7 5$&' 2!$-@%>  "'5$)"$&+739
 2(-)-12! '" $7
 -'-2*5-#2! 9(7/!$73%U. U2!$)7-("/%5U 3"7 U5#'$&)&$73%U>H $)4(-
 2! $-' -(-�-' /" *L7-8-+%5-#2!U $7
 5$)"$&+739
 2"
 !�'"7 ()-5-2-7C'-'$"
 $&' ()"+;2"$734$&$" 2! $&' A-%/!7" $&
 2!/40-# Monte-Carlo.  #+3!3)729'". /" ()-5-2-7C5-#2! EFFF ,-)9
$&' !L987L& $&
 3*/! 2!$-@%
 295" 5! 9'" 9$-
> UP@-'$"
 9$57 9'" 5&2"'$734 ")7/24 ()"+2"$-(-7%5!<'27"
 5$)"$&+73%
. 2(-)-12! !13-8" '" #(-8-+�5-#2! 5$"$75$73-1
 0!�3$!
 (-# /" 2"
 !(7$)9B-#' '" "L7;-8-+%5-#2! 3"7 '" 3)�'-#2! $&' 5#2(!)7,-)* $&
 3*/! !(!'0#$73%
 (-87$73%
> X)@73*. /" #(-8-+�5-#2!$&' "'"2!'42!'& $72% $&
 (!)7-#5�"
 2"
 5$- $98-
 $-# @)-'73-1 -)�=-'$" $&
 !(9'0#5&
 3"/C
 !(�5&
3"7 $&' $#(73% "(43875& $<' $72C' "#$C'> Y1- "342& !'07",9)-' 0!�3$!
. (-# /" #(-8-+�5-#2!. !�'"7 &"(45$"5& "(4 $&' $72% 5$4@- m 5! 3*/! (!)�($<5& & -(-�" /" #(-8-+75$!� <


√

E(XT −m)23"7 - *88-
 0!�3$&
 (-# !�'"7 $- ()"+2"$734 5,*82" $-# ()-A8%2"$-
 4(<
 0!�L"2! 5$&' (")*+)",- K>E#(-8-+�=!$"7 <

√

E(XT − λm)2.
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 !"#$%&! '(#)*$+ ,)('(-�/($01
 01 3010#30#"% &4051 )(, 1$16451&!+ !615&*/($01
 0#
 !)!$7,0#"4
305108-#"4
 3! "%9! &�1 1)* 0#
 &!0(:4
 &1
; !"#$% &' ( µ = 0.08, σ = 0.10

Expected Value of XT by Portfolio Return

Strategy 5% 6% 7% 8% 9% 10%

Dynamic Programming 10489.95 10575.83 10655.71 10718.82 10756.38 10775.90
BSDEs 10489.95 10575.83 10655.71 10718.82 10756.38 10775.90
50-50 10610.93 10610.93 10610.93 10610.93 10610.93 10610.93
60-40 10576.29 10576.29 10576.29 10576.29 10576.29 10576.29
70-30 10541.84 10541.84 10541.84 10541.84 10541.84 10541.84

