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ABSTRACT

QOrestis G. Karamanlis

A LONGITUDINAL DATA ANALYSIS USING LINEAR
MIXED EFFECTS MODELS: COMPARISON OF
FLUTICASONE AND BECLOMETHASONE ON REPEATED
MESUREMENTS OF BRONCHIAL HYPERACTIVITY IN
PATIENTS WITH CHRONIC BRONCHIAL ASTHMA

September 2003

This study is an application of linear mixed effects models on medical data.
Generally the model assumes that the probability distributions of the
individuals’ response vectors belong to the same family, though some
parameters, random effects; vary across individuals with a specific
distribution, in this work we have assumed that these parameters are normally
distributed. Moreover the existence of multiple series by individual allows us
to test and thus model specific structures for the covariance matrix. We can
explicit model and analyze the between and within subject variation. In the
current study we have data for patients with chronic bronchial asthma. Two
models are being analyzed: For the first one the ‘logarithm of the forced
expiratory volume in one second’ (FEV1) has been used as a response
variable and for the second one the ‘logarithm of the provocative dose of the
agent causing a 20% fall in FEV1’ (PD20) is the dependent variable. The aim
of the study is to find a functional form for the mean response variables with
respect to time, find an estimate of the covariance matrix of observations and
estimate the time point, along with a confidence interval, in which the

response variable takes its maximum value in each case. = ==
A0 A

x
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MONTEAA ME MEIKTEXL I'PAMMIKEYX EIIIAPAXEIX XE
EITANAAAMBANOMENEX METPHXZEIX: XZYI'KPIZH THX
OAOYTIKAZONHXY ME THN MIIEKAOME®AZONH ME
EITANAAAMBANOMENEZX METPHXEIX BPOI'XIKHX
YIIEPAPAXTHPIOTHTAY XE AX®ENEIX ME  XPONIO
BPOI'XIKO AZ®MA

YemtéuPprog 2003

H moapodoa perétn eival pio e@oappoyn evog Loviélov UE YPOUUIKEG UELKTEG
gmdpdoeilg (linear mixed effects model) oe wtpikd dedopéva. To ppviéro
vroBétel 6Tt o1 Katovopéc mOaviTHTeg TOV OTAVINTIKOV S1AVUGUATOV TV
VEOKEWLEVOV OVAKOLVY GT1V 1010 01KOYEVELD, EVD KATOLEG TAPBUETPOL, TVYOLES
emdpaoelg, OOEPOVY OmMO VTOKEILEVO OF VROKEIHEVO HE GCLYKEKPLUEVT
KQTAVOUN, OTNV 7apovoo epyocic vmobBétovpe OTL OVTEG Ol TAPBELUETPOL
katavépovtol  Kovovikd. Emmpocsfétog m Omapén moOAAmMADV  GEpDV
dedopévav avd vmokeipevo pag emrpémer va  ehéyEovupe KL dpa  va
LLOVTEAOTOIT|COVUE  CUYKEKPIHEVEG HOPPEG Oava@OplKd pe Tov  mivokae
cvvilaomoplds. MTOpPOVUE e GOQTVEW VO HOVIEAOTOLCOUVHE KOl V@
avalOGovpHE TN UETAPANTOTNTO EVIOC TOV VAOKEILEVOV KOl UETAED VTGOV,
Ty epyocio vmapyovv dedopéva yia acbeveic pe ypdévio Ppoyykd dobua.
Avo povtéha avolvovtal o to mpdto ‘0 AoydpiBpoc tov peyéBovg ng
avoyKQoTIKNS €Kkmvorig ava devtepdhrento’ (FEVI) ypnowomowmbnke g
amavINTIKY petafBAntn kot yio 1o 6ebTtepo ‘0 AoydpilBuog g d6omg TOU
poppdxov mov ypeldotnke ®ote va eméifel midomn oto FEVI xatd 20%°
(PD20) givor n e&aptnuévn petafinth. Ztdyxog tng perétng eivar va Bpebel
L0, GLUVOPTNOLOKT] HOPPT] 6€ Gy€om HE TO XPOVO Yo TO LECO KABE ATAVINTIKNC
petoPintig, va Ppebel pue extipnon tov wmivoka ovvdiwomopdg ToV
nopotnpoenv ki ev ovveyeio va extiunBel n ypoviky otiyur) otnv omoia 1
anovtnTiky petaPinti Aapfdver n péyiotn Twn tng, divoviag mapdAiinia

Kl 1o avTioToyo StdoTNHe EUTIGTOCVVNG, O KABe mepinTwon.
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CHAPTER 1

-
S

INTRODUCTION /3~
i gl-"
QEKBIBMOBHKH
1.1 Relative To L ongitudinal Data And Stocha k?c Models

-

o

The basic feature of longitudinal data is the existence of multiple
measurements by subject (each individual is measured repeatedly through
time). This kind of data is very common in medical studies where the
measurement might be blood pressure, cholesterol level, lung volume etc.
Moreover special statistical methods are required for the analysis because the
observations on one individual tend to be correlated. This intercorrelation
should be taken into account to draw wvalid results. (Additionally we are not
able to fully control all the circumstances under which each measurement is
takf}p{ and consequently the repeated observations might suffer from

experimental error).

The stochastic models for repeated measurements can be considered as full
multivariate models or as multi stage random effects-models. In the first case
it 1s assumed that for =1, 2,...M , where i is the ith individual, there exists a
response vector y; that follows a multivariate normal distribution with mean
H; (n; x 1) and dispersion matrix £ , which is of an arbitrary form (n; x n;).
We denote by n; the number of observations of the ith subject (we allow the
index i for the unbalanced data case by subject meaning that it is possible to
have different number of observations for different individuals). The
approach is problematic if the observations are taken at unique or arbitrary
times or if the variance covariance matrix is significantly large because the
variance components would be poorly estimated for an unrestricted X.
Another disadvantage of the full multivariate model is its incapability to

estimate individual, i.e. random characteristics.

The two stage random-effects models can easily identify the characteristics

that refer to the individual or the population. These models assume that the



individual effects do not change over time. In practice the conditions under
which the experiment is carried out change during the collection of
observations either by design or by accident. The experimental effects
contribute to the within variation by individual. The random effects model
will be developed on a following chapter analytically and that is why we will
not extensively present it here, although some basic features can be

mentioned.

In the first stage of the model we introduce the population parameters, the
individual effects and the within—subject variation, whereas between-subject
variation is brought forward at the second stage. In brief, if y; is the entire
response vector for the ;1 subject, f is the p-dimensional vector of fixed
effects parameters for the population, b; is the g-dimensional vector of random
effects for the i subject, X; (of size n; x p ) is the design matrix for the fixed
effects for individual i and Z; (of size n; x q ) is the design matrix for the
random effects for the i subject then the model can be expressed in matrix

form as follows

v, =X,f+Zb +¢,
b ~N(0,¥)
g, ~N(0,O’21)

where ¥ is a positive definite symmetric matrix, ¢; the n; dimensional within
group error vector and i=1,...M. The assumption Var(e)=c’I can be

withdrawn as will be shown on a future chapter.

Thus, models with both fixed effects (which are parameters referring to the
population) and random effects (associated with individual experimental units
that are drawn at random by the entire population) are called mixed effects
models. These models are usually used to describe relationships between a
dependent variable and some covariates in data grouped by one ore more
classification factors. The model associates common random effects to

observations belonging to the same classification factor. By doing this we can



very easily represent the covariance structure brought about by the grouping

structure of the data.

1.2 Relative To The Study

This study aims in analyzing the effectiveness of fluticasone granted in a
dosage of 500mcg (MDI) to patients with passable asthma. The therapy is
compared with an alternative medicine, beclomethasone, in a dosage of

1000meg (MDI).

The duration of the treatment is 6 weeks with one-week introduction phase to
the treatment and four weeks follow up. There are 19 patients with passable
asthma that are split up into two groups randomly, 11 receive the therapy with
fluticasone and 8 with beclomethasone. The patients, after their accession in
the study (1°' visit), are brought up again to the clinic after a week (2" visit).
The initial week 1s considered as a preliminary period of entrance in the
study. Afterwards, the patients will visit the clinic during the treatment phase
after 2 weeks from the 2" visit (3™ visit) and after 4 weeks from the latest
visit (4" visit). The patients will return to the clinic (follow-up, 5t visit) and
pay a visit two weeks after the 4™ visit and 2 weeks after the 5" visit (follow-
up, 6™ visit). In each patient’s visit a clinical observation will take place
along with a measurement of the pneumonic function and a valuation of the
patient’s drift. We obtain the counts of bronchial hyperactivity at the 2, 31

4" and 6" visit.

It has already been mentioned that two models are being analysed in this
work. For the first model the dependent variable is the ‘logarithm of the
forced expiratory volume in one second’ (FEV1) and there are six
measurements per patient, one for each visit. For the second model the
response variable is the ‘logarithm of the provocative dose of the agent
causing a 20% fall in FEV1’ (PD20) and there are four measurements per

patient, one for each of the 2"d, 3'd, 4" and 6" visit. Still, there are data for 9



independent variables related to the two dependent ones obtained from the

patients’ checks (more on this on a following chapter).

For the present, it is efficient to say that the data is expected to reveal
adequate correlations between them (see the corresponding chapters related to
the data analysis). On the next section we present the theory for the

estimation of the parameters of the model.



CHAPTER 2

LINEAR MIXED EFFECTS MODELS: THE BASICS

A significant part of the theorettcal subjects covered in the following chapters

can be found in Pinheiro & Douglas (2000).

2.1 One-Way Classification Models

These models refer to data where the only experimental setting that changes
between the observations is a single characteristic. It has already been
mentioned in the Introduction chapter that for longitudinal, data each
individual is measured repeatedly through time. We think the data to be
arranged in a one-way classification if they are classified according to one
feature. What is of usual interest in these data is the estimation of the average
response for an individual, the between-subject variability and the within-
subject variability. The data can be analyzed either with a fixed effects model
or with a random-effects model. In the first case we make inferences about
the particular levels of the classification factor involved in the experiment, in
the second case we can make inferences about the population from which we
have drawn these levels, wusually these Ilevels refer to different

subjects/experimental units.

First, we present a model where we have ignored the classification factor

while modeling grouped data. The simplest model considered is the following

Yy =B+e; (2.1)

where i=1, .....,M, refers to the subject, j=1I,.....,n, 1s the observation of the i

individual, y; is the observed value for observation j on i subject, S is the

mean response across the population of subjects and ¢; are independent error

5



. : . : 2 o P
terms following normal distribution with zero mean and constant variance ¢,

e ~N(0, d°).

The main problem emerging when modeling grouped data without taking into
account the ‘group effect’ is that the within-subject variability is inflated.
Next step is to allow the mean.of each individual to be represented by a

separate parameter.

This model is called a fixed-effects model and is applied for the one-way

classification as follows
Yy =18i+gij (2.2)

Where f; is the mean response of individual i and g; ~N(0, o°). Even though
the (2.2) model defines the effects of each subject it does not provide a useful
representation if we want to infer to the population of the subjects from which
the sample was drawn, in other words the basic problem is that it models only
the specific sample. The model does not provide an estimate of the between-
subject variability. Additionally the number of parameters increases linearly

with the number of subjects.

These problems are solved in a random effects model by treating the subject

effects as random variations around a population mean. We reparametrize

model (2.2) and write

v, =B+(B—-P)+e, (2.3)

- M
Where S = Z,B,./M represents the average response value for the subjects in

i=]

the experiment.

For the random effects model we replace B with the mean of the population

of the individuals and the deviations (8, — ) with some random variables



whose distribution is to be estimated. A random effects model, for the one-

way classification case, can be written in the following way
Yy =,B+b,.+5,.j (2.4)

Where S is the mean responst across the population of subjects being

sampled, b, i1s a random variable that represents the deviation from the
population mean for the i individual and g;; is a random variable representing
the deviation for the j observation on the i subject from the mean response
value for subject i. For the random variables ; we can assume that they are

independent, with constant variance and normal distribution with zero mean.

We denote the variance of b; as o, (between-subject variability) and ¢ for

the ¢;; (within-subject variability) and write
bz~N(0:o—lf)a SijNN(O:O-z) (25)

The above model can be modified if it does not fit the data satisfactory. There
are various graphical and numerical diagnostic tools to test the validity of the
model, as we will see on a following chapter. Based on the results of the
diagnostic tools we can then suggest ways in which the model should be
modified. As stated before, this kind of model has two sources of random
variation (b; and ¢; ) and has been called hierarchical model by Lindey and
Smith (1972), Bryk and Raudenbush (1992) or multilevel model by Goldstein
(1995). The b, are the random effects and are called that way because they are
related to the particular experimental units selected at random from the entire
population and represent deviation from the overall mean. The effect of
choosing the i subject is a shift in the mean response from g to f+b; The
observations we obtain from the same individual are correlated because they

all share the same random effect 5; The covariance between the observations

on the same individual is o] and the correlation o}/(o; +0?) (see the

appendix on how these results are obtained).



It is important to mention that the parameters of the statistical model are /3,
o, and o’ and that they will remain three despite of the number of

individuals in the experiment. Although the random effects may behave as
parameters they are just another level of variation in the model, hence we do
not estimate them as parameters. Nevertheless we can obtain predictions of

the values of these random variables based on the data.

2.2 Randomized Block Design

In the previous section the observations were classified according to one
characteristic. There are experiments in which we have more than one
classification factor by observation. For the randomized block design
experiments we have two classification factors: One experimental factor for
which we use fixed effects and one blocking factor for which we use random
effects. A model with fixed effects f; for the experimental factor and random

effects b; for the blocking factor can be written:

T R Il = W 80 (2.6)

b,~N(0,0;), & ~N(0,0%)

H

i indicates the subject and j indicates the different levels of the experimental
factor. We have allowed j to run from / to s to difference the number of
observations obtained by subject from the number of different levels the
experimental factor has. It is true nevertheless that in this model the number
of observations by individual is the same with the levels of the factor but as

we will see next this is not always the case.



Equivalently we can express the mode] in matrix form:

y=Xp+Zb+s, i=12,.,M,
b ~N(0,0}), & ~N(0,6%I)

In this case we notate:

B 000 . 0

y12 1 O O O

Vi3 0010 . O

y1= (SX]‘)‘ A/:: (st)a

| 7| 0 1
1] o
1 &
1 €i3

Zp= (sx1), g = (sx1)
1] & |
The dimensions on the right of each matrix are valid for i=/7... ... M. For all i

the matrices y and € would have a total of (M xs) elements. In this form the
matrix X; is often called the ‘cell means’ form because the ;** component of £

represents the mean response for the /7 level of the experimental factor if we
tested the whole population. We can easily define f; but the interpretation is
not always useful if we are interested in differences between levels of the
experimental factor. To assess these differences we often use the X; matrices
in an alternative way. Usually the first column represents the ‘overall mean’
or reference level and the rest of the columns represent changes between the
levels of the factor, these columns are called the contrasts. Many choices are
available for the contrasts (see for example Venables and Ripley, 1999, §6.2).
On some occasions it is more meaningful to compare the other levels of the

factor to a standard level.



In this case the contrasts are called treatments and represent the change from
the ‘standard’ level of the factor to each of the other levels. In the current

dissertation we are not going to use contrasts.

2.3 Replicated Data and Random Interaction Terms

In paragraph 2.1 each subject was measured once for each level of the
experimental factor. Hence the design is unreplicated because only one
observation is obtained at each combination of experimental conditions. In
other experiments it is possible to get replicate measurements. The
replications allow us to assess the presence of interaction between subject and
experimental factor. For an extensive report on interaction and experimental

design see Montgomery (1997).

Let us first imagine a model without interactions but with replications at

different levels of the experimental factor.

Yu =B, +b vey, i=12,.,M, j=12,..5 k=l..n (2.7)

b:~N(090_13)’ gljkNN(O:O-Z)

The form is almost the same as before with an exception of the index k for the

replications.

In the experiments the subjects involved in the study represent a random
sample from the population of interest. Any interaction term modelling
differences between subjects in changing from one level of the experimental
factor to another will be expressed as random effect. A model with random

interaction terms can be written as follows

yl,jk=ﬂj+bi+b,,j+g’jk, i=1,2,.,M, j=12 .5 k=I...n (2.8)

b, ~N(0,07), b,~N(0,07), &, ~N(0,0)

10



The above model has random effects at two levels. First, the effects b; for the
subject and second the effects b; for the level of factor within subject. The
basic philosophy of the model yields for unbalanced data also. For either
case, balanced or unbalanced, we must have sufficient information in the data

in order to estimate the variance components and the fixed effects parameters.

'S

2.4 More General Approach on the Random Interaction Model

Model (2.8) assumes that all the random interaction terms have the same
variance ;. Moreover we have made the assumption that these interactions

are independent of one another even within the same individual. A more
general approach to (2.8) allows the random interactions for each subject to
be a vector and estimate the variance covariance matrix for that vector from

the set of all positive definite matrices.
We will use the matrix form to express this model, as in paragraph 2.2

y,=Xp+Zb+e, i=12..M (2.9)

b, ~N(,¥), & ~N(0,0°1)

Here we notate y; to be the response vector of the i’ individual, g the vector

of fixed effects parameters for the population, b; the vector of random effects
for the i subject, X; the fixed effects design matrix for subject i, Z; the
random effects design matrix for the i subject, and ¥ to be a positive
definite symmetric matrix. As we previously stated, in the fixed effects we

generally use a X; matrix with a single column of 1’s and the rest of contrasts.

11



2.5 Analysis of Covariance Model

In the literature, traditionally, the term analysis of variance has been applied
to models for a continuous response. Let us first consider a case of an

analysis of variance mode] with tandom effects as follows

y, =B+b +g,, i=1,2,.,M, j=12,..,n (2.10)

b, ~N(0,0;), &, ~N(0,06%)

And a linear regression model that links a continuous response variable to

some covariates

yi=ﬂ[+ﬂ2xi+8ia i=];21-"M (2.11)

g, ~N(0,0%)

Here y; is the response and x; the covariates. An analysis of covariance model
relates a continuous response to both a continuous covariate and a

classification factor.

A model that combines a random effects analysis of variance with linear

regression can be written in the following form

v, =Bt b+ foxy ey, i=12,.,M, j=1,2,.n (2.12)

b ~N(0,0;), &, ~N(0,0%)

Where y;; is the j” measurement of the i subject and x;; is the value of the

covariate. We have also used a random effect for the intercept.
A very common application of random effects analysis of covariance models

is in repeated measurements and longitudinal data when observing the results

of repeated measurements on different individuals of some characteristic over

12



time. On the following chapter we proceed by presenting the theoretical

aspects of the linear mixed effects models.
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CHAPTER 3

THEORETICAL ASPECTS FOR THE LINEAR MIXED
EFFECTS MODELS

In the present chapter we introduce the theoretical and computational aspects
for the linear mixed effects models. The estimation methods based on
maximum likelihood and restricted maximum likelihood are presented along
with a general formulation of the linear mixed effects (LME) models.
Extensive report on the theory described in this chapter can be found in

Searle, Casella and McCulloch (1992) and in Vonesh and Chinchilli (1997).

