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Abstract

A stochastic process is, in some way, a collection of paths evolving to time, chosen within
some law (ie, probability measure). These paths can be either discrete —eg sequences, or
functions defined on intervals. In the latter case we get what we call continuous-time stochastic
processes. And this is the object of study in this text.

Analysis as a branch of mathematics, offers roughly, procedures by which we can respond
in limit-finding problems: That is, where a function is about to converge to? Or if we are
given a collection of functions, can we extract results about the convergence of this collection?
Compactness plays a fundamental role in this direction.

With this in mind, we look for compactness arguments so that we are lead to existence of
limits. In probabilities, the concept of Martingale is more or less a compactness argument
about a stochastic process: If we get the instance of a stochastic process at a given moment
in time and look at it through the information of a previous moment, we'll fall back on the
instance of the process at that previous moment. Not by chance, this argument of compactness,
often comes as a natural law in a wide range of applications: from game theory, physics
experiments, to stocks on the stock market.

Despite the nice properties and naturality of Martingales, it is impossible to put into
operation one of the most fundamental tools of analysis: the integral. Even continuous
Martingales (i.e. processes whose trajectories are continuous functions) are inappopriate
integrators in Lebesgue-Stieltjes integrals. This is where the It integral comes in.

The It6 integral is therefore a generalization of the Lebesgue-Stieltjes integral over a
whole stochastic process. It gives us the tools on which we can build differential equations
for stochastic processes and consequently, tools with which we can predict the evolution of a
stochastic process, a random natural system, etc.

We here present the Itd6 integral for continuous Martingales and see some fundamental
applications of it. We preferred to define the integral using the quadratic variation of a
martingale.

In the first chapter we present the general theory we will need as well as define the idea of
quadratic variation.

In the second chapter, we give very briefly the definition of Brownian motion. This is the
most fundamental continuous Martingale pattern and perhaps the principal integrator in the Itd
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integral. Brownian motion is nothing other than the continuous version of the random walk.

In the third chapter, we are ready to define the stochastic integral for continuous
Martingales and to give a formula through which we can evaluate stochastic integrals in a
similar way that we seek for antiderivatives in the classical integration theory. This is the
famous It6 formula.

In the fourth chapter we will see the first applications of this formula. A key notion that
will concern us is that of exponential Martingales, the laws they induce and how through
these laws we can look at other Martingales. So we'll finally get —and stop, to the Girsanov
Theorem, presented in its most modern version.



Iepiinyn

Mia otoyaotiky] avéMEn, elvar kotd kdmowov TpOTO pio. GLAAOYN OO HOVOTMATIO GTOV
xpOVo, TOv EMALYOVTAL OTO TAOIGLO KATOwL VvOpov (OnAadn, pétpov mbBavottag). Ta
HOVOTATIOL ALTE UTOPOVV VoL Elvan €1Te d10KPLTd —T) 0KOoAoVOieg, €lTe GLVOPTAGELS OPIGUEVES GE
SLIGTAUATO. XTIV TEAEVTOLO TEPIMTMOOT EYOVUE OVTO TOV AEUE GTOYUOTIKEG AVEAIEELG GLVEYOVG
xpovov. Kat avtég pog anacyolovv 6€ autd To KEILEVO.

H avdivon —o¢ kAdo0g TV HabnUOTIK®V, TPOCPEPEL YOVIPIKE, SLOOIKOGIEC LE TIG OTOIES
UTOPOVUE VO OOVTNCOVUE GE TPOPANUOTO £0peons opiwv: Anladn, mpog o mov telvel vo
maer pioo ovvaptnon; 'H av pog 6060ovv po GLAAOYN GLVOPTHGE®V, Umopovue va. eEdyovus
QOTEAEGLATA YIOL TO OV OLTN 1 GLAAOYN ovykAivel kKdmov; H cvurdyeio mailet Bepeimndn
POAO TTPOG LT TNV Katevhuvon.

‘Exyovtog avtd v oyrv, ovolntoOpe EMYEPNUOTO GUUTAYEWS, OCGTE VO  TAPOVUE
amoteAéopata opiov. Xtig mboavotnteg, n évvole tov Martingale eivon katd kémolo Tpdmo Eva
EMYEIPNUA CUUTAYEWOG GE O OTOYOOTIKN avEMEN: Av Tdpovpe TNV KOV HOG GTOYOGTIKNG
avéMENG o€ pio OESOUEVT) YPOVIKT] GTIYUN KO TNV KOITAEOVUE HEGO OTO TNV TANPOPOPIio UG
TpoOTEPNG Kotdotaons, o Eoavoamécovpe Tave oty tpodtepn avt) otiypn. Kabodiov tuyaioa,
avtd TO EMEPNUA CUUTAYELNS, EPYETOL GLYVE (OC PLGIKOG VOLOG GE TANOMPA EPAUPLOYADV:
amd TUYEPA T vidlo, TEPAUATO PVOIKNG, UEXPL TIG LETOYEG OTO XPNUOTIOTNPLO.

[Mopd 115 KaAég 1010TNTEG Kot T LOoIKOTNTA TV Martingales, glvatl addvaro va Bécovpe o€
Aertovpyia éva amd to Pacwotepo epyaleint TG avdAivong: To oAokAnpopa. AKOuo Kol To
ovveyn Martingales (dnAaon aveAilelg tov omoimv ot TpoylEg ot cuveyeic cLVOPTACELS) sivat
anpoOcPOPoL OAOKANPpTEG o€ oAokAnpopato Lebesgue-Stieltjes. Edod elvar mov épyetot to
oAoKApopa Itd.

To oloxAMpopa Itd, etvan pia yevikevon Aowrodv e olokAnpwong Lebesgue-Stieltjes movw
oe pia oAOkANpN otoyaotikn avéMén. Mog olvel to gpyoieio mAV®O GTO OMOI0 UTOPOVUE VO
XTIGOVUE JPOPIKES EEICMOELS Y10l OTOYOOTIKEG aveMEEIS Kol KATO GULVETELY, epyaieio pe Ta
omoio, uropovue va TpoPAEyovEe TNV Topein Hog avEAENGS, EVOS TVYOIOV PLGIKOD GUGTILLOTOG
KA.

Epeig €0 6o mapovsidcovpe to ohokAnpopa Itd yio cvveyy Martingales kot 6o dodpe
pepkés Poaoikéc epoppoyéc tov.  Ilpotynoape va opicovue TO OAOKANPOUN HECH TNG
TETPOYWOVIKNG KOHOVONG €vOg martingale.
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210 TP®OTO KEPAAO mapovstdlovpe TN yevikny Oswpio wov Oa pag ypelactel Kabmg Ko
opilovpe TV €vvola NG TETPUYMVIKNG KOUAVOTG.

210 0e0TEPO KEPAALO, OIVOVUE TOAD GLVOTTIKA, TNV £vvola Tng kivinong Brown. Ipoxetton
v 10 Pacikdtepo mpoOTLTTO cLveEOLG Martingale kol 1GOC TOV KLPLOTEPO OAOKANPWTY] GTO
olokAnpoua [t6. H kivion Brown dev gival timota dAAo amd T cvveyn £K60GT TOL TLYOIOL
TEPUTATOV.

210 Tpito KePAAoo, €ipooTte £TOUOL VO, OPIGOVUE TO GTOYOOTIKO OAOKANPMUO Yo, TO
ovveyn Martingales kot vo dddcovpe €vo TOTO PEGH TOL OMOIOL UTOPOVUE VO VTOAOYILOLUE
OTOYOOTIKA OAOKANP®UATO, HE £vov TPOTO TOPOUO0 HE TOV OMOio ovalnTovUE apyIKEG
GULVOPTNOELS OTNV KAAGGIKT oAokApwon. TIpokeitan yio tov mepipnuo tomo tov Ito.

210 TétopTo KEPAAoo Ba dovue TIG MPOTEG POCIKEG £PAPUOYEG OWTOV TOV TOTOL. Mia
Bacwmn évvown mov Oa pog amacyoAnoet sivor to exBetikd Martingales, ot vopotr mov avtd
EMAYOVV KOl TMOG HEGO amd OVTOVS TOVG VOUOLS pmopovue vo. dovpe Eovd GAla Martingales.
Oa gtdcovpe Aowmdv tehMkd —kar Ba cTopaticovpe, 6to Oempnuo Girsanov, TAPOVGLOGHEVO
oTNV 7O GOYYPOVN TOV EKSOYN.



1. Martingales

1.1 General theory

We make a quick introduction to the general theory of stochastic processes. Most of the
material presented in this section can be found at [KS14, ch. 1].

1.1.1 Definition Let (Q, %, P) be a probability space, (S,8) a measurable space
(usually (R B(R%)) and TC R (usually T = [0, +c0)). An indexed family (X,: Q+— ),y
of random variables is called stochastic process. The probability space (2, F, P) is called
sample space, the measurable space (.5, &) is called state space.

For every fixed w € Q the mapping T3 t —> X,(w) is called path of the process at .

In this text, T will be T = [0,+0c0) by default. Any other choices of T will be explicitly
mentioned. In case T = [0, +o0] we can say that the process has a last element X,.
Two stochastic processes (X;);e7, (Y;),er defined on the same sample space with common

state space are called indistinguishable whenever almost all of their paths coincide, that is
whene IN € % with P(N) = 0 and

w € Nt — VYt e T(X,(w) = Y,(w))
They are called modification of each other when
VieT P(X,=Y]=1.
Two stochastic processes (X,);er, (Y:)er With common state space are called equivalent if for
every t; <t, <...<t, €T the random vectors (th’th’ ...,th) and (YZI,Y, ..,Y,n) have

identical distributions .
It is evident that

27"

indistinguishable — modification — equivalent

and the converse general fails. But we have the following proposition.

T that is, they induce identical measures on "
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1.1.2 Proposition Let (X,);er, (Y));er be two processes such that they are modification
of each other. Then they are indistinguishable.

Proof: Indeed, a right continuous function can be completely determined by its values on
Q. If (g,),en 1s an enumeration of the rationals, and for every n we set N, = [X o F an] , then
N = |J N, € F is negligible. Let w € Q\ N be fixed and 7 € T. Then there is a decreasing

neN
sequence of rationals 7, | # and X,(w) = lim X, (0) = 1limY, (w) = Y, (). ]
1.1.3 Definition Let (X,),er be a stochastic process. The process is called measurable

if the mapping
QXT3 (w,t)— X/(w) €S

is FQ® %(T) — & measurable.

A nondecreasing family (#,),cr of c-algebras, subalgebras of & is called filtration and
whenever for every t € T, X, is %,-measurable, then the process is called adapted to the
filtration. The process is called progressively measurable relative to the filtration (%),cr if
for every ¢t € T the mapping

Qx[0,7] 3 (w,s5) — X,(w) €S

s # @ ([0, t]) — & measurable.

When T = {0, 1,2, ...}, a stochastic process (£,), such that &, is F,_;-measurable for all
n > 1 is called predictable.

A filtration § = (%,),cr 1s said to satisfy the usual conditions if %, is P-complete and for
everyt €T, F = ﬂ F, (ie, the filtration is right continuous).

s>t
A progressively measurable stochastic process is by definition measurable and adapted
(to its filtration). Generally the converse does not hold true. But it is possible to find a
modification of a measurable and adapted process which is also progressively measurable. The
proof of this fact is far from being trivial and is omitted. But we can prove the following
somehow weaker result, which suffices for us.

1.1.4 Lemma Let (X,),cr be a process with all of its paths right (or left) continuous.
Then it is measurable.

Proof: For every n > 1 define

X" (@) = Xpum(@) if T = [0, 4+00) or X{"(@) = X[puppm(@) if T = [0, 5]

Each process (X ,(")> is measurable and the whole sequence converges pointwise to (X,);:
t

lim X" () = X,(w), teT,0eQ

—10-—



We conclude that (X,), measurable as well, being the limit of measurable processes. O

1.1.5 Corollary If the process (X;),er is adapted to the filtration (%,),cr and has all of
its paths right (or left) continuous, then it is also progressively measurable.

1.2 Stopping times

In this section we present the notion of stopping time, crucial to the further development of
our theory. We have chosen not to interfere with optional or predictable times and the related
c-algebras on the product space. The interested reader may be referred to [Del72, ch. III]. We
follow the presentation of [KS14, ch. 1].

1.2.1 Definition Let (Q, %) be a measure space, furnished with a filtration (%,),cr-
A random variable 7: Q +—— [0, +o0] is called random time. A random time also satisfying
[t <t] € # for every t € T is called stopping time. The finest sub c-algebra F, C F in Q,
making the injections

w, =1dey ([t < 1L, F|jpey) — Q. 1ET
measurable is called the o-algebra of events prior to 7.
1.2.2 Comment a) One can easily deduce that

Fo=[lAeF:Anlr<ile F)
teT

which is indeed a oc-algebra, for it is closed under countable unions and it contains
complements: [t <f(][\A=[rt<] ([t <t]NA).

The &, has also the following universal property: A random variable Z: (Q, %) — (Q, %)
is #, — 7 measurable if and only if for all r € T the compositions Z oy, = Z|[ <, are F — F
measurable.
b) A stopping time 7 is trivially &, -measurable.
c) A stopping time 7 also satisfies [z < t] € &, for [z < ] = Unzl [r <t-— %] Random

times satisfying this property are called optional times.

1.2.3 Example If ¢ >0, C € %, then the random time

c fweC

T:Q|—>[O,+oo]:a)|—>1(a))={+oo ifwecC

—11 -



is a stopping time if and only if C € %, and in that case one can easily verify

Fo=[{AeF: An[r <1 € F)

>0

=({AeF:ance )

={AeF . AnCe %}
={(ANC)U(BC)|Ae F,BeF}

So that &%, is a direct sum of the trace c-algebra &%, |. (the events prior to 7) and F |- (the
events after t).

In the special case that C = Q we also obtain that a constant z = ¢ is trivially a stopping
time and &, = #,.

1.2.4 Example Let 7 <o be two random times. We suppose that 7 is a
stopping time. If o is &%,-measurable then it is also a stopping time. Indeed, since
o is F.-measurable, then for all t+ € T the restrictions |, are F-measurable. So
o <rl=[o<tIn[z<1t] = (0] (~00,1]) € F.

1.2.5 Proposition Let 7, 0 be stopping times. Then so are tAo,7V 0,7 + 0.

Let (z,),en be a sequence of stopping times. Then sup 7, is a stopping time too.
neN

Proof: For the minimum and maximum, just observe that [tAc <] =[r <f]N[oc <L t] and
[rVo<t]=[r<t]U[o <Lt]. For the sum, we decompose the second event in a standard way:

[t+o>t]=(r=0nle>th)u(0<t<t]Nnfoc+7T>1])
U(z>tIn[ec=0DuUu(z>tIn[ec > 0]

and then use the also standard argument about the sum of random variables:

O<z<tinlo+r>= [J l[g<r<Anlo>r-g
q€QN(0,7)

to obtain that all the events are in %,.

== <1. O

Finally, observe that lsup 7, <t
neN

neN

1.2.6 Proposition Let 7, 0 be stopping times. Then Z,

TAC

=%, NF, and

[t <ol,loc<tl,[t<Lo],[cL7],[c=7]€F NF,

—12 -



Proof. Let p be a stopping time and ¢t € T be fixed. First observe that the random times
p At,oc At are F measurable. Then for any A € Z,,

Anp<olnfc<t]l=An[p<tIn[p<oc]lnfoc 1]
=An[p<tIn[pAt<LoAtln[c <t]€ F

But ¢ was arbitrary, so AN[p < o] € F,. Similarly, An[p < 7] € F,. Replace p =7Ao0, so
[p <o]=[p < 7]=Q, whence #,,, C F, N F,.
For the reverse inclusion, if A € %, N %, then for all t € T,

ANnfoAnT<tl=(ANn[eLth)UuAN[rtLt]) € &

From the first part of the proof (for A = Q) we get that [oc < 7] € %,. The stopping time
p=1tAois F,,C F,-measurable, so [p < 7] = [c < 7] € F,. Interchanging the roles of o

and 7, we get also that [z < o], [7 < o] € &,. This finishes the proof. ]
1.2.7 Corollary Let 7,0 be stopping times and Z be an integrable random variable.
Then

a. li<oiE |21 F| = 1B [Z | Fopol - Pace.
b. E[E[ZIF]||F,|=E|Z|Fn|. Pae.
Proof: a). Observe that for any A € %, ANn[r <ol € F and as
[t<oc]le F, \, CF, ANn[t < o] € F, as well. So using the definition of conditional
<o

expectation, A N [z le F NnF, =F,,,. So

/1[TS,,]E rAEA dp:/lm]z dP:/ Zdp
A A AN[r<o]

B / E [Z | gr/\d] dp = / i< E [Zl 977/\5] dp
AN[z<o] A

b). The first part of the proof also implies that 1, _;E [Z | 977] = 1< E [Z | 97,,\6] P-a.e. Now
swapping 7 and o, and replacing Z < E [Z | 3‘71] we can extract the requested equality. []

1.2.8 Definition Let X = (X,),er be a stochastic process and = be a stopping time. We
define the stopped process X* = (X{),er as follows:

X, (o) if t < t(w)

X{ (@) = X yn(w) = { X)) ift > (o)

We also put X, for the random variable Q 3 @ — X, (,)(®).

— 13—



1.2.9 Proposition Let (X,),er be an adapted process to the filtration
(Fier> progressively measurable and 7z be a stopping time of this filtration. Then

X:Qr— 50— X(v) = X,,)(w) is F -measurable and the stopped process (X T,\,) 1S

1eT
progressively measurable.

Proof: Just observe that for fixed ¢ € T, the mapping
[0,1] X 2> (5,w) —> (t(w) A 5, w) € [0, ] X Q

is measurable when both product spaces are endowed with & ® AB([0,t]). Progressive
measurability of the stopped process is immediate consequence of the composition of the
former mapping and (@, 1) — X, (®).

Now to this end, if B € &, t € T are given,

X, e Bln[tLt]=[X,, €EBIN[rLt] € F

which proves the & -measurability of X . O

1.2.10 Example An important class of stopping times, is what we call hitting times.
Let (X,),er be an adapted process to the filtration (#;),cy. Let I' C S be a closed subspace of
the state space .S. We further suppose that the process has continuous paths. Then the function

Qow+r—t(w)=inf{reT: X,(w) €T} €[0,+x0]

is indeed a stopping time; this time describes the first time that the process reaches the set I'.
Let t € T. Observe that

(o]

, 1
<= U [dlst(Xr,F) < ;]

n=1 re[0,)HNQ
If ® € Q such that 7(w) <t. Let n > 1. Since u — X,(w) is continuous at z(w), we can find
some 6 > 0 such that whenever [s — 7(w)| < 6 we get d(X (w), X;(,,)(®w)) < 1/2n. Take any
rational r > () — 6 so that d(X,(®), X;(,,)(®)) < 1/2n. By the characterization of the infimum,
we can find some 7(w) < s < 7(w) + 6 such that X (w) € T'. d(X (@), X;)(®)) < 1/2n. Hence

dist(X,(0),I') < d(X, (@), X (@)) < d(X, (@), X;)(@) + d(X (@), X; () (@) < %

If w lies in the right-side set, then we can find a sequence of rationals (g,),—;, 0 < g, <1t
such that dist(X, (w),I')— 0. Since (g,), is bounded, passing to a subsequence, g, — ¢ <t
and X (@) €T’. Sor(w) < g<tand w € [t <1].