Standard Deviation of XT by Portfolio Return

Strategy 5% 6% 7% 8% 9% 10%

Dynamic Programming 158.77 427.82 691.81 905.18 1023.83 1083.08
BSDEs 158.77 427.82 691.81 905.18 1023.83 1083.08
50-50 549.53 549.53 549.53 549.53 549.53 549.53
60-40 437.88 437.88 437.88 437.88 437.88 437.88
70-30 327.12 327.12 327.12 327.12 327.12 327.12<(#0=$01
 01 1)'% )!5#-516#"% &4051 -#1 08$ &!0(:> ?@+ )151085(A&! *0# (# 305108-#"4
 )(, !)#'4-(,$(# &49(7(# 0(, B,$1&#"(A )5(-51&&10#3&(A "1# 0C$ BSDEs 7�$(,$ 01 �7#1 1)(0!'43&101; ?,0* 0()!5#&4$1&! "1# 1$1&4$(,&! $1 7(A&! 0( �7#( "1# 301 1)(0!'43&101 0C$ 7!#"0=$ 1)*"'#38
; D 5!1'#3&*
0C$ 305108-#"=$ 1,0=$ 61�$!01# ",5�C
 30( 7!A0!5( )#$1"%"# *)(, '(-#"% 8 0,)#"> 1)*"'#38 08
 0!'#">
0#&>
 08
 )!5#(,3�1
 &1
 /80=$01
 1)*7(38 EFG !�$1# )('A &!-1'A0!58 1)* *0# /80=$01
 1)*7(38 HG;?$0�9!01+ (# ,)*'(#)!
 $0!0!5&#$#30#"4
 305108-#"4
 7�$(,$ 3! "%9! "'�&1"1 1)*7(38
 0( �7#( $(A&!5(+"%0# )(, !�$1# '(-#"* 1''% *:# 5!1'#30#"*;

Wealth Target Error by Portfolio Return

Strategy 5% 6% 7% 8% 9% 10%

Dynamic Programming 159.01 428.29 692.88 908.37 1033.35 1105.49
BSDEs 159.01 428.29 692.88 908.37 1033.35 1105.49
50-50 560.34 549.36 556.43 580.88 620.68 673.09
60-40 444.26 438.30 454.81 491.52 544.36 609.16
70-30 329.62 332.09 363.20 416.59 484.95 562.86

Lagrangian Error by Portfolio Return

Strategy 5% 6% 7% 8% 9% 10%

Dynamic Programming 443.06 1196.36 1953.48 2708.99 3460.21 4216.78
BSDEs 443.06 1196.36 1953.48 2708.99 3460.21 4216.78
50-50 622.37 1213.63 1950.70 2717.42 3494.32 4275.85
60-40 546.52 1199.56 1956.02 2731.27 3512.89 4297.42
70-30 487.63 1196.85 1968.22 2749.93 3535.13 4321.91?$0�30(#:1 0=51+ "1# 30(,
 7!�"0!
 1)*"'#38
 (# $0!0!5&#$#30#"4
 305108-#"4
 7! '1&I%$(,$ ,)*J8 08$1)*7(38 30*:( )(, /80%&!; K#@ 1,0* "1# 8 1AL838 0(, '%9(,
 30( 7!�"08 1)*"'#38
 1)* 08$ 1)*7(3830*:(+ "19=
 1,L%$!# 8 1)*7(38+ !�$1# &#"5>; D)*0! 7!$ &)(5(A&! $1 )(A&! *0# ( 7!�"08
 1,0*
 7!�:$!# 0()51-&10#"* '%9(
 "%9! &!9*7(,; M( )51-&10#"* 36%'&1 08
 "%9! &!9*7(, 7�$!01# 1)* 08$ 1)*"'#38 1)*0($ !"%30(0! )(''1)'13#130> Lagrange + "%0# )(, ,)('(-�/!# ( 7!A0!5(
 7!�"08
 )(, !#3%-1&! $C5�0!51;NO
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 ! "#$%&'#()* +,#-*"%$"& %$
 %$)/
 %0! -123)&%0! 0
 +,#
 %#! +#332+32-$2-%4 Lagrange 5$2 %6!"&7* -%,2%65$"48 72 +2,2%6,4-#()* 9%$ #$ +$# )$",/
 %$)/
 -* "&7* +*,�+%0-6 *+$%(5;&!#!%2$ 2+9 %$
)*79<#(
 +#( 2!2+%='2)* -%# <*=%*,# "*1&32$#>  (%9 *�!2$ 3#5$"9 21#= #$ +#3$%$"/
 2(%/
 2",$?@
 2(%9%# ",$%4,$# *32;$-%#+#$#=!> A&3$-%28 *'2",$?@!#()* "2$ %# 9%$ #$ <=# )/7#<#$ %2(%�B#!%2$ -* 2(%9 %#+,9?36)2 "27@
 +2,&5#(! '2!& %$
 �<$*
 2",$?@
 %$)/
>  +9 *<@ "2$ -%# *'4
8 *+*$<4 %2 2+#%*3/-)2%272 %2(%�B#!%2$ 72 +2,27/%#()* %$
 %$)/
 )9!# %6
 )*79#<( %0! BSDEs.A* -"#+9 !2 <#=)* %6! -()+*,$1#,& %0! )*79<0! -* <$&1#,*
 -(!74"*
8 +2,27/%#()* "2$ "&+#$22+#%*3/-)2%2 ;,6-$)#+#$@!%2
 %$
 (+93#$+*
 )*%#;/
>  (%9 +#( /;*$ *!<$21/,#! !2 <#=)* *�!2$ %# +@
2!%$<,& 6 -%,2%65$"4 )2
 "&%0 2+# (C639%*,*
 2+#<9-*$
 )*%#;@! "2$ 1(-$"& <$2"()&!-*$
>
 !"#$% &' ( µ = 0.12, σ = 0.25