Generally the LME models are mixed effects models such that the ‘fixed and
random parts’ are linearly linked to the response variable. The simple linear
model is extended by merging random effects, an additional error term, to
account for the correlation among observations obtained within the same
group. Laird and Ware (1982) have put the formulation presented here
forward in Biometrics which was a utilization of an idea by David A. Harville

(1977).

3.1 Single Level Formulation

We can express the y; response vector for the single level grouping LME

model in the following way

y,=XB+Zb+e, i=1,2,..M (3.1)

b, ~N(0,¥), & ~N(0,06%I)

Where f is a px1 vector of unknown population parameters (fixed effects), b;

is a gx1 vector of unknown individual effects (random effects), X; is a known

15



n, x p design matrix linking § to y;, Z; is a known n, xg design matrix linking
b;to y; and & is a n,x1 within group error vector with spherical Gaussian

distribution.

The assumption that the variance of &;is o>/ , I is an identity matrix, can be

'y

withdrawn (as shown in a following chapter). In our case we call the model
the ‘conditional-independence model’ because it implies that the »n; responses

of the i"* subject are independent conditional on b; and f. Marginally, the y;

are normally independent with mean X; # and covariance matrix o’J + Z,.\PZ,T.

The b; (random effects) and the ¢; (within group errors) are assumed to be
independent of each other within the same group and independent for
different groups. As mentioned before the distribution of the random effects
is assumed to be normal with mean zero and covariance matrix ¥. This is a

g x g positive semi-definite variance-covariance matrix, in other words all the

eigenvalues of the matrix must be non-negative. We are able to make a
stronger assumption by saying that the matrix has to be positive-definite, all
the eigenvalues must be positive, because an indefinite model can always be

expressed as a positive-definite model of lower dimension.

In the computations it is often more convenient to define the variance-
covariance matrix in the form of a relative precision factor A. This is any

matrix that satisfies the following equality

W |

e = ATA
(02

If the variance-covariance matrix is positive-definite then a A will exist but it
does not have to be unique. Cholesky’s factor' (Thisted, 1988), that is o>¥ ™,
is a possible A. The term relative precision factor is used for the A matrix
because it factors ‘I"l, the precision matrix of the random effects, expressed

relative to 1/62, the precision of ¢;. A brief example of the above can be found

in the Appendix.

16



3.2 Multilevel Formulation

In this paragraph we extend the single level linear mixed effects models we
introduced in §3.1 to multiple levels of random effects. We will first illustrate
the case of two nested levels of random effects. The response vectors at the
innermost level of grouping are represented as y;, with i=/,..,M and
Jj=1,...M;. M denotes the number of the first level groups whereas M; the
number of second level groups within the i first level group. The length of
the y; vector is n;;. The design matrices for the fixed effects are denoted Xj; of

size ny;x p (p is the number of population parameters). We symbolize the first

level random effects as b; of length ¢, and the second level random effects as
b;; of length g,. The corresponding matrices for the random effects are Z;; of

size n; xq, and Z;; of size n, xg,. The model can be written in the following

form

vy =X B+Z b ~Zb ve,, i=12,.,M, j=1..M  (3.2)

b ~NO¥,), b,~N(0,%,), & ~NO,0I)

We assume that the first level random effects b; are independent for different
i, the second level random effects b; are independent for different i and j and
independent of the first level random effects, finally the within group errors
are independent for different i/ and j and independent of the first and second

level random effects.

The two level formulation we presented in 3.2 can be easily extended for
multiple number of levels. Let us suppose that we have three levels of random
effects. The response vectors at the innermost level of grouping can be

written as follows

Yige = Xy‘kﬂ+Zi, b +Z

J

b,.j+Z b,

ik

iiby + Zuby + 8 (3.3)

i=1,2,.,M, j=I,..M, k=1, .., M;
b, ~N(,¥), b,~N(O,¥,), b, ~N©OV¥,), & ~N(0,c°I)

17



A posteriori the formulation is extended for Q nested levels. Observe that the
position of the comma is the only thing that differences one section from
another in the formula above. Relatively, as in the single level formulation,
we will express the ¥, (the variance-covariance matrices) in terms of relative
precision factors 4.

We will generally assume that for the mixed effects models presented in this
work the random effects and the within group errors are distributed as a
multivariate normal or Gaussian distribution. As for the variance-covariance
matrix ¥, for the g-level random effects we assume positive definite
symmetric matrix. Nevertheless we can simplify the model, if we have
evidence, by assuming that the matrix is of a certain type (diagonal, multiple

of the identity etc).

3.3 Maximum Likelihood Estimation for the Single Level

Formulation

Among the various methods proposed for the parameter estimation in the
linear mixed effects models we will present the maximum likelihood and the
restricted maximum likelihood methods. Comparisons among the various
methods used for the linear mixed effects models can be found in Searle et al.

(1992) and Vonesh and Chinchilli (1997).

Let us consider the single level formulation presented in §3.1. The parameters
of the model are B, ¢ and the parameters that determine 4. We denote @ the
unconstrained set of parameters that determine 4 and suppose that we have

already chosen a suitable parameterization.
As we know the likelihood function is the probability density for the data

given the parameters. We regard this to be a function of the parameters with

the data fixed and not a function of the data with given parameters.

18



In other words

L(B.0,0” | y)= p(y|B,6,07)

Here L is the likelihood, p is a probability density and y is the response vector

M <
of dimension N = Zni .

i=]

Because b; and & are independent we can express the likelihood in the

following way

L(B.0,0" |y) =[] p(y: | .6.0%)

The unobservable random effects are part of the model; hence we have to
integrate the conditional density of the data given the random effects with
respect to the marginal density of the random effects to obtain the marginal

density of the data.
2 M 2 2
L(B.6,5” |») =] [p(3: 18, 8,07)p(b; 16,07 )db, (3.4)
i=1

The conditional density of y; is multivariate normal and we can express it as

exp(— “yi ~X.p- Zibillz/zaz)

p(y; 1B, f,07)= P (3.5)

The marginal density of b; is also a multivariate normal

exp(=5/¥"'h)

p(b16,6%) = =
7)) J|¥|

Which can be written in the following way in terms of the relative precision

factor

19



_exp(- lag, "2 /2(72 )

2(16:7°) (27zo'2)"’2abs|A]—l R
By substituting (3.5) and (3.6) into (3.5) we obtain the likelihood
L(B.6,0% | y)= I:ll[ (221:2'?”,/2 J-expf' ("yi —Xié;fziz;illz+I|Abi”2)/202]dbi
Which can be written as
o anda cexpl- (- X8~ Zb[) /207
L(B,0,5° | y)zl;[(zn&)"'” | o™ db, (3.7)

Where we have notated

These vectors are augmented data vectors and model matrices. The approach
we have used here is called pseudo-data approach. We have changed the
contribution of the marginal distribution of the random effects into extra rows
for the response and the design matrices. It is called pseudo-data approach
because it creates the effect of marginal distribution by adding pseudo-
observations. The exponent part in the integral of (3.7) is a squared norm
(norm 1is the length of a vector), to be more accurate it is a residual sum of
squares and we can prescribe the conditional modes of the random effects,
given the data, if we minimize the residual sum of squares. This is a very

simple case of a standard least squares problem with solution

b=Z'Z)y'ZT5,- %)

20



The squared norm, residual sum of squares, can therefore be expressed as

‘371' 'fiﬁ“zbi”z =_IJ~’,' —)Nf;ﬂ—zl;u +

By extending the second term in the right side of the equation we get

o

~

[p.-X.8-Zn| =|5,-Z8-Z5| +@®,-6)ZTZ B-8) (38

The first term in the last equation is independent of b; and therefore can be
factored out of the integral in (3.7). Regarding to the second term, integrating
the exponential in (3.8) is the ‘same’ up to a constant as integrating a

multivariate normal density function. Yet it holds

STS

Z Z eXp[ (b.—bY Z7Z. (b, - b)/25? ]db
\ﬂ TZ’ (2ro?)??

1 Iexp[ (b -5 Z7Z (b, -b)/20> ]db

= \/]ZTZ] (270 )qu/\[ZTZl

— 1 _ 1
_ \/IZ'TZ-| NN (3.9)

By combining the (3.9) and (3.8) we can rewrite the integral of (3.7) as

follows

expl- 5, - X 8- Zb[ [20°)
'f (27c?)?"?

oot 7526 fro"




Hence the (3.7) likelihood’s equation is

M ~ ~ A
, 1 —Zuyi_Xiﬂ—ZibIHZ M
- i) 3.
L(B,6,07 | y) T exp S L,I }.’Z‘TZ'I (3.10)

The last expression can be used by an algorithm to compute the maximum

likelihood estimates for the parameters g, 6, ¢

The maximization procedure is much more simple if we profile the likelihood
to be a function of @ only. To do this we can compute the conditional
estimates of ,3(9) and 6°(6) to the values that maximize the likelihood for a

given 0. In the last expression the parts that involve B and ¢ can be
determined by the standard linear regression theory for they are identical in

form to the likelihood of a linear regression model.

However the least squares estimates of # will depend on the conditional [;;

and vice versa. Hence we have to jointly determine these least squares

estimates as the solution of

X el b ! 2
(bilsree..5b o D= ag, , 4 mm‘ ¥, —Xe(bl,....,bM,,B)T”

Where
'z, 0 0 w2 ¥,
A O 0 0 0
O ZZ O /YZ yZ
X,=10 A 0 0 i, y,=| 0 3.11)
0 Zy, X Yu
A 0 | | 0 ]
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Therefore the estimates are obtained from the equation below
B/ b BT = (X7 X)) XTy,

The conditional maximum likelihood estimate of ¢”° obtained from the linear

regression theory is .

y, = X, (BT ,...bT BT
N

5%(6) ="

(3.12)

Observe that the estimate of ¢° obtained from the maximum likelihood is the

residual sum of squares divided by N and not by N-p.

By substitution of the conditional estimates into (3.10) we get the profiled
likelihood as

CXP(—N:Z) i abslA|
[27[6_2(9)]N/2 i=l ‘Z_TZ,I

L(B(6),6,6(8)) = (3.13)

Let us make some remarks on the estimation method of the conditional
estimates of /3’((9) and &%(#). First, in (3.11), we would not want to use the
matrix X, for it can be very large. If possible we would benefit of the sparsity

of the matrix and avoid working directly with X,. Second, we do not have to

compute ]31 yreeeens ,Z;M,,B(H) to evaluate the profiled likelithood. We just need to

know the norm of the residual in (3.7), the augmented residual sum of
squares. On the following paragraph we will describe the decomposition

method, which will help us calculate the norm in a convenient way.

The representation of the marginal density in (3.7) using pseudo-data is away
of expressing the density and consequently deriving likelihood function.
There is also an alternative way to do this. We can present this density as a

normal distribution with zero mean and patterned variance-covariance matrix
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Z;. Even though we will not be using this representation extensively, we will

however present the main idea.

We can express the single level formulation model as follows
v, =XB+Zb +e =X P+, i=1,2..M (3.14)

Where &, = Zb, +¢,. Notice that & are a sum of two independent multivariate

normal random vectors. Hence they are distributed independently as

multivariate normal vectors with zero mean and variance-covariance matrix
o’%,, where I, =I+Zi\IJZiT/0'2. The y; are independent multivariate normal
random vectors with zero mean and variance-covariance matrix o’%,.We

write

P, 5,6,07) = 2r0™) * exp((y =P =) )lz,-l”;

The values of # and ¢° that maximize the likelihood for a given 8 are

_[M

B(6) = [ﬁX,.’z,f‘X,) > x5y,

i=] i=l

Dy, = X BON Z (v, - X, B(6))
&% () =+

N

The last expressions are more difficult, computationally speaking, than the

ones presented earlier, using them we can derive the profiled likelihood.
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3.4 Decompositions for Rectangular Matrices

Orthogonal-triangular decompositions are a numerical method for the solution
of least squares (see Chambers, 1977; Kennedy and Gentle, 1980; Thisted,

1988). The decomposition is written

Where X is an nx p matrix with n< p of rank p, @ is an nxn orthogonal
matrix, R is a2 px p upper triangular matrix and @, (Q-truncated) consists of
the first p columns of Q. As stated before @ is orthogonal so that
Q'0=00"=I and Q/Q,=I. A very important property regarding to the
orthogonal matrix Q is that the transformation is a generalization of a rotation

in the plane. Consider the following example first

07y =@y 07y =y"00"y ="y =|p’

Meaning that we can multiply the vector y without any effect. We can apply

the later to the residual vector in the least squares problem as follows

ly-x8 =lo” - xp)f
=lo"y-07xs]

c—Q’Q{R y;

=, - Rﬂ||2 + ||c2||2 (3.15)
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Where c=(c|TczT)T =0’y is the residual vector rotated and c¢; is of length p

and ¢, of n-p. Because X is of rank p, the matrix R ( px p) is non-singular and

upper-triangular. The solution ,3 to the least squares can be obtained from the

following equation
Rp =

The residual sum of squares is the second term'in (3.15), that is ”c2”2 and can

be estimated without the need to calculate ,3

3.5 Maximum Likelithood Estimation Via Decompositions

In this paragraph we are going evaluate the likelihood function of (3.7)

through  decompositions.  First consider an  orthogonal-triangular

decomposition of the augmented matrix Z

Where Qn is (n,+q)x(m;+g) and Ry is (gxgq). By applying the

transformation to the squared norm in (3.7) we get

7. -%.8-Zp[ <055 - X.5-Z8)|

2 2
"cl(i) _RlO(i)lB = Rll(i)bi“ +”c0(i) = Roomﬂ”

Where Ry is (¢xp), Rooy is (n,xp), c1y is (gx1), coy is (n,x1). We

Ry c

(i) T ¥ (1) T ~

-0 %, - 03,
) 3

|:Roo(i) ' Co() i

26
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An alternative way of writing these matrices is to think of them as elements in

an orthogonal-triangular decomposition of an augmented matrix, i.e.

Z X vy ]
i H ! =0
[A 0 0] il

-

Rll(i) Rw(.') Cigiy
0 ROO(i) Cai)

Let us know return in equation (3.7) and re-express the integral within the

likelihood.

The likelihood function was

) L] bsiA
up.6.0* 1y=1] “'

i=1 ( "1/7

Jexp[—dly,--w—z I +as])/20%]

2ro?)?"? b

We will concentrate to the integral only, that is

j-exp[—("yi—X,B—Z I +]as, /20 )

(2ac?)"?

Which can be written

||Cl(i) - Ry L]

-20?

J 2ro)" R0 (3H6)

o ~ R

-2q2

The R (gxgq) matrix is non-singular, therefore we can change variables,

~—R,.B—R b
ile. ¢ = €16 = Riowh = Ruwb) and by differentiating d¢. =o""abs|R”(,.)|db,.. The
o

integral is then written

- "cl(i) -R 1Y ,
20°

db,
j (2nc?)?"? '

exp

27



b I exp(— |¢,”2 /2) 14
abs|Ry*  @m)

-1
“ abs’Rn(,)‘

The last result is the same as in (3.10) in the following way

777 - J Riwolern] |
iy |RITI(,.)R, l(f)‘

= lR,T,(,)uR1 1(:’)’
= Jl&7f

= abs!R,l(,.)l

(3.17)

Notice that R;;q is triangular and that its determinant is the product of the

diagonal elements.

By substituting (3.17) into (3.16) and then into (3.7) we get the likelihood

function as follows

L(B,6,07 | y) = ﬁ eXpl_ HCW) _ R“O(i)ﬂuz /2‘72 Lbs(

i=] (27[0'2)"1/2

(27Z,0_2)N/2

M 2
exp[— Z”Com _ROO(f)’E“ /20-2] M 4|
_ p abs[

28

’Rll(i)l



In the exponent the term looks like a residual sum of squares for # over all

groups. By producing a new orthogonal-triangular decomposition we express

the likelithood in a reduced form

R00(1) Coqny R, ¢
. . =0, (3.18)
0 c,

ROO(M) Coqan)

The new form of the likelihood is

L(B,0,0° | y)=Q2rc’) e {“c"” tleo R°°ﬂ| ]Hab{P{‘A' ] (3.19)

~20" 11(:‘)}

The values of # and ¢° that maximize the likelihood for a given @ are

£(8) = Rye, G(8) = (3.20)

Consequently the profiled likelihood is

) N NI2 ! | 1
L(ely)—[mj eXpL jHabS( (3.21)

I ll(l)l

And the profiled log-likelihood

1(617) =10g L(6] y) = [log N ~log(2) - 1]~ Nlogle. 1||+Zlogabsh 4 J
ll(i)

(3.22)
The profiled likelihood has the same form as (3.13). The profiled log-

likelihood enables us to view the likelihood as the sum of three components, a

constant part, a scaled logarithm of the residual sum of squares and a sum of
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ratios of the logarithms of determinants. In the next section we will analyse

each one of these terms extensively.

The profiled log-likelihood in equation (3.22) produces the maximum

likelihood estimate of @, 6. The MLE of A and o’ (# and &%) are

obtained by setting & = 6 in (3.20).

Even though the random effects are not parameters for the model they often
behave, in a way, like parameters and so we want to estimate their values. The
conditional modes of the random effects that are evaluated at the conditional
estimate of f are BLUP (Best Linear Unbiased Predictors) regarding to b;. For
i=[...M. We ‘estimate’ them from the matrices of the orthogonal-triangular

decompositions in the following way
b ()= Rl_(:)(cl(i) i RlO(i)B(Q)) (3.23)

In practise we replace the unknown vector € by its maximum likelihood
estimate & .

The decomposition in (3.18) is equivalent to calculating the orthogonal
triangular decomposition of X, defined earlier in (3.11). If we wanted to use

the orthogonal decomposition for the least squares problem in (3.11) the

decomposition would be

And the triangular part and leading part of the (rotated) augmented response

vector would be

10(1) Sy
0 RII(Z) 0 R|o(2) cl(2)
Ru = g 3 s c =
0 Rugy  Riowny Ciqar
L 0 0 O O ROO CO



Hence the estimates ,3((9) and &%(@) are the same for (3.20) and (3.12). The

c_, 1s the residual vector in the coordinate system determined by Q.. Because

Q. is an orthogonal matrix the squared norm Hc_,”2 is the residual sum of

squares for the least squares problem defined by X, and y..

3.6 Examination of the Components of the Profiled Log-Likelihood

Let us assume for simplicity that the relative precision factor 4 is a scalar.

The components of the profiled log-likelihood are three:

e A constant part, —g—[logN—log(bz)—l], which can be omitted for the

optimisation procedure.
. —Nlog”c_l”, Which is a-multiple of the logarithm of the norm of a

residual vector from the penalized least squares fit for 4, X, Z;, y;.

AN TAN
11(z)|} Zl gL] 11(r)j Z: [ TZ +A? ’

have assumed that the relative precision factor is a scalar. This is

. 21ogabs because we

sum of logarithms of the ratios of determinants.