Now [dist(X,,F ) < ﬂ € #,;, and so does [t < t]. This proves our claim: hitting times on
closed sets are stopping times.

Note that, if 7(w) > 0, then X, (w) € OE. For if X, (@) € int E, this means that a whole
open interval J around 7(w) would make the path X (w) stay inside E which is impossible.

— 14—



1.3 Martingales, inequalities, optional stopping

In this section we introduce the notion of Martingale. We follow the development of
[KS14, ch 1.3] and [RY13, ch II].

1.3.1 Definition Let (X,),cr be an integrable adapted process to the filtration (%,),cr-
The process is called submartingale (resp. supermartingale) if for all s <re T

E [X, | 975] > X, (resp. E [Xt | 95] < X,) as.
A process wich is both submartingale and supermartingale is called martingale.

1.3.2 Remark If T = [0, +00] then we talk about a (sub)martingale with last element
X - The c-algebra F in this case, should contain at least o (UtZO 971) This as a supplement

(e}

to the last definition.

The following proposition is a direct consequence of the Jensen's inequality for conditional
expectation:

1.3.3 Proposition Let (X;),cr be a martingale (resp. submartingale) and ¢: R — R
be a convex (resp. convex nondecreasing) function such that @(X,) is integrable for all r € T.
Then (@(X,));er 1s a submartingale.

Many of the properties of continuous time martingales come from arguments used in
discrete time processes

1.3.4 Proposition Let (X,),er» T =1{0,1,2,...} be a (sub)martingale adapted to the
filtration (#,),cr and (H,,),cr be a non-negative bounded predictable process. Then the process
(Y,),er defined by

Y0=X0, Yn=Yn—1+Hn'(Xn_Xn—l) . nZl

is also a (sub)martingale. If 7 is a stopping time then the stopped process (X,,M)neT is a

(sub)martingale.

Proof: The first result is direct consequence of the properties of conditional expectation. If
7 is a stopping time, then H, = 1,5, = 1 — 1[,¢,_; satisfies the measurability condition and
further yields Y, = X, O

1.3.5 Remark a) In the literature, the operation (H, X) — Y of the last proposition is
written as (H « X),c7. It is a discrete analogue of continuous time stochastic integral.
b) If X is a bounded martingale and H is a predictable such that E [IH,,I] < 4+oo for all n,
then the transform (H « X) is again a martingale.

— 15—



1.3.6 Proposition Let (X,),er» T =1{0,1,2,...} be a (sub)martingale adapted to the
filtration (¥,),er and o < 7 be two bounded stopping times. Then

X, =E[X,|F] P-as.

Proof: We suppose that (X,), is a submartingale. The key point is to note that
Hl’l = I[TZH] - 1[62!’1]9 n> 1, ylelds

(H.X)H_X():XVIAT_XI'I/\G9 neT

and the submartingale property implies E [(H o X )n] > E [XO], for all ne T So
E [Xnm] >[E [X,W,], for all n. But 0,7 are bounded and taking any n > M := ||z]| leads to
E[X.] > E[X,].

M onA

+o0 on AL
p4 1s indeed a stopping time and apply the previous equality to 7 < 7 A p, and 6 < o6 A py to

obtain E [XTM,A] =E [XGM,A], that is,

We need to show E [XT | EZ,] > X,, P-ae. Let A € #, and define p, = {

E{ly Xo4 1o Xp 2E[14- X+ Lyo- Xy

But A was arbitrarily chosen. This leads us to the desired result.
If (X,), 1s a martingale, then we apply all the previous to both —X, and X, to obtain
equalities. O

A moment's reflection to the second part of the previous proof leads us to the

1.3.7 Corollary Let (X,)pers T =1{0,1,2,...} be a submartingale adapted to the
filtration (%,),er- Then, (X,), is a martingale if and only if for any two bounded stopping
times o < 7,

E[X] =E [x]
holds.

The following are generalizations to maximal inequalities.

1.3.8 Proposition Let (X, X5, ..., Xy) be a submartingale (T is finite). Then for any
A>0.

3o (| max x,22]) <E

1<n<N

1[max X,,Z/l] ' XN]

1<n<N

,1.p<[mm Xng—/l]>§[E[XN—X1]—/ Xy dP<E[X4] -E[X)]

1<n<N [ min_ X,<-4]
1<n<N

_ 16—



Further, for any p > 1,
p P
A P(lrgnnegvXn 2/1) < [E[lXNl ]

and for any p > 1,

P
p
E [lXNlp] <E [lfsllr%>§\[|xn|p] < <pTl> E [lXNlp]

Proof: Put Z = max X,. Let t=min{n €T : X, > A} A N. This is a bounded stopping

1<n<N
time: 7 < N. Now observe that Z < A implies 7 = N. Hence

E[Xy]l = E [X‘r] =E [1[22/1] “Xo+ 1z 'Xr]

= E [lizo - Xo| +E [11z - Xn]
=1-PUZ>AD+E[lize; Xy

Subtract E [1[ z<a X N] from both sides and get the desired inequality.
Put Y = min X,. Let c =min{neT:X,>Ai} AN. This is a bounded stopping

1<n<N

time: 0 < N. Let M, = [min X, < —/1], n=1,2,...,N. Then Q is the disjoint union of

1<k<n

[c<N-1]=My_;, My~ My_, and M]CV, further X, < —4 on M. So we get
E[X,]<E[X,]=E [1[GSN_1]X6 + Lanry X+ 1M%XG]

= [E [I[GSN—l]XU + IMN\MN—IXN+ lM]C\,XN]
< —AP(My) +E[Xy] - E [13, Xy]

which leads us to the second inequality.

For p > 1 the result is immediate consequence of the Jensen's inequality, so that |X,]|,
1 < n < N becomes a submartingale.

For the last part, let W = lr<nnaE§VIXn|, and from A- P([W 2> A]) < E[1ysy - 1 Xnl], we get,

+00

+00
E[W?] =/ pAPIP((W> A]) dA =/ pAP TP (W > A]) dA
0 0

+00 +oo
0

w
=E [lXNl/ pAP~? di] = Ll E[l Xyl - WP
0 p

S} !
= D f 1 E(W?]- -E [lXNlp] ’ (Holder inequality)
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p-1

and dividing by E[(W A 5)?] » (whenever nonzero) to get

p P
E[W?] < <—> E [I1XnI7]
p—1

O

The last proposition can be easily generalized in right-continuous martingales and in any
finite interval [u, v] C T. The technique is more or less standard: take an increasing sequence
of finite sets of rationals to fill [u,v] N Q. Then pass to limits, exploiting continuity and
convergence.

1.3.9 Proposition Let (X,),cr be a submartingale (T" = [0, +00)) with right continuous
paths. Let I = [u,v] C T be an interval and A > 0. Then

<E|1l - X
>_ [ [sup X >4 U]

i (| inf X, <-2]) S[E[XU_—_Xu] —/ X, dP<E[X{] —E[X,]

ust<v [ inf X,s—/l]
ut<v

A-P(lsup X, >4
u<t<v

Further, for any p > 1,
APP < sup X, > /1> <E[IX,I"]

u<t<v

and for any p > 1,

p
p
1) <€ [max 1] < (25 ) Exr]

For the following proposition, recall that given a function f:7T+— R, a finite set FC T
and a < b € R we define an nondecreasing sequence of numbers (+oo is allowed) as follows:
Let # = max F,

ry=1inf{t € F: f(t) > b} Ap
and for all n > 1
o,=inf{te F:t>1,and f(t) <a} An
T, =mnf{te F:t>0,and f(t) > b} Any

Then we define the number of downcrossings over F, and over T:

Dg(f;a,b)=sup{n>1:0,<n}VvO0
D(f;a,b) =sup {Di(f;a,b) |C T finite}
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The convention is sup @ = —oo, inf @ = +00.
We can have analogous definitions in case of a process (X,),cr- In this case all 7;,0; are
bounded stopping times, Df, D are random variables. Further, for N big enough (say > |F|/2),

71201 X106, X ...<Ty=0pN...= 1]

1.3.10 Proposition Let (X,);,cr be a submartingale. Then for any a < b € R,

sup E [(X, — b)*]
E[D(X;a < b)] < —£L

Proof: First suppose that T is finite. Using the above notation, let A, = [r,, < 11] € F, ,
B,=o,<n €%, forn=12,.. Then A/ 2B 24,2B,2...2Ay=By=0. On
A,, X; 2 band on B,, X, <a. Applying the optional stopping on random times 7, < o,, we
obtain E [X,n | 9(,”] > X, . Whence

05/ X,n—deg/ X, —bdP<(a—b)P(B,) + X, —bdP
A, A, ApB,

Now 6, = 1 on BE, and this leads to
(b—a)P(B,) < Xn—deg/ (x,-b)" dP
An\Bn An\Bn

Observe that P(B,) = P([D(X;a < b) > n]), and that (A, \ B,),>; is a sequence of pairwise
disjoint sets, All theses lead to

b—an:1

n=1

E[DH(X:a<b)]= ) P(B,)< : Z/ (x,-b)" dP
ANB,
1

<Lk [(x,-5)"] <

b—a

sup E [(X,, — b)+]
— a yer

In the case T is not finite, just use the monotone convergence theorem with an a appropriate
increasing sequence of finite sets F, C T, such that Dp (X;a < b) 1 D(X;a < b) pointwise. []

The number of downcrossings is important for the existence of discontinuities of second
kind. When D(f;a < b) < +o0 for all a < b (a,b may be even chosen rational), then f
can only have jump discontinuities. In the case of a process (X,),cr, the integrability of
D(X o @ < b) implies that it is finite almost surely, for all # € N, and all rationals
a < b € Q. Taking intersections, we obtain the following
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1.3.11 Proposition Let (X;),er be a submartingale (T" = [0, +o0)). Then almost surely,
it has left and right limits.

Proof: Let n € N. Then for any a < b € Q

U(X|oy:a.b) <(b—a)" sup E[(X, - b)*]

1€[0,1]
<(b-a)! < sup E [X;] + |b|>
1€[0,1]
<(b-a)! ([E [X,ﬂ + |b|) < 400 (submartingale)

So there is a P-null set N,.,, such that D (X\[O,,ﬂ; a< b) (w) < +oo, for all w € N,., . Setting

N= | N, gives us the result in NC. Indeed, let t € Tand w € NC. Let 57 > ¢. If the left
neN
a<beQ
limit, lirnt X,(w) did not exist, then we could find two sequences (z,),,(s,), and a < b € Q
§S—>1

such that 7; <s; <1, <s; < ..., both lim¢,,s, =7 and X, (w) <a < b < X (w). This would
imply that the path [0,7] © f — X(w) has infinitely many downcrossings between [a, b] on
[0, #], which is impossible. ]

1.3.12 Proposition Let (X,),eny be a discrete time submartingale, such that
sup E [X,j] < 400. Then X, — X pointwise a.s. and X is finite.
n

Proof: Again, its the same argument: the finiteness of downcrossings implied
by the boundedness of the martingale. First note that by the submartingale property
E [Xn] =E [X,ﬂ —-E [Xn‘] > [E [XO] whence E [Xn_] <E [X,ﬂ - E [XO], which implies that
(X,), is L'-bounded. Thus, Fatou's lemma asserts that E [lim inf X,,] < liminfE [Xn] < 400.

n n
So liminf X, is a.s. finite.
n

Further, whenever D(X(w);a < b) < +o0 for all a < b € Q, we should have
liminf X, (w) = limsup X, (w) else we would count infinite downcrossings between some
n

interval [a, b],a <n b € Q contained in IliminfX,(w) < a < b < limsup X,(w). But
D(X;a < b) <+ as. forany a < b€ Q. So lirr;an exists a.s. and it is ﬁnr{te. O
In a similar fashion, we can prove
1.3.13 Proposition Let (X;);cr be a submartingale (T = [0, +o0)), with right continuous

paths, such that sup E [X A ] < 4+00. Then the limit X = lim X, exists a.s. and is finite a.s.
teT t— +00

1.3.14 Comment Keep in mind that the limit random variables X of the previous
proposition is ¢ (U,GT%)-measurable
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1.3.15 Proposition Let (X;),er be a martingale (T = [0, +00)), with right continuous
paths. The following are equivalent
a) X, = lim X, inthe L' sense.

t—> +o0

b) There is some X, € L'(Q; P) such that X, =E [X | ], 1 € T.
c) {X;|teT} is uniformly integrable.

Proof: a — b): By the martingale property, for any s >t X, =E [X S| %] The operator
L'(Q)> f+— Ezf=E [ 1 97,] is bounded, whence letting s — +o0 justifies our claim.
b — ¢): Let £ > 0. We compute

/ 1 X, dP=/ |E [Xo | F]| dpg/ E[IXel | %] dP
[1X¢1=¢] [1X:1=¢] [1X:[=¢]

_ / X, | dP
[1X,1>¢]

The event [IX > 5] can have arbitrarily small probability, for
1 1
P([IX>¢]) < zE [1X.1] < E[E[IXool]

Integrability of X, can make [, |X| dP arbitrarily close to 0, whenever P(A) is small
enough.
¢ — a): Uniform integrability implies boundedness in L', so we get that X = lim X, exists

t— 400

and is finite a.s. Pointwise limits of uniformly integrable families are limits in L!. |
Now we can prove the continuous version of optional stopping theorem.

1.3.16 Proposition Let (X;),er be a martingale (T = [0, +00)), with right continuous
paths and uniformly integrable. Then the family {X, | o is a stopping time} is uniformly
integrable too, and whenever o < 7 are two stopping times,

X, =E[X,|F,| =E[X, | F]

X 1s the limit of the previous proposition.

Proof: If ¢ is a stopping time, we put X, = X, on [r=4o0]. Let
U={E[X,|S]|S&CF is subalgebra}. Then, repeating the arguments of the previous proof,
we obtain the uniform integrability of U.

The discrete optional stopping theorem ensures that whenever o is a stopping time taking
only finite number of values, then X, = E [X o | 96] (t = 00 > 0). Whence X, € U.
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Now every stopping time o can be written as the pointwise limit of a nonincreasing
sequence (o,), of finite-valued stopping times:

+00 whenever ¢ > n
% =73 [2"¢] + 1
2n
So o, | o pointwise and due to right continuity of the process X, — X, pointwise, and also
in L'(Q) (due to uniform integrability of {X,,n}:o:1 C U). We need to show X, =E [X . 975]-
Indeed, let A € &,. Then A € &, for every n, so

/XJdP=lim/X6 dP=/X°OdP
A noJa " A

which proves the desired equality and also X, € U. As the stopping time o is arbitrary, we

whenever ¢ < n

obtain that { X, | o is a stopping time} C U is also uniformly integrable.
Finally, let 7 > o be two stopping times. Then X, =[E [Xoo | 9/71], X, =E [Xoo | ?/76],
Fs C F. and we obtain
X, =E [Xoo | Fo] =E [Xeo | Fope] =E[E[Xo | F] | Z] = E [X. | F]
which finishes the proof. O]

We now pass to quite an important result which is known as Doob's decomposition of a
sumbartingale. Again we start with discrete-time processes.

1.3.17 Proposition Let (X,),er» T =1{0,1,2,...} be a submartingale adapted to the
filtration § = (%,),er- Then there exist unique F-adapted martingale (M,),, and increasing
predictable process (4,,), such that A; = 0 and

X,=M,+A,, P-as.,foralln
If X is L'-bounded or uniformly integrable, then so are M and A.
Proof: Put
So=Xo, SCpp1 =X — X, .
my=2&, My =& —E[&u|F], M,= Zomk, neT
k=

a0=0’ an+1=[E[§n+1|gn]’ Anzzak’ neT
k=0

and observe that &, m are gF-adapted and so do M, a and A are predictable. Further M is a
martingale and a, > 0 for all n (due to the sub'martingale property of X) which implies that A
is increasing.
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If X,=M,+A,=M,+ A, for all n then A, — A, is a predictable martingale. But a
predictable martingale must be constant.

If X is L'-bounded, then E[|A,l] =E[4,] =E[X,-M,] <E[IX,I]-E[M,]| =
E [lX,,l] —-E [MO] =E [anl] -E [XO], whence A is bounded. And so is M.

If X is uniformly integrable, then it is bounded and so do A, M. Whence the limit
A, =sup A, exists a.s. and it is integrable. This implies that since 0 < A, < A, the dominated

family {A,}, is uniformly integrable. O

1.3.18 Definition Let (Q, %, P) be a probability space furnished with a filtration
F = (F)ier For a > 0 put

§,(F) = {7 | 1 is an F-stopping time such that P ([z < a]) = 1}
S(F) = {7 | T is an F-stopping time such that P ([z < +o0]) =1}

An $-adapted, right continuous process X = (X,),cr is said to be of class D if the set
{X,| 7€ S(F)} is uniformly integralbe. It is said to be of class DL if, for every a > 0 the set
{X,| 7€ S,(F)} is uniformly integralbe.

1.3.19 Remark a) Clearly uniform integrable martingale — class D — class DL.

b) If (X,),cr is a right continuous, non-negative submartingale then it is of class DL, for if
a>0then | X,||, =E [X t] <E [X a] so the submartingale is uniformly integrable and so is
the family

(X, 7€ 8(F) C{f: Q> R| f measurable, 0 < f <E [X,| F]. 1€ S(F}

c) If X admits a decomposition X, = M, + A, where (M,), is a Martingale and (A,), is a
nondecreasing process, then we immediately conclude that it is of class DL.

1.4 Quadratic variation and brackets

In order to define the stochastic integral for continuous martingales, we shall pass through
the quadratic variation. Given a continuous martingale, its square is merely a submartingale. It
is well known, that a submartingale can be uniquely decomposed to a sum of a martingale and
an increasing process (see [KS14, theorem 1.4.10]). This is the Doob-Meyer decomposition.
The increasing process, in the case of continuous martingales is nothing more than the
quadratic variation of the martingale and plays important role to the definition of the stochastic
integral. Here we follow the approach of [RY13, ch IV.1].
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In the following we suppose that T = [0, +c0), that the filtration § = (F,),cr has its F,
P-complete.

1.4.1 Definition A process A = (A;),cr 1s said to be nondecreasing, if it is §-adapted,
almost all of its paths are right continuous and nondecreasing. We write A € o (Q, F; §) or if
it is clear from the context, A € &/. Similarly we define the space of processes of bounded
variation as B7 = o — .

Let X = (X,);ers T =10,+0), be a progressively measurable, §-adapted process, and
A = (A,), € B7. The following Lebesgue-Stieltjes integral defines a new process

t
(X« A), (@) = /0 X (w) dA(w) whenever the path A (@) is of bounded variation

0 else

1.4.2 Remark a) An increasing process (A;),cr defines a kernel: For every
fixed w € Q, there is a unique locally finite measure u, defined on 9 ([0,¢]) such that
U, ((c,d]) = Aj(w) — A (w), forall 0 < c <d <t

Since for any 0 < ¢ <d <t €T the function Q 3 w — u, ((c,d]) is F;-measurable
and the family of all sets (c,d] generates 9 ([0,7]), we get that the mapping
QX A(0,¢]) 2 (w, A) — u(w, A) = u,(A) is indeed a kernel from (Q, %) to ([0, ¢], B([0,t]).
Now the progressive measurability of the process X implies that the mapping
Q30— [, X,(®) du,(s) = [y X,(@) dA () is F-measurable.

b) Note that (X « A) is again of bounded variation.
c) The integral (X « A) is defined pathwise

Unfortunately, the class %7 is way too small to contain useful integrators as we see in the
following proposition.