Expected Value of XT by Portfolio Return

Strategy 5% 6% 7% 8% 9% 10%

BSDEs 10488.38 10571.54 10654.91 10737.96 10814.58 10882.69
50-50 10795.24 10795.24 10795.24 10795.24 10795.24 10795.24
60-40 10722.07 10722.07 10722.07 10722.07 10722.07 10722.07
70-30 10649.95 10649.95 10649.95 10649.95 10649.95 10649.95

Standard Deviation of XT by Portfolio Return

Strategy 5% 6% 7% 8% 9% 10%

BSDEs 192.03 519.64 845.61 1168.84 1491.28 1794.98
50-50 1407.73 1407.73 1407.73 1407.73 1407.73 1407.73
60-40 1115.25 1115.25 1115.25 1115.25 1115.25 1115.25
70-30 828.96 828.96 828.96 828.96 828.96 828.96

Wealth Target Error by Portfolio Return

Strategy 5% 6% 7% 8% 9% 10%

BSDEs 192.29 520.16 846.39 1169.91 1492.98 1797.53
50-50 1437.02 1419.86 1409.59 1406.38 1410.27 1421.19
60-40 1136.59 1121.36 1114.91 1117.41 1128.81 1148.82
70-30 842.01 830.05 830.06 842.03 865.46 899.46

Lagrangian Error by Portfolio Return

Strategy 5% 6% 7% 8% 9% 10%

BSDEs 632.85 1711.05 2788.54 3865.51 4948.37 6033.65
50-50 1437.22 1989.08 2883.29 3890.55 4942.21 6015.04
60-40 1174.29 1852.65 2819.88 3864.87 4938.51 6025.49
70-30 938.83 1759.23 2788.28 3862.66 4952.97 6050.60
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 !"#$% &' ( µ = 0.17, σ = 0.32

Expected Value of XT by Portfolio Return

Strategy 5% 6% 7% 8% 9% 10%

BSDEs 10490.32 10576.71 10663.14 10749.85 10836.21 10920.41
50-50 11038.56 11038.56 11038.56 11038.56 11038.56 11038.56
60-40 10914.22 10914.22 10914.22 10914.22 10914.22 10914.22
70-30 10792.23 10792.23 10792.23 10792.23 10792.23 10792.23

Standard Deviation of XT by Portfolio Return

Strategy 5% 6% 7% 8% 9% 10%

BSDEs 151.03 408.48 665.69 919.69 1172.83 1424.75
50-50 1854.66 1854.66 1854.66 1854.66 1854.66 1854.66
60-40 1461.74 1461.74 1461.74 1461.74 1461.74 1461.74
70-30 1080.61 1080.61 1080.61 1080.61 1080.61 1080.61