Regarding to the second component, the logarithm of the norm of the residual
is an increasing sigmoidal function with respect to . As § > - or A—>0
this norm approaches a horizontal asymptote at a value that corresponds to the

log residual norm from an un-penalized regression of the following form

'y [z, 0o .. D X :‘
Vs 0 2z, .. 0 X7
y= = . |+e
y 0 0 Z X bn
n0 " n _ﬂ_‘
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On the positive extreme case, as 8 grows larger the positive values of 8 and
the correspondingly large values of the relative precision factor 4 penalize the
size of the b; terms in the regression that these are pulled down to zero. So, as

6 — oo we have

i -Xl
X

e Ya | _| 42 B+e
ynf) _Xn

Regarding to the third component, in the ratio of determinants term, very

large values of the relative precision factor will dominate Z]Z, in the

denominator and the ratio will approach %=1 and consequently the sum of

the logarithms will approach zero. On the opposite, extremely small values of

A will have little effect on the denominator so the term will be

M _ - )z —M =
Z(e log.[|z7Z) | = M8 leogJ‘Z, A

When 6 — —o this term approaches a linear function of 4.

We saw that for 8 — —oo the determinant ratio approaches a linear function of
0 and the log of the residual norm tends to a finite asymptote, the log-
likelihood then approaches a linear function of §. When the relative precision
factor, and @, becomes large the log-likelihood function will decrease
approaching a constant. Nevertheless this is not what will always happen, for
some sets of data the log-likelihood may continue rising with 8 as 6 — .

This is the case where the MLE of o7} is zero.

»

Both in the second and the third term of the profiled log-likelihood the effect

of the relative precision factor is determined by its size relative to the Z;

matrices. Values of 4 that are much less or much greater than \/Z‘.TZI will

produce a log-likelihood value close to an asymptote.
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3.7 Restricted Maximum Likelihood Estimation

The Maximum Likelihood approach to the estimation of the parameter vector
0 takes no account of the loss in the degrees of freedom resulting from the
estimation of f. For an extensive report on variance component estimation

and a comparison between ML and REML see David A. Harville (1977).

The deficiencies of the maximum likelihood estimation are eliminated in the
restricted maximum likelihood approach which was developed for specific
balanced analysis of variance models by many scientists including Russel and
Bradley (1958) and Anderson and Bancroft (1952). The technique was
extended to ‘all’ balanced analysis of variance models by W.A. Thompson
(1962) and was brought forward in general form by Patterson and R.
Thompson (1971 and 1974).

There are several ways to define the restricted maximum likelihood
estimation criterion. One definition, proposed by Laird and Ware in 1982,-that

provides a convenient computational form is

Le(8,0% |y) = [L(B,6,07 | B

If we look at this form through a Bayesian framework we can assume that we
have selected a locally uniform distribution for the fixed effects g while
integrating them out of the likelihood. By using equation (3.19) and the same

changing-variable technique of (3.17) the log-restricted-likelihood becomes

1:(8,0% | y) =logL,(6,0” | )

szlog(27m' )— “ l” logabﬂ 00]+Zlogabs(’ |AI ﬂ
ll(i)

From this form we can derive the conditional estimate of o which is

88



v oy leall
GR(Q)_N—p

From which we get the profiled log-likelihood in the form

1(617)=1,(6,63(6) 1 »)

Ll Al
= cons tant - (N—p)log“c_[” —logabisool + Zlogab{’R’ | J (3.24)
i=l 11(i)

The components of the profiled log-restricted-likelihood are similar to the
ones of the profiled likelihood apart from the fact that the logarithm of the
norm of the residual vector has a different multiplier and there is an extra

term of

=1

M
log'ZXiTZ,"Xi‘

logabs|Ry,| =

7)

The evaluation of the restricted maximum likelihood estimates was realized

by optimising the profiled log-restricted likelihood with respect to @ only.
Then by using the estimate éR we obtain the REML estimate of o, &z(ék).
For the Best Linear Unbiased Predictors (BLUP) of the b; we use for the

REML case similarly equation (3.23) obtained by replacing 8 with éR.

In a way it is a little misty to define the REML estimate of f. The restricted

likelihood criterion depends only on € and o. However it is useful to obtain

the ‘best guess’ at # from (3.20) when éR is determined via REML.

A very important difference between the two methods (ML and REML) is that

the likelihood function is invariant to one-to-one re-parameterisations of the
fixed effects (for example a change in the contrasts representing a categorical

variable), while the restricted maximum likelihood function is not. A change
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in the X; matrix has as a result a change in logabs|Roo| and correspondingly a

change in the likelihood.

To sum up, the linear mixed effects models with different fixed effects parts,
using REML, cannot be compared with respect to their restricted likelihoods.

This means that the likelihood ratio tests in this case are not valid.

3.8 ML and REML Estimation for Multilevel Models

The maximum likelihood and restricted maximum likelihood estimates for
multilevel LME models can be obtained similarly in the way we described for
the single level model. We will use a two-level linear mixed effects model to
present the basic steps in the derivation of the likelihood function. The
likelihood function for a two-level model is expressed as in (3.4) by

integrating over both levels of random effects, that is

M M;

208,6,0,,5° 10 =T 1 [T I[Py 18,58 8,57 p(®, 16:,0™)d, o6, B, ),

=l T j=l

(3.25)

Similarly to the single level model we can augment the Z;; matrices with 4,
and perform triangular decompositions in order to simplify the integral. We

from and decompose the arrays

Ry Ry Baopy Cup

Zy Zi; X yiszQ'_
A, 0 0 0 @ 0 R T

J, (3.26)

11¢)

The R;z4j matrix is an upper triangular matrix of dimension g, xg,. The rest

of the arrays in the first row of the decomposition in equation (3.26) are used

only if ,3(9), the conditional estimates, or Z;,.j(H) and 5[(9), the conditional
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modes, are required. All the arrays in the second row of the decomposition
have n; rows each: Ruigp, Rirap, ciap - For the outer integral of (3.25) we
form and decompose again an augmented array as follows

Riian Rioany S

. ' -0 {Rll(i) RlO(i) C((i)} i1 M (3.27)
v - (i) ) e geescces 3 -
Ry Riogmry  Cramy 0 Ryw Cow
A, 0 0
The decomposition to produce Rgg, ¢p and c.; is the same as the one in (3.18).

By using the same methodology as for the single level case and by combing

the last equations we can express the profiled log-likelihood as

1(6,,0, | ) =102 L(3(6,,6,),6,,0,,6%(6,,6,) | ») =

M,
= cons tant - N10g||c_l|!+Z:logabs[l 'I ]+ZZlogab{|| | ]

’ 11(:)\ Sl AL 22(!/)’
And the profiles log-restricted likelihood as

12(6,,6, | y) =108 Ly ($3,(6,,6,),6,,0,,6 4 (6,,6,) | ¥) =

i=l j=1

=constant— (N — p)logﬂc_," —log abisOO| + ilog abs[l ‘
i=l 11(:)

Similarly we can extend the form for Q nested levels of random variation.

3.9 Choosing a Suitable Parameterization for the Relative Precision

Factor

™

Let us assume that we have a model with QO nested levels of random effects
then there exist Q symmetric positive definite variance-covariance matrices
Y, with k running from 1 to Q. We have already mentioned that we would

like to express these matrices in terms of the relative precision factors
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because it is easier computational, say 4; with & running from 1 to Q. We

have

For the maximization procedure we express the relative precision factors as a
function of unconstrained parameter vectors ;. For example if the relative

precision factor is a scalar then we would use @=1ogA as the unconstrained

parameter when optimising the log-likelihood.

For the general case where ¥,/c” is a gxg symmetric positive definite matrix

we would parameterise it through its matrix logarithm. That is any positive
definite matrix 4 can be expressed as the matrix exponential of another

svmmetric matrix B.

We say that 4 is the matrix exponential of B and B is the matrix logarithm of

A. If A is a symmetric positive definite gx g matrix, then one case to evaluate

its matrix logarithm B is to compute an eigenvalue-eigenvector decomposition

as follows
A=UAUT

Where the matrix A is gx g diagonal and U is an orthogonal gxg matrix. If 4

is positive definite then all the diagonal elements of A4 are positive. The
matrix logarithm of A is the diagonal matrix whose diagonal elements are the
logarithms of the corresponding elements of 4. We notate this by logd. We

write

B=logd=UlogAU"
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Regarding to the parameter vectors, we define @ to be the elements of the

upper triangle of the matrix logarithm of ¥,/c>.

When we have evidence that the variance-covariance matrix is of a specific
form then other unconstrained parameterizations for ¥,/c* are used. For
example if we want ¥,/c* to be diagonal and positive definite then the
diagonal elements must be positive and the unconstrained parameterization

uses the logarithms of these diagonal elements.

3.10 Algorithms for Maximizing the Likelihood

There are many iterative numerical algorithms that can be regarded as
candidates for computing the estimates for the parameter vector 8 for ML or
for REML, see Harville D.A (1977). Some of them are developed for specific
cases, for example for computing maximum likelihood estimates of variance
components. Others can be regarded as general procedures for the numerical
solution of broad classes of constrained non-linear optimization problems. In
the literature it is claimed that there is no real hope for finding a single
iterative algorithm that will be best for every problem. For example an
algorithm that requires relatively few computations to converge to a ML or
REML estimate in one occasion may slowly or even fail to converge in
another problem. To decide which among the available algorithms we should
use in a particular application we must make some judgments about their
computational requirements and their other properties as applied to a given
setting. Particularly the quantities of a good optimization algorithm include in
order of importance: 1) iterative computations that are not prohibitively time

consuming, 2) quick and consistent convergence, 3) a fine method for

assessing the convergence. i

The optimization of the profiled log-likelihood or the profiled log-restricted
likelihood in a linear mixed effects model is often accomplished via the EM

or the Newton-Raphson algorithms. Below we briefly present these algorithms
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based on the papers by Lindstrom and Bates (1988), Laird and Ware (1982)
and Pinheiro and Bates’ textbook ‘Mixed Effects Models in S and S-Plus’.

3.10.1 The EM Alcorithm

The EM algorithm is a very popular iterative algorithm for likelihood
estimation in models with incomplete data. The EM process is remarkable not
only because of the simplicity and generality of the associated theory but also
of the wide range of applications that fall under its umbrella. For an extensive

report with examples and applications on this topic see Dempster, Laird and
Rubin (1976).

The algorithm for the LME models is based on the idea of regarding the
random effects as unobserved data, (note that the EM algorithm can be

implemented in various ways).

o The E-step. At the w' iteration of the algorithm we use the current
variance-covariance parameter vector, 6™, to evaluate the distribution
of b conditional on the data vector y, that is by, and then derive the
expectation of the log-likelihood for a new # given this conditional
distribution.

e The M-step. We maximize the expectation computed above with

respect to 8 to produce 8™,

Since each iteration of the algorithm consists of an expectation step (E-step)

followed by a maximization step (M-step) we call it the EM algorithm.

3.10.2 The Newton-Raphson Algorithm

The Newton-Raphson algorithm (Thisted, 1988) is probably one of the most
often-used optimization routines. We use the first order-order expansion of
the gradient of the log-likelihood function (score function) in an area near the

0(W+1)

current estimate @ in order to produce the next estimate . In each

iteration we need to calculate the score function and its derivative, the
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Hessian matrix of the log-likelihood. Under some conditions that are
generally satisfied in practise the algorithm converges quadratically.
However, because the computation of the Hessian matrix 1s rather
computationally expensive, we often use simpler computational

approximations leading to the Quasi-Newton algorithms.

3.10.3 Discuss;'on on the Algorithms

Generally any iterative algorithm requires some initial values for the
parameters of estimation. Due to the fact that we can express both the profiled
log-likelihood and the profiled log-restricted-likelihood as a function of the &
parameters we only need to have initial values for the  before any iterative
procedure for the LME models. These starting values are usually obtained

from a previous fit for similar data or derived from the current data.

Regarding to the EM algorithm, the iterations are quickly and easily
computed. What usually happens is that even though the EM iterations bring
the parameters into the area of the optimum very quickly, the algorithm tends
to be slow when near the optimum. On the contrary, Newton-Raphson
iterations are computationally more complicated and can be unstable when far
from the optimum value. However the algorithm converges very quickly in an

area near the optimum.

Pinheiro and Bates recommend a compromising approach due to the above.
That is, start with an initial value 8 and perform a moderate number of
iterations with the EM algorithm, then switch to the Newton-Raphson
algorithm. The EM iterations, in the start, can be viewed as a refining
procedure to the starting values before the main optimization routine. For the

current work we have adopted this optimization approach.

»
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3.11 Asymptotic Behavior

The statistical inference for the parameters of a linear mixed effects model
relies on the approximate distributions for the ML estimates and the REML
estimates obtained from the asymptotic theory. It has been showed (J.C.
Pinheiro 1994) that the maximum likelihood estimates in the general LME
model are consistent and asymptotically normally distributed, under certain

conditions that are generally satisfied in practice.

The approximate variance-covariance matrix for the ML estimates is obtained
by the inverse of the information matrix corresponding to the log-likelihood

function / = l(ﬂ,@lﬂz,...ﬂg,az) . Because

Ele1/6p67]=0, q=1..,0 and E[g’1/8B5%|=0

The information matrix for a linear mixed effects model with Q nested levels
is block diagonal, hence the ML estimates of f are asymptotically

uncorrelated with the ML estimates of 8y,.....,8p and o

Generally the ML estimates for a O nested model are approximately

distributed as

B~ (o[RBT ])

6 1 ([ &
. |~N 176, 0,,0) (3.28)
‘90 gQ
logé |  logo
C 8 2% 8%
86,06} 96,0607 T 0dlogo 06
I'(,,.....6,,0) =
e &l &1 &
960logo  06,0logoc ~ d'logo
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Where [ = 1(91,02,....99,02) is the log-likelihood profiled on the fixed effects,

I is the empirical information matrix and Ryp is as in equation (3.18). We
have used the logarithm of o instead of o’ to illustrate an unrestricted
parameterization for which the normality approximately tends to be more

accurate.

Pinheiro (1994) has shown that the estimates obtained by a REML in an LME
model are also consistent and distributed asymptotically normal. The
distributions are very much alike as in the ML case but / is replaced by /g as

defined earlier.

In practice the parameters 0,,6’2,....09,02 that are unknown are replaced by

their estimates in the expressions for the approximate covariance matrices in
the system of equations we presented. The approximate distributions for the
estimates are used in the following paragraphs for hypothesis testing and

confidence intervals.

3.12 Likelihood Ratio Test

A general well known method for comparing nested models that are fitted by
maximum likelihood is the likelihood ratio test (Lehmann, 1986). We can use
the likelihood ratio test to compare models fitted with restricted maximum
likelihood but only if both models have been fitted by REML and the fixed

effects part is the same for both models.
We say that a statistical model is nested with another if it is a special case of
a more general model. If L, is the likelihood of the general model and L; is

the likelihood of the ‘nested’ model, then the likelihood ratio test statistic
(LRT) is given by the following formula

2log(L,/ L) = 2[log(L,) - log(Z,)]
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If k; is the number of parameters to be estimated in the i model, then the
distribution of the LRT statistic is asymptotically ¥ with (ks-k;) degrees of
freedom. This large sample distribution theory is valid under the null

hypothesis that the restricted model is adequate.

We can also compare fitted models using other comparison criteria such as
AIC and BIC. AIC is the Akaike Information Criterion (Sakamoto, Ishiguro
and Kitegawa, 1986) and BIC is the Bayesian Information Criterion (Schwarz,
1978), which is sometimes called Schwarz’s Bayesian Criterion (SBC). These

model comparison criteria are evaluated as

AIC = -2loglik +2n,, =218 | y)+2n,,

BIC =-2loglik +2n,, log(N) = =21(8 | y) +2n,,, log(N)

Where n,,, denotes the number of parameters in the model. In both cases a
smaller value of the criterion is better. That is if we are using A/C to compare
two or maybe more models for the same data we prefer the model that
revealed the smallest A7C, similarly for the Bayesian Information Criterion.

We can also use these criteria or models fitted with restricted maximum

likelihood by substituting l(é | y) with Z(éR | ¥) in the formulas above.

In the current dissertation we will widely use likelihood ratio tests to check
the significance of the random effects part. We will fit various nested models
with constant fixed effects part while the random effects part will change.
Nevertheless, Stram and Lee (1994) argued that this kind of tests for checking

the significance of the random effects may be conservative, that is the

reported p-value from the Zlfz—kl distribution is greater that it should be. This

happens because when we change from the more general model to the more
specific we set the variance of certain componeiits of the random effects equal
to zero which is on the boundary of the parameter region. In their own words:
The use of likelihood ratio methods for constructing tests for nonzero
variance components is a nonstandard problem in the use of maximum

likelihood because the null hypothesis, that such a component is zero, places
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the true value of the variance parameters on the boundary of the parameter
space defined by the alternative hypothesis. This has an effect to the large-
sample behavior of the likelihood ratio tests so that the limiting distribution

of —2 times the logarithm of the likelihood ratio cannot be treated as that of a

z* random variable. We will appose another passage of that paper because

we think that it is instructive. Remember the model of (3.1)

yl =Xiﬂ+Zibi+gi: i=112)--;M

b ~N(O,¥), & ~N(0,0T)

We will change the notation of the paper to keep up with the current
dissertation. The authors claimed that The common practice in testing for the

significance of a new variance component in the longitudinal mixed effects

model of relating the change, —2log(L,/L,), to x> a random variable, with

the number of degrees of freedom for the test equal to the increase in the
number of variance and covariance terms ¥, is asymptotically conservative.
In the simplest kind of tests, where one new random effect (one more row of

b;) is being added, the degree of bias in the significance level of a naive test,

i.e., comparing —2log(L,/L,), to a 7(:“ rather than a 50:50 mixture of ;(; and

;(:H , 18 typically small. In certain complicated situations where many new

random effects are being simultaneously added to b;, however, the degree of

asymptotic bias of the naive test could be quite substantial.

Stram and Lee suggest a mixture of y”as a reference distribution even though

this adjustment is not always successful. In the last decade there has been an
interest in the development of quasi-likelihood methods for many types of
models. In these models likelihood ratio test are replaced the ‘empirical’
score tests. In this way it is possible to weaken the assumption that b; and &;

are multivariate Gaussian while still providing consistent estimates of the

variance-covariance matrix ¥,
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3.13 Hypothesis Testing for the Fixed Effects Part

The likelihood ratio test can be applied in the case where we want to compare
two nested models that have different fixed effects parts. The LRT can be
computed only for maximum likelihood fits. The likelihood ratio test is not
valid for the restricted maximum likelihood case because there is a term in the

REML criterion that changes with the change in the fixed effects prescription.

Although theoretically we can use the likelihood ratio test for models fitted
by ML with different fixed effects, it is not recommended to do so. Such ratio
tests tend to be anticonservative when using the standard y° distribution. A
more conventional approach on hypothesis testing for the fixed effects is to

condition on the estimates of the random effects variance-covariance
parameters, §. The conditional estimates of the fixed effects ,3(9), for a
fixed value of &, are standard least squares estimates. In equation (3.28) the
large sample distribution of the ML or the REML estimates of the fixed
effects is accurate for the conditional estimates ,3(6’). The significance tests
for the fixed effects part are obtained using the usual F-test or ¢-test for the

linear regression models. For this we are based on the, REML, estimate of

variance as follows

~2 RSS ”C—I”2
g 9 = =
R( ) N-p N-p

The computational formulas for the partial F-tests or the z-tests are generally
given in detail in regression books such is T.R. Ryan’s ‘Modern Regression
Methods’ (1997). The conditional ¢-test test the marginal significance of each
fixed effects coefficient when all other fixed effects are included in the
model. On the other hand, the conditional F-test tests the significance of the
fixed effects terms in a model that may include several coefficients, we can,
for example jointly test the significance of 1, 2, 3 or more coefficients at the

same time in the same model.
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The conditional tests for the fixed effects require degrees of freedom for the
denominator. In the F-test case the numerator degrees of freedom are also
required and are defined by the term itself. The degrees of freedom for the
denominator are calculated based on the grouping level at which the term is
estimated. To be more specific, we say that a term is inner relative to a
grouping factor if its value changes within the level of the factor. A term is
called outer relative to ‘the grouping factor if its value does not change within
a given level of the grouping factor. We say that the term is estimated at level
i if it is inner to the (i—1") grouping factor and outer to the i grouping
factor. If a term is inner in all the Q grouping factors then it is estimated at

the level of the within-group errors denoted as (Q +1%) levels.