1.4.3 Proposition Let M = (M,),cr be a continuous F-martingale. If M € %7  then
the martingale is constant, that is M, = M, for all t € T.

Proof: We can suppose that, without loss of generality, M, = 0. We first treat the case
that M is of bounded variation uniformly on €, say by a constant K > 0. Let 0 <t & T be
fixedand [1={0 =1, <t <... <t, =t} be any partition. Then

[ n
clor] =k | vz |
| k=1

n
=[E Z(Mtn — Mtn-|)2] (M is a martingale)
k=1
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n
<E Lil;gn |M,, - M,_| ; |M,, - M,_, ]

n—1

SK-[Elsup |M,"—M, l
1<k<n

But, due to continuity of the paths, for (almost) every single ® € Q, sup |M,n - M,n_1| —0
1<k<n

as |I1| — 0, while the supremum is bounded by K. So we apply the dominated convergence
theorem for some sequence of partitions (IT,), such that |II,| — O to get that E [M,z] =0.

In the general case let V; be the (almost surely) finite variation of M, which is again
an -adapted process and let 7, = inf{s € T| V, > n}, for every n. Clearly (z,), is a
nondecreasing sequence of stopping times such that 7, — +o00. Apply the previous argument
for the martingale (Mwn) ~ So E [MZZM] = 0 for all n. Use the monotone convergence to
finish the proof. O

1.4.4 Remark In the previous proposition, the process M is modification of the
constant M,. But since it is continuous, it turns out that M is indistinguishable from M.
In what follows, whenever we mention uniqueness of quadratic variation, it will be about
indistinguishable processes.

So nontrivial continuous martingales cant be integrators in the sense of pathwise integration.
We need to construct another kind of integration.

Let [T={0=1¢,<t; <...} be an increasing sequence such that for every ¢ > 0, the set
IT, = (ITuU {t}) n [0,¢] is a partition of [0,7]. We call such IT a partition of [0,+o0). Let also
t(IT) = max {i | #; < t}. Given two stochastic processes X = (X,);, Y = (Y;), we define a) The
p-variation of X over II to be a new stochastic process

11D

p
V2(X,TI) = Z X, - X, |+ ‘X, - X
k=1

)

(&)
= Z |X int, — Xine_, |p (equivalent definition)
k=1

and b) The covariation of X, Y over Il to be the new stochastic process
#(IT)
CX.Y;I) = D) (X, — X, ) (Y, =Y, )+ X, - X, ) (Y=Y, )
k=1

= Z(X int, — Xinte ) Yont, = Yine, ) (equivalent definition)
k=1
Keep in mind that we have some kind of triangle inequality for p-variaton:

VP(X +Y,II) <227 ' (VP(X,1I) + VP(Y,ID)), onQ
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and thats due to |x+y|’ < 277!(|x|’ + |y|’) which holds for any real numbers x,y
and p > 1. Further V2(X;II) = C(X,X;II). Covariation is bilinear, symmetric and
C(X,Y;ID? < VAX;ID) - V(Y 1D).

1.4.5 Proposition Let M = (M,),er, T = [0, +0), be a bounded continuous, g-adapted
martingale. Then there is a unique continuous, nondecreasing process (M, M) € A(F)
vanishing at 0, such that M2 — { M, M) is a martingale. The process { M, M) is the uniform
limit in probability of ¥2(M,II) on every bounded interval as |TT| — O:

Ve > 0,Va>0 lim P([sup |Vt2(H)—((M,M))t|25 >:0
[T —0 0<t<a
IT partition of [0,a]

The process (M, M )) is called quadratic variation of M.

Proof: First, if (M, M) exists, it should be unique. Due to the previous proposition, if
A,, A, are stochastic processes, continuous, nondecreasing such that M? — A;, M> — A, are
martingales, then so are A; — A, € BZ(F). So A; = A,.

Let [T={0=1¢,<t; <...} be a partition of [0,+c0). and let s < ¢ and integers i, j sucht
that 1, <s <t <... <t; <t <t;y;. From now on we will write V,2(T1) instead of V,>(M,II).

So,

)+ M, — M} — (M, - M, )?

J
E [V,Z(H) - Vsz(H) | gs] =E [ Z (Mt,c - Mzk,l)z + (M, - sz)z - (M, - Mt,-)z

k=i+1

J
—E [(M,m - M)+ ) (M} - M

k-1
k=i+2

—2M M, + M} + M? - M} — (M? -2M M, + M})| %]

liv1

E[(M, — M)+ M}~ M} — (M- M,)|F]

E [(M?

fit1

Il
i
=
|
<
N

that is, (M? — VA(M, 1)),

Now let two partitions IT;,II, of [0,+c0) and fix some 0 < a € I1; NII,. Define
X =ViIL,) - Vi) = (M2 - VZ(HI)) - (M2 - VQ(HZ)), which is a martingale and apply
the last argument to X, but this time with the partition X = Il, U II;. We obtain

is an g-martingale.

Var [X,| = E [X2] = E [(VA(L) - V2(I1))?] = E [VA(X,Z)]
<2 (E V2072, 3)| +E [V2V2IL,), 3))
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Let H1:{0:t0St1<t2<...}, ZZHIUHZZ{OZSOSSI<S2<...}, fix any
s;i <a €ll;nIl, and ¢; € I1; be the rightmost point in I1; such that7; <s; <s;4; <1;, < a.
Then

V2, () = VAL = (M, = M, ? — (M, — M, ?
= (Msm + Ms,- - ZMtji) : (MsH_l - Ms[)

SO since a € X,

aX)

V2V, T) = ) (V2L - V2 (1))
k=1

a®)
< Z(M + My —2M, (M, — M,

) a(X)

_ _ 2
oo -
= max |M M VAE

lgiﬁa)((Z)| s T M, Va()

and by Cauchy-Schwarz's inequality,
1

E V202, ) <E ', 4] E [(Vf(Z))Z]é

max |Ms_ + M,
1§1§a(2) i+1 i

The first factor on the right converges to 0 as |I[I;|— 0, since M has continuous (hence
uniformly continuous on [0, a]) paths and is uniformly bounded on Q (if |M| < C then the
factor is bounded by 16C?). The rightmost factor is also bounded, but even more, its bound
does not depend on the chosen partition. Indeed,

(V2T = (Z( M, ) )

n k-1
= Z(Mfk lk 1)4 +2 2 Z(M tk 1)2( te tk 1)2
k=1 k=1 k'=
= 2 (M, — M, )" +2 Z< M, P(V2(L) - V2T,)
k=1

= 2 (M, — M, )" +2 Z( X(I1) = V2, ()(VAL) = VA))
k=1
We can exploit the martingale property of M? — V2(I;) to obtain
E[V2an) - vy | #, ] =E[M; - M; | F, | =E (M, - M,)*| 7]
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and passing to the expectation,

E[0Z2@))7) = E | D (M, - M, _)*+2 D (VAL - V2 dI))VAAL,) - V,,%ml))]
k=1 k=1

=E | DM, - M, )*+2 ) (V2(L,) - V2 A)(M, - M, )?
k=1 k=1

2 2 5
<E <2k22(1r)ﬁ) |Ma — Mtk| +kr§1312(112[(1) |M,k - M,k_1| > -V (Hl)l

<E[(2- Q0P+ @0p) V2|
= 12C%E [V2(I1)] = 12C2E [M2 — MZ] < 12C*

Thus we have proven, that for every € > 0, there is some 6 > 0 that whenever I1;,I1, are
partitions of [0, +o0), both containing a,

ITL |, |TL,| < 6 — Var [VA(I) - V2] <&

so there is a unique random variable { M, M), that is the L? limit of V2(IT) as |II| — 0
(for partitions of [0,+0c0) containing a, or equivalently, for partitions of [0, a]). Existence of
the limit (M, M )), implies existence of a whole process in [0,a]: Using Doob's maximal
inequality, applied on the martingale X = V2(I1,) — V*(I1,)

E | sup (VA1) — VA(,))? | < 4 Var [VA(I) — VAIL))
0<t<a
This has two implications: First, for every ¢, V,>(IT) converges to a limit in L? (and thus,
in probability), say (M, M)),, —which must be appropriately chosen from its equivalence
class. Second, can find a sequence of such partitions (II,),cn such that II, C II,,; for all

n, lim|IT,| = 0 (which in turn implies that |J,enI1, is dense in [0,a]) and for all k € N,
Var [VaZ(H,th) - VaZ(H,,)] < 27", thus, by monotone convergence and Markov inequality

e2.P <[sup sup V() — VA1) > eD <E [sup sup (V;2(I1,,,,) — V2(IT,))*| < 27"
keN 0<t<a keN 0<t<a
Whence we obtain that V,2(IT,)) — (M, M), a.s. (and hence in probability) on Q and
uniformly on [0, a]. So (M, M)) has a.s. continuous paths.
Now since

sup |V2(I)) — (M, M),| < sup VAL, — M, M),| + sup [v2any) - vAaL,)|
<t<a <t<a

0<t<a
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we obtain the desired limit in probability.

We need to show (M, M)) is a.s. increasing, and it suffices to show it is increasing on
Unen L. If s <t € J,en I, then 3ny € N @ 5,¢ €11, and so s,t € I, for all n > n,. But then
V2(I1,) < V,2(I1,), for all n > n, and passing to the limit as n —s 4+c0, { M, M), < (M, M),.
Density of the partitions leads us to the desired monotonicity of (M, M )).

To this end, we need to observe that M? — { M, M)) is a martingale. But this is the
case, since M? — I/,Z(I'I,,)L2>M,2 — (M, M),, and thus in L' and conditional expectation is

continuous on L!. ]

Using the uniqueness of the quadratic variation and that the stopped process is still a
(bounded) martingale, we obtain:

1.4.6 Corollary With the assumptions of the previous proposition, and for every
stopping time 7,
(M*, M™) = (M, M)’

The class of martingales having quadratic variation as in the previous propositions are
quite limited. We need to extend this class. We introduce the following definitions

1.4.7 Definition Let (Q,%, P) be a probability space furnished with a filtration
B = (F)ier- Let X = (X,),er be an F-adapted process.
a) A stopping time 7 reduces X if (1[T>0] . XW) .7 18 @ uniformly integrable martingale.
b) The process X is called local martingale if it is right continuous and there exists a
sequence of stopping times (z,),—; such that

LM1. The sequence (z,), is a.s. nondecreasing and lim 7, = +o0 a.s.
n

LM2. For every n, 7, reduces X

1.4.8 Remark a) As one sees, lj,_g - Xy is irrelevant when talking about local
martingales; on the other hand 1;,.¢; X, should be integrable. Generally this is always the
case when, e.g. X, is a.s. constant. Reduction hence, consists of uniform integrability of
(XTM - XO) . and —whenever X, is nonconstant, integrability of 1;,,¢,X.

b) If we take the sequence of stopping times in the definition of local martingale, to be
bounded for each n (that is, esstup 7, < +o0 a.s. for every n), by replacing z, < n A 7, or

—in the case of continuous processes, 7, < 7, A 6,, where ¢, = inf{t € T : | X,| > n}, then
the uniform integrability can be taken for granted.
c) A right continuous martingale is always a martingale: take z, = n, n > 1.
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1.4.9 Proposition A local martingale X is a martingale if and only if is of class DL

Proof: First, a right continuous martingale is always of class DL as X, = E [Xa | 9,], for
every a-bounded stopping time, and this family is uniformly integrable.

For the converse, let X be a local martingale which is of class DL. Fix some s <t € T.
Then by the martingale property of X, ,), X; s =E [XT” Af | FZS] , for all n > 1. But the family
{XT,,/\t|n > 1} C {X,| o stopping time <t} is uniformly integrable by the DL property.
Further, for every single u <1, X, ,,— X, as. and we can use the extended dominated
convergence theorem to obtain that

X,=1limX, ., =lmE[X,,|%]|=E [lim X n
n n n

7| =[x, 7]

which proves our claim. O
Now we can prove the existence of quadratic variation for a larger class of martingales

1.4.10 Proposition Let M = (M,),ers T =[0,4+0), be continuous, F-adapted local
martingale. Then there is a unique continuous, nondecreasing process (M, M) € AH(F)
vanishing at 0, such that M? —{ M, M) is a continuous local martingale. The process { M, M ))
is the uniform limit in probability of ¥>(M,II) on every bounded interval as |IT| — O:

) =0

Proof. Let (z,),>; be a nondecreasing sequence of finite stopping times such that

I —0 0<t<a
IT partition of [0,a]

Ve > 0,Va> 0 lim P<lsup [VA(M, T — (M, M),| >«

limz, = +oco a.s. and for every n, the process X, = 1|, .o - M, 1, is a bounded martingale.
n

So for every n, there is a unique continuous process A, € @(F) such that X2 — A, is a
martingale. Observe now that (X, — Apy ) nr* iz 500 = Lir,500 - an,\, — Lz 501 - (Aps Do pe 18
again a martingale, and uniqueness of quadratic variation leads to (A,); = 1, »0)(Ayt1)z ar .S
on Q for all t € T. So we can define unambiguously (the following sums are finite for every
single pair (t,w) € TX Q)

(M. M) =Y 1 . A,
n=1

where we put 7, = 0 identically and (z,_;,7,] = {(t, ) e TX Q| 7,_;(w) < t < 7,(w)}, for all
n> 1. We can easily verify that (M, M), \, = A, for all n > 1.

To prove the limit, observe that, since 7, T +o0 as., 0 = P<[suprn§a]> =

n

1)
P <ﬂ[r,, < a]> = infP ([, < a]), so, given 6 > 0 find some »n such that P ([z, < a]) < 3 Now,
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since the stopped process M., ,, is a martingale, we can apply Doob's inequality to obtain

C-P<[sup | M, s |2 C > S[E“ M., . |]
0<s<a

With any C > % = [l M. |], put ¢ = inf{t >0 | |MTnA,| > C}, so for the stopping time

T=1,A0,

PﬂrsaDsPﬂdsaD+PQQSaDsP<lwpIAQNIZC

0<s<a

>+PQ%SaD<5

while |M_,,| < C a.s. in Q, for all t € T. Thus

P < [ sup |VA(M,IT) — (M, M),| > eD <

0<s<a

<P(r<a)+P ([sup V2(M,ID - (M, M)),| > e] nir> a]>

0<s<a

with the rightmost term converging to 0, due to our main result about quadratic variation of

<3+ < l sup |VA(MC,TD) = (M, M%), > ¢

0<s<a

continuous bounded martingales. O

1.4.11 Proposition Let M, N be continuous local g-martingales. Then there exists a
unique continuous process (M, N)) € BZ(F), vanishing at 0, such that MN — (M, N)) is a
local §-martingale. The process (M, N)) is the uniform limit in probability of C(M, N;II) on
every bounded interval as |I1| — O:

)-o

Ve > 0,Va> 0 lim P( |sup |C(M,N;II)— (M,N),|>¢
1] —0 0<t<a
IT partition of [0,a]

The process (M, N)) is called bracket of M and N.

Proof: Just use the parallelogram law to define
1
(M. N) =7 [(M+ N M+ N) = (M= N.M = N)]
and and the parallelogram law to substitute

1
C(M.N:TD) = - [C(M+N,M+N;H)—C(M—N,M—N;H)]
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Then taking limits in probability yields the result. ]

1.4.12 Proposition With the notation and the hypotheses of the previous proposition
and for any stopping time 7

(M,N)" ={(M",N7) =(M",N) ={(M,N")

Proof: Let Il be a partition of [0,+c0). Observe that, since the difference
M pipi, — Mopipr,, = 0 whenever AT <1y,

C,(M*, N;II) = Z(Mr/\z/\zk - MTAtAtk_l) : (Yt/\tk - Nl/\tk_l)
k=1

(6]
= Z(Mr/\t/\lk - Mr/\t/\tk_l) : (Y‘r/\t/\tk - Nr/\z/\zk_l)
k=1

=C(M*, N%1I) = C,\,(M, N;1I)
This yields the desired equalities. O

1.4.13 Proposition If M is a continuous local martingale then
(M,M) =0 M,=M, P-as.forallteT

Proof: 1If M is bounded, then (it has second order moments) for every ¢ € T,
E [(M, — MO)Z] =[E [Mt2 - Mg] =E [((M,M))t - O]. If M is a local martingale and 7 is a
stopping time such that M* is bounded martingale, then we obtain that M*® = M, since
{M*, M*) = (M, M)*. We can find an nondecreasing sequence of stopping times (z,), such
that 7, T +o0 P-a.s., M™ is bounded local martingale. Then M™ = M. Passing to the limit
finishes the proof. O

1.4.14 Proposition Let M, N be two continuous local martingales and H, K be two
measurable processes then, for every ¢ € [0, +o0]

/IHSIIKSI Id((M,N»lsS(/ Hszd«MaM»s) (/ Kszd«N’N»s) . P-as.
0 0 0

Notation: The symbol |d { M, NY)| abusively stands for the measure kernel implied by the (increasing)
variation t — V;{ (M, N) of the process (M, N).

Proof: Let {M,N), = (M,NY»,—{(M,N), for any u < v. Then, for every rational r,
there exists a P-null set N, € & such that (M +rN, M +rN). > 0. Expanding the bracket
we obtain that everywhere on Q except the neglible set U,EQ N,,

0<r? (N, N, +2r {M,N), + (M, M),

o=

thus,
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0<r?{N,NY, =2r[{M,N)|, +{M, M),

and this inequality holds also for every real r due to continuity. Whence,

1

(M. NYE| < (M. MY2)F (AN, N)E)? Peas.

We can even take u, v rationals and exploit continuity of the bracket processes to obtain that the
last inequality holds a.s. for every u < v. If H, K are simple processes, defined on a common
partition I1={0=¢t,<t, <...<t,=t} of [0,¢], that is, for K, Hy,K;,H,....K,, H,
F-measurable random variables,

n n
H, =10 Hy+ D iy His K= 110, Ko+ D 1, 0K
i=1 i=1

then

/0 HK, d(M. N, = Y HK (M, NY,_ < Y [H|IK||[{M. NY;_|
i=1 i=1

IA

D IH | IK,] (M MY ) (N, NYE)
i=1

IA

(Z |H,|? <<M,M>>i;:_l> (Z K, <<N,N>>£:_l>

i=1 i=1

=( [ mr d<<M,M>>s) ( JALS; d<<N,N>>s>
0 0

It's a standard density argument that the latter inequality is also valid for continuous bounded
measurable processes, and again by molification, valid for measurable processes such that the
right integrals are finite. Eventually the inequality is valid even for H, K such that the right
side is infinite.

d{M,N) () :
Now take G(,w) = by the Radon-Nikodym theorem, so that
|d{M, N)| (w)
for allmost every w, |G(,w)| =1 holds almost everywhere in [0,7f] and
HKGd{(M,N) = HK |d{M,N)|; then replace H <« HG -sgn H, K « K sgn K
[0,1] [0,1]
to obtain the desired inequality. O
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1.4.15 Corollary Let M, N be two continuous local martingales and H, K be two

1
measurable processes then, for every 7 € [0, +o0], and — + — =1,
p p

1
AV
2

t t , g”. t ,
[E[ /0 |H,K,| |d<<M,N>>|s] <E ( /0 Hsd«M,M»s) E ( /0 st«N,N»s)

To finish this section, we proceed now to define the most generic integrators in the class of
continuous martingales:

1.4.16 Definition Let (Q,# P) be a probability space, equipped with filtration
S = (F)er, T =10,+0). A continuous semimartingale is an {-adapted stochastic process
X that is the sum of a continuous local F-martingale M and a bounded variation process
AERBYVEH): X =M+ A.