Wealth Target Error by Portfolio Return

Strategy 5% 6% 7% 8% 9% 10%

BSDEs 151.03 408.94 666.37 920.60 1173.98 1426.26
50-50 1930.38 1904.91 1884.40 1869.02 1858.91 1854.14
60-40 1518.59 1494.42 1476.63 1465.47 1461.08 1463.52
70-30 1118.90 1097.04 1083.99 1080.09 1085.43 1099.87

Lagrangian Error by Portfolio Return

Strategy 5% 6% 7% 8% 9% 10%

BSDEs 403.93 1091.09 1778.11 2463.68 3149.26 3836.39
50-50 1861.84 1933.59 2249.04 2724.81 3292.12 3911.35
60-40 1461.84 1609.11 2022.02 2575.83 3198.17 3856.00
70-30 1082.52 1341.88 1864.53 2489.85 3157.42 3845.29 !"#$% )' ( µ = 0.18, σ = 0.40

Expected Value of XT by Portfolio Return

Strategy 5% 6% 7% 8% 9% 10%

BSDEs 10489.34 10574.08 10658.83 10743.97 10828.76 10912.69
50-50 11097.99 11097.99 11097.99 11097.99 11097.99 11097.99
60-40 10960.09 10960.09 10960.09 10960.09 10960.09 10960.09
70-30 10825.44 10825.44 10825.44 10825.44 10825.44 10825.44

Standard Deviation of XT by Portfolio Return

Strategy 5% 6% 7% 8% 9% 10%

BSDEs 171.58 464.19 756.80 1046.65 1335.37 1622.42
50-50 2335.30 2335.30 2335.30 2335.30 2335.30 2335.30
60-40 1835.68 1835.68 1835.68 1835.68 1835.68 1835.68
70-30 1353.84 1353.84 1353.84 1353.84 1353.84 1353.84
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Wealth Target Error by Portfolio Return

Strategy 5% 6% 7% 8% 9% 10%

BSDEs 171.82 464.68 757.55 1047.63 1336.60 1623.95
50-50 2409.52 2386.67 2367.82 2353.08 2342.52 2336.19
60-40 1891.58 1869.77 1853.11 1841.74 1835.75 1835.20
70-30 1391.75 1371.82 1358.97 1353.41 1355.22 1364.38

Lagrangian Error by Portfolio Return

Strategy 5% 6% 7% 8% 9% 10%

BSDEs 511.98 1383.69 2255.41 3125.84 3996.21 4866.84
50-50 2337.55 2460.91 2879.15 3487.74 4204.84 4983.81
60-40 1834.80 2051.42 2586.81 3288.82 4072.16 4897.97
70-30 1361.05 1714.14 2380.24 3167.68 4005.54 4867.85 !"# $%#&'()*+ ,)* #* -.!)/-.-)0$-%1( *%!2 !* *.-!(3&$1*!* 4* .*5*4&$-%1( 1(5)/2 6)*,5211*!*78*�5#-%1( $*# :2$" !)
 .(5).!<$()
 !=# 1(!-'<# ,)* !)
 -.-�(
 (�6*1( $( /2.-)(
 $%,/(/5)1&#(
 *.-6>?$()
 !"# $%1.(5)@-52 !=# 1(4>6=#7 A%!> .-% 4* /2#-%1( !<5*+ (�#*) ,)* /24( 1�* *.> !)
 1(!-'&
 *%!&
+$!- 6)2$!"1* *.>6-$"
 !"
 (.&#6%$"
 BC 1( DEC+ #* 6-F1( $%#('<
 !"# $%1.(5)@-52 !=# 1(4>6=#=
 .5-
 /2.-)-%
 6(�/!(
7 8)- *.32+ 4* /*!*$/(%2$-%1( /2.-)* ,5*@01*!*+ .-% $!-# -5)G>#!)- 2H-#*4* &'-%# !"# *.>6-$" $!>'- !"
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Figure 3.1: µ = 0.08, σ = 0.10 !
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Figure 3.2: µ = 0.12, σ = 0.25
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Figure 3.3: µ = 0.17, σ = 0.32
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Figure 3.4: µ = 0.18, σ = 0.4 !
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