For the intercept, that is the parameter corresponding to the, usually first,
column of 1’s in the X; model matrices, we use a different approach if it is
present in the model. As a parameter we estimate it at level 0 because it is
outer to all the grouping factors. However, the denominator degrees of
freedom for the intercept are computed as if it were estimated at level (O+1).
This happens because the intercept is a parameter that pools information from

all the observations.

Let us denote as m; the total number of groups of the i level (by assuming

that mo=1 when the model includes an intercept and 0 otherwise, also

(my,, =N)), and p; the sum of the degrees of freedom corresponding to the

terms estimated at the i level. Then the i* level denominator degrees of
freedom is

denDF, =m,—(m,_ +p,), i=1,...,0+1

The definition above concurs with the classical decomposition of degrees of
freedom in the multilevel ANOVA design. It also gives a rational

approximation for more general mixed effects models.
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3.14 Coristructing Confidence Intervals O' bl

/
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The approximate confidence intervals for the variance- covat\qn‘sg co }onen,t/s

\
\
i

N I

and the fixed effects are obtained from the approximate dlstrl‘t’iﬁitens f67 the
maximum likelihood and restricted maximum likelihood estimates described
earlier along with the #-test presented in § 3.11. Let us denote as df, the
degrees of freedom of the denominator for the conditional z-test

corresponding to the j” fixed effect. The approximate confidence interval for
Bj of level (1-a) is

,Bjitdfj(l—a/Z)d'm“ RO'OTL]

Where the (1-0/2) quantile of the ¢-distribution with df; degrees of freedom is
denoted as ¢, (1 «/2) and &, is the restricted maximum likelihood estimate

of o. Additionally, the Ryp matrix is evaluated at the estimated value of 6.

The approximate confidence intervals for the within group standard deviation

are obtained from equation (3.28). If [I"L

e

is the last diagonal element of the

inverse empirical information matrix, the approximate confidence interval for

o of level (1-a) is

|_a“ exp(— z(1-a/2)y ]I" L.c, l &exp(z(l -t/ 2)4 /l{“ ’Lq )J

Where the (1-a/2) quantile of the normal distribution is denoted as z(1-a/2).

It is obvious that the confidence intervals work for maximum likelihood and
restricted maximum likelihood estimates with the appropriate adjustments.

The confidence intervals on the variance-covariance components for the
random effects are not very easily computed. Practically what someone is
interested about is obtaining confidence intervals on the original scale of the

elements of ¥ and not in the scale of the unconstrained parameters @, which
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are used in the optimization routine. If the variance-covariance matrix is of a
simple form (say, diagonal or multiple of an identity) then it is possible to
transform the confidence intervals obtained in the unconstrained scale back to
the original parameter scale. What we have to do is to exponentiate the

confidence limits in the case of a diagonal or a multiple of an identity matrix.

On the contrary, if ¥ is of a general positive definite structure, it is not
possible to transform back to the original scale the confidence intervals
(obtained for the unconstrained parameter). The routine we use in the current
dissertation considers a different parameterization for the case where ¥ is of
a general positive definite structure. This approach, called the natural
parameterization, uses the logarithm of the standard deviations and the
generalized logits of the correlations. The generalized logit for a given

correlation parameter —1< p<1 is

log{lfp}
1-p

That takes values from minus infinity to plus infinity. We notate 7 the

parameter vector that determines the natural parameterization; the elements of

n are individually unconstrained but not jointly. The elements of 7 can be

individually transformed into parameters in the original scale. So the

parameterization is a useful tool for constructing confidence intervals.

If 77,is the element that corresponds to the logarithm of a standard deviation

in ¥ and [I“IL.,. is the associated diagonal element in the inverse empirical

information matrix, the approximate confidence interval of level (1-a) for the

corresponding standard deviation is

»

[exp(ﬁj —z(1-a/2),/ I[" |ﬂ) exp(ﬁj +z(1-a/2), II'l |,, )]

The approximate confidence interval for a correlation coefficient represented

by 77, in the parameter vector is

48



em(ﬁ, —z(l-a/ 2)1/|I - | )—1 exp(ﬁ ] +z(1—a/2)1”1'1 |..)-1

expl, — 21—/ 24|17 41 explf, + 20—/ 2) [, J+1

3.15 Obtaining Fitted Values and Predictions

The fitted values, predicted values for the observed responses under the fitted
model, are very much of interest for model checking. Predicted values for
new observations are of interest when making inferences from the fitted

model.

In the LME models the predicted values and the fitted values can be obtained
at the population level or at different nesting levels. For the first case

(population level predictions) the predictions estimate the marginal expected

value of the response. If x, is a vector of fixed effects covariates, then the

marginal expected value of the response vector y, is

Ely,)=xI 5 (3.29)

The predicted values at the K" nesting level estimate the conditional

expectation of the response given the random effects at levels <k. If z,(i) is

a vector of covariates corresponding to random effects associated with the i

group at the first level of nesting, the level-1 predictions are

E[yh(i)|bi]=xlﬁ+zlx(l.)Tbi (3.30)

In the same sense if z,(7, j) is a covariate vector associated with the j’h level-2

group within the i"" group of level-1, the level-2 predicted values are
E[y,())|b,,b,)= 2, B+2,() b +2,(5, )" (3.31)
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Similarly we can extend to an arbitrary nesting level.

To obtain the Best Linear Unbiased Predictors (BLUP) of the population

expected values and the conditional expectations given the random effects we
simply substitute g with its conditional estimate ,3(9). The BLUPs

corresponding to the expected values in the above equations are

P4 = x5 B(O)
Py = x! p(O) +2,(i)" b,(6)

$uli )= %7 BO)+2,6)7 6,(0) + 2, (i, /)" b, (6)

3.16 Patterned Covariance Matrices for the Random Effects

This paragraph could well had been situated after §3.2 ‘Multilevel
Formulation’, but because it is a special case of the basic linear mixed effects
model we decided to present first all the theoretical aspects relative to the

model and then return back to the basics.

Patterned Variance-Covariance matrices for the random effects are special
forms for the random effects covariance matrix ¥. In many applications we
may wish to restrict the variance-covariance matrix to have a specific form to
reduce the parameters we estimate. Below we return to the simple LME model

and use an example to illustrate some covariance forms.

Let us assume the single level formulation model presented in §3.1 with b; to

be a 3x1 vector of unknown individual effects '(random effects)

y=XpB+Zb+e, i=12..M

b, ~N(,¥), & ~N(0,0°])
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1) So far we have assumed that ¥ is a general positive-definite matrix.
This means that in the case where we have 3 random effects ¥ would

be of the following form

Where ofq for g=1,2,3 is the variance of the g™ random effect.

2) We may wish to assume that the random effects are independent. In

this case ¥ is diagonal

a; 0 0
Y= 0 o} 0
0 0 o,

3) Moreover we can assume that in addition to being independent random
effects have the same variance, hence ¥ is a multiple of the identity

matrix

4) Alternatively, it is possible to have evidence that the first random
effect is independent from the second and the third but the last two
depend one another. We call this form of the variance-covariance

matrix block diagonal and can be represented in the following way

2

o, 0 0
Y= 0 o o,
2

|_O Ty, O
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Other forms for random effects variance-covariance matrix are possible such
1s the compound-symmetry structure (not presented here). One should always

investigate for the proper form of ¥ to avoid over-parameterization.
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CHAPTER 4

EXTENDING THE MODEL

In the previous chapter we restricted the basic linear mixed effects model to
have independent, identically distributed within group errors with zero mean
and constant variance. Even though the basic model, as described, is flexible
and many applications can be viewed through its angle, there are various
cases in which the within group errors are heteroscedastic (i.e. have unequal
variances) or are correlated or are both heteroscedastic and correlated at the
same time. In this chapter we extend the basic model by allowing the within

group errors to be heteroscedastic or/and correlated.

4.1 Formulation of the Extended Model

The extended single-level linear mixed effects model relaxes the assumption
of the basic single-level LME model by allowing correlates and

heteroscedastic within group errors. The model can be expressed as

y=XpB+Zb+e, i=12..M (4.1)

b, ~N(O,¥), & ~N(0,0%A,)

Where A; are positive definite matrices parameterized by a fixed and
generally small set of parameters denoted A. It is assumed as in the basic
model that the within group errors are independent for different individuals
and independent of the random effects. The ¢o® is factored out of the A; for
computational reasons. In same sense, the extended version for a two-level

linear mixed effects model can be generalized through (3.2) similarly by

letting &, ~ N(0,0°A,), i=1,2,..M, j=1,2,..M;
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We can generalize, in the same way, to a multilevel model with Q levels of
random effects, but for simplicity we will remain on the extended single-level
model (4.1). It is obvious, nevertheless, that the results we obtain are easily

generalized for the multilevel case.

4.2 Estimating the Extended Model

Because A, is a positive definite matrix, there exists an invertible square-root

AY? with inverse A;"? such that

Mg = (Ali/Z)T Ali/Z and Ajl =A;”2(A;”2)T

We denote

i ="y, & =(")e

(4.2)

X: = (A;”z)TX[ ! Z:‘ — (A;IIZ)TZI

Also
8: - N[(A;“z)TO,O'Z(A;UZ)TAIA;‘M]= N(0,0-zj)
The (4.1) equation can be re-expressed as
vi=XB+Z +e, i=l...M (4.3)

b, ~N(0,¥), & ~Nt(0,0°1)

Observe that in (4.3) y, is described by a basic linear mixed effects model.

The differential of y:=(A}”2)Ty,., which is a linear transformation, is
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dy: _ ‘A:”:

dy.. The likelihood function for the extended linear mixed effects

model is expressed in the following way

M

L(/B’9>O-25/Ily) =Hp(yl |ﬁ$090-2:/1)

M
=]1p018.6,5%, 1A (4.4)
i=1

= L(8,6,07, 4 |y*)lﬂ[|/\;”2
i=1

Where p() 1is the probability density function. The likelihood function
L(B,8,0°.2]y ) can be viewed through the prism of the basic linear mixed
effects model; consequently all the results presented earlier are valid here.
The representation of the profiled log-likelihood, via orthogonal-triangular
decompositions, can also be used with this likelihood function. The
decompositions help us in the construction of efficient algorithms for the

maximum likelihood estimation.

With reference to the restricted likelihood function for the extended model,
the form is obtained by integrating out the fixed effects from the likelihood as

in the basic model.
2 2 ) ’ 2 * = /2
Ly (6,02, A419) = [L(8,6,0°,4| y)dB = Ly(8,0°,4| y))] [|n7"]
i=1

Again the term L,(8,6>,A|y") corresponds to the restricted form of the
likelihood function for the basic linear mixed effects model. Therefore the
results presented for the basic model can be used to obtain a representation of

the profiled log-restricted-likelihood.

-
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4.3 The Extended Model without Random Effects

Let us first consider the variance-covariance matrix of the response vector in
the extended linear mixed effects model. We can express the matrix in the

form
Var(y,)=Z, = UZ(ZIDZIT +A;)

In this expression the covariance matrix has two components that can be used

to model heteroscedasticity and correlation. The random effects component is
given by Z,DZ! and the within-group component is given by A,. Practically,

these two components may compete in the model specification. For example

similar variance-covariance matrices X, may result from a combination of
complex random effects component added to a simpler within group
component (A, =7 is a simple case), or, on the contrary, simpler random
effects component (say Z,.DZ,.T =0.11") being added to a more complex within

group component. Generally there seems to exist a trade-off between the

complexity of the two components of the variance-covariance matrix X,.

It is possible, in this framework of thinking that someone may wish to avoid

using random effects to account for the dependence among observations and
to choose to use only the within group component A,. This simplified version

of the extended linear mixed effects model may be presented as

y=XpB+e, i=l...M (4.5)
& ~ N(0,5%A)

™

This model has been extensively studied in the linear regression literature.

For the estimation it is usually assumed that A, are unknown. The problem is

referred as the generalized least squares problem. By making use of the
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transformations as in (4.2) we are able to re-express (4.5) as a simple linear

regression model

vi=XB+e, i=l...,M (4.6)

g, ~N(0,0°1)

For a fixed 4 the ML estimators of # and o’ are obtained by the solution of an

OLS problem. If we denote as X the matrix we obtain by summing up the

X; matrices, the maximum likelihood estimates of # and ¢° are

B=lxy x Ty y (4.7)
o -xha
s N

The profiled log-likelihood, which is only a function of the set of parameters
A, is obtained by replacing in the full log-likelihood £ and ¢° by their ML

estimates. This gives
I(A|y) = constant —Nlog”y‘ - X',é(ﬂ)“ —%iloQAil (4.8)
i=1

The maximum likelihood estimates are obtained by optimizing equation (4.8);
which is the profiled log-likelihood, over 4 and then by replacing the estimate
of 4 in (4.7) in order to get the ML estimates of § and o’. Also, orthogonal
triangular decompositions can be realized, as presented in the previous
chapter, to obtain a more efficient representation of the profiled log-

likelihood.

-

The restricted likelihood function for the extended model of (4.5) can be
obtained by integrating the parameter vector § out of the full likelihood. The

profiled log-restricted likelihood for the generalized model is
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1.(A]y)=constant — (N p)log” Y - X'ﬁ(ﬂ)"——;—logl(X')TX'l —%flog|/\.,|
=]

Where p is the dimension of the fixed effects parameters f. The restricted

maximum likelihood estimate of ¢° is

- x B

P

To conclude this paragraph, we should state that caution is needed in the
selection between a linear model using generalized least squares and a linear
mixed effects model. The choice between the two kinds of models should not
take into account only the information criteria (such are A/C and BIC) or the
likelihood tests. Mixed effects models have a hierarchical structure which in
many applications provide a visceral way of accounting for the within group
dependency than the modeling of the marginal covariance matrix of the
response vector in the GLS models. The latest kinds of models are more
appealing when it is believed that a hierarchical structure for the data is not
present or if present is irrelevant in the analysis. In a case like this the
researcher is more interested in parameters associated with the error

covariance structure as in time-series analysis.

4.4 Decomposition of the Within Group Covariance Matrix

The positive definite matrices A, can be decomposed into a product of

simpler matrices as follows

A =VCY, (4.9)
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Where V, is a diagonal matrix and C, is a correlation matrix, that is a positive

definite matrix with the diagonal elements equal to one. It can also be verified
that

Var(gy.) =c? [V, ; s cor(e‘ij,gjk) = [C,. ]jk

Hence, V, describes the variance of the within group errors and C, describes

the correlation. In this way we have decomposed the within group variance-
covariance matrix into a variance structure component and a correlation
structure component. The expression 1is useful computationally and

theoretically and allows us to model the two structures separately.

4.5 Modeling Heteroscedasticity

The variance structure of the within group errors is modeled by variance
functions that use covariates. Davidian and Giltian (1995) have studied the
variance functions for mixed effects models extensively. Moreover, Carroll
and Ruppert (1988) have studied variance functions for the extended linear

model.

The general variance function model for the within group errors in the

extended single-level formulation linear mixed effects model 1s

Var(s; |b) =0"g" (1;,0;,0)

(4.10)

Where u, = E|yy Ib,-J, v, is the vector of variance covariates, § is a vector of

variance parameters and g(-) is the variance function (continuous in ).
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Let us give an example of the above definition. Assume that the within group

variability increases with a power of the absolute value of a covariate denoted

as v.. The variance model can be written as follows

5| |26
Var(e; |b)=0" Uij’

The variance function here is g(x,y)=|xly, whereas the covariate can be g

(that is the expected value).

We can easily generalize equation (4.10), which is the variance function for

the single-level to a two level model. We write

Var(gijk |bi,j:bij) = ngz (/‘gkauyk:a)

Where =E|y,.jk|b,.’j,by.J. A posteriori we can generalize to multilevel

models, though here we will remain in the single-level model.

The variance function discussed earlier is a very useful and flexible statistical
tool. It allows the within group variance to depend not only on the # (fixed

effects) but also on the b; (random effects) through the expected values 4.

However there do exist some theoretical difficulties because the within group
errors and the random effects cannot be assumed independent. Assuming that
E[al. |b,.]=0, we can also verify that Var(g,.j) =ElVar(gij lb,-)J~ So, we can avoid
the dependence by integrating them out of the variance model. On the
contrary, the variance function is generally a non-linear function in b; and the
integration does mnot Jead to a possible optimization procedure
(computationally). Practically we use an apprc;ximation to the variance model

we described by replacing the expected values 4; with their Best Linear
Unbiased Predictors /; =x;ﬂ+z.rl;. where x; denotes the j™ row of the X;

7Y%

matrix and z; is the ™ row of the Z; matrix.
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Var(s;) ~ o°g*({1;,0;,0) (4.11)

With this approximation we can assume that the within group errors are
independent of the random effects as in (4.1). Observe that if in (4.10) the

conditional variance model is independent to 4, then the approximation in

equation (4.11) gives the exact marginal variance and no approximation is

needed.
With reference to the variance function model for the extended linear model

of (4.5) . because no random effects are included in the model, the marginal

variance does not involve approximations and can be written as

Var(s,)=o’g*(u;,0,,6) (4.12)

Where g, =E[y,.j]=x§,5, v, is the vector of variance covariates and o is the

vector of variance parameters.

4.6 Examples of Variance Functions

There are many forms of variance functions to be used to model the variance
structure of the within group errors. In this paragraph we present some
variance models along with their corresponding variance functions that have
been used during the analysis of the data in this dissertation.

1) Fixed Variance: Var(eij)=0'20 corresponding to a variance function

ij’

g(v;)=4/v; . This is a variance function with no parameters and a

single covariate. It is used when the within group variance id known

up to a proportionality constant.

61



2) Different Variances per Stratum: Var(g,.j)=c7252 , corresponding to a

variance function g(s,,6)=0J, . This implies a variance model with

jj’)
different variances for each level of a stratification variable

sefl2,..S}.

, corresponding to a variance

25
l

3) Power of Covariate: Var(gij)=0’2‘u.

function g(v,,9) =‘U,.j.|5, which is a power of the absolute value of the

variance covariate. It is used when the variance increases or decreases

with the absolute value of the variance covariate.

4) Exponential Covariate: Var(e?,.j)=a2 exp(20v;), corresponding to
g(v;,8) =exp(ov;). This is an exponential function of the variance

covariate.