1.4.17 Remark Clearly, the decomposition X = M + A is unique. We want to stress
that, the decomposition depends on the filtration.

We shall see many reasons for the introduction of this class of processes, but we may
already observe that their definition recalls the decomposition of many physical systems into a
signal (the finite variation process) and a noise (the local martingale).

1.5 Time changes

In this section we make a quick introduction to time change of a martingale. We shall
use these results to provide a representation of a continuous martingale as a time-changed
Brownian motion. We follow the approach of [RY 13, ch. V.1].

For the following let us summarize a few facts about the generalized inverse of an
nondecreasing function f:R — R: First define,

fV:@H@:nyV(y):inf{xeﬁzf(x)>y}
f/\:@n—>@:y|—>fA(y)=inf{x€@:f(x)2y}

Then f* < fV, both fV, f" are nondecreasing functions, fV is right continuous with left limits,
f7 is left continuous with right limits and I%m V(@) = fAx). fVY is of interest for us: For
1Tx~
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every x,y € R,

&) >y x> ()
) <y e—x<fYO7)
() 2 x
FUYmH 2y
and
f is maximal right continuous «— (f)¥ = f
f strictly increasing «— fV continuous

f continuous «— fV strictly increasing

Finally, fV is constant and equal to x on an open interval J C R, if and only if
JC(f(x7), f(xT)). And reversely, f is constant and equal to y on an open interval I C @, if
and only if I C (fY(y7), fY(y")).

If £:[0,+00] —> [0, +o0], let f = li—00.0)f(0) + {9 +o0)f and put f¥(y) =0 V?V(y), y>0.
Then, fV satisfies all the above properties restricted on [0, +oc0].

1.5.1 Proposition Let g: R — R be a right continuous function of bounded variation,
I C R be an interval, ¢: I — R be non-decreasing, right continuous function. We suppose
that for every s € R, g is constant on [@(s™), @(s)]. Let f: R —— R be a borel function. Then

foranya< b€ I,
@(b)

b
S (w) dg(u) = / [ (@(s)) dg(e(s))

@(a)
Proof: First suppose that g is nondecreasing. Extent ¢ and g in a right continuous fashion
on R.
If y € R then using the first two properties of ¢V, we obtain
P(@" (7)) = (@ (M7) <y < 9(0" (V7)) £ P(@¥ ()
But g is constant on [@(¢Y(y)7), p(¢"(y))], whence

g(@(@"(y)) = glele’ (7)) = g(») = gle(@'(y))) = g(e(@" ()

Put u, v for the measures defined by u((c, d]) = g(c)—g(d) and v((a, b]) = g(@(b))—g(@(a)),
a<bel,c<dEeR, respectively. Let ¢ < d € R. From the properties of ¢V, for any x € R,
c<p(x)<d< @Y(cT) < x < @’(d™). Thus, if ¢, d are continuity points of g, we obtain

(@*V)([c.d) = v (o7 ([e.d))) = v([@"(c), " (d")))
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(ge@)(@V(d))—(ge@)@'(cT))

sup g(@(x)) — sup g(p(x))
x<@V(d~) x<@¥(cT)

= g(p(@’(d™)7) — g(p(@’(c™)7)
= g(d) — g(c) = u((c,d])

Hence ¢*v =pu on & = {(c,d]|c <d: g is continuous at ¢,d} which is a m-system. And
as g is continuous everywhere but a countable set, a fortiori, continuous in a dense set,
BR) =o0(FK) C [@*v = u] C B(R) proving that p*v = pu.

Now, by change of measures for the Lebesgue integral, we obtain that for any borel
function f, f is @*v integrable if and only if f o ¢ is v-integrable, and in that case for any borel
set AC I,

/ F») du(y) = / f) de*v(y) = / f(@(x)) dv(x)
@(A) o) A
Choose A = [a, b] and observe that y = dg and v = dg- .

In the case g is of bounded variation, just pick a decomposition: g = g, — g, with g, g,
increasing, right continuous and constant on the jumps of . ]

1.5.2 Proposition Let g:R — R be a continuous function of bounded variation,
I C R be an interval, ¢: I — R be non-decreasing, right continuous function. Let f:1+— R
be a borel function. Then for any a < b € I,

o(b) b
f(@¥(y)) dg(y) = / f(s) dg(e(s))

@(a)

Proof: Put u,v for the measures defined by u((c,d]) = g(c) — g(d) and
v((a, b]) = g(p(b)) — g(p(a)), a< b € I,c <d € R. Then by the properties of ¢V,

a<@p'x)<b—gpa)<x<e@b),a<beR
and so
(V) u(a, b)) = pu ((@")"(a, b)) = u([@(a), p(b7))) = gleb7)) — g(pa™)) = v(la, b)) O
]

1.5.3 Proposition Let § = (%,),er be a right continuous filtration, and A € (F)
which is right continuous and Ay > 0 P-a.s. Define for any s > 0,

C,=inf{r>0:A, > s}
C-=inf{r>0: A, >s}
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Then (Cy),5( 1s a nondecreasing, right-continuous family of §-stopping times. Further for any
teT, A, =inf{s>0:C; >t}

The filtration Fc = (ng)seT is a right continuous filtration and for every t € T, A, is
a {Fo-stopping time and for any stopping time 7 of §, the random time C) := A, is an
B c-stopping time.

Proof: Every C, is a stopping time, for [CS < t] = Uq<r,qe@ [Aq > s] €% and § is
right-continuous.

We show that & is a right continuous filtration. First observe that the monotonicity of C
transfers to the monotonicity of .. Now let s € T'and u,, = s+ 1/,, n > 1. By right continuity

0

of C;, we obtain C; =infC, and F = (| Fc, =[] ¢,
) n=1 " u<s ‘
Let now 7,5 € T. We observe that [4, <s]= |J [C, <1] € F. Right continuity of
q<s,qeQ l

B¢ allows us to conclude that A, is a stopping time of F.
Let s > 0, then [A, < s] = [T < Cs_] = U [T < C—I/n] € Fc.. Right continuity of F¢
n=1

concludes the claim that A, is a §, stopping time. ]

1.5.4 Definition A stochastic process C = (Cy),5( is called time-change if P-a.s.
s — C; is nondecreasing right continuous and for every s > 0, C, is a §-stopping time.

If C is a time-change, then the process X = (X,),cr is called C-continuous, if, P-a.s. X is
constant on [Csf, Cs], for every s > 0. We put X, = (XC5)3>0 for the time changed process X.

1.5.5 Proposition If K is progressively measurable, C is a time change, then K
is Fc-progressively measurable. If X € BV ({) is a nonnegative C-continuous process, then

Xc € B7(Fc) and

CS Cs N
/ K, dX,; = / Lo 4oy () - K; dX; = / lic,<+e01 - Kc, dXCM
G Co 0

Proof: This is an application to the variable change formula for the Lebesgue-Stieltjes
integral. We just keep track of the infinities, whence we put the indicator. The reader can
verify the details. ]
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2. Brownian Motion

In this chapter we make a quick introduction to the Brownian motion. We shall not present

any constructions of the Brownian motion; we refer to [KS14, ch. 2] for this. Our development
follows [KS14, ch. 2], [RY13, ch. I] and [Znn04, ch. 2].

2.1 Definition and basic properties

2.1.1 Definition Let (Q, # P) be a probability space, T = [0,+00) and § = (F),er

be a filtration in Q. An a.s. continuous, R-valued (R%-valued, d positive integer), F-adapted

process B = (B,),cr such that

1.
ii.
iii.

By =0 as.

For every s < t € T the increment B, — B, is independent of &%,

For every s <t € T the increment B, — B; ~ N(0,7 — 5), ie normally distributed with
zero mean and variance equal to t—s (or in the case d > 1, B, — B, follows the
multivariate normal law ~ N(O, (r — s)[,)) is called standard one-dimensional (standard
d-dimensional) Brownian motion.

2.1.2 Proposition Let (B,),er be a standard one dimensional Brownian motion along

with its filtration (#,),c7~ Then the following hold:

1.
1l.

1il.

1v.

vi.

independent of B, ,B, — B, ,..., B, — B

For any 0 <7, < ... <t, < +oo, the random variables B;,B, — B, ,..., B, — B,  are
independent

Cov (B, B,) =s At

Forany 0 <, < ... <t, < 400, the random vector (Btl, B,,..., Bz,,) is normally distributed
N(0, X) with covariance matrix X = (ti At J')Zj=1'

All (B)),, (B,2 - t)t , (exp(/lB, — A%/ 2t))t are Martingales adapted to .

If a > 0, then the process U, = B,,, — B, is again a Brownian motion relative to its natural
filtration, and independent to F,.

If 7 is a stopping time with P ([z < +o0]) = 1, then the process V; = B,,, — B, is again a

Brownian motion relative to its natural filtration, and independent to ..
Proof: i. For any 1 <k <n the r.v. B, — B, 1is independent of &, , a fortiory
k k=1 k=1

to"
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ii. Let s<t Then E[B,B,| =E|[By(B, — B, +B?| =E[B]E[B - B, +E[B?] =5 and
Cov(B,,B,) =E [B,B,| —E [B,|E [B] = s.

iii. Put L, € GL,(R) the linear transformation acting on the standard basis (e;)"_; of R" as
follows: L,(e; +e,+ ... +¢€;) =¢,, | <k < n, and observe that

(B,.B,,...B,)=L,(B,.B,—B,,....B, — B, )

iv. Every B,, t € T has moments of any order being normally distributed (E [|B,|"] = E [| Z|"],
where Z ~ N(0,1) and the integral fooo x"exp(—x?/2) dx converges, for the exponential
dominates over the polynomial x"). Further for any s < 7,

E[B | %] =E|[B - B,|#]| +E|[B,| %] =E B, — By] + B,
and

E[B?-t|%| =E|(B, - B,)*> - B>+2B,B,| #,| -1
=E[(B,— B)*| - B2+2B?—t=t—s+B2—t=B>—5

As for the last, it is a part of theory of exponential martingales; see remark 4.3.3. One can
rigorously prove that it is indeed a martingale only using moment generating functions of B;
see [Zmn04, ex. 11.4.4]

v. Every U, is integrable, and every path is continuous. Further Uy = B, — B, =0
as. Let s <t. We get U —-U, = B,,,— Bg,, v N0, —s) and furhter for any
0<s; <s;<...<s,=s the random variable B,,, — B, is independent to the algebra
Fora 2 Fs U0 (B 10 B ras s By 14)-

vi. First we suppose that the stopping time 7 takes countable values, that is, there is an at most
countable set F C T, and a function A: F— F:t+— A(t) = A, such that AN A, = O

whenever t #s € F, VteTVs € F(s<t— A;€%) and 7= ) s-1,. Let now
seEF

Hh<th<..<t,eT,Ce %, ,and H,H,,...,H, € B(R). We have

P(Cn ﬁ[V,,, € H,]) =P<U [Cn [z =s]N ﬂ v, H,.]D
i=1

i=1 seEF

=ZP<Cn[T=s]ﬂ

n
seF j=

[Bt,-+s - Bs € Hz])
i=1
(Cnlr =sl€ F and B, ,, — B, independent of F)

= ZP(CH[T = S])P<ﬂ [Btl-+s - B, € Hz])

sEF i=1
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=P<ﬁ[Bti € H,-]> Y PNz =5s])

i=1 seF
=P (ﬂ (B, € H,J) -P(C)
i=1

When C = Q we obtain P ((i_;[V; € H,]) =P (., [B, € H,]) and substituting,

P (Cn v, e HJ) =P <ﬂ[n,. S H,~]> P(C)=P (ﬂ [B, € H,~]> PO (9

i=1 i=1 i=1

The latter equality holds for all C € &, and every tuple #; < 1t, < ... <t, €T whenever
7 takes at most countable values. For the general case, for every n € N we define
7, =2""-([2"¢] + 1) and observe that it is a decreasing sequence of stopping times such
that 7, | = pointwise. Further we define the sequence of processes: V,(") =By, — B, ,
n € N,t € T, and exploiting the continuity of the paths of (B,), we obtain lim V,(") =V
pointwise. Whence (%) holds for any stopping time, for all C € %, and ’évery tuple
1, <ty <..<t, €T, leads us to a) (V,), is independent of &, and b) it is equivalent to
(B,);. As a result (V,),cr is a Brownian motion relative to its own filtration and independent
of #.. O

2.1.3 Comment a) Note that the definition of the standard Brownian motion

comes along with its filtration §. Many times the filtration will be the default one:
F,=0(X,|0<s<1). But there will be times this filtration will not work and we 'll need

strictly finer ones.

b)

A continuous process (W;), > T having independent normally distributed increments (in the
sense of (iii) of definition 2.1.1) is a Brownian motion relative to its natural filtration.
Similarly, a continuous process (W;), which is equivalent to a Brownian motion, is again a
Brownian motion. Hence, all Brownian motions are equivalent.

If (B,), is a Brownian motion relative to g, then so is (¢ By2), for any ¢ € R\ {0}.

We have proven that (B,2 - t) . is a martingale. This leads us to conclude that (B, B)), = t,
for all 7.

The multidimensional Brownian motion 1is essentially d independent standard
one-dimensional Brownian motions. We will see later when a local continuous
d-dimensional martingale can be a d-dimensional Brownian motion.

In order to prove the Markov property of the Brownian motion, we need a special case of a

disintegration tool, which is interesting on its own:
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2.1.4 Lemma Let (2, %, P) be a probability space, &/ C % be a o-algebra,
gRXR - R be a borel function, and X,Y be random varialbes such that Y is
o-measurable and X is independent of &/. We suppose that g(X,Y) is integrable and define
R > yr— ¢,(») = El[g(X,y)]. Then

Elg(X,Y)| ] =@ Y), Pas.

So E[g(X,Y)| ] is Y-measurable and E [g(X,Y)| /] =E[g(X,Y)]|Y] P-as.

Proof: 1t is more or less standard: Let
€={Ce BR?>:E[g(X,Y)|d] = Y) with g = 1.}

% is a Dynkin system: R XR € % trivially, whenever C € € then C € € for putting
g = lce =1 -1, makes the equality valid too. Now let (C,),—; be an increasing sequence
of sets in @, and writt C = J,5,C,, & = le,, @, = @, for every n and g = I,
@,(») =E [1o(X,»)] =P (X € C*]). Then E [g,(X.Y)| ] = ¢,(Y) as. forall n and g, 1 g,
@, 1 @, pointwise. Using the monotone convergence theorem we obtain

Elg(X,Y)| ] = sup E [g.(X. V)| ] = sup 0,Y)=@¥), P-as.

Observe now that the family €, = {UXV|U,Ve B(R)}, which is closed to finite
intersections, is contained in €. Indeed, if C = UXV € €, then ¢, (y) = 1(y)-E [1[ XeU]] SO

?1,,(Y) = liyey) - E [I[XGU]]
= lyey) - E [I[XGU] |52Y] (X is independent of <)
=E [I[Yey] 1ixeu |£i] (Y is o/-measurable)
= E [lyxd X, Y) | |

Now we can apply the Dynkin n-A theorem and conclude that B(R) = 6(6,) C € C B(R).
So the desired equality holds for any indicator function of a borel set, hence for any simple
function and hence for their monotone limits, ie, for every borel measurable function.

To this end, observe that @,(Y) is Y-measurable, so E[g(X,Y)|Y] =

E[E[g(X,Y)| L] Y]=E [p,(Y)|Y] = 0, (Y). |

2.1.5 Corollary Let (B,), be a standard Brownian motion relative to the filtration .
Then for any finite stopping time 7 (that is, P ([z = +o0]) = 0) and any C € B(R),

P([B.y € C1| %) =P ([B.y, €C]| B,) = ¢(B,), P-as.
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where @(y) =P([B,+y € C]),y € R. This is known as the strong Markov Property of the
Brownian Motion.

Proof: Use the preceeding lemma with g(x,y) = 1co(x+y), X =B,,,— B, and Y = B,.
As B, and B, ., — B, have common distributions and with the notation used before,

®(») = @,(») =E [1o(Bry; — B, + )| =E[lc_(B.; — B,
= E[lc_,(B)1=P([B,+y € C))
which finishes the proof. ]

The following proposition is not needed, for we have already seen that { B, B)), = t. But
this proof is too direct to omit; further it introduces a bound in L? for the quadratic variation.

2.1.6 Proposition Let (B,),er be a standard Brownian motion. Then for any r € T and
partition [I = {0 =1, <t; < ... <t, =1} of [0,7].

E[VAB.,ID| =¢, Var[VA(B,1D| < Var[Z?]-¢- |1

where Z ~ N(0, 1) is a normally distributed random variable.

Proof: The first equality is an immediate consequence of the properties of the Brownian
motion. As all summands in V[%’,](B, IT) are independent, we obtain

Var [VA(X,1D)| = Z Var [(B,j - B, )Zl
i=1

= g\/ar [(1;—1,21) 27

(B, ~B, v (t;~1,1): 2)

n

= Var[2%] - Y (- 1,)°

i=1
< Var [Zz] -t ||

which completes our proof. ]

2.1.7 Example Let now B be a standard Brownian motion and an interval J = (a,b) C R

containing 0. Put A= A(a) =inf{r €T : B, <a},p=pb)=inf{t €T : B, >b}and 7 = AAp.

All p, A, 7 are stopping times, 4 # p a.s. and we can apply the optional stopping theorem for

the martingale B> —t,t € T and the bounded stopping time 7 A n. The sequence of random

variables B,,, is bounded by |a| Vv |b| and so B,,, = B, pointwise implies convergence also in
L' and L?. So,

Elz] = supE [t An] = imE [z A n] = imE [BZ,,] = E [BZ]
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and similarly E [ ] = 0. From these two equalities we obtain that P([p < 4]) = b__—‘;,
P([A<p) = E and E [7] = —ab.
Further @’ < a implies A(a’) > A(a) and for every w € Q,
hm (/l(a))(co) = sup(ﬁ(a))(a)) 1nfﬂ[B(a)) <al=inf@ =+
a<0

proving that p is a finite stopping time:

=0

P([p=+o]) =P (ﬂ[p > ﬁ(—k)]> = mf P([p > AM(=K)]) = 1133? P

k=1 keN keN

2.2 Convergence and path properties
2.2.1 Proposition Let B be a Brownian motion. Then

. B
lim — =0, P-a.s.

t—+o00 [

Proof: For any s < t, application of the Doob's maximal inequality to B on [s,?], leads to
the following estimation

Byl 1 5
E|sup — <—[E sup B;

s<u<t U s<u<t
Now let t, =2% k =1,2,... and apply Chebyshev's inequality with € > 0 and sum over k:

— o 41, - 27k 1
P <l sup > < = N
Z I; 2 tk ! 82 82

k=1 Ty—1 SUST k=1

> €

B,
u

Then apply the Borel - Cantelli lemma to obtain

Bu
=0, P-as.

lim sup |—

k—=coy <yt | U
which leads to the desired result. ]
2.2.2 Example As en example, let (B;), be a standard Brownian motion and consider

X; =tBy;, whenver t > 0 and X, = 0. It is clear that (X,), has its paths continuous on (0, +o0)

_ 43—



and all of its finite dimensional distributions coincide with the finite dimensional distributions
of (B,),; on (0, +00). Continuity at 0, is a consequence of the last proposition.