5) Constant plus Power of Covariate: Var(aij)=0'2(51+‘uyrl)z, with

S . .
l , which is a constant number plus a

variance function g(v,;,6) =7, +|Uij
power of the absolute value of the variance covariate, J, is assumed
positive while &, is unrestricted. This variance model gives a more

visceral model than the ‘power of covariate’ when the variance

covariate takes values close to zero.
An interesting feature is that we can combine two or more variance models by

multiplying together the corresponding variance functions. The choice of the

‘correct’ variance model is up to the researcher.
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4.7 Modeling Dependence

To model the dependence among observations we use correlation structures.
Regarding to linear mixed effects models and extended linear models we use
correlation structures to model the dependence among the within group errors.

In the past, correlation structures have been used for time series and spatial

data.

We start by assuming that the within group errors are associated with some
position vectors p;. In this work the correlation structures are assumed to be
isotropic, that is the correlation between two within group errors (g;,&;)
depends on the corresponding position vectors (p;, pi;) only through the

distance between them d(p;j, pij). The within group correlation structure for a

single-level of grouping is

cor(e,,6,) = hld(p,,p;), p) (4.13)

We have denoted p to be the vector of correlation parameters and —1<A(-) <1
to be the correlation function continuous in p such that A(0,p)=1, in other

words if two observations have the same position vectors they are the same

observation and consequently have correlation equal to 1.

We can extend the single-level correlation model to the multilevel grouping

similarly. Below there is a model with two nested levels of grouping.

cor(&ys ) = B d(Pyr D)y P
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4.7.1 Serial Correlation

Serial correlation structures are encountered in time series data, these kinds of
data are observations collected sequentially over time. We can simplify the
assumption of isotropy by assuming that our correlation model depends on the

positions p,,p; only through their absolute difference. The general serial

correlation model is defined as follows

»P)

cor(;,6;) = h(|p, - py

In the equation above A(-) represents the autocorrelation function. A non-

parametric estimate of the autocorrelation function, the empirical
autocorrelation function, is a tool for investigating serial correlation. The

empirical autocorrelation at lag / is defined as

>3 i /Nu)
A=
57 o

i=l j=l

(4.14)

Where 7, =(y,~J,)/6, are the standardized residuals from a fitted mixed
effects model, with 0'3. =Var(e;). N(I) is the number of residual pairs used in

the calculation of the numerator of p(/). Below we present some basic serial

correlation structures we are going to use later on the analysis of data.

1) Compound symmetry: This structure assumes equal correlation among

all the within group errors in the same group. The model is

cor(e,e,)=p, Vj# (4.15)
hk,p)=p, k=12,....

The variance-covariance matrix for the i response vector in a single-

level linear mixed effects model with iid errors of variance o’and a
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3)

random effect for the intercept with variance o} is o’I+o;117, with
E 5 . 2 2 2 2 2 2 T
corresponding correlation matrix o /(O' +0'b)[+0’b/(0' +o)11".

Generally the compound symmetry correlation model tends to be
simplistic for practical applications. It is more probable to assume a
correlation model in which the correlation between the observations
decreases with their distance. However it can be useful in some
applications for data within the same group collected at the same time

as in split-plot experiments.

General: This is the entire different correlation structure than the
previous one. It poses a different parameter for each correlation. The

model 1s expressed as
Wk,p)=p,, k=12,... (4.16)

In applications it i1s very difficult to apply this correlation model
because of its complexity. Yet, when the number of observations per
group is small, then the general correlation model can be used a an

exploratory tool in order to find a more economic model.

Autoregressive-Moving Average: These models are also called Box and
Jekins models and is a family of that includes different classes of
linear stationary models such are autoregressive models, moving

average models and mixture models of the above.

Autoregressive models express an observation as a linear function of

past observations plus a noise term, here denoted as a,, assumed to be

homoscedastically distributed with zero mean and independent of the

previous observations. The correlation structure is

E =&t tPE_,tq (4.17)
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The number of past observations used in the model is p and indicates

the order of the model. There exist p correlation parameters in an

AR(p) model given by @=(d,......... ,6,). In the autoregressive model

with one parameter, AR(I), the correlation function decreases in

absolute value exponentially as the lag increases
hk,)=¢*, k=012,..... (4.18)

For an AR(p) the correlation function does not have a simple formula
and we have to define it through the following difference equation

(Box et al., 1994)

B), k=12, (4.19)

h(k,$) = hlle = 1,8)+ ...+ ¢, h(k - p

Moving Average Models express the current observation as a linear

function of iid noise terms as shown below
g=0a_+..+0a_,+a (4.20)

The number of past noise terms used in the model is g and indicates

the order of the model. There exist g correlation parameters in an

MA(g) model given by 8=(4,,......... »8,). The correlation function for
an MA(q) is

0, +6,6,_, +.+6, 06 el
hk,0)={ 1+67+.+g = o 4.21)

Observations at distance more than g are uncorrelated.

Mixed autoregressive-moving average models, as their name denotes,

are models that combine an autoregressive model with a moving

average model.
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P g
&= Z¢fgz—i + Zejal—j +a,
r=1 j=l

In an 4RMA(p,q) model there are (p+q) correlation parameters. We say
that an AR(p) equals an ARMA(p,0) and an MA(q) equals an
ARMA(0,q). The correlation function for an is given by ARMA4(p,q)

gl ~1, p)+...+ ¢, Ak - pl, o)+
h(k,p) =0k -1,p)+..+ 0 wk-q,p), k=12,... ,q
shle~1,p)+..+ ¢ mlk-plp) k=g+lLg+2,..

Where w(k,$,0) = El¢, ,a,[/Var(e,)

4.7.2 Spatial Correlation

Spatial correlation structures have been used to model dependence in data
indexed by continuous two-dimensional position vectors, but can also apply
to multiple number of position vectors, particularly they can be used in time

series. Spatial correlation structures for mixed effects are described in Diggle,

Liang and Zeger (1994).

We notate as &, the observation obtained at position x=(x,.....,x,)" and
d (¢,6,) as the distance between to observations. Examples of distance

metrics are the Euclidean, the Manhattan, etc.

dEuc!idean (gxgy) = ‘” z(xi —yi)z ’ dManIxattan(gxgy) = lei _yil
i=1 i=l

»

The Semivariogram is a tool that uses a distance function d(-) and gives an
indication on whether the postulated model for the covariance structure is

reasonably consistent with the data (Diggle, 1988). We define
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1
y[d(ax,sy),l)]=-2—Var(ax —g)==Elc,~¢,} (4.22)
Because E[g]zE[gyJ:O. Additionally we can standardize the within group
errors to have unit variance and so assume that Var(e,)=1 Vx. In this case

7(-) depends only on the correlation p.

7(s,p)=1-h(s,p)

If s is the distance then A(0,p)=1 and y(0,p)=0. In some applications when

s becomes very small it is desirable to allow a discontinuity in y(-) at 0, so
that (s, 0) = ¢, s40, with O0<c,<1. This is the nugget effect and is

translated into A(s,p) —>1-c,, s+ 0. A correlation function with a nugget

effect obtained as

(I=cph, (s, 0), s>0

Prugs (530, P) = {0 s=0

Usually for the estimation of the semivariogram we use the standardized

residuals defined as

- =(yij:'j>[j)’

Oy

2
o, =Var(e))

The classical estimator of the semivariogram is

3 1 ik 2
7(5)=ms—)l= PACTED! (4.23)

! d(P/]'Py' )=s

Where N(s) is the number of residual pairs at a distance s between them. An

alternative estimator of the semivariogram is the one propose by Cressie and
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Hawkins (1980) that uses the square-root differences to reduce the influence

of the outliers the data may have.

4

rij = rff

1 L 172
LzN(S) 1 d(zz ,

s p,:,,p-~)=s
s)= 4.24
) = 04570490/ N G) (4.24)

Below we present some isotropic variogram models for spatial correlation

structures proposed in the literature, Cressie, (1993).

Exponential: y(s,p)=1-exp(-s/p)

Gaussian: y(s,p)=1- exp[—— (s/p)z]

Linear: y(s,p)=1-QQ-s/p)I(s<p)

Rational Quadr:  y(s,p)=(s/ p)*/l+(s/ p)’]

Spherical: (s, p)=1-[1-1.5(s/ p)+0.5(s/ p)* 1(s < p)

Where I(s<p) denotes a binary variable taking value 1 when s<p and 0
otherwise. Additionally, a nugget effect can be applied to the previous

variogram models as follows

e+ (1=c)y(s,p), 5<0

S,Cp5 =
7nugget(_ 0 p) {0’ S=O
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CHAPTER 5

THE STUDY: MODELING FEV1

5.1 Introduction

Some basic features of the experimental design have already been mentioned
in the introduction chapter §1.2. Here we are not going to give full details on
how the design was constructed. Nevertheless we will present some basic

aspects and proceed in the analysis of the data.

5.1.1 The Experimental Design

The most informative, and often only investigation used in the diagnosis of
asthma is the assessment of lung function. The largest flow rate recorded
during a forced expiratory manoeuvre (the instantaneous maximal forced
expiratory flow, PEF) can be measured by spirometer, or peak flow meter and
is highly correlated with FEV1 (the forced expiratory volume in one second).
The mini-peak flow meter has now become a standard tool for use by chronic

asthmatics to record the degree of airway obstruction over time.

The classical measure arising from the forced expiratory manoeuvre volume-
time recording used to assess asthma is FEV1. Acute FEV1 decrements reflect
acute airway obstruction. By far the commonest measure used for scouting
bronchial hyperresponsiveness is the provocative dose or concentration of the
agent required to cause a 20% fall in FEV1 (PD20). A fall in FEV1 of this
magnitude is regarded as evidence of significant bronchial

hyperresponsiveness.

-

The current study analyzes the effectiveness of fluticasone granted in a
dosage of 500mcg (2 inhalations of 125mcg x 2 times daiily), compared with
an alternative medicine, beclomethasone, in a dosage of 1000mcg (2

inhalations of 250mcg x 2 times daily) to patients with passable asthma. It is
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important to mention that beclomethasone is the ‘old’ medicine whereas
fluticasone is the new one. Consequently we are very much interested in
finding whether the new medicine is as effective as the old one by granting
only half the dosage (500mcg instead of 1000mcg). We have 19 patients, aged
between 18 and 60, split up into two groups randomly, 11 receive the therapy
with fluticasone and 8 with beclomethasone. The duration of the treatment is
6 weeks with the first week being the introduction phase to the cure and the

following four weeks being the follow up.

The dependent variables of interest are FEV1 and PD20. In the literature these
quantities are often modeled as logarithms because this transformation
appears to be more convenient in the modeling (hence, for this study FEV1
and PD20 are transformed in a logarithmic scale). There are also data for 9
independent variables related to the two dependent ones. Namely, time
originally taking discernible values from 1 to 6 for each patient’s visit to the
clinic (this variable has been centered to avoid correlation between the
polynomial terms), sex a factor variable taking the value 1 if the patient is
male and 2 if the patient is female, age denoting the age of the patient (this
variable has been transformed, originally it represented the date of birth of
the patient), Aistory a factor variable taking the value 1 if there was no case of
asthma in the family 2 if the father had asthma 3 if the mother had asthma and
4 if another member of the family had a stroke of asthma, rhinitis a factor
variable denoting if the patient had or had not rhinitis (correspondingly taking
the values 2 or 1), ekzema a factor variable denoting if the patient had or had
not presented some sort of ekzema (correspondingly taking the values 2 or 1,
aitio a factor variable taking the value 1 if there was only one cause and 2 if
there were many causes of asthma, smoke a factor variable taking the value 0
if the patient did not smoke and 1 if the patient smoked, treatment a factor
variable taking the value 1 if the patient received fluticasone and 2 if the
patient received beclomethasone. There were -also two more variables that
were excluded from the study in the original data set, because it was thought
that they were immaterial from the start and did not help in the model
building procedure (as for example a factor variable named opinion that

denoted the patient’s opinion on the medicine he was receiving). It has
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already been mentioned that our interest with regard to the independent

variables lies mainly on the variable time and on the variable treatment.

In the description of the experimental design of the research there are very
specific criteria for the accession of the patients in the clinical study and for
dropping a patient out. Firm details are also provided for the receipt of the
medicines, for the materials used during the cure and for the doctors who
follow up the patients. We decide not to present the experiment in such a
detail and proceed in illustrating the modeling approach we have adopted. The
reader who does not recall some aspects of the study is prompted to go back

in the first chapter §1.2.

5.1.2 The Model Building Procedure

As a researcher, usually the first thing someone does when encounters a data
set for the first time is to plot the data. This is an easy way, nowadays, to
obtain (graphical) information on how a candidate model should look like.
From the plots the researcher can decide the basic theoretical framework of
the model that will be fitted to data. Even though there is no absolute and
bodacious technique for the modeling, yet some basic principles still hold.
For the current study we have tried several ways for modeling the data. We
present below the one we finally adopted and seemed more convenient and

‘theoretically’ appropriate.

To be more precise: We have two dependent variables (FEV1 and PD20,
hence we will construct two models) and a set of independent variables. For

each dependent variable we will follow the following plan:

1) Find the functional form of the model, that is decide which
independent variables should be included in the model. We will start
from a ‘full’ model with lots of variables, along with some

interactions, and conclude to a more economic model.
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2) Decide which parameter in the model should have a random effect
component included to account for the between group variation.
Investigate also for random interactions.

3) Find an appropriate form for the variance-covariance matrix of the
random effects.

4) Model the variance and correlation structure of the within group errors.

5) Check the assumptions of the model, return back, correct it and re-fit
the model by including possible changes occurred during the model

building process.
The procedure above can be viewed as a hierarchical approach to the

modeling course, because we start from a maximal model and gradually

specialize by moving to a more economic and specific type.

5.2 Modeling FEV 1

We introduce this paragraph by mentioning some technical properties that
hold for the PD20 model also.

All the computational work of the thesis has been done using the NLME
library developed by J. Pinheiro and D. Bates that runs under S-PLUS. It is
not impossible for the analysis results to vary slightly with different
computers or operating systems and with different implementations of the S
language. All the models have been fitted by maximum likelihood estimation,
because for restricted maximum likelihood estimation likelihood ratio tests or
comparisons of AIC and BIC require the same fixed effects structure.

Nevertheless we will fit the final model with REML and use simulation to

compare the resulting two models.
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5.2.1 The Fixed Effects Part

One way to find evidence for the fixed effects formula is to fit a ‘full’ model,
that is a model including all the independent variables, and then use a known
selection procedure from the linear regression theory like forward selection,
backward elimination or stepwise regression (Ryan, 1997). These methods are
known to suffer, in the linear model, from correlation in the hypothesis
testing. Moreover in the linear mixed effects models the results can be fairly
misleading because a linear regression model ignores the grouping structure
of the data. It is true that for some data sets this method of selecting the
regressors may work but this is not always the case. We tried to use the
stepwise regression in a ‘full’ model for our data in various ways but the
results were not satisfactory. The main problem was that the method used to
drop out the variable time from the first steps, which is of main interest in the
experiment while included variables that initially seemed indifferent. This
statement does not mean that our goal is to ‘force’ the model so as to include
the variable rime as an independent variable, but is rather an indication on
how well the method has helped us in finding evidence for the fixed effects
formula. Despite the disappointing results we initially worked with a fixed
effects part obtained from the stepwise method knowing that the results were
misleading because we had ignored the structure of the data. Computational
problems also occurred during the regression and after several trials it was
decided that an alternative way should be found for the discovery of the fixed

effects parameters.

The alternative method adopted was first to fit a polynomial function of time
with a random intercept included, a model without any random effect is not a
linear mixed effects model, and then insert one by one all the variables of the
set along with their interactions. The variables that revealed a satisfactory p-
value were thought as good candidates for entering the model. Regarding to
the interactions, all the possible interactions were tested and a graphical
representation occurred in every case. Next we exhibit the modeling process

by eliminating from the presentation those aspects that are less interesting.
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The first thing to do is plot the data. Below we have plotted the logarithm of

FEV1 versus time for all the patients. It seems that a polynomial fit of time

could be contingent in this case.

R i@y ¢ s 8  E A @ ¢ ya 130
1 "

logfev1

.........
:::::::::::::::::::::::::::::

FIGURE 1. Logarithm of the forced expiratory volume in one second versus time
by patient.

A model with a quadratic function of time and a random intercept for the i

patient can be represented in the known expression:

yi=X,f+Zb +¢, i=12.19

b, ~N(,¥), & ~N(,0°I)

1 (1-3.5) (1-3.5)%] [uij
1 (2-3.5) (2-3.5)° 1

. I (3-3.5) (3-3.5)*| -
With /le """" Xl9:1 E4 35; 54 :;ziz , le ........ le) = i
1 (5-3.5) (5-3.5)? 1
1 (6-3.5) (6-3.5)" 1
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Where f is a two-dimensional vector consisting of the mean intercept for the
population S, and the coefficient for the slope f,. The one-dimensional
random-effects vector b; describes a shift in the intercept for each patient. The

. 7. . .
matrix ¥ =0, is a 1x1 scalar. Observe that in order to center time we have

subtracted the mean (3.5) from every value of the variable. The model for the

i patient can be viewed more analytically as follows:

FEV1,] [1 (1-3.5) (1-3.5)7] T [ £, ]
FEV1,| |1 (2-3.5) (2-3.5)° 5 1 &2
_ 1 (3-3.5) (3--3.5)2 5 |+ 1 b, ]+
(4-3.5) (4-3.5) L
. 1 (5-3.5) (5-3.5) Al
FEV1,| |1 (6-3.5) (6-3.57] 1 s |

by ~ N(0,02), & ~N(0,0°1)

Or in a more naive, yet less informative, presentation

FEV1, =(f, +by;)+ B, (time) + B, (time)® + & 5.1
The model gives the following output in S-PLUS
Output For Model (5.1)
Fixed effects:
Value Std.Error DF t-value p-value
(Intercept) 4.4795 0.039316 90 113.94 <.0001
time 0.0007 0.005900 90 0.12 0.9053
I(time™2) -0.0067 0.003994 90 -1.67 0.0986
Correlation:
(Intr) time
time -0.001
I(time*2) -0.289 0.042
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Random effects:

(Intercept) Residual

StdDev: 0.15608 0.10286

Information Criteria:

AIC BIC logLik

129.23 -115.68 69.614

Standardized Within-Group Residuals:

Min Q1 Med Q3 Max

3.7479 -0.33389 0.028282 0.49007 2.2458

Number of Observations: 111
Number of Groups: 19

Observe that o, =(0.15608)° and o*=(0.10286). Notice also that the

selection of a quadratic function was not arbitrary, few functional forms were
tested but the quadratic seemed the more promising choice. Surely this model
does not provide a satisfactory fit for the data and we will not study it further.
Below, using as a reference the ‘naive’ model, we have constructed two
tables. First, we have fitted models with a quadratic function of time along
with every variable as a main effect and presented some basic features for
each model (AIC and the variable’s p-value which is of interest). Second,
there exists a similar table as before but this time we fitted models including a
quadratic function of time and every possible interaction term (one by one).
This methodological approach is expected to give rough evidence on which
main or interaction terms should be. included in the model. On the contrary,
there exists the disadvantage that the terms included are not jointly tested for
significance. The better method would be to fit a model with all possible

subsets but this is totally un-realizable. »
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MODEL Akaike’s | Variable’s
Criterion | p-value
FEV1, = (B, +by,) + B, (time) + B, (time)* + B,sex + ¢, -127.82 0.4581
FEV1, = (fy + by) + B (time) + B, (time)’ + Bage + ¢, 12591 |0.1140
FEV1, = (B, +by,) + B, (time) + B, (time)* + B, history + €, e N L
2)0.9678
FEV1, = (S, +by,) + B, (time) + B, (time)* + B,rhinitis + &, -127.58 0.5644
FEV1. = (B, +by,) + B, (time) + B, (time)* + B ekzema + &, -127.85 0.4455
FEV1, —(,BO+b0,.)+,B1(time)+,Bz(time)2‘+ﬁ3airio+6,. -127.68 0.5171
FEV1 =(B, +by)+ B (time) + B,(time)* + B smoke + ¢, -128.18 0.3461
-130.03 0.1064

FEV1 =(f, +by,) + B, (time) + B, (time)* + B,treatment + ¢,

TABLE 1. Models fitted with a quadratic function of time and main fixed effects
terms. The column ‘Variable’s p-value’ gives the p-value for the independent
variable entered in the model given the effect of the quadratic function of time.