2.2.3 Proposition Let B be a Brownian motion. Then

B
P |limsup d =1 =1
110+ 2t In(In(1 /1))

Proof: Apply the Doob's inequality on the martingale M, = exp(AB, — A’t/2), t € T to
obtain

P([max(B —xls/2)>ﬁ]> ([maxM >e'w]>§e—/w

0<s<t 0<s<t
Put h(t) = \/2tIn(In(1/1)), t € (0,1/,), let 8,6 € (0,1) and apply the latter inequality with
A=0+6)07"hO"), p = lh(0”) t = 0" and n large enough so that A(0") is defined (say

n> m) The bound obtained thus is e=* = (nIn(1/6))""*® which is summable up to n. We

apply the Borel-Cantelli lemma to the sequence of events [or?i’én(ws —As/2) > ﬂ] to obtain

an event Q, 5 with P (99’5) =1 and an integer-valued random variable Ny s such that

(1+6)s
20"

Vo € Q5 Vn > Ny s(w) Vs € [0, 6"] <VVS - h(o") < —h(9”)>

If we only let s € [#"+!,0"], so that s /0" < 1,

o o\ 1

6\ 1
leading to  sup B, (@) < <1 + —> —, for every n > Nys(w). Taking the unions over
gr+l<s<on h(S) 2 \/5 ’

n > Ny s(w), we obtain that the same inequality holds for s € (0, 0™+“)], hence

r Bi(w) _ (1 N 5> 1

im sup < - —

o+ h(t) 2 \/5

But w € Q,; was arbitrarily chosen, so the inequality is valid on Q; Take now two
sequences 6, 1 1,6, | 0 and obtain that on the intersection [, Q, 5, that is, P-almost surely,

b 1
11msup—<1nf 1+E —=1

o+ h() V0,
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. . . . . B
Observe now, that as —B is also a Brownian motion we obtain that lim sup _; <1. So
110
there is an event Q* with P (Q*) = 1 such that

Vo € Q" 36 = 6(w) > 0Vs € (0,6) (—B; < 2h(s))

We need to prove the opposite direction of the latter inequality. To this end, we are

. . b 1 1
considering the second Borel-Cantelli lemma. Put for any integer n > TYIE

A, = [Bm — By > V1 - eh(en)] - [H S Vﬁ)

B n — B n+
= | =" > \2Inn+ 2In([In8))
\/Qn_€n+1
NN??),l) Z

so that

—z22
P2 gy > e const.

1 /°°
_— >
N Vnztzh n

thus Z P(A,) = +o0 hence there exists an event Q, with P (€,) = 1 such that

n>|ln@|™

P(A,) =

Vo € Q) Yk € N Im = m(k, @) > k (Bgm(a)) —Bywi(@) = V1 - eh(em))

|

— By (@) < 2h(0™1) < 4/0h(0")

In 6(w)
In6

And for every w € Q* and any integer n > N*(0, w) £ [

Soifw € QyNQ* and k € N we can find an integer m = m(k v N*(0, ), ®) > kV N*(0, )
such that

—Byni(@) < 4V0n(0™) and Byn(w) — Bgusi (@) > V1 — Oh(O™)

and this leads to

Bol®) o T=0-4v0

h@™) —

That is,

B By
lim sup (@) > lim sup () >VI1- 0—4\/5

ot h(@) no h(")
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Now take any sequence 6, | 0 and on Q* N[, Qy ,

B
lim sup (@) >supy/1-6,— 4\/9_n =1

nor h()
But P (Q*n (), ) = 1. Proof is complete. m
2.2.4 Corollary Let B be a Brownian motion and 7 any a.s. finite stopping time. Then
P-as.
Bt+T — BT Bt+‘r - B

lim sup =1 and liminf =1
10+ /27 In(In(1 /1)) 1Y /2 In(In(1 / 1))

B,..— B B,,.,— B
lim sup ———= =1 and liminf ——— = —1]

t—=+o00  4/2tIn(Int)) 1=+ /2t In(Int))

2.2.5 Remark The last corollary shows that immediately after 0, the Brownian motion
oscilates infinitely many times between -1 and 1, so its zeros accumulate at 0. Further, at oo,
the Brownian motion oscilates between large negative and large positive values; whence the
level set L(w) = [B(w) = x],w € Q is a.s. unbounded (and of zero measure in R). This is a

recurrence property.

We deduce also a weak result about non-differentiability of the Brownian motion.

2.2.6 Corollary If B is a Brownian motion, then for any t € T, and y > 1/2
B,.,—B B.,—B
lim sup k7 +00 and lim inf —2 1 — —o00, P-as.
hlo* hY hlOt h"

Actually the following result is valid, but we omit the proof.

2.2.7 Proposition Let B be a Brownian motion and y > 1/2. Then there exists some
P-neglible event N such that whenever w € N C. the path B(w) is nowhere Holder continuous

with exponent 7.

B B
2.2.8 Remark We have proved that TI —0, P-as. On the other end — ~ N(0, 1),

Vi
d
thus % —> N(0, 1). But this convergence is not even in probability: The following difference
t

can be broken down into a sum of independent normal distributions

By _ B _V2Bu-B (| N2\B oo 5
ARV > ) Vi
AN(0,1/2) AN(0,(3-2V2)12)
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which is impossible to converge in probability to 0. Somewhere in the middle between ¢ and

\/;, we obtain than if A:(0,+00) — (0,+00) is a function such that A(z) € a)(\/;), then
B, 12

B
% — 0. But how about a.s. convergence of W;)? Well, the last propositions show that

B
when we choose A(f) = /¢ In(In(?)), a.s. convergence fails, while still L LO.
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3. Stochastic integration

This chapter is devoted to the presentation of the stochastic integral for continuous
martingales, based on the characterization through quadratic variation. We follow
[RY13, ch. IV.2, IV.3].

3.1 Integrator spaces, definition and basic properties

We need to introduce some martingale and process spaces. In the whole chapter, unless
stated otherwise, (2, %, P) will be a probability space equipped with a filtration & = (F,),er,
T = [0,+00), that satisfies the usual conditions (that is, it contains all the P-neglible sets of F
and it is right continuous). Further we define % = o (UteT%).

We begin with the definition of the classes of integrators:

3.1.1 Definition Let ./ be the space of §-martingales defined on T'xX Q. The space of
L?-bounded martingales:

M* = {M = (MI)ZET

M € M with almost all its paths right continuous
with left limits and sup E [M?] < +o0

reT
1
! Vi
equipped with the norm || M|, = sup E [M?]?, M € /#*. When we say M, — M, we mean
teT

\M, — M|| , — 0, that is, M, converges to M in the norm of .Z>.
We also define the spaces

M5 =M€ M:M,=0}
M? ={M € M : M has as. its paths continuous}
MG = M5O ME

3.1.2 Proposition A? is a Hilbert space isometric to L?(Q, %.., P) under the isometry

J: LX(Q, F o, P) —> M : Moy — IM, = (E [M,, | #])

teT
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Further, /2, M} are closed subspaces of ./>.

Proof: First observe that if M € .2, its L*>-boundedness implies that it is uniformly
integrable, thus there is some M € L*(Q, %, P) such that lim = M_, a.s. and also in L!,

0
t—> +oo

but even more in L? and that's due to Doob's inequality for M;* = sup | M,|:
s<t

E [(M%)?] < 4supE [M?]

teT

so that M? is uniformly integrable as well. Whence sup E [Mtz] =E [Mgo]
teT

By its definition, J M, is an {-martingale and because the filtration is right continuous,
then so is J M. This martingale can be further modified to have a.s. left limits (cadlag). Due
to continuity, J M, is indistinguishable from one with this property. So indeed, J M € ./
as M, is L?>-bounded. Then the first argument of the proof applies and we conclude that
E [M00 | ,%] — M, as. and in L2. Thus we have an isometry.

Again by the first argument of the proof, given a martingale M € .42, and its last element
M, we obtain that J M, = M up to indistinguishability.

To prove that /. is closed, take a sequence (M,), in .. and suppose that M, -~ Me M.
Then, again, by Doob's inequality

<4|M,- M| ,—0

teT

E [sup (M), — M,|?

L2
or, equivalently sup |(M,), — M,| — 0, thus for some subsequence, sup|(Mnk)t —M,| —0
teT teT
a.s. So for allmost all @ the path M, (w) converges uniformly on T to the path M(w). So

M (w) is continuous.
To show that . is closed, take

Py L*+— L2: fr— Py f =E[f| F)

This is an orthogonal projection on L?> and observe that ker Py = { f—Pf | VRS L2} =
J . n

3.1.3 Remark We identify all the martingales in .2 that are indistinguishable from
each other. Also note that ||M%||, <2||M]|| , introduces an equivalent norm in .# (though not
a Hilbert one).

The topology of convergence in .42 is the one suggested by the Doob's inequality:

M

M
M™ 0 if and only if E lsup

teT

2
l—)().
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3.1.4 Proposition A continuous local {-martingale M = (M,),cr is in #* if and
only if My, € L? and { M, M) is integrable. In that case, the martingale M? — (M, M)) is
uniformly integrable and for all s <7 €T,

E[M? - M2|F] =E[(M, - M)*| F] =E [{(M, M) | %]

Proof: (=): We suppose that M is a local martingale and M € .#?. Obviously M, € L?.
Now let (z,), be a sequence of stopping times as in the definition of local martingale. We can
further suppose that 1, ;- M™ is bounded. In a standard fashion,

E[(M, M), ] =E[(M, M), o 1}z 50] ((M, M), =0)

=E [l 50 M2 5] —E [M§ - 11, 50 (M, € L%
=E[M?,]-E[Mj]

Now let n — +o00 and exploit the L?-boundedness of M to obtain
E[(M.M),] =E [M?] ~E [M;] < E[MZ] - E [M;]

Now, by the monotone convergence, let 1 — +oo to obtain that (M, M), =sup (M, M), =
neN

sup (M, M), is L*-integrable, for it is bounded:

teT

E (M. M) = supE [(M. M), ] < E [M2] - E [M3)]

neN

(): We suppose that M is a local martingale such that M, € L*(Q) and (M,M)) is

integrable, thus the limit (M, M)), = sup (M, M)),, = sup ( M, M')), exists pointwise and
neN teT
is integrable. Let again the (z,), sequence of stopping times as above. Then, integrability

of M? and the martingale property of li; 501 - M™ lead to
E[M2,]=E[M}|+E[(M. M), | <E[MJ]|+E[(M,M),], forallneN,teT

For fixed ¢ let n— +o00 to obtain, by Fatou's lemma: E [Mtz] < liminfE [an,\t] <
n

E [Mg] +E [((M , M ))io]. This prove the L?> boundedness of M. Further, the whole
family {M,, MT2 At | teT,ne N} is uniformly integrable (as L? bounded). For fixed ¢, let

n— 400 to obtain
M;=1limM, ,, =limE [M, | F|=E[M,| %], foralls<teT
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To show that M2 — { M, M) is integrable, just observe

sup |M? — (M, M),| < (M5 + (M, M),

and the right side is integralbe. Eventually, use the optional stopping theorem to obtain the
desired equality. O

3.1.5 Remark i) Whenever a continuous local martingale M is also in .#2, then we
get also that

IM % = |Moll3 + 1{M, MYl

i1) A moment's reflection on the previous proof shows that the results may hold also for any
stopping time 7: M" is again a continuous local martingale and thus M* € ./ if and only

if E[M§] and E [((M,M))i] < +00.

We now proceed with the classes of integrands. For the next definitions, recall that if
M € BV () and K is a progressively measurable process we defined a new process (K« M),
pathwise as the Lebesgue-Stieltjes integral:

t
(K-M),:/KSdMS, teT
0

Further, if M is a continuous local martingale, then it has a continuous quadratic variation,
and we can define a measure pu,, on (T'X Q, B(T) X F):

BT)X FD A pp(A) = / / 14(t, ) d{M, M), dP(w) € [0, +oo]
QJT

(or upy(A) =E [/TIA d((M,M))] for short). So for a process K, K du, =
[0,1]xQ
t
E [ | & d«M,M»s] .
0
3.1.6 Definition Let M be a continuous local martingale. We define

K is a progressively measurable process such that }

2 _ —
L (M) - {K - (Kt)zeT /TXQ |K|2 dMM < 400

2

for a K € L>(M) we define | K|, = (/ |K|2 d,uM> .
T%Q
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We define
K is a progressively measurable process such that,
L} (M)=3 K = (K,),er | there exists a nondecreasing sequence of stopping
times (z,), such that 7, 1 +oco0 and 1y 1K € L*(M)

2
loc

We identify any two processes K, H € L>(M) or L
A progressively measurable process K is called locally bounded if there exists a

(M) if K = H a.e. for the measure pu,,.

nondecreasing sequence of stopping times (z,), such that 7, T +o0 and sup |K™| < +c0.
T<Q

The next proposition is the heart of the definition of the stochastic integral:

3.1.7 Proposition Let M € #?. For every K € L>(M) there is a unique I,,(K) € ﬂio
such that for every N € /2
(In(K), N) = K« {(M,N)

Further, the mapping Iy L*(M) —> JM(Z, is an isometry between L?*(M) and J7,. The
mapping I,, is called stochastic integral of K with respect to M and we use the symbol:

t
Un(K)), = / K,dM;, teT
0
Proof: First we suppose that M € ﬂf’o. We define
B:L*(N)X M2y — R : (K,N) — B(K,N)=E l/ K, d{M, N))sl
0

For every N € /%, K € L*(M),
12

|B(K, N)| <E /0 sz«M,M»s] EL(N,NYeol" = IKllp- IN g

Thus B is a bounded bilinear functional on L?>(N) X ./ 3’0 and so it uniquely defines a bounded
linear mapping I,;: L2 (M) — (2, such that

B(K,N) =E[I/(K)y NI, K& LM),N € .42,

We need to show that {(I,(K),N) = Ke{M,N) and it suffices to show that
X =1, (K)N — K« {M,N) is a martingale. To this end, let 7 be a bounded stopping time.

E [1)(K), N,| =E [E [I/(K)o | #|N,] = E [I1(K)o N,
= E[Iy(K)e (N%)s] = B(K, N7)

=[EU0 st((M,NT))sl=[El/0 K, d({M,N)");

_E [ [ g, N))Sl —E[(K (M. NY)]
0
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We have shown that E[X7] = E [XO] for an arbitrary bounded stopping time 7. This asserts the
martingale property of X.
Further, {I,,(K), I;(K)) = Ko (M, I1,,(K)) = K? e« {M, M) and this leads to

I (KL = E LTy (KD, Ing(K)Y o] = E [(K* ¢ (M, M )] = 1K1l 1

thus proving that I,, is an isometry.

Observe that the identity {I,,(K), N) = K+ {M, N) extends to the whole .#2, for adding
a constant to N does not change the bracket.

Finally, we extend the I,, to martingales not vanishing at 0. If M = M, is a constant
martingale, we proceed to define I,,(K) =0 ]

3.1.8 Proposition Let M € 2. For every K € LX(M), H € L* ([, K, dM)
Ity (H) =Ty(KH)

If 7 is a stopping time and H € L?(M) then

</Hs dMs) =/1[0,T]HS dMs =/Hs dM‘r/\s
0 0 0

1 ift <7(w)
0 ift>17(w)
Proof: This is a consequence of the defining property of the stochastic integral and the

where the process 1y, is defined by 1jy (@) = {

associativity of the Lebesgue-Stieltjes integral: For any N € .2,

11,0 H).N) = He (I(K),N) = He(Kes{(M,N))
=HK+{(M,N) = {Iy(HK),N)

Now apply the previous argument to K = 1y, and observe that /o lip,; dM = M": For
any N € /2,

<</()1[°”1 dM’N>> =l s (M, N) =(M,N) ={(M*",N)

This shows the right pair of the equalities. For the left side pair, we obtain for every N € /2,

<< </°H dMS>T’N>> ) <</0H dMS’N>>T = (H (M. N))*

=l e (He{M,N)) =1 He{(M,N)

Ry :
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3.1.9 Remark We let the symbol / K, dM, stand for the random variable
0

(/o Ky dM,) . So for the stopped process (/, K; dM,)" one has

t TAL
</KS dMS> = / I[O,T]KS dMs = / KS dMs
0 TAL 0 0

Further for any stopping times a, b we define

b b a
/KSdMs=/KSdMS—/ K, dM,
a 0 0

In the same time we want to stress the fact that the stochastic integral is not defined

T (o 0]
pathwise. In the case of a M € /2 and K € L>(M), one has / H,dM, = / Lo Hy dM;.
0 0

Now we can extend the stochastic integral to continuous local martingales

3.1.10 Proposition Let M be a continuous local martingale and K € LIZOC(M ). Then

there exists a unique continuous local martingale /0 K, dM| vanishing at 0, such that for any
continuous local martingale N,

<</K dMS,N>> =Ke{(M,N)
0

Proof:  First suppose that My, = 0. We proceed by locality: Let (7,), be a
nondecreasing sequence of stopping times such that 7, 1 +oco0 such that M™ € ./#? and
Lo 1K € L>(M™). The stochastic integral X, = /0 i) K dM™ is well defined, and
Xo=/y Ly K dM ™t = fo lio. K dM™ = X, for every n. So we define

X = / K,dM, =) / L, o K dM
0 =tJo

</KS dMS> = (/I(Tnlafn]K dMT">
0 0

4/01[0’1."]K dMT” - o I[O’Tn—l]K dMT”

observe that

DM DM

n=1

Il
M=

Al[o’Tn]K dMT" - o 1[07,["_1]K dMT’“1

n=1

S~

o I[O,Tm]K dMT = Xm
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Thus, /0 K, dM, is a continuous local martingale vanishing at 0, such that for every N € />
and every n,

(X, NY" = (X, N} = Lo Ko (M, N) =11, K+ {M,N)

Now we suppose that N is a continuous local martingale. Let (oy), be a nondecreasing
sequence of stopping times such that s, 1 +o0o and N° € .42 (or even bounded). Now for every
nk, {X,NoN" =119, 1K« (M, N°), or equivalently, (X, N)™" = 1ig, v, ;K * (M, N).
Fix any ¢ € T to obtain

(XN Y pons = /O Tk, d(MLNY),

take limits as n, k — +o0, exploit continuity of the bracket and the Lebesgue-Stieltjes integral
(with respect to continuous integrator), to obtain the desired equality.