From the above fits we can suspect to include in the model the terms age and

treatment. For sure a significant interaction term would mask the effect of a

main effect and that is why in the following table almost all the possible

interaction terms are fitted one by one. The reason why we have not fitted all

the interaction terms is strictly computational, since the optimization routine

of the NLME library presented ‘singularity problems’ in some cases.

MODEL Akaike’s | Variable’s
Criterion | p-value
FEV1, = (B, +b,,) + 3, (time) + f3, (time)* + B,sex * treatment + &, -130.05 | 0.15589
FEV1, = (B, + by,) + B,(time) + j3,(time)* + B;rhinitis * treatment + &, | ~126-03 1 0.9632
FEV1, = (B, +by,) + B,(time) + B, (time)* + B,ekzema * treatment +¢, | ~131-44 10.0372
FEV1, = (B, +by,) + B, (time) + B, (time)’ + P,aitio* treatment + ¢, -127.19 1 0.6140
FEV1, = (B, +by,) + B, (time) + B, (time)* + P,age * treatment + &, -129.88 [0.1533
FEV1, = (B, +by,) + B, (time) + B,(time)’ + fsex* time + ¢, peciGUE ey
FEV1, = (f, +b,,) + B,(time) + B, (time)* + B, history * time + ¢, -121.76 ;; 8 : ;:3;
FEV1, =(f, +b,;) + B, (time) + B, (time)* + P, rhinitis * time + &, aAE0EE UGt I
FEV1 =(f, +by,)+ B, (time) + 3, (time)* + B ekzema * time + ¢, -125.93 | 0.7793
FEV1, = (f, +by,) + B, (time) + B, (time)* + B,aitio * time + ¢, SISO O
FEV1, = (B, + by;) + B, (time) + B,(time)* + B smoke * time + &, SEZDazd ) FUGEe
FEV1, = (B, +by,) + p,(time) + 3, (time)® + B,treatment * time + ¢, -129.63 10.2166
-128.65 0.2877

FEV1, = (B, +by) + B, (time) + B, (time)* + fyage* sex + ¢,
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. . . 124 .82 1)0.0501

FEV1, = (B, +by)+ B, (time) + B, (time)* + PB;history* sex + &, 2)0.2322
FEV1, =(B, +by,)+ B (time) + B, (time)* + Byekzema * sex + &, LA TA R guecian
FEV1, = (B, +by )+ B, (time) + 3, (time)” + Byaitio* sex + &, m2d o 2 OO
FEV1, =(,BO+bm)+ﬂ,(time)+ﬂ2(time)2 + fysmoke * sex + &, ~124.95 [ 0.6588

. . 2 - -126 .55 1)0.1259

FEV 1, = (B, + by;) + B, (time) + B, (time )" + B, history * age + &, 2)0.4405
FEV1, =(B, +by,) + B, (time) + 3, (time)2 + Byrhinitis* age + ¢, ~128.31 | 0.2455
FEV1, =(B, +b,) + B, (time) + 3, (time)* + B,ekzema * age + ¢, = BeSOIRES
FEV1, =(B, +b,,)+ B, (time) + 3, (time)? + Bsaitio* age + &, =R Gpaid
FEV1, = (B, +by,;) + p,(time) + S, (z‘ime)2 + pB,smoke * age + ¢, -130.95 0.0977

VL = i o3+ iy B B iy 5, 125 | 70 5383

FEV1, = (B, +by,) + B,(time) + B, (time)* + P,aitio * history + &, el ;; : 32:2

FEV ] =(ﬂ0+b0,.)+,Hl(1fime)+ﬂ2(z‘ime)2 + B,smoke * history + ¢, -124.86 éig'gi;}g
FEV1. = (B, +b,,)+ B, (time) + 3, (time)* + PB,aitio * rhinitis + & Szl Bl b e
FEV1, =(f, +by)+ B, (time) + BB, (time)* + B,aitio* smoke + ¢, 7 0 R RO

TABLE 2. Models fitted with a quadratic function of time and interactions for the
fixed effects part. The column ‘Variable’s p-value’ gives the p-value for the
interaction entered in the model given the effect of the quadratic function of time.

The p-values’s in red denote that the corresponding interaction terms are
possible to enter the model. As a general principle we tried not to complicate
the model too much by inserting precarious interactions (or main effects) with
very few observations at each level. Thereinafter, we have plotted some
interaction plots suggestively. This type of plot is another tool for
investigating interactions. It is a plot with the levels of one factor along the x-
axis, the response on the y-axis and the points corresponding to a particular
level of a second factor connected by lines. Our decision for choosing the
appropriate interactions for the fixed effects part was based on the p-values

presented above and the interaction plots (for brevity we do not present all the

possible interaction plots).

It is very informative to look at the interaction plots, in the following page,
but as always, in such plots, with caution. Observe-that for the aitio-sex,
treatment-sex and ekzema-treatment interaction plots an interaction between

these factors seems possible because of the lack of parallelism between the
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lines, on the contrary for the treatment-rhinitis case, the lines are
approximately parallel indicating that an interaction between these two

factors is not likely. The p-values presented earlier support these evidences.

un
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FIGURE 2. Suggestive interaction plots for the mean of log(fevl).

A full model that would include as many as possible significant interaction

terms is the following:

FEV1, = (B, +by,)+ B, (time) + B, (time)* + B,sex + B,ekzema
+ fsage + Petreatment + [3,aitio + fysex : time + fyekzema : age (5.2)
+ B,age : treatment + B, sex : treatment + f,,aitio : sex + &,

On the next page we can see the output for model (5.2). Notice that the
variable time is not significant (p-value=75%) and the quadratic term time’ is
on the border (p-value=6%). Regarding to the rest of the variables we are not
much concerned for the significance of the variables’ main effects, as long as

-

their interaction is significant at a=5%.
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Output For Model (5.2)
Fixed effects:
Value Std.Error DF t-value p-value
(Intercept) 4.3711 0.069516 39 62.880 <.0001
time -0.0019 0.005981 89 -0.313 OF7ASISH
(time”2) -0.0074 0.004027 39 -1.849 0.0677
sex 0.0129 0.016296 9 0.791 0.4490
ekzema -0.1510 0.0795947 9 -1.888 0.0916
age 0.0034 0.001292 9 2.649 0.0265
treatment -0.1734 0.058189 S -2.980 0.0155
aitio 0.0267 g.017112 9 1.558 0.1537
sex:time 0.0161 0.005981 89 2.694 0.0084
ekzema:age 0.0044 0.0013459 S 3.240 0.0102
age:treat. 0.0049 0.001128 9 4.388 0.0018
sex:treat. -0.0589 0.014705 9 -4.004 0.0031
aitio:sex -0.0652 0.017160 9 -3.798 0.0042
Random effects:
(Intercept) Residual
StdDev: 0.033623 0.098744
Information Criteria:
AIC BIC logLik
-159.16 =148 ¥572) 94.58
Standardized Within -Group Residuals:
Min 01 Med Q3 Max
-3.262 -0.38546 -0.00143 0.52779 2.2113

We will use the above model as a starting point and regard it as a “full’

model.
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5.2.2 The Random Effects Part

Next step is to check which parameter should have a random effect

component. Observe first Figure 3.

To produce the following graph we have fitted a linear model of the following
form to each patient: FEV1= S, + B, (time)+ B,(time)* + &,. The main purpose
of the preliminary analysis, provided by the figure, is to give an indication of
which random effects should be included in the model. The left side of the

figure shows the confidence intervals on the intercept for all the patients, the

middle refers to the linear term and the right side to the quadratic term.

[ [§i ) e ezl
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FIGURE 3. Confidence intervals on intercept, linear and quadratic term of fime for
each patient.

The individual confidence intervals give a ‘clear’ indication that a random
effect is needed to account for subject-to-subjgct variability in the intercept.
We can also test if the linear and quadratic terms need a random effect. For
the first case we fit a model similar to (5.2), but with an additional random

effect term for time, that is
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FEV1, = (8, +by) + (B, + b, )time) + 3,(time)* + fysex + fekzema

+ B.age + Ptreatment + [, aitio + fysex : time + fyekzema : age (5.3)

+ fB,age : treatment + f3, sex : treatment + J,,aitio : sex + &,

by,
b = Lj'} ~N(0,%¥), & ~N(0,0°1)
1

2
o, Op
2

Where ¥ = [ 5
Op 0O,

} and then check with ANOVA the need of the additional

random term:

Model | Df | AIC BIC logLik | L.Ratio | p-value
(5.2) |15 159.16 | -118.52 | 94.58
(5.3) {17 | -170.1 -124.07 | 102.07 | 14.971 0.0006

TABLE 3. ANOVA table: testing the random effect term on ¢ime.

Because the p-value for the (5.3) model versus (5.2) is significantly small we
reject the hypothesis that the two models are equivalent and prefer model
(5.3) that includes the random time term. The ANOVA table is a likelihood

ratio test giving the p-value from the ;((217_15) distribution (the degrees of

freedom are computed as the difference between the degrees of freedom of the

two models).

We have already noted that, as Stram and Lee (1994) showed, these tests for
the random effects can be conservative (the p-value reported is greater than it
should be). In our case the p-value is significantly small and consequently
gives us a certainty that a random effect parameter on time is indeed needed.

However we can still use simulation and obtain a graphical representation of
the likelihood ratio test statistic. In the terminology of hypothesis tests, model
(5.2) is the null model and (5.3) is the alternative model. The null model here
is a special case of the alternative model with one fewer random effect. Model
(5.2) is obtained from (5.3) by setting the last row and column of the (2x2)

matrix ¥ to be zero.
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To simulate the likelihood ratio test statistic in order to compare two models
we first generate data from the null model. We then fit both models, null and
alternative, to each set of simulated data and calculate the likelihood ratio
statistic for, let us say, 500 times. By doing this we obtain an empirical
distribution of the likelihood ratio test statistic under the null hypothesis.
Next we can compare the empirical distribution to various y’ distributions

(Pinheiro and Bates, 2000).

0.0 02 04 085 08 10

RERL TRV ] REFA
= i 21 ft=7 o
4 0.8
- -0.5
F0.4
% 02
L)
T
a
S L T 7 00
E 10 =1 Wix(1 21 =2
o
=z g
0.8 - ; L
e
b
05 - -
0.4 4
62+
(] =
00 02 04 05 08 10 00 02 04 08 08 10

Empirical p-value

FIGURE 4. Nominal vs. empirical p-values for the LRT statistic.

On the previous figure we can see 6 probability-probability plots. The
nominal p-values for the simulated likelihood ratio test statistics under
and y; distributions and an equal weight mixture of those distributions for

maximum and restricted maximum likelihood estimation are plotted versus
the empirical p-values from the empirical, distribution of the simulated

likelihood ratio test statistics.

We observe that under y; distribution the nominal p-values for the LRT

statistics are much greater than the empirical p-values. This is the case where
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the actual p-value is smaller than the one reported. A mixture of 0.5z7 +0.5%;

produces also a conservative likelihood ratio test. The z! distribution gives

p-values that are slightly anti-conservative but still this distribution 1s

probably the best choice for our case.

Let us return in the previous matter and check if the quadratic term of (5.3)
needs a random effect. We fit a model similar to (5.3), but with an additional

random effect term for time’, that is

FEV1, = (B, +by,) + (B, + b, )time) + (3, + by, )(time)* + Pysex + ff,ekzema
+ fsage + Ptreatment + 3, aitio + fysex : time + fB,ekzema : age (5.4)

+ fB,age: treatment + B, sex : treatment + f3,aitio : sex + &,

bOi
b, =|b, |~NO,¥), & ~N©O0cT)
by

2

Oy O Op
Where ¥ =| o, o, 0, |- Nextwe check with ANOVA as before

03 O3 O,

Model df | AIC BIC logLik | L.Ratio | p-value
(5.3) 17 170.13 -124.07 | 102.07
(5.4) 20 | -169.06 -114.87 104.53 | 4.9268 0.1772

TABLE 4. ANOVA table: testing the random effect term on time’.

The p-value reported for the (5.4) model versus (5.3) is 17.72%, consequently
there is not enough evidence to reject the null hypothesis, and we conclude
that a random effect on the quadratic term of time is not needed.

»

5.2.3 Variance-Covariance Structure for the Random Effects

We will regard model (5.3) to be the best so far and assume some special
forms for the random effects variance-covariance matrix ¥ . The patterned

covariance matrices we use have been presented in §3.15.
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So far we have assumed that the variance-covariance matrix of the random
effects is a general positive definite matrix. Let us assume that ¥ is a

0
o

diagonal matrix. We fit the model (5.3) but with ¥ = [O;)‘

Model df | AIC BIC logLik | L.Ratio | p-value
(5.3) 17 -170.13 -124 .07 102.07
(5.5) 16 | -172.12 -128.77 |102.06 |0.008381 | 0.9271

TABLE 5. ANOVA table: testing a diagonal matrix for the random effects.

Model (5.5) is a model similar to (5.3) but with a diagonal matrix for the
random effects variance-covariance matrix. As the p-value indicates we do
not have enough evidence to reject the null hypothesis that the two models are
equal. Therefore we prefer to restrict the variance-covariance matrix of the

random effects to be diagonal.

We can also fit a model similar to (5.3) but with a compound symmetry

. ) o, o
structure for the covariance matrix of the random effects, ‘~P=[ b I,ZJ
Oy Oy

The ANOVA table is presented below.

Model df | AIC [ BIC logLik | L.Ratio | p-value
(5.3) 17 | -170.13 -124.07 | 102.07
(5.6) 16 | -171.64 | -128.29 |101.82 | 0.49192 | 0.4831

TABLE 6. ANOVA table: testing a compound symmetry matrix for the random
effects.

Model (5.6) is similar to (5.3) but with a compound symmetry structure for
the random effects variance-covariance matrix. As we can see from the table
this model is also preferred than the more general model (p-value=48%).

We can restrict even further the structure of the covariance matrix of the
random effects. Next we fit a model where ¥ is of a multiple of the identity
matrix. Because this model is nested within the diagonal and within the

compound symmetry models, we can test with ANOVA the significance of

such a choice.
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TABLE 7. ANOVA table: testing model (5.7) assuming a multiple of the identity
matrix for the random effects to model (5.5) assuming a diagonal matrix for the
random effects.

Model (5.7) has a multiple of the identity matrix for the variance-covariance

1 0
matrix of the random effects, that is ¥ = O'Zl:o 1}. We observe that we prefer

the simpler model (5.7) from model (5.5) that assumes a diagonal ¥ matrix

since p-value=48%.

We can also construct an ANOVA test between models (5.3) and (5.7) since
the model that assumes a multiple of the identity matrix for the random
effects is nested within the unrestricted model. In this case also we prefer the

more economic model.

Model df | AIC BIC logLik | k.Ratio | p-value
(5.3) 17 | -170.13 -124.07 102.07
(5.7) 15 | -173.63 -132.99 101.82 | 0.50005 0.7788

TABLE 8. ANOVA table: testing mode! (5.7) assuming a multiple of the identity
matrix for the random effects to model (5.3) assuming a general definite positive
matrix for the random effects.

Model | df | AIC BIC logLik | L.Ratio p-value
(5.6) |16 | -171.64 -128.29 101.82
(5.7) {15 | -173.63 | -132.99 |101.82 | 0.0081327 | 0.9281

TABLE 9. ANOVA table: testing model (5.7) assuming a multiple of the identity

matrix for the random effects to model (5.6) assuming a compound symmetry matrix
for the random effects.

We also prefer model (5.7) compared to the compound symmetry model (5.6).

That is the model so far can be expressed in the following way

FEV1, = (B, +by) + (B, + by, )time) + 3, (time)* + B,sex + B,ekzema
+ fBsage + Btreatment + B, aitio + fysex : time + fByekzema : age (5.7
+ foage: treatment + B, sex : treatment + [3,,aitio : sex + &,
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b,.
b,{o'}N(O,‘P), , & ~N(0,0°I), Where ¥ =0,

CI
0 1 .

Output For Model (5.7)
Fixed effects:
Value Std.Error DF t-value p-value
(Intercept) 4.3771 0.063966 89 68.430 <.0001
time -0.0038 0.010060 89 -0.379 0.7058
(time™2) -0.0085 0.003293 89 -2.584 0.0114
sex 0.0155 0.015077 9 1.026 0.3318
ekzema -0.1397 0.075258 9 -1.856 0.0965
age 0.0034 0.001182 9 2.849 0.0191
treatment -0.1808 0.054238 9 -3.333 0.0088
aitio 0.0296 0.015956 9 1.854 0.0968
sex:time 0.0181 0.010060 89 1.794 0.0761
ekzema:age 0.0042 0.001263 9 3.343 0.0086
age: treat. 0.0051 0.001050 9 4.883 0.0009
sex: treat. 0.0604 0.013621 9 -4.432 0.0016
aitio:sex -0.0681 0.016002 9 -4.255 0.0021
Random effects: Multiple of an Identity
(Intercept) time Residual
StdDev: 0.035777 0.03577 0.079903
Information Criteria:
AIC BIC logLik
~173.563 132.99 101.82
Standardized wWithin -Group Residuals:
Min Q1 Med 03 Max
-2.7551 -0.37145 -0.01665 0.54644 2.0215

Observe that the variable time is still not significant (p-value=70%) as in

model (5.2), but the quadratic term, which is of interest, seems meaningful (p-
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value=1%). Regarding to the rest of the variables the interaction between sex

and time might be unimportant but we will deal with this later.

5.2.4 Modeling the Covariance Matrix of the Within Group Errors and Examining the
Fitted Model

One of the basic assumptions of the linear mixed effects model, considered

here, is that the within group errors are independent and identically

distributed with zero mean, variance o’ and are independent of the random

effects.

The quantities we use to assess the adequacy of the above assumption are the
within group residuals defined to be the difference between the observed
response and the within group fitted value. The within group residuals are the

Best Linear Unbiased Estimators (BLUP) of the within group errors.

Let us first take a look on the next plot where we have plotted the
standardized within group residuals versus the within group fitted values for

the model (5.7).
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FIGURE 5. Scatter plot of the standardized within group residuals versus the
within group fitted values for the model (5.7).
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This plot does not indicate any evidence of non-constant variance for the
residuals, even though they seem to be slightly pulled towards the positive
values. On the next figure we can see a box plot of the residuals for the (5.7)

model by patient.
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FIGURE 6. Boxplots of the standardized residuals by patient for
the model (5.7).