In the general case, whenever M is a local martingale (warning: M, may not even be
integrable) we define [, K, d(M — My), = [, K, dM. O

We also have:

3.1.11 Proposition Let M be a continuous local martingale. For every K € L{ (M),
He L} ([,K,dM,)

loc

I, (H) = Iy(KH)

If 7 is a stopping time and H € L} (M) then
</HS dMs> :/1[0’T]Hs dMs :/HS dMT/\S
0 0 0

3.1.12 Proposition Let M be a local martingale, (K,),-; a sequence of progressively
measurable processes converging pointwise to 0. We further suppose that H € L (M) such
that |K,| < H for every n =1,2,.... Then for any b € T,

sup
0<t<b

t
P
/ KndM‘—>0 as n = +oo
0

Proof: We can suppose without loss of generality that M, = 0. Let (z,,),, be a nondecreasing
sequence of stopping times such that z,, 1 +oco and for all m, M™ € M7, and H™» € L*(M).
Let b € T and € > 0 be fixed. We can find now some m such that P ([z,, < b]) < /2 and some
no such that for all n > ny, E [[;" K2 d{(M, M| < 5¢>/2. But the stochastic integral is an
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isometry; whence E [(/OT'" K dMs)z] = ||(/OK dM)T'"
By the Doob inequality and for all n > n,

t
P ( [ sup / K,dM
o<t<b |Jo

4= [/o" K2 d{M, M| < 5¢/2.

t
ZE])ZP([Tme])-l-P( sup /K,,dM Zs]n[rm>b]>
0<t<b | JO

[ TN T
=P([z, gb])+P< sup / K,dM| > €| n[z, >b]>
0
TNt

0<r<bh

SP([rmsb])+P< sup / K, dM 25)
0<t<b 0

T 2
gP([Tmsb])+iz-rE[</ stMS> ] <6
€ 0

3.1.13 Example Let M be a continuous local martingale, (z,),—, be a nondecreasing

O

sequence of stopping times (not necessarily finite) such that 7, = 0 and 7, 1 +o0, (£,),— be a
sequence of random variables, with each of &, being &, -measurable. Define now the process
K:

K= Z Sk * I(TvakH] (E)
k=0

and observe that K is adapted and with all its paths left continuous (and with right limits).
Whence it is progressively measurable. If we further suppose that 3C > 0 such that |£,| < C
for all n, we can be easily verify that K € L>(M). So the stochastic integral /0 K, dM, exists

. 7 -1 -1
and since (/o K, dM,)" = [o 10 Ks M = 200 fo L 1ée AM = XiZo (M, = M),
hence /OT"M K, dM, = ZZ;(I) (M, o — M, A)- We can take limits, and exploiting continuity
of M and the stochastic integral,

t T, At 0
/ K, dM, = lim / K, dM, = ) &M, =M, ) (SI)
0 nJo n=0

While the left side limit cannot be evaluated directly for every single @, the limit on the right
side is explicitly defined pathwise (and it is a finite sum for every single w); we obtain thus, up
to modification and hence up to indistinguishability, a closed form of the stochastic integral,
whenever K has the special form defined earlier. We call such processes elementary, and we
write K € &(§) or simply &, whenever the filtration is obvious. When the stopping times are
all constant we say that K € &,.

Even as & is smaller than &, it seems it suffices: Every adapted, left-continuous with right
limits process, is the pointwise limit of a sequence of elementary processes in &,. And one can
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begin to build the stochastic integration by defining integrals pathwise on &, or &. Observe,
that when we take the equation (SI) as a beginning definition for our stochastic integral, we
dont really need the full continuity assumption over M. Actually stochastic integrals may be
defined for a much broader class of integrators: right continuous semimartingales. And for this
class of integrators, the appropriate integrands are the left-continuous adapted processes with
right limits. We shall not develop this concept here.

3.1.14 Proposition Let M be a continuous local martingale, K € LIZOC(M ) with almost
all its paths left continuous. Then for every t € T, € > 0,
n—1 t
ZK%MM—MQEi/K&MSaMm—eO
k=0 0

with the limit taken over the partitions [1={0=1t, <, < ... <t, =1t} of [0,1].

3.1.15 Corollary Let ® = (&,),cr be a filtration (other that &). Let M be a continuous
local martingale with respect to both §,® and K € L} (M;®)n L} (M;F) with allmost all its
path left continuous. Then, the stochastic integral /0 K, dM, does not depend on the filtration

Proof: Use the previous corollary to obtain a limit-in-probability evaluation of the

stochastic integral, which is not dependent on the filtration. O

3.1.16 Corollary Let B be a standard §-Brownian motion and f be a locally bounded
borel function f:R, — R. Then for any s < ¢, the stochastic integral / St f(s) dB, 1is
independent of F.

Proof: Consider the process M = (M,),c7, defined by
M. — 0 ift<s — (B- B
"\ B, -B, ift>s !
Then M is a continuous martingale (and a Brownian motion starting at time s), adapted to
its own natural fintration & (it can be taken to contain the neglible sets of %) which is
independent of %,. Further f as a process, being constant on e, is in L (M) n L% .(B).
First suppose that f is left continuous: First f(; f(w) dM, is &,-measurable and
hence independent of %; further it equals (now take the integral on the filtration )

SAt

Jo f@) d(B = B%), = [y fw) dB, = [; f@w) dB; = [y fw) dB, = [ f) dB, = [ f(w) dB,.
Whence /St f(u) dB, is independent of F.

If f is only borel measurable, then on [0,¢] it a.s. the pointwise limit of a sequence of
continuous functions f, such that | f,| < K, where K is a bound of | f| on [0,¢]. We can apply
the convergence result for stochastic integrals to obtain that /(; fw)dM, = / St f(u) dB,, with
the left expression being &,-measurable and independent of F. |
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3.2 Ito's formula

3.2.1 Proposition If M is a continuous local martingale, then for any r € T,
t
ME-Mi =2 [y am+ (aran),
0

Proof: If 1 ={0=1ty<t, <...<t,=t} is a partition of [0, ], then
n—1 n—1
DM, — M) =M}~ M;-2) M, (M,
k=0 i=0

- Mtk)

k+1

Taking limit as |TI| — O we are lead to (M, M), on the left, and to M? — M3 — 2f0[ M, dM,
on the right. O

3.2.2 Proposition If M, N are continuous local martingales, then for any ¢ € T,
M;N, — MyN, = /OIMS dN; + /0th dM; + (M, N)),
If A € %7 1s continuous, then for any 7 € T,
M, A, — MyA, = /01 M, dA + /OZAS dM;

Proof: For the first equation, just use twice the previous corollary replacing M by
i(M + N) and i(M — N); then subtract.
For the second equation, fix some ¢ € T and take a partition [1 = {0 =1, <t, < ... <t, =1}
of [0,7]. Then
n—1
MA, - MyAg= ) M, A
k=0

M, A

Teel 7"

n—1

n—1
= Z [MtkHAtk + M’kAfk+1 - ZMTkA’k] + Z(Mtkﬂ - Mtk)(AtkH - A’k)
k=0 k=0
n—1 n—1 n—1
=D AWM, - M)+ ) M (A, —A)+ D (M, — M)A, —A)
k=0 k=0 k=0

t
The first factor on the right converges in probability to / A, dM, the second factor converges
0

t
pointwise to / M dA; and the third factor is the covariation C,(M, A;II) and we estimate:
0

n
|CI(M’A,H)| = g/?gxn |Mtk+l - Mtk| . ; |Atk+l - Alk| < max |Mtk+l - Mtkl ' I/tl(A)

1<k<n
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But for almost every single @ € Q, the variation V;!(A(w)) is finite, and M (w) is uniformly
continuous on [0, ¢], hence C,(M (), A(w); IT) — 0. This completes the proof. ]

The last corollary suggests us to extend the definition of the bracket: As C,(A, B;II) is well
defined for any two processes, and since C;(A, B; 1) — 0 a.s. for any A € 97 and continuous
B, we define

(A, B) =0

P
and still be consistent with sup |C,(A, B;I1)] — 0. This last definition, further allows us to

s<t

evaluate the bracket for continuous semimartingales, X = M + A,Y = N + B, with M, N local
martingales and A, B € %7° {(X,Y) = (M, N). This further enables us to extend the
stochastic integral to continuous semimartingales and to locally bounded processes:

t t t
/stXs:/stMs+/ K, dA,
0 0 0

stochastic part pathwise def'd

All of the properties proven earlier, still hold and the last corollary now unifies all the cases:
t t
xY-xw = [ x e [y ax s,
0 0

This formula is essentially the precursor to the next proposition, known in the literature as
Itd's formula. It is the stochastic analogue of the fundamental theorem of calculus:

3.2.3 Proposition Let M',M? ...,M" be continuous local martingales,
Al A2, ...  A™ € BV be continuous processes of bounded variation and

R" X R™ 2 (g, Hoy - vey Py X1, Qg ...n ) —> F(;00) € R

A\ S \u 7
' Vo

n o

be a C? function up to p and C' up to . Put X, = (M/,..., M/"; A}, ..., A") for short. Then
for every t € T,

"OF .
F(X,) — F(X,) = 2 / <X)dM’+Z | a0 aa

2
/ Gl S 0 4 M),

l]l
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Proof: Let % the space of functions F = F(p, ) € C/(R" x R”; R), C? up to p, equipped
with the seminorms
K, }

as K ranges in the compact subsets of R"™. Take (K,)%, a sequence of compact rectangles
o0

in R" x R™, such that K, C intK,,; for all n and |J K, = R” x R™. Then the sequence of

n=1
seminorms (pg ), forms a basis for the topology of uniform convergence on compacts on @.

2

pK(F):maX{”Fn_F”K,oo’ (F, = F)

a(F F)
o "

‘G(F F)
oo, "

K,oo’ K,oo’ a”zaﬂj

Let #Z C € the set of functions satisfying («) for all (m + n)-tuples of processes X in
hypothesis. Clearly 1 € #Z and # is a vector space due to linearity. Further, if F € Z, then
so do (o) — u F(p; o) for any 1 <k <n and (p; ) — o F(; ) for any 1 < k < m:
Observe that F(X) is a semimartingale and apply the integration by parts formula for the pairs
of continuous semimartingales M, F(X) and A/, F(X). Hence # contains all the polynomials
N Uy, Hoy ooy My O Oy oy Oy

Now let (F,), be a sequence in # converging to F = F(u,a) € 6. Fix X a (m + n)-tuple
of processes as in hypothesis and let

T, = n/\inf{t >0 | X; € (intKn)C},n > 1
Then (z,), is a nondecreasing sequence of stopping times, 7, T +oo0, and X™ has its paths lying
in K,;; hence X is locally bounded and so are all S—Z(X), %(X), I

0p;0p;
for the sequence). So we can apply convergence theorems to stochastic and Lebesgue-Stieltjes

(X) (so we obtain bounds

integrals. To this end, observe that the polynomials are dense in €; whence # = 6. ]

3.2.4 Example Let w: R — R : x — w(x) = exp(—x?/2) and put Q for the measure
that w induces in R, that is, Q(A) = [, w(x) dA(x), A € A(R), where A is the Lebesgue
measure on R. The Hermite's polynomials, is an orthogonal sequence of polynomials (h,,),-,
on L*(R;%,Q) with degh, = n, n € N. Their defining equation can be taken to be (among
others),

hy =1, /hn-hm~wd/1=6nm 2zn!, n,méeN

2 (2
h,(x)=(—1)"e2 <e 2 >
dx"

>, x € R, a> 0, n € N one obtains,

We further know that,

X

Putting H,(x,a) = axh, <\/Z

1 o 0
5@4-6_11 H,(x,a)=0, neN,xeR,a>0
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and if M is a continuous local martingale, then so is L™ = H,(M,{M,M)). This is an
immediate consequence of the Itd's formula. We further can obtain a recursive equation: H,

. d .
can be proven to satisfy also a_H" =nH,_;, n > 1, whence we obtain
X

L™ =p /0 LYY dMm,

The first four martingales generated by H,, H,, Hs, H, are

H (M, (M, M))=M
Hy(M,{M, M) = M* — (M, M)

Hy(M, (M, M))=M>-3(M,M) M

Hy(M, (M, M)) = M*-6(M,M) M>+3 (M, M)’
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4. Applications

In this chapter again (Q, # P) is a probability space, § = (F)ers T = [0,4+0) is a
filtration, such that %, contains all the P-negligible sets of .

4.1 Bounds for M

We have already seen that for a martingale vanishing at 0, E[{(M, M), ] <E [(M ;"0)2] <
AE[{M, M) ]. The right side inequality is a consequence of Doob's inequality for p = 2.
Actually analogous equalities hold for any p > 0. We prove a partial result which is useful in
its own.

4.1.1 Lemma [RY13, prop. IV.4.3] For every p > 2 there is a constant C, > 0 such
that for any continuous local martingale M vanishing at 0

E[IMLl] < ¢, E[qM, M)Z]

Proof: If M is a continuous local martingale, then using the Itd's formula for |M,|”, we

obtain
o0

(&) . 1 _
Ml = [ M sen M, ab,+ 5 [ po = DML ),
0 0

Thus, using Doob's inequality and after taking expectations

E[IM517] < (ﬁ)lﬁ (1M, 17]

= 2P(p 1) (ﬁ) E [ | d<<M,M>>s]

< o E[IMEIP2 (M, M),
= 2(p - 1! = S

P 1 1k
< sy EIMEN] B[, b))%

Thus,

[SEES]

.1y pp+1 g
E [lMool ] < <W> -E [(«M,M»oo) ] Ol
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4.2 Stochastic integral of deterministic function up to Brownian
motion

4.2.1 Proposition Let f: T+ R be a locally bounded borel function and B = (B,),cr

be a standard Brownian motion. Then the process X = ( fot f(s) dBS> . is a centered Gaussian
te
tAS

process with covariance I'(s,7) = Cov (X, X;) =E [ 0 f(s)? dBS].

Proof: Fix neT,A€R, and let ¢,(t) =E [e“”‘f] ,t < n. This expectation always exists.

We apply the Itd formula to the function F(x) = e'** and the stopped process X" € ./%f’o and

any ¢ < n, to obtain

. ! i 1 * ]
e — 1 = M/ e dX, — 5’12/ X d (X, X)),
0 0

L 1 S
= i/l/ e*Xs f(s) dB, — 5/12/ e X £(s5)* ds
0 0

The first term on the right is a martingale (as f € L*([0,n])), and we can take expectations,
use the fubini's theorem to obtain

1 t
i) =1- 5/12/ @) f(s)ds, t<n
0

This integral equation has a unique solution

L 2 2
@) =exp ) ; f(s)*ds- A7 ),t<n

But n was arbitrary, and as solution is unique, this identity holds for all r € T.

Thus, for every t € T, X, is a normally distributed random variable, with mean 0 and
variance [y f(s)? ds. Quite similarly, for s <7 €T, X,— X, = /. f(s) dB, is normally
distributed, with mean 0 and variance f; f(s)? ds and further, independent of %,.

Letnow s <t eT,

Cov (X, X,) =E /f(u)dBu'/f(u)dBu]
0 0

[ s 2 s ! T

—F </ £ ) dBu> ] +E [/ f(u) dBu-/ f(u) dB,
0 0 s

/ fw) dBu] = [ / f(w) dB,
0 s

=E / f(u)? dBul O
| JO

=F / f(u)deul+[E
| JO
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4.3 Exponential martingales

4.3.1 Proposition [RY13, prop IV34] Let f:RXT+— C: (x,t) —> f(x,t) such
that = ﬂ a—f € C(RXT) and satlsfy - + la—f = 0. If M is a continuous local martingale, then
so does (M (M, M) = (f(M,, ((M M)) ))zeT-

Proof: Direct application to the It6 formula for the function f = f(x,t) replacing x by M,

and t by (M, M)),. O]

4.3.2 Remark When f(x,t) = exp(Ax — %Azt), the local martingale

EAM) = <exp (AM, — %/12 M, M)),))

teT

is called the exponential of M. When A = 1 we just write E(M).

Actually E*(M) is a supermartingale as a non-negative local martingale:
E/(M) > 0. If we know that the expectation E |[E*(M)| exists and is constant,
then for any s <t the inequality E[E*(M),|%]| < E*M), and the equality
0 = E [EA(M), — EA(M),] = E [E [E*(M), | %] — EA(M),] lead to E [EX(M), | F] = EA(M);.

One can prove a reverse: If M is a continuous g-adapted process, A € BZ(F) is
continuous, and for every A € R the process E(4) = (exp </1Mt - %/IZA,)>t€T is a local
martingale, then so is M and (M, M)) = A. Indeed, pick any nonzero A € R, and exploit the
identity E(2A4)e*4 = E(A)%. Whence, for any ¢ € T, we obtain

t t
E(A)? — E(A)? = / EQ24), de®A + / et A dE(22),
0 0

t
and we conclude that {E(1), E(A))), = / EQA), de*4s. Now E(4) > 0 always, so we can
0
apply the Ito's formula to F(x) = Inx, x > 0 and to the local martingale E(4):

" dEW), 1 /’ d{E4), E(A)),
E(), 2 Jo E(A);

1
}t(Mt - MO) - E/IZ(AI - AO) = /0

t t A2A, t
But / d(EMQ. EQ), _ / EQa); de / P doPA = A — A So we
0 E(A)3 o E@3 0
dE(4),

E(A),

t
conclude immediately that M is a local martingale, since AM; = AM, + / , for all
0

t € T. Further

2AM. MY, = <</ dE(i)s’/ dE(A), >> :/ d{E(A), E(D))); _ (A, — Ay)
o E(Ay Jo EQA [ff: Jo E(4)?
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and this completes our claim.
Observe, further that E*(M), due to Itd's formula, satisfies the following equation

t
EMM), — E*(M)y = A / EAM),dM,, t€T
0

and actually, this equation characterizes E(4): For if Z would satisfy the same equation,
namely Z, — E*(M), = A /Ot Z,dM,, for all ¢, then applying the It6's formula to the function
F(z,x)=2z/x,z€ R,x >0 and to the semimartingale Z and the local martingale E(A), for
every t € T,

4z, /Zdﬂ_ / d(Z, ED), / Z, d(EA), EW),
0 0 0

F(Z E@Dlo = / E()? E(2 E(3

o E(A),

but this sum vanishes, for the terms on the right cancel each other:

/’ dZ, /’ Z,dM,  [" Z,dE(d),
0 0

foreveryt €T

EQ),  Jo EQ, " Jo T EGR
(Z,EQ)),  L,Z, M, M), Z,d{(E), ED),
—_— =4 = for every s €T
E(A)3 E(4), E(A)3
4.3.3 Remark Especially, when M, = /(; f(s) dB;, where f:R, — R is a locally

bounded borel function, the exponential E(M') of M, which will be denoted by

E/(B), =exp (/0 f(s)dB, — %/0 f(s)? ds>, teT

is a martingale: First observe that M, v N <O, f(; f(s)? ds) and so E [eM] = exp <% f(; £ (s)? ds),
that is, E [Ef (B)t] =1 for all t € T. Now apply the previous remark.

The following two propositions, known as "Kazamaki's criterion" and "Novikov's condition"
can give sufficient conditions so that the local martingale E(L) is a true martingale.

4.3.4 Proposition [RY13, prop. VIIL.1.14] If L is a continuous local martingale
vanishing at 0, such that e'2~ is a uniformly integrable submartingale, then E(L) is a uniformly
integrable martingale.

Proof. Let a € (0,1) and Z(a), = exp (mL,> Then E(aL) = E(L)*Z(a)""*. By
the optional stopping theorem, {E(!/,L),| 7 is a stopping time} is uniformly integrable and
as 9/4q < /2, so does {Z(a), |t is a stopping time}. Now observe that E(L) is also a
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supermartingale, whence E [E(L)T] < 1 for any stopping time and by the Holder inequality, for
any stopping time 7 and A € &,

1- 1-d?