By carefully examining this plot we observe that the three patients (5, 10, 17)
that have large variability belong to the same treatment group, fluticasone.
The fact that the variability of the patients receiving fluticasone is larger can
be easily seen in the following graph. On Figure 7 we can see a scatter plot of

the standardized residuals versus the fitted values by treatment for the model

(5.7).
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FIGURE 7. Scatter plot of the standardized residuals versus
the fitted values by treatment for the model (5.7).
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It is obvious that the variability is greater among the patients receiving
fluticasone than among the patients receiving beclomethasone. Within each

treatment the variability seems to be constant.

We can use a variance function structure to allow different variances for each

level of treatment, that is

_ 2¢2
Var(e,)) =0 55”

Corresponding to the variance function g(s;,8)= 5s”. We denote by s to be the

stratification variable taking values in the set {1,2} corresponding to the two

levels of the treatment factor.

We can check if a model with different variances per treatment stratum is
plausible with ANOVA. We fit model (5.8) in this way and conduct the

likelihood ratio test.

Model df | AIC BIC logLik | L.Ratio | p-value
(5.7) 15 -173.63 -132.99 101.82
(5.8) 16 -188.19 144 .84 110.09 16.56 <.0001

TABLE 10. ANOVA table: testing for different variances per treatment stratum.

From the p-value (<0.001) we conclude that different variances are indeed

needed for different treatment stratums.

The next figure shows a scatter plot of the standardized residuals versus the

fitted values by treatment for the model (5.8). Observe that residuals are

spread wider within fluticasone.
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FIGURE 8. Scatter plot of the standardized residuals versus the fitted
Values by treatment for the model (5.8).

We can also fit a model with different variances per sex stratum. We fit model
(5.9) similar to (5.8), but with different variances by the sex factor and check
with ANOVA. With a p-value lesser than 0.014 we conclude that different

variances are needed for different sex stratums.

Model df | AIC BIC logLhik | L.Ratio | p-value
(5.7) 15 -173.63 -132.99 101.82
(5.89) 16 -181.82 -138.47 106.91 10.185 <.0014

TABLE 11. ANOVA table: testing for different variances per sex stratum, 0 fo AN
V%
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FIGURE 9. Scatter plot of the standardized residuals versus the fitted
values by sex for the model (5.7).
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FIGURE 10. Scatter plot of the standardized residuals versus the fitted
values by sex for the model (5.9).

The two previous figures are scatter plots of residuals versus fitted values for
models (5.7) and (5.9) respectively. We also looked for different variances by
ekzema and aitio stratums, see the Appendix, but the previous two cases

seemed most promising.

Below we have fitted model (5.8), which is the most adequate, and compare it
with a model with different variances at both treatment and sex levels, that is

model (5.10).

Model df | AIC BIC logLik | L.Ratio | p-value
(5.8) |16 | -188.19 | -144.84 | 110.09 L} [ Nl |
(5.10) {17 | -191.27 | -145.21 | 112.64 | 5.0843 <.00241

TABLE 12. ANOVA table: testing for different variances per treatment and sex
stratum.

As the ANOVA’s p-value indicates a model with different variances per

treatment and sex stratums is even more adequdte.
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Below there is a scatter plot of the residuals versus time for the latest model.
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FIGURE 11. Scatter plot of the standardized residuals versus time
for the model (5.10).

As we can see that the variance neither increases nor decreases with the value
of the covariate time apart from some outliers, therefore there is no need to
use an extra form of variance function (it is true nevertheless that we tried
several forms of variance functions using covariates but the results were not
satisfactory). Recall that the residuals on Figure 6 did not reveal anything

alarming such as an obvious spread or shrinkage. So far the model is

FEV1, = (B, +by,) + (B, + b, )time) + B, (time)* + B,sex + f,ekzema
+ Bsage + Ptreatment + fB,aitio + fysex : time + fyekzema : age (5.10)

+ p,age : treatment + [3, sex : treatment + Baitio: sex + &,

(bo/' i1 0 2
P IO PITEA L et
1 -

Where d =512,S, -6;, and &;, J, denote the variance parameters corresponding

to different variances per treatment and sex stratums.
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Output For Model (5.10)

Fixed effects:

Value Std.Error DF t-value p-value

(Intercept) 4.3627 0.057802 89 75.477 <.0001
time -0.0008 0.009613 89 -0.083 0.9337
I(time”2) -0.0058 0.002613 89 -2.238 0.0277
sex 0.0139 0.014356 9 0.969 0.3577
ekzema -0.1509 0.066896 9 -2.256 0.0505
age 0.0035 0.001081 9 3.222 0.0105
treatment -0.1762 0.049460 9 -3.562 0.0061
aitio 0.0259 0.015293 9 1.695 0.1243
sex:time 0.0149 0.009613 89 1.554 0.1237
ekzema:age 0.0044 0.001145 9 3.818 0.0041
age:treat. 0.0050 0.000851 9 5.291 0.0005
sex: treat. -0.0602 0.012950 9 -4.645 0.0012
aitio:sex -0.0644 0.015325 9 4.205 0.0023

Randem effects: Multiple of an Identity

{(Intercept) time Residual

StdDev: 0.034148 0.03414 0.11379

Combination of variance functions:

Structure: Different standard deviations per stratum

Parameter estimates:

fluticasone beclomethasone

1 0.53292
Parameter estimates:

male female

1 0.67309
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Information Criteria:

AIC BIC logLik

-191.27 -145.21 112.64

Standardized wWithin -Group Residuals:

Min Q1 Med Q3 Max

-3.2292 0.5133 0.00922 0.62027 2.2001

Notice that the standard error for the patients receiving beclomethasone is
about 53% of that for the patients receiving fluticasine. Additionally the
standard error for the females is about 67% of that of the males. Below we
continue the analysis by investigating for correlation between the within
group errors. As the plot of the autocorrelation function indicates, there is no

evidence of correlation, since all the lags fall within the boundaries

+z(1- a/2)/«/N(Z) , @ =0.01 and N(/) is the number of residual pairs.

05 -

Autocorrelal on

Lag

~

FIGURE 12. Empirical autocorrelaticn function to the standardized residuals
for the model (5.10).
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We have already mentioned that the interaction term between sex and time is
not significant. We can re-fit model (5.10) without this term and name the

new model (5.11).

FEV1, = (B, +by) + (B, + b, )(time) + 3, (time)* + f,ekzema
+ B,age + Pstreatment + Bgsex + f,aitio + Pyekzema : age (5.11)
+ f,age : treatment + [3  sex : treatment + 3 aitio : sex + &,

by,
b = [bm} N(0,¥), ¢ ~N(0,d-c’I),

[
L

1 0 X .
kP:Uf[O 1]’ d=0i 02

Where J,, 6, are defined as in the previous model. On the next pages we

present a full output for this final model.

Output For Model (5.11)

Fixed effects:
Value Std.Error DF t-value p-value
(Intefcept) 4.3615 0.059337 90 73.504 <.0001
time 0.0010 0.009875 90 0.103 0.9178
I(time™2) -0.0057 0.002590 90 ~-2.200 0.0304
ekzema -0.1563 0.068573 9 -2.279 0.0486
age 0.0035 0.001109 S 3.135 0.0120
treatment -0.1730 0.050733 9 -3.411 0.0077
sex 0.0134 0.014703 9 0.909 0.3872
aitio 0.0249 0.015632 9 1.596 0.1450
ekzema:age 0.0044 0.001172 9 3.794 0.0043
age:treat 0.0050 0.000976 \9 5.093 0.0007
sex:treat -0.0603 0.013276 9 -4.544 0.0014
aitio:sex -0.0635 0.015665 9 -4.051 0.0029
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Random effects: Multiple of an Identity

(Intercept) time Residual

Combination of variance functions:

Parameter estimates:

fluticasone beclomethasone

1 0.52896
Parameter estimates:

male female

1 0.66365

Information Criteria:

AIC BI C logLik
-180.63 -147.28 1131.3%

Standardized Within -Group Residuals:

StdDev: 0.035917 0.035917 0.11502

Min Q1 Med Q3 Max

-3.2799 -0.53755 0.06128 0.6137 2.1577

Structurs: Different standard deviations per stratum

intr time time® ekz age treat | sex aitio | ek*ag | ag*tr | se*tr
time -0.012
time” | -0-238 | o0.029
ekz 0.592 | -0.042 -0.055
age -0.891 ] 0.000 0.001 | -0.434
treat -0.067 | 0.031 0.041 | -0.345 [ -0.130
sex 0.195 | -0.023 0.027 | 0.133| 0.128| 0.066
aitio 0.103 | -0.036 ~0.046 | 0.317 | 0.132[ -0.086 | 0.362
ek*ag | -0.568 | 0.034 0.046 | -0.948 | 0.526 0.235 —0.10| -0.22
ag*tr | -0-009 [ -0.033 T0.042 | 0.317| 0.220| -0.965|0.019 | 0.151 | -0.199
se*tr 0.158 | -0.003 0.009 | 0.086| 0.018 -0.001 | 0.045 | 0.209 | -0.006 | -0.03
aj*se | -0.070 | 0.036 0 046 | -0.440 | 0.094 | 0.181]0.327|-0.02| 0.441| -0.14| 0.172

TABLE 13. Correlation matrix for the variables of model (5.11).
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It is always very helpful to check the confidence intervals especially on the

variance components after fitting the model. Having abnormally wide
intervals usually indicates problems with the model definition. In our case we

do not have any problems from the approximate 95% confidence intervals.

Fixed effects:

lower est. upper

(Intercept) 4.2501899 4.3615190 4.47284809

time 0.0175059 0.0010220 0.01954992

I(time*2) -0.0105561 -0.0056971 -0.00083814

ekzema 0.3027758 -0.1562769 -0.00977792

age 0.0011074 0.0034769 0.00584639

treatment -0.2814346 -0.1730494 -0.06466408

sex -0.0180522 0.0133592 0.04477055

aitio ~-0.0084473 0.0249494 0.05834616

ekzema:age 0.0019436 0.0044483 0.00695305

age: treatment 0.0028852 0.0049703 0.00705538

sex: treatment 0.0886909 -0.0603287 -0.03196654

aitio:sex -0.0969285 0.0634610 -0.02999356
Random Effects:

lower est. upper

sd(time) 0.023863 0.035917 0.054059

Variance function:

lower est.

upper
A.beclomethasone 0.36687 0.52896 0.76267

B.female 0.47013 0.66365 0.93682

Within-group standard error:

lower est.

upper
0.1503

0.088026 0.11502
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Let us make a small roundabout on the examination of the final model (5.11)
before we proceed further by checking the assumptions. Very often the
independent variables entering the model are misleading. One case that this
might happen is when a factor variable has very few observations on a certain
level. Below we can see the scatter plot of the standardized residuals versus

the fitted values by ekzema for the model (5.11).
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FIGURE 13. Scatter plot of the standardized residuals versus the fitted values by
ekzema for the model (5.11).

Notice that only twelve observations exist on the 2" level of this factor. If we
omit this variable from the model the results we obtain are similar to model
(5.11) but the Information Criteria worsen dramatically. This does not mean
that we arbitrary prefer the model with the smallest AIC or BIC. We are much
more concerned in finding a meaningful and economic model. Next we
present an ANOVA table testing the ekzema factor on the fixed effects part.
Even though likelihood ratio tests of models with different fixed effects can

be constructed it is not generally recommended because such tests tend to be

anticonservative.
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Model df | AIC BIC logLik | L.Ratio | p-value
(5.11) 16 | -190.63 -147.28 111.31
(5.11.2) | 14 | -168.84 -130.91 | 98.42 25.788 <.0001

TABLE 14. ANOVA table: testing the ekzema factor on the fixed effects part.

Fixed effects:

Output For Model (5.11.2)

value Std.Error DF t-value p-value

(Intercept) 4.4534 0.066140 90 67.333 <.0001
time -0.0007 0.014578 90 (V10578 0.9589
I(time”2) -0.0058 0.002571 90 -2.282 0.0248

age 0.0002 0.001283 11 0.191 0.8516

treatment -0.1402 0.062998 11 -2.226 0.0478

sex 0.0127 0.019650 11 0.649 0.5294

aitio 0.0184 0.019485 11 0.948 0.3632

age: treatment 0.0041 0.001217 11 2 276 0.0062
sex:treatment -0.0753 0.017336 11 -4.348 0.0012
aitio:sex -0.0870 0.018972 11 -4.588 0.0008

The output for model (5.11.2) refers to a model similar to (5.11) without the
factor ekzema. We will proceed by including this variable in the model,

although any conclusions regarding the ekzema factor should be considered

with caution.

We proceed in the examination of the assumptions of model (5.11) by

assessing the normality of the within group errors with a quantile-quantile

plot of the residuals.
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FIGURE 14. Normal plot of residuals for the model (5.11).

The normal plot in Figure 14 does not reveal an alarming departure of

normality for the residuals. We can nevertheless identify some outlying

observations corresponding to patients 17, 5 and 12. The same holds for the

normal plot of residuals by treatment (Figure 15 on the next page).

Quantiies of standard normal

02 0t 0.0 0.1
frasang Tariamathasas
8
[o]
Y i
8
' ’
8
4 ]
;O f
4 s
4 :
o
o
o
=
0.2 0.1 0.0 a1
Residuals

FIGURE 15. Normal plot of residuals by treatment for the model (5.11).
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FIGURE 16. Observed versus fitted values plot for the model (5.11).

On Figure 16 we have plotted the observed responses versus the within group

fitted values. As it can be seen, the fitted values are in close agreement with

the observed ones

So far we have been concerned about the assumption that the within group

errors are independent and identically distributed with zero mean and constant

variance.

Another important assumption of the mixed effects models is that the random
effects are normally distributed with zero mean and covariance matrix ¥, not
depending on the group, and are independent for different groups. We will

investigate the marginal normality of the random effects using normal plots.
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FIGURE 17. Normal plots of estimated random effects for the model (5.11).

As in the residual plots, the assumption of normality seems reasonable for

both random effects, even though there is some asymmetry in the distribution

especially of the intercept random effects. On the following graph we

investigate the homogeneity of the random effects distribution for the patients

receiving fluticasone and beclomethasone. In Figure 18 we have obtained

scatter plots of the random effects estimates by treatment.
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FIGURE 18. Scatter plot of estimated random effects by treatment for the
model (5.11).
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As shown in the figure the estimated random effects do not seem to reveal
anything alarming. The same results hold for the rest of the factors included

in the model; we will not present the corresponding graphs for economy.

To sum up, after having examined the basic distributional assumptions, we
conclude that they appear valid for the experimental data and consequently
we are able to make inferences about the fitted mixed effects model. Before
we continue on the results let us first consider some additional analysis

presented in §5.2.5.

5.2.5 The Delta Technique and Some Supplementary Analysis for the FEVI1 Model

One of the main interests of this study, apart from finding a functional form
for the mean of the response variable (FEV1 in this case), is to find the time
point, along with a confidence interval, in which the logarithm of FEV1 takes

its maximum value.

We will concentrate on the polynomial of the variable time; that is in order to
find the optimum of this polynomial we take the first derivative, set it equal

to zero and solve with respect to time as follows:

(a+b-time+c-time®) =0
b+2c-time=0
-b

time,p, = —

So to find the optimal value we will replace b and ¢ with their estimates

from the fitted model l;=0.001, ¢=-0.0057 and consequently

timeypr = 0.087719. Remember that initially the variable time was taking

»

discernible values from 1 to 6. Before the analysis we had to center the
variable by subtracting the value 3.5 from all its values in order to reduce the
correlation between the polynomial terms. Therefore the optimal time refers
to the centered variable taking values from the set {-2.5,-1.5,-0.5,0.5,1.5,2.5}

corresponding to the initial values {1,2,3,4,5,6} .

106



The approximate 95% confidence interval for this quantity can be obtained
using the delta technique. The delta method is a special technique for
variance estimation that is applicable to statistics that are functions of
observed averages (Efron and Tibshirani, 1993) and is presented in the
appendix. We will not deal with this method here further theoretically. Next

we apply the technique so as to estimate the variance of the optimal value of

time.

1
Var(time,,, )= 526 Var(l;,é){—%é ,)/23]
2¢*

~

Where b and ¢ are the estimated values of the variables’ time and time’

~

coefficients. The variance-covariance matrix of » and ¢ will be a 2x2
symmetric matrix. The estimates of their variances will be obtained from the
fitted model and the covariance between them will be computed from the

correlation matrix (Table 11).

o; =0.009875, &, =0.00259, p(b,é)=0.029

0(b,8) = COV®.E) _, covis,e) = p(b,8) 050,

bO-C

) o - 9.7516e-005 7.4171e-007
Hence the covariance matrix is COV(b,¢) = .

7.4171e-007 6.7081e-006

The approximate confidence interval is obtained by assuming a normal

distribution for the optimum time; that is the 95% confidence interval is

time ppy +1.96,[Var(timegpr) = (-1.6141,1.7896) .

For the final model (5.11) it is interesting to compare the estimated random

effects corresponding to the same model fitted with ML and REML.
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On Figure 19 we can see that the maximum likelihood random effects
estimates tend to be closer to zero than the restricted maximum likelihood
estimates. This is something that usually occurs because the REML
estimation, in general, produces larger estimates for the random effects

variances, which result in less shrinkage toward zero for the random effects

estimates.
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FIGURE 19. Individuals random effects estimates from ML and REML fits
for the final model (5.11).

5.2.6 Results for the FEVI1 Model

This_ paragraph briefly presents the results obtained by modeling the
logarithm of FEV1.

The model used has fitted quadratic curves with respect to the time covariate
with randomly distributed shifts and slopes for each patient. This allows the

overall pattern to vary between patients in terms of the location of the peak of

FEV1 but not in terms of the curvature of the peak.
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The standard error for the patients receiving beclomethasone is about 52.8%

of that for the patients receiving fluticasone and the standard error for the

female patients is about 66.3% of that of the male patients.

We have also found significant interactions:

Between the age of the patient and the treatment factor (the type of
medicine he was receiving), B) between the sex of each patient and the
treatment factor. From the following two tables we observe that
beclomethasone produces higher FEV1 values compared to
fluticasone for all the levels of sex and age (we have split the age
variable into two groups). Consequently, since the interaction terms are
statistically significant we are able to conclude that the two medicines

differ in point of the FEV1 values they produce.

Treatment

FLUTICASONE | BECLOMETHASONE
age |32.5-55.5 | 4.522 4.529
55.5-78.5 | 4.320 4.545

TABLE 15. Mean value of logfevl for each level of treatment and age.

treatment

FLUTICASONE | BECLOMETHASONE
sex | MALE 4.300 4.541
FEMALE | 4.473 4.516

TABLE 16. Mean value of logfevl for each level of sex and treatment

Between the sex and the aitio variable (whether there was only one or
many causes of asthma). The next table shows the mean value of

logfevl for every level of sex and aitio
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airio

Sex

YES NO
MALE 4.329 4.551
FEMALE 4.512 4.385

TABLE 17. Mean value of logfevl for each level of sex and aitio.

e Between the existence, or not, of ekzema and the age of each patient,
even though we have already stated that any conclusions regarding the

ekzema factor should be considered with caution because very few

observations exist on the second level of this factor.

ekzema
1 2
age |32.5-55.5 4.538 4.399
55.5-78.5 4.295 4.689

TABLE 18. Mean value of logfev]l for each level of ekzema and age.