E[14E(aLl),] <E [E(L),]“z -E[14Z(a),] “<E 142, ., teT

Hence {E(aL), | 7 is a stopping time} is also uniformly integrable, so E(aL) is a uniformly
integrable martingale. So E(aL),, exists (and is integrable), it is the a.s. pointwise and L' limit
of E(aL), as t — +o0 and so E[E(al),] = 1. Further L exists P-a.s. and so does exp(L).
Further, exp(L, /2) is integrable (hypothesis) and Z(a)o, < 1j1_<o) + 111 _>0€XP(Lo / 2). Now
lim Z (@), = exp(Le, /2) P-as. and 1 =E lexp(Ly, /2)] = lim E[Z(a)]. So E[E(L)] =1
and this completes the proof. ]

4.3.5 Proposition [RY13, prop. VIIL.1.15] If L is a continuous local martingale
vanishing at 0, such that E [exp (% ((L,L))oo>] < 400, then E(L) is a uniformly integrable

martingale, E [exp (%L’&,)] < +o00 and L% has moments of any order.

Proof: (L,L). >0 and for x > 0, x" < z—' -e*, 50 E [((L, L))Zo] < +4oo forall n > 1, and
this implies that E [(LT,O)Z"] < Cy,E [((L, L))Zo] < 400 so both (L, L), and L}, have moments

of any order. From the identity e 2L = (E(L),,)"> - e "*‘&P)s applied to the Cauchy-Schwarz
inequality and the fact that E(L) is a positive supermartingale,
1
exp (5 (L L)

E lexp <%L?§o> <E [E(L)oo]% -E [eXp <% ((L,L»oo)l <E

Thus, by the previous proposition, E(L) is a uniformly integrable martingale.

N —

We now prove that E [exp <%L§O>] < +o00. In a similar fashion for any c€ R and t € T,

1 4 1
X(c), Zexp <ECL1> = (E(L),)? - exp <ZC «L, L»r)
Let now ¢ <1 and apply the Doob's inequality to the positive submartingale X(c) with
p=1.>1,
<K, E[(X(c)x)]

teT teT

E lsupel’ZL'l =E lsup X(c)

E [exp (% (L. L>>oo>] 2

1

2
< 400

N —

<K, E[(E(L))]

<K,-E [exp (% (L. L>>m>
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Nothing prevents us to put replace L by —L in the previous arguments, whence we also

1 1
< E [supexp (—L,) + exp <——Lt)l
teT 2 2

26| < 400, Thus,

get E [supe

teT

1 1
E [exp <—L§o>] =[E lsupexp <— |Lt|>
2 teT

< E |supexp < >l lsup exp (——L > < 400
t€T teT
and this completes the proof. ]
These two results, have also finite interval counterpatrs:
4.3.6 Proposition [RY13, prop. IV.1.14] If L is a continuous local martingale

vanishing at 0, such that exp (%L) is a submartingale or E [exp (% (L, L)),)] is finite for all
t € T. then E(L) is a martingale.

4.3.7 Example Let W =W W?2,...,W?% be a d-dimensional Brownian motion and
X =X' X2, ..., X% be a d-dimensional progressively measurable process such that

1 t
E [exp (5/ |Xs|2 ds)] <400, teT
0

1 : :
then E (fo X, dI/VS) = exp (fo X, dW, — 5/0 |XS|2 ds) is a martingale.
The following proposition is known as "Lévy's characterization" of Brownian motion:

4.3.8 Proposition [RY13, prop. IV.3.6] Let X = (X, X2 ... X"),or
d-dimensional $-adapted continuous process such that X, = 0. Then the following are

be a

equivalent.

1) X is a d-dimensional Brownian motion

ii) X is a continuous local martingale and (X', X/)), = §;;t, forallr € T, 1 <i,j < d.

ii1)) X is a continuous local martingale and for every d-tuple of functions f = (fy, f5. ..., f4),
with f; € L3(R,), 1 <i < d the process E// defined by

Ell = exp < / fi(s) dX§ + / fi(s)? dS>

Proof: i)—ii) is a known property. ii)—iii) The exponential E'(M) with M defined by

is a martingale.

—67 -



d t
M, = Z /0 fi(s) dX%, t €T, is a (positive) bounded continuous local martingale:

| A 1 &
|Ef = exp | = Z/ £ ds | <Ci=exp| = D Ifll3
26 Jo 2=

hence a martingale. iii)—i) Let ¢ € R? and b€ T. Put f =¢- lpp and we obtain
Eff = exp (i (&, Xpp) + 51617 (bAD), forall t € T. If s <1 < b, n € R and A € F, then

E [emlA] ==FE ei’71A . —[E [Eif_| 3‘73] =E|E ei’71A . E—;f
Etsf Etf

N

Eif
F, ] =F [ei”lf‘ e
Eif

—e oo (16X -X) 45 IR0 )|

But #,¢ and b were arbitrarily chosen, whence X; — X ~ N(0,7 — s), for every s <t € T and
even more X; — X, is independent of 14, for every A € %, so X, — X is independent of F,.[]

4.4 The reflection principle

4.4.1 Example Let us now see an application of Lévy's characterization on the
Brownian motion. This is known as the reflection principle: At the time of stopping the
reflected Brownian motion is equivalent to the original Brownian motion. Namely, if B is a
&-Brownian motion and 7 any P-a.s. finite {-stopping time, the process B") = 2B — B is
again a Brownian motion. Indeed, by its definition, 1, € L*(B), so the process

t
/O lgs-2—1dB,=2B,,—B,=B", 1€T

is indeed a local martingale, and further

t
(57.59), = [ 212t = reT
0

thus, by Lévy's characterization, B" is indeed a Brownian motion.
Thus, for A, b > 0 and the stopping time 7 = inf{r € T : B, > b} we obtain
[r<fIn[B, <b-h] =[B" >b+h]

Indeed, if 7 <t then B, = 2B, — B"” = 2b— B\"” and hence B, < b+ h is equivalent to
B > b—h. And conversely, B > b+h and r > ¢ cannot hold together, else B\ = B, > b+h
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which implies that 7 < ¢, a contradiction. Hence t <t and b+ h < B"”) =2B,— B, = 2b — B,.
Now, for the running maximum B;, observe that [z < ¢] = [B; > b] and we are lead to

[B* > blN[B, <b—h]=[B"” > b+ h]

Hence, we obtain the joint law of B/, B;:

1 (o o]
P((Bf >blN[B,<b—h]) =P ([Bf” > b+ h]) = / e~ dx
it Jb+h

V2rt

and
P(z<t)=P(B;f 2b]) =P(B; >bIn[B, <b])+P([BS >bIN[B, > b])

2 o0
/ e~'¥ dx = P(|B,| > b)
2xt Jb

=2P([B, > b]) =

One can easily prove that, for every a,t > 0,

P([Bf > at]) < exp (—at*/2)

4.5 Representation of martingales

In this and the following section we follow [RY 13, ch. V]

4.5.1 Proposition Let B = (B;),er be a Brownian motion along with its natural
filtration &% = (#?),_, augmented to satisfy the usual conditions. If F € L*(Q, &, P), then
there is a P-unique progressively measurable process H € L?(B) such that

F=[E[F]+/ H, dB,
0

Proof: Define the (nonlinear) operator
e LX(T) — L*(Q, %, P):

(6] 1 (0]
fr— e(f) = E/(B)e = exp (/0 AG)) dBS_E/o £ (s)I? dS)

We already know that E/ is a martingale, and we estimate

E [E/(B),)*] =E [Ezf(B)t - exp </ f(s)? ds)] = exp (/ f(s)? ds) <ol < oo
0 0
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thus E/(B) € /#? and the latter is isometric to L>(Q, %25, P) through the mapping
E/(B) — E/(B),,. Hence ¢ is indeed well defined".
Now consider the vector space of the step functions with compact support:

Ego = span {1, | b>0} c LXT)

We claim that ¢(E,,) separates the points of L*(Q, %, P). Indeed: Let X € L*(Q, F,,, P)
such that (¢(f),X) =0 for all f € Ey,. Thatis, forany ¢, <...<t, €T, A, 4,..., 4, ER,

c 1
E [exp (Z AcB, — 51@) -X] =0
k=1

Define v to be the measure: v(A) =E[1,-X],A € FE. Now fix, t; < ... <t, € T and put
Y= (B,.B,,.... B, ). Then

tz, .o
@y C"—C:2=(z\,2y,...,2,) — @y(z) = E [e—Zﬂi<Z»Y> X]

is analytic and vanishes when z is real, that is ¢y = 0 identically. Thus the fourier transform of
the measure Y*v vanishes, and so does the measure Y*v. Whence for every bounded borel
function f in R”, /R" fdY*v = fQ f(Y)dv=E[f(Y)- X]=0. Now it is a standard monotone
argument to conclude that E[f- X] =0 also for every 2 = o({B, | t € T'})-measurable
function f, thus proving that X =0, P-a.s.

Let
H={/4+/ K, dB;
0

This is a closed linear subspace of L?(Q, %, P) containing ¢(E,) which separates points of
L*(Q, F2, P), so its linear hull is weakly dense. Thus

HER K€ LZ(B)}

u i
LX(Q, FB, P) = span ¢(E,) ‘= span ¢(Ey) C H C L*(Q,ZF2,P)

which finishes our proof. ]

T We can further estimate ||\e(f)||§ = ¢l/I2 > 1. In a similar fashion lle(f) — e(g)ll% = ell/1: 4 ellslls —

2e{78). Apart from being continuous, ¢(f), has closed image: Indeed, if (f),),cy 18 @ sequence in LX(T)

L2
such that e(f,) — F € L*(Q, F2B, P), then || F||, > 1 and I/, = In[le(f,)ll, — In|| F]|,. Further,

/31 fml13

0 < Ml il — gUmh) < o= _ ot < L (eufnni + elfull3 e<fm,fn>) —.0
- - 2

Thus (f,,),cy 18 Cauchy and converges to some f € LX(T).
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4.5.2 Proposition With the assumptions and the symbols of the previous proposition,
every local §B-martingale M = (M,),c; can be written as

t
M,=,u+/ K,dB,, teT
0

where y € R and K € L2 _(B).

loc
Proof: 1If M € #* then just apply the previous proposition to M, and observe that
M, =E [M00 | ,%B] a.s. and /(; K,dB,=E [/Ooo K, dB, | .%B] a.s. as well, forallt € T.
If M is merely a uniformly integrable martingale, then exploit density of L?*(Q, 2) in
L'(Q, 2) to obtain a sequence (M,), of r.v. in L*(Q, #B) and converging in L' to M. Put
M =E [Mn | .%B] for every t € T. Let A > 0; by the Doob's maximal inequality

P(lsulez—Mt”I > A

teT

1
) < 7 1M = M, [l

leads us to a subsequence M" — M uniformly on 7, P-a.s. Thus M has a continuous
modification.

If M is a §5-local martingale then, it has a continuous modification, denoted again by M.
So we can find a nondecreasing sequence of stopping times (z,), —its convenient to put 7, = 0,
such that 7, 1 +oo a.s. and 1, ;M ™ is bounded, continuous (hence in M?), for every n. Thus
for every n we can find some K" € L?(B) and y, € R such that

t
Lz sotMene = Hn +/ K{dB,n>1,teT
0

Note that [, K" dB, = /; 1. 1K? dB for all t € T and m < n, whence

t
/o Lo, 1 K dBg + 1 so1* pn = Lz 501 </01(0,r,,]Ks" dB, + Mn>

= 1[1-,,,>0] 1[1',,>0]MT,,/\Tm/\t

TNt

= 1[1,,,>0]Mrm/\z
t
:/0 1(0,‘[,,1]I<§11 st + Hm
So (u,), is a constant sequence (take ¢t = 0) and the last equation leads us to
t
/ 1(0,Tm](K§l - K;Vl) dBS = 0, te T
0
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Thus we can now define
(o)
K= le K"
n=1
and be unambiguous when integrating. Obviously, this process is in L2 (B) and satisfies the
desired equation. ]

4.5.3 Proposition Let M be a continuous local martingale relative to its own natural
filtration M = (Ff,M ) 7 Which is augmented to satisfy the usual conditions. We suppose
that the measure d (M, M)) is equivalent to the lebesgue measure A, a.s. Then, there is a
progressively measurable process K, strictly positive A ® P-a.s. and an §-Brownian motion B
such that

t t
/ K, ds= (M, M), and M, = M, +/ VK,dB,, teT
0 0

Proof: Take K, = hIJP n- <((M,M)>,—((M,M))I_l>, that is, the Radon Nikodym

derivative of d{(M,M)). Then K is by its definition progressively measurable, satisfies the
first equation, K(w) > 0 A-a.s. for every w € Q, and by Fubini's theorem K > 0 a.s. in A ®Q P.
Further K='2 € L2 (M) so we can define the process B = (B,),cr by

loc

t 1

B,= | K;*dM, t€eT.
0

This is a continuous local martingale having (B, B)), = fot K'd{M, M), =t forallt €T.
By the Levy's characterization, B is a Brownian motion and we can compute

t 1 t 1 1
/deBS:/Kf-KsszS:M,—MO, teT
0 0

which completes our proof. [l

We can even generalize when (M, M )) is only absolutely continuous up to the Lebesgue
measure A:

4.5.4 Proposition Let M be a continuous local martingale relative to its own natural
filtration FM = (.%M ) .« Which is augmented to satisfy the usual conditions. We suppose that
d{(M, M) < A, P-as. Then there is an extension measure space (Q, 97,13) to (Q,F P), a
Brownian motion B, a non-negative progressively measurable process K, such that

t t
/KS ds = (M, M), andM,=M0+/ VK;dB,, teT
0 0
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Proof: Let (¥, &, Q) be a measure space and W = (W;),cr be a Brownian motion on it along
with its natural filtration 8" = (g") We define (Q, &, P) = (Q XV, FQ %, Px Q) and

teT”
= (.%M ® ?,W) o augmented to satisfy the usual conditions. Put again —as in the last
proposition, K to be the Radon-Nikodym derivative of { M, M')). Then observe that M, W are
independent when seen as processes in the extended space; thus

t 1 t
B/(w,y) = (A Lk >01Ks * dMs> (@) + (/0 1k =01(®@) dVVs> (y), teT,(wy)eQQx¥

. J/ . J/
h'd '

Bl(w.w) BY(w.y)

and we estimate (M, W are seen in the product space but keep the same notation for clarity)

(B.B), = {(B'+B° B'+B%),
={B'.B"), +2(B".B%),+ (BB,

t t t
= /0 Ligso Kyt d(M, M), + 2/0 Lk >01Ks * 1ig,—o) d M, W), +/0 lig o) ds

t t
= A I[KS>O] ds 'i‘()'|‘4/0 1[Kg:0] ds = t, teT

So, by the Levy's characterization B is a Brownian motion and we can proceed as in the
previous proposition to finish the proof. O

4.5.5 Proposition Let M = (M I M? ..., M d) be a continuous d-dimensional local
martingale relative to its own natural filtration ¥ = (FM),_, which is augmented to satisfy
the usual conditions. We suppose that, for every 1 <i,j <d, d{(M',M’) < A, P-as. Then
there is an extension measure space (Q Z, 13) to (Q, F, P)

Proof: This proof lies on similar ideas as the single dimensional case. If we knew that
the brackets ( M', M/) vanish when i # j, then we could repeat the previous proposition
coordinatewise. Now we need to find an orthogonal coordinate transform U T (it preserves the
Brownian motion) and then reduce to this case. And eventually we return again to our original
coordinates using the inverse transform U.

d{M. M),

Write by (M, M)) the symmetric matrix process ({M i,Mj>))ij=1 and T} = —

the derivative, which is progressively measurable. We can verify that for every a € R

(M-a,M-a)) =a" - (M, M) -a and hence I" is symmetric positive semidefinite. Thus we
can find an orthogonal matrix process U and a diagonal matrix process D, progressively

measurable, such that, for every ¢, U -T, U, = D?, D, = diag <\/ A0 ,1§"),0, O>
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where /lgi) > 0 are the nonzero eigevalues of I' and r, its rank —the latter being also
progressively integer-valued measurable process. Thus we obtain the symmetric, positive
semidefinite square root K =U-D-UT of I. Put D! to be the diagonal matrix process
(D,‘ ! ) ey Where the formal symbol Dy ! stands for the diagonal matrix process having entries
| O

<(/1§“)—“2, e (72,0, ...,0) on its main diagonal. Put also I;” := D'+ D, = ( o @)
and J” = 0y — 1. All processes mentioned are progressively measurable.

Let (¥,%,Q) be a measure space and W = (W;),er be a d-dimensional
Brownian motion on it along with its natural filtration &% = (?tW) er- We define
(2.7.P) = (@x¥,. 78 G Px0) and §F = (7¥ ® 5)

conditions.

o augmented to satisfy the usual

Now define B = (B,),cr the matrix process:

t t
Bt=/ U,D;'U] dMs+/ UJO dw, teT
0 0

. A 7/
v '

B® BY

Observe that as € and & are independent c-algebras, M W is a local martingale and hence the
bracket (M, W) vanishes and so does {( B, BY ). We calculate thus,

(B.B), = (B B%)), +2 (B BY), + (BY. B)),

t
B / UD;'US d{(M. W), UDT'UT +0+ / U, d(w, WY, JOU]
0 0

t t
- / U,D;'U]T,U,D;'UT ds + / UJOUT ds
0 0

t t t
- / UJISUT ds + / UJOUT ds = / UUT ds =1t
0 0 0

and again by the Levy's characterization, B is a d-dimensional Brownian motion. To this end,
we just need to verify that since D, =0 for all s,

t t t
/KSdBS:/KSdB?+/KSdB§’
0 0 0
t

t
= / U,DUJTU,D;'UT dM, +/ UDUTUJ" AW, =M, - My+0 []
0 0
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4.6 Time changes and representations

4.6.1 Proposition Let C be a time change which is a.s. finite, M is a continuous local
martingale for the filtration §. If M is C-continuous, then M is an F-local martingale
and {Mc, M) = (M, M)c. If K€ L} .(M;F) then K € L} .(M¢; F¢) and thus, for any
B c-stopping time o,

C, c
/ Kl sz:/ KC nd,teT
CO 0 u u

Proof: 1f Z is a uniform integrable (sub)martingale for g, then for any u < s, by the
optional stopping theorem [E [ZCS | gcu] =(2) Z¢,. Thus Z is a Fc-(sub)martingale. Further,

as Z is of class D, and C is a.s. finite, {ZCS | s> O} is uniformly integrable, so Z. is a
uniformly integrable (sub)martingale.

Let ¢ a $-stopping time. Then both ¢ = C), 6~ = C} are F-stopping times,
Co- 7 G, (also G- AC; < TACy < C, AC) and by C-continuity of M, M = M, =X
(also M¢ ¢, = Moy, = Mc \c)- Thus, if 1;,5M" is a uniformly integrable martingale,
then so is (1[,>0]M7)C = ljrs0i(M¢)° , and since 6~ >0 «— 7> Cy — 7 > 0, so does
lio-50(M )¢ = lig-50/(M) .

Now observe that if 7, 1 +co a.s. for a sequence of stopping times, then defining o, = C;,
we observe that for any s >0, n € N, 0, > s «— 7, > C,. This fact ensures that ¢, 1 +c.
Thus, if M is a C-continuous local martingale, M is a local martingale too.

Next we know that (M,M) is also C-continuous, hence (M? — {(M,M)) =
MZE—{M,M))c- is a continuous local martingale. Uniqueness of this property implies
(M, M)c={(Mc, Mc).

If K€ L>(M;{) then, the previous proposition asserts that K € L* (M §,). If
K € L (M;g) then, using similar arguments as in the first part of this proof, we conclude

loc

Ke Ll (Mg o).

loc

So, if K€ L2 (M; ), fo K, dM, € /%02’0 is also C-continuous, for the stopped processes

loc

M and M coincide. Hence, for any t € T,

C At t
/ K,dM, = / K,dMS% — M%), =0
C 0

'~ AL

thus (/, K, th)Cr = (/, K, dM,)Cr proving our claim.
IfKe L2 (M;E) and M, N € M?, . are C-continuous martingales, then,

loc c,loc

(o) e = fsomn) = ([ omm),
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_ /Kcuch d{(Mc,Ne)), = <</Kc nd“,Nc>>
0 0

Put N = /0 K, dM, and further obtain,

(o [rom ) = e v ([ om),)

so that <</0 Ke, dMc, — (/o K, th)c’/o K, dMc, — (/o K, th)c» = 0. O

The next proposition is known as Dambis, Dubins-Schwarz theorem, and it is, one more
application of the Levy's characterization theorem.

4.6.2 Proposition Let M be a continuous $-local martingale such that My = 0 and
(M, M), =+oc0. We suppose that & is right continuous. Define

C,=inf{reT|(M,M),>s},s>0

Then C = (C,),s( is a time change, and the time-changed process BE M is an §-Brownian
motion and M, = By umy -

Proof: That C is indeed a time change is evident. What we also observe is that as {( M, M ))
is continuous, we obtain that (M, M ))c = s almost surely (we havent yet applied any time
change formula, just a composition of the function (M, M)) (w) and its right continuous
pseudoinverse C). By the definition of the time change, we also get that M is C-continuous (C
has a jump only whenever (M, M)) is constant only whenever M is constant) and that C is
a.s. finite. Thus, by the previous proposition, B = M is a continuous local martingale and
(B,B); = (M,M)c =s and by Levy's characterization, B is an % Brownian motion. To
this end, the equivalence: "{(M, M)) is constant only whenever M is constant," implies that
M, = MC«M,M», = B«M,M»t, for every t € T. |

We have an analogue in multiple dimensions, which under the hypothesis that
{M',M7) =0, concludes that under appropriate time change M., M/,, can become
independent processes.

4.6.3 Proposition Let M = (M}, M?,...,M{")),_,; be a continuous F-martingale in
d-dimensions, vanishing at 0. We suppose that (M’ M'), = +co while (M, M’} =0
whenever i # j. Define fori =1,2,...,d,

Ci=inf{teT|{(M M) >s} s>0

Then every C' = (C§)5>0 is a time change, and the time-changed process

BY <( M é§’ M ég’ oo Még)> is a d-dimensional §--Brownian motion.

teT
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The last result can be improved a bit and be extended to the cases that (M, M), < +co.
But in this case, the probability space needs to be extended. But first

4.6.4 Lemma If M is a continuous local {-martingale with M, € L*(Q), then on
[(M, M), < +oo] the limit tlim M, exists, except for a P-neglible set.
—+00

Proof: Define for any n €N, o, =inf{r €T : (M,M)), >n}. Then o, is a stopping
time and as M° is again a continuous local martingale and (M, M) < n, we conclude
that M is bounded and the limit lim M;" exists everywhere except a P-null set N,. Put

t—+o0

N = |J N,. Then Now observe that [(M, M), < +o0] C | [6, = +0]. If ® € Q\ N such
n=1 n=1

that (M, M), (w) is finite, then for some n, M°(w) = M(w) and the limit M;"(w), hence the
limit M,(w) exists. ]

4.6.5 Proposition Let M be a continuous local §-martingale such that M, = 0. Then,
there is an extension to (Q, %, P), an extension % to the filtration §, a g-Brownian motion W,
independent of M, such that the process B defined by (definition is consistent due to the last
lemma)

N
By =Mc, + W, = Wy mmy_ = Mc, + /0 Lmmy_+oo) AWer 520

The process M is a Brownian motion stopped at (M, M )),.

Proof: Let (Q,, %Y, P)) be a probability space, W a Brownian motion on Q, along with its
filtration §", and now define (Q, %, P) = (QxQ, FQ FY PQP) and % = FQF ", t € T.
Let z,7; be the natural projections to €,€Q; respectively and let (z*M)(t; 0, w;) = M,(w),
(i W)(t; 0, 01) = Wi(w;) be the pullbacks of M and W respectively on the product space.
zi W is independent of M. For convenience, write again M instead of z*M and W instead of
7i W, since we work on the extended space from now on.

B is a continuous local martingale (arguments hold even on infinite time change) and we
can compute for any s > 0,

N N
(BB, = (M MO+ | Aawany v @2 | Ly MW,
= (M, M)c +s—sN(M, M)
=sAN(M, M), +5 =AM, M), =s
The proof is complete by the Levy's characterization of Brownian motion. O
Now we can even provide a converse to the last lemma,

77—



4.6.6 Proposition If M is a continuous local martingale, then [{ M, M ))., < +oo] and
lim M, exists| differ only by a P-negligible set. Even more, on [{(M, M )),, = +oo] we have

t—>+00
liminf M, = —o0 and limsup M, = +co.
1—+00 t—>+00

Proof: Apply the last proposition to M — M,: So for some enlargment of Q, some
Brownian motion W independent of M, the process

Bs:MCS_MO'i_W/s_W/s/\((M,M»m’ SZO

is a Brownian motion, and on A = [(M,M ), = +oo] we obtain that B, = Mo — M,
and M, = My+ By py and (M, M)), — +co as t = +oco. Hence limsup M, = +oco and

t—>+00

liminf M, = —c0. O

t—>+00

4.7 The Girsanov's theorem

In this section we state the theorem of Girsanov for continuous semimartingales, in its
most contemporary form. We follow [RY13, prop. VIIL.1].

4.7.1 Definition Let (Q, # P) be a probability space and § = (F),er, T = [0, +0),

be a filtration with last element F,. Let QO a finitely additive function defined on |J &%,. If for
teT

everyt €T, Q, ¥ Q| is a probability measure and Q; < P|g, we write Q <1 P. If Q is also a
measure on %, and Q < P|g we shal write simply Q < P. We shal also write DQ for the
process defined by

dQ,
DO, = , teT
4.7.2 Proposition Let (Q, %, P) be a probability space, § is a filtration with last
element ¥, = ¢ (U .9‘7,> CF
teT

S

If O <1 P, then Q extends to a finitely additive probability measure Q on F_ vanishing on
the P-null sets. Further DQ is an -martingale and if § is right-continuous, then DQ has a
right continuous modification.

Conversely, if M = (M,),cr is a nonnegative g-martingale with E [MO] = 1, then

0: J#+— R, :B—QB)=E[lz M].3reT:Be

teT
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defines unambiguously a finitely additive probability measure Q <1 P and DQ is a modification
of M.

Proof: Define for every t € [0, +o0], the linear subspace
F,={f€ L®Q,F,, P)| f is bounded #-measurable}

and A = |J F,. We know from hypothesis that Q vanishes on P-null sets, thus we may extend
teT

itto /={A|3IND A€ FP(N)=0} in the obvious way, and all hypotheses hold true for
this extension as well. So, for convenience, put again Q for this extension. We can now
define a linear functional u on A such that (u,f)= [, fdO, fEA. If ¥ €T: fEF,
then the integral reduces to the usual Lebesgue integral. For every f € A, |u(f)| < | flles
lull = 1. We extend u by Hahn-Banach, to a functional g € (L®(Q, %, P))* of the same

norm. Then it is known that there is a finitely additive measure O on (, g{;), vanishing on
and (ji, f) = ff dQ, for every f € (L®(Q, F, P)). If BE J,cr F then 3t €T : B € %, and
O(B) = (ji, 13) = (u, 1) = [ dO = O(B), thus Q extends Q.

Let s<t€Tand B€E€ %, Then B € % too and E [1,D0,| = Q(B) = E [13DQ;], which
proves the martingale property of DQ. Thus DQ has right and left limits P-a.s. If § is right
continuous, we know that Z % (DQ,+),cr is cadlag, it is a martingale and a modification of DQ.

The last part of the proposition is obvious. O

We also mention the following result, which is notable on its own:

4.7.3 Proposition Let E be a polish space (that is, a topological space complete and
separable by some metric). If Q=W = C(R,, E) is the canonical process, with its own

filtration Y. If Q: |J " — [0,1] is a finitely additive probability measure, such that for
>0

every t, Q, & Q|gw is a probability measure, then there is a unique probability measure 0 on
FV that extends Q.

For the proof we refer the interested reader to [SVO07, thorem. 1.1.10].

4.7.4 Proposition Let (Q, %, P) be a probability space, § is a right continuous
filtration. Let Q@ << P. The following are equivalent:
1) DQ is uniformly integrable

—P J— —
i1) Q uniquely extends on F_, to a probability measure Q such that for the completion P of P
—P — —
on ¥, 0<KP

If any of 1), i1), hold then

00, — [d_e
dpP

Fi,] teT
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Proof: 1) — 1i): We can suppose that DO has a cadlag modification, since § is right
continuous. If DQ is uniformly integrable, there is an % -integrable r.v. DQ, such that
DQ,, = lim DQ, almost surely and in L' and for every t € T, DQ, = E [DQoo | 97,] a.s. Thus

t—>+00

for every t € Tand A € % Q(A) = E [1,DQ,| = E[1,DQ,,]. Thus the mapping
—P J—
Foo D Ar— QA EE[1,DQ,] €[0,1]

S —p
is an extension of Q and Q < P. If v is another extension of O on F, then the probability

measures v and Q agree on | J %, whence v = Q.
teT

ii) —i) Let Z, = %. We need to show that for every t € T, DQ, = E [200 | Pit] a.s. Indeed,
ifreTand A€ F, then E [1A[E [Z,o ‘ %H —E [1,200] = 0(4) = 0(A) = E [1,00,]. Thus

— —P
{DO,},er C {[E [Zoo | ,szf] ‘ o C 900} and the latter is uniformly integrable. O

4.7.5 Remark We want to stress that Q <1 P does not imply that Q can be extended to
a measure on %,. And the finitely additive extension Q proved earlier, may not even be
unique or c-additive (with the notable extension of the canonical process; but beware: only on
FJY). And the vanishing property of a finitely additive measure on the P-null sets does not
lead in any way to absolute continuity. Actually all the probability measures Q,, t € T, may be
restrictions of a probability measure Q defined on F_, that it is not absolutely continuous with
respect to P. Even more, without the hypotheses of the last proposition, Q cannot be extended
to any completion of F,.

4.7.6 Lemma If X is a non-negative right-continuous supermartingale and
t=inf{r>0:X,=0o0r X, =0}

Then, X vanishes on 1, ;.

Proof: First, 7 is a stopping time: If ¢ € T, then

[Tgt]:[X,:O]Ul inf X,=0| €&

qeQ,q<t

Observe also that for any w € Q such that 7(w) < +o00, and € > 0, there is some
7(w) < q < 7(w) + € such that X, =0 or X,- =0. In the second case we can find some
7(w) < q' < q < t(w) + € such that X, < &. In either case, we find some 7(w) < g < 7(w) + ¢
such that X, < e. Right continuity of X implies that X, = 0.
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Then for any r > 0, 7 < 7 + r, while both are stopping times and we can apply optional
stopping (we can use it for unbounded times in the case of non-negative supermartingales) to
obtain 0 = X 1,1 2 E [Xr+rl[r<+oo] | 971] > 0. Whence X,,, =0 as. O

4.7.7 Proposition If O < Pthen DQ > 0 Q-a.s. and for any g-stopping time 7,
Q(AN[r <+00]) = E [I4l[re4DQ:| . AEF,

If further, Q < P then Q(A) = E [1,DQ,], for every A € Z,.

Proof: Put 7 =inf{tr>0:DQ,=0or DQ,- =0} and by the previous lemma, DQ
vanishes on 1, ;). Thus for any 1 € T, DQ,|[,<q = 0. And O([r < +0]) =sup Q([r < n]) =
sup E [1,<,,DQ,| = 0. So Q([r = +co]) = 1, which proves our first claim.

If O <« Pthen DQ is uniformly integrable and we can apply the optional stopping to obtain
DQ, =E [DQ,, | Z|, or equivalently E [1,DQ,| = E[1,DQ,,] = O(A), for every A € Z,.

If merely O <1 P then we need to restrict to bounded stopping times; instead of = we apply
the optional stopping to 7 An, n € N and we obtain

Q(A N [T < I’l]) =E [lAn[‘rSn]DQn] =E [lAn[TSn]DQT/\n] =E [1An[r§n]DQ1’] ’ A€ g‘r

Thus, if A € F,

O(AN [ < +oo]) = sup Q(A N [z < n]) = sup E [1 4rr< DO

=E [sup lAﬁ[TSn]DQTl =E [1Aﬂ[T<+oo]DQT] L]

4.7.8 Remark The equality Q(A N[z < +00]) = E [141[;<1DO,] for every A € Z,,
translates equivalently

[T<+0o0] [T<+o0]
for every f:Q —— R, F -measurable function such that integral exists.

4.7.9 Proposition Let (Q, #, P) be a measure space and Q be a measure on (Q, )
such that O <t P and DQ is continuous. If M is a continuous local martingale (for the measure

P and the filtration ), then
1

DO

is a local martingale for the measure Q and the filtration §.

M =M -

«(M,DQ)

Proof: Let X be a cadlag process such that XDQ is a martingale for the measure P. Then X
is a martingale for the measure Q: Let s <t € T and A € %,. Then E [lAXSDS] =E [1AX,DI].
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But the latter equality translates to [, X, dO = [, X, dQ, for DQ dP = dQ. The same
reasoning holds true also for local martingales. So let (z,), be a nondecreasing sequence of
bounded stopping times such that 7, T +oo P-a.s. and 1}, ;X" DQ"™ is a martingale. Observe
that 7, T +00 Q-a.s. as well. Let s <fr€ T and A € %,. Then

Al[rn>O]XrnAs dQ:/Al[r,,>0]XT,1/\sDQr,,/\s dp
=/Al[1'n>0]Xr”/\IDQTn/\t dpP

:/I[T,,>0]XT,,/\I dQ
A

Define p,, = inf {t >0 ‘ DO, < l}; these are all stopping times converging Q-a.s. to +o0.

n

Observe that (9M )" is the sum of a martingale and a bounded variation process, whence a
semimartingale. So we can apply the It6's formula (or the integration by parts rule),
o' = (M- DOy

t
0

(°M - DQ)

Pt

P
= | m.400), + /0 DO, d(M), + {°M,DO}),
PNt

PN
=/ M, d(DQ);, + A DO, dM, — (M,DQ), + {“M,DQ ),
PuNE

Pult
= ; M, d(DQ);, +/0 DO, dM;
This proves that (M DQ)*» is a local martingale. We may even multiply all the above equations
with 1, 5o which is F)-measurable and thus commutes with the integration symbols, to obtain
that 1[p”>0](QJ\4- DQ)? is a local martingale too (for the measure P). By the first part of the
proof, 11, 5o -OM*» is thus a local martingale for the measure Q. Use the definition of local
martingale, then let n — 400 to conclude that M is a local martingale, for the measure Q. []

4.7.10 Remark Girsanov theorm thus, says that if X is a semimartingale for P, then so
is for Q. And even more, since the bracket of two semimartingales X,Y is a limit in measure,
convergence in P implies convergence in Q. Put X for °M + A, whenever X = M + A,
Me M. A€ BV. Then (A, ) = (X, Y)=(X,Y).

Hence L>(M) = L*(°M), for M € ./? and for K € LIZOC(M),

/Ks dQAJs = /Ks dMs - /Ks d(DQ_l ° «M, DQ>>)S
0 0 0
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_ / K, dM, - / DO;! d(K + (M, DOY),
0 0

:/OKS dMs—/ODQs_l d<</OKS dMS’DQ>>s
fron)

4.7.11 Proposition If O <t Pand DQ > 0 P-as. (so that P,Q are equivalent on each
F, t €T) then L = In(DQ), + fo DQ;! d(DQ), is the unique continuous local martingale
satisfying DQ = E(L) = exp (L — 1/, {L, L))).

In this case, for any continuous local martingale M,

M=M-(M,L)

Proof: Use the 1t0's formula for In DQ:

t t
InDQ, — InDQ, = / DO;! d(DQ)s—% / DQO;?* d{DQ,DQ);
0 0

= / DO;! d(DQO), — ! <</DQS_1 d(DQ)s9/DQs_1 d(DQ); >>
0 2 0 0 i

which shows immediately that the martingale L defined by L, = InDQ, + fot DO;! d(DQ);,,
t € T satisfies DQ = E(L).

If there is also a continuous local martingale M satistying E(M) = DQ = E(L), then
M—-1/,(M,M) =L-1/,{L,L) which implies that M — L € %7 and M, = L. Thus
M = L, and this proves uniqueness.

If M is a continuous local martingale, then just use the defining equation of L, to obtain

/o(DQ);' d(M,DQY), = (M, L) and M = M — (M, L) O
4.7.12 Remark Note that under the hypotheses of the previous proposition, we also

obtain that, since {(L,%LY) = (L, L), E(-%L) =exp (-L+ (L, LY — 1/, {9, 9UL))) = E(-L).
Thus for any A € F,,t €T,

P(A)=AE(—QL1) do, Q(A)=/E(Lz) dp
A

But we want to stress that these formulas are not necessarily valid on F,.
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4.7.13 Corollary Under the hypotheses of the previous proposition and if B is a
Brownian motion for the measure P, then B = B — (B, L) is a Brownian motion for the

measure Q.
Proof: Use the Levy's characterization. O
4.7.14 Example Brownian motion with drift. Let B be a Brownian motion defined on

the canonical space along with its own filtration F2, and let b € R. Put p = inf{t € T : B, > b}
for the first hitting time of B at the level . We have seen that the density of 7 is

|5] b?

f,(r)= ——exp| -z, r>0
2zr

thus, the moment generating function of 7 is

|b]
m,(a) =E[e ] =exp| — , a>0
ﬂ (%)

is a true martingale and we can apply the previous

The process E#(B) = (exp(uB, — u?t12)),.,
proposition to obtain that 9B, = B, — ( B, uB)), = B, — ut is a Brownian motion for the measure
O induced by the martingale E#(B). This measures uniquely extends to the whole #2. For the
new measure Q, the original Brownian motion, is seen as the term +ut is added, which is,
what we call, a Brownian motion with drift p.

We now wish to discover the density of p under the measure Q. Fix any ¢t € T. Then
[p<tl€e FNF,and

O(lp <11) = O,[p < 1) = E [1,,<4E*(B),]
= E [1/,<E [E*(B), | Fou]]

=E [1[ﬂst] E”(B)p/\z] =E [1[p5z]E”(B)p]

= /Q 1(,<nexp(uB, — u*p/2) dP(w)
t
= / exp(ub — Mzr/2)fp(r) dr
0

=/[ |b| exp <_M> dr
0 \2xr 2r

which leads to the new density function for the measure Q:

N2
pr(t): 4] exp<—u>, r>0

27r3 2r
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Further,

O([p < +0]) = sup Q,([p < n))

neN
= supk [Lip<n] E*(B),]
—E[eB),

B (ub— | ub]) = 1 if ub>0
= PO T IOV = exp(=2 |ubl) if ub <0
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