The maximum value of the logarithm of FEV1 occurred, assuming a
continuous time variable, between the 3™ and 4'" visit to the clinic. A 95%
confidence interval places the maximum value somewhere between the 2™

and the 5" visit. Below we have plotted the original data and the fitted curves

by patient.

logfevi

FIGURE 20. Individuals fitted curves and observed data for the final model.
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CHAPTER 6

THE STUDY: MODELING PD20

6.1 Modeling PD20

The theoretical aspects and the methodology used for the modeling procedure
have already been introduced when modeling FEV1. Below we follow a

similar building process for the logarithm of PD20.

6.1.1 The Fixed Effects Part

In §5.2.1 when constructing the fixed effects part for the FEV1 model we
stated that it was not possible to use a selection procedure from the linear
regression theory like stepwise regression and adopted an alternative method:
We first fitted a polynomial function of time with a random intercept and then

inserted one by one all the variables of the set along with their interactions.

For the PD20 model both methods converge to the same fixed effects part. We
will first examine the significance of all the variables along with all possible
interactions; this will give us some evidence of which terms should be
included in the *full’ model. We will then fit a model with the most promising
terms and perform stepaic regression (this is a stepwise model selection by

exact AIC).

Let us first take a look at the next figure showing the logarithm of PD20
plotted versus time by patient. As in the FEV1 case, we could suspect to fit a

polynomial form of time (though only 9 patients have full measurements for

this variable).
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FIGURE 21. Logarithm of the provocative dose of the agent causing a 20% fall in FEV1 by
patient.

A model with a quadratic function of time and a random intercept for the i

patient can be represented as in the FEV1 case:

y,=XB+Zb+e, i=12.,19

b ~N(0,¥), & ~N(0,0°1)

Where g is a two-dimensional vector consisting of the mean intercept for the

population f,, and the coefficient for the slope 3,.. The matrix ¥ =0, is a

1x1 matrix, b, ~ N(0,5}).
Alternatively the model is

PD20, = (S, + by, ) + B, (time) + B, (time)* + ¢, (6.1)
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Which gives the following output in the S-PLUS

Output For Model (6.1)

Fixed effects:

vValue Std.Error DF c-value p-value
(Intercept) -0.8714 0.36052 41 -2.4171 0.0202
time 0.2716 0.10013 41 2.7132 0.0097
I(time®2) -0.1593 0.06176 41 -2.5798 0.0136
Correlation:
(Intr) time
time 0.202
I(time”2) -0.334 -0.607

Random effects:

{(Intercept) Residual

StdDev: 1.327 0.81953

Information Criteria:

AIC BIC logLik

195 .54 210.1 -94.772

Standardized Within-Group Residuals:

Min Q1 Med Q3 Max

-2.0089 -0.62847 0.052331 0.6229 2.0557

Number of Observations: 61

Number of Groups: 18

Notice that o’ =(1.327)* and o®=(0.0.81953)’. Observe also that both

polynomial terms of time are significant.

Next we present two tables. First we have fitted models with a quadratic

function of time along with every variable as a main effect (Table 18) and
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second (Table 19) there exists a similar table but this time the fitted models

include the quadratic function of time and every possible interaction term

(one by one).

MODEL Akaike’s | Variable’s
Criterio | p-value
n
PD20, = (B, + by,) + B, (time) + B, (time)* + Bysex + &, 197.4 0.0544
PD20, = (B, + by,) + B, (time) + B, (time)” + Pyage + €, 199.95 0.2299
PD20, = (f, +by)+ B, (time) + f,(time)’ + Bohistory+s, | 202:39 | 1)0.4519
PD20, = (B, +by;) + B, (time) + B,(time)* + B,rhinitis + &, 199.97 0.2315
PD20, = (3, +by,) + f,(time) + B, (time)* + B,ekzema + g, | 201-43 0.8313
PD20, = (B, +by,) + B, (time) + 3, (time)” + Baitio + ¢, 201.54 | 0.9907
PD20, = (B, +by;) + B, (time) + B,(time)* + Bysmoke + &, 201.47 0.8000
PD20, = (S, +by,) + B, (time) + B, (time)* + Ptreatment + £, | 200-98 | 0.4771

TABLE 18. Models fitted with a quadratic function of time and main fixed effects
terms. The column ‘Variable’s p-value’ gives the p-value for the independent

variable entered in the model along with the quadratic function of time.

MODEL Akaike’s | Variable’s
Criterion | p-value
PD20, = (B, +by,) + B, (time) + B,(time)* + B,sex * treatment + ¢, 10— 0ar 2 G2
PD20, = (B, +by,) + B, (time) + B, (time)* + B,rhinitis * treatment + &, | 201-02 o2
PD20, = (B, + by,) + B, (time) + B, (time)* + B,ekzema * treatment + g, | 204-91 | 0.9209
PD20, = (B, +by,) + B, (time) + B, (time)* + B,aitio * treatment + &, 203.25 0.2262
PD20, = (B, +by,) + B, (time) + B, (time)* + B,age* treatment + €, 203.21  10.5102
PD20, = (B, +b,,) + B, (time) + B, (time)* + B,sex * time + &, 198.79 0.4551
PD20, = (B, +b,,) + B, (time) + B, (time)* + B, history * time + ¢, 205578 ;;82;32
PD20, = (B, +by,) + B, (time) + B, (time)* + B,rhinitis * time + &, 201.84 0.7304
PD20, = (B, +by,) + B, (time) + B, (time)* + B,ekzema * time + ¢, 201.93 0.2343
PD20, = (B, +by,) + B, (time) + B, (time)* + Baitio * time + &, 202.81 0.4156
PD20, = (B, +by,) + B,(time) + B, (time)* + f,smoke * time + ¢, 203.41 0.8051
PD20, = (B, +by,) + B, (time) + j3,(time)* + B, treatment * time + &, 202.91 0.7897
PD 20, = (B, +by,)+ B, (time) + B, (time)* + B,age * sex + &, 198.33 0.9903
PD20, = (B, +by,) + f,(time) + 3, (time)* + B history * sex + &, 203.65 ;;g:g;g
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PD20, = (S, +by,) + B, (time) + B, (time)* + B,ekzema * sex + &, 200.39 0.3637
PD20, = (B, +by,) + B, (time) + B, (time)* + Byaitio * sex + &, 191.94 0.0054
PD20, = (f, +by,) + f,(time) + B, (time)* + B,smoke * sex + ¢, 200.62 0.4426
PD20. = (B, + by, )+ B,(time) + B, (time)* + B, history * age + &, 202.65 | 1)0.1691
2)0.7583
PD20, = (3, + b,;) + B, (time) + B, (time)* + B,rhinitis * age + &, 202.19 0.6543
PD20, = (B, +b,) + B, (time) + B, (time)* + [,ekzema * age + &, 203.68 0.6406
PD20, =(f, +by,) + B, (time) + B, (time)* + B,aitio* age + ¢, 203.8 0.9796
PD20. = (8, + by,) + B,(time) + B, (time)* + B smoke* age + &, 203.71 0.8704
PD20. = (B, +b,,) + B,(time) + B, (time)* + B,rhinitis * history + &, 206.11 l; 0.6809
2)0.4225
PD20, = (B, +by,) + B, (time) + B, (time)’ + Byaitio* history + £, DR FOR
2)0.8256
PD20. = (B, +by,,) + B,(time) + B, (time)* + f;smoke * history + ¢, 2ol 1; 0.9673
2)0.8456
PD20. = (B, +b,,) + B, (time) + B, (time)* + P,aitio * rhinitis + &, 203.13 0.4525
PD20. = (B, + by, ) + B, (time) + B, (time)’ + B,aitio* smoke + ¢, 202.33 0.1005

TABLE 19. Models fitted with a quadratic function of time and interactions for
the fixed effects part. The column ‘Variable’s p-value’ gives the p-value for the

interaction entered in the model along with the quadratic function of time.

From the above fits we can suspect to include in the model the main effect of

sex and the interaction terms between aitio-sex and aitio-smoke. The plot

below suggests that these interactions should possibly enter the model.
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FIGURE 21. Suggestive interaction plots for the mean of log(pd20).
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Nevertheless we will fit a 'more general’ model with some more possible
terms and then perform stepaic regression. Recall that this is a simple linear
regression and consequently no random effects are included. ‘The full’ model

18

PD20, = B, + B, (time) + B, (time)* + Bysex
+ B,age+ Bsrhinitis + ftreatment + [, aitio + fysmoke (6.2)

+ Byekzema + fysex : aitio+ B, aitio : smoke + B,ekzema : time + &,

Stepaic process drops out the main effect of age, the interaction term between
ekzema and time. If we fit the fixed part obtained from stepaic in a linear
mixed effects model with a random intercept, model (6.3), be obtain the

following output in S-plus

PD20, = (f, +by,) + B, (time) + B,(time)* + B,sex
+ B, rhinitis + Bstreatment + S, aitio + [,smoke (6.3)
+ fyekzema + fysex : aitio + Pyaitio : smoke + €,

Output For Model (6.3)

Fixed effects:

Value Std.Error DF t-value p-value
(Intercept) -0.30898 0.31741 41 -0.9735 0.3360
time 0.25151  0.10663 41 2.3587 0.0232
I(time™2) -0.16439 0.06590 41 -2.4947 0.0167
sex 0.58243 0.17617 9 3.3061 0.0091
rhinitis -0.62636 0.20510 9 -3.0540 0.0137
treatment 0.63486 0.20949 9 3.0304 0.0142
aitio -0.07832  0.19626 9 ~0.3991 0.6991
smoke -0.12966 0.27321 9 -0.4746 0.6464
ekzema 0.55609 0.26062 9 2.1338 0.0616
sex:aitio -0.67850 0.17513 9 -3.8743 0.0038
aitio:smoke 0.63123 0.19835 9 3.1824 0.0111
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Correlation:

(Intr) time
time 0.202
I(time™2) -0.334 -0.607

Random effects:

(Intercept) Residual

StdDev: 0.3162 0.8149

Information Criteria:

ATC BIC logLik

181.5 208.94 —T5 S,

Standardized Within-Group Residuals:

Min Q1 Med Q3 Max

-2.7859 -0.73982 0.070947 0.7258 2.6278

Only the main effect of ekzema seems to be insignificant in this fit (the

insignificance of the main effects of aitio and smoke is irrelevant since their

interaction is statistically important).

6.1.2 The Random Effects Part

Next we check if a random effect component is needed for a certain

polynomial term of time. Bare in mind that only 4 observations exist per

patient (in the case where no data are missing) for the PD20 variable,

consequently all the estimates should be handled with caution.

X

We fit a model similar to (6.3) but with a random effect for the tzime covariate

and check with ANOVA.
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PD20, = (B, +by) + (B, + by )time)+ [, (time)® + fB,sex
+ B, rhinitis + Pytreatment + Bgaitio + 3,smoke (6.4)

+ Byekzema + Bysex : aitio + Byyaitio : smoke + &,

Model | Df | AIC BIC logLik | L.Ratio | p-value
(6.3) 13 [ 181.50 208.94 | -77.75
(6.4) 15 | 180.44 212.10 -75.22 | 5.0615 0.0796

TABLE 20. ANOVA table: testing the random effect term on time.

Because the p-value for the second model versus the first is about 8%, we
conclude that the simpler model (6.3) is adequate. Since only one random
effect is needed for the intercept, there is no need to model the covariance

matrix of the random effects.

6.1.3 Modeling the Covariance Matrix of the Within Group Errors and Examining the
Fitted Model

We saw in §5.2.4 that different variances were needed per treatment and sex
stratums. Lets us consider models (6.5) and (6.6) fitted with different
variances by treatment and sex correspondingly. The ANOVA tables

comparing these models to the simpler (6.3) are

Model |Df | AIC BIC logLik | L.Ratio | p-value
(6.3) |13 | 181.50 208.94 | -77.75
(6.5) |14 | 179.76 209.31 | -75.87 | 3.7474 0.0529

TABLE 21. ANOVA table: testing for different variances per treatment stratum.

Model | Df | AIC BIC logLik | L.Ratio | p-value
(6.3) |13 | 181.50 208.94 | -77.75
(6.6) |14 | 182.82 212.38 | -77.41 {0.68032 | 0.4095

TABLE 22. ANOVA table: testing for different variances per sex stratum.

Considering the results we conclude that different variances are not needed by
treatment or by sex. We also looked for different variances by ekzema,

rhinitis, smoke and aitio stratums, see the Appendix, but none of these models

seemed satisfactory.
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On Figure 23 we investigate for correlation between the within group errors.

The autocorrelation function does not reveal evidence of correlation, while all

the lags fall within the boundaries + 7(1——a/2)/,/N(1) , a=0.01 .
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FIGURE 23. Empirical autocorrelation function to the standardized residuals
forthe model (6.3).
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FIGURE 24. Scatter plot of the standardized residuals versus time for the
model (6.3).
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FIGURE 25. Scatter plot of the standardized within group residuals versus
the within group fitted values for the model (6.3).

Figure 24 is a scatter plot of the standardized residuals versus time. As we can
see the variance does not seem to constantly increase or decrease with the
value of the covariate time apart from some outliers, therefore there is no
need to use a certain form of variance function. However we tried several

forms of variance functions using covariates but the results were not

satisfactory.

Also Figure 25, which is a scatter plot of the standardized within group
residuals versus the within group fitted values, does not reveal anything

alarming such as an obvious spread or shrinkage.

We could continue assessing the assumptions of the model and then return to
check the significance of all the terms. Instead we will first conclude in a
model with significant regressors and then check the remaining assumptions

such as the normality hypothesis of the within group errors and the random

effect.

The S-plus output of model (6.3) revealed that the variable ekzema is

insignificant with a p-value equal to 0.0616. We will delete from the model
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one by one the terms that are less important. By omitting the term ekzema the

model becomes

PD20, = (B, +by,) + B, (time) + B, (time)* + Pysex
+ B,rhinitis + ftreatment + Sqaitio + [,smoke (6.7)
+ Bysex : aitio + fyaitio : smoke + &,

And obtain the following brief output

Output For Model (6.7)

Fixed effects:

Value Std.Error DF t-value p-value

(Intercept) -0.72352 0.27449 41 2.6358 0.0118
time 0.27168 0.10491 41 2.5896 0.0132
I(time™2) -0.16600 0.06507 41 -2.5512 0.0146
sex 0.58336 0.20178 10 2.8911 0.0161
rhinitis -0.43499 0.20962 10 -2.0751 0.0647
treatment 0.57484 0.23583 10 2.4365 0.0351
aitio -0.12889 0.22262 10 0.5790 0.5754

smoke -0.12252 0.31026 10 -0.39459 0.7012
sex:aitio -0.68388 0.20089 10 -3.4042 0.0067
aitio:smoke 0.58069 0.22451 10 2.5864 0.0271

Model (6.7) denotes that the term rhinitis is insignificant. We proceed by

deleting this variable, the new model (6.8) is

PD20, = (B, +by,) + B,(time) + B, (time)* + B,sex
+ f3,treatment + Psaitio + B smoke ] (6.8)

+ 3,sex : aitio + Pyaitio : smoke + &, i ,_._5 X
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Fixed effects:

Output For Model (6.8)

0698

.0090
.0105
.0160
.0571
.6628
.3009
.0070

Value Std.Error DF t-value p-value

{(Intercept) 0.51950 0.27900 41 -1.8620 0.
time 0.28574 0.10425 41 2.7410 0
I(time™2) 0.17340 0.06468 41 -2.6809 0
sex 0.63660 0.22383 11 2.8442 0
treatment 0.55698 0.26214 11 2.1247 0
aitio -0.11129 0.24841 11 -0.4480 0
smoke -0.34979 0.32221 11 1.0856 0
sex:aitio -0.73818 0.22301 11 -3.3101 0
aitio:smoke 0.59829 0.25011 11 2.3922 0

.0357

Output for model (6.8) shows that for o=5% the treatment effect is

insignificant (p-value=0.0571). Even though we could stop here and include

the treatment term 1n the model, a firm approach would delete the term.

Below we continue by omitting the variable; the output for the new model

(6.9) is

Fixed effects:

Output For Model (6.9)

Value

Std.Error DF t-value p-value
(Intercept) -0.64621 0.29968 41 -2.1563 0.0370
time 0.27544 0.10347 41 2.6619 0.0110
I(time™2) -0.16306 0.06397 41 -2.5491 0.0146
sex 0.56710 0.24984 12 2.2699 0.0424
aitio 0.00334 0.27415 12 0.0122 0.9905
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smoke 0.09959 0.27549 12 0.3615 0.7240
sex:aitio -0.67092 0.24926 12 -2.6917 0.0196
aitio:smoke 0.71223 0.27570 12 2.5834 0.0239
Random effects:
(Intercept) Residual
StdDev: 0.67409 0.81462
Information Criteria:
AIC BIC logLik
185.42 210.53 -84.71
Standardized Within-Group Residuals:
Min Q1 Med Q3 Max
-2.0605 -0.71324 -0.06979 0.5407 2.6019
Intr time time* | sex aitio smoke | sex:aitio
time 0.210
time> -0.40 -0.60
sex 0.304 | -0.003 | -0.055
aitio 0.198 | -0.057 0.008 [ 0.349
smoke 0.050 0.03 -0.003 | 0.320 | 0.567
sex:aitio 0.310 | -0.02 0.019 | 0.466 | 0.307 | 0.359
aitio:smoke 0.518 | -0.04 0.002 | 0.360 | 0.055 | 0.230 0.319
TABLE 23. Correlation matrix for the variables of model (6.9).
Consequently the final model (6.9) is
. . 2
PD20, = (S, +by;) + B, (time) + B, (time)
+ f,sex + B,aitio + [ssmoke (6.9)

+ Bgsex : aitio + B,aitio : smoke + ¢,

by, ~ N(0,57), & ~ N(0,05°1)
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In model (6.9) all the variables entered are significant. Before we proceed
further by checking the assumptions for this final model we will make a small

roundabout as in the FEV1 case.

For the PD20 variable very few observations are available and consequently
the whole model should be considered with caution. Moreover for the
interactions between sex and aitio, and aitio and smoke, there does not exist
sufficient observations for all the combinations of the factors’ levels.
Suggestively, below we have plotted the standardized residuals versus the

fitted values for the model (6.9) by every sex and aitio level.

wh e e
P

Standardized residuals

e )
i 1

Fitted vaiues

FIGURE 26 Scatter plot of the standardized residuals versus the fitted
values for the model (6.9) by every sex and aitio level.

Observe that for some levels the observations are not arithmetically
sufficient. Unfortunately the data do not help in extracting variables and
working in an alternative way (even though it is possible to eliminate the

interaction between sex and aitio without losing the essence).

We continue by investigating the rest of the assumptions for the linear mixed
effects model (6.9). Figure 26 presents the boxplots of residuals for model
(6.9) by patient. Generally the residuals are centered at zero though the

variability changes from subject to subject. Because there are only four
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